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Abstract

To every discrete metric space with bounded geometry X we associate a groupoid G(X) for which the
coarse assembly map for X is equivalent to the Baum—Connes assembly map for G(X') with coefficients in
the C*-algebra /°°(X, #"). We thus obtain a new proof of the fact that if X admits a uniform embedding
into Hilbert space, the coarse assembly map is an isomorphism. If furthermore X is a discrete group I’
with a translation-invariant metric, we show, using Higson’s descent technique, that I" also satisfies the
Novikov conjecture. This removes the finiteness condition in (Yu, Invent. Math. 139 (2000) 201-204).
© 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The Baum—Connes conjecture deals primarily with discrete groups, but can be generalized to
group actions, foliations, and even locally compact, g-compact Hausdorff groupoids endowed
with a Haar system [18,19]. If G is such a groupoid and B is a C*-algebra acted upon by G,
there is an assembly map

W K°P(G; B) — Ky(B><, G).
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It had been conjectured for a long time that this map is always an isomorphism, but counter-
examples to the conjecture with coefficients for discrete groups, and to the conjecture without
coefficients for groupoids (and even group actions and foliations) have been constructed by
Higson, Lafforgue, Skandalis, Ozawa and Yu. See [2,7] for details about the conjecture and its
applications.

Let Y be a metric space. One constructs [11,17,20] the “coarse assembly map”

A:KX,(Y) — K. (CH(Y)).

The advantage of working in the coarse category is that it is much more flexible, in that
the groups KX.(Y) and K.(C*(Y)) do not depend on the local topology of Y but only on
its macroscopic structure. In particular, every metric space in this category is isomorphic to
a discrete one. It was conjectured that for every metric space with bounded geometry, i.e.
such that for every R > 0 every ball of radius R has at most N(R) elements for some real
number N(R) > 0, its coarse assembly map is an isomorphism; however, a counterexample has
been recently given by Higson. In this article we associate to every discrete metric space with
bounded geometry X a locally compact groupoid G(X). We show that the assembly map for
the metric space X identifies with the Baum—Connes assembly map for the groupoid G(X') with
coefficients in the C*-algebra /°°(X, ")

K(GX ), 02X 7)) — CH(L™(X; A7) >, GXY)).

If I' is a countable group, all its proper left-invariant distances are coarse-equivalent, hence I
is endowed with an intrinsic coarse structure; word metrics on finitely generated groups are
examples of such distances. We show

Proposition 3.4. If I' is a discrete group, then G(|I')|)= p(|I'|)><T.

(|I'| is the coarse space underlying I' and B(|I'|) its Stone—Cech compactification.) In par-
ticular, we obtain a new proof of Yu’s result [21] that the coarse assembly map for I is the
same as the Baum—Connes map for I' with coefficients in /°°(I", #")

KL 0°5(0, A0) — K, A7) >, T).

In the second half of this paper we apply our results to spaces which admit a uniform embedding
into Hilbert space. Let X be a metric space. Recall that a map f from X to a separable Hilbert
space H 1is said to be a uniform embedding [5] if there exist two non-decreasing functions p;
and p, on [0,400) such that

(1) 1imr—>+oo pi(r) = +o00;
(2) pi(d(x, ) < |[f(x) = fOI < p2(d(x,y)) for all x,y € X.

Yu [22] introduced a property on metric spaces, called property A (see Definition 5.1), which
guarantees the existence of such an embedding.

Gromov [5,6] raised the question whether every finitely generated group, as a metric space
with a word length metric, admits a uniform embedding into Hilbert space and suggested that
this should be used to study the Novikov conjecture; however, he recently discovered that this
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property does not hold for every countable group. Higson and Kasparov proved the Novikov
conjecture for groups which act properly and isometrically on Hilbert space [10]. The class of
groups which act properly and isometrically on Hilbert space contains all amenable groups [3]
although it does not contain any infinite property T group. In [22], Yu proved:

Theorem 5.5 (Yu [22]). Let X be a metric space with bounded geometry that admits a uni-
form embedding into Hilbert space. Then the coarse assembly map for X is an isomorphism.

In this paper, we obtain a new proof of Theorem 5.5 by observing that X admits a uniform
embedding into Hilbert space if and only if the groupoid G(X) admits a proper action on a
continuous field of affine Hilbert spaces (cf. Section 5), and using the fact from [19] that for
such a groupoid, the Baum—Connes map with coefficients is an isomorphism.

Using the descent principle [17], Theorem 5.5 implies that for a finitely generated group
which admits as a metric space with word metric a uniform embedding into Hilbert space, and
whose classifying space is a finite CW-complex, the Novikov conjecture holds [22, Corollary
1.2]. In the case of groups with property A, Higson strengthened this result by removing the
finiteness assumption on the classifying spaces [8]. Higson’s proof is based on an elegant descent
technique [8] and Tu’s theorem on Baum—Connes conjecture on amenable groupoids [19]. In
this paper, we generalize both Higson’s result and Corollary 1.2 of [22] as follows:

Theorem 6.1. Let I' be a countable group with a proper left-invariant metric d. If I' admits a
uniform embedding into Hilbert space, then the Baum—Connes assembly map with coefficients

W KPP(I;4) — Ko (A><, T)
is injective for any separable I'-C*-algebra A.

2. Preliminaries
2.1. Coarse structures

Let X be aset. f 4 € X xX and B € X x X, we will use the following notation:
AT ={(nx)| (v, y) € 4},

AoB={(x,z)|3y € X, (x,y) € 4 and (y,z) € B},

that is, 4~' is the groupoid inverse of the set 4 and 4 o B is the groupoid product of 4 and B
in the groupoid X x X. Let » and s be the maps from X x X to X defined by r(x, y) =x and
s(x, y) = y. Recall [9, Definition 2.1] the

Definition 2.1. A coarse structure on X is a collection of subsets of X x X, called entourages,
that have the following properties:

(a) For any entourages 4 and B, A~!, Ao B, and AU B are entourages;
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(b) Every finite subset of X x X is an entourage;
(c) Any subset of an entourage is an entourage.
If 4={(x,x)|x € X} is an entourage, then the coarse structure is said to be unital.

This definition is slightly different from [9, Definition 2.1]: equivalence classes of coarse
structures as defined in [9] are coarse structures in our sense.

The intersection of a family of coarse structures is a coarse structure. Every set @ of subsets
of X x X generates a coarse structure.

The coarse structure is said to be countably generated if there exists a sequence (E,) of
entourages such that any entourage is contained in a finite union of sets of the form Ei!o
--~oE3;1. Equivalently, there exists an increasing sequence (F,) of entourages such that every
entourage is contained in one of the F,. If the coarse structure is unital and countably generated,
we may assume that Ej is the diagonal 4, and define the distance d(x, y) as the infimum of all
sums Zf.‘z_ol n; where xo,...,x; are elements of X such that xo =x, x; = y, and (x;,x;41) € E,,ﬂf1
for all 0 < i < k. Conversely, given any distance on X, we get a coarse structure on X by
saying that a set £ is an entourage if and only if {d(x, y)|(x,y) € E} is bounded. That coarse
structure is countably generated, since every entourage is contained in one of the sets

AR:{(XJ) GX‘d(xay) < R}

Consequently, there is a one-to-one correspondence between unital countably generated coarse
structures on X, and coarse equivalence classes of metrics on X (we say that two distances d
and d’ on X are coarse-equivalent if there exist increasing functions k, #:R; — R, such that
d < k(d") and d' < h(d)).

Let XY be sets and f: X — Y a map. Let &y be a coarse structure on Y. We denote by
f*Ey the set {E|(f x f)E) € &y} (where fx f: X xX — Y xY). Itis a coarse structure on
X. If X is also endowed with a coarse structure &y, we say f is coarse if &x C f*(&y). Two
coarse maps f and g:X — Y are said to be bornotopic if for every E € &x, (f X g)E) € &y.
Bornotopy is obviously an equivalence relation.

Definition 2.2. Let X and Y be sets with coarse structures &y and &y. A coarse correspondence
from X to Y is a coarse structure on X II Y which restricts to &y on Y, contains &y, and is
generated by its entourages contained in ¥ x (X IT1Y). A coarse equivalence between X and Y
is a coarse structure on X I1Y which is a coarse correspondence from X to Y and from Y to X.

Proposition 2.3. Let X and Y be sets with coarse structures &y and &y. Let f:X — Y. Let
Syx be the set of subsets E C Y x X such that (idy x f)E) € &y. Let &(f) consist of sets of
the form Exy UEy UEyy UEyy, where Ex € f*(gy), Ey € &y, E;Yl UEyxy € yx. Then éa(f) is
a coarse correspondence from X to Y if and only if f is coarse. If &x is unital, any coarse
correspondence is defined by a coarse map, which is unique up to bornotopy.

