OKOUNKOV BODIES: AN APPROACH OF FUNCTION
FIELD ARITHMETIC

Huayi Chen

Abstract. — By using the method of function field arithmetic, we associate,
to each graded linear series which is birational and of sub-finite type, a convex
body whose Lebesgue measure identifies with the volume of the graded linear
series. This approach allows to remove the hypothesis on the existence of
a regular rational point, which appears for example in the construction of
Lazarsfeld and Mustata. Moreover, it requires less non-intrinsic parameters of
the projective variety.
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1. Introduction

The theory of Okounkov bodies, initialized by Okounkov [16), 17| and then
developed by Lazarsfeld and Mustata [15], and Kaveh and Khovanskii [11], [10]
respectively, is an efficient tool to study the asymptotic behaviour of graded
linear series on projective varieties. Let X be an integral projective scheme of
Krull dimension d over a field k and L be an invertible O x-module. This theory
associates to each graded linear series of L a convex body (called Okounkov
body) of R? whose Lebesgue measure is equal to the volume of the graded
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linear series divided by d! (under mild conditions on the graded linear series).
The construction relies on the choice of a valuation of the rational function
field k(X) valued in the group Z? equipped with a monomial order, such that
the residue field of the valuation coincides with k. This valuation can be
constructed through the choice of a flag of smooth subschemes of X containing
a regular rational point (see [I5]). From the point of view of birational
geometry, the dependence of the Okounkov body on the choice of the valuation
is a subtle problem. We refer the readers to [13] for a detailed discussion on
the convex bodies appearing as Okounkov bodies of divisors, see also [15, §5].
Moreover, the existence of a regular rational point actually implies that the k-
scheme is geometrically irreducible. Although interesting consequences of the
Okounkov convex body approach, such as Fujita approximation and the volume
as a limite, can still be obtained by using fine technics of local multiplicities
(see [9]), the construction of covex bodies becomes more complicated and relies
on even more non-intrinsic choices.

The purpose of this article is to introduce a new approach of relating graded
linear series to convex bodies in Euclidean spaces, which is based on function
field arithmetics. The construction only depends on the choice of a flag of
successive field extensions

k:KoCch...CKd:/{(X),

such that each extension K;/K;_ 1 is of transcendental degree 1 (the exten-
sions K;/K,;_1 are necessarily finitely generated, see [4] Chapter V, §14, no.7
Corollary 3). Thus we can consider K as the field of rational functions of a reg-
ular projective curve C; over Spec(K;_1). Given a graded linear series V, of a
Cartier divisor on X, we let V, g, be the graded sub-Kj-algebra of @, .y k(X)
generated by V,. It generates a graded Oc,-algebra of vector bundles Ei on
the curve C;. In the case where the graded linear series V, is birational (see
Definition , we show that the volume of V, g, is equal to the arithmetic
volume of the graded-Og,-algebra E! and we construct by induction a fam-
ily of convex bodies (Ai)gzo, where A? is a convex body in R?, such that A’
is delimited by the graph of a non-negative concave function on A*~! which
comes from the function field arithmetic of E! by using the method of Fujita
approximation for arithmetic graded linear series (see [6], 2]).

From the point of view of birational geometry, the above procedure holds
for the general setting of graded linear series of a finitely generated extension
K of the base field k£ and it is not necessary to fix a projective model of K.
For any d € N, d > 1, we denote by C, the set of d-uplets (A?)%_, where each
A’ is a convex body in R? and such that the projection of A? on R*~! by the
i — 1 first coordinates is contained in A’
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Theorem 1.1. — Let k be a field and K/k be a finitely generated extension
of transcendental degree d = 1. We fix a flag

(1) k=KoCKiC..CKy=K

of field extensions such that K;/K;_1 is of transcendental degree 1. Let A(K/k)

be the set of all birational graded linear series of sub-finite type of K/k (see

Definition|3.5)). There exists a map (A%)%_, from A(K/k) to Cq4, only depending

on the flag (1)), which verifies the following conditions:

(a) For all graded linear series V, and V! in A(K/k) such that V,, C V) for
sufficiently positif n, one has AYV,) C AYV]) for any i € {0,...,d}.

(b) For any graded linear series V, in A(K/k), any integer m > 1 and any
i €10,...,d}, one has AWV ™) = mA (V,), where V™ = @, cx Vinn-

(¢) For all graded linear series V, and W, in A(K/k), one has

ANV, + AYW,) € AYV, - W),

for any i € {0,...,d}, where “+” denotes the Minkowski sum.

