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Explicit uniform estimation of rational points
I. Estimation of heights

By Huayi Chen at Paris

Abstract. By using the slope method in Arakelov geometry, we study the complexity
of the singular locus of an arithmetic projective variety and explicit estimations of the arith-
metic Hilbert–Samuel function.

1. Introduction

Let K be a number field and X be a projective variety defined over K . The complexity
of the rational points of X is measured by the height function. Northcott’s theorem asserts
that there are only finitely many rational points of X with bounded height. Namely, for any
real number B > 0, the set

SðX ;BÞ :¼ fP A X ðKÞ jHðPÞeBg

is finite, where HðPÞ is the height of P. Let NðX ;BÞ ¼KSðX ;BÞ be the counting function

of X . The asymptotic behavior of NðX ;BÞ when B goes to infinity describes the density of
X ðKÞ. For example, NðX ;BÞ ¼ Oð1Þ if and only if XðKÞ is finite.

Among the estimates of the counting function NðX ;BÞ, the work of Heath-Brown
[31] is of uniform nature, where the word ‘‘uniform’’ concerns all closed subvarieties with
given degree and dimension in a projective space. His idea is to use a determinant argument
(inspired by Bombieri and Pila [2], and Pila [42]), which can be summarized as follows. The
monomials of a certain degree evaluated on a family of rational points in SðX ;BÞ having
the same reduction modulo some prime number form a matrix whose determinant is zero
by a local estimation. Hence there exists a hypersurface of X containing all rational points
in the family. The set SðX ;BÞ is then covered by several hypersurfaces of bounded degree.
The upper bound of NðX ;BÞ is thus obtained by estimating the number of these auxiliary
hypersurfaces.

The results in [31] are obtained for K ¼ Q. Further research in this direction includes
works of Broberg, Browning, Heath-Brown, Helfgott, Venkatesh, Salberger etc. (see [9],
[12], [13], [14], [15], [24], [33], [32], [44], [45]). In particular, Broberg has generalized [31]



to the number field case. It should be pointed out that the determinant argument plays an
important role in most of the works cited above.

Based on an observation of Bost that the determinant argument mentioned above is
quite similar to his slope method [3], or to the interpolation matrix method of Laurent [37],
we revisit this problem in the context of Arakelov geometry by using the slope method. The
aim of this approach is twofold. On one hand, it avoids using Siegel’s lemma and hence
treats the problem for all number fields in a uniform way without supplementary di‰cul-
ties. On the other hand, the geometrical interpretation permits us to establish explicit esti-
mates.

Recall the main result of [9] which generalizes Theorem 14 of [31]. Let X be an
integral closed sub-variety of Pn

K , n A Nnf0g. Let d and d be respectively the dimension and
the degree of X , and e > 0 be a positive number. Assume that the ideal I HK½T0; . . . ;Tn�
of X is generated by homogeneous polynomials of degrees at most t, where t A Nnf0g.
Broberg has proved that there exists an integer a depending only on n, t and e, an inte-
ger k satisfying1)

k fn; t; e Bðdþ1Þ=
ffiffi
d

d
p

þe

and a family ðFiÞk
i¼0 of homogeneous polynomials of degreee a which are not identically

zero on X and such that

SðX ;BÞH
Sk
i¼0

fx A XðKÞ jFiðxÞ ¼ 0g;

where SðX ;BÞ denotes the set of all rational points of X with heighteB.

Note that Heath-Brown had considered the case where X is a hypersurface (that is,
the ideal I is principal) defined over Q and Broberg has investigated the general case.

The aim of this article and the companion one [19] is to remove the supplementary
assumption2) on the degrees of polynomials generating I and to calculate explicitly the con-
stants a and k figuring in the above theorem. We shall actually establish the following
result.

Theorem A. Let e > 0 and D be an integer such that

D > max
�
ðe�1 þ 1Þ

�
2d�

1
dðd þ 1Þ þ d� 2

�
; 2ðn � dÞðd� 1Þ þ d þ 2

�
:

There is an explicitly computable constant C ¼ Cðe; d; n; d;KÞ such that, for any Bf ee, the

set SðX ;BÞ of rational points of X with exponential heighteB is covered by no more than

CBð1þeÞd�
1
d ðdþ1Þ þ 1 hypersurfaces of degreeeD not containing X.

1) Here the Vinogradov symbol fn; t; e signifies that there exists a constant Cðn; t; eÞ only depending on n, t

and e such that k eCðn; t; eÞBðdþ1Þ=
ffiffi
d

d
p

þe:

2) From an inexplicit point of view, the assumption on the degrees of polynomials generating I can be

removed by using a result of Kleiman on Hilbert polynomials for geometrically reduced subschemes of a projec-

tive space. We refer to [44], p. 126, for a detailed discussion on this point.
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In the case where X is a plane curve, we prove a refinement of Theorem A and use it
to establish the following estimation.

Theorem B. Assume that X is an integral plane curve of degree d. Then, for any e > 0,
one has

KSðX ; dÞfK d2þe:

This answers a question of Heath-Brown.

For removing the assumption on the generating system of the variety (in an explicit
way), we shall use the theory of Cayley–Chow form to construct a system of generators of
the variety X . This theory, in its classical form, is due to Chow and van der Waerden [21].
Their original objective was to describe a projective variety X by one single homogeneous
equation, called the Chow form of X . Later this theory has been applied in transcendental
number theory by Gelfond [28], Nesterenko [38], Brownawell and Waldschmidt [10], and
Philippon [39]. By [38] (see also [11]), one can explicitly construct a system of generators
of a projective variety from its Chow form in controlling the degrees and the heights of
these polynomials. However, the degrees of the polynomials thus constructed are in general
much larger than the degree of the variety, which leads to an extra error term in the esti-
mate. To overcome this di‰culty, we shall use a variant called the Cayley form. This
approach is inspired by a work of Catanese [16] (see also [27]). The Cayley form permits
to construct a system of generators of lower degree. By using this theory, we are able to
remove the supplementary condition on the degree of homogeneous polynomials in the
generating system of X .

The explicit computation of the constants a and k requires highly non-trivial e¤ective
minoration of the arithmetic Hilbert–Samuel function developed in the article [22] of
David and Philippon where higher Chow forms involve, and also several new estimates
in the slope theory. It is known since the article [29] of Gillet and Soulé that the coe‰cient
of the leading term of the arithmetic Hilbert–Samuel function is equal to the normalized
auto-intersection number in the sense of the arithmetic intersection theory. In order to
obtain explicit lower bounds of the arithmetic Hilbert–Samuel function, we shall reformu-
late the result of David and Philippon in the language of slope method. Note that the lower
bound thus obtained is not asymptotically optimal. The coe‰cient of its leading term is
smaller than the normalized auto-intersection number. This result will be used to prove
that all rational points of small height are contained in a single hypersurface of low degree.

We also study e¤ective upper bounds of the arithmetic Hilbert–Samuel function (or
more generally, the maximal slope variant of it) and obtain an explicit upper bound in
terms of the essential minimum of the variety. The proof is based on the slope inequality
applied to the evaluation map on points of small height.

It turns out that these results have their own interest in Arakelov geometry, and de-
serve to be written independently. In the forthcoming article [19], we shall prove Theorems
A and B.

This article is organized as follows. In the second section, we establish several slope
inequalities and discuss their arithmetic consequences. The third section is devoted to the
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construction of Cayley forms and its application in the estimation of the complexity of the
singular locus of an arithmetic projective variety. Finally in the fourth section, we discuss
the estimation of the geometric and arithmetic Hilbert–Samuel functions in the framework
of Arakelov geometry. The computation of norms of several tensor operators on Hermitian
spaces are left in the Appendix.

We present the notation and the terminologies that we shall use in the current article
and in [19].

Notation. 1. Denote by K a number field and byOK its integer ring. If E is a projec-
tive OK -module of finite rank and if V is a vector subspace of EK , the saturation of V in E

is by definition the largest sub-OK -module F of E such that FK ¼ V . Note that E=F is then
a torsion-free (hence projective) OK -module.

2. Any maximal ideal p of OK corresponds to a discrete valuation vp on K . Denote
by Fp its residue field, by Np the cardinality of Fp and by j � jp the absolute value on K such
that jajp ¼ N

�vpðaÞ
p for any a A K�, which extends continuously to the completion Kp of K

(with respect to vp).

For any embedding s : K ! C, denote by j � js the absolute value on K such that
jajs ¼ jsðaÞj, where j � j is the usual absolute value on C.

3. By arithmetic projective variety we mean an integral projectiveOK -scheme which is
flat over SpecOK .

4. Let X be an arithmetic projective variety. A Hermitian vector bundle on X is a pair
E ¼

�
E; ðk � ksÞs:K!C

�
, where E is a locally free OX -module of finite rank, and for any em-

bedding s : K ! C, k � ks is a continuous Hermitian metric on EsðCÞ, invariant under the
action of the complex conjugation. The rank of E is defined to be the rank of E, denoted by
rkðEÞ. A Hermitian vector bundle of rank 1 is called a Hermitian line bundle.

5. Let E be a Hermitian vector bundle on SpecOK . The Arakelov degree of E is de-
fined as3)

ddegdegðEÞ :¼ logK
�
E=ðOK s1 þ � � � þOKsrÞ

�
� 1

2

P
s:K!C

log detðhsi; sjisÞ;

where ðs1; . . . ; srÞ A E r forms a basis of EK over K, r ¼ rkðEÞ.

