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Extension property of semipositive invertible sheaves
over a non-archimedean field

HuAYI CHEN AND ATSUSHI MORIWAKI

Abstract. In this article, we prove an extension property of semipositively
metrized ample invertible sheaves on a projective scheme over a complete non-
archimedean valued field. As an application, we establish a Nakai-Moishezon
type criterion for adelically normed graded linear series.

Mathematics Subject Classification (2010): 14C20 (primary); 14G40 (sec-
ondary).

1. Introduction

Let k be a field and X be a reduced projective scheme over Spec k, equipped with
an ample invertible &x-module L. If Y is a reduced closed subscheme of X, then
for any sufficiently positive integer n, any section £ of Lléyb" on Y extends to a
global section of L®" on X. In other words, the restriction map H°(X, L®") —
HO(y, L|§§’") is surjective. A simple proof of this result relies on Serre’s vanishing
theorem, which ensures that H!(X,Zy ® L®") = 0 for any sufficiently positive
integer n, where Zy is the ideal sheaf of Y.

The metrized version (with k = C) of this result has been widely studied
in the literature and has divers applications in complex analytic geometry and in
arithmetic geometry. We assume that the ample invertible sheaf L is equipped with
a continuous (with respect to the analytic topology) metric |-|5, which induces a
continuous metric |-|4» on each tensor power sheaf L®", where n € N, n > 1. The
mettic |-|4» leads to a supremum norm ||-||4» on the global section space H°(X, L)
such that

Islpn = sup |s|pn(x) foralls € HO(X, L).
xeX(C)

Huayi Chen is partially supported by the research fundings ANR-14-CE25-0015 and NSFC1127
1021. Atsushi Moriwaki is partially supported by the Grant-in-Aid for Scientific Research (S),
Grant Number JP16H06335.

Received January 4, 2016; accepted in revised form October 11, 2016.
Published online March 2018.




242 HUAYI CHEN AND ATSUSHI MORIWAKI

Similarly, it induces a supremum norm ||-||y,»» on the space HO(Y, Ll‘l%") with

Islly,pn = sup |[s|pn(y).
yeY(C)

Note that for any section s € H%(X, L®") one has Islylly,an < ||s|lpn. The metric
extension problem consists of studying the extension of global sections of L|y to
those of L with an estimation on the supremum norms. Note that a positivity con-
dition on the metric & is in general necessary to obtain interesting upper bounds.
This problem has been studied by using Hérmander’s L? estimates (see [9] for ex-
ample), under smoothness conditions on the metric. More recently, it has been
proved (without any regularity condition) that, if the metric ||, is semi-positive,
then for any € > 0 and any section [ € H (Y, L|y) there exist an integer n > 1 and
s € HO(X, L®") such that s|y = I®" and that [|s||y= < " ||s|y ||y . We refer the
readers to [17,19] for more details.

The purpose of this article is to study the non-archimedean counterpart of the
above problem. We will establish the following result (see Theorem 4.5 and Corol-

lary 2.17).

Theorem 1.1. Let k be a field equipped with a complete and non-archimedean ab-
solute value |-| (Which could be trivial). Let X be a reduced projective scheme
over Speck and L be an ample invertible sheaf on X, equipped with a continu-
ous and semi-positive metric |-|,. Let Y be a reduced closed subscheme of X and
1 € HOY, L|y). For any € > 0 there exists an integer ng > 1 such that, for any
integer n > ng, the section I®" extends to a section s € HO(X , L®) verifying
sllan < eIy -

The semi-positivity condition of the metric means that the metric |-|; can be
written as a uniform limit of Fubini-Study metrics. We will show that, if the abso-
lute value |-| is non-trivial, then this condition is equivalent to the classical semi-
positivity condition (namely uniform limit of nef model metrics, see Proposition
3.14) of Zhang [21], see also [10, 16], and compare with the complex analytic
case [20]. The advantage of the new definition is that it also works in the trivial
valuation case, where the model metrics are too restrictive. We use an argument of
extension of scalars to the ring of formal Laurent series to obtain the result of the
above theorem in the trivial valuation case.

As an application, we establish an adelic version of the arithmetic Nakai-
Moishezon criterion as follows, see Theorem 5.6 and Corollary 5.9.

Theorem 1.2. Let X be a geometrically integral projective scheme over a number
field K and L be an invertible sheaf on X. For any place v of K, let hy, be a con-
tinuous semipositive metric on the pull-back of L on the analytic space X2, such
that (HO(X, L®), {|I- X,k }) forms an adelically normed vector space over K for
any n € N (see Definition 5.1). Suppose that for any integral closed subscheme
Y of X, the restriction of L on Y is big and there exist a positive integer n and a
non-zero section s € HO(Y, LI?”) such that ||s||y, nn < 1 for any place v of K,
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and that the inequality is strict when v is an infinite place. Then for any sufficiently
positive integer n, the Q-vector space H*(X, L®") has a basis (w1, ..., wr,) with
lwillx,,nn < 1for any place v, where the inequality is strict if v is an infinite place.

This result generalizes simultaneously [21, Theorem 4.2] and [15, Theorem
4.2] since here we have a weaker assumption on the adelic metric on L. Indeed,

in the paper [21], the following conditions are assumed: A, is semipositive for all

places v of K, d’ég(ﬂﬁ}l,im }’H) > 0 for all integral subschemes ¥ of X, and there

exist a non-empty open set U of Spec(Ok) and a positive integer d such that the
metric 24 of L% (Vv € U) is induced by a nef model (2y, %) of (X, L®%) over
U. Obviously these assumptions imply our assumptions in Theorem 1.2. The main
idea for the proof is to combine the estimation on normed Noetherian graded linear
series developed in [15] and the non-archimedean extension property established in
the current paper. In the archimedean case we also use the archimedean extension
property proved in [17].

The article is organized as follows. In the first section we introduce the notation
of the article and prove some preliminary results, most of which concern finite-
dimensional normed vector spaces over a non-archimedean field. In the second
section, we study various properties of continuous metrics on an invertible sheaf,
where an emphasis is made on the positivity of such metrics. In the third section,
we prove the extension theorem. Finally, in the fourth and last section, we apply the
extension property to prove a generalized arithmetic Nakai-Moishezon’s criterion.
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2. Notation and preliminaries

2.1. Notation

Throughout this paper, we fix the following notation.

2.1.1. Fix a field k with a non-archimedean absolute value |-| on k. Unless oth-
erwise stated, we assume that (k, |-|) is complete. The valuation ring of k and the
maximal ideal of the valuation ring are denoted by o4 and my, respectively, that is,

op:={ack|la| <1} and my:={xek]||x| <1}

In the case where || is discrete, we fix a uniformizing parameter @ of my, that is,
my = woyg.
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2.1.2. A norm ||-|| of a finite-dimensional vector space V over the non-archime-
dean field k is always assumed to be ultrametric, that is, ||x + y|| < max{||x||, [[y|l}.
The pair (V, ||-|}) is called a finite-dimensional normed vector space over k.

2.13. In Section 1-Section 4, we fix a reduced algebraic scheme X over Speck,
that is, X is a reduced scheme of finite type over Spec(k). Let X?" be the analyti-
fication of X in the sense of Berkovich [2]. For any x € X", the residue field of
the associated scheme point of x is denoted by «(x). Note that the seminorm ||
at x yields an absolute value of «(x). By abuse of notation, it is denoted by || .
Let k£ (x) be the completion of «(x) with respect to |-|x. The extension of |-, to
K (x) is also denoted by the same symbol |-|,. The valuation ring of k¥ (x) and the
maximal ideal of the valuation ring are denoted by 0, and my, respectively. Let L
be an invertible sheaf on X. For any x € X", the sheaf L ® ¢, k(x) is denoted by
L(x).

2.14. By continuous metric on L, we refer to a family 4 = {||5(x)}xexan, where
||n(x) is a norm on L ®g, (x) over k(x) for each x € X*", such that for any
local basis w of L over a Zariski open subset U, |@|(-) is a continuous function on
U?". We assume that X is projective. Given a continuous metric 4 on L, we define
anorm ||-|| on H%(X, L) such that

Islin := sup |s|a(x) foralls € H(X, L).

xeXan

Similarly, if ¥ is a reduced closed subscheme of X, we define a norm ||-||y,, on
H®(Y, L) such that

1lly,n := sup |[|p(y) foralll e HY, L).
yeyan

Clearly one has
Islla = llslylly.n 2.1

for any s € HO(X, L).
o In the following 2.1.5,2.1.6 and 2.1.7, X is always assumed to be projective.
2.1.5. Given a continuous metric 4 on L, for each integer n > 1 the metric induces

a continuous metric on L®" which we denote by A": for any point x € X" and any
local basis w of L over a Zariski open neighborhood of x one has

|0®" | (x) = || (x)".

Note that for any section s € H%(X, L) one has ||s®"||yn = [sll3. By convention,

h? denotes the trivial metric on L& = &, namely [1| po(x) = 1for any x € X",
where 1 denotes the section of unity of €.
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Conversely, given a continuous metric g = {|-|g(x)}xexm= on L®", there is a
unique continuous metric 4 on L such that A" = g. We denote by g1/" this metric.
This observation allows to define continuous metrics on an element in Pic(X) ® Q
as follows. Given M € Pic(X) ® Q, we denote by I'(M) the subsemigroup of N>
of all positive integers n such that M®" ¢ Pic(X). We call continuous metric on M
any family g = (gn)ner(a) with g, being a continuous metric on M®", such that
gy = gmn forany n € I'(M) and any m € Ns1. Note that the family

8= (gn)neF(M)

is uniquely determined by any of its elements. In fact, given an element n € I'(M),

one has g, = g,,l,/,," = (g™!/" for any m € I'(M). In particular, for any positive

rational number p/q, the family g” 1 = (gllv/,f;q) nel’(M®(p/a)y 1S & continuous metric

on M®P/9 where N is a positive integer such that M®Y ¢ Pic(X), and the metric
gP/9 does not depend on the choice of the positive integer N. If L is an element
of Pic(X), equipped with a continuous metric g, by abuse of notation, we use the
expression g to denote the metric family (g"),en. ,, viewed as a continuous metric
on the canonical image of L in Pic(X) ® Q.

Let M be an element in Pic(X) ® Q equipped with a continuous metric g =
(gn)ner(m). By abuse of notation, for any n € I"'(M) we also use the expression g"
to denote the continuous metric g, on M®",

2.1.6. Let Z — Spec(o) be a projective and flat o, -scheme such that the generic
fiber of 2 — Spec(ox) is X. We call it a model of X. We denote by 2, :=
X ®o, (0k/my) the central fiber of 2 — Spec(o). By the valuative criterion
of properness, for any point x € X", the canonical k-morphism Spec € (x) — X
extends in a unique way to an ox-morphism of schemes &, : Speco, — Z. We
denote by r9-(x) the image of m, € Speco, by the map &?,. Thus we obtain a
map r g from X" to Z,, called the reduction map of Z.

Let .# be an element of Pic(Z") ® Q such that .%|, = L in Pic(X) ® Q. The
Q-invertible sheal .#’ yields a continuous metric || as follows.

First we assume that .% ¢ Pic(Z) and $|X = L in Pic(X). For any x € X?",
let w, be a local basis of % around r 4-(x) and @, the class of w, in L(x) :=
L ®py k(x). Forany ! € L ®g, k(x), if we set ] = a,wy (ax € K(x)), then
[l|2(x) := lax|x. Here we set h := {||.¢(x)}xex=. Note that & is continuous
because, for a local basis w of % over an open set % of Z, |w|.»(x) = 1 for all

x € r;[l (%), where U, = % ®q, (0r/my) is the central fiber of %. Moreover,

[-lpn () = ||.gn (x) (22)

forall n > 0 and x € X?. Indeed, if we set | = a,@w, for [ € L(x), then
%" = g"®®". Thus

12" | (x) = (A ()" = laxly = 11" g0 (x).
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In general, there are an .# € Pic(Z) and a positive integer m such that Z®™ = 4
in Pic(2) ® Q and ///|x = L®" in Pic(X). Then we set

e = (-Lo"™.

