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Introduction

(0.0) Let X be a smooth projective scheme over a number field F. For an integer ¢ > 0 one defines the
L-function L(H'(X),s), associated to the cohomology of degree i of X, by the standard Euler product !,
absolutely convergent! (in particular, without zeroes or poles) in the region Re(s) > i/2 + 1.

This L-function is expected to have a meromorphic continuation to C, with the only possible pole at
1/2 41 (if i is even), and a functional equation of the form

(Loo - L)(HY(X),8) =a-b* - (Loo - L)(H'(X),i + 1 — 5), (0.0.0)

where L., (H*(X),s) is a suitable product of I'-functions.

The value L(H*(X),n) at an integer n > (i + 1)/2 (which is finite and non-zero!, at least if we stay
away from the possible pole at n = i/2 + 1) conjecturally depends only on the “motive” M = H*(X)(n) (a
“pure motive” of weight i — 2n < —1 over F).

(0.1) According to Beilinson [Be 2], the structure morphism X — Spec(F’) should underlie a morphism of
“motivic sites” X0t ——Spec(F), .; mixed motives over F should be abelian sheaves on Spec(F), .. The
fundamental object responsible for the L-value L(H*(X),n) is believed to be not the motive M = R'm,Q(n)
itself, but rather the motivic cohomology group H*™1(X,,,:, Q(n)). The Leray spectral sequence for m,

E&* = H*(Spec(F), ., R'm,.Q(n)) = H* (X0, Q(n)) (0.1.0)

mot?

should degenerate at Fs to yield isomorphisms (for n # (i +1)/2)

H'™ Y (Xmot, Q(n)) — H'(Spec(F),,, oy, R'm.Q(n)) = H' (Spec(F), o, M) (0.1.1)

mot’

(0.2) While this picture is purely conjectural and possibly too naive, it makes sense in various realizations
of motives. Consider first the Hodge realization. Let A be a noetherian subring of R such that A ® Q is a

L Strictly speaking, Euler factors at primes of F in which X has bad reduction pose a problem. We ignore
these difficulties.



field. Denote by Spec(F ®@q R)A_Hodq6 the category of mixed A-Hodge structures over F'®q R (cf. [Be 2],
Sect. 7).
The Hodge realization of (0.1.0) is the spectral sequence

E5® = H*(Spec(F @Q R) 4_pypug0: H' (X ©q R)(C), A(n))) = Hi (X ®q R, A(n)), (0.2.0)

which degenerates at Ey and converges to the Beilinson-Deligne cohomology of X ®q R (called “absolute
Hodge cohomology” in [Be 2]). For n # (i+1)/2, the spectral sequence (0.2.0) boils down to an isomorphism
HED (X ©@q R, A(n)) = H'(Spec(F ®q R) 4_g1oq0e: MA—Hodge), (0.2.1)

where

Ma-todge = H'((X ®q R)(C), A(n)),
which is a pure A-Hodge structure of weight ¢ — 2n over F' ®q R.
(0.3) Fix a prime number p and consider p-adic étale realizations. The Leray spectral sequence for
Xoi——Spec(F )e; can be identified with the Hochschild-Serre spectral sequence
Ey" = H(F,H"(X o1, Qp(n)) = H**(Xer, Qp(n)), (0.3.0)

where X = X ®p F and we use continuous Galois and étale cohomology (in the sense of [Ja 1]). Denote by
F-H*(Xet,Qp(n)) the induced filtration on H*(Xct, Qp(n)). The spectral sequence (0.3.0) degenerates at
B, ([De 1]) and Weil’s conjectures - proved by Deligne [De 3] - imply that ES° = 0 for b # 2n (cf. [Ja 2],
Lemma 3). For n # (i 4+ 1)/2 this gives edge homomorphisms

H™ (X, Qpn)) = FYH™™ (X, Qp(n)) — H'(F, M,), (0.3.1)

where

M, = H'(Xer, Qp(n).

This is a continuous p-adic representation of the Galois group G(F/F), pure of weight i — 2n at primes of

good reduction of X. In fact, all of this is true for proper (not necessarily projective) smooth schemes over
F (by [De 4] and [de J]).

(0.4) In this motivic setting, regulator maps should arise as realizations (for n # (i + 1)/2).

The Hodge realization r:
HH (Xoor, Q(n)) HEp (X @q R, R(n))

lz lz (0.4.0)

H'(Spec(F),,0 M) = H'(Spec(F @q R)g_poager MR~ Hodge)

The p-adic étale realization r:
HH (Xoor, Q) 5 HH(Xer, Qp(n)

lz l (0.4.1)

HY(Spec(F), . M) -2 HY(F, M,)

mot’

There is a certain assymetry between 7, and 7,; the Beilinson-Deligne cohomology is a local object at
archimedean primes of F, while the Galois cohomology group H'(F, M,) is a global invariant. The map 7,
can be further localized at p, yielding a diagram



H (X, Q(n) 5 HH (X, Qpn)  — H'TH((X ©q Qp),, Qp(n)

| | o (0.4.2)

H'(Spec(F), . M) -2 HY(F, M,) % HY(F ®q Qp, M)

mot’

The third vertical arrow is defined only if a local version of Ey**" (over Q,) vanishes. This is known to be
true (for n # (i +1)/2) only in a special case when X ®q Q, has a smooth projective model over O ® Z,
(see I1I1.3.5 below).

According to a conjecture of Jannsen ([Ja 2], Conj. 1; see also Prop. 11.1.7(1c¢) below), the restriction
map res, should be injective for n < 0, n > ¢ + 1. More generally, the composite map

TESp

HY (Spec(F) o0 M)~ H' (F, My) 2 H' (F 9. Q. M,) (0.4.3)

mot’

is expected to be injective for all n # (¢ 4+ 1)/2. This explains why the localized map (0.4.3), not r,, itself, is
usually called a p-adic regulator.

(0.5) Suppose that X admits a regular model X, proper and flat over the ring of integers O C F. The
motivic sites are expected to extend to

Xmot — Ximots J: SpeC(F) — Spec(OF)

mot mot’

giving a commutative diagram

HH (Xor, Q) — H (Xor, Q)

l la (0.5.0)

H'(Spec(OF),, o1 3+M) —  H'(Spec(F),, ., M)

mot’

Recall the conjectural description of L(H!(X),n), up to a sign:

Conjecture. Suppose that n > (i + 1)/2 (and, if n = i/2 + 1, that L(H*(X),s) does not have a pole at
s=mn). Then
(1) (Beilinson [Be 1, 2], Deligne [De 5]) The regulator v+, induces an isomorphism

Too ® Lt H'(Spec(Or),0r, J+ M) ®q R = H' (Spec(F ©q R)p_ proqge: MR~ Hodge)

and L(H*(X),n) is equal to “det(ro, ® 1)”, up to a factor in Q*.
(2) (Bloch-Kato [BK]) For each prime number p, the p-adic regulator r, induces an isomorphism

rp @ 1: H' (Spec(OF) 00 j+ M) ®q Qp — Hj(F, M) C H'(F, M,),

where the subspace H} (F, M,) is the generalized Selmer group defined in [BK]. The p-adic valuation of the
undetermined rational factor from (1) can be recovered from the isomorphism r, ® 1.

(0.6) Both parts of this conjecture were originally formulated in terms of a K-theoretic version of motivic
cohomology. In this context, the map

Hi—H(xmota Q(n)) - Hi+1(Xmot7 Q(n))
is replaced by
Kon—i—1(X)%) — Kop_i—1(X)$)
2n—1,—1( )Q — 2n—z—1( )Q7

where the superscript (™) refers to the subspace of K (—)® Q on which all Adams operations * (k > 1) act
by k™ (cf. [So 2], [Tamme]).



The role of H!(Spec(OF), ..., j«M) is played by
Im KQn—i—l(%)g) — Kzn—i—1(X)g)}

This group does not depend on the choice of X, provided at least one ¥ exists ([Be 1], 2.4.2). The maps 7
(resp. ) are given by the Chern character defined on higher K-theory, with values in the Beilinson-Deligne
(resp. p-adic étale) cohomology

Too K2n7i71(X)g) — HEHH(X ®q R,R(n))

5 o (0.6.0)
Tp: K2n7i71(X>Q i HH_ (Xetan(n))

See [Gi], [Sc 1] for a general discussion of characteristic classes.
The conjecture of Beilinson (resp. of Bloch-Kato) then predicts that ro (resp. 7,) induces an isomor-
phism

roo (I [Kon—i 1 (08 — Kani1(X)§)]) @@ R = HED (X 9q R.R(n)  (0.6.1)
resp.
Tp: (Im [K2n7i71(%)81) — K2n7i71(X)gL):|) ®q Qp, — H}(F, M,) (0.6.2)

(with a slight modification if n =i/2 + 1 and L(H*(X), s) has a pole at n).

(0.7) The situation at the central point n = (i + 1)/2 of the conjectural functional equation (0.0.0) is
slightly different. Let CH™(X) be the Chow group of algebraic cycles of codimension n on X, modulo
rational equivalence. Let

CH"™(X)o = Ker [CH"(X) — H*"(Xet, Qp(n))] =
= Ker [CH™(X) — H™(X(C),Q(n))]

be its subgroup represented by cycles which are homologically trivial (modulo torsion).
The p-adic regulator 7, is replaced by the p-adic Abel-Jacobi map (see [Ja 3, (9.4.1)])

rp: CH"(X)o ® Q — FYH*"(X o4, Qp(n)) — HY(F, M)
The conjecture of Bloch-Kato predicts that 7, induces an isomorphism
rp®1: CH"(X)o ® Qp — Hp(F, M) (0.7.0)

For n = i = 1, this is equivalent to the finiteness of the p-primary part of the Tate-Safarevi¢ group of the
abelian variety A = Pic’(X/F) (over F). Indeed, in this case, M, = V,(A), 7, is the usual descent map

A(F) ® Q — H'(F,V,(4))
and H} (F,V,(A)) is a Q,-version of the standard Selmer group.

(0.8) The conjectures (0.6.2) and (0.7.0) consist of three statements, arranged in an increasing order of
difficulty:

Im (r,) CH(F, M,) (0.8.0)
Coker (r, ®1) =0 (0.8.1)
Ker(r,®1) =0 (0.8.2)

Indeed, (0.8.0) is merely a consistency of the conjectures. (0.8.1) is equivalent to the finiteness of the
p-primary part of a suitably generalized Tate-Safarevic group (see [BK]); this has been verified in certain
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cases. By contrast, (0.8.2) seems to be beyond reach at present. The only exception is the case n =4 =1 1in
(0.7), when we are dealing with rational points on the abelian variety A = Pic’(X/F).

0.9 et e an arbitrary p-adic representation o F of finite dimension). e Selmer group
Let V' b bi di i ft G(F/F ffi d The Sel
H}(F, V) C HY(F,V) is defined by local conditions, namely by a cartesian diagram

HYFV) <  H\EYV)
l l , (0.9.0)
H'UH}(F’U’V) - Hle(FU’V)
in which
H! (F,,V), ifoyfp
H}(Fva V)=
Ker [Hl(Fv, V) — HYF,,V ®qQ, Bc’ris)] , ifoulp

(H'(F,,V) vanishes for an archimedean prime v).

(0.10) One of the aims of the present article is to prove a version of (0.8.0), under some mild restrictions
on p. In view of (0.9.0), one is naturally led to corresponding local statements over various completions of
F.

Changing perspective, we fix a (non-archimedean) prime v of F' and consider a proper smooth scheme
X, over Spec(F,). Let X, — Spec(O,) be a proper model of X, over the ring of integers of F,.

(0.11) Assume first that v /p. Etale Chern classes then define a commutative diagram of p-adic regulators

Kgn_,»_l(.’{v)Q B K2n—i—1(Xv)(C;L)

l l (0.11.0)
HH_l((x’U)et’ Qp(n)) — HiH((Xv)etv Qy(n))

resp. cycle classes (assuming X, regular)

CHYX,)®Q — CH"(X,)®Q

l l (0.11.1)
H2n((x’ll)et’ Qy(n)) — H2n((Xv)et7 Qp(n))

The following statement is well known. It is a straightforward consequence of Deligne’s fundamental result
in Weil IT ([De 4], Thm. 1) and the commutative diagrams (0.11.0-1).

Theorem A. If X, is proper over Spec(Q,) and v [ p, then
(1) Forn> (i+1)/2, Kop—i—1(X,) ® Q maps to F*H"((X,),,, Qp(n)) and

Im [Tp : KZn—i—l(xv) ®Q — Hl(FmHi((Yv)etv Qp(n)))} =0.
(2) Forn= (i+1)/2 and X, regular,

Im [rp :CH™"(%,)0®Q — Hl(Fv, H2"71((Yv)et, Qp(n)))] =0.

Here CH™(X,)o = Ker [CH"(%v) — H>"((X, ®0, m)et, Qp(n)):|'

Remark. If n = (i+1)/2 and H**~ (X, Q,) satisfies the purity conjecture for the monodromy filtration
at v (e.g. if X has a potentially good reduction at v), then H*(F,, H*"~'((X,),,, Qp(n))) = 0.
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(0.12) For v|p, diagrams (0.11.0-1) no longer exist. Assume that X, is proper and smooth over Spec(O,).
Instead of p-adic étale cohomology of X,,, consider the syntomic cohomology of Fontaine-Messing [FM]. For
p > 2 and n > 0, Fontaine and Messing defined maps !

H*((xv)synv SQp(n)) — H*((Xv)etv Qp(n))

Chern classes with values in syntomic cohomology give rise to commutative diagrams of p-adic regulators

KQn—i—l(xv)gl) — KQn—i—l(Xv)g)

l l (0.12.0)

H+! ((%v)syna 5Qp (n)) — Hi—H((Xv)etv Qp(n))
resp. cycle classes

CHn(xv) — CHn(XU)

l l (0.12.1)

H%((:{v)sym 5Q, (”)) - H%((Xv)etv Qp(n))

Our main local result 2 (proved in a more general context, when O, is replaced by an arbitrary complete
discrete valuation ring of mixed characteristic (0,p), with a perfect residue field) states that there is a
canonical isomorphism - compatible with the Hochschild-Serre spectral sequence (0.3.0) for X, -

Ker [Hi+1((:{v)sym SQp(n)) - Hl+1(( )et’ Qp( ))} = Hf(Fvv Hl(( )et7 Qp( ))) (0.12.2)
and that
Ker [H™((X,)syns $q, (1)) — H ™ ((Xy) 0 Qp(n))] = 0. (0.12.3)

This implies that syntomic cohomology of a proper and smooth scheme over Spec(O, ) displays all signs of
behaviour of a “p-adic Beilinson-Deligne cohomology”, which should be the abutment of a spectral sequence

By" = Hy(Fy, HY(X,), Qu(n)) = HEF(X,, Q) (0.12.4)
As a corollary, we obtain
Theorem B. If X, is proper and smooth over Spec(O,) and v|p, then
(1) Forn> (i+1)/2,
Im [Tp (Kon—i—1(X,) ® Q)o — H' (Fvaz(( v) t’QP( )))] - Hf(FmHz(( v) t»Qp( )))-
(2) Forn=(i+1)/2,
Im [r, : CH™(Xy)o © Q — H'(Fy, H*" 1 ((X4) o Qp(n)))] € Hp(Fo, H*" 1 ((Xy) oy Qp(n))).
Here (Kan—i—1(Xy) ® Q)o = Ker [Kan—i—1(%,) ® Q — H'TH((Xy),,, Qp(n))].

In fact, Theorem B holds under a weaker assumption, namely that X, has a potentially good reduction.
Moreover, it follows from crystalline Weil conjectures for H'"!(%,) ([KM], [CLeS]) that (Kan_i—1(%X,) ®

Ccris

Q)o = Kop—i—1(%,) ® Q. The statement (2) of Theorem B is crucial for the construction of p-adic height
pairings — see [Ne 2], [Ne 3].