Proof. Suppose &(f) is a coarse correspondence. Since f*&y must be a coarse structure on X
containing &y, f is necessarily coarse.
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Conversely, if f is coarse, let #: X I Y — Y be the map which restricts / in X and to the
identity of Y. By definition &(f)=h*&y. It follows that &(f) is a coarse structure on X I1Y.
Its restriction to Y is &y; if E € 6x, put E' =EU(EoE~') and F = (f x idy)(E"); then
E' € &x C f*(&y), whence F € &yy; moreover, E C (E') ' oE' CF~'0oF.

Now, assume &y is unital, and let ¥ be a coarse correspondence. There exists £ € €, such
that E C X x ¥ and 4 C Eoc E~!, where 4 = {(x,x)|x € X}. Then E contains the graph of
a function f. Now &(f) is generated by &y and the graph Gr(f) of f, therefore, ¥ contains
&Cf).

Conversely, if E€ %, ECY x X, then E C (E oGr(f)™") o Gr(f) and since the restriction
of ¥ to Y is &y, EoGr(f)~' € &y, whence E € &(f). As % is generated by its entourages
contained in Y x (X I1Y), we conclude that € = &(f).

Finally, if &(f)= &(g) with f and g coarse maps, then Gr(f)~! o Gr(g) € &y, so f and ¢
are bornotopic. [

2.2. Locally finite coarse structures

A coarse structure & on a set X is said to be locally finite if for every x € X and any
entourage E, ENs~!(x) is finite.

Definition 2.4. For every £ C X x X, let

N(E) = sup max(#(r~'(x) N E),#(s~'(x) N E)).
xex
We shall say a the coarse structure is uniformly locally finite if N(E) < oo for every entourage
E. We say that a coarse structure on a set Y has bounded geometry if Y is coarse equivalent
to a set X with a uniformly locally finite coarse structure.

Note 1. What we call here uniformly locally finite, is usually also called bounded geometry.
As there may be some confusion between bounded geometry in the discrete case and in the
general case, we chose to change the denomination.

The coarse structure of a metric space (X,d) is locally finite if and only if X is discrete and
d is proper (i.e. closed balls are compact); it is uniformly locally finite, if and only if (X,d)
is uniformly locally finite, in the sense that for every R > 0, there exists N(R) > 0 such that
every set of diameter < R has at most N(R) elements.

Example 2.5. Let I' be a discrete group. The left coarse structure on I' is such that £ C I' x I
is an entourage if and only if {x~'y|(x,y) € E} is finite. It is obviously uniformly locally
finite.

Remark 2.6. (a) Let &,(X) be the set {E C X X X|N(E) <oc}. Then &,(X) is a uni-
formly locally finite coarse structure, which contains any uniformly locally finite coarse structure
on X.
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(b) Let & be a coarse structure on X. Then & N &,(X) is a uniformly locally finite coarse
structure on X.

Lemma 2.7. Let X and Y be sets, E C X x Y. Denote by r and s the projections from E to
X and Y, respectively. Assume that there exist m, n € N such that Vx € X, #r ' (x)NE) < m
and Yy € Y, #(s~'(y)NE) < n.

(a) Put p=m(n— 1)+ 1. There exists a partition (B;i)i1<i<p of X such that s is injective on
EN(B; xY) for every i. )
(b) The map E — BX x BY is injective, where E denotes the closure of E in f(X x Y).

Proof. (a) Let (Bi)1<i<p be pairwise disjoint subsets of X such that sz~ xy) is injective,
whose union is maximal with this property. If there exists an element x outside By U---UB,,
then Vi, $|znsu{x}xy) 18 non-injective. Set 4 ={y € Y |(x,y) € E}; there exist x] € B;, y; € 4
such that (x], y;) € E. But, #4 < m and, for all y € 4, #{i,B; x {y} NE} < n— 1, which yields
an impossibility. Therefore, (B;)1<i<, is a partition of X that satisfies the required properties.

(b) Let (B;)1<i<, be as in (a). The restriction of s: £ — BY to each EN(B; x Y) is one to
one. Furthermore, these subsets have disjoint images under the map »: £ — X. O

Let & be a coarse structure on a set X. Let I'¢ be the set of entourages 4 such that » and s
are injective on A.

Lemma 2.8. The coarse structure on X is generated by I' ¢ if and only if it is uniformly locally
finite.

Proof. Suppose that N(E) =n. From Lemma 2.7(a), there exists a partition (B;);<;<2—ns1 Of
X such that s is injective on £ N (B; x X)) for all i. It is clear that each £ N B; is the union of
n entourages in I'g, so E is the union of at most n’ entourages in ['¢. Conversely, if £ is the
union of m elements of I'g, then N(E) < m. O

2.3. The coarse assembly map

We fix a set X endowed with a uniformly locally finite coarse structure.

Let H =/*(N), H=H & H with the usual grading, # = #(H) and 4 = #(H). If B is a
C*-algebra, let Hy=B® H and Hz =B&H. For an entourage E of X, let us denote by Pz(X)
the Rips’ complex such that a finite subset /' C X spans a simplex in Pg(X) if and only if for
every x,y € F, (x,y) € E. Let B be a C*-algebra, and

KX.(X; B) = lim KK.(Co(P(X)), B)

be the coarse homology group of X with coefficients in B (the limit is taken along the directed
set of entourages of X). Let C*(X;B) be the closure of the algebra of operators in /(X )® Hp
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which are locally compact and whose support is an entourage. The assembly map
KX.(X; B)AK.(C*(X;B)).
is defined as follows [11,20]:

Definition 2.9. Let B be a C*-algebra, Y a proper metric space and % a coarse correspondence
from Y to X. There exists a partition of unity (4;)rex of Y such that {(x,y) e X x Y|y €
Supp A} € . For every u € KK.(Co(Y),B), let (Hp, ¢,F) € E(Co(Y),B) whose KK-class is u.
Let Vo: Co(Y) — /2(X) @ Co(Y) be the isometry f — (422 f)rex, V =Vo®, 1, and P = VV*.
Then the assembly map 4 : KK.(Co(Y),B) — K.(C*(X;B)) is defined by

(Hz, ¢, F) — (P(/X(X)2H p), P(1QF )P).

Note that the operator F'=)"_ J2FY? has bounded propagation and is a compact perturbation
of F in the sense that for every a € Co(Y), @p(a)(f" — F ") is compact. Since P(1QF)P =
V(V*(1QF)V)V*=VF'V*, the element (P(/2(X)®H ), P(1&F )P) defines a K-theory element
of C*(X;B) as claimed.

In particular, for ¥ =Pg(X), every y € Pg(X) can be written as a finite convex combination,
> (y)x, and (Ay)rex is a partition of unity satisfying the above condition.

There is another interpretation of the assembly map. For every pair of C*-algebras 4 and B
there is a natural transformation

Gy : KK(A,B) — KK(C*(X;A),C*(X;B)).

Indeed, let (Hp,¢,F) be a A, B-Kasparov bimodule. Define £ =1 ® F acting on /2()( ) ®
H&Hg. The map T +— T @, | from Z((/A(X)® H) ® A4) to i”((/z(X) ® H) @ Hp) in-
duces (¢:C*(X;A4) — M(C*(X;B&A")). The bimodule (C*(X;B&A4"), ,F) defines an element
of KK(C*(X;A),C*(X;B)), since C*(X;BRA) ~ C*(X;B® #QL(C ® C)) ~ C*X;B ®
AL (CHC)~ C*X;B)® L(C®C) where C @ C has the usual grading.

Let Y be a locally compact space which is coarse-equivalent to X, and let (A).cx be a
partition of unity as above. The projection VoV defines a canonical element that we shall
denote by Ayx € Ko(C*(X;Co(Y))). The assembly map is then the composition

Ay x®-

KK*(Co(Y ), BYEKK*(C*(X, Co(Y)), C*(X; B)) "5 K. (C*(X; B)).

2.4. Groupoids

Let G be a locally compact groupoid (for detailed definitions about locally compact groupoids,
see [16,14]). We denote by G© and G the set of units and the set of composable pairs of
G, respectively. Let 7, s:G — G© be the range and the source maps. The groupoid G is said
to be

(a) principal if (r,s):G — G© x G is injective;
(b) proper if (r,5):G — GO x GO is proper;
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(c) étale, or r-discrete, if the range map r: G — G is a local homeomorphism, i.e. if every
x € G admits an open neighborhood such that »(U) is an open subset of G and r: U —
r(U) is a homeomorphism. In this case, s is also a local homeomorphism, as well as the
composition map G? — G and G© is an open subset of G.

For instance, if Y is a locally compact space, then G =Y x Y is endowed with the structure
of a principal and proper groupoid, with unit space Y, range and source maps r(y,z) = y and
s(y,z) =z, composition (y,z)(z,w) = (y,w) and inverse (y,z)~! = (z, y).

Suppose from now on that G is Hausdorff and has a Haar system (4"),cq0. A cutoff function
on G is a continuous function ¢: G — Ry such that for every y € G, [, c(s(9))#*(dg)=1,
and for every compact K ¢ G, supp(c) Ns(GX) is compact. Such a function exists if and
only if G is proper [18, Propositions 6.10, 6.11].