Note that the above definition does not depend on the choice of .# and m. Indeed,
let .# and m’ be another choice. As .#%™ = .#®" in Pic(Z') ® Q, there is a
positive integer N such that .Z8N¥™ = g/®N™ in Pic(Z'), so that, by using (2.2),

(L CNY™ = | yonm () = |]_yporm (x) = (L V™,

as desired.

2.1.7. Let Z'be a model of X. As Zis flat over o, the natural homomorphism
Oq — Oy is injective. Let Y be a closed subscheme of X and Iy € €% the
defining ideal sheaf of Y. Let .#y be the kernel of €4 — Oy /Iy, that is, Sy =
Iy N Og. Obviously o Q@ k = Iy, so that if we set # = Spec(O 2/ %),
then % X spec(or) Spec(k) = Y. Moreover, #is flat over o because Oy — Oy is
injective. Therefore, #/is a model of Y. We say that #is the Zariski closure of Y in
Z.

2.2. Normed vector space over a non-archimedean field

In this subsection, we recall several facts on (ultrametric) norms over a non-archi-
medean field. Throughout this subsection, a norm on a vector space over a non-
archimedean field is always assumed to be ultrametric. We also assume that & is
complete except in Subsections 2.2.1-2.2.2.

2.2.1. Topology. In this subsubsection, k is not necessarily complete. Let V be a
finite-dimensional vector space over k and ||-|| be a norm of V over (k, ||). Let r
be the rank of V. We assume that ||-|| extends by continuity to a norm on V ® k
where % denotes the completion of (k, |-|), on which the absolute value extends in a
unique way. In particular, any £-linear isomorphism &~ — V' is a homeomorphism,
where we consider the product topology on k£ (see [3, Section 1.2, n. 3, Theorem
2 and the remark on the page [.15]), and for any vector subspace W of V, W is
closedin V andisdensein W Q@ k C V ®; k.
For abasise = (e1,...,e) of V, we set

larei + - - - + ayer |le := max{lail, . .., la,]} forall (ay, ..., a) € &

which yields an ultrametric norm on V ®; k. Note that the norms IIle and {|-]| on
V are equivalent. In particular, if the valuation || is discrete and non-trivial, then
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there exists an integer n such that the unit ball (V, ||-[N<1 := {x € V| |Ix|| < 1}is
contained in the free o,-module

oore; + - + w"oger,

where @ is a uniformizing parameter of o as in 2.1.1. Since oy is a discrete valua-
tion ring, we obtain that (V, ||-[| <) is an ox-module of finite type, and hence a free
or-module of rank r.

Let (x, | be a family of vectors in V, where n > 2. Assume that (a; )” | €K
is such that the numbers (||@;x; [|)]_, are distinct, then one has

laixi + -+ +anxsll = max |la;xi|.
ie{l ]

In particular, a; x| + - - - + apx, is non-zero. Therefore, the image of V \ {0} by the

composed map

v joy M, I~ R —

—RE/Ik*|

is a finite set, whose cardinality does not exceed the rank of V over £. In particular,
if the valuation || is discrete, then the image of V \ {0} by ||| is a discrete subset
of R_’f_; if the valuation || is trivial, then the image of V \ {0} by ||-|| is a finite set,
whose cardinality does not exceed the rank of V over k.

Proposition 2.1. Assume that || is discrete. Let W be a quotient vector space of V
andmt : V — W be the projection map. We equip W ®y k with the quotient norm
|-lw. Then for any y € W thereisan x € V suchthat t(x) = y and ||\y|lw = ||x||.

Proof. We may assume that y # 0 (the case where y = 0 is trivial). We set
M = Ker(yr) Since M is dense in M &y k= Ker(r;), we obtain that 7 ({y}) is

dense in 71? ({ y}). Hence there exists a sequence (x,),>0 in V such that w(x,;) = y

for any n and that liIJrrl lxxll = flyllw. Since the image of V \ {0} by ||-|| is
n— 100
discrete, we obtain that ||x, || = ||y|lw for sufficiently positive n. The proposition is
thus proved. O
2.2.2. Orthogonality of bases. For a € (0, 1], a basis (e, ..., e) of V is called
an «-orthogonal basis of V with respect to ||-|| if
amaxfla|llerll, ..., larllle-ll} < llarer +---+arerll Vai,...,ar €k.

If @ = 1 (respectively @« = 1 and |le;]| = --- = |le]| = 1), then the above

basis is called an orthogonal basis of V (respectively an orthonormal basis of V).
We refer the readers to [18, Section 2.3] for more details on the orthogonality in
the non-archimedean setting. Let (¢], ..., e;) be another basis of V. We say that
(e1, ..., er) is compatible with (¢}, ..., €}) if ke; +- - - +ke; = ke| +- - - +ke; for
i=1,...,r
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Proposition 2.2. Fix a basis (e’l, ....€e.)of V. Forany a € (0, 1), there exists an
a-orthogonal basis (e, ..., e;) of V with respect to |-|| such that (e, . .., e) Is
compatible with (e’l, ..., e.). Moreover, if the absolute value || is discrete, then
there exists an orthogonal basis (e1, . . ., e;) of V compatible with (e1,...,e) (see
[7, Proposition 2.5]).

Proof. We prove it by induction on dimy V. If dim V = 1, then the assertion is ob-
vious. By the hypothesis of induction, there is a /x-orthogonal basis (e, . . ., e,_1)
of V' :=ke| +--- + ke|_; with respect to ||-|| such that

kel+...+kei:kell+...+ke{

14

fori =1,...,r —1.Choose v € V \ V’. Since V is a closed subset of V, one has
dist(v, V') :=inf{|lv — x| : x € V'} > 0.

There then exists y € V' such that ||v — y|| < (&)~ 'dist(v, V). We set e, =
v — y. Clearly (ei1,...,e—1, e) forms a basis of V, which is compatible with
(e1, ..., e). Itis sufficient to see that

larer + -+ +ar—1er—1 +erll = @ max{laiflerll, ..., lar1lller—1l, llerII}

forallay, ..., a1 € k. Indeed, as |le; || < (V)" 'late; + - +ar_1e,_1 + &/ |,
we have

aller | < Veallell < llajer + - +ar_1e,_1 +er||.

If late; + -+ +ar_1e,—1ll < |le, |, then

larer + -+ +ar_1e,-1 + e || = Valell > Valaier + - - -+ ar_1e,_4 |
> o (Vemax{lailller], . ... ar—1llle-—11I})

= amax{lai|lle1ll, ..., la-—1lller—1[1}.
Otherwise,
larer + -+ ar_1e,—1 +erll = llare; + -+ + ar_16,1|
> JVemax{lai|llerll, ..., lar_1lller—1ll}
z amax{lai|llell, ..., lar—1lller-11l},
as required.

For the second assertion, it is sufficient to use the discreteness of the set
{lv—x|l | x e V'}

to show that it has the minimal value (see Section 2.2.1). O
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Remark 2.3. We assume that k is not complete. Let y € ’k\\ k, we define a norm
Il on k? by
V(a,b) € K, (@, D)lly := la + by|.

Then there is no positive constant C such that |{(a, b)||, > C max{|al, |b|} for all
a, b € k. In particular, for any « € (0, 1], there is no a-orthogonal basis of k% with
respect to |||, . Indeed, let us assume the contrary. We can find a sequence {a,} in
k with lim,,_, » |@;, — y| = 0. On the other hand,

lan — y| = l(an, =D, = C max{la,|, 1} = C

for all n. This is a contradiction. Note that the norm ||-||,, extends by continuity
to a map N Rsg sending (a, b) € %2 to |a + by|. But this map is a semi-
norm instead of a norm. Therefore, the hypothesis that the ||-| extends to a norm on
V ® k is essential.

2.2.3. Dual norm. From now on and until the end of the section, we assume that
(k, |-) is complete. Let (V, ||-|) and (V’, ||-|") be finite-dimensional normed vector
spaces over k,and ¢ : V — V' be a k-linear map. By the topological property of V
that we resumed in Subsection 2.2.1 we obtain that the linear map ¢ is continuous,
which implies that

oI’

@ lHomy (v, vy =
vevrjo; IVl

is finite (in the case where || is trivial, we also use the fact that ||| and ||-||" only
takes finitely many values). Note that ||-||tom, (v, vy yields an ultrametric norm on
Homy (V, V'), called the operator norm. We denote ||-|ltom, (v.k) by Il (i.e., the
case where V/ = k and ||-||' = |-|), called the dual norm of ||-||. By definition, one
has

IOl < llgllYllx|

forany x € V and ¢ € VV. In particular, one has
x|V < [|lx|t forall x € V, (2.3)

where we identify V with (V)Y via the natural isomorphism.

Let (¢;)7_, be an a-orthogonal basis of V, o € (0, 1], and (e,y)f:1 be its
dual basis of VV. By definition one has ¢ (Aie; + --- + Are;) = A; for any
(A1, ..., Ar) € k. Hence

|)~i| -1 —1
le IV = sup <a el (24
! Oy h)£0,...,0) NA1€1 + -+ Arerl :
Therefore, for any ¢ = aje} +--- +are € V¥, where (a1, ...,ar) € k", one has
@)l lail
el = = = —— > alallle|IV.

llei l lleill —
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Namely the dual basis (¢;);_; is a-orthogonal with respect to the dual norm |)-||V.
By the same reason, the basis (¢;)_ is also ¢-orthogonal with respect to the double

dual norm ||-|VV, and forany x = Ajej + - -- + Aqe, € V one has
e’ (x) [Ai
el = ot = U > elhllle | foralli € (1, ..., r)
lle; "l el

where the second inequality comes from (2.4). We then deduce that

.....

By Proposition 2.2 and (2.3), we obtain that the natural isomorphism V — (VY)Y
18 actually an isometry, where we consider the double dual norm -y on (VV)V.

2.24. Scalar extension of norms. In this subsubsection, we fix a finite-dimensional
normed vector space (V, ||-||) over k.

Definition 2.4. Let &’ be an extension field of k, and let |-|" be a complete absolute
value of k" which is an extension of |-| (we call (', |-|') a complete valued extension
of (k, |-)). We set Vi := V @ k’. Identifying Vs with

Homy (Homy (V, k), k'),

we define ||-||x as the operator norm on Vj, that is,

(¢ ® D)
1V ||& := sup {WW’_”“—| |¢ € VV} forall v’ € V.

The norm ||-|| is called the scalar extension of Il

By def{/nition, if ||-|l1 and ||-[|2 are two norms on V such that ||-||; < ||-||2, then
one has ||-||Y > ||-||§’ and hence ||-[l1,x < ||-|l24. Moreover,

¢ ()|
el

see Subsection 2.2.3 for the last equality. In other words, ||-[|; extends the norm I
on V. It is actually the largest ultrametric norm on V;s extending ||-||. In fact, by
an argument similar to that in Subsection 2.2.3 we can show that, if (e)i_, is an a-

llv® 1]l = sup {

¢ e VV} = [lvII"Y = |lv]l forallv € V,

urtl?cgu.nai basis of (V, ||]|), where & € (0, 1], then (¢; ® 1)/_, is an a-orthogonal
basis of (V, ||-[lx). Assume that ||-||" is another ultrametric norm on Vi extending

(Il If (eq, ..., ey) is an a-orthogonal basis of V, where & € (0, 1), then we have
forall (aj, ..., a,) €k’

.....