6. Let E be a non-zero Hermitian vector bundle on SpecOK . The slope of E is

m̂mðEÞ :¼ 1

½K : Q�
ddegdegðEÞ

rk E
:

Denote by m̂mmaxðEÞ the maximal value of slopes of all non-zero Hermitian subbundles (i.e.,
submodule of E equipped with the induced metrics) of E and by m̂mminðEÞ the minimal value

3) By the product formula, this definition does not depend on the choice of ðs1; . . . ; srÞ.
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of slopes of all non-zero Hermitian quotient bundles (i.e., projective quotient module of E

equipped with the quotient metrics) of E.

7. Let E and F be two non-zero Hermitian vector bundles on SpecOK , and
f : EK ! FK be a non-zero homomorphism. The height of f is defined as

hðfÞ :¼ 1

½K : Q�

�P
p

logkfkp þ
P

s:K!C

logkfks
�
;

where kfkp and kfks are respectively the operator norms of fKp
: EKp

! FKp
and

fs;C : Es;C ! Fs;C.

8. For any integer nf 1 and any n-tuple ðE1; . . . ;EnÞ of non-zero Hermitian vector
bundles on SpecOK , denote by %ðE1; . . . ;EnÞ the di¤erence

m̂mmaxðE1 n � � �nEnÞ �
Pn
i¼1

m̂mmaxðEiÞ:

For simplifying notation, we use the expression %ðnÞðEÞ to denote %ðE; . . . ;EÞ.8 > > > < > > > :

n copies

2. Slope inequalities

We firstly recall the basic ingredients of Bost’s slope theory (for references, see [3], [5],
[6], [17]), then discuss several slope (in)equalities and their arithmetic consequences. We
begin with the following classical slope (in)equalities relating the source and the target of
a homomorphism between Hermitian vector bundles (see [3], Appendix A).

Proposition 2.1. Assume that E and F are two Hermitian vector bundles on SpecOK

and f : EK ! FK is a non-zero K-linear homomorphism.

(i) If f is injective, then m̂mmaxðEÞe m̂mmaxðFÞ þ hðfÞ.

(ii) If f is surjective, then m̂mminðEÞe m̂mminðFÞ þ hðfÞ.

(iii) If f is an isomorphism, then m̂mðEÞ ¼ m̂mðFÞ þ 1

rkðEÞ hðLrkðEÞfÞ.

2.1. A slope equality. We give below a variant of the slope equality in Proposition
2.1 (iii) where the target Hermitian vector bundle can be written as a direct sum of Hermi-
tian line bundles.

Proposition 2.2. Let E be a Hermitian vector bundle of rank r > 0 on SpecOK and

ðLiÞi A I be a family of Hermitian line bundles on SpecOK. If f : EK !
L
i A I

Li;K is an injective

homomorphism, then there exists a subset I0 of cardinal r of I such that the following equality
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holds:

m̂mðEÞ ¼ 1

r

�P
i A I0

m̂mðLiÞ þ h
�
LrðprI0

� fÞ
�	
;ð1Þ

where prI0
:
L
i A I

Li;K !
L
i A I0

Li;K is the projection.

Proof. Since f is injective, there exists I0 H I of cardinal r such that prI0
� f is an

isomorphism. Therefore, Proposition 2.1 (iii) implies

m̂mðEÞ ¼ m̂m

�L
i A I0

Li

�
þ 1

r
h
�
LrðprI0

� fÞ
�
¼ 1

r

�P
i A I0

m̂mðLiÞ þ h
�
LrðprI0

� fÞ
�	
: r

2.2. Tensor product and image. Let ðEiÞn
i¼1 be a family of non-zero Hermitian vec-

tor bundles on SpecOK . One always has (see [20], Corollary 2.5)

m̂mmaxðE1 n � � �nEnÞf
Pn
i¼1

m̂mmaxðEiÞ:ð2Þ

The inverse inequality is a conjecture of Bost [4], which is still an open problem.

Recall (see Notation 8) that if ðEiÞn
i¼1 is a family of non-zero Hermitian vector bun-

dles on SpecOK , then %ðE1; . . . ;EnÞ denotes the di¤erence

%ðE1; . . . ;EnÞ :¼ m̂mmaxðE1 n � � �nEnÞ �
Pn
i¼1

m̂mmaxðEiÞ:

If all Ei are equal to the same Hermitian vector bundle E, we write %ðnÞðEÞ instead of
%ðE; . . . ;EÞ.

If L is a Hermitian line bundle on SpecOK , then for any non-zero Hermitian vector
bundle E on SpecOK , one has

m̂mmaxðE nLÞ ¼ m̂mmaxðEÞ þ m̂mðLÞ ¼ m̂mmaxðEÞ þ m̂mmaxðLÞ:

Hence %ðE;LÞ ¼ %ðL;EÞ ¼ 0. More generally, for any family ðEiÞn
i¼1 of non-zero Hermi-

tian vector bundles, one has %ðE1;E2; . . . ;EnÞ ¼ 0 if all Hermitian vector bundles except
at most one among E1; . . . ;En are direct sums of Hermitian line bundles.

Let ðEiÞn
i¼1 and ðF jÞm

j¼1 be two families of non-zero Hermitian vector bundles on
SpecOK . By (2), one has

%ðE1; . . . ;En;F 1; . . . ;F mÞf %ðE1; . . . ;EnÞ þ %ðF 1; . . . ;F mÞ:ð3Þ

In particular, for any non-zero Hermitian vector bundle E on SpecOK , one has

En;m A N�; %ðnþmÞðEÞf %ðnÞðEÞ þ %ðmÞðEÞ:ð4Þ
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Moreover, (2) implies that %ðmÞðEÞf 0 for any m A N�. Hence by (4), the sequence�
%ðnÞðEÞ

�
nf1

is increasing.

Remark 2.3. By the duality between maximal slope and minimal slope
m̂mminðEÞ ¼ �m̂mmaxðE4Þ, one has

%ðE4
1 ; . . . ;E

4
n Þ ¼

Pn
i¼1

m̂mminðEiÞ � m̂mminðE1 n � � �nEnÞð5Þ

Bost’s conjecture can be reformulated as: %ðE1; . . . ;EnÞ1 0 for any n-tuple ðEiÞn
i¼1 of

non-zero Hermitian vector bundles over SpecOK . For estimations of %, see [23], [8], [20]. By
a result of Bost, one has4)

%ðE1; . . . ;EnÞe
1

2

Pn
i¼1

logðrk EiÞ:ð6Þ

Let E and F be two Hermitian vector bundles on SpecOK , and G be a Hermitian vec-
tor subbundle of F nE. We call image of G in E the smallest sub-OK -module H of E such
that F nH contains G, equipped with the induced metrics. The minimal slope of H is esti-
mated in Proposition 2.4 below, the proof of which uses the first part of Lemma A.1 in the
Appendix.

Proposition 2.4. With the above notation, one has

m̂mminðHÞf m̂mminðGÞ � m̂mmaxðFÞ � %ðF ;G4Þ � 1

2
logðrk FÞ:ð7Þ

Proof. Let c be the composed homomorphism F4nG ! F4nF nE ! E, where
the last arrow is induced by the trace homomorphism F4nF !OK . The image of c iden-

tifies with H. By Lemma A.1 (i), the height of c equals
1

2
logðrk FÞ. Thus Proposition

2.1 (ii) implies

m̂mminðHÞf m̂mminðF4nGÞ � hðcÞ

¼ m̂mminðGÞ þ m̂mminðF4Þ � %ðF ;G4Þ � 1

2
logðrk FÞ: r

Remark 2.5. Assume in the above proposition that F can be written as a tensor
product F 1 n � � �nF n. Then the same method gives the following variant of (7):

m̂mminðHÞf m̂mminðGÞ �
Pn
i¼1

m̂mmaxðF iÞ � %ðF 1; . . . ;F n;G
4Þ � 1

2
logðrk FÞ:ð8Þ

2.3. Applications. We give several applications of the slope (in)equalities established
in previous subsections. More applications will be discussed in §3.

4) Learned from a personal note of J.-B. Bost, also obtained by Y. André and É. Gaudron. The proof of a

weaker version (with the coe‰cient 1 instead of 1
2
) can be found in [20].
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In Arakelov theory, the slope inequalities are often applied on evaluation maps to ob-
tain arithmetic results. See [6] for a survey of this method. Classically the evaluation map
means the evaluation of some polynomials at one or several points of an a‰ne space. The
choice of the evaluation map is a crucial step in a typical proof of Diophantine approxima-
tion. Note that in Heath-Brown’s determinant argument, there appears also this procedure.
Evaluation maps in Arakelov geometry are quite similar to classical ones, but their con-
struction is of geometrical nature. Let X be a projective variety over Spec K and L be an
ample line bundle on X . Let Y be a closed subscheme of X and i : Y ! X be the inclusion
morphism. The evaluation map (of global sections of L) on Y is the K-linear mapping from
H 0ðX ;LÞ to H 0ðY ; i�LÞ defined by restriction of sections.