(d) For any graded linear series V, in A(K/k) and any i € {0,...,d}, the
mass of AY(V,) with respect to the Lebesque measure is equal to the volume
of the graded linear series V, i, , of K/K4_; divided by i!.

Moreover, the graded linear series V, satisfies the Fujita approximation property

(see Definition[3.7).

As explained above, for any V, € A(K/k), the family of convex bodies
A¥(V,) are constructed in a recursive way. More precisely, it can be shown
that the graded linear series V, x, belongs to A(K/K1) (see Remark [3.6).
We let (A%(VL),...,ATYV,)) be the family (A°(V, k,),..., A%V, k,)),
where by abuse of notation we use the expression (Ai)?:_ol to denote the map
A(K/K;y) — C4q_1 predicted by the theorem as an induction hypothesis. Fi-
nally, the extension Kj/k corresponds to a regular projective curve C' over
Spec k whose rational function field is K7. The convex body A%(V,) is then
constructed as the arithmetic Okonkov body of the graded O¢-algebra on vec-
tor bundles generated by V,.

Compared to the classic approach of Okounkov bodies, the above construc-
tion relies on fewer parameters, which are closely related to the birational geom-
etry of the extension K /k. Moreover, the convex bodies A*(V,), i € {0,...,d}
are related by linear projections, which reflects interesting geometric informa-
tion about the graded linear series V, ;.

The rest of the article is organised as follows. In the second section, we
recall some classic results on function field arithmetic of vector bundles. In the
third section, we discuss several properties of graded linear series. Finally, in
the fourth section, we explain the construction of convex bodies associated to
graded linear series and prove the main theorem.
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2. Function field arithmetic of vector bundles

In this section, we let k be a field and C' be a regular projective curve
over Spec k (namely an integral regular projective scheme of dimension 1 over
Speck). By vector bundle over C, we mean a locally free Oc-module E of
finite rank.

2.1. Degree function. — Recall that Riemann-Roch formula shows that,
for any vector bundle F on C, one has
(2) h(E) — h'(E) = deg(E) + rk(E)(1 — g(C/k)),

where h%(E) and h'(FE) are respectively the ranks of H(C, E) and H'(C, F),
deg(E) = deg(c1(E) N [C]) is the degree of E, and ¢g(C/k) is the genus of the
curve C relatively to k, which is equal to the dimension of H°(C, Weyk) over
k, wc )i being the relative dualizing sheaf. Note that by Serre duality one has
h(E) = h(EY @ weyr).

Let K = k(C) be the field of rational functions on C. Recall that any closed
point x of C' determines a discrete valuation ord,(-) on the field K. We denote
by |-|» the absolute value on K defined as |-|, := e~ °d=(), We denote by
K, the completion of K with respect to |-|, on which the absolute value ||,
extends by continuity. If E is a vector bundle on C, the O¢c-module structure
on E determines, for each closed point z € C, a norm ||-||; on Fg, defined as

|||z := inf{|a| : a € K, alseFE ®0¢ 0z},

where o0, is the valuation ring of K. Recall that the degree of E can also be
computed as

(3) deg(E) = — > (k@) Kllogllst A A Splldet:

closed point zeC

where (s1,...,s;) is an arbitrary basis of Fx over K, k(z) is the residue field of
the closed point , and ||||z,det is the determinant norm on det(FEg, ) induced
by ||||z- Similarly, for any non-zero vector s in Fx, we define

(4) deg(s) = — > (k) : k]log|ls]|.-
closed point zeC
Note that, if E is an invertible Og-module, then for any non-zero vector

s € Ek, one has deg(s) = deg(E).

Proposition 2.1. — Let C be a regular projective curve over a field k and E
be a vector bundle on C. For any non-zero section s € H°(C, E) viewed as a
vector in Ex, one has deg(s) > 0.
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Proof. — Since s is a global section of E, for any closed point x € C, one has
—log||s||z = ordsz(s) > 0.
Hence we obtain from (4]) the relation deg(s) > 0. O

Proposition 2.2. — Let C be a regqular projective curve over a field k and L
be an invertible Oc-module. If deg(L) > 0, then h%(L) < deg(L) + 1.

Proof. — The inequality is trivial if h°(L) = 0. In the following, we assume
that L admits a non-zero global section s, which defines an injective homo-
morphism from LY to O¢. Therefore one has

h(LY @ weyr) < B (wepr) = 9(Clk),
where g(C/k) is the genus of C'. By Riemann-Roch formula we obtain
h'(L) = h°(LY @ weyy) + deg(L) + 1 — g(C/k) < deg(L) + 1.
O

2.2. Successive minima. — Let k£ be a field, C' be a regular projective
curve over Speck and E be a vector bundle on C. For any i € {1,...,rk(E)},
let A\;(E) be the supremum of A € R such that the K-vector subspace of Fx
generated by the vectors s € Ex \ {0} verifying deg(s) > A has rank > i. By
definition one has

ME) > ... 2 \(F), withr=rk(FE).