(0.13) For X, smooth and projective over Spec(Q,), P. Schneider ([Sc 2], Sect. 7) defined (for n > 0) a
cohomology theory H*((%X,),,,Sq,(n)) mapping to H* (X, Qp(n)). He conjectured that, for i # 2n,2n —1,
the Hochschild-Serre spectral sequence induces an isomorphism

H™H(X0)er: Sq, (n) — Hp(Fy, H'((X0) oy, Qp(n)) (0.13.0)
It is explained in [Sc 2] that (0.12.2) combined with a result of Kurihara [Ku] implies the following result.

1 The case of p = 2 is treated the work of Tsuji [Ts].
2 For technical reasons, we use the syntomic-étale site of the p-adic completion of ¥,. The cohomology
of sq,(n) is the same for both sites.



Theorem C. Fori # 2n—1 and 0 < n < p — 1 Schneider’s conjecture (0.13.0) holds.

(0.14) Our methods also shed some light on the relation between the image of the cycle class map

cx, : CH"(X,) ® Q — H*((Xy).y, Qp(n))
and the filtration F-H*"((X,),,, Qp(n)) on the target (again the case of v /p is well known).

Theorem D. Let X, be proper and smooth over Spec(F,).

(1) Ifv fp and either r = 1, or r = dim(X), or X, has a potentially good reduction, then Im(clx,) N
FYH?*"((X0)e, Qp(n)) = 0.

(2) Suppose that v Jp and that X, satisfies the condition

(#n) There is a finite extension L/F, such that X := X, ®p, L admits a regular model X, proper over
Spec(Op), such that the restriction map (CH™(XL) ® Q) — (CH™(XL) ® Q)¢ Is surjective.

Then Im(clx,) N F*H*"((X,),,, Qp(n)) = 0.

(3) Ifv|p and if X, has a potentially good reduction, then Im(clx,) N F2H?*"((X,),;, Qp(n)) = 0.

The condition (x,) is known to be satisfied - provided X, exists - if X, is equidimensional and n = dim(X,).
(0.15) Returning to the global setting, consider the cycle class map

cx : CHY(X)® Q — H*"(Xe, Q,(n))
for a smooth and projective scheme X over a number field F'. The conjectural injectivity of the Abel-Jacobi
map 7, from (0.7) predicts that
Im(clx) N F2H?"(X e, Qp(n)) =0
Our local results imply

Theorem E. If X is proper and smooth over a number field F' and has a potentially good reduction at all
primes dividing p, then Im(clx) N F2H?*" (X, Q,(n)) is a subquotient (as a Q,-vector space) of

Ker |agys : H(Grs, H*"*(Xe, Qp(n)) — @ H*(Fy, H" (X o1, Qp(n)))
veEXD

Here Gp s is the Galois group of the maximal extension of F', unramified outside of S = {v|p}U{primes of bad
reduction of X}, and ¥ = {v|p} U{v € S|v [ p, (*,) holds for X ®p F,}.

Remarks. (i) It is believed that ¥ = S.
(ii) Conjecturally, Ker(ag,s) = 0. A function field analogue was proved in ([Ja 2], Thm. 4) and ([Ra], Thm.
4.1).

(0.16) There are only a handful of cases in which the vanishing of Ker(ags, ) has been established. Combining
Theorem E with results of [Fl], [La 1], [Wi], we obtain

Theorem F. Let E be a modular elliptic curve over Q, without complex multiplication (over Q), p > 2 a
prime number at which E has good reduction. Then, for every d > 1, the cycle class map

clga : CHYEY) — H*'((EY),,, Qp(d))
satisfies Im(clpa) N F2H?**((E?),,, Qp(d)) = 0.
Under additional hypotheses on p, an analogue of Theorem D can be proved for cohomology with Z,-

coefficients. Combined with vanishing results for a Z,-version of agg ([F1]), this can be applied to the
torsion in the Chow groups:



Theorem G. Let E be a modular elliptic curve over Q, without complex multiplication (over Q). Then
there is an explicit integer cg > 1 such that, for every d > 1 and every prime p not dividing (2d)! - cg, we
have

(Im [CHY(E") — H*'((E?),,, Z,(d))]),, . =0.

tors

(0.17) Theorem B was independently proved by Niziol[Ni] for X, smooth and projective over Spec(Q,). A
special case of (0.12.2) is treated by Langer-Saito ([LaSa], Thm. 6.5). Our approach is modelled on a paper
of M. Gros [Gros]. However, many arguments in [Gros| are rather sketchy. The Appendix to the present
paper will treat the compatibility of syntomic and étale Chern classes in (0.12.0-1) (this is one of the points
where the treatment in [Gros] does not seem to be completely satisfactory).



I. Topological background
This chapter sums up technical material that will be needed later.

1. Abstract nonsense

(1.1) Notation. For a category (resp. a site) C, denote by C™ (resp. C™) the category of presheaves (resp.
sheaves) on C' (we suppress the dependence on a universe). For a topos F, write Ab(E) for the category of
abelian groups in E. If A is a ring in F, Mod(FE, A) denotes the category of A-modules in E. Both Ab(E)
and Mod(FE, A) are abelian categories with enough injectives ([SGA 4], Exp. II, 6.9). If E = (Sets), then
we often write (A — Mod) instead of Mod((Sets), A). Write I'g = I'(E, —) : E — (Sets) for the functor of
global sections on E. Cohomology groups in E are denoted by HY(E,—) (resp. HI(E; X, —) for an object
X of E). Occasionally, we shall abuse the notation and write H%(C, —) instead of H?(C™, —) (and similarly
for H1(C; X, —)). See Appendix and ([SGA 4], Exp. I-VI) for further topological terminology.

(1.2) Localization. Let A be an abelian category. Denote by Q(A) = A® Q its localization with respect
to all morphisms n-14 : A — A (for A € Ob(A), n > 1). It has the same class of objects as A and the
identity induces a functor @ : A — Q(A). We give a list of standard properties of Q(.A).

(1) Q(A) is an abelian category.

(2) Q:A— Q(A) is an additive functor, exact and essentially surjective.

(3) For every A, B € Ob(A),

Homg4)(Q(A), Q(B)) = Hom4(4, B) © Q
(4) If B is an additive category and u : A — B an additive functor such that u(n-14) = n-1,04) : u(4) —
u(A) is invertible for all A € Ob(A),n > 1, then u factors uniquely as
u AiQ(A)LB,
where v is an additive functor. In particular, for every commutative ring R the functor —®Q : (R—Mod) —
((R® Q) — Mod) factors as
(R — Mod)-2Q(R — Mod)—*+((R ® Q) — Mod),

where £ is an ezact functor.

(5) For A € Ob(A), Q(A) =0 iff n- Hom4(A, A) = 0 for some n > 1.

(6) An additive functor u : A — B between abelian categories 4, B induces an additive functor Q(u) :
Q(A) — Q(B) such that the diagram

A LN B
lQA lQB
Q) 2 o)

is (strictly) commutative.

(7) In the situation of (6), u is exact (resp. left exact, resp. right exact) = Q(u) is exact (resp. left exact,
resp. right exact).

(8) If A has enough injectives (e.g. if A = Mod(E, A)), then Q(A) has enough injectives and

{X € Ob(Q(A)) | X injective} = {Q4(I)|I € Ob(A) injective}
(9) If A has enough injectives and if u : A — B (as in (6)) preserves injectives, then Q(u) : Q(A) — Q(B)

preserves injectives.
(10) If A has enough injectives and u : A — B (as in (6)) is left exact, then Q(u) : Q(A) — Q(B) is left
exact, R%u, R1Q(u) are defined for all ¢ > 0 and the diagram
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A R B

lQA lQB
R1(Q(u))
QUA) —— Q(B)
is commutative (up to a canonical isomorphism).
(11) Denote by C(A) (resp. K(A), resp. D(A)) the category of complexes (resp. the category of complexes
up to homotopy, resp. the derived category) of A. The functor Q4 : A — Q(A) extends to triangulated
functors Q : K(A) — K(Q(A)) and Qp : D(A) — D(Q(A)).

If X (resp. Y) is a complex bounded below (resp. bounded above), then the canonical maps

Home(4)(X,Y) ® Q — Home(ga) (Q(X), Q(Y))
Hom g (4)(X,Y) ® Q — Hompg (g(a))(Q(X),Q(Y))

are both isomorphisms.
(12) If A has enough injectives, then the canonical map

HomD(A)(X7Y) X Q — HOHID(Q(A))(QD(X),QD(Y))

is an isomorphism for every X € Ob(D~(A)), Y € Ob(D*(A)).
(13) If A has enough injectives and u : A — B is a left exact functor to an abelian category B, then there
is a canonical isomorphism

Qp(Ru(X)) — R(Q(u))(@p (X))
for every X € Ob(DT(A)).

(1.3) Projective systems. Let C be a category. Denote by CN the category of projective systems

[A’n]nEN = [AO — Ay — Ay — ]

(indexed by N) in C.

If E is a topos, then EN is a topos as well. Indeed, viewing the ordered set N as a category in the usual
way, consider the functor ® : N — E sending each element of N to the final object eg of E. The pull-back
of the fibred topos of arrows FI(E) — E ([SGA 4], Exp. VI, 7.3.1) by @ is a fibred topos ®*(FI(E)) — N
over N. The associated total topos Top(®*(FI(E)) (cf. [1l 1], VI.5.2) is canonically equivalent to EN. The
functor of global sections of EN factors as

N I'E N I';
Lipny : BV —=(Sets)™ —(Sets),
where 'Y ([A,]) = [[s(4,)] and I'ny = l%n (cf. [SGA 4], Exp. VI, 7.4.15; [Il 1], VL.5.8.1(ii)).
(1.4) Continuous cohomology. For a projective system A = [A,] € Ob(Ab(EN)) we shall write, abu-

sively, H4(E, [A,]) instead of H1(EN [A,]). The spectral sequence of ([SGA 4], Exp. VI, 7.4.15; Appendix
2.3.2) for the composition of functors

['pny =TnolR : Ab(EN) — (Ab)N — (Ab)
becomes
0 — (R lim) HT™YE,A,) — HYE,[A,)]) — lim H(E, An) — 0, (1.4.1)

as RITN = quiwm =0 for ¢ > 1 (in (Ab)N). We denote by H?
exact sequence (1.4.1).

E,[Ay]) the third group in the short

aive(
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(1.5) A morphism of topoi v = (u*,u,) : E — E’ induces a morphism of topoi uN : EN — E'N_ given
termwise by u. On abelian group objects, the derived functors

RiuN : Ab(EN) = Ab(E)N — Ab(EN) = Ab(E)Y

can be computed termwise as well:

(BU) ([Ad) = (R0 (A,)] (15.1)
The Leray spectral sequence for u™N ([SGA 4], Exp. V, 5.3) is given by

Eg’q = Hp(E/, [un*(An)}nEN) = Hp+q(E7 [An]nEN) (152)

Denote by F*HI(E,[A,]) the induced filtration on its abutment. The kernel of the edge homomorphism is
equal to

Ker |HY(E,[A,]) — ES’q} = F'HY(E,[A,)])

and (1.5.2) induces a homomorphism
§: F'HY(E,[A,]) — EL1™1 — E}7! (1.5.3)

(1.6) Mittag-Leffler conditions. Recall that a projective system [A,,] € Ob(Ab(E)Y) is a ML-system if,
for each n € N, the sequence of subobjects [Im (A, +n, — An)]lmen of A, becomes stationary for m > m(n).
The projective system is ML-zero, if this stationary value is equal to 0 (= the final object of Ab(E)) for
all n € N. The projective system is an AR-system (= Artin-Rees), if the value of m(n) can be taken
independent of n. If [A,,] is ML-zero, then ([Ja 1], Lemma 1.11)

HY(E,[A,]) =0 (1.6.1)

A ML-isomorphism is a homomorphism f : [4,] — [B,] such that both Ker(f) and Coker(f) are ML-zero.
By (1.6.1), such an f induces an isomorphism

HIY(E,[A,)]) = HY(E,[B,]) (1.6.2)

for all ¢ > 0. A projective system [A,] of abelian groups is called ML-p-adic if it is ML-isomorphic to the
system [A ® Z/p™Z] for a suitable abelian group A.

(1.7) Group cohomology. Let G be a pro-finite group and let Bg be its classifying topos ([SGA 4],
Exp. IV, 2.7). Objects of Bg are sets with a discrete left action of G (the stabilizer of each element is an
open subgroup of G). Abelian groups in By are discrete G-modules. For a projective system of discrete
G-modules [A,], we write H1(G, [A,]) for H1(Bg, [Ax)]).

The group G acts continuously on the projective limit A = liﬁmAn (equipped with the topology of a

projective limit of discrete sets) and one can consider continuous cohomology groups HY, .(G,A) in the
sense of Tate [Ta], computed using continuous cochains. The basic comparison result, due to Jannsen ([Ja
1], Thm. 2.2), states that for a Mittag-Leffler system [A,,] there is a canonical (and functorial) isomorphism

Hgont<G7]<iWrn An) — Hq(G7 [An]) (1'7'1)

(1.8) Lemma. Let G be a pro-finite group, p a prime number such that d := cd,(G) (c¢f. [Se 1], 1.3.1) is
finite. If [A,] is a projective system of p-power torsion discrete G-modules, then

(1) HYG,[A]) =0, ifg>d+1.

(2) H™(G,[A,]) =0, if [A,] is a ML-system.

Proof. (1) Follows from (1.4.1). For (2), we have to show that (R* 1%1) HY(G,[A,]) = 0 (again by (1.4.1)).

In view of (1.6.1), we can assume that [A,] is a surjective system. In this case [H?(G, A,,)] is a surjective
system as well, hence its (R! ]‘%n) vanishes.
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(1.9) Proposition. Let G be a pro-finite group, T a topological G-module. Define a topology on T ® Q
as follows: T ® Q = lim Im(avy,), where ap, : T — T ® Q (for m > 1) is given by a,(z) =z ® (1/m). Put

the quotient topology on Im(ay,) and the inductive limit topology on T ® Q. If Tiors has a finite exponent,
then the canonical map
chont(G’ T) ® Q - Hgont(Gv T® Q)

is an isomorphism (for each ¢ > 0).

Proof. As in ([Ja 1], Thm. 5.15.c).

(1.10) Remark. If p is a prime number and [A4,] is a ML-p-adic projective system of discrete abelian
groups, then the projective limit topology on A = linAn is the p-adic one (see [Ja 1], Lemma 4.5).

2. Continuous étale cohomology

This is a brief summary of some aspects of Jannsen’s theory [Ja 1].

(2.1) For a scheme X, let X,; be its small étale site ([SGA 4], Exp. VII, 1.2). As in 1.4, for an object [A4,,]
of Ab(X Q)N, there are continuous cohomology groups H?(X., [A,]) sitting in the exact sequence

0 — (R! l%n) HT7 Y Xy, Ay) — HY (X, [An]) — lim HY( Xy, Ap) — 0 (2.1.1)
As before, we denote the third group by H . (X, [An]).