To apply the slope method, we also need a metric structure. Let nf 1 be an in-
teger and E be a Hermitian vector bundle of rank n þ 1 on SpecOK . Denote by
p : PðEÞ ! SpecOK the structural morphism. Let L :¼OPðEÞð1Þ be the universal quotient
of p�E . The Hermitian metrics on E induce by quotient a structure of Hermitian metrics
(i.e. Fubini–Study metrics) on L which define a Hermitian line bundle L on PðEÞ. For any
integer Df 1, let ED ¼ H 0

�
PðEÞ;LnD

�
and let rðDÞ be its rank over OK , which is equal to

n þ D

D

� �
. For any s A Sy, denote by k � ks; sup the norm on ED;s :¼ ED nOK ;sC such that

Es A ED;s; ksks; sup ¼ sup
x APðEK ÞsðCÞ

ksðxÞks:

Let k � ks;J be the Hermitian metric of John (cf. [34], see also [26], Definition-Theorem 2.4)
associated to the norm k � ks; sup. Recall that, for any s A ED;s, the following inequalities
hold:

ksks; sup e ksks;J e
ffiffiffiffiffiffiffiffiffiffi
rðDÞ

p
ksks; sup;ð9Þ

where rðDÞ is the rank of ED. The OK -module ED, equipped with the Hermitian metric
k � ks;J , forms a Hermitian vector bundle ED on SpecOK .

Remark 2.6. As an OK -module, ED is isomorphic to S DE . Thus for any s A Sy, the
Hermitian metric on Es;C induces by symmetric power a Hermitian metric k � ks; sym on

S DEs;C. Denote by S DE the corresponding Hermitian vector bundle on SpecOK . Note
that for any s A Sy, both metrics k � ks;J and k � ks; sym are invariant under the action of
the unitary group UðEs;C; k � ksÞ, therefore they are proportional and the ratio is indepen-
dent of s (see [7], the proof of Lemma 4.3.6). We denote by C0ðDÞ the constant such that,
for any 03 s A ED;s,

logksks;J ¼ logksks; sym þ C0ðDÞ:ð10Þ

One has

m̂mminðEDÞ ¼ m̂mminðS DEÞ � C0ðDÞ:

Proposition 2.7. With the above notation, the following inequalities hold:

0eC0ðDÞe log
ffiffiffiffiffiffiffiffiffiffi
rðDÞ

p
; where rðDÞ ¼ rkðEDÞ:ð11Þ
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Proof. Let s be a non-zero section in H 0
�
PðEs;CÞ;Ls;C

�
. By definition, one has

ksks; sup ¼ ksks ¼ ksks; sym. Hence

ksDks; sup ¼ kskD
s; sup ¼ kskD

s; sym ¼ ksDks; sym:

As C0ðDÞ ¼ logksDks;J � logksDks; sym, by (9), we obtain (11). r

Remark 2.8. One has rðDÞ ¼ n þ D

D

� �
e ðn þ 1ÞD, hence

C0ðDÞe D

2
logðn þ 1Þ:ð12Þ

The following proposition gives an explicit lower bound of the minimal slope
of ED.

Proposition 2.9. For any integer Df 1,

m̂mminðEDÞfDm̂mminðEÞ � %ðDÞðE4Þ � C0ðDÞ:ð13Þ

Proof. By definition, one has (see (5))

m̂mminðEnDÞ ¼ Dm̂mminðEÞ � %ðDÞðE4Þ:

Moreover, S DE is a quotient of EnD, so m̂mminðS DEÞf m̂mminðEnDÞ. Hence we obtain

m̂mminðEDÞ ¼ m̂mminðS DEÞ � C0ðDÞ ¼ Dm̂mminðEÞ � %ðDÞðE4Þ � C0ðDÞ: rð14Þ

Definition 2.10. If P is a rational point of PðEKÞ, it extends in a unique way to a
section P of p. The height of the point P with respect to L is by definition the slope (see
Notation 6) of the Hermitian line bundle P �ðLÞ on SpecOK , denoted by h

L
ðPÞ.

Proposition 2.11. Let Df 1 be an integer and I be a Hermitian vector subbundle

of ED. Let Y be the subscheme of PðEÞ defined by annihilation of I . Suppose that P is a ra-

tional point of PðEKÞ which is not in YðKÞ. Denote by P the OK -point of PðEÞ extending P.

For any finite place p of K , let ap be as follows:

ap ¼
1; ðP mod pÞ A YðFpÞ;
0; else:



Then, for any real number N0 > 0, the following inequality holds:

Kfp j ap ¼ 1;Np fN0ge
Dh

L
ðPÞ � m̂mminðI Þ

ðlog N0Þ=½K : Q� :ð15Þ

Proof. Let h : I ! P �LnD be the homomorphism induced by the evaluation map
ED ! P �LnD. Since P B YðKÞ, the homomorphism hK is surjective. By the slope inequality
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(Proposition 2.1 (ii)), one has

Dh
L
ðPÞf m̂mminðI Þ � hðhKÞf m̂mminðI Þ þ

1

½K : Q�
P
p

ap log Np:

Therefore the inequality (15) holds. r

Let X be an integral closed subscheme of PðEKÞ and X be its Zariski closure in PðEÞ.
Denote by

hX ;D : ED;K ¼ H 0
�
PðEKÞ;LnD

K

�
! H 0ðX ;LjnD

X Þ

the evaluation map on X and by FD the saturation of ImðhX ;DÞ in H 0ðX;LjnD
X Þ. Namely FD

is the largest sub-OK -module of H 0ðX;LjnD
X Þ such that FD;K ¼ ImðhX ;DÞ. Note that, for suf-

ficiently large D, the homomorphism hX ;D is surjective, and therefore FD ¼ H 0ðX;LjnD
X Þ.

The following result shows that the evaluation on a collection of rational points with
small heights cannot be injective. Let Z ¼ ðPiÞi A I be a collection of distinct rational points
of X . The evaluation map

hZ;D : H 0
�
PðEKÞ;LnD

K

�
!
L
i A I

P�
i L

nD
K

factorizes through hX ;D. Denote by

fZ;D : FD;K !
L
i A I

P�
i L

nD
Kð16Þ

the homomorphism such that fZ;DhX ;D ¼ hZ;D.

We equip FD with quotient metrics (from that of ED) so that FD becomes a Hermitian
vector bundle on SpecOK . Note that the quantity ddegdegðFDÞ is the normalized version of the
‘‘D-th height’’ of X , defined and studied in [43], §2.2.

Proposition 2.12. Assume that

sup
i A I

h
L
ðPiÞ <

m̂mmaxðFDÞ
D

� 1

2D
log r1ðDÞ; where r1ðDÞ ¼ rkðFDÞ:

Then the homomorphism fZ;D cannot be injective.

Proof. Assume that fZ;D is injective. There exists a subset I0 H I of cardinal r1ðDÞ
such that prI0

� fZ;D is injective. By Proposition 2.1 (i), we obtain that

m̂mmaxðFDÞe max
i A I0

Dh
L
ðPiÞ þ hðprI0

� fZ;DÞ:

Note that

hðprI0
� fZ;DÞe

1

2
log r1ðDÞ:

This leads to a contradiction. r
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3. The complexity of singular locus

In this section, we consider the following problem. Let K be a number field. Given a
closed subvariety X of a projective space Pn

K , we ask how to describe the complexity of the
singular locus of X by the arithmetic invariants of X . When X is a hypersurface in Pn de-
fined by a homogeneous polynomial FðT0; . . . ;TnÞ of degree d, the singular locus of X is
determined by the equations

F ¼ q

qT0
F ¼ � � � ¼ q

qTn

F ¼ 0:

Therefore the ideal of SingðXÞ is generated by n þ 2 polynomials of heighte dhðFÞ. In the
general case, the singular locus can be described by using the Jacobian criterion, provided a
system of generators of the ideal of X .

Given a subvariety X HPn of dimension d and of degree d, a method to con-
struct explicitly a system of polynomials defining X is to use the Chow form. The Chow
form FX of X is a multi-homogeneous polynomial of multi-degree ðd; . . . ; dÞ on the multi-
projective space ðPnÞdþ1. The general theory of Chow and van der Waerden [21] asserts
that set-theoretically any subvariety of dimension d and of degree d of Pn is uniquely deter-
mined by its Chow form.

Philippon [39] has defined the height of an arithmetic variety as that of its Chow form
and applied his height theory on criteria of algebraic independence. The Philippon height
can be compared to the Arakelov height [47], [41], [7]. As mentioned in the Introduction,
one can construct explicitly a system of generators of a projective variety from its Chow
form. This permits us in principle to understand the complexity of the singular locus of
the projective variety by using the Jacobian criterion. However, the polynomials in the gen-
erating system obtained from the Chow form usually have degrees much higher than d. For
example, if the projective variety is a hypersurface in a projective space defined by a homo-
geneous equation F of degree d, then the generating system obtained from the Chow form
will be the linear space of equations of the form FG, where G runs over all homogeneous
polynomials of degree dd. Therefore, if we try to estimate the complexity of the singular
locus of the variety by using this linear system, supplementary errors will occur in the pro-
cedure of di¤erential and also in that of taking the determinant.

In this article, we adopt the point of view of Cayley form. This approach is inspired
by [27], [16]. The construction of Cayley form is quite similar to that of Chow form. The
only di¤erence is that, in the construction of Chow form, we use Stiefel coordinates; while
in that of Cayley form, we use Plücker coordinates.

In the following, we recall the definition of Chow form and Cayley form, the compu-
tation of their heights, and the estimation of the complexity of the singular locus of a vari-
ety by using its Cayley form. In the rest of this section, let n A Nnf0g and E be a Hermitian
vector bundle of rank n þ 1. Denote by L the invertible sheaf OPðEÞð1Þ equipped with the
Fubini–Study metrics. By a sub-variety of PðEKÞ we mean a closed integral subscheme of
PðEKÞ.