These invariants are similar to (the minus logarithmic version of) successive
minima in geometry of numbers.

Proposition 2.3. — Let C' be a reqular projective curve over a field k and
E be a vector bundle on C. If E is generated by global sections, then for any
ie{l,...,tk(E)} one has \i(E) > 0.

Proof. — Let K = Ek(C) be the field of rational functions on C. Since E is
generated by global sections, there exist non-zero global sections si,...,s, of
E which form a basis of Ex over K. By Proposition one has deg(s;) >0
for any ¢ € {1,...,n}, which implies the assertion of the proposition. O

By Hadamard’s inequality, if (s1,...,s,) is a basis of Ex over K, then for
any closed point « € C' one has

T
log [[s1 A=+ A sp|zdet < Zlog [1ila-
i=1

Thus we obtain

(5) M(E) + -+ M(E) < deg(E).
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Roy and Thunder have proved the following converse inequality (see [18|
Theorem 2.1|):

(6) AM(E) + -+ Ar(E) > deg(E) — rk(E)lc(g(C/E)),

where {¢ is a non-negative function on Ry depending only on the curve C.

The successive minima are related to the R-filtration by minima. Let E
be a vector bundle on C. For any t € R, let F!(Ex) be the K-vector
subspace of Ex generated by non-zero vectors s € Ei such that deg(s) > t.
Then (FY(Ek))ter is a decreasing R-filtration of Ex. Note that the function
(t € R) — dimg (F!(Fk)) is left continuous, and one has

rk(E) d
> G = BT dimg (F'(Ex)),
i=1

where 6y, gy denotes the Dirac measure on \;(E).

2.3. Positive degree. — Let k be a field, C be a regular projective curve
and E be a vector bundle on C. We denote by deg, (£) the suprmum of the
degrees of all vector subbundles of E, called the positive degree of E. Recall
that one has (see [8, Theorem 2.4|)

(7) [WO(E) — deg, (E)| < rk(E) max(g(C/k) — 1,1),
where h’(E) is the rank of H(C, E) over k. Moreover, by Hadamard’s in-
equality, one has

rk(E)

®) Y- max(\(E), 0) < deg, (E),

which is similar to . Also we can deduce from @ the following inequality
(we refer the readers to [8, Proposition 8.1] for a proof)
rk(E)

(9) deg (E) < ) max(A(E),0) + rk(E)ec(9(C/k)).
i=1

Combining the inequalities 7@7 we obtain the following result.

Proposition 2.4. — Let C be a regular projective curve over a field k and E
be a vector bundle on C. One has

rk(E)
(10) P(E) — Y- max(h(5).0)] < (E)c(alC/),

=1

where (¢ (x) = lo(z) + max(z — 1,1) for any = € Ry
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3. Graded linear series

3.1. Graded linear series of a divisor. — Let k be a field and 7 : X —
Speck be an integral projective k-scheme. Let K be the field of rational
functions on X. For any Cartier divisor D on X, we denote by HY(D) the
k-vector space

HO(D)={f € K : D+div(f) >0} uU{0}.

Denote by Ox (D) the sub-Ox-module of the constant sheaf 7*(K') generated
by —D. It is an invertible Ox-module. For any finite dimensional k-vector
subspace V of K which is contained in H°(D), the canonical homomorphism
(V) — m*(K) factors through Ox (D). The locus where the homomorphism
(V) — Ox(D) is not surjective is called the base locus of V with respect
to the Cartier divisor D, denoted by Bp(V'). It is a Zariski closed subset of
X. If V is non-zero, then one has Bp(V)) C X. Moreover, the homomorphism
(V) = Ox (D) induces a k-morphism jyp : X \ Bp(V) — P(V) such that
Jv.p(Ov(1)) = Ox(D)|x\Bp(v), where Oy (1) denotes the universal invertible
sheaf of P(V)). Note that the rational morphism X --+ P(V) determined
by jv,p does not depend on the choice of the Cartier divisor D (such that
H°(D) > V). We denote by ji this rational morphism.