If G is proper, the quotient G(?/G of the space G'*) by the equivalence relation

x~y & dgeaq, s(g)=x and r(g)=y

is locally compact and Hausdorff.

An action (on the right) of G on a space Z is given by a map sz :Z — G, called the source
map, and a continuous map from Z x50 G={(z,9)|sz(z)=r(g)} to Z, denoted by (z,¢9)  zg,
such that

(a) sz(zg) =s(9);
(b) (z9)g9' =z(gg’) whenever s7(z) =r(g) and s(g) =r(g');
(c) zy=y if y=s7(z) € GO Cc G.

The groupoid Z > G with space of units Z is defined as the subgroupoid of (Z x Z) x G
consisting of elements (z,z’,7) such that z’ =zy. Equivalently, it is {(z,9) € Z x G |sz(z)=r(g)}
with source and range maps s(z,¢g) =zg, r(z,¢g) =z, and composition (z,g)(zg,h) = (z,gh). The
action of G on Z is free (resp. proper) if and only if the groupoid Z >< G is principal (resp.
proper). A space Z endowed with an action of G is called a G-space. It is said to be G-compact
if the action is proper and the quotient Z/G is compact.

One can define the notions of continuous actions of locally compact groupoids on C*-algebras
and on Hilbert C*-modules [15,14]. For instance, a G-equivariant continuous field of C*-algebras
over G is a G-algebra.

Suppose now that G is a locally compact, Hausdorff, g-compact groupoid with Haar system
acting on a C*-algebra 4. Then one defines the full and the reduced crossed-products of A
by G, denoted by 4 > G and 4 ><, G, respectively. Let us sketch the definition of these
algebras (cf. [16]). Let us denote by C.(G;r*A4) the space of functions with compact support
g +— ¢(g) € Ay4) which are continuous in a sense defined in [14]. The product and adjoint are
defined respectively by

b+ Y(g) = /h Sy (Y(h~ ) drO(h),

cGrw

¢*(9) = ag(d(g™"))".
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One denotes by L'(G,r*4) the completion of C.(G;r*4) for the norm ||¢|| = max(|}|1, |d*|1),
where |¢|; = sup.cgo fger||q5(g)||dix(g). Then, 4 > G is the enveloping C*-algebra of

L'(G,r*4), and 4><, G is the closure of L'(G,r*4) in L(L*(G;r*4)).

2.5. The Baum—Connes assembly map for groupoids

Le Gall [15,14] defines, for every pair (4,B) of graded G-algebras, a bifunctor KKs(4,B)
that generalizes Kasparov’s [13]. If G is o-compact, there is a product KKg(A4,B)xKKg(B,D) —
KKg(A4,D) that satisfies the same naturality properties as the non-equivariant KK-functor.
Modeled on Kasparov’s descent morphisms there are natural maps

jo:KKg(4,B) — KK(4>< G,B>G),
jo.r:KKg(A,B) — KK(A >, G,B >, G).

Suppose that G’ is proper with G"©)/G’ compact, and let ¢ be a cutoff function for G’. The
function g — c(r(g))"?c(s(g))"? defines a projection in C*(G')=C(G') whose homotopy class
is independent of the choice of the cutoff function, hence defines a canonical K-theory element
Agr € Ko(C*(G")). If Z is a G-compact proper space, and B is a G-algebra, the map

KK:(Co(Z), B)'% KK*(C*(Z > G), B >, G)"=5" K.(B ><, G)
induces the Baum—Connes map

e KP(G3B) = Jim - KKG(Co(2),B) — Ku(B > G),
C

Z G-compact

where EG is the classifying space for proper actions of G [2,18]. The so-called Baum—Connes
conjecture with coefficients (to which counterexamples have recently been obtained) states that
WUy 1S an isomorphism.

2.6. Pseudogroups and groupoids

Let X be a Hausdorff topological space. By partial transformation on X, we mean a homeo-
morphism ¢: Dom ¢ — Im ¢ between open subsets of X. (More generally, a partial trans-
formation on a C*-algebra A is a C*-isomorphism between ideals of A4.) If ¢ and Y are
partial transformations, the composition ¢ o is the ordinary composition of functions from
Domy Ny~ !(Dom ¢) onto ¢(Dom ¢ N Im). The inverse ¢~' has domain Im ¢ and range
Dom ¢. We call unit elements partial transformations of the form Idy, U open.

A pseudogroup of partial transformations on X is a set ¢ of partial transformations on X
which is stable by composition and inverse (note that the empty transformation may belong
to ¢). It is unital if it contains the identity map Id : X — X. If ¢4 is a pseudogroup, and %
denotes the set of all domains of elements of ¥, then for all U € %, Idy necessarily belongs to
4. 1t follows that for all ¢ € 4 and for all U € %, the restriction of ¢ to Dom ¢ N U belongs
to ¢, and that % is stable by finite intersection.
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Let us introduce the following terminology: given a transformation pseudogroup ¥, we say
that x € X' is ¥-strongly fixed by ¢ if there exists U € % such that ¢y =1dy and U > x. Let
us emphasize that this notion depends not only on ¢, but also on the ambient pseudogroup %.
In particular, ¢ may fix a neighborhood of a point which is not ¥-strongly fixed by ¢.

Given any pseudogroup ¥, we associate a groupoid G(%) in the following way: as a set,
G(9) is the quotient of

{(p,x) € 4 x X |x € Dom ¢}

by the equivalence relation: (¢,x) ~ (,x) if and only if ¢(x) is strongly fixed by o ¢!

(that this actually constitutes an equivalence relation is an easy exercise). Using the ‘charts’
Uy={(¢,x)|x € Dom ¢} defined by the partial transformations, we endow G(%) with a structure
of a topological space such that the map (¢,x) from U, to Dom ¢ is a homeomorphism. The
source and range maps of the groupoid are s(¢@,x) =x, r(¢,x) = ¢(x). The inverse and the
composition are defined by

(0, x) ' = (o7, p(x)),

(@, 9(x)) o (Y, x) = (@ 0 b, x).

We note that (¢,x) is a unit element of G(%) if and only if x is ¥-strongly fixed by ¢.

The set of units is | J; ., U. We now on assume that X ={J;,, U. Note that U, is an open
subset of G(%) on which » and s are homeomorphisms onto open subsets of X, therefore G(%)
is étale.

Example 2.10. If I" is a subgroup of Homeo(X) endowed with the discrete topology, then the
groupoid G(I') is simply the crossed-product X ><I'.

Lemma 2.11. Let % be a transformation pseudogroup on X. Then G(%) is Hausdorff if and
only if for every ¢ € 9, the set of 9-strongly fixed points by ¢ is closed in Dom ¢. (Note
that it is open.)

Proof. An étale groupoid G is Hausdorff if and only if G'*) is Hausdorff and closed. Whence,
G(%) is Hausdorff if and only if G(%)® N U, is closed in U, for every ¢ € 4. The homeo-

morphism U, =>Dom ¢ maps G(%)® N U, to the set of ¥-strongly fixed points by ¢. O

Let us note that in the case of a group of transformations I C Homeo(X), since % = {X},
an element ¢ has %-strongly fixed points if and only if ¢ is the identity map, hence we find
that X > I" is Hausdorff, as expected.

Finally, we observe that actions of G(%) correspond to actions of % in the sense we define
below:

A left action of % on a space Z is given by a map p:Z — X, and a homomorphism o from
% to a transformation pseudogroup on Z such that for every element ¢ : U — V of ¢4, we have
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Domoa, = p~'(U), Ima, = p~!(V) and the diagram

PN U) p (V)

v| | »

u—2 .y
commutes. More generally, a left action of ¥ on a C*-algebra 4 is given by a structure
Y:C(X)— Z(M(A)) of C(X)-space on A, and a homomorphism o from % to a transformation
pseudogroup on A such that for every element ¢ : U — V of 4, we have Dom o, =Ay=Co(U )4,
Ima, =Ay = Co(V')A and the diagram

O

M(Ay) — M(4y)

2 [w

*

Co(U) 2 Co(V)

commutes.

3. The groupoid of a set with uniformly locally finite coarse structure

3.1. The pseudogroup 4(X)

Definition 3.1. Let X be a set with a uniformly locally finite coarse structure. Every 4 € I'g
defines a partial transformation ¢, on the Stone—Cech compactification X of X. We denote
by %(X) the pseudogroup {¢@4 |4 € ['s}.

It is immediate that if 4 € I'g, @4 has clopen, compact domain and range. The pseudogroup
%(X) is countably generated (resp. unital) if and only if the coarse structure is. Therefore,
9(X) 1s countably generated and unital if and only if the coarse structure on X comes from a
(uniformly locally finite) metric.