— !/ / /
=a max (la;| |leifl) < [laje1 +---+
iefl .,r}(l ll ” l”) = ” 1€1 are,||k/.
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This maximality property implies that, if (k”, |-|"") is a complete valued extension
of (¥, |-|), then one has

”'”k” = "'”k’,k" on Vk” =V ®k k” = Vkl ®k' k//. (25)

Lemma 2.5. Let f : V — W be a surjective homomorphism of finite-dimensional
vector spaces over k. We assume that dimy W = 1 and let ||-|w be the quotient
norm of ||-|| induced by the surjective map f : V. — W. Then the norm |-||w
identifies with the quotient norm of ||-||¢ induced by the surjective map fi =
fRidy : Vp — Wy,

Proof. Let |-||} y be the quotient norm of ||-|[x induced by the surjective map fi :

Vi — Wy Let £ be an non-zero element of W. As |[£||lw .« = [|€]lw. it is sufficient
to show that ||£]|} = l€]lw . Note that

weVIfw=0c{ eVl i) =42,

so that we have [|£||lw > |I£]|} v In the following, we prove the inequality ||£||lw <
M"IWH' For a € (0, 1), let (ey, ..., e;) be an ¢-orthogonal basis of V such that
(e2, ..., e;) forms a basis of Ker(f) and that f(e)) = £. Then

€Ny, = inf(ler +aje2 + - +arerlve | a3, ..., a €K'}
> infla max{lie; |, |a3|'leall, - ... la|'ller I} | @3, ..., a; € K}
= aller]] = al€]lw.

Therefore, we have ||| = l£]lw by taking & — 1. O

Lemma 2.6. We assume that the absolute value |-| of k is trivial. Let (K, |-') be
a complete valued extension of (k, |-|) such that |-|" is non-trivial. Let oy be the
valuation ring of (k' |-|") and my the maximal ideal of oy . Suppose that

(1) The natural map k — oy induces an isomorphism k = O [tyr;
(2) For all elements v and v’ in V\{0} such that ||v|| # ||V’ ||, the quotient ||V’ ||/||v||
does not belong to |k’ .

Then |-l is the only ultrametric norm on Vy extending ||-||.

Proof. We prove the assertion by induction on the rank r of V over k. The case
where r = 1 is trivial. In the following, we suppose that the assertion has been
proved for normed vector spaces of rank < r over k.

Let ||-]|” be another ultrametric norm on Vs extending ||-||. Since ||-|lx is the
largest ultrametric norm on V. extending |-||, we obtain that ||-[l > ||-|". If the
equality |-/ = ||-|lx does not hold, then there exists a vector x € Vj such that
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lxl” < llx|lx. Let (e;);_, be an orthogonal basis of (V, ||-||), which is also an
orthogonal basis of (Vi, ||-|lx). Suppose that x is written in the form x = aje; +
-+-+ arer, with (a1, ..., a,) € k”". We will prove that |a;|'||¢;|| are the same for
i € {1,...,r} arguing by contradiction. Without loss of generality, we assume on
the contrary that

7
la)lledll < -+ <la;l'llejll < lajtil'llejsrll = = larlllerl
with j € {1,...,r — 1}. Note that

’
lxll” < llxlle = max |a;|'lle;ll = |ar|'ller |I-
ief{l,...,r)

Moreover, by the induction hypothesis, the norms ||-||/ and |-||p coincide on
K'eji1 +--- + k'e,. In particular, one has

lajriejri+ - +are ' = las| |ler||.
Therefore, if welet y = aje; 4+ -+ - + aje;,then we have

/
IYI'=lx—(@js1ejr1+ - +are)ll’ = la| e || > o ,}Iail'lleill = llyllers
!

o

which leads to a contradiction since ||-||" < ||-]|lx . Hence we should have

larllerll = - = la,['ller|l.
By the condition (2), we have |le;|| = --- = |le || (namely the function [I-]l is
cons'tant on V '\ {0}) and hence |a;|' = - -- = |a,|' > 0. By the assumption (1), we
obtain that, for any i € {1,...,r} there exists a b; € k* such that la; — bia,| <
la,|’. Thus
r r 4
el = |la Y " biei + Y (ai — biayei| = la,'llerll = llxllge
i=1 i=1
since
r ' r / r !
ar Y biei| =la,l'| Y " biei| =larVlerll and | D@ — biap)er| <lar|'lley Il
i=1 i=1 i=1
This leads to a contradiction. The lemma is thus proved. O
Remark 2.7. We assume that ||’ is discrete and
la'|" = exp(—a ord,,, (a")) a ek
fora € Rog. If
ag |J Quoglvl—log I,
v,V e V\{0}
then the assumption (2) holds. Indeed, we suppose that |a’|’ = ||v||/||v’|| for some

a’ € k' and v, v’ € V \ {0}. Then
—a ordo,, (a") = log |jv| — log [IV']],

so that ord,,, (a") = 0, and hence [|Jv|| = ||v'||, as required.
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2.2.5. Lattices and norms. From now on and until the end of the subsection, we
assume that |-| is non-trivial. Let ¥ be an og-submodule of V. We say that ¥ is a
lattice of V if V®o, k =V and

sup{[lvllo | v € ¥} < o0

for some norm ||-||o of V. Note that the condition sup{[|v]o | v € ¥} < oo does
not depend on the choice of the norm ||-||o since all norms on V are equivalent. For
any lattice ¥ of V, we define |-||» to be
lvlly = inf{la]”! | a € k* and av € ¥}.
Note that ||-||» forms a norm of V. Moreover, for a norm ||-|| of V,
WV, lkh<t :={veV|lvl =1}
is a lattice of V.

Proposition 2.8. Let ¥ be a lattice of V. We assume that, as an og-module, V'
admits a free basis (e1,...,e;). Then (e1, ..., e ) is an orthonormal basis of V
with respect to ||-||v-

Proof. Forv =aje; + - -+ are, € V and a € k™, it holds

ave Ve aa; co,foralli=1,...,r
& |a;| < la|  foralli =1,...,r
& max{lai, ..., la,} < la|™,
so that |v]ly = max{|a;]|, ..., lar|}. O

Lemma 29. Let ||-|| be a normof V and V:= (V, ||-|)<1. Then

lvlly=inf{|b] | b € k™ and ||v|| < |b]}.
Moreover, ||| < |I'llv and ||vlly < |elllv| for all @« € k* with |a| > 1 and
v e V\{0}.

Proof. The first assertion is obvious because, for a € k*, av € ¥if and only if
ol < lal ™" . 1
Forv e V,leta € k* withav € ¥. Then |lav| < 1,thatis, ||v] < |a|”", and
hence [[v]) < flvlly o .
Finally we consider the second inequality, that is, ||v]ly < |e|||v| for v €
V \ {0}. As |a|~! < 1, there is an € > 0 with || "le€ < 1. By the first assertion,
we can choose b € k* such that {|v|| < |b| < ef|v|ly. If |v] < |ba~1|, then

—1 —1
lvlly < 1blle|™" < efllvllval™.
Thus 1 < e€|a|~!. This is a contradiction, so that ||v| > |ba~1|. Therefore,

Ivlly < 1b] < lefllvll,

as required. O
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Proposition 2.10. We assume that |-| is discrete. Then we have the Jollowing :

(1) Every lattice ¥ of V is a finitely generated 0kx-module;
(2) If we set V' := (V, D=1 for a norm of |||l of V, then v|| < |vlly <
||~ vl for v e V \ {0}.

Proof. (1) By Subsection 2.2.1, (V, ll-ll#)<1 is a finitely generated oz-module.
Moreover, note that ¥ C (V, ll-ll4)<1. Thus we have (1) because 0 is Noethe-
rian.

Part (2) follows from Lemma 2.9. O

Proposition 2.11. We assume that |-| is not discrete. If we set ¥ := (V, I-N<1 for
anorm of |||l of V, then ||-|| = |||y

Proof. Since || is not discrete, |k*| is a dense subgroup of R (see [5, Chapter V,
Section 1, no. 1 and Section 4, no. 1]). We can thus find a sequence {f, }f,";;[ such
that |8,] > 1 and lim, ., |8,] = 1. On the other hand, by Lemma 2.9, it holds

M-l < Wl < 1Ball--

Therefore the assertion follows. |

Proposition 2.12. We assume that the absolute value [-| is not discrete. Let ||-|| be

anormof Vand ¥V := (V, ||-|)<1. For any € > 0, there is a sub-lattice ¥ of ¥V
such that V' is finitely generated over 0 and < Ay < el

Proof. Let (e, ..., ¢r) be an e—e/z-nrthogonal basis of V with respect to ||-|| (cf.
Proposition 2.2). We can find a A; € k* such that leill < |xi] < e/*|le;]|| for each
i. We set w; = ka'e,- (=1,....r)and ¥ := opew) +---+ 0iw,. Note that
wi € Yforall i, that is, ¥ is a sub-lattice of ¥ and ¥ is finitely generated over
ox. By Proposition 2.11, one has ||-|| = ||-||ly, and hence -l < |I|l%. Moreover, for
1, ..., ¢ €k, by Proposition 2.8,
lleter +- -+ crerlly = lleihiwr + -+ + ¢ Ay, |y = max{lciAq], .. ., lerdr |}
2
< emax{lcilfle1ll, ..., lcrller I}

<ellcier + -+ cref|,

hence we have |||y < e€||-||. =

2.3. Seminorm and integral extension

Let &7 be a finitely generated oi-algebra, which contains oy as a subring. We set
A 1= 4/ ®q, k. Note that A coincides with the localization of 2 with respect to
S := ox \ {0}. Let Spec(A)®" be the analytification of Spec(A), that is, the set of
all seminorms of A over the absolute value of k. For x Spec(A)?", let 0, and m,
be the valuation ring of (¢ (x), |-|,) and the maximal ideal of 0y, respectively (see
Subsection 2.1.3 for the definition of k(x)). We denote the natural homomorphism
A — K(x) by ¢,. It is easy to see that the following are equivalent:
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(1) Spec(k(x)) — Spec(A) extends to Spec(0x) — Spec(& ),. that isz there is a
ring homomorphism ¢, : &/ — o0, such that the following diagram is commu-
tative:

dl} ox

l l

A -2 jx);

2) laly < 1foralla € .

Moreover, under the above conditions, the image of m, of Spec(o,) is given by
@71 (my) = (, |x) <1, and (o, |-|x) <1 € Spec()o, where

(A, |-lx)<1 :={a € &| |aly < 1},
Spec(&), := {P € Spec() | P N oy = my}.

Let Spec(A)3) be the set of all x € Spec(A)*" such that the above condition (2) is
satisfied. The map 7 : Spec(A)%) — Spec(#/), given by

x = ()<

is called the reduction map (cf. Subsection 2.1.6). Note th?t. the reduction map is
surjective (cf. [2, Proposition 2.4.4] or [11, 4.13 and Proposition 4.14]).

Theorem 2.13. Ifwe set BB .= (o € A | a is integral over o7}, then

B = ﬁ (A, |'|x)§1,

xeSpec(A)%

where (A, |-[x)<1 :={ae € A |a|x < 1}.

Proof. Let us first see that 8 C (A, |-|x)<1 for all x € Spec(A)3. If a € %, then

there are ay, ..., a, € &/ such that a” + a;a*~ ! + --- + a, = 0. We assume that
lajy > 1. Then

la® = |a"|x = la1a" ' -t aply, < max {lailxlaly ™"}

3eey

< max {la""} = lal’"",

i=1,...,

so that |a|, < 1, which is a contradiction. ' .
Let a € A such that a is not integral over .2Z. We show that there exists a prime
ideal q of o such that the canonical image of @ in A/S™!q is_ not integral over
&7/q. In fact, since A is a k-algebra of finite type, it is a noeltherlan r1n_gl. In partic-
ular, it admits only finitely many minimal prime ideals S™'p;,...,S™ 'Pn, where
P1, ..., pn are prime ideals of .27 which do not intersect S = oy \ {0}. Assume that,
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foranyi e {l,..., n}, there is a monic polynomial Ji in (&Z/p;)|T] on such that
Ji(Ai) = 0, where ; is the class of @ in A/S™'p;. Let F; be a monic polynomial in
/[T ] whose reduction modulo p;[7'] coincides with Ji- One has Fj(a) € §~'p; for
anyi € {1,... ; n}. Let F be the product of the polynomials Fy, ..., F,. Then F(a)
belongs to the intersection (Mie; S~ 'pi, hence is nilpotent, which implies that a is

integral over <7, To show that there exists an x & Spec(A)% such that |a|, > 1 we

may rep]acc 4 (respectively A) by «7/q (respectively A/S~1q) and hence assume
that .27is an integral domain without loss of generality.
Weset b =a~!. Let us see that

b[b]Nox # {0} and 1 ¢ bat[b].