(2.2) Let K be a (commutative) field. Fix a separable closure K of K and put Gx = G(K,/K). Evaluation
at 7 : Spec(K ;) — Spec(K) (more precisely, at Spec(L) — Spec(K) for all finite subextensions K C L C
K) defines an equivalence of categories

Spec(K)5—>Ba,, A~ Ay,

inducing canonical isomorphisms

HI(Spec(K) ., [An]) > HU(Gc, [(An)glnen) (22.)
Let m : X — Spec(K) be a coherent (= quasi-compact and quasi-separated) morphism (for example, a
morphism of finite type). For every abelian sheaf A on X.; and ¢ > 0, there is a canonical isomorphism
(Rim,A)g — HY(X oy, A), (2.2.2)
where X = X @k K, ([SGA 4], Exp. VIII, 5.2) (by abuse of notation, we write A instead of f*A, for
f:X — X). If 7 is not coherent, then the R.H.S. of (2.2.2) has to be replaced by
lig HY((X @5 L), ).

with L running through subextensions K C L C K, finite over K. The Leray spectral sequence (1.5.2)
becomes — for coherent m — the Hochschild-Serre spectral sequence

E;j = Hi(GKa [Hj(yet,An)]nGN) = Hi+j(X€ta [An]neN) (2'2'3)

(2.3) Under additional hypotheses, the spectral sequence (2.2.3) further simplifies ([Ja 1], Rmk. 3.5):
(2.3.1) If [H/(X o, An)]nen is a ML-system for all j > 0 (e.g. if the groups H7 (X, A,,) are finite for all
j,n >0), then

~

HY (X, [Ay)) — H!

naive(

Xet: [AnD
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and (1.7.1) gives

Egj = Héont(GK’ Hiaive(yet’ [An])) — H'" (Xet’ [A”]nEN) (2311)

(2.3.2) If, furthermore, H'(Gx, M) is finite for any finite G -module M and i > 0, then the spectral
sequence (2.3.1.1) and its abutment are equal to ](%n of the usual spectral sequences

By = HY(Gx, H (Xer, An)) = H™ (Xot, Ap), (23.21)

as all groups in (2.3.2.1) are finite and 1%1 is exact on projective systems of finite groups. This happens, for
example, if K is a finite field or a finite extension of Q.

(2.3.3) For a prime p different from the characteristic of K we put, as usual,

r :
Lpn ifr>0
Z/p"Z(r) = { ’

Hom(ppn, Z/p"Z)*~" ifr <0
If m: X — Spec(K) is of finite type, then, according to ([SGA 5], Exp. V, 5.3.1),

[H (X o1, Z/p"Z(r))|nen  is a ML—p — adic system of finite groups (2.3.3.1)

(for every i > 0,7 € Z). This implies that

HI (X ety Zp(r)) = H} e (X et Zp(7)).
Following Jannsen [Ja 1], we use the following notation:
HY(Xet, Zip(r)) := HY(Xet, [Z/p"L(r)])
HY(Xer, Qp(r)) := H (Xer, [Z/p"Z(r)]) @z, Qp

(2.3.1.1) then gives a spectral sequence

E;)J = Hgont(GK7 Hi(yeh ZP(T))) = Hi+j(X6t7 Zp('f'>), (2332)

which, on tensoring by Q, becomes — in view of Proposition 1.9 —

By? = Hiopi(Gre, H' (Xer, Q1)) = H™ (Xer, Qp(r) (2:3.3.3)

Note that the topology on H*(X s, Z,(r)) (resp. on H (X, Qu(r))) is the p-adic one, according to (1.10)
and (2.3.3.1),
If follows from (2.3.3.1) and Lemma 1.8 that

EY =0 fori> cdy(K) (2.3.3.4)

(for both spectral sequences (2.3.3.2-3)).

If X is smooth and projective over K, then the spectral sequence (2.3.3.3) degenerates at Es, by ([De
1], Prop. 2.4) and the existence of a good formalism for the derived category of Q,-sheaves (Ekedhal [EX],
Jannsen (unpublished)). It follows from de Jong’s theorem on alterations [de J] that Fs = E for X proper
(not necessarily projective) and smooth over K.

(2.3.4) If, furthermore, K is as in (2.3.2), then (2.3.3.2) is the projective limit of spectral sequences
Ey = H(Gg,H (X e, Z/p"Z(r))) = H' (X, Z/p"Z(r)), (2.3.4.1)
with all groups in (2.3.4.1) being finite.

(2.4) Proper base change. Let S be the spectrum of a henselian local ring, s < S the inclusion of
the closed point. Let m : X — S be a proper morphism with a special fibre X; = X ®g s. Denote by
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i : Xs — X the immersion of X, into X. If A = [A,,] is a projective system of torsion abelian sheaves on
X.t, then i induces an isomorphism

i HY(Xer, [An]) — HY((Xo), [i"An]) (Vg 2 0) (2.4.1)

This follows from (2.1.1) and the usual proper base change theorem. The latter also implies that

(RITN A)s := [(RIT. Ap)s)nen — [Hq((Xg)et,i*An)]neN (2.4.2)

(2.5) Let p be a prime number. Write “Z,” for the projective system [Z/p"Z],en; it is a ring in (Sets)N.
For any topos F, the morphism of topoi I'Y : EN — (Sets)N defines a ring ('} )*(“Z,”) in EN, which will
be again denoted by “Z,”. By abuse of language, we put

Mod(E, “Z,”) := Mod(EN, “Z,”),  Mod(E, “Q,”) := Q(Mod(E, “Z,"))

These are abelian categories with enough injectives (¢f. (1.1), (1.2.8)).

If K is a field of characteristic char(K) # p and G = Gk, denote by “Z,(r)” (for any r € Z) the
projective system of discrete G-modules [Z/p"Z(r)],en. It is a flat object of Mod(Bg, “Z,”). Write “Q,(r)”
for Q(“Z,(r)”), which is a flat object of Mod(Bg, “Q,").

Tensor products X — X Qg » “Z,(r)” (resp. X — X ®«q,” “Qp(r)”) define exact endofunctors

X — X (r) (“Tate twists”) of Mod(Bg, “Z,”) (resp. Mod(Bg, “Q,")). For every X and r,q € Z, there are
canonical isomorphisms

(X(M)(@) — X(r+q),  (X(r)(-r)— X (2.5.1)

3. Some homological algebra

This section should be skipped on the first reading. We shall need Proposition 3.5 for our main comparison
results in Chapters III and IV.

(3.1) Suppose we are given the following data:

(0) An integer i € Z.

(1) Abelian categories with enough injectives C,C, D.

(2) Left exact functorsu:C — C, ¥V :C — D, ®=Vou:C — D.

(3) Distinguished triangles A : A — B — C — A[l] (resp. A: A — B — C — A[l1]) in D(C)
(resp. DF(C)).

(4) A morphism of triangles A — (Ru)(A) in D*(C).

(5) Objects E € Ob(D*(C)), E € Ob(D*(C)) and an isomorphism p : E — (Ru)(E).

(6) Morphisms p: A — E (resp. fi: A — E) in D*(C) (resp. DT(C)) such that the diagram

is commutative.

Denote the composition ‘ . ‘
(RT1W)(A) (R (B) — (R™19)(E)

by v and write A’ for the map (R/¥)(B) — (R'V)(C).

We assume the following axioms hold:
(A1) Ker [H/(A) — H/(B)| =0 forj=1i,i+1.
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(A2) 7 induces an isomorphism  7<;A — 7<;F and a monomorphism ®(H*1(A4)) — <I>(Hi+1(F)).
(A3) The canonical maps (R'W)(B) — ®(HY(B)), (R7V)(C) — ®(H’(C)) (for i,7 + 1) induce
isomorphisms
Coker(A\") — Coker [®(H"(B)) — ®(H'(C))]
Ker(\') = Ker [2(H"(B)) — ®(H'™(C))]

Note that (A2) resp. (A3) follow from stronger axioms
(A2’) 7 induces an isomorphism — 7<; 1A —— T<iy1 E. o
(A3’) The canonical maps (R'¥)(B) — ®(H’(B)), (R'¥)(C) — ®(H?(C)) are isomorphisms for j =

ivi+ L.
(3.2) The spectral sequence EP? = (RP®)(H(A)) = (RPT19)(A)
defines a decreasing filtration F"*(R/®)(A) and homomorphisms
edge : (R7®)(4) — E% — EJ7 = ®(H’(A))
§: FYRI®)(A) = Ker(edge) — EL ™1 — Ey7 71 = (R'®)(HIL(A))

(and similarly for B, C). The maps in (A3) are given by

(3.1.4) edge
—

(RI)(B) = H (R¥(B)) HI(RYRu(B)) — H/(R®(B)) = (R'®)(B)=L®(H’(B))

Proposition. For every j € Z, the following diagram is commutative:
Ker [(R/®)(0)“ (1 (0)) — @ (H/* (A))] — Fl(Rte)d)
| s
Ker [(H(C)) — ®(HITL(A))] (R ®)(Im[HI (A) — H/(B)]) «— (R'®)(H/(A))
Here 0 is the coboundary map in the cohomology exact sequence of
0 — Im[H’ (A) — HI(B)] — H’(B) — Ker[H?(C) — HT'(A)] — 0
Proof. This is a derived category version of [Ja 3, Lemma 9.5].

(3.3) The axiom (A1) implies that
m [(R'®)(C) — (R"'®)(A)] € FY(R'T'®)(A), (3.3.1)
the sequence
0 — HY(A) — H'(B) — H'(C) — 0
is exact and the maps
®(H’(A)) — Ker [®(H?(B)) — ®(H’(C))] (3.3.2)

are isomorphisms for j =i,7 + 1.
According to the axiom (A2), it induces isomorphisms
(RIO)(A) = (RWO)B), H@) S WE) (G20 533
FYR'®)(A) = FYRI®)E) (Vj<i+1) o

and a monomorphism (which is an isomorphism, if (A2’) holds)
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FYR"™®)(A) — FY(R™®)(E). (3.3.4)

By transport of structure, we obtain an exact sequence

0— HZ(E) — HZ(E) — Hz(é) —0
Denote by

d:®(H(C)) — (R'®)(H'(E))
the corresponding boundary map.

(3.4) Corollary. Assuming (A1), (A2), the following diagram is commutative
Coker [(Ri®)(B)) — (R'®)(C))] 2 Furite)@) £ FURITIO)(E)

o s !
Coker [®(H(B)) — ®(H(C))] —  (R'®)(H(A)) R (R'®)(H(E))
Both maps i are isomorphisms, by (3.3.3).
(3.5) Proposition. Suppose the axioms (Al)—-(A3) hold. Then

(1) There is a commutative diagram with exact rows, with vertical maps induced by v:

0 — Coker(\?) — (RTU)(A) —  Ker(\Hl) — 0

l I [

edge

0 — FYRTO)(E) — (RMO)(E) — ®HTYE))
|s
(R'®)(H'(E))
(2) The composition § o 3 is equal to the map 0 (composed with the isomorphism of (A3)). In particular,
Ker(d o ) =0.

(3) Ker(a) =0. If (A2’) holds, then « is an isomorphism and Coker(edge) = 0.
(4) Ker(v) =0.

Proof. (1),(2) The first row is the cohomology sequence of A. The commutativity of the right square is

clear. The commutativity of the left square follows from Corollary 3.4 and the commutative diagram

Coker(\?)  — (R1W)(A)

Coker [(R'®)(B)) — (R'®)(C))] < FY(R™'®)(A) — (RT'®)(A)

(3) The map « is the composition of the monomorphism ®(H**1(A)) — ®(H**!(E)) (which is an isomor-
phism, if (A2’) is satisfied), and the isomorphisms (3.3.2) and (A3).
(4) Follows from Ker(a) = Ker(3) = 0.

FO(RIW)(A) = (R7W)(A)
FYRIT)(A) = Ker [(R1T)(A) — (R7V)(B)] < Coker(\ 1)
F™(RIW)(A) =0 (m>1)

Proposition 3.5 can then be reformulated as follows:

(3.6) Define a filtration on (R7W)(A) by
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Proposition. (1) For every j > 0, we have v(FI(RHIW)(A)) C FI(R™®)(E)) and the induced map
gr(v) : grin(RTI) (A) — gri (R ®)(F) = EZ1~J is a monomorphism.

(2) Im {gr;(RiH\I/)(A) < BLi EH = Im(d).

(3) If (A2’) is satisfied, then the map

g (RHW)(A) — BYH 0 B = o(1H ()

is an isomorphism and E%/*1 = E3*!
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II. Local situation at ¢ # p

There is nothing new in this chapter. We simply summarize well-known results on étale cohomology and
p-adic regulators for varieties over f-adic fields.

1. Etale cohomology

(1.1) Geometric situation. Let ¢ # p be prime numbers, K/Qy a finite extension, Ox C K the ring of
integers, k the residue field of Ok, Ix C Gk the inertia subgroup.

For a morphism 7 : X — Spec(Of), denote by 7, : X — Spec(K) =1 (resp. 75 : Y — Spec(k) = s) its
generic (resp. special) fibre. Denote the corresponding open (resp. closed) immersion by j : X <— X (resp.
i:Y — X).

(1.2) Cohomology. For a fixed r € Z, there is a projective system of abelian sheaves [Z/p"Z(r)],en on
Xct. The Leray spectral sequences (1.5.2) for 7, m,, 75 (tensored by Q) are

By’ = H*(Spec(Ox )y, [R*T(Z/p" Z(r))Inew) ©® Q = H™ (X0, Qp(r))

“Ey’ = H(Spec(k);, [R'Tu(Z/p"Z(r)lnen) ® Q = H*™ (Yor, Qp (1)) (1.2.1)
"By = H(Spec(K) q, [R'Ts (Z/p"B(r))Inen) © Q = HM(Xer, Qp(r))
(see (2.3.3) for the notation).

If 7 is a morphism of finite type, then

B3 = (G H'(V et 2 (1)) © Q = H (G HY (Ve Qy (1) (1:22)

UE;vb cont(GKv (XEtv ZP(T))) & Q — cont(GK? (Xetv QP(T)))
by (I.1.9) and (1.2.3.3.2). According to (1.2.3.3-4), we have

HY(Zet, Zp(r)) — Hipe(Zer, Zp(r)) (1.2.3)

naive

forall Z=X,X,Y,Y.
(1.3) Base change. The immersions ¢, j induce homomorphisms

sEab i* Eab J" nEa,b
HO (Yo, Q) e HO (X 0y, Qp(r)) o HVE (X oy, Q, (7))

As edy(k) = 1 and ed,(K) = 2, (1.2.3.3.4) implies that *ES® = 0 for a > 1 and "ES* = 0 for a > 2. Thus
SE;’b — SEffo’b-

The filtrations F" induced by the spectral sequences (1.2.1) on their abutments are compatible with the
maps ¢*, 7% in (1.3.1). From now on, assume that 7 is proper. Then ¢* induces an isomorphism of spectral
sequences E2Y and *E®° by (1.2.4.1-2). This means that F2H(X., Q,(r)) = 0 and that the map § of
(I.1.5.3) (for m,) is an isomorphism, sitting in a commutative diagram

(1.3.1)

FUHS (Y, Q) ™ FUHH (R, Q) — U (X, Q)

lz l(s (1.3.2)
cont (Gk7 (Y€t7 QP(T))) cont (GK7 ( ety Qp(r)))

All of its entries (as well as H*(X s, Qp(r)) and H' (Y ct, Qp(r))) are Qp-vector spaces of finite dimension,
by (1.2.3.4).

Write V7 (resp. V’) for H (Y 1, Qp) (vesp. H (X e, Qp)). The graded pieces for the filtrations F- satisfy
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grH™ Y (X, Qp(r)) = BYT =5 sEQH = syt (V”l(r))c
griH T (X, Qp(r) = BN =5 °EY = "Ey* = H},,,(Gr, Vi(r)) (1.3.3.1)
grpH M (Xer, Qp(r)) =0 (Vj > 1)

and

gryH ™ (Xer, Qpr)) = "ELH = EYT = (Vi (1) 7

1 pritl 1, 1, 1 i (1.3.3.2)
gTFH (X€t7 QP(T)) - "7E "7E - Hcont(GK? V’r] (’I"))
The homomorphisms
7 G 7 G
g0 (V)T — (Vi) w5
gTF(j ) : Hcont(Gk’ V;(T)) - HCOTLt(GK7 n( ))
are induced by the specialization maps
sp VI — (V)™ (1.3.5)

for j =i+ 1 (resp. j = 4). In particular, the bottom arrow in (1.3.2) is equal to grk(j*), hence factors
through the unramified Galois cohomology:

Heoy (G, V(1) = Higni (G, (Vi) (1)) = Hyp (G, Vi (1)) = Hiony (G, Vi (7)) (1.3.6)
According to Deligne ([De 4], Thm. 1), Vi(r) is mixed of weights < i — 2r. Consequently,

grYH ™ (X e, Qp(r) =0, if r> (i41)/2
gr};HHl(%et,Qp(T)) =0, if r>1i/2

If 7 is proper and smooth, then I acts trivially on Vni and sp’ is an isomorphism (for all i > 0), by the
proper and smooth base change theorems.