Definition 3.1. — Let V be a finite dimensional k-vector subspace of K.
We say that V' is birational if the rational morphism jy : X --» P(V) maps
X birationally to its image. Note that this condition is equivalent to the
condition K = k(V'), where k(V') denotes the sub-extension of K/k generated
by elements of the form a/b in K, a and b being elements in V, b # 0.
By definition, if V' is birational and if f is a non-zero element of K, then
fV:={fg|g € V} is also birational.

Remark 3.2. — Let V be a finite dimensional k-vector subspace of K. If
there exists a very ample Cartier divisor A on X such that H°(A) C V, then
the rational morphisme jy : X --» P(V) maps X birationally to its image,
namely V is birational. More generally, if V is a finite dimensional k-vector
subspace of K which is birational and if W is another finite dimensional k-
vector subspace of K containing V', then W is also birational.

Let D be a Cartier divisor on X. We denote by V,(D) := @, oy H’(nD).
This is a graded k-algebra. We call graded linear series of D any graded sub-
k-algebra of V,. If V, is a graded linear series of D, its volume is defined
as

T dlmk(Vn)

vol(V,) := 117rln_>s;p nlidl
where d is the Krull dimension of X. In particular, if V, is the total graded
linear series V,(D), its volume is also called the volume of D, denoted by
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vol(D). The divisor D is said to be big if vol(D) > 0. Note that if D is an
ample divisor, then its volume is positive, and can be written in terms of the
self-intersection number (D?) (see [14] §2.2.C| for more details).

Definition 3.3. — Let D be a Cartier divisor on X and V, be a graded
linear series of D. Following [15, Definition 2.5, we say that the graded linear
series V, is birational if for sufficiently positive integer m, the rational map
Jv,, + X --» P(V,,) maps X birationally to its image.

Remark 3.4. — (i) Let D be a Cartier divisor on X and V, be a birational
graded linear series of D. If v : X’ — X 1is a birational projective k-
morphism from an integral projective k-scheme X’ to X, then V, is also
a birational graded linear series of v*(D).

(ii) Let D be a Cartier divisor on X and V, be a graded linear series. We
assume that V, contains an ample divisor, namely V,, # {0} for suffi-
ciently positive integer n, and there exist an ample Cartier divisor A on
X and an integer p > 1 such that V},(A) C Vj,, for n € N>q. Then V, is
a birational graded linear series of D.

3.2. Graded linear series of a finitely generated extension. — Let k
be a field and K be a field extension of k which is finitely generated over k.

Definition 3.5. — By linear series of K/k we mean any finite dimensional
k-vector subspace V' of K. We say that a linear series V of K/k is birational
if K =k(V).

We call graded linear series of K/k any graded sub-k-algebra V, of @, .y K
(equipped with the polynomial graded ring structure) such that each homoge-
neous component V;, is a linear series of K /k for any n € N. If V, is a graded
linear series of K, its volume is defined as

. dimg(V;,)
vol(V,) := h?rlr;sogp dl
where d is the transcendental degree of K over k.

Let V, be a graded linear series of K/k. We say that V, is of finite type if it
is finitely generated as a k-algebra. We say that V, is of sub-finite type if it is
contained in a graded linear series of finite type. We say that V, birational if
k(V,,) = K for sufficiently positive n.

We denote by A(K/k) the set of all birational graded linear series of sub-
finite type of K/k.

€ [0, 4o0],

Remark 3.6. — (i) Let V, and V] be two graded linear series of K/k.
Denote by V, - V the graded linear series @, .n(Vi - V;y) of K/k, where
V,, - V! is the k-vector space generated by {ff'|f € Vi, f' € V!}. If both
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graded linear series V, and V/ are of finite type (resp. of sub-finite type,
birational), then also is V, - V/.

(ii) Let V, be a graded linear series of K/k. If k' /k is a field extension such
that ¥ C K, we denote by V, i the graded linear series @neN Vo of
K/K', where V,, jy is the k’-vector subspace of K generated by V,,. If V,
is of finite type (resp. of sub-finite type, birational), then also is V, ;.

(iii) Let V, be a graded linear series of K/k which is of sub-finite type. There
then exists a birational graded linear series of finite type W, of K/k
such that V,, C W, for any n € N. Without loss of generality we may
assume that 1 € W; and that W, is generated as Wy-algebra by Wj.
Then the scheme X = Proj(W,) is a projective model of the field K
over k (namely an integral projective k-scheme such that k(X) = K).
Moreover, the element 1 € W defines an ample Cartier divisor A on X
such that H%(nA) = W, for sufficiently positive integer n. Therefore, in
the asymptotic study of the behaviour of V;, when n — oo, we may assume
without loss of generality that V, is a graded linear series of a Cartier
divisor on an integral projective scheme over k which is a projective model
of K over k.