3.1. Chow form and Cayley form. Let W be the product PðEKÞ � PðE4KÞ
dþ1 and G

be the incidence subvariety of W which classifies all points ðx; u0; . . . ; udÞ such that
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xðu0Þ ¼ � � � ¼ xðudÞ ¼ 0. Denote by p : W ! PðEKÞ and q : W ! PðE4KÞ
dþ1 the two pro-

jections.

Proposition 3.1. Let X HPðEKÞ be a subvariety. Then the set-theoretical intersection

GX p�1ðXÞ is irreducible. Furthermore, if we consider GX p�1ðXÞ as a reduced subvariety

of W , then the scheme-theoretical image q
�
GX p�1ðX Þ

�
is a hypersurface of multi-degree

ðd; . . . ; dÞ.

See [39] for an algebraic proof of this result in its generalized form, see [7], §4.3, for a
geometric proof.

The hypersurface in Proposition 3.1 corresponds to a subspace of rank one of

S dðE4KÞ
nðdþ1Þ whose saturation (see Notation 1) in S dðE4Þnðdþ1Þ determines a Hermitian

line subbundle FX of S dðE4Þnðdþ1Þ. The generic fibre FX ;K is called the Chow form

of X .

Remark 3.2. The Philippon height of the arithmetic variety X is defined as

hPhðX Þ :¼ 1

½K : Q�

�P
p

logkfXkp þ
P

s:K!C

log MsðfX Þ
�
;

where fX is a non-zero element in FX , and for any embedding s, Ms is the integral opera-
tor with respect to the Mahler measure associated to s. By [7], Theorem 4.3.8 (generalizing
some results in [47], [40]), the Philippon height of X is compared to the Arakelov height of
X with respect to L. Recall that the (relative) Arakelov height is defined as

h
L
ðXÞ :¼ 1

½K : Q�
ddegdeg
�
ĉc1ðLÞdþ1 � ½X�

�
;

where X is the Zariski closure of X in PðEÞ. One has

hPhðX Þ ¼ h
L
ðX Þ � 1

2
dðd þ 1ÞHn;

whereHn :¼ 1 þ 1

2
þ � � � þ 1

n
is the n-th partial sum of the harmonic series.

Moreover, one has the relation (cf. [7], Proposition 4.3.5 and Theorem 4.3.8)

0e h
L
ðXÞ þ m̂mðFX Þ þ

1

2
ðd þ 1Þ log

n þ d

d

� �
e

1

2
dðd þ 1ÞHn:ð17Þ

Let sðiÞ (0e ie d ) be variables taking values in the space of antisymmetric ho-
momorphisms from E4K to EK , and x be a variable valued in E4K . The mapping
ðsð0Þ; . . . ; sðdÞ; xÞ 7! FX ;Kðsð0Þx; . . . ; sðdÞxÞ is a multihomogeneous polynomial of degree d in
each sðiÞ and of degree ðd þ 1Þd in x. By specifying sðiÞ, one obtains a linear system JX ;K of
homogeneous polynomials of degree ðd þ 1Þd in x A E4K . The heights of these equations can
be estimated by the height of X . The linear system JX ;K defines a subscheme ~XX of PðEKÞ
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containing X . By [38], Lemma 11, it coincides with X on an open subscheme containing the
regular subscheme Xreg. Furthermore, one has ~XX red ¼ X .

In the following, we introduce a variant of the Chow form, called the Cayley form

of X . The advantage of the Cayley form is that we can construct from it a system of gen-
erators of X which are of degree d.

Recall that in the construction of the Chow form, one has actually used the Stiefel
coordinates of the Grassmannian. If we use Plücker coordinates instead, the same proce-
dure leads to the so-called Cayley form. Let �GG ¼ Grðd þ 1; E4KÞ be the Grassmannian which
classifies all quotients of rank d þ 1 of E4K (or equivalently, all subspaces of rank d þ 1 of
EK ). Denote by G 0 the incidence subvariety of PðEKÞ � �GG which classifies all points ðx;UÞ
such that xðUÞ ¼ 0 (here we consider U as a subspace of EK ). Let p 0 : PðEKÞ � �GG ! PðEKÞ
and q 0 : PðEKÞ � �GG ! �GG be the two projections.

Proposition 3.3 (see [27], §3.2.B). Let X HPðEKÞ be a subvariety of dimension d and

of degree d. The set-theoretical intersection G 0 X p 0�1ðX Þ is irreducible. Furthermore, if we

consider G 0 X p 0�1ðXÞ as a reduced subvariety of W 0, the scheme-theoretical image

q 0�G 0 X p 0�1ðXÞ
�

is a hypersurface of degree d of �GG.

Proof. The incidence variety G 0 is a fibration on PðEKÞ in Grassmannian varieties.
Since X is irreducible, also is G 0 X p 0�1ðX Þ ¼ p 0j�1

G 0 ðXÞ. Denote by Y ¼ G 0 X p 0�1ðXÞ, con-
sidered as a subvariety of G 0. The projection q 0 being proper, the image Z ¼ q 0ðYÞ is a
closed integral subscheme of �GG. Let x ¼ Spec K 0 be a geometric generic point of Z, which
corresponds to a subspace V of rank d þ 1 of EK 0 . The fibre Yx coincides with the sub-
scheme of XK 0 defined by vanishing on V . Note that the dimension of XK 0 is d. So q 0

maps Y birationally to Z and hence dim Z ¼ dim Y ¼ dim �GG � 1.

To calculate the degree of Z in �GG, we consider the following equality of cycle
classes:

½Z� ¼ ðq 0jG 0 Þ�ðp 0jG 0 Þ�½X � ¼ dðq 0jG 0 Þ�ðp 0jG 0 Þ�½U �;

where U is the projective space associated to an arbitrary quotient space of rank d þ 1
of EK . Note that ðq 0jG 0 Þ�ðp 0jG 0 Þ�½U � is just the first Schubert class in the Grassmannian �GG
(see [25], §14.7). Therefore the degree of Z is d. r

By Plücker’s morphism �GG ! PðLdþ1E4KÞ, the coordinate algebra Bð �GGÞ ¼
L

Df0

BDð �GGÞ

of �GG is a homogeneous quotient algebra of
L

Df0

S DðLdþ1E4KÞ. To explain the role played by

the Plücker coordinates, we consider the following construction. Denote by

y : E4K n ðLdþ1EKÞ ! LdEK

the subtraction homomorphism which sends xn ðx05� � �5xdÞ to

Pd
i¼0

ð�1Þ ixðxiÞx05� � �5xi�15xiþ15� � �5xd :
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Let ~GG be the subvariety of PðEKÞ � PðLdþ1E4KÞ which classifies the points ðx; aÞ such that
yðxn aÞ ¼ 0. Let

~pp : PðEKÞ � PðLdþ1E4KÞ ! PðEKÞ and ~qq : PðEKÞ � PðLdþ1E4KÞ ! PðLdþ1E4KÞ

be the two projections.

Proposition 3.4. Let X HPðEKÞ be a subvariety of dimension d and of degree d. The

set-theoretical intersection ~GGX ~pp�1ðXÞ is irreducible. Moreover, if we consider ~GGX ~pp�1ðXÞ
as a reduced subvariety of PðEKÞ � PðLdþ1E4KÞ, then the scheme-theoretical image
~qq
�
~GGX ~pp�1ðXÞ

�
is a hypersurface of degree d of PðLdþ1E4KÞ.

Denote by CX ;K the one-dimensional subspace of S dðLdþ1E4KÞ which defines the hy-
persurface in Proposition 3.4. We call it the Cayley form of X . The saturation of CX ;K in
S dðLdþ1EÞ, equipped with induced metrics, is called the Cayley form of X . Note that the
incidence variety G 0 of PðEKÞ � �GG is just the intersection of ~GG with PðEKÞ � �GG (embedded
in PðEKÞ � PðLdþ1E4KÞ via the Plücker morphism).

The relationship between the Plücker and the Stiefel coordinates (see [27], p. 101, for
details) leads to the following observation. Let cX be a representing element of CX ;K , con-
sidered as a homogeneous polynomial of degree d on Ldþ1E4K . Then the multihomogeneous
polynomial fX of multidegree ðd; . . . ; dÞ defined as8 > < > :

dþ1 copies

fX ðx0; . . . ; xdÞ :¼ cX ðx05� � �5xdÞ

spans the Chow form FX ;K of X .

Remark 3.5. Similarly to [7], Theorem 4.3.2, the following quantity can be com-
pared to the Arakelov height of X with respect to L:

~hhPhðXÞ :¼ 1

½K : Q�

�P
p

logkcXkp þ
P

s:K!C

log MsðcX Þ
�
:

One has, by [7], Lemma 4.3.4,

~hhPhðXÞ ¼ h
L
ðXÞ � 1

2
dHN ;

where

N ¼ rkðLdþ1EKÞ � 1 ¼ n þ 1

d þ 1

� �
� 1 and HN ¼ 1 þ 1

2
þ � � � þ 1

N
:

Moreover, by [7], Lemma 4.3.6, Remark 1.4.3 and Corollary 1.4.3, we obtain the following
relation:

0e ~hh
L
ðX Þ þ m̂mðCX Þ þ

1

2
log

N þ d

d

� �
e

1

2
dHN :
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By using the estimate

log
N þ d

d

� �
e d logðN þ 1Þ ¼ d log

n þ 1

d þ 1

� �
e dðd þ 1Þ logðn þ 1Þ � d log

�
ðd þ 1Þ!