3.2. The groupoid G(X)

Let us first introduce some notation. If 4 is a subset of a set ¥, we shall denote by A4 the
closure of 4 in the Stone—Cech compactification Y of Y.
Let X be a set with a uniformly locally finite coarse structure &. Define

G&)= |J Ecpxxx).
E entourage
We will also use the notation G(X) instead of G(&) if there is no ambiguity. Let us note

that G(X) is also the spectrum of the abelian C*-subalgebra of /*°(X x X) generated by the
characteristic functions yz of entourages E.
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Recall that X x X is endowed with a structure of groupoid with source and range maps
s(x,y)=y and r(x,y)=x. The maps » and s extend to maps from S(X x X) to fX, hence to
maps from G(X) to fX.

Proposition 3.2. Let X be a set with a uniformly locally finite coarse structure. Recall that
to X is associated a unital pseudogroup 9(X). There is a homeomorphism G(%(X)) — G(X)
such that the induced groupoid structure on G(X) has source and range maps r and s defined
above, and extends the groupoid structure on X x X. The groupoid G(X) is étale, locally
compact, Hausdorff and principal.

Proof. Denote by G’(X) the groupoid G(%(X)). The space G(X) is locally compact Hausdorff
because it is open in the compact space (X x X). The groupoid G’(X) is étale by construction.

Let us prove that G(X) and G'(X) are homeomorphic. Recall the notation: I'¢ is the set of
entourages on which » and s are injective. Since any entourage is a finite union of elements of
I'y (see Lemma 2.8 by Eg), we have

GX)= | J A4

A€l

The groupoid G'(X) is a quotient of ITycr, 4. By definition, we have a surjective, continuous,
open map ¥ : Ilyer, A — G(X). We just have to show that i induces a bijection from G'(X)
to G(X).

By Lemma 2.7(b), the map (r,5): G(X) — X x X is one to one; as (r,s) is defined on the
groupoid G’(X), the map  passes to the quotient.

Let 4 and Be I'y. Let x € s(4) N s(B); if g=(¢p4,X) and h=(¢pp,Xx) have distinct images in
the groupoid G(X), then g ¢ ANB. Then g € A\ B and h € B are distinct in G(X).

The fact that G(X) is principal follows from Lemma 2.7(b). O

The set of objects G(X)® of G(X) is |J,4 C B(X), the union being taken over subsets 4 of
X such that A4 = {(x,x)|x € A} € &. If & is unital G(X)© = pX.

3.3. Expressing G(X) as a crossed-product

In what follows, X is a set with a uniformly locally finite metric. A unital sub-pseudogroup .o/
of 4(X) will be called admissible if it covers G(X), i.e., identifying elements of %(X ) with open
subspaces of G(X), we have U(pE ~ @=G(X). Let .o/ be a countable admissible pseudogroup
of ¥(X). Its existence follows from the fact that the coarse structure is countably generated. Let
G.; be the spectrum of the sub-C*-algebra of Cy(G(X)) generated by {y4| @4 € o/}, and let
X, be the spectrum of the sub-C*-algebra of C(fX)=/"°(X) generated by {ysu) |4 € }.

Lemma 3.3. Let X be a set with a uniformly locally finite metric. Then
(a) There exists a countable admissible sub-pseudogroup of 4(X).
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(b) If o is as in (a), then G, is a metrizable (as a topological space), locally compact,
Hausdorff, a-compact groupoid with unit space X.;. The groupoid G., naturally acts on
BX = G(X)® and G(X)= BX > G,

Proof. (a) Follows from the fact that the coarse structure is countably generated. To prove (b),
let p: X - X be the map induced by C(X.;) — Cy(X). For every 4 € o7, let Q,=y4Co(G,)
and Q;( o= %s¢1)C(X.z). These sets are clopen in G, and X/, respectively. It is easy to see
that €, is the spectrum of {ys|B C A} and €, is the spectrum of {ysx5)|B C 4}, so the

source map s:G(X) — G(X)® passes through the quotient and defines s: G., — X., which is
a homeomorphism on each Q,, 4 € o/.

Since yuxa = furu, We have Q4 N Quy = Qun. One can also show that if B, B’ € .o/
and B, B’ C A, then Q, N Qp =), ., so we get the following composition of isomorphisms

s0pry ~, ]
QA XX, QB — ‘Qs(AoB)S QAog.

The action of G, on X is defined as follows: let x € BX, g € Q4 such that r(g) = p(x).
There exists a unique § € 4 C G(X) such that 7(§) =x. We define xg = s(g).

The crossed-product fX > G, is the quotient of (LIS(r(4)) xx,, £4)/ ~ by the identification
of f(r(4)) xx,, Q4 and f(r(B)) Xx,, Qg on f(r(ANB)) Xx,,, Lans. Noting that f(r(4)) xx,, L4
is homeomorphic to the closure 4 of 4 in B(X xX'), we conclude fX><G .y ~ | e, A~ G(X)
since by assumption .o/ covers G(X). O

If for example X is the metric space |I'| underlying a countable group I" and .o/ is the group
I' acting on the right on itself, then X, is a point and G, =TI, so we get

Proposition 3.4. If I is a countable group endowed with the left coarse structure, then G(|I'|)=
(BIID>T.

3.4. Coarse correspondences and groupoid homomorphisms

Let X and Y be sets with uniformly locally finite coarse structures &y and &y and % be
a uniformly locally finite coarse structure on X II ¥, which is a coarse correspondence from
X to Y. We say that € is a uniformly locally finite coarse correspondence. Let G(X 11Y) be
the groupoid associated with the uniformly locally finite coarse structure . The restriction of
G(X11Y) to the clopen subset G(Y )@ of G(XI1Y)® is G(Y). Moreover, if 4 C X is such that
A4 € €, then by restriction we have a coarse correspondence from the restriction of &y to 4 and
&y. By Proposition 2.3, there is a coarse map f :4 — Y whose graph is in %, hence Gr(f) is a
finite union of elements of I'y (Lemma 2.8). It follows that the G(X 11 Y )-orbits of elements of
G(Y)® cover 4, and thus they cover all of G(XIIY)©. Therefore the groupoids G(X 1Y) and
G(Y) are Morita equivalent. Now, the inclusion G(X) — G(X 11 V) is a generalized groupoid
homomorphism G(X) — G(Y). In this way we proved:

Proposition 3.5. Let X and Y be sets with uniformly locally finite coarse structures &x and
&y. Any uniformly locally finite coarse correspondence between € from X to Y defines a
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(generalized) groupoid homomorphism G(X) — G(Y). This construction is compatible with
the composition of correspondences and groupoid homomorphisms.

Corollary 3.6. If X and Y are coarse-equivalent sets with uniformly locally finite coarse
structures, then the groupoids G(X) and G(Y) are Morita-equivalent.

4. Relation between the coarse assembly map and the Baum—Connes assembly map for
groupoids

Since the groupoid G(X) is not metrizable, one may wish to replace it by a metrizable
groupoid, thanks to Lemma 3.3. The following lemma shows that this can be done without
altering the Baum—Connes assembly map.

Lemma 4.1. Let G be a locally compact, Hausdorff, a-compact groupoid with Haar system,
Z a locally compact G-space with corresponding source map p:Z — GO, We suppose that p
is proper. Let G' be the groupoid Z > G, and B a G'-algebra. Then, we have a commutative
diagram, where vertical maps are isomorphisms

K°(G';B) 25 K (B><, G')

~| |-

K“’(G;B) 1 K.(B>, G)

Proof. First, B>, G'=B><,G is an immediate consequence of the definition of a crossed-product.
Next, we have EG’ =Z x50 EG, and for every G-compact (G-invariant) subspace T of EG,
the following diagram commutes:
KK:(Co(Z xgo T),B) —————— KK&(Co(T),B)
.iG/,r _]-Gx

KK.(Co(Z g0 T)>=1G,B>a, G) —— KK.(Co(T)> G,B >, G)

l MzX 0y T)<G® l A7sa®
K.(B><, G) - K.(B>, G)

The proper map p induces a proper map q:Z xXgo I — T. We therefore have a G-equivariant
embedding Co(7T") — Co(Z xgo T), whence a s-morphism i: Co(T)><G — Co(Z xgo T)>=<G.

Let ¢ € C(T) such that V¢ € T, [ ;0 c(tg) 2*D(dg) = 1. Then Ar..c is the projection of
Co(T)> G defined by c()"2c(tg)"?, and A(zx 11 is the image by i of A7 in Co(Z X o
T)y><G. O

Lemma 4.2. Let G be a locally compact, Hausdorff, a-compact groupoid with Haar system, A
and B two G-algebras, &1 C &, two G-equivariant B-modules, ¢ : A — ¥(&,) a G-equivariant
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x-homomorphism, F = F* € %(&,). We suppose that & is stable by F and by ¢(a) for
all a € A. Assume that VYa € A, p(a)(F> — 1) € A4 (&), [¢p(a),F] € #(&1) and Va' € r*A,
a'(Vs*FV* —r*F) € r* A4 (&1) where V € L(s*62,r*&2) is the unitary that defines the action
of G on &,.