Definition 3.7. — Let V, be a graded linear series of K/k. We say that V,
satisfies the Fujita approxzimation property if the relation

sup vol(W,) =1V,
WeCVe

holds, where W, runs over the set of graded sub-k-algebra of finite type of V,.

Remark 3.8. — If a graded linear series V, verifies the Fujita approximation
property, then the “limsup” in the definition of its volume is actually a limit,
provided that V;, # {0} for sufficiently positive n. Let W, be a graded sub-k-
algebra of finite type of V,. For sufficiently divisible integer m > 1, the graded
k-algebra

Wi =ko P Wam
neN,n>1

is generated by W, (see [3, II1.§1, no.3, Lemma 2|) and, by the classic theory
of Hilbert-Samuel functions (see [5, VIII.§4|), the sequence

(a! dimk(an)/(nm)d)n>1

converges to the volume of W, (even though d may differ from the Krull
dimension of the algebra W,, the sequence still converges in [0,+oc]). By
the assumption that V;, # {0} for sufficiently positive n, we obtain that

lim inf Lmk (V)

>
minf =" = veliv),
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which implies the convergence of the sequence (d! dimg(V},)/n%),>1 if V, satis-
fies the Fujita approximation property.

3.3. Construction of vector bundles from linear series. — Let C be a
regular projective curve over a field k£ and k(C') be the field of rational functions
on C'. Denote by 7 the generic point of C.

Definition 3.9. — Let M be a vector space over k(C) and V be a finite
dimensional k-vector subspace of M. For any affine open subset U of C', we
let E(U) be the sub-O¢(U)-module of M generated by V. These modules
defines a torsion-free coherent sheaf £ on C' which is a vector bundle since C'
is a regular curve. We say that E is the vector bundle on C generated by the
couple (M, V).

Remark 3.10. — By definition any element s € V' defines a global section of
FE over C, which is non-zero when s # 0. Hence we can consider V as a k-vector
subspace of H(C, E). Moreover, the vector bundle E is generated by global
sections, and hence \;(E) > 0 for any i € {1,...,tk(E)} (see Proposition[2.3).

We now consider the particular case where V' is a linear series. Let K/k be
a finitely generated extension of fields such that K contains k(C). Suppose
given a projective model X of the field K (namely X is an integral projective k-
scheme such that k£(X) = K) equipped with a projective surjective k-morphism
m: X — C and a Cartier divisor D on X. Let V be a finite dimensional k-
vector subspace of H°(D). Note that the vector bundle E generated by (K, V)
identifies with the vector subbundle of 7, (Ox (D)) generated by V. Moreover,
the generic fibre E, of E is the k(C)-vector subspace of K generated by V
(with the notation of Remark (ii), Ey = Vi(c))- In particular, if V' is a
birational linear series of K /k, then E, is a birational linear series of K/k(C).

4. Construction of convex bodies

In this section, we prove the main theorem (Theorem of the article.
Throughout the section, we fix a field k£ and a finitely generated extension
K /k and we let d be the transcendental degree of K over k. In the case where
d = 0, we assume that K = k, and the Lebesgue measure on R® = {0} is
assumed to be the Dirac measure on 0 by convention. We fix also a flag

(11) k=KyCKi C..CKi=K

of sub-extensions of K /k such that each extension K;/K;_1 is of transcendental
degree 1. We denote by A(K/k) the set of graded linear series V, of K /k which
are of sub-finite type and birational (see Definition . In the following, we
will construct by induction a map A? from A(K/k) to the set of convex bodies
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in R? which only depends on the choice of the flag , which satisfies the
following properties:

(a) if V, and V/ are two elements of A(K/k) such that V,, C V! for sufficiently
positive n, then one has AY(V,) ¢ AYV!);
(b) for any V, € A(K/k) and any m € N, m > 1, one has
AYVI™) = mAd(V.);
(c) if V, and V/ are elements in A(K/k), one has
AV V) D ANV + AYVY),
(d) for any graded linear series V, € A(K/k), the Lebesgue measure of A4(V,)
is equal to vol(V,)/d!.
We also prove the following assertion by induction on d.
Proposition 4.1. — Any graded linear series V, € A(K/k) satisfies the Fu-
jita approximation property (see Definition . In particular, the sequence
dimg (V)
nd/dl '

converges to vol(V,) when n tends to the infinity.