(1.3.7)

(1.4) Proposition. Let m: X — Spec(Ok) be proper.
(1) Ifr > (i+1)/2, then H (X, Qp(r)) = 0.
(2) Ifr = (i +1)/2, then the edge homomorphism H?" (X, Q,(r)) — V2" (r)¥*  is an isomorphism.

Proof. Everything follows from (1.3.7) and (1.3.3.1).

(1.5) Purity conjecture for the monodromy filtration. Suppose that 7 : X — Spec(Ok) is proper
and its generic fibre 7, : X — Spec(K) is smooth. According to Grothendieck ([ST], Appendix), there
is a finite extension K'/K such that I/ acts on H := H* (X, Q,) unipotently, through the p-part of its
tame quotient. This gives rise ([De 4], Prop. 1.6.1) to a monodromy operator N : H — H(—1) and the
corresponding monodromy filtration M; H (increasing, exhaustive and separating). It is characterized by

N(M;H) C M;_»(-1) (j€2Z); N’:Gry'(H) = GrM,(H)(—j)

The purity conjecture for the monodromy filtration ([De 2], 8.1) predicts that

H=MH (< M_; 1H=0) (1.5.1)
Over K', GTJM(H) is unramified and pure of weight i +j (Vj € Z) (1.5.2)
The characteristic polynomial det(1 — T - Fry | Grjw(H)) has coefficients in Q

and is independent of p (1.5.3)
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If true, then the weights of

Hi(X o, Q)1 € H (Ko, Q)1 = Ker(N : H — H(-1)) (15.4)
are contained in the set {0,1,...,7} and all weights of
H' (X1, Qp)1ye —— H'(X e, Qp)ry, = Coker(N(1) : H(1) — H) (1.5.5)
are contained in {i,i +1,...,2i}.

(1.6) The conjecture (1.5.1-3) has been proved in the following cases:

(1.6.0) i = 0 (trivial).

(1.6.1) X has good reduction ([De 3]). In this case H is pure of weight i: H = MyH and M_;H = 0.
(1.6.2) ¢ =1 ([SGA 7], Exp. IX, Thm. 3.6).

(1.6.3) dim(X) =2 ([RZ], Thm. 2.13, assuming that X has semistable reduction; it follows from de Jong’s
theorem on alterations [de J] that this assumption is unnecessary).

(1.6.4) X is an abelian variety (by (1.6.2) and the fact that the cohomology ring of X is the exterior algebra
over H').

(1.6.5) If X is equidimensional of dim(X) = d, then (1.5.1-3) is valid for ¢ iff it is valid for 2d — ¢, by the
Poincaré duality.

(1.6.6) If X has a potentially semistable reduction, then (1.5.1) is proved in [RZ] (¢f. [ 2, Cor. 3.3]). As
in 1.6.3, the general case follows from de Jong’s theorem.

(1.7) The following statement is well-known ([Ja 2], [So 1]). It shows that, in many cases, the cohomology
group H! (G, H (X ct,Qp(r))) vanishes.

Proposition;(l) If X is proper and smooth over K and the purity conjecture for the monodromy filtration
holds for H (X o¢,Q,), then

r<0
(a) HO(GKa ( ethp( ) = (GK7 ( ethp(r))):O for { )
r>1/2

In particular, the "local Euler factor” of H*(X) has no pole for these values of s = r.

o r<i/2+1
(b) HZ,i(Gre, H (X et, Qp(r))) = 0 for {
r>1+4+1
r<0
(C) Hclont(GKvHi(Yeth(T))) =0 for r= (Z + 1)/2
r>141

2) If, furthermore, X has good reduction, then

)
a) HO(GKaHZ( ethp( ))) 5r(GKaHi(X€t>QP(r))) =0 fOFT#i/Q.

b) cont(GK’ (Xet;Qp( ))) 0 fOI‘T’;ﬁZ/Q—Fl

¢) HY (G, H (X1, Qp(r))) =0 forr #£1i/2,1/2+ 1.

d) H”l(Xet,Qp(r)):() forr #14/2,(i+1)/2,i/2+ 1.

e) H (X, Qp(r) = H M (Yer, Qp(r)) =0 forr #1i/2,(i+1)/2.

(here X is a model of X, proper and smooth over Spec(Ok), and Y its special fibre).
In fact, the statements (a)—(d) are true if X has only a potentially good reduction.

Py

Proof. (1) This is a standard weight argument. Putting V := H*(X.;, Q,(r)), we see that V!X has no
invariants (resp. coinvariants) by the Frobenius for » < 0 or r > i/2, by (1.5.4), proving (a). By local
duality ([Se 1], [1.5.2.2), H2  ,(Gk,V) is dual to HY(Gk,V*(1)). The statement (b) follows from (1.5.5),
as V*(1)'x" = (V,,)*(1) has no invariants under Frobenius for the indicated values of r. For (c), we
use the formula for the local Euler characteristic ([Se 1], 11.5.4.17): dim H%(Gg,V) — dim H (Gg, V) +
dim H2(G g, V) = 0.

(2) In (a)-(d), all the groups involved satisfy Galois descent for finite Galois extensions L/K. This means
that all the statements for X with a potentially good reduction are reduced, by a suitable base change, to
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the case of a good reduction. The argument for (a)—(c) is then the same as in (1), simplified by the fact
that V is unramified and pure of weight ¢ — 2r. (d) follows from the Hochschild-Serre spectral sequence and
(a)—(c). For (e), observe that the two cohomology groups are isomorphic by the proper base change (2.4.1).
As in (1.3), the Hochschild-Serre spectral sequence gives an exact sequence

0 — Hlpny(Gry H (Y o1, Qp(r))) — H™F (Yer, Qp(r)) — HH (YVer, Qp(r)“* — 0
and we apply the vanishing statements (a) (resp. (c)) for the first (resp. the third) term.

(1.8) If 7 is semistable, then the specialization maps sp® can be analysed using the spectral sequence of
vanishing cycles and an explicit construction of the monodromy operator N [RZ], [Il 2]. For example, if the
purity conjecture (1.5.2) for the monodromy filtration on H*(X ¢, Q,) holds, then sp® is surjective.

(1.9) The discussion in (1.3.1-6) remains valid if one replaces everywhere Q,, by Z, (and V; (resp. V;!) by
Ti = H'(Y o, Zy) (vesp. T\ = H (X4, Zyp))). In particular,
Im [§ 05"« FYH™ ! (Xey, Zy(r) — Hepny (G, T(r)] € Hyp (G, T(r))

If 7 is proper and smooth, then Té is unramified and sp® : T! — Tg is an isomorphism (for all ¢ > 0).
Consequently,

ok i G i G
gre() (T () — (T, () 7"
is an isomorphism and
gr}’(j*) : Hclont(Gka T; (T)) — Hclont (GK, Trl] (T))

is injective, with image equal to H,.(Gx, T, (r)). This implies that the restriction map

G H P (X, Zp(r)) — HTY (X, Zy (1)) (1.9.1)
is injective and that

FkHi+l(xet7 Z,(r)) = (j*)_l (FkHi+1(Xet; Zp(r))) )

for every k > 0. In particular,

Im(j*) N F2H™ (X4, Zy(r)) = 0. (1.9.2)

2. Regulators

(2.1) K-theory. In the situation of (1.1), suppose that 7 : X — Spec(Of) is of finite type. Then, for
r > (i + 1)/2, there are étale Chern classes ([Gi])

Kor—i—1(%) AR Kor—i—1(X)

lcfﬂrl,r J/C'H»l,r

H (Xep, ZJp"2(r)) 2= H' (X, 2/p"2(r)
which factor through Ksr—;_1(X,Z/p"Z) (resp. Kop_i—1(X,Z/p"Z)). Taking projective limit and using
(1.2.3), we obtain a commutative diagram

Sk

Ky i 1(X)®Q = Ky i 1(X)2Q
J/Chi+1,7- J/Chi+1’7- (21.1)

HH (X, Qplr)) = H'™(Xer, Qp(r))
with chiy1, = (—=1)"71/(r — 1)!- ¢i41,» (the scalar factor ensures that the Chern character ch is compatible
with products). This map was denoted by 7, in the Introduction.
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(2.2) Theorem. If7:X — Spec(Ok) is proper and r > (i + 1)/2, then

Im [Kar s 1(X) ©® QL HT (X, Q,(r)] = 0
Proof. In the commutative diagram (2.1.1), the group H*"*(X., Q,(r)) vanishes, by Proposition 1.4.1.

(2.3) Algebraic cycles. Let us now consider the “central point” r = (i +1)/2. Assume that 7 : X —
Spec(Ok) is a separated morphism of finite type with X regular. Cycle classes define a commutative diagram

-k

CH"(¥)©Q -~ CH(X)®Q
lczx J/clx (2.3.1)

%

H? (Xet,Qp(r)) L= H*(Xet,Qp(r))

The vertical maps can be defined in several ways (see [Grot], [Sa] in the smooth case); one possibility is to
use K-theory:

clx 1 CH"(X) ® Q 5 Ko(X)g) — H* (Xer, Qy(r))
clx : CH"(X) ® Q 5 Ko(X)§) — H* (Xer, Qu(r))

These isomorphisms are due to Grothendieck ([SGA 6], Exp. XIV, 4.1) and Soulé ([So 2], Thm. 4(iv);
[GiSo], Thm. 8.2); the maps from K-theory to étale cohomology are given by (—1)"~1/(r —1)!- ¢,, where ¢,
is the r-th Chern class of a vector bundle ([SGA 5], Exp. VII, Prop. 3.4; [Ja 1], Thm. 6.12).

Denote the subgroups of homologically trivial cycles by

(CH"(X) ® Q)o :=Ker [CH"(X) ® Q — H*" (X, Qp(r))]
(CH"(X) ® Q)o :=Ker [CH"(X) © Q — H> (X @0, OF) 4, Qp(r))]

Suppose, furthermore, that 7 is proper. Then

H? (X @0, OF ) e Qp(r)) — H* (Yer, Qp(r)) = V' (1) (2.32)
by the proper base change (1.2.4.1).
(2.4) Theorem. Assume 7 : X — Spec(Ok) is proper and X is regular. Then

T " T L T
Im [(CH"(X) ® Q)o~—(CH"(X) ® Q)o5H?" (Xer, Qy(r))] = 0.
Proof. By (2.3.2) and Proposition 1.4.2, we have (CH"(X) ® Q)o = Ker(clx). We conclude by (2.3.1).
(2.5) Asin 1.5, assume that 7 is proper with smooth generic fibre m,. A folklore conjecture states that

dx((CH"(X)® Q)o) = 0. (2.5.1)
According to (1.3.3.2),

(CH"(X) ® Qo = cly' (F'H* (Xer, Qp(r))),

which means that (2.5.1) is equivalent to

Im(clx) N F*H?* (X, Qp(r)) = 0. (2.5.2)
Note that the purity conjecture for the monodromy filtration on H*"~!(X ., Q,) would imply that

FYH?* (X1, Qp(r)) = FPH? (X, Q, (7)), (2.5.3)
by (1.3.3.2) and Proposition 1.7.1(c).
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(2.6) Proposition. Let m be proper and m, smooth. The conjecture (2.5.1) holds in the following cases.
(i) X is equidimensional of dimension dim(X) = r (zero cycles).

(ii) r =1 (divisors).

(iii) X is regular and the map j* : (CH"(X) ® Q)g — (CH"(X) ® Q) Is surjective.

(iv)  is proper and smooth (good reduction).

Proof. (i) [Be 3, 2.2], [Ra, Prop. 3.2]. (ii) There is a canonical isomorphism o : A(K)® Q — (CHY(X)®
Q)o, where A = Pic’(X/F). The composition clx o « is the descent map

A(K) ® Q — A(K)®Qp — Hony(Gx, Vp(A)).

The group A(K) has a subgroup of finite index, isomorphic to the direct sum of several copies of Zy. As
¢ # p, this implies that the completed tensor product A(K )@Qp vanishes.

(iii) This follows from Theorem 2.4.

(iv) In this case the map j* is surjective, since sp®" is an isomorphism. We conclude by (iii).

(2.7) Consider the base change map u: X ®x L — X for a finite field extension L/K of degree d. There
are contravariant (resp. covariant) maps u* (resp. wu,) between Chow groups, étale cohomology and the
terms of the Hochschild-Serre spectral sequences of X resp. X ® g L. They satisfy the usual identitites:

usou*=d-1; u*ou, = Z g (if L/K is Galois)

gEG(L/K)
This implies that the restriction maps
uw : CH(X)®Z[1/d — CH" (X ®k L) ® Z[1/d] (2.7.1)
and
u* s FIH™(X ey, Zyp(r)) @ Z[1)d] — FIH™(X @K L), Zp(r)) @ Z[1/d] (2.7.2)

are both injective. Moreover, for L/K Galois, the image of u* coincides with G(L/K)-invariants of the
R.H.S. Tt follows from the injectivity of (2.7.2) that the conditions (iii) and (iv) of Proposition 2.6 can be
replaced by

(iii’) There is a finite extension L/K and a proper regular model X, of X ®x L over Spec(Op) such that
the map

J5(CH" (X)) ®Q)o — (CH" (X ®x L) ® Q)o
is surjective.
(iv’) X has potentially good reduction.

(2.8) Proposition. If L/K is a finite extension of degree prime to p such that X ® x L has good reduction,
then
Im(clx) N F?H?*"(Xes, Zp(n)) = 0.

Proof. For X @k L this follows from (1.9.2); we can descend to X thank to the injectivity of (2.7.2).

(2.9) It follows from a recent work of K. Kiinnemann [Kn] that (2.5.1) holds for abelian varieties with
potentially totally toric reduction.

Another (partial) result in this direction is proved in ([GrSc], Prop. 7.2), where the authors show that the
class of a modified diagonal on the triple product of a semistable curve lies in the image of j*.

(2.10) Proof of Theorems A and D(1-2). Theorem A is a combination of Theorems 2.2 and 2.4.
Theorem D(1-2) follows from Proposition 2.6 and remarks in 2.7.
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ITI. Local situation at p

In this chapter we prove a comparison result (Theorem 3.2) that relates syntomic cohomology (in the case of
good reduction) to the Bloch-Kato exponential map. Similar result (Theorem 5.2) is proved for cohomology
with Zp-coefficients, under more restrictive hypotheses. As a consequence we obtain upper bounds on the
images of p-adic regulators.

1. p-Adic Galois representations

In this section we recall Fontaine’s machinery relating crystalline and étale cohomology and also the expo-
nential map of Bloch-Kato.

(1.1) Notation. Let k be a perfect field of characteristic char(k) = p > 0; W = W (k) the ring of Witt
vectors of k; Ko = Wp~!] the fraction field of W; o the lifting of the absolute Frobenius a — a? to W and
Ky; K a finite totally ramified extension of Ky. We fix an algebraic closure K of K and write G for the
Galois group G(K/K). For any scheme S over Spec(W) put S,, = S @w W,,.

(1.2) Fontaine [Fo 2, 4] constructed topological Ky-algebras B.,is, Bar equipped with the following struc-
ture:

(i) A continuous Kjy-linear action of G on B.;s and Byg.