Then, [((5{)1, @:F)] = [(6@27 (paF)] in KKG(A’B)

Proof. Let & = {¢ € C([0,1],62)|&(0) € &,}. Then & is stable by F ® 1 and ¢(a) ® 1 €
ZL(&, @ C([0,17)), and the restriction (&£,¢ @ 1,F ® 1) defines a homotopy between (&1, @, F')
and (&2, 0,F). O

Let G be a locally compact, Hausdorff, o-compact groupoid with Haar system. The completion
of C.(G) endowed with the Co(G®)-valued scalar product

(&) = / o dig)
o

is a Hilbert Co(G®)-module that we shall denote by L2(G). More generally, for any C*-algebra
B with an action o of G and any non-G-equivariant B-module &, there is a G-equivariant
B-module, denoted by L*(G, &), obtained by completion of C.(G) ®¢ oy & with the B-valued
scalar product

Gemben®= [ G@aennme o),

The action of B is [((®n)b](g) = &(g)ns(g)%y-1(bry)), and the action of the groupoid is defined
by ay(¢@n)=0,(E) @1, where (ay(E))(h)=E(g~'h). If now & is endowed with an action o of
G, then we have an isomorphism L*(G, &) — L*(G) ®c,gon & defined by e — ¢/, e € C.(G, ),
e'(9) = ay(e(9))-

Lemma 4.3. Let G be a locally compact, Hausdorff groupoid with Haar system, D a G-algebra
and J a G-equivariant ideal of D. Assume that D — M(J) is faithful. Then D><,G is faithfully
represented in L*(G,J).

Proof. By definition, D><, G is faithfully represented in & =L*(G, D). Since the map T — T®1
from Z(&) to L (& ®pJ) is isometric, the result follows. O

Lemma 4.4. Let X be a set with a uniformly locally finite coarse structure, and B a C*-algebra.
There is a natural isomorphism C*(X;B) ~ /*(X,B ® #") >, G(X).

Proof. Let D=/>°(X,B® #"). Then G(X) obviously acts on D. Indeed, any 4 € I's defines a
x-isomorphism between Dy and D, ().

From Lemma 4.3 with D =/°(X,B® #") and J = Co(X,B ® A"), D >, G(X) is faithfully
represented in L*(G(X ), Co(X,B® #')) ~ Co(X) ® (*(X) ® B® A", where G(X) and D act on
the factor /2(X)® B ® . Since the map T — 1 ® T from L(/>(X)@B® 4') to L(Co(X) ®
/H(X)®B® ) is isometric, we have D>, G(X) — L(/>(X) 2B ® X).
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We show that D><, G(X) and C*(X) are equal as subalgebras of #(/*>(X)®Hjp). The algebra
D><, G(X) 1s generated by elements of the form d ® y4, where 4 € I'y and d € /*°(X,B® X").
Put 7\, =d(x) if (x,y) € 4, and T, , =0 otherwise. Then, T = (T , )« ,)exxx 1s in C*(X;B),
and is equal to d ® y4. Conversely, C*(X; B) is generated by operators 7' = (7% , ), ,)exxx With
support on some 4 € I'g, hence we prove likewise that C*(X;B) C D>, G(X). O

Lemma 4.5. Let A and B be C*-algebras and X a set with a uniformly locally finite coarse
structure. We have a commutative diagram

KK(4,B) — % KK(C*(X;A),C*(X;B))

I |-

KKgoo(£2(X, A), (X, B)) 28 KK (4><, G(X),B><, G(X)),

where k(&,¢,F)=({2(X,8), 3, F), ¢((ax)rex) = (0(ax))rexs F((Evex) = (F(E) e

Proof. Straightforward. 0O

Lemma 4.6. Let G be a locally compact, Hausdorff, a-compact groupoid with Haar system,
Z a proper G-space, B a G-algebra. Then, every element of KKG(Co(Z),B) can be represented
by a Kasparov bimodule of the form (L*(G)®c,co) ® Hp, ¢,F) with F = F* a G-invariant
operator.

Proof. Let u be an element of KK(Cy(2), B), represented by a G-equivariant Cy(Z), B-bimodule
(&,¢0,F). Let ¢ be a cutoff function on Z. We can replace F with (F' + F'*)/2, where
Fl = [ 04(c)og(Fyq)) A*(dg), so we can suppose that F is G-invariant. The isometry

[ f1(z.9)= f(2)c(z9)"?

embeds Cy(Z) as a direct factor of Cy(Z) ®C0(G(o))L2(G). By applying - ®c,z) &, we see that
& is a direct factor of L*(G) Rcy(Goy & = L*(G,&). By Kasparov’s stabilization Theorem, &

is (non-equivariantly) a direct factor of Hp, therefore we can represent u in L*(G, H B) ~
12 (G)@CO(G(O))HB Ol

In what follows, identifying elements of Pg(X) x {x} with probability measures on s~!(x) C
G.s, Pe(G) will (abusively) denote the closure of the image of Pz(X) x X in the set of
probability measures on G.,, endowed with the weak topology of the dual of C.(G).

Lemma 4.7. Let X be a discrete uniformly locally finite metric space, B a C*-algebra, and
d > 0. With the above notations, we have a commutative diagram where vertical maps
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are isomorphisms

KK (Co(Pe(G)), (®(X,B)) = K.(¢¥(X,B)><, G.y)

l"* l:

KK.(Co(Pe(X)),B) ——— K.(C*(X;B))

i* is defined as follows: let x be an arbitrary point on X. Then i:{x} — G(X) is a groupoid
homomorphism, and i* is the natural transformation KKg , — KK induced by i.

Proof. To prove that i* is an isomorphism, let us define a map j in the other direction: for
every Kasparov bimodule (H g, ¢, F) € E(Co(Pe(X)),B), let §=/°(X,B.4"), ($(a))(&))(x)=
o(a(x))é(x), (FE)(x) = Fé(x). Tt is obvious that i* o j = Id. Conversely, if (&, ¢,F) ¢
Eq  (Co(Pe(Gy)), /> (X,B)), then we can suppose from Lemma 4.6 that F' is G-equivariant,
and that & = /°(X,B) ® L*(G,)®H. But &, is a submodule of &' = /®(X,B ® /(X )QH) ~
/°(X,B® A", so we can suppose by Lemma 4.2 that &=/"(X,B® A), and then it is obvious
that j o i* =1d.

To prove that the diagram is commutative, it suffices to note that, for 4 = Co(Pg(X)) ®@ A,

KK.(A4,B) x K. (C*(X;4),C7(X;B))

I |-

KK (12X, A),/(X, B)) —L— KK.(/™(X,4)>< G, C*(X; B))

| | |

KK (Co(PE(Gor)), (X, B)) % KK.(Co(PE(Gor)) > Gy, C*(X; B))

commutes (see Lemma 4.5), and that the composition of the two vertical maps on the left
isj. O

Proposition 4.8. Let X be a uniformly locally finite metric space, B a C*-algebra. We have
a commutative diagram, whose vertical maps are isomorphisms:

KP(G(X); £%(X,B)) LK. (£%(X, B) >, G(X))

- I-

K'(G.;/®(X, B)) ——K.(¢>(X,B) >, G./)

- I-

KK.(X;B) K.(C*(X;B))

Proof. The assertion for the upper square follows from Lemmas 3.3 and 4.1. For the lower
square, it results from Lemma 4.7. O



824 G. Skandalis et al. | Topology 41 (2002) 807-834

Corollary 4.9 (Yu [21]). Let I" be a discrete countable group, and |I'| its underlying metric
space endowed with the coarse structure of Example 2.5. The Baum—Connes assembly map
for I' with coefficients in />°(I', #") is equivalent to the coarse assembly map for |I'|.

5. Property A and uniform embedding

Let X be a uniformly locally finite metric space and let G(X') be the associated groupoid.
In this section we relate some properties of X with properties of the groupoid. More precisely,
we prove that

1. Property (A) introduced by Yu in [22] is equivalent to the amenability of the groupoid
G(X). This generalizes the main result of [12], and actually the proof is almost the same as
in [12].

2. The space X admits a uniform embedding into Hilbert space if and only if the groupoid
G(X) has a proper affine action on a Hilbert bundle (in the sense of [19]).

5.1. Property A

Let us recall property A of [22] and some definitions related with amenability taken from
[12] (cf. also [12]). We need some notation:

e recall that 4, = {(x, y)|d(x,y) < r}.
e Let ¥ be a subset of X x X x N; for x, set Y*={(z,n) € X x N|(x,z,n) € Y}.

Definition 5.1 (Yu [22]). The space X is said to satisfy property (A) if there exists a sequence

of subsets Y, C X x X x N such that

(a) For every n € N, 4y x {0} C Y,; moreover, for every x € X, the set Y, is finite;

(b) For every n € N, there exists » € R, such that Y, is contained in 4, x N;

(¢) The sequence of functions g,(x,y) =#Y N Y, )/#(YXUY,) converges to 1 uniformly on
every A4,.

We next recall the definition of amenability. Note that if G is an étale groupoid, an r-system
in the sense of [1] is just a function on G.