We seta = a’/s for some a’ € &/and s € S. Then s = ba’ € baZ[b] N oy, so that
bal[b] N oy # {0}. Next we assume that 1 € b [b]. Then

l=ajb+asp? + - +a,b"

forsomeay, ..., a,, € &,so that a" = fz;a”"_' +- - ++a,,, which is a contradiction.
Let p be the maximal ideal of .o7[h] such that beZ[b] € p. AspNog # (0} and

prja;. € my, we have pMog = my, and hence p € Spec(</[b]). Note that &/[b] is

finitely generated over o; and [b] ®, k = A[b]. Thus, since the reduction map

ratib] - Spec(A[bD) g, — Spec(«/[b])o

is surjective, there is an x < Spec(A[b])Z}[b] such that rgp(x) = p. Clearly
X € Spec(A)f;,. As b € p, we have |b|, < 1, so that laly > 1 because ab = 1.
Therefore,

ag () (A<,

xeSpec(A)3y,

as required. 0O

We assume that X is projective. Let 2" — Spec(oy) be a flat and projective
scheme over Spec o such that the generic fiber of 2" — Spec(og) is X. Let #be
an invertible sheaf on .2 such that .'2”] y = L. Weset h := {|-| #(x)}rexm. For the
definition of the metric |-| ¢ (x) at x, see Subsection 2.1.6. '

Corollary 2.14. Fixl € HO(X, L). Iflll(x) < 1 forall x € X®™ then there is an
s € 0x \ {0} such that sI1®" € HO(Z, £®") for alln > 0.

Proof. Let &= U,N: 1 Spec(&) be an affine open covering of 2 with the follow-
Ing properties:

(1) 4 is a finitely generated algebra over oy, for every i;
(2) Spec(#), # W forall i;
(3) There is a basis w; of Pover Spec(«;) for every i.
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We set [ = g;w; for some a; € A; := 2 ®,, k. By our assumption, |a;|, < 1 for
allx € Spec(A,-)fg}‘_ . Therefore, by Theorem 2.13, g; is integral over .27, so that, by
the following Lemma 2.15, we can find 5; € S such that sial! € o foralln > 0.
Wesets = s1---sp. Then,assalf’ c  foralln >0andi =1,..., N, we have
the assertion. O

Lemma 2.15. Let A be a commutative ring and S be a multiplicatively closed sub-
set of A, which consists of regular elements of A. Ift € S~V A and t is integral over
A, then there is an s € S such that st" € A for alln > 0.

Proof. Ast is integral over A, there are aj, ..., a,_| € A such that
C=ait" '+ ta_it+a.

We choose s € S such thatst! € Afori =0,...,r — 1. By induction on n, we
prove that st” € A for all n > 0. Note that

tn — altn—l L, +ar_1tn—r+1 +artn—r‘
Thus, if st' € Afori =0,...,n — 1, then st" € A because

st = ai (St”—l) JEohoes ar_l(stn—r-i—l) + ar(stn_r)_ =

2.4. Extension obstruction index

In this subsection, we introduce an invariant to describe the obstruction to the exten-
sion property. Let X be a reduced projective scheme over Spec k, L be an invertible
sheaf on X equipped with a continuous metric &, and Y be a reduced closed sub-
scheme of X. For any non-zero element / of HOY, L|y), we denote by A, (/) the
following number (if there does not exist any section s € HO(X, L®") extending
%" then the infimum in the formula is defined to be 4o by convention)

I ]
a() =limsap  inf (M—log||l||y,h)e[0,+oo]. 2.6)
n—+oo0 se HO(X,L®") n
sly=1®"

This invariant allows to describe in a numerically way the obstruction to the metric
extendability of the section /. In fact, the following assertions are equivalent:

(@ Ap(l) =0;
(b) for any € > 0, there exists an np € N5 such that, for any integer n > ng, the
element /®" extends to a section s € H°(X, L®") such that ||s||p» < " ”l”';’,h-

The following proposition shows that, if /%" extends to a global section of L®" for
sufficiently positive n (notably this happens when the line bundle L is ample), then
the limsup defining Ap (/) is actually a limit.
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Proposition 2.16. For any integer n > 1, let

ap = inf log ||s|lpn — nlo ”l“y'h).
" seHO(X, 19" ( & g
S|Y=l®"

Then the sequence (@n)n>1 is sub-additive, namely one has ayin < am + a, Jor
any (m,n) € Nx1. In particular, if for sufficiently positive integer n, the section
I®" lies in the image of the restriction map HY(X, L®") — HO(y, LI$™), then the

limit superior in (2.6) is actually a limit.

Proof. By (2.1), one has a,, > 0 for any integer n > 1. Moreover, a, < +oc if and
only if " lies in the image of the restriction map HO(X, L®") — HO(y. LI$". To
verify the inequality a4, < @, + a,, it suffices to consider the case where both
am and a, are finite, Let s, and s, be respectively sections in H(X, L®™) and
HO(X, L®) such that Smly =1®" and s,y = I®", then the section s — Sm® Sy, €
HO(X, L®M+n)) verifies the relation sly = 1®UHM  Moreover, one has

Isllpmsn = sup |slymin(x) = sup (Ismlwm () - Isalnn (£)) < s llam - l15n g
xeXxan xeXxan

Since s, and s, are arbitrary, one has a4, < a, +a,. Finally, by Fekete’s lemma,
ifa, < +oo for sufficiently positive integer n, then the sequence (a,/n),>1 actually
converges in R.. The proposition is thus proved. O

Corollary 2.17. Assume that the invertible sheaf L is ample, then the Jollowing
conditions are equivalent.

(@ An(l) =0,
(b) for any € > 0, there exists an n € N> and a section s € HO(X, L®") such
that s|ly = I" and that ||s||p» < ef"lllll';,h.

Proof. We keep the notation of the previous proposition. By definition the second
condition is equivalent to

liminf & = 0, Q.7

n—>+400 n

Since L is ample, Proposition 2.16 leads to the convergence of the sequence
(@n/n)p>1 in R, . Hence the condition (2.7) is equivalent to A, (/) = 0. O

3. Continuous metrics of invertible sheaves

In this section, we consider several properties of continuous metrics of invertible
sheaves. Throughout this section, let X be a reduced scheme of finite type over
Spec k and L be an invertible ¢7y-module.
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3.1. Quotient metric

Let V be a finite-dimensional vector space over k. We assume that there is a surjec-
tive homomorphism
m:VQOx — L.

Foreache € V,m(e®1) yields a global section of L,thatis,m(e®1) € HYX, L).
We denote it by e. Let ||-| be a norm of V and V := (V, ||-|). Let ||-[|z(x) be a
norm of V ®; i (x) obtained by the scalar extension of ||-|| (¢f. Definition 2.4). Let
|-I.L::"“(.\:) be the quotient norm of L(x) := L & £(x) induced by Il ¢y and the
surjective homomorphism V ®; € (x) — L(x).

Proposition 3.1. The family {l-l%mt(x)] X defines a continuous metric on L®",
xeXan

Proof. The problem is local for the Zariski topology. Hence we may assume with-
out loss of generality that L is the trivial &x-module. Denote by sy the global
section of L which trivializes L on X. It suffices to show that the function |.90|%l°t
is continuous on X2,

For any point x € X" and any element s € V ® k(x), there exists a unique
element f,(s) € k(x) such that s(x) = f,(s)so(x), where s(x) denotes the iIPage
of s by the natural (surjective) homomorphism 7 (x) : V @ £ (x) — L Qpy kK(x).

—1
The map f is a linear form on V ®; £ (x), and one has lsolqvum(x) = (llfx ||I\2’(x)) ,
where || -IIE’(X) denotes the dual norm of ||-]|z(y) (see Subsection 2.2.3).

It remains to prove that the function (x € X*) + || f; |]E_’“,) is continuous. We
first treat the case where (V, ||-||) admits an orthogonal basis (e; )i_, (see Subsec-
tion 2.2.2 for the notion of orthogonality). Let (¢;)_, be its dual basis. For any
x € X (¢)i_, is an orthogonal basis of (V ®; £(x))¥ (see Subsections 2.2.3-
2.2.4). Moreover, by construction there exist regular functions gy, ..., g on X
such that f, = g1(x)e) + --- + g-(x)e,’. Note that

Voo : AleV|lY = . e 1Y
Il f ”,;(x) = ie?ll,z.l..x,r} [gi (%)« ”e,- ) ie?ll,%.l.).(,r} (i (x)|x ”e, “ )
where ||-[|¥ denotes the dual norm of ||-||. Therefore the function x > || f; ||,¥(x) is

continuous. B '
We now consider the general case. By Proposition 2.2, for any integer n > 2,

there exists a basis (e}"))lf:l of V whichis (1 — ﬁ)-(mhogonal. Let ||-|, be the norm
on V such that

forall (Ay,...,A,) €k".

il et e

= max |A,~|-Hei(")
n iefl,...,n)

Since the basis (e,.("))f=1 is (1 — %)—orthogonal, we obtain that

1
(1 - —) -l < -1 < M1-ln-
n
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Therefore, if we denote by |~|?€,°,t|_"”)(x) the quotient norm on L(x) induced by

Illn,2x)» where x € X2, one has
1
log |s0|?5°|t|,” y(x) —log |s0|%l°[(x)l < —log (1 - —) for all x € X",
> H n

By the particular case we have proved above, each function log |sol ( ._ “ ) is contin-

uous. Therefore, the function log |so|q , which is the uniform limit of a sequence
of contlnuous Iunumns is also contmuous Thus we obtain the continuity of the
function [so| ) (V " ) and the proposition is proved. O

From now on and until the end of the subsection, we assume that X is projective

and L is generated by global sections. Let 2 = {|-|,(x)}yexa be a continuous metric
of L As HO(X, L) ® €x — L is surjective, by Proposition 3.1,

qUO[ quot }
{' lro 23,1400 P [y o

yields a continuous metric of L2". For simplicity, we denote ||
B |quot

quot
(HOX, L), |-l X) DY

(x). Moreover, the supremum norm of H%(X, L) arising from A9%° js denoted
t t
by I3, thatis, |3 = ||-[|auor.

Lemma 3.2. The following statements hold:

(1) We have |-|5(x) < |[7*"(x) for all x € X™;
(2) We have |llx = [I-}"

(3) Let (L', b') be a pair of an invertible sheaf L' on X and a continuous metric
B = {|-|w (x)}xexa of L'™ such that L' is generated by global sections. Then

1L 1[0 () < I o 12 ()

Jorl e L(x)and! € L'(x).

Proof. (1) Fixl € L(x) \ {0}. Fore > 0, let (ey, ..., e,) be an e~ €-orthogonal
basis of HO(X, L) with respect to |[-]|n. Thereisans € HO(X L) ®y k (x) such that

s(x) =1 and |s]| Rx) < e |l|qu° (x). Wesets =aje; +---+age,(ay,...,a, €
k(x)). Then, by Subsection 2. 2 4,

Islaecxy = e~ max{lailxlleilln, - .., |anlxllenlln}

> e~ max{lalxlein(x), .. ., lan|xlenln(x)} > e~€|1]5 (x),

so that |I[5(x) < %I |qu°t(x), and hence the assertion follows because ¢ is an
arbitrary positive number
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(2) By (1), we have ||l < [I-I}*". On the other hand, as |s|}"*(x) < |is|| for
s € HO(X, L), we have ||s || < ||s]|x.