neN, n=>1

4.1. Case of d = 0. — In the case where d = 0, one has V,, = k for
sufficiently positive n since K is assumed to be k. Moreover, the graded linear
series V, is of finite type and one has vol(V,) = 1. Clearly V, satisfies the Fujita
approximation property. We let A%(V,) be {0} = R". Its mass with respect to
the Lebesgue measure (which is the Dirac measure on 0 by convention) is 1,
which is equal to vol(V,) /0L

4.2. Induction hypothesis. — We assume that d > 1 and that the con-
struction of convex bodies associated to birational graded linear series of finite
type has been defined and that Proposition [£.1] has been established for field
extensions of transcendental degree d — 1. In particular, we assume that a map
A1 from A(K /K1) to the set of convex bodies in R9~! has been constructed,
which satisfies the conditions (a)—(d) above.

4.3. Construction of convex bodies. — Since the extension K /k (which
is of finite type) is of transcendental degree 1, there exists a regular projective
curve C' over Spec k such that k(C) = K;. We denote by 1 the generic point of
the curve C. In the following, we consider a graded linear series V, in A(K/k).
Note that V, g, is a graded linear series in A(K/K;) (see Remark (ii)).
For any n € N, we let E,, be the vector bundle on C' generated by (K, V) (see
Definition . Note that one has E,, = V,, k,. Moreover, the direct sum
E, = @,cn En forms a graded Oc¢-algebra, and one has V, i, = E, ®o. K1
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as graded-Ki-algebras. We call F, the graded system of vector bundles on C
generated by V,.

By Remark (iii), there exists a birational projective model X of the
field K over k and and ample Cartier divisor D on X such that V, identifies
with a graded linear series of D. The inclusion K7 — K defines a rational
k-morphism from X to C. By replacing X by a birational modification of
X, we may assume that the rational k-morphism X --+ C extends to a flat
projective k-morphism 7 : X — C. In particular, we can consider E, as a
graded O¢-sub-algebra of P,y 7(O(nD)), see for more details.

For each integer n € N, the vector space V,, i, is equipped with the R-
filtration by minima as follows

VteR, F'(V,k,)= Vectk, ({s € Vork, |s#0, deg(s) >t}),

where in the computation of degree, we consider the vector bundle structure
of E,. In particular, the filtration is multiplicative. In other words, for all
(n,m) € N and (t1,t3) € R?, one has

(12) Fh (Vn,K1)]:t2 (Vm,K1) - ]:tlHQ(Vner,Kl)-

For any t € R, let Vf K, be the graded sub-Kj-algebra of V, , defined as
P 7 (Vo).
neN

Clearly, the graded linear series V! K, 1s of sub-finite type. Let

E E
ASY (F.) := sup M (En) = lim A n),

max
neN, n>1 n n—too n

where the second equality comes from the fact that the sequence (A1(Ep))n>1
is super-additive. Since E,, is a vector subbundle of m,(O(D)), we obtain that

A1 (En) < Mmax(ﬂ-*(o(nD)))v

where for any vector bundle F' on C, pmax(F') denote the maximal slope of F,
defined as

sup deg(F")/rk(F"),

F'CF
with F’ running over the set of all non-zero vector subbundles of F. By [7,
Theorem 4.3.6], we obtain that Apix(F,) is finite. The following lemma is
similar to [I, Lemma 1.6].

Lemma 4.2. — For any real number t < /\ﬂfgx(E.), the graded linear series

Vi, belongs to A(K/Ky).
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Proof. — Since Vf K, 18 a graded sub-Kj-algebra of V, g, , it is of sub-finite type
(see Remark (ii) for the fact that V, g, is of sub-finite type). It remains
to verify that V- is birational. By Remark (ii), the graded linear series
Vi Kk, is birational. Let Ny € N such that the linear series Vi, g, is birational.
Let &€ > 0 such that t + ¢ < A\aax(E,). for sufficiently positive integer n, there
exists an element s, € V;, i, \ {0} such that deg(s,) > (t+¢)n. For any section
s € Vi, K, such that deg(s) = 0, one has

(13) deg(ssy) = deg(s) + deg(sp) > (t+¢)n

which is bounded from below by t(n + No) when n > tNoe~!, where the first
inequality comes from the fact that (since F, is a graded O¢-algebra)

®

Vclosed point € C,  [|ssp|le < ||s]lz - ||sn]z-

We then deduce that the linear series Vé, K, 1s birational for sufficiently positive
n, namely the graded linear series V! is birational. O