�
;

one obtains the relation

m̂mðCX Þf�h
L
ðXÞ � d

2
ðd þ 1Þ logðn þ 1Þ þ d

2
log
�
ðd þ 1Þ!

�
:ð18Þ

We construct a system of generators of X from CX ;K . Choose a representative ele-
ment cX in CX ;K and consider it as a homogeneous polynomial of degree d on Ldþ1E4K .
Let x; y0; . . . ; yd be variables valued in EK and let x be a variable valued in E4K . For any
i ¼ 0; 1; . . . ; d, let zi ¼ xðxÞyi � xðyiÞx. As

z05� � �5zd

¼ xðxÞdþ1
y05� � �5yd �

Pd
i¼0

xðxÞdxðyiÞy05� � �5yi�15x5yiþ15� � �5yd

¼ xðxÞd

�
xðxÞy05� � �5yd �

Pd
i¼0

xðyiÞy05� � �5yi�15x5yiþ15� � �5yd

�
;

we obtain

cX ;Kðz05� � �5zdÞ

¼ xðxÞddcX ;K

�
xðxÞy05� � �5yd �

Pd
i¼0

xðyiÞy05� � �5yi�15x5yiþ15� � �5yd

�
:

By specifying x; y0; . . . ; yd in

cX ;K

�
xðxÞy05� � �5yd �

Pd
i¼0

xðyiÞy05� � �5yi�15x5yiþ15� � �5yd

�
;

we obtain a linear system IX ;K of polynomials of degree d on E4K , which also defines the
subscheme ~XX of PðEKÞ. In fact, an antisymmetric homomorphism E4K ! EK acting on an
element x in E4K can be written as a linear combination over K of elements of the form
xðxÞy � xðyÞx, where x and y are elements in EK .

Let IX be the saturated Hermitian vector subbundle of S dE whose generic fibre coin-
cides with IX ;K . We are interested in estimating the complexity of IX , for which we need the
following tensoriel construction of IX .

Consider the OK -linear homomorphism E n Enðdþ1Þ n E4! Ldþ1E sending

xn y0 n � � �n yd n x
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to

xðxÞy05� � �5yd �
Pd
i¼0

xðyiÞy05� � �5yi�15x5yiþ15� � �5yd ;

which induces a homomorphism

GdðEÞnGdðEÞnðdþ1Þ nGdðE4Þ ! GdðLdþ1EÞ;ð19Þ

where for any projective OK -module of finite type F , GdðFÞ is the sub-OK -module of Fnd

consisting of all elements which are invariant by the action of the symmetric group Sd .
By the canonical isomorphism GdðFÞ4GS dðF4Þ, we obtain from (19) a homomor-
phism

S dðLdþ1E4Þ ! S dðE4ÞnS dðE4Þnðdþ1Þ nS dðEÞ

by duality. Denote by fX the composed homomorphism

CX ! S dðLdþ1E4Þ ! S dðE4ÞnS dðE4Þnðdþ1Þ nS dðEÞ;

where CX is the submodule of S dðLdþ1E4Þ corresponding to the Cayley form. Then IX is
just the saturation of the image (see the paragraph below (6) for definition) of fX ðCX Þ (with
induced metrics) in S dðEÞ.

Proposition 3.6. With the above notation, the following inequality holds:

m̂mminðIX Þf�h
L
ðX Þ � C1;ð20Þ

where the constant C1 ¼ C1ðE ; d; dÞ is defined as

C1 ¼ ðd þ 2Þm̂mmax

�
S dðE4Þ

�
þ 1

2
ðd þ 2Þ log

n þ d

d

� �
þ %ðdþ2Þ�GdðEÞ

�
ð21Þ

þ d

2
log
�
ðd þ 2Þðn � dÞ

�
þ d

2
ðd þ 1Þ logðn þ 1Þ:

Proof. By Proposition 2.1 and Lemma A.1 (ii), the slope of fX ðCX Þ is estimated as
follows:

m̂m
�

fX ðCX Þ
�
f m̂mðCX Þ � hð fX Þf m̂mðCX Þ �

d

2
log
�
ðd þ 2Þ! � ðn � dÞ

�
:

By (18), this implies

m̂m
�

fX ðCX Þ
�
f�h

L
ðX Þ � d

2
log
�
ðd þ 2Þðn � dÞ

�
� d

2
ðd þ 1Þ logðn þ 1Þ:ð22Þ
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By Proposition 2.4 (see also Remark 2.5), we obtain

m̂mminðIX Þf m̂m
�

fX ðCX Þ
�
� ðd þ 2Þm̂mmax

�
S dðE4Þ

�
ð23Þ

� %ðdþ2Þ�GdðEÞ
�
� 1

2
ðd þ 2Þ log rkðS dEÞ:

Combining (22) with (23) (note that rkðS dEÞ ¼ n þ d

d

� �
), one obtains (20). r

Remark 3.7. By [5] (see also [30], [26]), one obtains m̂mmax

�
S dðE4Þ

�
f

E
d. Further-

more, one has %ðdþ2Þ�GdðEÞ
�
f log rkðS dEÞe d logðn þ 1Þ. Therefore, C1 fE ;d d.

3.2. Complexity of the singular locus. In the previous subsection, we have con-
structed explicitly a linear system IX ;K which defines a subscheme ~XX of PðEKÞ contain-
ing X . Since ~XX red ¼ X (see [38], Lemma 11), we obtain ~XX reg HXreg, where ~XX reg and Xreg

are respectively the open subschemes of all regular points of ~XX and of X . Moreover,
since ~XX coincides with X on a dense open subset (loc. cit.), ~XX reg is a dense open subscheme
of X . By using the Jacobian criterion, we shall construct from IX ;K a linear system defining
the singular locus ~XX sing of ~XX , which contains Xsing, the singular locus of X . Before discus-
sing the complexity of ~XX , we treat a slightly general case where we consider a Hermitian
subbundle of certain symmetric power of E and estimate the complexity of linear systems
constructed from minors of its Jacobian matrix.

For any integer af 1, denote by Da : S aE ! E nS a�1E the homomorphism of deri-

vation which sends x1 � � � xa to
Pa
i¼1

xi n ðx1 � � � xi�1xiþ1 � � � xaÞ. Suppose that I is a Hermitian

subbundle of S aE and that r is an integer such that rf 1. We denote by g
ðrÞ
I the following

composed homomorphism:

Inr �! S aðEÞnr �!Dnr
a

Enr nS a�1ðEÞnr �! LrE nS ða�1ÞrðEÞ;

where the last arrow is induced by canonical homomorphisms Enr ! LrE and
S a�1ðEÞnr ! S ða�1ÞrE . Let F

ðrÞ
I be the image of g

ðrÞ
I , equipped with induced metrics. Denote

by I ðrÞ the image of F
ðrÞ
I in S ða�1ÞrE .

Theorem 3.8. With the above notation, the following inequality holds:

m̂mminðI ðrÞÞf rm̂mminðI Þ � C2;ð24Þ

where the constant C2 ¼ C2ðE ; r; aÞ is defined as

m̂mmaxðLrEÞ þ r log rkðS aEÞ þ log rkðLrEÞ þ log
ffiffiffiffi
r!

p
þ r log a:ð25Þ

Proof. By Lemma A.1 (iii) and (iv), the height of g
ðrÞ
I is bounded from above by

log
ffiffiffiffi
r!

p
þ r log a. Therefore, Proposition 2.1 (ii) shows that

m̂mminðF
ðrÞ
I Þf m̂mminðInrÞ � log

ffiffiffiffi
r!

p
� r log að26Þ

¼ rm̂mminðI Þ � %ðrÞðI4Þ � log
ffiffiffiffi
r!

p
� r log a;
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where F
ðrÞ
I is the image of g

ðrÞ
I , equipped with induced metrics. Note that (see (6))

%ðrÞðI4Þe r

2
logðrk IÞe r

2
logðrk S aEÞ:

By Proposition 2.4, one has

m̂mminðI ðrÞÞf m̂mminðF
ðrÞ
I Þ � m̂mmaxðLrEÞ � %ðLrE4;F

ðrÞ
I Þ � 1

2
logðrkLrEÞ:ð27Þ

Therefore the required estimation follows from (26), (27) and the inequality

%ðLrE4;F
ðrÞ
I Þe 1

2
logðrkLrEÞ þ 1

2
r logðrk S aEÞ: r

Remark 3.9. (i) One has C2ðE ; r; aÞfE ; r a.