(3) For e > 0,there are an s € H%(X, L) ®; ¢ (x) and an s’ € HO(X, L) ®;
£ (x) such that

s) =1 5@ =0, lIslhiw <e |l|qu°t(x) and |8l gy < €11 |q“°‘( ).

Let us show [Is - 8 llhgw ey < €*lsllneclls’ i ecry- Let (s1,...,sm) and
(sl, s ,) be e™€-orthogonal bases of HO(X, L) and HY(X, L"), respectively. If
we sets = t1s1+ “+tmsm and s’ = t{s4- 15 (withty, .. b, O =
k(x)), then

s-8 = Ztit}si -8
i,J
Thus,
/ /
Is -5 Ingw 2y < max {11t el -5 e | < max {1l Lctsi s e
< max {]6 ] il max {155 v |
i j
2 ’
< e“Isllnemlls’ 2o
Therefore, we have (s - s')(x) =1 -1’ and
t 2 ’ 4¢ | y,quot 7,quot
-1 [ @) <ls - " lnen iy < € Nsllnicollslan e <e* I @I E (x),
as required. O

Proposition 3.3. Ifthere are a normed finite-dimensional vector space (V, ||-||) and
o . o _d quot
a surjective homomorphismV Qi Ox — L such that h is given by { -] AN (x)}

then |-\ (x) = |-|3n° (x) for alln > 1.

xeXxan’

Proof. First we consider the case n = 1. Fix I € L(x) \ {0}. For € > 0, there is an
s € V ® k(x) such that s(x) =1 and [|s]lzxy < e|l|n(x).

Note that ||u]|, < |u| for all u € V. Let (eq, ..., e-) be an e~ €-orthogonal
basis of V with respect to ||-||. If we sets = a1e; + - - - + are, (with ay, ..., a, €
£ (x)), then, by Subsection 2.2 4,

Isllp,e ey < max{lailxlleilla, -, larlxllerlln}
< max{|ai|xlle1ll, ..., lar|xllerll}
< efllsllz )

so that
| I |quot

2
) < Isllnee) < € lsliew < e“lln(x),
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and hence |/ lzum(x) < |n(x) by taking ¢ — 0. Thus the assertion for n = 1
follows from (1) in Lemma 3 .2.
In general, by using (3) in Lemma 3.2,

n
1 () = ()" = (E0) " > 13 o,
and hence we have the assertion by (1) in Lemma 3.2. O

Lemma 34. We assume that there are a normed Jinite-dimensional vector space
(V, II-) and a surjective homomorphism V @, €x — L such that h is given by
| |quot

v, "_")(x) l_re,\'im' Let k' be a separable extension Sield of k, and let |-|' be a
complete absolute value of k' as an extension of |-|. We set

X =X X Spec(k) Speck’), L' =L@k and V' :=V k.
Let |||l be a norm of V' obtained by the scalar extension of |I-lI. Moreover, let b’
be a continuous metric of L'*" given by the scalar extension of h. Then k' coincides

, fquot N,
with {|-|W,|”‘",}(_1 }l,\’ex"'“'

Proof. Let f : X" — X be the projection. For x' € X", we set x = f™(x').
Then ik (x) € k(x") and (L ® & (x)) ®p ) R(x") = L' @ £(x"), that is, L (x) Qi (x)
£(x’) = L'(x"). Moreover, V' @ £(x") = (V & R(x)) ®i(x) £(x), and by (2.5),
|[-]|;,(_t_,} = llli ey = Ilz ). 2y Thus the assertion follows from Lemma 2.5. [

Proposition 3.5. We assume that there is a subspace H of H°(X. L) such that
H ® Ox — L is surjective and the morphism ¢y : X — P(H) induced by H is
a closed embedding. We identify X with ¢y (X), so that L = _ﬁ'r_u-t-H,['i,l|X. Let |||l
be a norm of H such that H has an orthonormal basis (e Tyrodais ey) with respect to
I|-]l. We ser

h = [|-|?;2[”'")(x)] o and A= orer + -+ + orey = (H, ||-|)<1.

X€

Let & be the Zariski closure of X in P(# ) (cf. Subsection 2.1.7) and L =
Obey(1)| 5 Then |-15(x) = |2 (x) for all x € X™.

Proof. First let us see that |s|,(x) < |s|s(x) fors € H. Let wg be a local basis of
Lats =rg(x). If wesets = szwe, then

Is|.(x) = |sglx.
As sgls € Z and H®,, Oz — Z; is surjective, there are [, ..., I, € #and
ai,...,a, € ﬁx;;- such that sgls =ail1 +--- + a,l,. Therefore,
55|, 09 < max (lartt 1 @), -, a1y )

=max {laylx|l1[p(x), ..., lar el (X))} < 1,

so that [s{s(x) < [s¢]x = |s|2(x), as required.

N R
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Next let us see that |/|#(x) < ||lll¢w) forall ! € H ® #(x). By Subsec-
tion2.2.4, (e1, ..., ¢;) is an orthonormal basis of H ® £ (x) with respect to || N -
Thus, if we set/ = aje1 + - +ayer (a1, ..., ar € R(x)),then

Il £(x) < max{lailxlei(x), ..., larlcler| £ (x)}

< max{laily, ..., larlx) = ”l”/?(x)-

Finally let us see that |s| #(x) < |s|s(x) fors € H. For ¢ > 0, we choose | €
H ® i(x) such that I(x) = s(x) and ey < eflsln(x). Then, by the previous
observation,

Is|2(x) = lllg(x) < Nllee) < eflsln(x).

Thus the assertion follows. O

Remark 3.6. We assume that || is non-trivial and ||-|| = ||-|| s for some finitely
generated lattice 5% of H. Then a free basis (ey, ..., e,) of . yields an or-
thonormal basis of H with respect to ||-|| (¢f. Proposition 2.8). Moreover, % =

(H, |I-ND<1.

3.2. Semipositive metric

We assume that L is semiample, namely certain tensor power of L is generated by
global sections. We say that a continuous metric 2 = {|-|4(x)} exan is semipos-
itive if there are a sequence {e,} of positive integers and a sequence {(Vy, ||-]|1)}
of normed finite-dimensional vector spaces over & such that there is a surjective
homomorphism V,, ® &x — L®* for every n, and that the sequence

quot . o0
I |.|{Vrh||'”n1(")
== |l‘lg ST e e
€n 1 '|Jfft':| {,‘- ]

converges to O uniformly on X",

Proposition 3.7. If X is projective, L is generated by global sections, and h is
semipositive, then the sequence

§ 0
L log Py -l:iif.“‘(_\-}'
m [ (x)
m=1

converges to O uniformly on X",

Proof. We set

| -I}f::“(.r )
[ (x) |

am = max 1 log
X




H‘
|
?
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Then a4y <ap+ay, by (3) in Lemma 3.2, and hence lim,,, _, o6 @y, /m = inf{a,, /m)
by Fekete’s lemma. For ¢ > 0, there is an en > 0 such that

e_enel'lhe" (x) S l',h,, (x) S_ eenel'lhen (x)

forall x € X™, where 4, = {l-l?‘lj:f",”n)(x)}xexm. Thus

e Nellnen < W-llny < €€ flpen,

— quot uot t e
so that e™€|.| . (x) < |-|2n x) < een6|-|2;‘"° (x). Thus, by Proposition 3.3

- quot
€ pen (¥) < |la, (x) < €€ ]300 (),

Therefore,
uol (]
S Ib[;j"u (‘) = "Ihn (x) I‘;::'I:‘I (‘) < 2€nE
I-lhen (X) |-lpen (x) |-lp, (x) = :
that is, 0 < ac,/en < 2¢, and hence 0 < limy,, o0 @y /m < 2¢, as required. (]

Corollary 3.8. A continuous metric h is semipositive if and only if, for any
€ > 8, there is a positive integer n such that, for all x € X, we can find
s € H' (X, L®n),'(‘(x) \ {0} with ”S”h",l?(x) < e"¢ |s]pn (x).

Proof. First we assume that 4 is semipositive. By using Proposition 3.7, we can
find a positive integer n such that L.®" is generated by global sections and

[lan () < [ (6) < /2 fpn (x)

for all x € X, On the other hand, there is an s € HO(X, L®”),;(x) \ {0} such that
Islan 2y < e”e/zlslzgm(x). Thus,

ne/2; . quot

Ishan 2y < "2 (s (x) < € [s{pn (x).

Next we consider the converse. For a positive integer m. there is a positive inte-
ger ey such that, for any x € X we can find s € HO(X. L®my, o\ {0} with
Isllnem iy < €™ |5 pem (x). Clearly L®em i generated by global sections, More-
over,

. quot m
I$them () < 151 pocx. Loem) 1 0my O) < €/ s hem (x),
that is,
quot
1 H 0 emy |l . (x)
0 < — log [ —HCLEM),I-lem) <L
€m || hem (x) T m

Thus 4 is semipositive. O

D ————
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Corollary 3.9. Let h be a continuous metric of L. If there are q sequence {e,,)
- [ . , n
of positive integers and a sequence {hy} of metrics such that hyis a semipositive

metric of (L®)™ for each n and

1 |"h“(-r)
-— 0 -
€n [ | pen (x)

converges to O uniformly as n — 0o, then h is semipositive.
Proof. For a positive number € > 0, choose a positive integer n such that
e_éen/3heu < hn < eEen/3hen ]

As hy is semipositive, by Corollary 3.8, there is a positive integer m such that,
for all x € X™, we can find s € HO(X, L®”’e"),;(x) \ {0} with ||s||,,;?,,;(x) <
e”‘e"f/3|s|h;;n (x), so that

s llamen ey < €™ lisllg ey < €™ s (x) < €0 [s]jymen (x).

Therefore, the assertion follows from Corollary 3.8. O

3.3. The functions o and g on X"

Throughout this subsection, we assume that X is projective. Let F"T;:(-r_r()f] denote
the group of isomorphism classes of pairs (L, h) consisting of an invertible sheaf L
on X and a continuous metric 4 of L™, Fix L = (L. h) & Picco(X). We assume
that L is generated by global sections. We define o7 (x) to be

|_|:llul('¥}
or(x) :=log <—__|-|n(-l‘) .

Lemma 3.10. For L and L ¢ ﬁﬂzco (X) such that both L and L' are generated by
global sections, we have the following:

(1) o > 0on X?*;
) 0o () < op(x) + o (x) for x € X*";

3) Iff ~ Z’, then op = o7’ on Xxan,
Proof. (1) and (3) are obvious. (2) follows from (3) in Lemma 3.2. O

We assume that L is semiample. We set

N(L) := {n € Z>1 | L®" is generated by global sections} .
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Note that N(L) # @ and N(L) forms a subsemigroup of Z; with respect to the
addition of Z>,. For x € X, we define uz(x) tobe

O’Z®n (x)

ur(x) = inf{

ne N(L)}.

Note that u is upper-semicontinuous on X because oen is continuous for all
n e N(L). We set

Picto(X) := ((L, h) € Picco(X) | L is semiample).
Note that ISE:ZO (X) forms a semigroup with respect to ®.

Lemma3.11. Let L = (L, h) and L' = (L', ') be elements of Pic o (X). Then we
have the following:

(1) It holds pt > 0 on X,

K Oz®n (.x)
(2) It holds pr(x) = nll)ngo Jor x € X2,
neN(L)

3) It holds Rier X) < pp(x) + ug (x) for x € X*;
@) IfL ~ L', then W = pg on X0,
) Forn=0, Jpen = npg on X,

Proof. (1) follows from (1) in Lemma 3.10.

(2) Since Oz @intn) x) < oren(x) + O—an (x) for n,n’ € N(L) by (2) in
Lemma 3.10, the assertion follows from Fekete’s lemma.