Definition 5.2 (Anantharaman-Delaroche and Rehault [1]). An étale groupoid G is said to be
amenable if given compact subsets K C G, C € G© and € > 0, there exists f € C.(G) such
that

(a) Yue C, we have ) . f(x)=1.

(b) Vx € K, we have 3=, i [ /() = f(2)] < &

Of course, if G*) is compact, one just takes C = G'*). Furthermore, if G is o-compact, one
finds a sequence f, of functions such that

(a) Vu € G and every n € N, we have Y .. fu(x) = 1.
(b) The sequence o | fn(xy)— fu(y)| converges to 0 uniformly on compact subsets of G.
q yeG
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As in [12], denote by C/(X) the completion of the x-algebra of operators in />(X) whose
support is an entourage. Generalizing a result of Higson and Roe [12], we get:

Theorem 5.3. Let X be a uniformly locally finite metric space. The following are equivalent:

(1) The space X satisfies property (A);

(i1) There is a sequence of functions f,:X x X — [0,1] such that
(a) The support of f, is an entourage;
(b) Forallxe X, Y, fu(x,y)=1;

(c) For every r, we have lim, o sup{>__|fu(x,z2) — fu(y,2)|; (x,y) € 4,} =0.

(iii) The groupoid G(X) is amenable.

(iv) There is a countable admissible sub-pseudogroup </ C 4(X) such that the associated
groupoid G(<7) is amenable.

(vi) Ci(X) is nuclear.

Proof. The proof is almost exactly the same as the one in [12].
We prove (ii) = (i). Assume that f, has support in some 4, ; let R, = sup, .y #{y|(x, )
€ 4,,}. Put then
Yo= (4o x{0H)U{(x,»,k) e X x X x N |k <nR, f,(x, )}

It is clear that if (x, y,k) € ¥, then f,(x,y) # 0, whence (x, y) € 4,,; moreover, since f, < 1,
if (y,k) € Y7, then (x,y) € 4,, and k < nR,; whence Y} has at most nR2 points.
Note that for every x,z € X, setting B(x,r,) ={z € X |d(x,z) < r,}, we have
#{keN|(x,z,k) e Y,} =nR,f(x,z)— 1,
hence
#YY = ) (nRyf(x.z) = 1)=nR, — #B(x,r,) = (n — DR,
zE€B(x,ry)
Moreover, for every x, y,z € X,
HhkeN[(z,k) e Y7 AV < 1+nR,|f(x,2) = f(1,2)],
whence

Y, AT < Y (L+nR,|f(xz2) = f(1,2)])

z€B(x,ry )UB(y,n)

< 2R, + anZ’f(va) - f(y’Z)‘

zeX

It follows that condition (c) is satisfied.

e To prove that (ii) < (iii), one just needs to notice that, since X x X is dense in G(X),
C.(G(X)) is the set of bounded functions defined on X x X with support in some 4,.

e To prove that (iv) = (iii), just note that, since G(.«7) is a quotient of G(X), C.(G(+7)) C
C.(G(X)). Therefore, the sequence of functions f, € C.(G(./)) giving the amenability of
the groupoid G(.7), also gives the amenability of the groupoid G(X).
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e To prove that (i) = (iv), for n,k € N, k > 0, let Z¥ be the set of (x,y) € X x X, such
that #{j € N|(x,y,j) € Y,} = k; there exist a countable set D of partial transformations
such that each ZF is a finite disjoint union of elements in D. Let ./ be the subpseudogroup
generated by D. The functions on X x X given by f,(x,y)=#{j € N|(x,y,j) € Y, }/#Y})),
are restrictions of elements of C.(G(.27)) which in turn imply amenability of the groupoid
G().

e (iil) < (v) follows from the obvious fact that C;(X) ~ C(G(X)). O

Of course, one may now express the amenability of G(.o7) using many equivalent conditions

(cf. [1]).

5.2. Uniform embedding

Let G be a groupoid. Recall that a negative type function on G is a function f:G — R such
that

(a) figo =0.

(b) ¥x € G, f(x") = f(x).

(c) Given x1,x,...,x, € G all having the same range and 4;,/,,...,4, € R such that > 4, =0,
we have >, f(xj_lxk)/l_,-/lk < 0.

Moreover, if G is a locally compact (Hausdorft) second countable groupoid with compact unit
space, the following are equivalent (cf. [19]):

(1) There exists a proper negative type function on G.
(ii) There is a continuous field of Hilbert spaces over G(*) with a proper affine action of G.

Theorem 5.4. Let X be a uniformly locally finite metric space. The following are equivalent:

(1) The space X admits a uniform embedding into a Hilbert space;
(i1) There exists a negative type function f:X x X — R such that
(a) f is bounded on every entourage;
(b) For all r e Ry, {(x,¥) e X x X ||f(x,y)| < r} is an entourage.
(iii) There is a continuous proper negative type function f:G(X) — R.
(iv) There is a countable admissible sub-pseudogroup </ C 9(X) and a continuous proper
negative type function f:G(</)— R.

Proof. We prove (i) = (ii): if g: X — H is a uniform embedding into a Hilbert space, set
f(x,¥)=1|g(x) — g(»)||*>. Conditions (a) and (b) are obvious. Let x — A, be a function on X
with finite support such that > 4, =0. We have

S iy llgr) — g()IP
XY
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= 2ay (g + g = 2{g(x), 9(»)))
Y

- (Zx:zx||g(x)||2> (zy%) + (Zﬂ) (Zy:iyllg(y)HZ)

-2 <Zixg(X), Zﬂ»yg(y)>
x y

<0.

e We prove (ii) = (iii): note that a function f:X x X — R is the restriction of a continuous
function F': G(X') — R if and only if it is bounded on every entourage; moreover F is proper
if and only if f~'([ —r,7]) is an entourage for every r € R,; finally, if f is of negative
type and xy,...,x, € G(X) have the same range a € fX, there exist partial transformations
di,---,gn of X such that x; is in the closure of the graph of g;. Up to restricting the g;, we
may further assume that they all have the same image. Given 4;,...,4, € R with sum 1, and
u in the image of the ¢g;, we have ik f(gj’l(u), g;l(u))/ljik < 0. Letting u converge to a,

we find 7, F(x; "Xk <

e To prove (111) = (1V) let f: G(X ) — R be a negative type proper function. For every pair
(s,¢) of rational numbers such that s < ¢, the entourage {(x,y) € X x X |s < f(x,y) < t} is
a finite disjoint union of entourages Es, i In I'g. Let .o/ be the pseudogroup generated by the

partial transformations ¢g,,,. Then .o/ is a countable admissible sub-pseudogroup of %(X')
and f defines a continuous proper negative type function on G(.<7).

e To prove (iv) = (i), let .o/ C 9(X) be a countable admissible sub-pseudogroup and let o be
a continuous proper isometric affine action of G(.«7) on a Hilbert bundle H over G(.7)©.
Let then xp € X C G()® and put # = H,,. For x € X, we put g(x) = a(xo,x)0,, where
(x0,x) € X x X C G(«) and 0, is the 0, element of the Hilbert space H,. For x,y € X, we
have ||g(y) — g(x)|| = ||o(x0, x)a(x, )0, — o(x0,x)0|| = [|o(x, )0, || since a(xp,x) is isometric.
The function 7y — [|a()0,)|| is a continuous proper function on G(.7); the entourages are
the subsets of X x X whose closure in G(.«/) is compact. It follows that x — g(x) is a
uniform embedding of X into . [

Now, a new proof of Yu’s theorem [22] follows easily from Theorem 5.4 and Tu’s general-
ization of Higson and Kasparov’s theorem [19,10].

Theorem 5.5 (Yu [22]). Let X be a uniformly locally finite metric space that admits a uniform
embedding into Hilbert space. Then the coarse assembly map for X is an isomorphism.

Proof. From Theorem 5.4 (i = iii), there is a proper negative type function f:G(X) — R,
hence, from [19], the Baum—Connes assembly map with coefficients for G(X') is an isomorphism.
The conclusion follows from Corollary 4.9. O



828 G. Skandalis et al. | Topology 41 (2002) 807-834
6. The Novikov conjecture for groups which admit a uniform embedding into Hilbert space

The main purpose of this section is to prove

Theorem 6.1. Let I' be a countable group with a proper left-invariant metric. If I' admits a
uniform embedding into Hilbert space, then the Baum—Connes assembly map

W KIP(I;4) — Ko(A><, T)
is injective for any separable I'-C*-algebra A.

6.1. Proper affine actions and negative type functions of transformation groupoids, Tu's
theorem

For the convenience of readers who are not familiar with groupoids, we shall briefly discuss
the concept of proper affine action and its relation to negative type function for transformation
groupoids, even though we have discussed the same material in the general groupoid case.