(ii) When E is a direct sum of Hermitian line bundles, the term %ðLrE4;F
ðrÞ
I Þ van-

ishes. Hence we can choose C2 to be

m̂mmaxðLrEÞ þ r

2
log rkðS aEÞ þ 1

2
log rkðLrEÞ þ log

ffiffiffiffi
r!

p
þ r log a:

(iii) If Bost’s conjecture (see §2.2) is true, then we can choose

C2 ¼ m̂mmaxðLrEÞ þ 1

2
log rkðLrEÞ þ log

ffiffiffiffi
r!

p
þ r log a:

We apply Theorem 3.8 on IX HS dE and on r ¼ n � d. By using the estimate (18), we
obtain the following result:

Theorem 3.10. Let X HPðEKÞ be a subvariety of dimension d and of degree d. De-

note by X the Zariski closure of X in PðEÞ. There exists a Hermitian vector subbundle M

of S ðd�1Þðn�dÞE satisfying

m̂mminðMÞf�ðn � dÞh
L
ðXÞ � C3ð28Þ

and such that the subscheme of PðEÞ defined by the vanishing of M contains the singular loci

of fibres of X but not the generic point of X, where the constant C3 ¼ C3ðE ; d; dÞ is defined

as

ðn � dÞC1ðE ; d; dÞ þ C2ðE ; n � d; dÞ:

Moreover, one has C3ðE ; d; dÞf
E ;d d.

Proof. We take M ¼ I
ðn�dÞ
X , where IX is defined in the paragraph below (19). Let ~XX

be the subvariety of PðEKÞ defined by the vanishing of IX ;K and ~XX be its Zariski closure
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in PðEÞ (which is defined by vanishing of IX since IX is saturated). By the Jacobian crite-
rion, the subscheme of PðEÞ defined by vanishing of M coincides with the locus of singular
points of fibres of ~XX, which contains the locus of singular points of fibres of X. The inequal-
ity (28) is a consequence of (24) and (20). The last assertion results from Remarks 3.7 and
3.9 (i). r

4. Estimations of Hilbert–Samuel functions

In this section, we discuss the estimations of the geometric and arithmetic Hilbert–
Samuel functions. We fix in this section a Hermitian vector bundle E of rank n þ 1 over
SpecOK and a subvariety X HPðEKÞ which is of dimension d f 1 and of degree d. Denote
by X the Zariski closure of X in PðEÞ. Let L ¼OPðEÞð1Þ be the universal line bundle. We
equip it with the Fubini–Study metrics to obtain a Hermitian line bundle L on PðEÞ. For
any integer Df 1, let ED :¼ H 0

�
PðEÞ;LnD

�
and rðDÞ be its rank; let FD be the saturation

of the image of ED in H 0ðX;LjnD
X Þ by the homomorphism of restriction of sections and let

r1ðDÞ :¼ rk FD.

4.1. Estimations of the geometric Hilbert–Samuel function. In this section, we recall
several known results on explicit estimations of the geometric Hilbert–Samuel function. Let
X HPðEKÞ be a closed subvariety of dimension d and of degree d. We assume that d < n.
The (geometric) Hilbert–Samuel function of X is by definition the function on Nnf0g
which sends D A Nnf0g to the rank of H 0ðX ;LjnD

X Þ. By the asymptotic Riemann–Roch
Theorem, one has the following relation:

rk H 0ðX ;LjnD
X Þ ¼ d

d!
Dd þ OðDd�1Þ:

However, here our concern is to obtain the upper and lower bounds of this quantity which
hold for any D in Nnf0g except an explicit finite subset. In this direction there is a result of
Kollár and Matsusaka [36] which asserts that when X is normal, one has

rk H 0ðX ;LjnD
X Þ � d

d!
Dd þ ðKX � Ljd�1

X Þ
2ðd � 1Þ! Dd�1

����eC � Dd�2;

�����
where C is an explicitly computable constant depending only on d and ðKX � Ljd�1

X Þ, KX

being the dualizing line bundle of X . However, here we need the estimates independent
of the dualizing sheaf (but asymptotically less precise than that of Kollár and Matsu-
saka). For the upper bound, we refer to the following result of Chardin [18] (see also [46],
[1]).

Proposition 4.1. For any integer Df 1, one has

rk H 0ðX ;LjnD
X Þe d

D þ d � 1

d

� �
þ D þ d � 1

d � 1

� �
:ð29Þ

The proof relies on the generic hyperplane intersection of X and proceeds by induc-
tion on the dimension d. For details, see [1], §1.2.
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Remark 4.2. Chardin has actually proved the following upper bound for the func-
tion r1ðDÞ:

EDf 1; r1ðDÞ ¼ rk FD e d
D þ d

d

� �
:ð30Þ

As for the lower bound of rk H 0ðX ;LjnD
X Þ, the following is an elementary result,

which can be found in the book of Kollár [35].

Proposition 4.3. For any integer Df d, one has

rk H 0ðX ;LjnD
X Þf d

d!
ðD þ 1 � dÞd :

The proof consists of projecting generically X to a hypersurface of degree d, which we
refer to [35], p. 92.

In [46], Sombra has proved the following (optimal) lower bound for the function
r1ðDÞ, which holds for all D.

Proposition 4.4. For any integer Df 1, one has

r1ðDÞf D þ d þ 1

d þ 1

� �
� D � dþ d þ 1

d þ 1

� �
:ð31Þ

4.2. Lower bound of the arithmetic Hilbert–Samuel function. In this subsection, we
reformulate a result of David and Philippon [22] on an explicit lower bound of the arith-
metic Hilbert–Samuel function in the framework of the slope method. Note that their
argument relies on the higher Chow forms introduced by Philippon [39]. We begin with
a reminder on it.

Let mf 1 be an integer. Denote by Wm the product variety PðEKÞ � P
�
S mðEKÞ4

�dþ1
.

Let Gm HWm be the incidence subvariety classifying all points ða; u0; . . . ; udÞ such that
anmðu0Þ ¼ � � � ¼ anmðudÞ ¼ 0, where we have considered a quotient of rank one of
S mðEKÞ4 as a subspace of rank one of S mðEKÞ. Denote by pm : Wm ! PðEKÞ and
qm : Wm ! P

�
S mðE4KÞ

�dþ1
the two projections.

The following proposition asserts the existence of the higher Chow forms, which gen-
eralizes Proposition 3.1. This result has also been proved in [39]. See [7] for a geometric
proof.

Proposition 4.5. Let X HPðEKÞ be a subvariety. Then the set-theoretical intersection

Gm X p�1
m ðXÞ is irreducible. Furthermore, if we consider Gm X p�1

m ðXÞ as a reduced subvari-

ety of W , then the scheme-theoretical image qm

�
Gm X p�1

m ðXÞ
�

is a hypersurface of multi-

degree ðdmd ; . . . ; dmdÞ.

Denote by F
½m�
X the Hermitian line subbundle of S dmd�

S mðEÞ4
�nðdþ1Þ

corresponding

to the hypersurface in Proposition 4.5. By definition, one has FX ¼ F
½1�
X .
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Remark 4.6. By [7], Proposition 4.3.5 and Theorem 4.3.8, the following relation
holds:

0e m̂mðF½m�
X Þ þ mdþ1h

L
ðXÞ þ 1

2
ðd þ 1Þ log

Nm þ mdd

mdd

� �
e

1

2
mddðd þ 1ÞHNm

;

where

Nm ¼ rk
�
S mðE4KÞ

�
� 1 ¼ n þ m

n

� �
� 1 and HNm

¼ 1 þ 1

2
þ � � � þ 1

Nm

:

In particular, one has

m̂mðF½m�
X Þe�mdþ1h

L
ðXÞ � 1

2
ðd þ 1Þ log

Nm þ mdd

mdd

� �
þ 1

2
mddðd þ 1ÞHNm

:

By using the estimate

log
Nm þ mdd

mdd

� �
fmdd logðNm þ 1Þ � log

�
ðmddÞ!

�
;

we obtain the inequality

m̂mðF½m�
X Þe�mdþ1h

L
ðXÞ þ 1

2
ðd þ 1Þmdd logðmddÞ:ð32Þ

In order to obtain an e¤ective estimate of the arithmetic Hilbert–Samuel function, we
need the following algebraic construction of F

½m�
X given by Philippon in [39].

Denote by A the symmetric algebra SymOK
ðEÞ. The algebra A identifies withL

Df0

H 0
�
PðEÞ;LnD

�
. For any integer mf 1, define

O
½m�
K :¼ SymOK

�
S mðEÞ4lðdþ1Þ�;ð33Þ

A½m� :¼ SymOK

�
E lS mðEÞ4lðdþ1Þ�G Sym

O
½m�
K

ðO ½m�
K nOK

EÞ:ð34Þ

As a symmetric algebra, the OK -algebra O
½m�
K is naturally graded. We equip A½m� with the

grading which is induced from that of A, or equivalently the natural grading corresponding
to the symmetric O

½m�
K -algebra structure of Sym

O
½m�
K

ðO ½m�
K nOK

EÞ.

For i A f0; 1; . . . ; dg, let tri be the image of the trace element of S mðEÞnS mðEÞ4
in A½m� via the ði þ 1Þ-th component of S mðEÞ4lðdþ1Þ. It is a homogeneous element of de-
gree m in A½m�. Recall that the trace element corresponds to Id : S mðEÞ ! S mðEÞ through
the natural isomorphism S mðEÞnS mðEÞ4GHomOK

�
S mðEÞ;S mðEÞ

�
. Let I be the kernel

of the restriction homomorphism A !
L

Df0

H 0ðX;LnDÞ. It is a homogeneous ideal of A.
Denote

I½m� ¼ A½m�Iþ A½m� tr0 þ � � � þ A½m� trd :ð35Þ

It is a homogeneous ideal of A½m�.
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Proposition 4.7. (i) The ideal

C½m�I :¼
S

Df0

ðI½m� :
O

½m�
K

ADÞ

of O
½m�
K is principal, and is generated by F

½m�
X .