(3) and (4) follow from (2) and (3) in Lemma 3.10 together with (2), respec-
tively.

(5) If n = 0, then the assertion is obvious, so that we may assume that n > 1,
We fix no € N(L). Then ng € N(L®"). Thus, by (2),

N O @mngn (x) . O @mngn (x)
Hopen (x)= lim —— =p |jm "7 _ nuz(x). O
m—o00  Mng m—00  mngn

We let ﬁ:(;o (X)q be the quotient space of IS.iECo (X) ®z Q by the Q-vector
subspace generated by (O, {e"‘l-lg}) — MO, {|-|2}), where {l-lg} denotes the
trivial continuous metric on @x. Note that Picco(X)g can be identified with the

Q-vector space of all pairs (L, k), where L is an element of Pic(X) ® Qand h is a
continuous metric on L (see Subsection 2.1 .5). Moreover, we set

Picto(X)q := {(L, k) € Picco(X)g | L is semiample} .

Let: :ISRCO (X))~ };i?:("ﬂ (X)gbe the canonical homomorphism. For L € ISE:;() (X)q,
we choose a positive integer n and L, € Pié:_r-u(X) with «(L,) = Z®". Then
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ux. (x)/n does not depend on the choice of n and L, Indeed, let us choose another
j — = . = —®n’ —®n’ +®n —®nn’
n' € Zs and Ly € Picto(X) with «(T,y) = L% . As (L") = (L") = L™,

— U —& )
there is a positive integer m such that L?mn = Ln,m". By (5) in Lemma 3.11,

mn'up (x) = gom () = pgem (x) = mnpg, (x),
thatis, up (x)/n = pug ,(x)/n’,as required. By abuse of notation, it is also denoted
by ug(x).
Lemma3.12. For L, L € 151\020 (X)q, we have the following:

(1) It holds P (x) < pp(x) + pyp (x) for x € @G

(2) Fora € Qxo, Kpsa = apg on Xi'l,'

(3) Let Ly, ..., L, be elements of Piccy(X)q. We assume that there are open
intervals I, . .., I, of R such that

I®LY" ®---®L;" €Picko(X)q

Jorall (t1,...,t,) € (I} x -+ x LYNQ". Then, for a fixed x € X", there is
a continuous function f : Iy x --- x I, — R such that

f(tla R} tr) e MZ@Z;@” ®...®Z;®'r (x)

forall (ty,....t;) e ()} x---x I)YNnQ".

Proof. (1) and (2) are consequences of (3) and (5) in Lemma 3.11, respectively.
(3) We set
Joltr, ... t) = uf@f‘?” ®--@Le" (x)

for (t1,...,4) € (I x --- x [,y N Q. By (1) and (2), for A € [0,1]1N Q and
(t1reen b)), (s o)) € (I X -+ X L) NQ, we have

JYCY GRS T ¢ B S YO )

_ e ) (x)

¥ Ter16- 6T 0 ToL ! &.-6T0")20-D
< - x)+ 1—-2 — et 4 (X)
< )\IU,L®Z;®II®W®Z;8W( )+ ( )'LLL@L?’] ®“.®Zr®’r

=Aoltl, ..., )+ A =) folt], ..., 1),

that is, fp is concave on (I} X --- x 1) N (Y". Therefore, the assertion (3) follows
from [14, Corollary 1.3.2]. O

Let (L, &) be an element of I”EZO (X)@. We say that h i.s ser‘n'ipositive if there_: is
a positive integer n such that L®" € Pic(X) and h" is semipositive. ’I.‘h‘e following
characterization of the semipositivity of 4 is a consequence of Proposition 3.7.
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Proposition 3.13. For L = (L, h) ¢ ﬁEZO (X)q, h is semipositive if and only if
ur = 0on X",

We assume that || is non-trivial. Let 2 be a model of X over Spec(og). Let
L € Pic(X)®Q and .Z € Pic(Z") ® Q with f,x = L. Let m be a positive integer
such that L®™ € Pic(X). Then we define L = (L, h) to be

1
(L, by = (LB, {1 gom (0], ) ®/"
Proposition 3.14. If L is ample and Lis nef, then h is semipositive.

Proof. First we assume that .#’is ample. We choose a positive integer n such that
L®" € Pic(2") and £®" is very ample. Then we have an embedding ¢ : 2" —
P(HY(Z, £®")) and £®" = K Opo(a.2emy(1)). Let (ey, ..., ¢) be a free
basis of HO(.Z, .£®"). We define a norm ||-|| of H°(X, L®") to be

later + -+ are, || := max{lail, ..., |a,|}.

Note that (HO(X, L®"), ||-)<; = HO(Z, £®"), so that, by Proposition 3.5, we
have |-|((1;$(X L&n) ||‘")(x) = || wen(x) for x € X?*". Thus A is semipositive.

In general, let o7 be an ample invertible sheaf on .2 and A = o | x- We
choose § € Q..o such that L ® A®? is ample for all a € (—§, §) N Q. Note that

L& (A4, 11a)™ = (L ® A%, | gpuor)

so that HE@(A 1) = 0 for € € (0, 8) N Q by the previous observation together
with Proposition 3.13. On the other hand, by (3) in Lemma 3.12,

ﬂf(x) = lelﬁ)l MZ@(A,l-ld)Q‘f (x).
€eQ

Therefore, uz = 0, and hence # is semipositive by Proposition 3.13. O

Remark 3.15. Assume that the absolute value || is non-trivial. Let L be an am-
ple invertible sheaf on X, equipped with a semipositive continuous metric /. Then
there exists a sequence {(Z,, -%,)},>1, where 2}, is a model of X and %, is a nef
invertible sheaf on 2, such that % |x = L®" and that h, = (||, (x)"/")cxm
converges uniformly to 4. This follows from Proposition 3.7 and the comparison
between quotient metrics and model metrics (via the embedding into the projective
spaces of lattices). Combining with Proposition 3.14 and Corollary 3.8, we ob-
tain that, in the non-trivial valuation case, our semipositivity coincides with that of
Zhang [21] and Moriwaki [16]. We refer the readers to [12, Section 6] and to [8,
Section 6.8] for the descriptions of the semipositivity in terms of plurisubharmonic
currents. Note that their semipositivity is also equivalent to our semipositivity.
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4. Extension theorem

Throughout this section, we assume that X is projective and reduced. Let us be.gin
with a special case of the extension theorem. The general extension theorem is a
consequence of the special case.

4.1. Extension theorem for a metric arising from a model

Let 2 — Spec o; be a model of X. We let % be an invertible sheaf on 2 such thgt
&L | x = L. We have seen in Subsection 2.1.6 that .# induces a continuous metric

h = {l-.#(x)}xexm of L™.

Theorem 4.1. We assume that || is non-trivial and Zis an ample invertible sheaf.
Fix a reduced closed subscheme Y of X, a section ] € H(Y, Ll|y) and a positive
number €. Then there are a positive integer n and an s € HO(X, L®") such that
sly =1®" and

lsllan < €™ (Illy.n)" -

Proof. Clearly, we may assume that [ # 0. Let % be the Zariski closure of ¥ in 2
(cf. Section 2.1.7).

Claim 4.2. There are a positive integer a and an & € k* such that

e™/% < |al® |y pe < 1.
Proof. Since the absolute value || is not trivial, there exists a Don-zero element y
of k such that log |y| < 0. Hence there exists a rational number b/a (with a € Zo

and b € Z) such that

_log ]y,
log |y|

b log 1l y,n €
o< — —
P

< bl
- log |y| 2log |y|

that is, e=<%/2 < |y|P||I||%, < 1. By the equality [[/®¢||y,5a = [II[I§, it suffices to
take @ = y? to conclude the claim. O

By Corollary 2.14, there is a B € ok \ {0} such that
B (al®a)®m c H° (g’ g@amk{)

. _ 2
for all m > 0. We choose a positive integer m such that | 8| I < game/2 and

HO (3//; Diﬂ@am) = H° (@, g@amb/)
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is surjective, so that we can find an /,,e HO(.2"_®am ) such that I, | = B(I®2)®m

Note that ||, [|pem < 1. Thus, if we set s — ﬁ_la_’”!,,,. then s|g = [®9m gnd

-1 - -
lslizam = 1817 et ™™ [l lpam < e@me/2)gp)=m

> B 5 n am
= &Pl (Pt )" = eome (o

as required. O

4.2. Extension theorem for quotient metrics

Theorem 4.3. We assume that [ is very ample. Let ||-|| be a norm of H'(X, L)

g q an ;o : _(quot : ;
and h a continuous metric of L given by [l ['.H',{.X‘L.}‘".”](_.1}}_re/\.;,,,. Let Y be

a reduced closed subscheme of X and | € HY( Y. Lly). Then, Jor any € > 0,
there are a positive integer n and an s ¢ H %X, L®") such that Sly = 19" gnd
Isllan < e (Il ]ly,u)".

Proof. First we assume that [-] is non-trivial. Let us begin with the following:

Claim 4.4. There are a positive integer @ and a finitely generated lattice 3 of
HY(X, L®?) such that

2
Illae < -l < €2 ||| pa.
Proof. First we assume that || is discrete. We choose a positive integer a such that

lor |71 < e%€/2. We set #— (s € HYX, L®) | |Is|lp < 1}. Note that .%% is a
finitely generated lattice of HO(X, 1.®e) by Proposition 2.10. As [|-[lpe < ||| <

l@r |~ -}l by Proposition 2.10, we have the assertion.

Next we assume that || is not discrete. By Proposition 2.11, there is a lattice
¥ of HYX, L) such that l-ln = I-lly~ By Proposition 2.12, there is a finitely
generated lattice .2of H(X, L) such that #C ¥ and e < Well s < €72\, as
desired. O

Let 2 be the Zariski closure of X in P(2#) (cf Subsection 2.1 J)and ¥ =
Op( 2)(1) l g Moreover, let 4’ be a continuous metric of (L®4)an given by

|quot ]
{' 110 @ -

Then, by Proposition 3.5 and Remark 3.6, ||,y = |l¢. Therefore, by virtue of

Theorem 4.1, there are a positive integer m and an s < HO(X, L®¥) such that
sly =1%9m and

Isllpm < e <2114y ym. (4.1)

As [[llne < Il s < €2€/2| || ya, we have

uot uot
o (0 < [ ) < €9€/2). 380y
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for all x € X", Therefore, by Proposition 3.3,
[he (6) < [ (x) < /2| fpa (x) @2
for all x € X", In particular, |-|pam (x) < || wm (x). Therefore,
Isllnam < llsllpom. (4.3)
On the other hand, by using (4.2),
1220y < e sup{li®lpa(v) | y € Y™} < 2P (lflyp)e. (44

Thus the assertion follows from (4.1), (4.3) and 4.4). ’
Next we assume that |-| is trivial. Clearly we may assume that / #0. I,e‘l k' be

the field k(7)) of formal Laurent power series over k, that is, the quotient field of

the ring k{li"]] of formal power series over k. Note that &’ is separable over k. We

set
00

D= U Q (log sl — log lls"l:)

=0 \s,s'e HO(X,L®)\(0}

As {|I.s‘ll,,.- | s € HO(X, L®) \ {0}} is a finite set by virtue of Subsection 2..2.1, we
have #(X) < Rp. Therefore, we can find o < R.o \ . Here we consider an
absolute value |-|" of k&’ given by

[¢(T)I" := exp(—aord(¢(T))) ($(T) € k).
We set
X' := X Xgpecky Spec(k’), Y :=Y Xspectk) Spec(k’) and L' =L @ k.