(ii) A commutative diagram of (G-equivariant and injective) continuous Kj-algebra homomorphisms

Kéu“ PN B+

cris

[ [ i

K < B(J{R —  Byr

— Bcris

(iii) A o-linear continuous bijective Q,p-algebra homomorphism f : Bepjs — Beris, commuting with G and
preserving B;,is. o

(iv) An exhaustive and separated decreasing filtration F'Byg (by K[G]-submodules of Byr) with B}, =
F°B,r. Warning: Bz;is #+ B;R N Beris.

(v) A Qp[Gl-equivariant injective map

Q1) = (1w e (K) ) 92, Qp = B,

such that, for any 0 # t € Q,(1) C B/,
Beris = B, [t7"] and Bap = Byp[t™'].

(Vi) (Beris)® ZZS(B+ )G = Ko, (Bar)® = (BjR)G =K.

C Blp. we have f(t) = pt, F"Bqg = t"B;, (n € Z),

cris

(1.3) These rings have a crystalline interpretation (see Appendix for the notation). For a subextension
L/K of K/K and n,r > 0, put

Bn,L ::HO((SpeC(OL)/Wn)cri& OSpec(OL)/W") = HO(Spf(OL)Syn_Eta OfLriS)

I =HO((Spec(OL) /W) eris: Tyseo,y ) = HP(SPHOL) gy _ops T1D)

(here Oy, is the ring of integers of L and Spf(Or) denotes the formal p-adic completion of Spec(Op)). Bn,L
is a Wy-algebra and JLT]L an ideal of B,, ; with a divided power structure. Put

B, = h—lr/r>an,L7 Acris = lLHB"
Jgh=lim 2, TR = lim g
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where L runs through all finite extesions of K inside K. By [FM, I1.2.2] we have
B,=B -, J =g
n n, K’ B nK

It is proved in ([Fo 3], Thm. 1(ii)) that

and the same argument shows that
Tp =J5  ©Z/"L  (n=0)

The rings B B:{R are defined as

cris?
B:;is = Aeris @ Q = Acris Qw Ko
Bip=lim (Qolm (B./75)) =lm (Qo (Aw/TY )

The embedding B, B;R is induced by the canonical maps

cris

Acris = lim B, — lim (Bn/Jr[lT]>

The ring Bgr has a canonical topology, defined gl [Fo 4]. Tts subrings Acris, Beris, B;R are equipped with
the induced topology. The topology induced on K, A, is coarser than the p-adic topology.

Recall from [FM, II1.3.1] that there are homomorphisms
ppn — su(1) — JJ!

of sheaves on Spec(W,,) They define maps ppn (L) — Jr[ll]L and, passing to the limit, homomorphisms

syn’

(1.3.1)

cris

Zy(1) — Jil,., = Aeie Q1) — B
If t # 0 is any element in the image of Q,(1), then B..;s = BJ, [t7'] and By = Blz[t™'].

The action of the crystalline Frobenius f on B, j, defines, in the limit, the operator f : B;is — B;is. By

definition of s, (1), f = p on Q,(1) C B ..; it extends to Be.is by putting f(¢t~!) = p~1¢~1.

cris?

(1.4) Denote by Rep(G) the abelian category of p-adic representations of G (= vector spaces of finite
dimension over Q, with a continuous linear action of G) and by MFk the additive category of filtered
Dieudonné modules over K !. Recall that an object of M Fy is a vector space D of finite dimension over Ky,
equipped with a o-linear bijective endomorphism f : D — D and with a separated exhaustive decreasing
filtration F'Dy of D = D @k, K by K-subspaces. Morphisms in M Fg are Ky-linear maps compatible
with f and the filtrations F*.

Fontaine [Fo 1, 4] defines a functor V : M Fx — Rep(G) by

V(D) = (D @k, Beris)’ = N F* (Dk @k Bar) (1.41)
Here f = f® f on D ®, Beris and

F'(Dk ®k Bar) = Y Im (F*Dg ®k F'Byr — Dk @k Bag) - (1.4.2)
a+b=1

For V € Ob(Rep(G)) he defines

D(V) = (V ®Qp Bcris)Ga DdR(V) = (V ®Qp BdR)G (143)

LA terminology suggested in [Og] is “Fontaine modules”.
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D(V) is a vector space over Ko = (Beris)® with a o-linear action of f = 1® f. Dgr(V) is a vector space
over K = (Byr)® with a decreasing filtration by K-subspaces

i i G
F'Dggr(V) = (V ®q, F'Bar) (1.4.4)

It is shown in [Fo 1] that the canonical map D(V) ® x, K — Dgr(V) is injective and that

dimKO (D(V)) S dlmK(DdR(V)) S diIIlQp(V) (145)
The full subcategory of crystalline representations Reperis(G) C Rep(G) consists of those V' which satisfy

dimg, (D(V)) = dimq, (V) (5= dim g (Dar(V)))

Then D becomes a functor D : Reperis(G) — M Fk with

D(V)x = Dar(V), F'D(V)g = F'Dggr(V).

(1.5) The full subcategory of admissible filtered Dieudonné modules M F¢! C M Fg is, by definition, the
essential image of D. According to a fundamental result of Fontaine ([Fo 1], Thm. 3.6.5), the functors V'
and D are quasi-inverse to each other and define an equivalence of categories Repe,is(G) = M Ff{d.

More precisely, for V € Ob(Reperis(G)) and D = D(V) (resp. D € Ob(MFg?) and V = V(D)), there
is a canonical isomorphism

D ®K0 Bcris ;’ V ®QP Bcris7 (151)

compatible with the action of G and f. Here g € G acts by 1 ® g (resp. g ® g) on the L.H.S. (resp. R.H.S.)
and f acts as f ® f (resp. 1 ® f) on the L.H.S. (resp. R.H.S.). The induced isomorphism

Dk @k Bar = D ®k, Bir — V Qq, Bar (1.5.2)

is compatible with the filtrations: F*(Dg @ Bag), defined in (1.4.2), corresponds to V ®q, F'Bqg.
The functors D + F'Dp, D + Dy /F'Df are exact on MF& and (1.5.2) induces isomorphisms

i ~ i G i ~ i G
F'Dyg — (V ®Qp F BdR) s DK/F Dy — (V ®Qp (BdR/F BdR)) (153)

(1.6) Both Reperis(G) and MF& are Q,-linear rigid tensor categories and the functors D,V preserve this
structure. For example, we have

D(V1 ®q, V2) = D(V1) ®k, D(V2) (with f = f® f)

1.6.1
Dar(Vi ®@q, Va) = Dar(V1) @k Dar(V2) ( )

with the convolution filtration (defined as in (1.4.2)) and
D(V*) = Homg, (D(V), Ko) (with f(d*) =ocod*o f1) (16.2)

DdR(V*) = HomK(DdR(V),K)

with Fi(HOHlK(DdR(V), K)) = (FlfiDdR(V))J‘.
The unit object of Rep(G) (resp. M F&?) is Q, with trivial action of G (resp. D(Q,) = Ko with f = o,
Dyr(Qp) =K = F% > F! =0). The representation on p-power roots of unity

Q1) = Z,(1) @2, Qy = (lm 1y (K)) €2, Qy

is crystalline, hence all its tensor powers Q,(n) = Q,(1)®" (n € Z) are crystalline as well. The corresponding
filtered modules are
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D(Qy(n)) = Koe—, with f=p "o
B - (1.6.3)
Dar(Qp(n)) =Ke_, =F "> F " =0

If V is a crystalline representation, then its Tate twists V(n) =V ®q, Qp(n) (n € Z) are crystalline as well
and (1.6.1-3) give

D(V(n))=D(V)®k, Koe_n — D(V) (with f replaced by p~"f) (1.6.4)
Dar(V(n)) = Dar(V) @k K e_,, — Dyr(V) h

with F'Dyr(V(n)) = F*"Dyr(V) @k Ke_, — F*"Dyr(V). In fact, the formulas (1.6.4) can be used
to define Tate twists D{n} for objects of M F.

(1.7) Bloch-Kato theory. Let V be a crystalline representation of G. For ¢ > 0, define

HY(G,V) = Bxthy, ()(Qp V) (5 Extd, 1 (D(Q), D(V))) (1.7.1)

These Yoneda Ext-groups can be interpreted in terms of derived functors as follows ([Hu], Thm. 2.6): the
Ind-category A = Ind(Reperis(G)) (see [SGA 4], Exp. I, 8.2.1) is an abelian category with enough injectives,
the functor F' : A — (Ab) given by

F((A)ier) = hTH,l Hompgep.,,.(@)(Qp, V)
(for any small filtered category I) is left exact and, for every ¢ > 0,

H{(K,—) = RF|gep,,..(q) (1.7.2)
It is shown in [BK] (see also [FoPR], Prop. 3.3.7) that
HY(K,V)=HG,V)=V°
H{(K,V)=Ker [H,,,(G,V) — H},,,(G,V ®q, Beris)] (1.7.3)
H{(K,V)=0  (¢=2)
More precisely, H }J(K , V) are cohomology groups of the complex

(1—f,can)
_

Cy(V) = [D(V) D(V) @& Dyr(V)/F°] (1.7.4)

The isomorphism
VG = HO(Cy(V)) = D(V)! =" N FODgr(V)

follows from (1.2.(vi)), (1.4.1); the isomorphism H}(K,V) — H'(C3(V)) can be described as follows [Ne
2]: given an extension in Repe,is(G)

0—V-—F-—Q, —0,

chose a Kj-linear section s of the surjection D(E) — D(Q,) = Ky and associate to (the extension class
of) E the class of [(f —1)s(1), =s(1) mod FODyr(E)] € C}(V) in H'(C4(V')), which does not depend on the
choice of s; observe that Dyr(V)/F® — Dyr(E)/F° (¢f. [Ne 2], Prop. 1.21).

The original approach of Bloch and Kato (which makes sense for representation V' that are de Rham,
i.e. those satisfying dimq, (V') = dimg (D4r(V'))) was based on the exact sequence ([BK], 1.17.2)

(1—f,can)

0— Q;D — Bcris Bcris ¥ BdR/B;R — 0, (175)

which, on tensoring with V', gives a commutative diagram with exact rows (c¢f. 1.5)
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0O — V — %4 ®Qp Bcris (1M>n) (V ®Qp BCT’iS) @ (V ®Qp (BdR/BchrR)) — 0

H g L

1—f®f,can
0 — V. — DV)&x, Beris L (DV) @k, Beris) @ omplisles . 0
(1.7.6)

The map (1 — f,can) in (1.7.5) admits a continuous section ([BK], 1.18), thus (1.7.6) gives rise to an exact
cohomology sequence ([BK], 3.8.4)

0 —H(G, V) — D)L D (V) @ Dy (V) FO-2

1 N (1.7.7)
— Ker [Hcont(G7 V) - Hcont(G7 Vv ®Qp BCTiS)] —0
The coboundary map 0 is the exponential map of Bloch-Kato

expy : D(V) @ Dgr(V)/F® — H}{(K,V) (1.7.8)
Replacing V' by V(r) (for r € Z), we get exact sequences (cf. (1.6.4))

Dyr(V) ®k Bar
B Fr(D4r(V) ®K Bar)
0 —H(G, V(1)) — DV)" L2 D(V) & Dyp(V)/F" — HEK, V(r)) — 0 (1.7.10)

0 — V(1) —D(V) @5y Berss T2 (D(V) @1y Boris) .0 (1.7.9)

If T C V is a Zy-lattice stable by Gk, then H} (K,T) is defined as the preimage of H}(K, V)in HY(K,T).

2. Geometric situation

In this section we recall Fontaine’s crystalline conjecture and its ”syntomic” proof. We then make prepara-
tions for the proof of comparison results of Section 3.

(2.1) In the notation of (1.1), let X — Spec(Ok) be a proper smooth morphism with a generic (resp.

special) fibre X = X ®p, K (resp. ¥ = X ®o, k). Write x= lim(X ® Z/p"Z) (resp. X) for the p-adic

completion of X (resp. of X = X ®o,. Of) and put X = X @ K.

We recall from Appendix various syntomic-étale ([FM], III1.4) and étale topoi and morphisms between them:
3~

syn—et X

syn—et

— X7, (2.1.1)

projective limits of (2.1.1) for X ®o,. Oy, (for finite extensions K C L C K)

A~

~

xsynfet - isynfet — YeNt (212)
and a G-equivariant version of (2.1.2)
(gsyn—ew G) — (i;n—et’ G) A (Yewta G) (213)
There is a commutative diagram of morphisms of topoi
isynfet L) (zsynfet’ G) i) xfsvynfet
lry lry lrx (2.1.4)
(Sets) Bg Lo, (Sets)
and similar diagrams for X3, , ., and X7;. In (2.1.4), Bg is the category of discrete G-sets, v* = “forget the
action of G”, (I'g). = (—)9 , (I'g)* = “let G act trivially”. The étale version of 7 defines an equivalence
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of categories 7* : X5, ~ (X5, G), which underlies the Hochschild-Serre spectral sequence. See Appendix for
more details.

(2.2) The crystalline conjecture. For ¢ > 0, denote by

D' = H'((Y/Ko)aris, Oy i) = H' (RINRT((Y/ W )eris, Oy yw, ) @w Ko
D' := H'((X1/Ko)eris; Ox, /i) = H' (RTNRT((X1/Wh)eris, Ox, yw, ) @w Ko

the crystalline cohomology of Y (resp. X1) with coefficients in K. The canonical isomorphism

= D' @k, K = Hjp(X/K) = H(X z4r, Vx /i)

proved in ([BO 2], Cor. 2.5) makes D an object of the category M F; the filtration F" D% is given by the
Hodge filtration

FTH&R(X/K) = Hi(XZarv UZTQX/K)
Put

Vi = Hi(YEU QP) — Hnawe(XEt7 Z;D) ®Zp QP

(¢f. 1.2.3.3). The crystalline conjecture of Fontaine [Fo 2] asserts that
(2.2.1) D' is admissible.
(2.2.2) V'is a crystalline representation of G.
(2.2.3) There are canonical isomorphisms D(V?) = D V(D) — Vi,

This conjecture was proved under some restrictions (K = Ky and p > dim(X)) in [FM] and in full
generality in [Fa]. Combining the methods of [FM] with results on p-adic vanishing cycles, the conjecture
was proved in [KaM] (resp. [Ts]) for p > 2dim(X) + 1 (resp. all p).

(2.3) Various syntomic sheaves of crystalline origin form “Z,”-modules (c¢f. 1.2.5, Appendix):

Jlr]

e = [0 Hge =[] T =[] s () = [0 e

neN"’ }neN

are objects of Mod(%syn et> “Zp”). We denote by 682 = Q( 9”3 ), J[g » = (JL[TZ]D,,) etc. their images
in Mod(f{sw o> “Qp”). Recall from [FM, I11.4.1] and Appendix that all of these sheaves have the same

cohomology on the syntomic-etale site of X as on the syntomic site of X (and similarly for X).

Proposition. (1) For 0 < r < p there is an exact sequence in Mod(% “Zy")

syn—et’

1=fr eris
0 — sez,7(r) — J“Z »——00% —0

(2) For every r > 0 there is a commutative diagram with exact rows in Mod(x‘;yn ets “Qp”)

1-p~ " .
0 — squ(r) — JE. o, 0

|| r [ 6as)

O —_— S“QP” (’[“) —_— OST‘QZG7 M 058317 @ Oﬁgg /J“Q » — 0

Proof. (1) This follows from [FM, III.1.1] and the fact that (ip4r)« : (x;+r)syn — %;ynfet is an exact
functor ([FM II1.4.1], Appendix).  (2) The exactness of the first row is obtained as in (1), observing that
‘Z »/ J“Z » is killed by p”; an easy diagram chase proves the exactness of the second row.