By the induction hypothesis, for any real number ¢ < A (F,) the convex
body A1 (Vf K, ) is well defined. Since Ej, is generated by global sections, one
has Vf K, = Ve for t < 0. Moreover, for any couple (¢1,t2) of real numbers
such that ¢; < t2 < A\ax(F,) one has Ad*I(V:%I) ) Adil(foKl). We define
a function G, : ATV, k,) — [0, Amax(E,)] such that

G (v) = sup{t| 2 € AT (V)
By convention, if {t|x € Ad_l(ViKl)} is empty, then G, (z) is defined as
mox (E,). By definition, for any t € [0, Amax(E,)], one has
{o e A (Vi) |Ge (@) > t} = () AT (V).
e>0

Therefore, the function Gg, is upper semicontinuous. Moreover, by the con-
dition and the induction hypothesis (notably the conditions (b) and (c)),
we obtain that, for any rational number A € [0, 1] and all real numbers ¢; and
to bounded from above by A\ (E,), one has

AVIEFITVE) S AA VI ) + (1 - DAV

By Sierpinski’s theorem (see for example [12, Theorem 9.4.2]), we obtain that
the function G, is concave and is continuous on the interior of A(V, g, ).

Definition 4.3. — We let A%(V,) be the convex body in R? delimited by the
concave function G g,, namely A%(V,) is by definition the closure of the set

{(w,) |z € A (Vo k), 0 <t < Gp,(2)}-

By the same method of |2, Theorem 1.11 and Corollary 1.13|, we deduce from
the induction hypothesis (notably the limit property predicted in Proposition
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which replaces the condition of containing an ample series in loc. cit.) on
Vi, (t < Amax(E.)) that

w810 - VOl(AT1 (V)
tE[0 A (EW)] ’
= Jm G Y ) = vol(E),
1<’L<d1m]{1 (Vn,Kl)

Ai(En)=0
where by definition

: 0
I(E.) = Tim dimy, H d(C’,En)
n——+oo n

and the last inequality of comes from and the fact that (which is also

a consequence of the induction hypothesis) and the sub-finiteness condition

)

dimg, (Vi) = O(nd_l), n — +oo.

Remark 4.4. — Similarly to [2, Theorem 1.14], the graded system FE, of
vector bundles on C satisfies the “arithmetic Fujita approximation property”,
namely

vol(EPl)

15 sup ———— = vol(F,),
(15) aup ) = vol ()

where EP! is the graded sub-Og-algebra of E®) generated by E,.

4.4. Verification of the properties. — In the previous subsection, we
have constructed a map A¢ from A(K/k) to the set of convex bodies in R
It remains to verify that the map A? satisfies the properties (a)—(d) described
in the beginning of the section and that any graded linear series in A(K/k)
satisfies the Fujita approximation property.

Let V, and V] be two graded linear series in A(K/k). Let E, and E. be
graded systems of vector bundles on C' generated by V, and V! respectively.
Assume that, for sufficiently positive integer n, one has V,, C V!, which implies
that FE, is a vector subbundle of E!. In particular, for any ¢t € R, one
has V! C V! for sufficiently positive t. Thus by the induction hypothesis
one has ANV c AL (V) for any t < Ao (FE,), which implies that
AYV,) € AYV!). Therefore, the map A? satisfies the condition (a).

Let V, be a graded linear series in A(K/k) and E, be the graded system of
vector bundles on C' generated by V,. For any m € N, m > 1, let Efm) =
D,.cxy Emn, which is the graded system of vector bundles on C' generated by

V.(m). By definition one has )\?ﬁgx(E(m)) = mAmax(E,). Moreover, for any t <
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Amax (F,), one has V.(nlplmt = Vfl(gl) Therefore one has A4V (™) = mA4(V,).
In other words, the map A? satisfies the condition (b).

Let V, and V! be two graded linear series in A(K/k), and E, and E. be
graded system of vector bundles on C' generated by V, and V/, respectively.
Let F, be the graded system of vector bundles on C' generated by V, - V/.
For any n € N, one has a homomorphisme of O¢-modules E,, ®o. E|, — F,
induced by the canonical k-linear map V;, @4 V! — V,, - V!, In particular, for
any (¢,t') € R? one has

F'(Vary)  F' (Vi ge,) € FH (Vike, - Vo)
This implies that, for any (z,y) € ATY(V,) x A4=1(V/), one has
Gr(z+y) 2 Gg,(z) + G, (y).
Hence A4V, - V!) > AYV,) + AYV!). Namely the map A? satisfies the

condition (c).
The condition (d) and the Fujita approximation property of V, follow from
and the following lemma, which concludes the proof of Theorem .