Note that HO(X’, L') = HY(X, L) ® k'. Let k' be a continuous metric of /™
given by the scalar extension of 4. Then, by Lemma 3.4, A/ is given by

_[quot / }
{I I(HO(X/,L’),”'”/,/)(X ) x/exlan ’

where ||-[|;+ is the scalar extension of ||-||. Moreover, for s € H“[X., LJ‘, it holds
sl (x) = s (p™(x)) for x" € X", where p : X' — X is the pr()JeCll({llﬂ‘ Note
that p“"' s X" — X s surjective. Therefore, lslln = |8l foralls € HY(X, L).

PR t e g0y
By the previous observation, there are a positive integer n and an s'e HO(X’,
L") such that

sy =1%" and I ln < €™ (Wly )" = €™ (Nlly,)".

Note that, for a positive integer d, we have

d
S e HOX, L®™), &% 19 and 5w < e (11 ).
bl Y,
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Thus we may assume that HO(X, L®y — HOy, L|$’") is surjective. Let

(e1, ..., e) be an orthogonal basis of HO(X, L®") with respect to ||-||4» such that
(€141, - .., e;) forms a basis of Ker(HO(X, L®") — HOY, L|$’”)) (cf. Proposi-
tion 2.2), We set

s'=ai(Ter + -+ +a(Tyes + arp1(Tery1 + -+ + ar (e,

for some ay(T),...,a,(T) € k' = k(T). As 5’|, = I®" € HO(Y, L|$") and
(etly, ..., ely) forms a basis of HO(Y, L|$"), we have a1(T), ...,a(T) € .

Note that
o ¢ U Q (log [Islian —log lIs"llan) ,
s5,5'e HO(X,L®")\ (0}
so that, by Lemma 2.6 and Remark 2.7 together with Subsection 2.2.4, (ey, .. ., er)

forms an orthogonal basis of HO(X’, L'®") with respect to ||-||,m. Therefore, if we
sets =a(T)ey +--- +a;(T)e,thens € H'(X, L®"), we have sly = (%" and

lIsllan = max{lar (T)lllexlln, ..., 1ar (T ller )
< max {la1 (T)lllexlln, ..., la (T leclln, lars1 (D llewsllr, .
a7 (T el }
= IIs'lgn < €™ (Ily.)",

as required. O

4.3. General case

Theorem 4.5. We assume that L is ample and h is a semipositive continuous met-
ric of L*. Fix a reduced closed subscheme Y, 1 € HO(Y, Lly) and ¢ € R.y.

Then there is a positive integer ny such that, for all n > ng, we can find an
s € HO(X, L®") with

sly =1®" and sl < " (ILlly0)"-
Proof. Clearly we may assume that [ 3 0. Let us begin with the following claim:

Claim 4.6. For any €’ > 0, there are a positive integer N and an sy € HO(X, L®V )
such that

__ I®N Y
snly =1®Y and |syllv < My ).

Proof. By using Proposition 3.7, we can find a positive integer a such that L®? is
very ample and

[ha () < [15%(x) < €2€2||pa (x)

.
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forall x € X2". We set ' = {| -|22°t(x)}. Then, the above inequalities mean that

| lha () < [lnr(x) < %€ 72| |pa(x) (4.5)

for all x € X?". Furthermore, by Theorem 4.3, there are a positive integer b and an
sab € HO(X, L®%) such that s4p|y = (%% and

Isapll < €€ 2By, p)P.
By (4.5), it holds
1182y < €€ 12 11%% v pa = %€ 2(||Llly.0)".

Moreover, as ||, (x) < -], (x) by (4.5), we have ||sapllpap < [Isanll;s, SO that

be' /2 b
Isapllgas < lsaslle < €€/ 2(NIS NIy
! ! 2 ! b
< €2 2 (|1|ly ) *)P =€ (11l 7.0)*".
Therefore, if we set N = ab, then we have the assertion of the claim, O

Since L is ample, by Corollary 2.17, the above claim is actually equivalent to
the assertion of the theorem. Thus the theorem is proved. O

5. Arithmetic Nakai-Moishezon criterion over a number field
In this section as an application of the extension property (¢f. [17] and Theorem 4.5),

we consider the arithmetic Nakai-Moishezon criterion over a number field under a
weaker assumption (adelically normed vector space) than Zhang’s paper [21].

5.1. Adelically normed vector space over a number field

Fix a number field K. Let Ok be the ring of integers in K. We set

ME := Spec(Ox) \ {(0)}
M := K(C) (i.e. the set of all embeddings K — C).

Moreover, Mg := M,ﬁ(n UMp.Forp e M1ﬁ<n and o € Mg, the absolute values |-|p
and ||, of K are defined by

|xlp :=#(Og /p)”"P® and x| = lo(x)| & € K),

respectively. Furthermore, for p € M,ﬁ{", the completion of K with respect to ||,
is denoted by K. In addition, K, and K — K, (6 € My) are defined to be C
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and o, respectively. By abuse of notation, for v € Mg, the extension absolute of
|-lv to K, is also denoted by |-|,. In the case where v = ¢ ¢ M,°(°, the absolute

value |-|; on K5 = C is the usual absolute value. If p € M}E,”, the valuation rings of
(K, |-lp) and (K, |-|y) are denoted by Op, and Oy, respectively. Note that Oy is the
localization of Ok with respect to Ok \ p, and Oy is the completion of the local
ring Op.

Definition S.1. Let H be a finite-dimensional vector space over K. For v € My,

H @k K, is denoted by H,. For each v € Mg, let |||, be a norm of H, over
(K, |:]y). In the case where v € M}}". the norm ||-||,, is always assumed to be

ultrametric. Moreover, we assume that the family (]|-||4 )aeMF is invariant under
complex conjugation, namely for any finite family of vectors (s; )i, in H and vec-
tor (A;){_, of complex numbers, one has

M ®s1 4+ Ay @ulls = M1 @814+ + Ay @ Sullo-

The family {||-[|,}ven, of norms is often denoted by ||-||. We set

(H, I-DY = {x € H | |x[lp < 1 forall p € Min}
H DL ={xeH]|xlp<1}.

The pair (H, ||]) is called an adelically normed vector space over K if, for any
x € H, |lx]l < 1 except finitely many p € M3, and (H, ||-|I)!‘:“I is a finitely
generated Og-module (cf. [6, Definition 2.1] and [7, Definition 2.10]).

Lemma 5.2. We will assume that (H, ||-||) is an adelically normed vector space
over K. Then, the following hold:

(1) Forp € M, we have (H, ||-||)21 = (H, ||-||)2"1 R0y Op;

(2) We have (H, ||-IN™® ®0, K = H. Moreover, (H, " ®zQ = H;

3) Let f : H—> H bea surjective homomorphism of finite-dimensional vector
spaces over K. Let || N1 be the quotient norm of H), induced by the surjection

fv i Hy — Hj and the norm |||, on H,. Then (H', ||-|9) is an adelically

normed vector space over K and

£ (DS ) = Y, ey,
where |9 = (113" ) ve g

Proof. (1) Obviously (H, ||~||)fi“1 ®ox Op € (H, ||-||)il. Conversely, we assume
that x € H and x|l < 1. We set -

{ae M |lxllg > 1} ={q1, ..., q,}.
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By Lemma 5.3 as below, there is an @ € K such that
ordg (@) >0(Yi=1,...,r) and ordg(ax) =0(Vqe M1ﬁ<n \{g1,..-,9-D.

We choose a positive integer n such that |la"x|lq, < 1foralli = l,ﬁ. ..,r. Note
that " € O and a"x € (H, |-)13, s0 that x = a™"a"x € (H, [T} ®ox Op.

(2) For x € H, by using Lemma 5.3, we can find a B € Ok \ {0} with Bx €
(H, | -||)tl"1 , which means that the first assertion holds.
Let y € Ok \ {0}. Then there are ay, ..., a, € Z such that
Y +ay" 44 a, =0,
Clearly we may assume that a, # 0. Thus, if we set
Y =-"Hay" +- +an-),

then y’ € Ok and yy’ = a,. Note that (H, ||-||)f_l“1 ®o, K and (H, ||-||)f;“1 ®z Q
are the localizations of (H, || -||)£“1 with respect to Ok \ {0} and Z\ {0}, respectively.
Therefore the last assertion follows.

(3) Let us see that

(DL, ) = AL 1EE, (5.1)

for all p € MY". Clearly one has f ((H, ||'||)';1) C (H', ||'||qu°t)';1. The converse
inclusion follows from Proposition 2.1. By using (1) together with the equation
(5.1), we obtain

£ (1)) @0, Op = (H' [T @0y Op.
Therefore f((H, I .||)f;nl) =(H', ||-|%*°H% by [1, Proposition 3.8], as required. [l
Lemma 53. Let 3 be a finite subset of leg‘. Then there is an o € K such that

do() >0 ifpeX
OGN _0 ifpe Min\z.
Proof. We set T = {p1, ..., p.}. As the class group ofn K is finite, for eacl} i, there
are a positive integer n; and an o; € Ok \ {0} with p;* = ; Ok . Thus, if we set
o = oy - - - A, then the assertion follows. O
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5.2, Estimation of Ay for a graded algebra

A normed Z-module is a pair (A, ||-||) of a finitely generated Z-module ./ and a
norm ||| of .# ®z R. We define Aq(4, ||-||) and Az (., [I-Il) as follows. If .# is
a torsion module, then

AQUA, NIN) = Az (A, |I-) = 0.

Otherwise, let rQ(A, |11 (respectively Az (., ||-|)) be the infimum of the set of
non-negative real numbers A such that we can find a Q-basis ey, ..., e, of ///Q o=
A ®7, Q which is contained in .# (respectively a free basis of .#/ . #) with
lleill < Aforalli =1, ..., r. Note that

AQUA, II) < Az(A, |I-1l) < tk(M)AQ (A, ||-1)) (5.2)

(¢f. [15, Lemma 1.2)).

Let R = @2, R, be a graded Q-algebra of finite type such that R is an
integral noetherian domain and dimg R, < oo forall n > 0. Let Z = By %,
be a graded subalgebra of R such that %, is a finitely generated Z-module and
%n ®2 Q = R, forall n > 0. For each n > 0, let -l be a norm of R, ®g R(=

%y Q7 R). We assume that

(1) = D (%, 1)

n=0

is a normed graded Z-algebra, that is, for a € Ky and b € Ry, it holds lla -
bllntn' < llalln - 16l

Let X := Proj(R) and Y be a closed subvariety of X over Q, that is, ¥ is a
closed, reduced and irreducible subscheme of X over Q.LetP = G};’io P, be the
corresponding homogeneous prime ideal of R to Y. We set

Ryn = Ry/Py, and Ry p := A&/ Py N A,

o0 0
Ry = @ Ry, and Zy := @%Y,,,.

n=0 n=0

uot ' 5 . 0
Let || -||;‘,'_1,? be the quotient norm of Ry, ®q R induced by the surjective homo-

morphism R, ®y R — Ry, ®g R and the norm |-||,, on R, ®g R. Note that
Ry,n ®2Q = Ry, forall n > 0 and

(e, 113) = a5 (e, 115"

n=0

is a normed graded Z-algebra. Then we have the following:
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Theorem 54. Let Gy be the set of all subvarieties of X and let v : Sy — R.g be

a map. We assume that, for every Y € Gy, there are a positive integer n(Y) and an

. uot 3 4 ‘e
sy € Xy neyy \ {0} with r|.\-1.—||‘}i,_:ﬂy) < v()"Y). Then there are a positive number

B and a finite subset S of Sy such that
MY, ln) < Bn® @D (max{u(¥) | ¥ e s)"
foralln > 1, whered = dim X.

Proof. Tt is a generalization of [15, Theorem 3.1]; however, it can be proved in a
similar way. For reader’s convenience, we give a sketch of the proof.

Step 1. For a positive integer 4, we set

o0 o0
RW := Ry, FW =Ry, R® = @R,(lh) and ZP = @%ﬁlh).
n=0 n=0

By using [15, Lemma 2.2 and Lemma 2.4], we can see that if the theorem holds for
M and v", then it holds for Z and v. Therefore, by [4, Chapter III, Section 1,
Proposition 3], we may assume that R is generated by R; over Ry and s := sy €
% . Let Ox (1) be the tautological invertible sheaf of X arising from R;.