29



(2.4) Fix r > 0. According to Proposition 2.3, there is a distinguished triangle
cms (1 p~"fcan) s cris
suq," (r) — 093, TR0, © 092, /NG, - — suq, (1)[1] (2.4.1)

in D*(Mod(f{syn et> “Qp”)). Applying R(Q(I‘N(.’%syn,et))), we obtain a distinguished triangle

R(QIN(Xayn—er)))(s:q, (1)) — RAQIN (R yynoen))) (0% ) 2L

—’R(Q(FN (isyn—et)))(oggf,”) 2] R(Q(FN(:%syn—et)))(Ocmén/JuQ ) — R(Q(FN (%Syn_et)))(Squn (rN[1]
(2.4.2)

in DT (Mod(Sets, “Q,”)), which will be denoted by
A, : A — B, — C, — A, [1] (2.4.3)

In fact, all A,, B, C, are objects of D*(Mod(Sets, “Q,")), (see Appendix).

Apply the functor 7* from (2.1.4) to the triangle (2.4.1) and take R(Q(I'N(Xsyn—ct))). We obtain a
distinguished triangle

R(Q(TN (Xyyn_er))) (s, (1)) — R(Q(rN@n_ﬁ)))( cris, ) L e

~ ~ ~

— R(Q(IN (Xayn-—e))) (042 BR(QIN (Rayn-—et))) (055 171G ») — R(QIN Xayn-—er))) (s4q, (r)[1]
(2.4.4)
in DT (Mod(Bg, “Q,”)), which will be denoted by

A, : A, — B, — C, — A.[1] (2.4.5)

Note that C,. = B, & C!, C, = B, ® 6; for

O = ROQIN Ry O /T ), Th = RIQIN X)) (0550 /7, )

(2.5) Proposition. For every q,r > 0, there are canonical maps between distinguished triangles
(Q(Fg)*AT) <Q) — Z’r‘+q7 Q(Fg)*Ar B Z7‘Jrq(_Q)
in Mod(Bg, “Q,”).

Proof. For ¢ = 0 there is nothing to prove: for every abelian sheaf A on %syn_et there is a canonical map

can

TERD (X ayn et A)—>RF(%syn,et7 T*A)

induced by 7.
Suppose that ¢ > 1. The canonical map

“Zy(1)" = [y (B nens — @ ayneets (1) |nen

in Mod(Bg, “Z,”) is compatible with products, defining a map

~

“Zp(Q)” — [HO (isyn—et; Sn (Q))]’UEN — Rr(gsyn—eta 3“ZP” (Q))
in DT (Mod(Bg, “Z,”)). Together with the cup product

~

U

_ L _ =~ L -~
AT®“Qp” Aq = R(Q(FN (xsyn—et)))(s“Qp” (T))®R(Q(FN(xsyn—et)))(5“Qp” (q))—

]

CLR(QIN Ry o)) (550, (1 + ) = A,
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this induces a map

(QEN)*4,) ()25, () = A, Beq, “Qplq)” — A, Seq, Ag-A
Qr,q - (Q( c) r) (9)—4:(q) = Ar®eq,” “Qp(q)” — Ar®uq, Ag—Ar4q
(see Appendix for the discussion of cup products and comments on the simultaneous appearance of RI" and
L
®).
In the same vein, the morphisms s«z »(q) — JA[Z] y — (’)&”‘S,, and the cup product associated to
Crzf X (’)C%f — OCTZZE give rise to a map

* can = L «“ 9 = L 1 = L » Y p
Brq: (QEE) Br) ()= B.(q) = Br®@sq,” “Qp(q)” — By®+q,» Ay — B,®+q,» By~ Br+q,

compatible with c, 4. As f acts as p? on the image of “Q,(¢)” in chz, we have

1—p " foB,=1—p "Brgof (2.5.1)
Finally, the cup product associated to
cms [q] [r+4q] crzs [r+4q]
“Q /JLQ w X J“Q » — J“Q 7,/J“Q » — OX /J“Q e

and s«q,” (q) — J‘[% define a map

n = — L « 9 — L > Val
g (QIN)*CL) (@) “2T(g) = Trrg, “Qule)” — Creq, R Raynoer, 15 )Ty

Thank to (2.5.1), the map

Vg = Brgs Veg) + (QCE)*Cr) (¢) — Criq

together with o4 and 3, , define a map of triangles

(Q(FIG\I)*AT) (q) — Z7’Jrq
Using (1.2.5.1), we get the second map.
(2.6) Let u: (E',A’) — (E, A) be a morphism of ringed topoi such that «* : Mod(E, A) — Mod(E’, A”)

is eract (<= A’ is a flat u=!(A)-module). The “trivial duality” ([Ber], V.3.3.1; [BO1], Prop. 7.7) gives a
canonical (and functorial) isomorphism

Hom pvod(rr,ar)) (u*(X), Y') = Hompmod( g, 4)) (X, Ru. (Y")) (2.6.1)

for all X € Ob(D~(Mod(E, A))), Y’ € Ob(D*(Mod(E’, A"))). From (1.1.2.12-13) we get a canonical
isomorphism

Homp(q(Mod(z7,41)) (Q(w)*(Qp(X)), Qp(Y")) — Hompooed(r,4)) (Qp(X), RQ(u).(Qp(Y"))) (2.6.2)

For (E',A') = ((Bg)N, “Z,”), (E,A) = ((Sets)N, “Z,”) and u = I'y, we know that all constituents A,, By,
Cy of A, (vesp. Arig, Brigs Criq of Ariy) are of the form Qp(X) for some X € Ob(D*(Mod(E, A))) (resp.
Qp(Y') for some Y’ € Ob(D+(Mod(E’, A")))) (2.4).

It follows from Proposition 2.5 and (2.6.2) that, for all r,q > 0, there is a canonical map of distinguished
triangles

A, — RQIN). (Briy(-0)) (2:63)
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in DH(Q(Mod((Sets)N, “Z,"))) = D (Mod(Sets, “Q,")).

(2.7) There is a diagram of functors

[13 b QF
Mod(Be, “Q,") T Q(Z,[G] — Mod) % (Q,[G] — Mod)

|t |atwe) | @e. (2.7.1)
Mod(Sets, “Q,”) ¥ Q(z, - Mod) - (Q,— Mod),

in which T'g = (—)%, I'y = l%n and &, &g are the (exact) functors from (I.1.2.4). The first square of (2.7.1)

is commutative; in the second square, there is a canonical morphism of functors

fo Q((FG)*) - (FG)* o fG (272)
such that

£0Q((Ta)«)(X) — (Tg)« 0 &a(X)

is a monomorphism for every X € Ob(Q(Z,[G] — Mod)) (this is just the canonical map Y ®z, Q, —
(Y ®z, Qp)%).
Put

U =¢oQ(I'n) : Mod(Sets, “Q,”") — (Qp — Mod)
®=ToQ((TY)+): Mod(Bg, “Q,”") — (Q, — Mod) (2.7.3)
0 =¢6 0 Q(T'N) : Mod(Bg, “Q,") — (Q,[G] — Mod)

(all of these functors are left exact) and write v* : (Q,[G] — Mod) — (Q, — Mod) for the functor “forget
the action of G”. There are canonical morphisms of functors (induced by (2.7.2))

®— (T'g)so® —0 00O (2.7.4)

such that both arrows in

P(X) — (Fg)e 0 O(X) — v 0 O(X) (2.7.5)
are monomorphisms (for every X € Ob(Mod(Bg, “Q,”))).

(2.8) We show that syntomic(-étale) cohomology fits into the abstract framework of 1.3.1.

(0) Fix an integer ¢ € Z.

(1),(2) We have categories C = Mod(Sets, “Q,”), C = Mod(Bg, “Q,”), D = (Q, — Mod) and functors
u=Q((I'Y).), ¥, ® from (2.7.3).

(3),(4) Fix 7 > 0 and choose ¢ > 0 such that r + ¢ > i (as c¢dp(Xe) = 2dim(X), we can treat all relevant
¢’s simultaneously by taking ¢ such that r + ¢ > 2dim(X)). By (2.4) and (2.6.3), there are distinguished
triangles A = A,;, A = (A),4+4(—¢) and a morphism of triangles A — (Ru)(A). As in (2.4), we have
C=BaC,C=BaC.

(5) Etale cohomology defines objects E = R(Q(I'N(X)))(“Z,(r)”) € Ob(DT(C)), E = R(Q(IN (X))
(“Z,(r)”) € Ob(D*(C)). The isomorphism p : E — (Ru)(E) comes from the equivalence of categories
T X5 = (X5, G).

(6) The morphisms y : A — E (resp. i : A — E) are furnished by the Fontaine-Messing map ([FM],
II1.5.1; Appendix). The diagram in 1.3.1.6 is commutative, as the Fontaine-Messing map is compatible with
cup products, the Galois action and with the map pp,m — s,(1).

(2.9) In Sections 2.9-14 we show that objects defined in 2.8 verify the axioms (A1)—(A3) of 1.3.1. Almost
by definition, we have
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RIW(A) = H (Xgyn—ct,5q,(r))  (¥j>0) (2.9.1)
According to ([KaM], Lemma 4.5(1)),

RIW(C') = D). JF"  (¥j>0) (2.9.2)
It is shown in ([KaM], Prop. 1.2, Prop. 1.3(1)) that (for j > 0)

@(Hj(ET-‘rq)) =D’ XK B,

cris

(2.9.3)

—/

O(H'(C,4,)) = (Di ®x Big)/F (D ®x Bip),
which implies that, for j < r + ¢,
O(H!(B)) = D’ ®k, B ,(—q) = D’ @, t71BY,;; = D’ @k, Beris
D} ®k Bl g = D} @k t™ 9B, _ D% ®x Bar (2.9.4)

O(HI(C") = : i , .
Fr+9(Dje @k Bjp) Fr(Dy ®x t™9B3z)  Fr(Dj ®k Bar)

Here ¢ is a generator of Q,(1) C B

s+ Note that the last map in (2.9.4) is indeed injective: for i < r+¢q we
have

FT(D%( RK FﬁquR) = ZF]CD%( QK Frik(FiquR) = ZF’CD%( QK FrideR = FT(D%( QK BdR)
k<j kE<j

(2.10) Vanishing cycles and the crystalline conjecture. Consider the map induced by p on coho-
mology:

~

H](Z) = Q([Hj(isyn—etv Sn(T =+ Q))(_Q)]HEN) I Q([Hi(yetv Z/p"Z(r))]neN) = H](E) (2~10~1)

A fundamental theorem on vanishing cycles, proved in an increasing degree of generality by Kato [Ka],
Kurihara [Ku] and Tsuji [Ts], asserts that (2.10.1) is an isomorphism for all j < r + g, proving thus (A2).

According to (1.2.3.3.1), the projective system [HI (X os, Z/p"Z(r))]nen is ML-p-adic, hence the last group
in (2.10.1) is isomorphic to Q([T(r) ® Z/p"Z],en), where

T) = H (X ot,Zp) — lim H (X o4, Z/p"Z)
This implies that (2.10.1) induces an isomorphism
O(H! (A)) == Vi(r), (Vj <i+1) (2.10.2)
which, together with (2.9.4), shows that the complex

O(H’(A)) — O(H'(B)) — O(H(C))

is isomorphic to the first row of the following commutative diagram

T j —ag+
(1—p~",can) D} ®xt B,

J @ J —qapB+t _Pk®Kt Bap
Vi) = Dre B Fr (D} @Kt="B,p)

cris 57
[ [
S

; . 1—p~",can :
0 — VDI(r) —  DI®g, Beis 2 (DI @y Berss)

(Dj R K, t~ 9Bt

cm’s)

D} ®k Bar

Fr(D’ ®xB
WDicOuBagd 1 )
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(here V is Fontaine’s functor defined in (1.4.1)). Let us rapidly recall how one deduces from (2.10.3) the
crystalline conjecture (2.2) (see [KaM, 3.2], [Ts] for more details): an argument based on Poincaré duality
([FM], 6.3) shows that the map « in (2.10.3) is injective; a dimension count then implies that « induces
isomorphisms

Vj(r) ;} V(DJ(T))v Vj ®QP Bcris L) Dj ®K0 Bcrisv (vj S Z + ]-)
which proves the crystalline conjecture (taking, e.g., i = 2dim(X)).

(2.11) Put K7 :=Ker[®(H7(A)) — ®(H?(B))]. As (2.8.4) and « in (2.10.3) are injective, it follows that
O(K7) = Ker [®(HI(A)) — ®(H/(B))] =0  (Vj<i+1) (2.11.1)

However, K/ C HI(A) — Q([T’(r) ® Z/p"Z]nen), with T a Z,-module of finite type. For such K7,

(2.11.1) implies that K7 =0 for all j < ¢+ 1. This proves the axiom (A1) of 1.3.1.

(2.12) As crystalline cohomology depends only on reduction (modp), we have

RJ\IJ(B) = Hj((%/W)Crisa O%/W) Qw KO = Hj((X1/W)CriS, O:{l/w) Rw KQ = 5j

Our aim is to compare D7 and D7, using the “Frobenius trick” of [BO 2].

For a scheme T over Spec(F,) denote by Fr : T — T its absolute Frobenius morphism. Consider the
commutative diagram

g

Y = X

b e

y 4ox
and the induced maps on crystalline cohomology

pi I Di

[

DI 5 pi

For sufficiently large integer n >> 0 there is a morphism p : X1 — Y (depending on n, which will be fixed)
such that

pog=TFy, gop=F%.

The induced map on cohomology p* : DI — Di satisfies flop*=p*of, gtop=f" p*og* = f" The
crystalline Frobenius f : D/ — D7 is bijective, which implies that ¢* : DI — D7 is surjective.
According to [BO 2], the canonical map

- , ‘ (292) i .
D’ = RV (B) — R¥(C') "=" D} /F
factors as DI 2D DI JF".
(2.13) Lemma. For every 0 # « € Ky, the map ¢g* induces isomorphisms
(D)=t = (D=1 DI f(af = 1)D) = DY f(af —1)D?
and a quasi-isomorphism

[ﬁj(af —l,canog*)ﬁj @D%/FT} %} |:D] (af—1,can) D‘j @D%(/FT .
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Proof. (Following a remark of P. Berthelot) We apply the Snake lemma to the diagram

*

0 — Ker(g*) — Di 25 DI — 0

laf'fl laf'fl laffl

0 — Ker(g*) — DI 25 DI — 0
We first observe that ¢g* indeed induces an isomorphism between the kernels (resp. cokernels) of the second
and third vertical maps (it is invertible, its inverse being o™ p*). This implies that the first vertical arrow
must be an isomorphism. Another application of the Snake lemma, this time to

0 — Ker(g*) — Di g, DI — 0
laf'fl l(af/fl,canog*) l(affl,can)
0 — Ker(g") — DiaDL/Fr Y pigpl/rr — o
concludes the proof.

(2.14) Observe that, for j < i+ 1, the composite map

DI =RIU(B) — ®(H’(B)) %5 (Tg). 0 O(HI (B)) 222,

;> (D] ®K0 t_qB+ )G iic’l (l)'7 ®K0 Bcris)G = Dj

cris

resp.

incl

D3 JF" =RIU(C") — ®(HI(C')) S (Tg). 0 O(HI(T'))

_ G ; ¢
~ D%@K F~1Bgr incl D%(_®K Bar (1.5:3) Di./F"
Fr(Dj @k F~1Bup) Fr(Dy ®x Bar)

(2.9.4)~
_

incl
is equal to g* resp. to the identity map. This implies that all four inclusion maps ‘S above are equalities.
The axiom (A3) then follows from Lemma 2.13 (for a« =p~").