Let I be a countable discrete group. Denote by e its identity element. Assume that I" acts on
the right on a compact Hausdorff space X by homeomorphisms. Recall that the product and the
inverse operations of the transformation groupoid X > I is given by: (x,g)(x’,¢") = (x,g9g") for
all (x,g) and (x',¢’) in X x I satisfying x' =xg, and (x,g)~' = (xg,g~") for all (x,g) € X x I

Definition 6.2. Let H be a continuous field of Hilbert spaces over X [4, pp. 210-211]. We say
that the transformation groupoid X><I" acts on H by affine isometries if, for every (x,g) € X x I,
there is an affine isometry U 4): H,y — H, such that

(1) Ugey: Hy — H, is the identity map;

(2) Ug)Uiwr.g) = Ut gy i X' = xg;

(3) for every continuous vector field 4(x) in H and every g € I', U, 4)(h(xg)) is a continuous
vector field in H.

Definition 6.3 (Tu [19]). Let X > I" act on H as in Definition 6.2. The action is said to be
proper if for any R > 0, the number of elements in {g € I' | 3x € X | U, 4(By,,(R))NBy (R) # 0}
is finite, where By (R) ={h € H,|||h|| < R}.

Let us also recall [19] that X > I' admits a proper action on a continuous field of affine
Hilbert spaces if and only if it admits a continuous, negative type function in the sense of
Definition 6.4 below:

Definition 6.4. Let X ><I" be a transformation groupoid. A continuous function y: X x I' — R,
is said to be a negative type function if

(1) Y(x,e)=0 for all x € X;

(2) Y(x.9) =(xg.g7") for all (x,g) € X x I
(3) >0 titib(xgi,g; 'g;) < 0 for all {#;}"_, C R satisfying > ,=0, g; € I' and x € X.
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Let us also state the following result which is a particular case of Theorem 5.4.

Proposition 6.5. Let I' be a countable group with a proper left-invariant metric d. The fol-
lowing are equivalent:

(1) there exists a uniform embedding f:I — H.
(ii) there exists a proper negative type function on I > T,
(iii) there exists a compact, Hausdorff, second countable space Y with an action of I' which
admits a proper negative type function on Y > 1T,

Proof. Follows from the proof of Theorem 5.4, in which one can suppose that the sub-pseudogroup
o/ contains the group I'. Then, letting C(Y) = C*{y4|1d4 € o/}, one has G(Z)=Y>=<TIT. O

The following is a particular case of a theorem of Tu [19] which generalizes a theorem of
Higson and Kasparov [10]:

Theorem 6.6 (Tu [19]). Let X be a compact, second countable Hausdorff space. If the trans-
formation groupoid X > 1" acts properly on some continuous field of Hilbert spaces by affine
isometries, then the Baum—Connes assembly map for the transformation groupoid

KPP CX) ®A4) — K(CX) @A) >, T')

is an isomorphism for any separable I'-C*-algebra A.

Indeed, by Lemma 4.1, the Baum—Connes assembly map for the groupoid X > I" with coef-
ficients in C(X) ® 4 is the same as the one for the group I' with coefficients in C(X) ® 4.

6.2. Proof of Theorem 6.1

Suppose from now on that {y is a continuous proper negative type function on Y > 1I". As
in [8], we consider Prob(Y), the space of all Borel probability measures on Y with the weak”
topology. Denote Prob(Y) by X. Notice that X is a compact, second countable and Hausdorff
space. The I' action on Y induces a I' action on X. We define ¢p: X x I' — R by

$m.g)= [ wrg)dm
for all (m,g) e X xT.

Lemma 6.7. ¢ is a proper negative type function on the transformation groupoid X > I .

Proof. Condition (1) in Definition 6.4 is clear. Let us verify condition (2). For every (m,g) €
X x I', we have

$(mg,g~") = / (g~ d(mg)
Y

=/!ﬁ(yg,gl)dm=/¢(y,g)dm
Y Y
= p(m,g).
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Next, we verify condition (3) in Definition 6.4. If {;} | CR and > " ,# =0, we have

S ttid(mgin g g = > ity /Y W(r.g7 g, d(mg;)

hj=1 ij=1

:/Y > uit(vging;'g) | dm < q0,

ij=1

where the last inequality follows from the fact that i/ is a negative type function on the trans-
formation groupoid Y >« I'. The properness of ¢ follows from the definition of ¢ and the fact
that 1 is a uniform embedding. [J

Proof of Theorem 6.1. We consider the following Higson descent diagram (cf. the proof of
Theorem 3.2 in [8]):

K(I',A) " Ki(A><,T)

| |

K (I, C(X)®A4) - K(C(X)®A4)>, T),

where the vertical maps are induced by the inclusion of C into C(X). By Lemma 6.7, the
transformation groupoid X >< I" acts properly on a continuous field of Hilbert spaces by affine
isometries. Hence, by Tu’s Theorem, the bottom horizontal map is an isomorphism. By [8,
Proposition 3.7], the left vertical map is an isomorphism since, for any finite subgroup H of I',
X is H-equivariantly homotopy equivalent to a point. It follows from the commutativity of the
above diagram that the top horizontal map is split injective. [J

Appendix A. The groupoid of the universal coarse structure

Let X be countable discrete set. From Proposition 3.2, there is a groupoid €2, associated with
the universal uniformly locally finite coarse structure &,(X)={E C X x X | N(E) < oo}. Up to
isomorphism, 2, does not depend on X. It is clear that for every uniformly locally finite coarse
structure & on X, G(&) is a subgroupoid of ©,. The objective of this appendix is to prove that
the correspondence & — G(&) is a bijection between uniformly locally finite coarse structures
on X and open subgroupoids of €, which contain X x X, and to characterize these groupoids
among subsets of (X x X).

For every open set V' C fY, let us introduce the notation

GV)y={AdcCY|AcCV}. (A.1)

Lemma A.1. Let Y be a set, and denote by P(Y) the set of its subsets.

(a) Clopen subsets of BY are A, where A C Y. )
(b) For any open set V C BY we have V =J cq A In other words, clopen sets constitute
a basis for the topology of pY.
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(c) V—%(V) is a bijective correspondence between open subsets of fY and sets € C 2(Y)
which are stable by taking finite unions and subsets.

Proof. (a) Clopen subsets of Y correspond to projections of C(fY)=/°°(Y), hence to subsets
of Y.

(b) Let y € V. There exist U open and K compact such that y € U C K C V. Since
UNY is dense in U and K is closed, one has y € U C UNY C K, hence y € 4 where
A=UNnY e€V). B

(c) Let ¢ be the map V' +— %(V') and  the map % — |J ., A. From (b), Yo is the identity
map. To prove that ¢ oy is the identity, let ¥ C 2(Y) be stable by finite unions and subsets,
and V = y/(%). Obviously, V' is open and 4 C %(V'). Conversely, if 4 C V, by compactness it
is covered by 4, U---UA4,, A; € ¥, s0 A C A U---UA,. Since ¥ is stable by finite unions and
subsets, 4 € €. O

Proposition A.2. The correspondence & — G(&) is a bijection between uniformly locally finite
coarse structures on X and open subgroupoids of Q, which contain X x X. Moreover, G(&)
is a-compact if and only if & is countably generated.

Proof. In view of Lemma A.1(c), we just need to show that, if G is a groupoid, ¢(G) is a
uniformly locally finite coarse structure. Note that by Lemma A.l1(c), we have €(Q,) = &..
Therefore, if £ € 4(G) C ¢(£,), then N(E) < + oo. Conditions (b) and (c) of Definition 2.1
are obviously satisfied by %(G). Finally, let E,F € 4(G). Then (E)~' and E.F are compact
subsets of G and contain respectively E~! and E o F. Therefore E-',Eo F € 4(G).

If there exists a sequence E, of entourages of X such that every entourage is contained in
one of the E,, then G(X) = J,cn Ex is o-compact. Conversely, if G(X) = J,cn K» with K,
compact, and since £ is open for every entourage E, K, C E, for some entourage E,. It follows
that every entourage is contained in one of the £,. [

Recall that X x X is endowed with a groupoid structure with space of units X. If X is
infinite, that structure does not extend continuously to a groupoid structure on f(X x X), but
the following proposition says that an open subset of 2 of f(X x X) containing X x X is a
groupoid if and only if it comes from a uniformly locally finite coarse structure on X.

Proposition A.3. Let Q be an open subset of P(X x X) containing X x X. Denote by
r:fX x X) — PX and s:p(X x X) — PX the continuous maps whose restriction to
X x X is, respectively, (x,y) — x and (x,y) — y. Then, the following assertions are equivalent.

(i) The groupoid structure on X x X extends continuously to a groupoid structure on Q.
(i1) The maps p:((x,v),(y,z)) — (x,z) and x:(x,y) — (y,x) extend to continuous maps
pA(u,v) € Qx Q|s(u)=r(v)} — Q and K: Q2 — Q.
(ii1) Q is a subgroupoid of Q,.
(iv) €(RQ) is a uniformly locally finite coarse structure.

(V) €(Q) is a coarse structure and Q(g)ﬂX x BX is injective.
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Proof. The equivalence (iii) < (iv) comes from Proposition A.2. As the groupoid associated
to a coarse structure is principal (Proposition 3.2), (iv) = (V).