(ii) Assume that Df ðn � dÞðd� 1Þ þ 1. Then for any integer mf 1, one has

ðI½m� :
O

½m�
K

ADþmðdþ1Þ�dÞ3 0:

See [39], Proposition 1.5, for the proof of (i), and [22], Proposition 4.2, for that of (ii);
see also [22], p. 528.

By using Proposition 4.7, we obtain the following lower bound of the arithmetic
Hilbert–Samuel function, which reformulates [22], Proposition 4.10, in the language of
the slope theory.

Theorem 4.8. Let X HPðEKÞ be a closed subvariety of dimension d and of de-

gree d, X be the Zariski closure of X in PðEÞ. For any integer Df 1 let AD ¼ S DE and let ID

be the kernel of the restriction homomorphism AD ! H 0ðX;LnDÞ. Then, for any integer

Df ðn � dÞðd� 1Þ þ 1, one has

m̂mðAD=IDÞð36Þ

f

�
D � ðn � dÞðd� 1Þ � 1

�dþ1

ðd þ 1Þdþ1
r1ðDÞ

½h
L
ðXÞ � dðd þ 1Þm̂mminðEÞ�

� d

2

�
D � ðn � dÞðd� 1Þ � 1 þ d

�d

ðd þ 1Þd�1
r1ðDÞ

log

 
D � ðn � dÞðdÞ � 1 þ d

d þ 1

� �d

d

!

� 1

2
D logðn þ 1Þ � %ðDr1ðDÞÞðE4Þ

r1ðDÞ ;

where r1ðDÞ ¼ rk FD ¼ rkðAD=IDÞ.

Proof. Let m A Nnf0g be a parameter which will be chosen in the end of the proof.
Let O

½m�
K , A½m� and I½m� be as in (33), (34) and (35) respectively. For any integer Df 1, A

½m�
D

is a projective O
½m�
K -module of rank

D þ n

n

� �
. The D-th homogeneous component I

½m�
D

of I½m� can be considered as a sub-O
½m�
K -module of A

½m�
D . By definition, one has

I
½m�
D ¼O

½m�
K ID lO

½m�
K AD�m tr0 l � � �lO

½m�
K AD�m trd :

Consider M
½m�
D :¼ L

Dþn
nð Þ

O
½m�
K

I
½m�
D . It is a sub-O

½m�
K -module of

L
Dþn

nð Þ
O

½m�
K

A
½m�
D GO

½m�
K nOK

detðADÞ;ð37Þ
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so it determines an ideal of O
½m�
K by twisting the module by detðADÞ4. Note that here

detðADÞ is defined as L
rkðADÞ
OK

AD. Let I
½m�
D ¼ ID lAD�m tr0 l � � �lAD�m trd . One has

M
½m�
D ¼O

½m�
K nOK

L
Dþn

nð Þ
OK

I
½m�
D . By Proposition 4.7 (ii), if

Df ðn � dÞðd� 1Þ þ 1 þ mðd þ 1Þ � d

(which we always assume in the rest of the proof), then ðI½m�
D :

O
½m�
K

ADÞ3 0. Therefore
M

½m�
D 3 0, and hence the canonical image of

detID nL
r1ðDÞ
OK

ðAD�m tr0 l � � �lAD�m trdÞ

in Lrk AD

OK
I
½m�
D is non-zero. By definition of the Chow form, the canonical homomorphism

detðADÞ4n detðIDÞnL
rkðAD=IDÞ
OK

ðAD�m tr0 l � � �lAD�m trdÞ ! S r1ðDÞ�S mðEÞ4
�

factors through

F
½m�
X n

L
i0þ���þid¼rD;m

Nd
j¼0

S mðEÞ4nij ;

where rD;m ¼ r1ðDÞ � dðd þ 1Þmd . Hence the slope inequality implies

�r1ðDÞ � m̂mðAD=IDÞ þ m̂mmin

�
L

r1ðDÞ
OK

ðAlðdþ1Þ
D�m Þ

�
ð38Þ

e m̂mðF½m�
X Þ þ max

i0þ���þid¼rD;m

m̂mmax

�Nd
j¼0

S mðEÞ4nij

�
;

where AD is equipped with symmetric product metrics.

By Proposition 2.1 (ii) and Lemma A.1 (iv), one obtains

m̂mmin

�
L

r1ðDÞ
OK

ðAlðdþ1Þ
D�m Þ

�
f m̂mmin

�
ðAlðdþ1Þ

D�m Þnr1ðDÞ�� 1

2
r1ðDÞ log r1ðDÞð39Þ

¼ m̂mminðA
nr1ðDÞ
D�m Þ � 1

2
r1ðDÞ log r1ðDÞ:

Note that AD�m is a quotient of EnD�m. Hence

m̂mminðA
nr1ðDÞ
D�m Þf m̂mminðEnðD�mÞr1ðDÞÞð40Þ

f r1ðDÞðD � mÞm̂mminðEÞ � %ððD�mÞr1ðDÞÞðE4Þ:

Furthermore, if i0; . . . ; id are positive integers such that i0 þ � � � þ id ¼ rD;m, then

m̂mmax

�Nd
j¼0

S mðEÞ4nij

�
¼ �m̂mmin

�Nd
j¼0

S mðEÞnij

�
ð41Þ

e�m̂mminðEnmrD;mÞe�mrD;mm̂mminðEÞ þ %ðmrD;mÞðE4Þ;

where we remind that rD;m :¼ r1ðDÞ � dðd þ 1Þmd .
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Combining the inequalities (38)–(41), we obtain

m̂mðAD=IDÞf� m̂mðF½m�
X Þ

r1ðDÞ � 1

2
log
�
r1ðDÞ

�
þ Dm̂mminðEÞð42Þ

� dðd þ 1Þ mdþ1

r1ðDÞ m̂mminðEÞ �
%ðDr1ðDÞÞðE4Þ

r1ðDÞ ;

where we have applied (4) and used the fact that
�
%ðnÞðE4Þ

�
nf1

is an increasing sequence.

By (32) and the estimate r1ðDÞe rkðADÞe ðn þ 1ÞD, we obtain

m̂mðAD=IDÞf
mdþ1

r1ðDÞ ½hLðXÞ � dðd þ 1Þm̂mminðEÞ� �
1

2
ðd þ 1Þmdd logðmddÞ

r1ðDÞð43Þ

� 1

2
D logðn þ 1Þ þ Dm̂mminðEÞ �

%ðDr1ðDÞÞðE4Þ
r1ðDÞ :

Since the inequality (43) holds for any m satisfying Df ðn � dÞðd� 1Þ þ 1 þ mðd þ 1Þ � d,
and since the term h

L
ðXÞ � dðd þ 1Þm̂mminðEÞ is non-negative (see [7], Proposition 3.2.4), by

taking

m ¼ D � ðn � dÞðd� 1Þ � 1 þ d

d þ 1

� 
f

D � ðn � dÞðd� 1Þ � 1

d þ 1
;

we obtain the theorem. r

Remark 4.9. As an OK -module, AD is isomorphic to ED. However, the symmetric
product metrics on AD di¤er from those of ED (see §2.3, notably Remark 2.6). Thus, if
we equip FD with the quotient metric of those of ED, then for any integer
Df ðn � dÞðd� 1Þ þ 1, one has

m̂mðFDÞf
�
D � ðn � dÞðd� 1Þ � 1

�dþ1

r1ðDÞðd þ 1Þdþ1
½h

L
ðX Þ � dðd þ 1Þm̂mminðEÞ�ð44Þ

� d

2

�
D � ðn � dÞðd� 1Þ � 1 þ d

�d

r1ðDÞðd þ 1Þd�1
log

 
D � ðn � dÞðdÞ � 1 þ d

d þ 1

� �d

d

!

� D logðn þ 1Þ þ Dm̂mminðEÞ �
%ðDr1ðDÞÞðE4Þ

r1ðDÞ ;

where we have used the estimate rkðEDÞe ðn þ 1ÞD. Recall the following explicit estimates
of the rank of FD by functions on D, d, and d (see Remark 4.2):

r1ðDÞe d
D þ d

d

� �
e

d

d!
ðD þ dÞd :

Moreover, for Df d, one has (by [46])
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r1ðDÞf D þ d þ 1

d þ 1

� �
� D � dþ d þ 1

d þ 1

� �
¼
Pd
j¼1

D � dþ d þ j

d

� �
f

dðD � dþ 2Þd

d!
:

Combining (44), we obtain that the following inequality holds for any integer D such that
Df ðn � dÞðd� 1Þ þ 1:

1

D
m̂mðFDÞfC4ðD; d; dÞ½hPhðXÞ � dðd þ 1Þm̂mminðEÞ� � C5ðD; n; EÞ;ð45Þ

where the constants C4 and C5 are defined as

C4ðD; d; dÞ ¼ d!

dðd þ 1Þdþ1

D � ðn � dÞðd� 1Þ � 1

D þ d

� �dþ1

;ð46Þ

C5ðD; n; EÞ ¼ logðn þ 1Þ � m̂mminðEÞ �
%ðDr1ðDÞÞðE4Þ

Dr1ðDÞð47Þ

þ d!