3. The Main Comparison Theorem
In this section we prove Theorems B, C and D(3).

(3.1) The assumptions of (2.1) (including p > 2) are in force. For 4,7 > 0, denote the map
DO

by A; . From (2.9.1-2) and the cohomology sequence of A, we obtain an exact sequence

0 — Coker(X;,) — H”l(%syn_et, 5q, (1)) — Ker(Ajy1,) — 0 (3.1.1)
The crystalline conjecture (2.2) and (1.7.3-4) yield isomorphisms

Ker(Aig1,) — HY(Gg, V'™*TH(r)) (3.1.2.1)
expyi(y : Coker(; ) —— H(K,V'(r)) (3.1.2.2)
The Hochschild-Serre spectral sequence gives rise to an exact sequence

edge

0 — FH™ (X, Qp(r) — H'™'(Xe,Qp(r)) — HY(Gk,V'*TH(r))

la (3.1.3)

Hgont(GKv v (T’))
We are now ready to state our main p-adic comparison result, relating (3.1.1) and (3.1.3).
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(3.2) Theorem. Let i,r > 0. The Fontaine-Messing map v : H“‘l(isyn,et, sqQ, (1) — H™H (X, Qp(r))
is injective and gives rise to a commutative diagram with exact rows

0 — Coker(\; ) — H”l(%syn_et,st(r)) — Ker(Ait1,r) — 0

g g [

0 — FPHT (X, Q) —  HP(Xa,Qylr)  — G, Vi) — 0

ls
Hclont(GK7 Vi (T))
in which « is an isomorphism, d o 3 = expyi(, is injective and Im(d o 3) = H}c (K, Vi(r)).
Proof. Everything follows from Proposition 1.3.5, applied to the data (2.8). The axioms of 1.3.1 were verified
in (2.9)-(2.12).

(3.3) Denote by FY, the filtration induced on H*'(X,;, Q,(r)) by the Hochschild-Serre spectral sequence.
As cdy(k) = 1 ([Se 1], 11.2.2.3), we have cd,(K) < 2 ([Se 1], 11.4.3.12), hence F/, = 0 for j > 2 (1.2.3.3.4)
and E21 i ELY for all b > 0 (recall that, for X smooth and projective over K, the Hochschild-Serre spectral
sequence degenerates at Eo (1.2.3.3)).

As in 1.3.6, we define a filtration FJ, . on H* (X syn_er, sq,(r)) by

syn

FO . = H* (X gy et 5q, (1)

syn

. —~ } . ~ .
Fslyn =Ker [H™ (Xgyn—et, sq, (1) ——H ™ (Xgyn—ct, 0aq.’)
Fl,=0

(the map h is induced by s, (r) — Ji < 0cris). From 1.3.6 we get

Proposition. (1) For all j >0, v(F},,) C F7,.
(2) gr(v): FO, /FL, =5 FS/FL = EOHL = B = HO(Gye, Vi+1(r)) is an isomorphism.
(3) grh(v) : FL <« FL/F2 = ELI = E}' = H}

syn L (G, Vi(r)) is injective, with image equal to
H} (K, V'(r)).

(3.4) p-adic Beilinson-Deligne cohomology. In an ideal world, one would hope that there is a canonical
object R ¢ris(Xer, Qp(r)) in DP(Reperis(G)) with cohomology groups H (X e, Qp(r)); the p-adic Beilinson-
Deligne cohomology of X would then be defined as

Hp (X, Qp(r)) = Hompi (repers. (6 (Qps Rl cris (X er, Qp (7)) [i])
The associated spectral sequence
Ey" = H(K, V'(r)) = Hg5 (X, Qp(r))
would degenerate into exact sequences
0 — H{(K,V'(r)) — Hgp (X, Qu(r) — H(Gk,V'*(r)) — 0.

Theorem 3.2 shows that H**! (%Syn_et, 5q, (r)) behaves exactly like this conjectural “p-adic Beilinson-Deligne
cohomology”, as it sits in an exact sequence

0 — H}K,Vi(r)) — H (X gyn_er 5q,(r) — H (G, Vit(r)) — 0.
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It would be interesting to carry out Beilinson’s construction [Be 2] of the Beilinson-Deligne cohomology
(called ”absolute Hodge cohomology” in [Be 2]) in the p-adic context.

(3.5) If K is a finite extension of Q,, ( <= k is a finite field), then the crystalline Weil conjectures predict
that the action of f on D? should be pure of weight i, i.e. all eigenvalues of the semi-simplification of the
Ko-linear map f5o:Qsl . D? — D' should be algebraic integers with all archimedean absolute values equal
to plKo:Qwli/2  This was proved by Katz and Messing [KM] for X smooth and projective over Spec(Of ), and
by Chiarellotto and Le Stum [CLeS] in general. As a consequence, the crystalline conjecture, (1.7.4) and
local duality imply that

H°(Gg,Vi(r) =0 for r#£i/2

2 ; . (3.5.1)
H: .Gk, Vi(r))=0  for r#i/2+1
It follows from (3.5.1) that the Hochschild-Serre spectral sequence induces isomorphisms
8 HM (X, Qp(r)) == Hepny (G, VE(r))  (r# (1 4+1)/2) (3.5.2)

and Theorem 3.2 reduces to

(3.6) Corollary. Suppose that K is a finite extension of Q, and that X is proper and smooth over Spec(Ok ).
Then, for every r # (i+1)/2, the isomorphism (3.5.2) and the Fontaine-Messing map v induce an isomorphism

Jov: Hi+1(,’%syn_et7st(7’)) — H}”(Ka Vi(r))

(3.7) It is explained in Appendix how to construct Chern classes

Kj(X) — H¥ (X gyn—ct, 5, (1)),

which are homomorphisms for j > 0 and are compatible with p-adic étale Chern classes on X. The corre-
sponding Chern character maps ([Sc 1], p. 28) define syntomic regulators (resp. cycle classes), which are
multiplicative and compatible with p-adic étale regulators (resp. cycle classes) on X.

For r > (1 +1)/2, put

K27-_7;_1(x)0 = Ker [KQT'—i—l(x) e HO(GK, Hi+1(yet, Qp(’l“)))]

and write

§orp o Karmim1(X)0 — Heon(Grey H (X et, Qp(r)))
for the map induced by the p-adic étale regulator and the Hochschild-Serre spectral sequence.

(3.8) Theorem. Under the assumptions of (2.1),

(1) Tm [CH"(X)o=" Hioe(Gres H (X ety Qp(r)))] € HF(K, HY (X er, Qp(r)))-

(2) The cycle class map clx : CH"(X) — H?" (X, Q,(r)) satisfies Im(clx) N F2H?" (Xer, Qp(r)) = 0.
(3) Forr> (i+1)/2,

Im [§ 07y 0 5%« Kor—io1(X)o — Hiony (G, H' (Xer, Qp(r)))] € H(K, H'(Xer, Qp(r))).

(4) If K is a finite extension of Q,, then Ko,_;_1(X)o = Kop—;—1(X) for all 7 > (i + 1)/2.

Proof. (1),(2) This follows from Theorem (3.2), the compatibility of étale and syntomic cycle classes
(Appendix) and the fact that j* : CH"(X) — CH"(X) is surjective.

(3) Follows from Theorem 3.2 and the compatibility of étale and syntomic regulators (Appendix).
(4) In this case, H*(Gk, H (X, Q,(r))) = 0 vanishes, by crystalline Weil conjectures (3.5.1).

(3.9) If L/K is a finite Galois extension, then the canonical maps
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HY(K,V) — HO(L, V)¢
H(K, V) — H}(L, V)¢

are isomorphisms (for every Qp-representation V' of Gk). This implies that the statements (1), (2) of
Theorem 3.8 hold true under a weaker assumption that X has a potentially good reduction.

(3.10) Proof of Theorems B, C, D(3). The statements of Theorem B and Theorem D(3) follow from
Theorem 3.8 and (3.9). Theorem C follows from Corollary 3.6 and [Ku], as explained in ([Sc 2], Sect. 7).

4. Integral theory
What follows is an integral version of results of Sect. 2. Throughout Sect. 4, K = K. From 4.13 on, p > 2.

(4.1) We recall the main results of the theory of Fontaine-Laffaille [FL]. Denote by M Fyy s the category

of triples (M, F*M, ¢;), where

(0) M is a W-module of finite type.

(1) (F'M);ez is a decreasing filtration of M by W-submodules, which are direct summands and satisfy
F'M = M (resp. F*M = 0) for i << 0 (resp. i >> 0).

(2) ¢i: F*M — M are o-linear maps with ¢;

(3) Yiegwi(F'M) =M.

A morphism (M, F*M, ; pr) — (N, F'N, ; n) is a W-linear map o : M — N satisfying a(F'M) C F'N,

aop; m =g;noa (forall i €Z). Denote by MFyy,; the full subcategory of M Fyy 4y consisting of objects

with lengthw (M) < oo (<= M is W-torsion). Both of these categories are abelian and Z,-linear. All

morphisms are strictly compatible with filtrations and all functors M — F?M are exact.

FitiM = PPit1-

(4.2) For a pair of integers a < b, denote by MF‘E‘C}’b] (resp. MF‘E‘C}f}M

resp. of M Fyy¢) consisting of objects with F@M = M, F*+1 = 0. Denote by ME® resp. ME® the
Lf w w

full subcategory of M Fg}’b] consisting of M with no non-zero quotients N satisfying N = F’N (resp. no
non-zero subobjects satisfying F*T'N = 0). (And similarly with MF%’?O[TS, resp. MFI};’Z’] ).

tors

) the full subcategory of M Fyy

For every n € Z there is a functor M — M{n} (“Tate twist”), given by

FZ(M{”}) = F"" M, Pi,M{n} = Pi+n,M

This defines an equivalence of categories between M F&i’b] and M F%fn’bfn].
The category M Fy, ; admits internal Hom and ®. The unit object for ® is

) W, ifi <0 plo, ifi<O0
1=M, F'M= , Qi =
0, if¢>0

0, if1>0

(4.3) The formulas D := M @w K, F'D := F'M Qw K, f|pip := p; @ p'c define a functor

compatible with internal Hom, ® and Tate twists. According to Laffaille ([L], Thm. 3.2), the essential image
of (4.3.1) is the category of weakly admissible filtered Dieudonné modules M F }; This category was defined

by Fontaine, who also proved ([Fo 1], Prop. 4.4.5) that MFIJ; contains M F% and conjectured that these

]

two categories coincide. If we define M FI[? *land its (weakly) admissible versions as in 4.2, then [FL, Thm.

8.4] says that
MFEL = prpedletl i o<b—a<p (43.2)
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(4.4) We recall the definition and basic properties of functors ¢, and A, studied by Kato [Ka].
(4.4.1) Fix n > 0. Recall (1.3) that B,, = A.ris ® Z/p™Z has a decreasing filtration by Jgi (r > 0) and
that, for 0 < r < p, the crystalline Frobenius f defines o-linear maps f; : Jgi — B, such that p" f. = f.
Let M be an object of MF{E%:Z;?, killed by p™. Put on M @w Acris = M Qw,, By, the convolution filtration
Fr(M ®w, By)= > ((FiM) w, J};"j])
0<i<r

and define, for 0 < r < p, o-linear maps f, : F"(M Qw Acris) — M Q@w Acris by
flFM)yow, I =pin® frmi 0<i<r)

This is well-defined and independent on n, as all quotients JE,L / Jg:” are free W,,-modules.

(4.4.2) Definition. For M € Ob(MFIES:fO_Ti]) and 0 < r < p, define a Z,[Gk]-module ¢, (M) (resp.
A.(M)) to be the kernel (resp. the cokernel) of the map

1- fr : FT(M ®W Acris) I M®W Acris

For M € Ob(MFP ™) and 0 < r < p, put ¢, (M) = lim (¢, (M /p"M)).
(4.4.3) By ([Ka], I1.3.2), a short exact sequence

0—M  —M-—M"—0
in M Fv[g,’fo;i] induces an exact sequence of Z,[Gx]-modules

0 — (M) — (M) — p(M") — A (M) — A (M) — A (M") — 0
(for every 0 < r < p).

(4.5) Lemma. Let M € Ob(MF‘Eg’p_l]), 0 <r < p. Then

(1) Ifr >0, then the canonical map ,_1(M)(1) — (M) (induced by pyn (Of) — J][gll) is injective. If
F"M =0, then it is an isomorphism.

(2) Assume that r < p — 1, lengthy (M) < oo and either: (a) F'™ ‘M =0, or (b) F'M = M. Then
A (M) =0.

Proof. First of all, we can assume that k = k, as replacing M by M ®@w W (k) € Ob(MFl[A(i’(%;l]) does not
change 1, (M) nor A,(M). In this case, all statements are proved in ([Kal, I1.3.4.1, 3.7.1, 3.8.1) for simple
objects of MFIES’(%;H (note that the statements of ([Kal, I1.3.4, 3.7) are true even for r = p — 1, by ([FL],
Thm. 5.3)). The general case follows by dévissage and (4.4.3).

(4.6) We are now ready to formulate a covariant version of the main result of Fontaine and Laffaille ([FL],
Thm. 5.3, Thm. 6.1) (¢f. [Fo 3], [Ka]). Denote by Repz,(Gk) the category of Z,-modules of finite type
with a continuous linear action of Gx (recall that K = Kj).

Proposition. (1) The formula T'(M) = p,_1(M)(1 — p) defines an exact and faithful functor T :
MF‘E[O,’p_I] — Repz, (Gk).

(2) If M € Ob(MFy" 1), then T(M) is finite and lengthw (M) = lengthz, (T(M)).

(3) If M € Ob(MFi[,g’pfl]) is free over W, then T'(M) is free over Z,, and rky (M) = rkz (T(M)).

(4) The restriction of T to MF‘Eg’pfl[ (resp. MF‘],g’pfl]) is fully faithful, inducing an equivalence of categories
between MF‘[,S’p_l[ (resp. MF‘]/g’p_l]) and its essential image.
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(5) For every M € Ob(MFég’pfl]), the filtered Dieudonné module D := W ® M is admissible and there
is a canonical isomorphism V(D) — T(M) ®z, Q,.

For example, for 0 <r < p, 1{—r} is an object of MF‘[,(O,’V” and T(1{—r}) = Z,(—r).

The isomorphism in (5) is given by

~ _ p— =1 ~ _ — ~
Up 1 (M)(1 =) ®z, Q = (FP" (D &K, BL,)(1—p) "7 =5 FO(D @, t77BS, )/~ =
L’ FO(D ®K0 Bcris)f:1

(4.7) For M € Ob(M Fywy), the complex

C(M) = [FOM=23 M|
(in degrees 0,1) computes the Ext-groups Ext(1, M ) in the category M Fy¢. The isomorphisms between
H'(C+(M)) and Ext}yp, , (1, M) can be described as follows.
For i = 0, a morphism « : 1 — M is uniquely determined by its value a(1) € (F'M)#=! = H°(C-(M)).

For i =1, an extension 0 — M — E — 1 — 0 gives an exact sequence of W-modules

0— F'M — F°E — W —0

Choosing a W-linear splitting s : W — F?E, we obtain an element m = (pg g — 1)(s(1)) € M, the class of
which in M/(1 — @) F°M = H'(C-(M)) depends only on the isomorphism class of E. As H'(C"(M)) is
right exact, it follows that Ext’(1, M) vanish for ¢ > 1.

Replacing M by M{r}, we see that the complex
[F" M2=%5 M
computes Ext(1, M{r}) = Ext’(1{—r}, M) (for every r € Z).

Put D := M ®w K, which is an object of MFIJ; The maps incl : FD — D, (id,0) : D — D & D/F°D
define a quasi-isomorphism between C-(M) @w K = [F 0D;f>D] and the complex

(DD & D/FOD]

of 1.7.4.