The implications (iii) = (i) = (ii) are obvious.

In order to prove the implications (v)=-(ii)=-(iv), we need a few lemmas.

Lemma A4. Let f:X — Y be a map between discrete sets. Then the induced map f:pX —
pY is open.

Proof. For every subset 4 of X, as A is compact f(4)= f(4). The conclusion follows from
Lemma A.1(b). O

In the following lemma, (a) and (b) are simple exercises and (c¢) is an immediate consequence
of (a) and (b) by taking U = f~1(V).

Lemma A.5. Let f:T — T' be an open continuous map between topological spaces, D C T
a dense subset, and V C T' open. Then

(a) For every open subset U of T, one has UND =1U.
() [T =171

(©) /7' (7Y =) (D).

Lemma A.6. Let X be a set, and E,, E> be subsets of X x X. Denote by E; the closure of E;
in B(X xX). Then E\ xx E; is dense in E1 xgy E2 C (X x X) x f(X x X).

Proof. Let s(x,y) =y and r(x,y) = x. From Lemma A.4, s:Ey — BX and r:E, — BX are
open. Therefore, the map f = (s,7):E; x E; — BX x X is open. Let 4 be the diagonal of

X x X. Using Lemma A.5, E; xXEzszEfsz(A):f_l(A_):El xpx Er. O

Let 2 be an open subset of f(X x X) containing X x X. Lemma A.6 shows that if the
groupoid structure of X x X extends continuously to €, this extension is unique.

Lemma A.7. Let Q be an open subset of f(X x X) containing X x X and satisfying condition
(ii) of Proposition A.3. Then VE,F € €(Q), we have EoF € 4(Q) and E~' € 4(Q).

Proof. The sets p({(u,v) € E x F|s(u) = r(v)}) and &(E) are compact subsets of Q which,
respectively, contain Eo F and E~'. O

Lemma A.8. Let X and Y be sets, and Z a subset of X x Y. Let @:pZ — pX x BY be
the natural map. Let K be a clopen subset in o(fZ). Then there exists n € N and subsets
Bi,....,B, CX, Cy,...,C, CY such that K =A4 with A=]J,.,.,(Bi x G;)NZ.
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Proof. As Z = ¢(Z) is dense in ¢(BZ), a clopen subset K of ¢(fZ) is of the form 4 where
A=Z7ZNK (Lemma A.5(a)).

The sets Bx C, BC X, C C Y form a basis for the topology of fX x fY (Lemma A.1). As
K is open in ¢(fBZ) there exist a set / and families (B;);e; and (C;);e; such that K = U,E](Bl- X
Ci)No(pZ). Since K is compact, one may replace the set / by a finite subset. [

Lemma A.9. Let E, X be sets, and f:E — X a map. Set F=E xy E={(y,z) e EXE|f(y)=
f(z)}. Let ¢: pF — BE X BE be the map extending the inclusion of F into ExE. If there exists
a clopen subset K in ¢(fF) such that FNK ={(y,y)|y € E}, then sup, .y #f~'({x}) < + .

Proof. Let 4 = {(y,y)|y € E} C F. Applying Lemma A.8, we find n € N and subsets
Bi,...,B,,Ci,...,C, C E such that A=, ;. ,(B; x C;)NF. Note that (B; x C;)NA={(y,y)|y €
B;NC;}; we therefore have A=, ;,(D; x D;)NF, with D;=B;NC;. Now, if y,z € D; satisfy
f(»)=f(z), then (y,z) € (D; x D;)NF C A, whence y =z. It follows that the restriction of f
to D; is injective. As A =], ;,(Di x D;) N F, the Dis cover E, whence f is at most n to 1.

[l

Proof. End of the proof of Proposition A.3 (ii) = (iv): Assume (ii) is satisfied. Let s: (X X
X) — PX be the source map. Let £ € %(Q). Set F = {(u,v) € E x E|s(u) =s(v)}. By
condition (ii), the map g:(u,v) — uv™" = p(u,x(v)) extends continuously to the closed subset
{(u,v) € PE x PE|s(u)=s(v)}. We therefore get a map g: ¢(pF) — (X x X), where ¢: fF —
PE x BE is the continuous map extending the inclusion ¥ — E x E. Let 4 = {(x,x)| x € X}
be the dlagonal of X; its closure is a clopen subset 4 C f(X x X). Put K = g~ '(4). It is
clopen in @(BF). Moreover, F N K = {(u,v) € Fluv=' € A} = {(u,u)lu € E}. By Lemma A.9,
sup,cy #(E N s~'({x})) < + co. Now it follows from Lemma A.7 that #(Q) is a uniformly
locally finite coarse structure.

We show (v) = (ii): Assume (v) is satisfied and let E,F € 4(Q). Since E~!' € 4(Q), «
extends continuously to E. We need to prove that the map p extends to a continuous map from
K={(u,v) e E xF\s(u)—r(v)} into Q. Put H=EoF. By (v), the map (r,5): H — X x X
is a homeomorphlsm Y from H onto the closure y(H) of H in X x BX. Now, as {(u,v) €
E x F|s(u) =r(v)} is dense in K (Lemma A.6), the set {(r(u),s(v))|(u,v) € K} is contained
in W(H). Finally, the map (u,v) — ¥~ '(r(u),s(v)) is the desired extension of p from K into
HcQ O

References

[1] C. Anantharaman-Delaroche, J. Renault, Amenable groupoids, Preprint, 1998.

[2] P. Baum, A. Connes, N. Higson, Classifying space for proper actions and K-theory of group C*-algebras,
Contemporary Math. 167 (1994) 241-291.

[3] M.E.B. Bekka, P.A. Cherix, A. Valette, in: S. Ferry, A. Ranicki, J. Rosenberg (Eds.), Proper affine isometric
actions of amenable groups, Novikov Conjectures, Index Theorems and Rigidity, Vol. 2, Cambridge University
Press, Cambridge, 1995, pp. 1-4.

[4] J. Dixmier, C *-algebras, North-Holland Mathematical Library, 1982.

[5] M. Gromov, Asymptotic invariants for infinite groups, in: G.A. Niblo, M.A. Roller (Eds.), Geometric Group
Theory, Cambridge University Press, Cambridge, 1993, pp. 1-295.



834

(6]
(7]
(8]
[9]
[10]

[11]

G. Skandalis et al. | Topology 41 (2002) 807-834

M. Gromov, in: S. Ferry, A. Ranicki, J. Rosenberg (Eds.), Problems (4) and (5), Novikov Conjectures, Index
Theorems and Rigidity, Vol. 1, Cambridge University Press, Cambridge, 1995, p. 67.

N. Higson, The Baum—Connes conjecture, Proc. Int. Congress of Mathematicians, Vol. II, Berlin, 1998; Doc.
Math. Vol. II, 1998, 637-646 (electronic).

N. Higson, Bivariant K-theory and the Novikov conjecture, preprint (1999).

N. Higson, E.K. Pedersen, J. Roe, C*-Algebras and Controlled Topology, K-Theory 11 (1997) 209-239.

N. Higson, G.G. Kasparov, Operator K-theory for groups which act properly and isometrically on Hilbert
space, Electronic Research Announcements, AMS 3 (1997) 131-141.

N. Higson, J. Roe, On the coarse Baum—Connes conjecture, in: S. Ferry, A. Ranicki, J. Rosenberg (Eds.),
Novikov Conjectures, Index Theorems and Rigidity, Vol. 2, Cambridge University Press, Cambridge, 1995,
pp. 227-254.

N. Higson, J. Roe, Amenable group actions and the Novikov conjecture, J. Reine Angew. Math. 519 (2000)
143-153.

G. Kasparov, Equivariant KK-theory and the Novikov conjecture, Inv. Math. 91 (1988) 147-201.

P.Y. Le Gall, Théorie de Kasparov équivariante et groupoides. Theése de doctorat, Université de Paris VII,
1994.

P.Y. Le Gall, Théorie de Kasparov equivariante et groupoides., C. R. Acad. Sci. Paris Sér. I Math. 324 (6)
(1997) 695-698.

J. Renault, A Groupoid approach to C i -algebras, Lecture Notes in Math., Vol. 793, Springer, New York,
1980.

J. Roe, Index theory, coarse geometry, and topology of manifolds, CBMS Regional Conf. Series in Math.,
Number 90, AMS, 1996.

J.L. Tu, La conjecture de Novikov pour les feuilletages hyperboliques, K-Theory 16 (2) (1999) 129-184.
J.L. Tu, La conjecture de Novikov pour les feuilletages moyennables, K-Theory 17 (3) (1999) 215-264.

G. Yu, Coarse Baum—Connes conjecture, K-Theory 9 (1995) 199-221.

G. Yu, Baum—Connes conjecture and coarse geometry, K-Theory 9 (1995) 223-231.

G. Yu, The coarse Baum-Connes conjecture for spaces which admit a uniform embedding into Hilbert space,
Invent. Math. 139 (1) (2000) 201-240.