2ðd þ 1Þd�1

D � ðn � dÞðd� 1Þ � 1 þ d

D � dþ 2

� �d

� D�1 log
D � ðn � dÞðd� 1Þ � 1 þ d

d þ 1
dd

� �� �
:

Note that one has

C4ðD; d; dÞf d!=dð2d þ 2Þdþ1

and

C5ðD; n; EÞe logðn þ 1Þ � m̂mminðEÞ �
%ðDr1ðDÞÞðE4Þ

Dr1ðDÞ þ 2d

once Df 2ðn � dÞðd� 1Þ þ d þ 2.

4.3. Upper bound of the arithmetic Hilbert–Samuel function. We show that a variant
of Proposition 2.1 permits us to obtain an upper bound of the (normalized) arithmetic
Hilbert–Samuel function m̂mðFDÞ. We actually find an explicit upper bound of m̂mmaxðFDÞ
which holds for any Df 1. Let us begin by a reminder on the essential minimum.

Denote by K an algebraic closure of K. Let X be a subvariety of PðEKÞ. The essential

minimum of X (relatively to the Hermitian line bundle L) is by definition

m̂messðXÞ :¼ sup
j3UHX

U open in X

inf
P AUðKÞ

h
L
ðPÞ:

By [48], Lemma 6.5, the essential minimum m̂messðXÞ is finite, and one has the following
estimate:

m̂messðXÞe
h
L
ðX Þ
d

;ð48Þ

where h
L
ðXÞ is the Arakelov height of X with respect to L, and d is the degree of X .

25Chen, Explicit uniform estimation of rational points I



Theorem 4.10. For any integer Df 1, one has

m̂mmaxðFDÞeDm̂messðX Þ þ 1

2
log r1ðDÞ:ð49Þ

Proof. Let t be a real number such that t > m̂messðX Þ. Denote by B t the class of alge-
braic points P of X such that h

L
ðPÞe t. Let jD be the evaluation map

FD;K !
L

P AB t

P�LnD

K
:

By definition, the family B t is Zariski dense in X , so jD is injective. By Proposition 2.12,
one has

m̂mmaxðFDÞeDt þ 1

2
log r1ðDÞ:

Since t > m̂messðXÞ is arbitrary, we obtain the assertion. r

Remark 4.11. The inequality (49), combined with the estimates (48) and the trivial
estimate r1ðDÞe ðn þ 1ÞD, gives an explicit upper bound for m̂mmaxðFDÞ in terms of the de-
gree, the dimension and the Arakelov height of X :

EDf 1; m̂mmaxðFDÞe
h
L
ðXÞ
d

D þ D

2
logðn þ 1Þ:ð50Þ

A. Computation of norms of linear operators

In this appendix, we compute the operator norms of several operators acting on
tensor powers of a Hermitian vector space. These computations have been useful in the
application of the slope inequalities, notably in the estimation of the heights of K-linear
homomorphisms.

Lemma A.1. Let m A N and V be a Hermitian space of dimension m.

(i) The canonical homomorphism a : V nV4! C has norm
ffiffiffiffi
m

p
.

(ii) For any d A f0; . . . ;m � 1g, denote by bd : V nVnðdþ1Þ nV4! Ldþ1V the

homomorphism which sends xn y0 n � � �n yd n x to

xðxÞy05� � �5yd �
Pd
i¼0

xðyiÞy05� � �5yi�15x5yiþ15� � �5yd :

Then the norm of bd is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd þ 2Þ!ðm � d � 1Þ

p
.
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(iii) For any integer a such that af 1, denote by Da : S aV ! V nS a�1V the homo-

morphism which sends v1 � � � va to

Pa
i¼1

vi n ðv1 � � � vi�1viþ1 � � � vaÞ:

Then the norm of Da is a.

(iv) Let r be an integer such that 1e rem. Denote by gr : Vnr ! LrV the canonical

homomorphism. The norm of gr is
ffiffiffiffi
r!

p
.

Proof. Let ðeiÞm
i¼1 be an orthonormal basis of V and let ðe4i Þ

m
i¼1 be its dual basis,

which is an orthonormal basis of V4.

(i) The homomorphism a sends

P
1ei; jem

lijei n e4j to
Pm
i¼1

lii:

Hence kak ¼
ffiffiffiffi
m

p
.

(ii) Note that bd sends
P

i; j;k

li; j;kei n ej0 n � � �n ejd n e4k to

P
i; j;k

li; j;k

�
dikej05� � �5ejd �

Pd
a¼0

djakej05� � �5eja�1
5ei5ejaþ1

5� � �5ejd

�
;ð51Þ

where j stands for ð j0; . . . ; jdÞ, and dab ¼ 1 if a ¼ b and dab ¼ 0 else. Let u0; . . . ; ud be inte-
gers such that 1e u0 < � � � < ud em and u ¼ ðu0; . . . ; udÞ. The symmetric group Sdþ1 acts
on f1; . . . ;mgdþ1 by permuting the components. In other words, s A Sdþ1 sends ðv0; . . . ; vdÞ
to ðvsð0Þ; . . . ; vsðdÞÞ. Denote by sgn : Sdþ1 ! fG1g the sign function. If we write (51) as
a linear combination in the basis ðev0

5� � �5evd
Þ1ev0<���<vdem, then the coe‰cient of

eu0
5� � �5eud

is

P
s ASdþ1

Pm
i¼1

sgnðsÞli;sðuÞ; i �
Pd
a¼0

P
s ASdþ1

Pm
k¼1

sgnðsÞlusðaÞ;sða; kÞðuÞ;kð52Þ

¼
P

s ASdþ1

P
1eiem

i3usð0Þ;...;usðdÞ

sgnðsÞli;sðuÞ; i �
Pd
a¼0

P
s ASdþ1

P
1ekem
k3usðaÞ

sgnðsÞlusðaÞ;sða; kÞðuÞ;k;

where sða;kÞðuÞ ¼ ðusð0Þ; . . . ; usða�1Þ; k; usðaþ1Þ; . . . ; uðsðdÞÞÞ. If a and b are two integers such
that 0e a3 be d, and if s A Sdþ1, we denote by sa;b an element of Sdþ1 such that
sa;bðcÞ ¼ sðcÞ for any c A f0; . . . ; dgnfa; bg and that sa;bðaÞ ¼ sðbÞ, sa;bðbÞ ¼ sðaÞ. Note
that, with this notation, the equality

lusðaÞ;sða; kÞðuÞ;k ¼ l
usa; bðbÞ;s

ðb; kÞ
a; b

ðuÞ;k
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holds provided that k ¼ usðbÞ. Moreover, one has sgnðsÞ ¼ �sgnðsa;bÞ. Therefore, the for-
mula (52) may be simplified as

P
s ASdþ1

P
1eiem

i3usð0Þ;...;usðdÞ

sgnðsÞli;sðuÞ; i �
Pd
a¼0

P
s ASdþ1

P
1ekem

k3usð0Þ;...;usðdÞ

sgnðsÞlusðaÞ;sða; kÞðuÞ;k:

Hence the norm of bd is equal to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd þ 2Þ!ðm � d � 1Þ

p
.

(iii) For any J ¼ ðJlÞm
l¼1 A Nm, let

jJj ¼ J1 þ � � � þ Jm; J! ¼ J1! � � � Jm! and eJ ¼ eJ1

1 � � � eJm
m A S jJjH.

Then ðeJÞjJj¼a is an orthogonal base of S aV . Note that the norm of eJ is
ffiffiffiffiffiffiffiffiffiffiffi
J!=a!

p
. For any

integer l ¼ 1; . . . ;m, let al be the element in Nm whose l-th coordinate is 1 and whose other
coordinates are zero. If x ¼

P
jJ 0 j¼a

lJ 0eJ 0
is an element of S aV , the homomorphism Da sends x

to

P
jJ 0j¼a

lJ 0
Pm
l¼1

J 0
l el n eJ 0�aðlÞ ¼

P
jJj¼a�1

Pm
l¼1

ðJl þ 1ÞlJþaðlÞel n eJ ;

where we have used the convention eJ ¼ 0 if J B Nm. Therefore

kDaðxÞk2 ¼
P

jJj¼a�1

Pm
l¼1

ðJl þ 1Þ2l2
JþaðlÞ

J!

ða � 1Þ!

¼
P

jJj¼a�1

Pm
l¼1

ðJl þ 1Þl2
JþaðlÞ

ðJ þ aðlÞÞ!
ða � 1Þ! ¼ a

P
jJ 0 j¼a

l2
J 0

J 0!

a!

Pm
l¼1

J 0
l ¼ a2kxk2:

Hence the norm of Da is a.

(iv) The homomorphism gr sends
P

i

liei1 n � � �n eir to
P

i

liei15� � �5eir , where

i ¼ ði1; . . . ; irÞ A f1; . . . ;mgr. The symmetric group Sr acts on f1; . . . ;mgr such that s A Sr

sends ði1; . . . ; irÞ to ðisð1Þ; . . . ; isðrÞÞ. With this notation,
P

i

liei15� � �5eir is simplified as

P
1ei1<���<irem

� P
s ASr

sgnðsÞlsðiÞ
�

ei15� � �5eir :

As ðei15� � �5eirÞ1ei1<���<irem is an orthonormal basis of LrV , we obtain that

kgrk ¼
ffiffiffiffiffiffiffiffiffiffi
KSr

p
¼

ffiffiffiffi
r!

p
. r
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1989), Astérisque 198–200 (1991), 355–371.

[48] S. Zhang, Positive line bundles on arithmetic varieties, J. Amer. Math. Soc. 8 (1995), no. 1, 187–221.
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