We prove this theorem by induction on d.

Step 2. In the case where d = 0, X = Spec(K) for some number field K, so that
R, € HY(X, Ox(n)) = K. Therefore, dimg R, < [K : Q] forall n» > 1, and
hence the assertion can be checked by the same arguments as in [15, Claim 3.1.2].

Step 3. We assume d > 0. Let I be the homogeneous ideal generated by s := sy,
that is, I = Rs. By using the same ideas as in [13, Chapter I, Proposition 7.4], we
can find a sequence

I=hCHGC---C I, =R
of homogeneous ideals of R and non-zero homogeneous prime ideals Pj, ..., P,
of Rsuchthat P, - ; C I;_yfori=1,...,r.

Step 4. We Set@n =1 (5, (RIPY) and?jyn = (cﬁi,n, ”'”i,n),Where cﬂi,n = r%nmli,n
and ||-||;,» is the subnorm induced by |||, and J; , < R,. Here we consider the
following sequence:

S

S — _
K — Sy o> Iy > I =

s — — —
— j0,1+1 > i ‘ﬂl,j-f-l > mae > ']7'.]+1:%j+1

5 — — — B
— jO,n (NGRS ']i,n [ I (,ﬁr‘nzc@w
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Let || -||:.]’1:,°t be the quotient norm of I;,/I;_1, induced by |-||;, and lin —
.I,-,,,/I,-_l,,,. Note that % ,,/%,—1s is a torsion module for all n > 1, so that, apply-
ing [135, Proposition 1.4] to the above sequence, we have

OAEDY (_Z Uiy~ AQ(H /iy o 1Y) dimg(Fs, /i, j))

j=1 \i=1 (5.3)

+ IIs ”?AQ(@()) dimQ Ro.

Step 5. Here we claim the following:
Claim 5.5. The following facts hold:

(1) If P; € Proj(R), then there are positive constants B; and C;, and a finite subset
S; of Gy such that

A(Fin/ Fitns 1T < Bin@ D2 (max{u(¥) | ¥ € §i})"

and dimg(Z;,n/Li—1,n) < Cin® ! foralln > 1.

(2) If P; ¢ Proj(R), then there is a positive integer n; such that Lin/li—1,n =0 for
n > n;. In particular, A\g(F,n/Fi—1n, II7y) = 0 and dimq(Jin/Li—1,0) = 0
foralln > n;. ’

Proof. (1) follows from [15, Proposition 2.3] and the hypothesis of induction. In
the case (2), P; = €B,—, R, because Ry is a number field. As i /I;_y is a finitely
generated (R/P;)-module, we can find a positive integer #; such that Lalli s =
0 forn > n;. O

Step 6. The assertion of the theorem follows from (5.3) by using (1) and (2) of
Claim 5.5. O

5.3. Nakai-Moishezon’s criterion

Let X be a geometrically integral projective variety over a number field K. For a
closed subvariety ¥ of X and v € Mg, weset ¥, := ¥ X spec(K) Spec(Ky). Let
L be an invertible sheaf on X. For v € My, let &, be a continuous metric of L
on Xi" where L, := L ®g K,. Note that X(C) is canonically identified with
]_[aeM;- Xo(C), so that i = {.-’fﬁ}gg__MF yields a metric on La,. We assume
that A is invariant by the complex conjugation map Fx, on X (C). Moreover, for
s € HO(Y, L|y), we set

Islly,,n, := sup{ls|s, (x) | x € Y2"}.

Theorem 5.6. We will assume the following:
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(a) For any n € Zso, the space (HO(X, L3, {”'"X.,,h',j}veMK) is an adelically
normed vector space over K ;

(b) The sheaf Zl y is big for all subvarieties Y of X, thatis, L|y is big on'Y and there
are a positive integer n and an s € HO(Y, LIQY?”) \ {0} such that ||s||yp,,,'£ <1
forallp e Mlﬁ(n and ||s|ly, nn < 1 forallo € Mg?;

(c) It holds that h, is semiposiz‘ive1 Jorallv e Mg.

Then there are positive numbers B and v such that v < 1 and

fin
Ao ((HO(X, LE), )+ max {I1-1x,.i }) < Bn/@*D/2y
=l oeMy ’

foralln > 1.

Proof. First note that L is nef because L|¢ is big for all curves C on X. Moreover,

as L|y isbigon Y and L is nef, we have (Ll‘}i,‘m ¥y > 0. Therefore, L is ample on

X by virtue of the Nakai-Moishezon criterion for projective algebraic varieties.
We set

Ry = HY(X,L®"), = (Rn, |- and ||| == rgf;go{ll-llxa.h:;}-
o

K

Note that %, is a finitely generated Z-module. We use the same notation as in
Subsection 5.2. Note that X = Proj(R) because L is ample. Fix a closed subvariety
Y. Forv € Mg, the norm ||-|| x, »» on HO(X,, L?") (respectively the norm |[-||y,,an

on HO(Y,,, Ll®")) is denoted by ||-||x, n (respectively |||y, »). Note that ||, =
Y, s vy

max,,eMlczo{||-||Xa,,,}. Let ||-||?,3f’:l be the quotient norm of Ry, ®k K, induced by

Il x,,» and the surjective homomorphism R, ®x K, — Ry, ®k K,. We also
fix a positive integer ng such that, for all n > ng, HO(Xx, L®") — HO(Y, LIQY?") is
surjective.

By (3) in Lemma 5.2 and Theorem 5.4, it is sufficient to show that there are a

positive integer n(Y) > npand ans € HO(Y, ngn(y))\{O} such that ||s||()l,l::,(y) <1
forall p € M and SISy < 1forallo € M.

As L|Y is big, there are an ny > 0 and an s’ € HO(Y, L|§"‘) such that
Is'lyyn < 1forallp e M,ﬁg‘ and ||s'|ly, .., < 1 forall o € M. Since
HO(Xx, L®"om) —» HO(y, LI‘}%’"O"') is surjective, we can find an I’ € HO(X, L®"0™)

such that l’|Y = 5'®"0 50 that there are Pi,-.-,Pe € M,ﬁ(n such that ||l’||xp,,,0,,1 <1
for all p € Mlﬁ(n \ {P1,...,Pe}. In particular, ||s’®”°||?,l:;0n] < 1 forall p €

! In the case where v € MS°, the semipositivity of A, can be defined as the uniform limit of the
quotient metrics as described in Subsection 3.2. This semipositivity coincides with the positivity
of the first Chern current of (Ly, ky). For details, see [17].
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Mlﬁ(n \ {P1, ..., pe}. By Lemma 5.3, we can choose B € Ok \ {0) such that

ordy (8) >0 }fve{pl,...,pe}
=0 ifve Mg\ {p1,...,pe}.
Since ||s’|| Yom; < lforallo e MZ?, we can find a positive integer n, such that
nohy
’
(Urg[%{lls ”Y,,.nl}) max {|o(B)] | o € MR} <1. (54)

Claim 5.7. If we set s = B5/®""2 then s satisfies the following properties:

. ) quot

O B, <ty
11) It holds ||s Yp,mning < lforalli =1,... e

(iii) It holds sy, nyning < 1forall o € M.

Proof. (i) is obvious. (iii) follows from (5.4). Let us consider (ii). As ordp, (B) > 0

and ||s’||ylpi,,,l < 1, we have

IsWYy, nmng = #(Okc /pr) = n P g ®0m2y
=#Ox/p)™ " ® (I, )" < 1,
as required. O
Next let us prove the following claim:

Claim 5.8. If |l¢|ly,» < 1forv € Mg andt € HO(y,, L,[$™), then there is an
mg such that, for all m’ > my, it holds i

®m’ jquot
e < 1

Proof. Choose an € > 0 such that e€litlly,,m < 1. By virtue of the extension
property (cf. [17] and Theorem 4.5), there is an mgq such that, for all m’ > myg, we
’ 0 4 : 3 ’ "
can ﬁn.dt € H/(X,,, L®™™y with t’lyu = %" and ||| x, ' < e'”/‘(lltllyuym)'”/.
In particular, ||¢’)| X,,mm' < 1, so that the assertion follows. O

‘ By the above claim, for each i = lI,...,eand o € MI‘?, there is a positive
integer n3 such that

®njy quot ®nj ;yquot

”S ”Yp,-,ngnznlno <1 and ”S ”Ya.n3n2n1n0 < 1.
If we set n(Y) := . n3 quot 6
(Y) := n3naning and sy := s¥"3  then sy I$:oncyy < 1forall p € Min

and |lsy|I§"°, ) < 1forallo € M. O
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Corollary 5.9. We will assume (a), (b) and (c) as in Theorem 5.6. Let (N. g) be
a pair of an invertible sheaf N on X and a family g = {8vlvemy Of continuous
metrics gy of Ni* on XT". We will assume that g~ ‘= (g4 }neM,‘? is compatible
with respect to Fs, and

(HOX. L& @ M), (111x, g, Joen )

is an adelically normed vector space over K for all n > 0. Then there is a positive
integer no such that, for n > no, (H°(X, L®" ® N), ||-||,,ng)i"1 has a free basis
(w1, ..., wy,) over Z with ||w; lang, <lforalli=1,...,rpando € MZ°, where
rn is the rank of HO(X, L®" ® N) over Q.

Proof. We use the same notation in the proof of Theorem 5.6. Moreover, we set

A, = H°(X,L®" Q@ N)
fin

= (HUX, L& @ N), |l lwg) <y and |l = max {IIx, kg, boens
= oeMP
[o,¢]
A= A,
n=0
[e o]
(N1 = D (A, III}).
n=0

Note that (7, ||-]|') is a normed graded (%, ||-||)-module (cf. [15, Section 2]), where
[o.¢]
%= PH X, LE), |-l
=0

Furthermore A is a finitely generated over @2, H 0(X, L®") because L is ample.
Therefore, by Theorem 5.6 together with [15, Lemma 2.2], there is a positive num-
ber B’ such that Ag (. [I-1I},) < B'né@+D2yn for all n > 1, so that, by (5.2),

Az, (%, I1I,) < dimg HO(X, L®" ® N) - B'n®@HD/2yr

forall n > 1. Thus we can find a positive integer ng such that Az (<, ||ll,) < 1
for n > no, as required. O
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On flops and canonical metrics

IVAN A. CHELTSOV AND YANIR A. RUBINSTEIN

Abstract. This article is concerned with an observation for proving non-existence
of canonical Kahler metrics. The idea is to use a rather explicit type of degenera-
tion that applies in many situations. Namely, in a variation on a theme 1ntroduch
by Ross-Thomas, we consider flops of the deformation_to t.he normal cone. T'hl'S
yields a rather widely applicable notion of stability that is still complete.ly gxpllc}t
and readily computable, but with wider scope. We describe some 'apph.catlons in
dimension two, among them, a proof of one direction of the Calabi conjecture for
asymptotically logarithmic Del Pezzo surfaces.
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1. Motivation and results

A variety is slope stable in the sense of Ross-Thomas if, roughl'y, it is _K—staple
with respect to degenerations to the normal cone of its subvarieties. This notion
has been studied extensively by a number of authors and has yielded many non-
existence results for canonical metrics on projective Kéhler manifolds. Our main
purpose in this article is to introduce a slight variation on this thf?n.me by considering
a somewhat more involved notion of stability that involves additional flops on thﬁ:
degeneration to the normal cone but that is still geometric and computable, and is
partly inspired by the work of Arezzo-Della Vedova-La Nave and Li-Xu. '

In this article we only develop the details of this idea in the two-dimensional
case.

This already gives many new non-existence results, and most notably 'flllovs{s
us to resolve one direction of the Calabi conjecture for asymptotically logarithmic

Del Pezzo surfaces.
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