Lemma 4.5. — Let V, be a graded linear series in A(K/k) and E, be the
graded system of vector bundles on C' generated by V,. One has

.. dimy HY(C, Ey)
(16) vol(V,) = vol(E,) := ngg-loo 7

Moreover, the graded linear series V, satisfies the Fujita approximation prop-
erty.

Proof. — For any n € N, one has (see Remark [3.10)
dimy(V;,) < dimy, H(C, E,,).

Therefore vol(V,) < vol(E,).

In the following, we prove the converse inequality. By Remark (iii), we
may assume without loss of generality that K is the rational function field of a
normal projective k-scheme X and that V, is a birational graded linear series
of a very ample Cartier divisor D on X. Moreover, the inclusion k(C) C X
defines a rational k-morphism from X to C. By replacing X by its blowing-up
along the locus where the rational k-morphism is not defined, we may suppose
that the rational morphism X --» C extends to a flat projective k-morphism
m: X — C. We can thus identify each vector bundle F, with the vector
subbundle of m,(Ox (D)) generated by V,,.

We denote by ¢ : C' — Speck the structural morphism. Let p > 1 be an
integer such that the rational morphism j, : X --» P(V},) defined by the linear
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series V), maps X birationally to its image. Let u, : X;, — X be the blowing-up
of X along the base locus of j,, namely

X, i= Proj ( Dem)* (Sym™ (1) — Ox(pmD) .

m=0
Then the rational morphism j, : X --» P(V}) gives rise to a projective k-
morphism f, : X, = P(V},) which maps X,, birationally to its image. Let L,
be the pull-back of the tautological invertible sheaf Oy, (1) by j,. Hence one
has

VO](LP) == VO](OVP(I) |fp(Xp))

since f, maps birationally X, to its image. Therefore the volume of L, is equal
to that of the graded linear series

VI = @D Im(Symp(V,) — Vi)
n=0
Let
BV = B Im(Symp,. (Ep,) — Enp).

n=0

For sufficiently positive integer n, one has EP (mup)«(L™). Hence

vol(VIP)  vol(L,) _ vol(EP)
17 vol(V,) > > L= B> .
(17) (Vo) i e i
By we obtain vol(V,) > vol(E,). The equality is thus proved.
Moreover, the inequality and the equality also imply that

vol(V[Pl)

T = vol(V,).

sup
p=>1 p

Hence the graded linear series V, satisfies the Fujita approximation property.
O

5. General graded linear series of sub-finite type

In this section, we consider graded linear series of sub-finite type, which are
not necessarily birational. We still fix a field extension K/k which is finitely
generated and we let d be the transcendental degree of the extension.

Definition 5.1. — Let V, be a graded linear series of K/k. We call [itaka
dimension of V, the transcendental degree of k(V,) over k, where k(V,) denotes
the smallest sub-extension of K/k containing all k£(V},), (n € N, n > 1). We
denote by £(V,) the litaka dimension of V, over k.
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Proposition 5.2. — Let V, be a graded linear series of K/k. We assume
that V,, does not reduce to {0} for sufficiently positive integer n. Then for
sufficiently positive integer n, one has k(Vy,) = k(V,).

Proof. — Since k(V,)/k is a sub-extension of a finitely generated extension,
it is also finitely generated (see [4] Chapter V, §14, no.7 Corollary 3). In
particular, there exists m € N, m > 1, such that k(V,) is generated by
E(Vi),...,k(Vy). Now let Ny be an integer, Ny > 1 such that V,, # {0} for
n = Np. Let n be an integer such that n > Ny + m. For any ¢ € {1,...,m},
we pick an element f; € V;,—;. Then Vj, contains | J;", f;V;. Therefore k(V},)
contains k(f;Vi) = k(V;) for any 7 € {1,...,n}, which implies that k(V,,) =
k(VL). 0

Remark 5.3. — Let V, be a graded linear series of K /k such that V,, # {0}
for sufficiently positive n. We assume that 1 € V; (and hence 1 € V;, for any
n > 1). Then we can consider V, as a graded linear series of k(V,)/k. As a
graded linear series of k(V,)/k, V, is birational by definition. Therefore, if it is
of sub-finite type (as a graded linear series of k(V},)/k), then the construction
in the previous section allows to define a convex body A(V,) in R”, where & is
the Iitaka dimension of V,, such that

lim L{k (V2)

n——+00 n“/lﬁ! ’

However, suppose that V, is of sub-finite type as graded linear series of K/k,
I do not know if it is of sub-finite type as graded linear series of k(V},)/k.

Acknowledgement: I would like to thank Hideaki Ikoma for his valuable
comments.
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