(4.8) For M € Ob(MFIEIg’p_l]), put T :=T(M). If 0 <r < p, then the functor T induces homomorphisms
(by the discussion in 4.7)

Qo (FrM)e =t = Homaspy, ,; (1{—r}, M) = Hom 1{-r}, M) —

MF{,&”*”(
— Hompepy, (6x0) (Zp(—7),T) = T(r)°*
(injective) and
Bra : Coker [F" M5 M] " Exthyp,,, (1{~r}, M) = Extjle‘[/g,p,l] (1{—r}, M) —
— EXt}?@pzp(GK)(ZP(_T)’T) =H,,.(Gx,T(r))

The filtered Dieudonné module D := M ®w K is admissible (4.3.2) and the canonical map V' := T®z,Q, —
V(D) is an isomorphism (4.6.5). Comparing (4.7) with (1.7.4), we see that the following diagrams are
commutative (the vertical maps are given by — ®z, Q,):
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(Fragyer=t 22 p(r)Gx
(FrDy =t 2 V() O
Coker [F" M ==£5 )] A Honi (G, T(r))

! l

Coker [F"D' 2 D] Coker [D" 2L D g D/Fr D) ™YY HL (G, V(1))
As Im(expy (y) = H}(K,V(r)), this shows that Tm(8,,ar) € H} (K, T(r)).

If M e Ob(MFlgg’p_l[) and 0 <r<p—1 (e 1{-r}e€ Ob(MF‘Eg’p_l[)), then a,. p is an isomorphism and
Br.ar is injective, by Proposition 4.6.4.

(4.9) Lemma. ([BK], Lemma 4.5) Let M € Ob(MFP '), 0 <r < p—1. Put T := T(M). If M is
torsion-free (<= T is torsion-free), then (3, p; induces an isomorphism

Coker [F*M~—25M] " H}(K,T(r)) € Hlypi(Gr, T(r))
Proof. [BK] ' One must show that the cokernel of the map

Coker [F" M2=25M] — H

cont

(K, T(r))

is torsion-free. This follows from the commutative diagram with exact rows

M/(1—@)F'M - M/(1—@)F'M — (M/pM)/(1—¢,)(F"(M/pM)) — 0

lﬁr‘]vf lﬁr,M lﬁn}%/pM

Hclont(GK7T(T)) i} Hclont(GK7T(T)) - Hl(GK7T/pT(T))
and the injectivity of all vertical arrows [, _ (by (4.8)).

(4.10) Geometric case. Let X be a proper and smooth scheme over Spec(W), X = Xow K, X = X®kK,
X, =XQZ/p"L,Y =%, X=X0w Ox, Y = X Qo k. Put d= dim(Y).
For g,r,n > 0, denote
M7 = HI((X5)syns Ocrisy = HY((Y/Wy)eris; Ovyw, ) = Hip (X /W)
FTMZ =H ( xn)syn; J'r[zr]) = Hq((xn)ZamUZrQ'}jn/Wn)
TS := HY (X o, Z/p"Z);  T9:= H (X o, Z,)
M9 .= HI(
F"M? := H9(
By ([BO 1], 7.24.3), we have
MY i (Mg), FPM s i (F7ME), T~ Jim (T%)

and the projective system [Md],en (resp. [Td]nen) is AR-isomorphic to [M1®Z/p"Z) (resp. [T1QZ/p™Z)).
All F" M9 are W-modules of finite type, T are objects of Repz, (G ).

' Note that there is a misprint in ([BK], Lemma 4.5); it should read H}, not H,.
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(4.11) Proposition. If min(q,d) < p, then

(1) The canonical maps F'*1Md4 — F"MJ, F**1 M — FT"M4 are injective Yn,r > 0).

(2) (M4, F"M41, 0, = f) (resp. (M1, F"M1, ¢, = f,)) is an object of MF‘Eggir;(q’ ) (resp. MF‘Eg’mm(q’d)]).
Proof. ([FM], 11.2.7), ([Ka], I1.2.5, 1.1.8), ([Fo 3], Prop. 1.3).

(4.12) Proposition. Let ¢,n > 0,0 <r <p. Then
(1) HY(Xsyn, Offis) = HgR(xn/Wn) ®w, Bn = MIQw, B,.
(2) Ifmin(g+1,d) < p, then

(1) HI Xy, JI) =5 F(HI (%, /W) @w, By) = F(MS @w,, By).
(ii) There is an exact sequence
0 — A (MI™Y) — HY(Xgyn, su(r) — ¢ (M) — 0
(iii) Ifp—1>r>min(qg—1,d), then H1(Xsyn, 5,(r)) — 1 (MJ).

Proof. (1) ([FM], IIL.1.3), ([Ka], 1.4.6, 1.1.8).
(2)(1) ([FM], II1.1.5.i), ([Ka], IT.4.1, 1.1.8). We recall the argument: there are spectral sequences

Ep’ = H* (%0, Q% w,) = M;™
B = B @w, Ty = HO () )

n

According to Proposition 4.11.1, we have Ef’b = E% for a+b < p—1 (or even for all a,b > 0, provided
d <p). As Jg;a] is flat over W,,, 'E®? = E% @y, Jl[_;n_a] for all a,b > 0, ¢ > 1. This implies the claim.
[r] 1—/r Ocrzs

(ii) This follows form (1), (i) and the exact cohomology sequence of 0 — s, (1) — Jy — 0.

(iii) By Lemma 4.5.2, A,.(MJ~1) =0.

(4.13) Proposition. ([Ka]) For 0 < ¢ < r < p—1 and n > 0, the Fontaine-Messing map induces
isomorphisms - o
HI(Xsyn, sn(r) — HY(Xet, Z/p"Z(r)) = T3 ()

Hq(gsym SZp(T)) o Hq(yeh Zp@”)) =T(r)

Proof. The first statement is proved by Kato ([Ka], 1.4.3). The second statement follows by passing to the
projective limit, as R! lim T (r) = 0 by 1.2.3.3.1.

(4.14) Corollary. For 0 < ¢ < r < p—1 and n > 0, the Fontaine-Messing map and (4.12) induce
isomorphisms

T3 — ¢r(M7)(=r) — T(M;))
T = p(M)(=r) — T(M)
(The second isomorphism comes from Lemma 4.5.1.)

Proof. Combine Proposition 4.13, Proposition 4.12.2.(iii) and Lemma 4.5.1.

(4.15) As in (2.8), we invoke the axiomatic setting of 1.3.1.

(0) Fix an integer ¢ € Z (to be specified later). B

(1),(2) We have categories C = Mod(Sets, “Z,”), C = Mod(Bg, “Z,”), D = (Z, — Mod) and functors
u=(TN)., ¥ =Tn —1_ b= \Ilou—l%n(—)a.

(3),(4) For an integer 0 < r < p, there are distinguished triangles

> > T 1— i
Ar RFN (xsyn—et; S«z,” (T)) — RFN (xsyn—eta J‘[‘z]p”) !

— RI™N(Z e, 542, (r)][1]

N cris
RIN(Zyner, OF%) —
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in D*(C) and

- = = T 1—-fr = cris
A, RIN(X e, s42,0 (r) — RIN X yynoer, g )T ORIN (X yynoer, O%%) —

~

— RFN (%synfeta S“ZP” (7’))[1]
in in D*(C). By Appendix, A, lies in D*(C). If ¢ > 0 is an integer satisfying r + ¢ < p, then the same
argument as in (2.5) gives morphisms of triangles
(Fg)* Ar — Arig(=q)
in in D*(C) and

A, — R (Fg)* (AT+q(_Q))

in D*(C). This defines a morphism A — (Ru)(A) for A := A, A=A, ,(—q).

(5) As before, étale cohomology defines objects E = RI'™N (X, “Z,(r)”) (resp. E = RIN(X 4, “Z,(r)")) of
D*(C) (resp. D(C)) and an isomorphism p : E — (Ru)(E).

(6) The morphisms y: A — E (resp. Ji: A — FE) are given by the Fontaine-Messing map ([FM], II1.5.1;
Appendix).

(4.16) We shall verify the axioms (A1), (A2’), (A3’) of 1.3.1, under the assumptions

0<i4+1,r<p-—-1

We choose ¢ > 0 such that 1 +1<r+¢g<p-—1.
By Proposition 4.11 and 4.12,

HY(B) = [F""(M] ®@w, Bn)(—q)]
HI(C) = [M} @w, Bn(—q)]

Vj<p—2
nen  (Wsp=2) (4.16.1)

Lemma 4.5.2 and Proposition 4.11 then imply
Ker [H?(A) — H’(B)] = Coker [H/""(B) — H’~'(C)] =0
for all j <r+ ¢+ 1, proving (Al). According to Proposition 4.13, x induces isomorphisms
H(A) = HY(E)  (Yj<r+q),
which gives (A2’). Now to (A3’): by definition,
(RIU)(B) = F" M7, (RIU)(C)=MI  (Vj>0) (4.16.2)
It follows from (4.16.1) that

O(H’(B)) = lim (F"(M;, @w Acris)(—4)) (Vj<p-2)
o " _ . (4.16.3)
®(H’(C)) = lim (M ©w Acris(—9)) (Vi >0)
Recall that, forn >0and 0 < g <p—1,
(Acris © Z/p"2(~q)" = Z/p"Z - 17, (4.16.4)

where t is a Z,-basis of Z,(1) — A¢pis. Combining (4.16.2-4), we get (A3’).

(4.17) In fact, the assumptions of (4.16) can be slightly altered, to cover the value i +1 = p — 1 as well.
Assume that
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0<r<p-1, dim(X) < p (4.17.1)

Then all M7 are objects of MFV[S”’_2], by Proposition 4. 11(2). Consider the objects defined in (4.15), for
g=p—2—r =1i—r. The formulas (4.16.1) hold for all j > 0 and the same arguments as in the rest of
(4.16) give (A1), (A3’) and show that 7z induces an isomorphism 7<;A —— 7<;E.

Our aim is to show that ®(H*1(A)) — ®(HT(E)) is injective. Observing that both maps

r=1

o1 Ker(N,_y ) = (F"MP™1)7 " — ®(H™(A)) = (T(MP~1)(r)%

Ker(\p-1,,) = Ker(X,_y ) ®z, Qp — S(H™(E)) ®z, Q, = H* (G, V(1))
are isomorphisms, by (4.8) and (3.1.2.1) respectively, we see that (A2) is satisfied, provided
y Y.

FTMP~1 is torsion — free (4.17.2)

5. The Integral Comparison Theorem

(5.1) The assumptions of (4.1) (including p > 2) are in force. For 0 < r < p and j > 0, denote the map
1— ¢, : FTMJ — M7 by A, As in (3.1), the cohomology sequence of A = A, becomes
0 — Coker(\,,) — H™!(Zyyn-ct, 57, (1)) — Ker(\y,) — 0
According to (4.8) and Proposition 4.11, for j satisfying min(j, d) < p there are injective homomorphisms
oy v Ker(N, ) — HO(K,T(M7)(r))
Bys + Coker(X; ) — Hj(K, T(M)(r))
Moreover, Corollary 4.14 says that T'(M7) is canonically isomorphic to T7, provided 0 < j < p — 1.

(5.2) Theorem. Assume that 0 <i+1,r < p— 1. Then:
1) The Fontaine-Messing map v : H'T Y (X syn—ct, 5z (1)) — HTH(Xet, Z, (1)) is injective and gives rise to
g y » p 5) g
a commutative diagram with exact rows

0 — Coker(\] ) — HH (Xgyn_errs7,(r) —  Ker(Xy,,) — 0
s v e
0 — FYH™ (X4, Zy(r) —  H( Xy, Zp(r) — HYG,TH(r) — 0
la
}ygont((;?zﬁi(r))

(2) @ = a, a1 is an isomorphism, § o § = S,y is injective and Tm(§ o §) € H (K, T*(r)). If M* is
torsion-free (<= T" is torsion-free), then Im(d o 3) = H (K, T"(r)).

Proof. This follows from Proposition 1.3.5 (applied to the data (4.15)), (4.8) and Lemma 4.9. The axioms
of 1.3.1 were verified in (4.16).

(5.3) Asin (3.3), Theorem 5.2 can be reformulated in terms of the filtrations Fl, = FIHHY (X, Qp(r))
(with F?, =0 for j > 2) and F7,, defined by

syn
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FO = H* (X yynet, 52, (1)

syn
A A - 4.11.1
Fl, = Ker [HH Ryt 52, (1) — HH Ry J5)] 2

syn
= Ker |:Hi+1<%synfeta SZ,, (’I")) — HH_l(%synfeta 0%7;13):|
2 —
Fsyn - 0

Proposition. Let 0 <i+ 1,7 < p— 1. Then the Fontaine-Messing map v satisfies

(1) V(styn) g th (V] 2 0)

2) gr%(v): FS,/FL, = FY/FL = BY+! = B3 = HO(G, T"*Y(r)) is an isomorphism.
(3) grh

HY(K, T (r)).

3) grh(v) : FL, — FL/F% = EL = Ey* = HL . (Gg,Ti(r)) is injective, with image contained in
(4) IfT" is torsion-free (<= M" is torsion-free), then the image of gri.(v) is equal to H} (K, T*(r)).

syn cont

(5.4) Suppose that p > dim(X) — 1, 0 < r < p. The map

1 (r) .
(dnn(x)l)]] ) — H (xsynfeh sZp (T))’

composed with the isomorphism ([So 2], Thm. 4(iv); [GiSo], Thm. 8.2)

(=) ey /(r — 1)) (Ko(x) ®Z [

CH'(X) 0 Z {m} =N (Ko(x) 97 [WD(”

defines a cycle class map clx which makes the following diagram commutative:

CH'(2)© 2 [y 2 CH'(X)® 2 [ by
[t [etx (5.4.1)

H2T(~%syn—et7 Sz, (T)) I HQT(XEtv Z;,,(T‘))
(5.5) Proposition. Suppose that p > max(2r + 1,dim(X) — 1). Then

Im(clx) N F2H? (Xos, Zy (1)) = 0.

Proof. This follows from Proposition 5.3, the diagram (5.4.1) and the surjectivity of the map j* in (5.4.1).

(5.6) Assume that 0 <r <p-—1,i+1=p—1, dim(X) < p and that F’”Hggl(%/W) is torsion-free. Then
the conclusions of (5.2)—(5.5) are still valid with the following modifications: in Theorem 5.2, the map « is
injective and there is no zero at the end of the second row in (1). In Proposition 5.3(2), the map gr%(v) is
injective. In Proposition 5.5, we take r = (i + 1)/2. All this follows again from Proposition 1.3.5 and 4.17.
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IV. Cycle classes and filtrations on Chow groups
In this chapter we treat varieties over number fields, by putting together local results of Chapters II and III,

1. Beilinson’s philosophy

(1.1) let F/Q be a finitely generated extension of transcendence degree d > 0. If 7 : X — Spec(F) is a
smooth and projective scheme, then the conjectural spectral sequence (0.1.0)

ESY = HY(Spec(F),,,;, R*m.Q(n)) = H*™(X 001, Q(n))

is expected to degenerate at Es. It is also expected that Eg’b =0fora > d+1 ([Ja 4], 4.12(c)). Consequently,
the induced filtration F"H*(X0t, Q(n)) should satisfy

grngm(Xmot7 Q(n)) — HI (Spec(F), 000 Rm_jﬂ*Q(n))

Fd+2Hm(XmOt,Q(n)) -0 (111)

The corresponding p-adic étale realization, given by the Hochschild-Serre spectral sequence (0.3.0), degen-
erates at B and defines a filtration on H*(X.,, Q,(n)) satisfying

grH™(Xer, Qp(n)) = Hly\ (G p, H™ 9 (X o, Qp(n)))

The p-adic realization map

H™ (Xomot, Q(n)) — H™(Xer, Qp(n)) (1.1.2)

is expected to be strictly compatible with the filtrations, thus inducing injective maps

g H™ (Xomor, Q(n)) = gri-H™ (Xer, Qp(n)) (1.1.3)

(1.2) In order to make (1.1.3) a testable statement, one replaces motivic cohomology by its K-theoretic
version

? n
H™ (X oot Q(n)) = Ko (X))
We shall be particularly interested in the case m = 2n, when
Ko(X)&) > CH"(X) 2 Q
and the map (1.1.2) is replaced by the cycle class map
cx : CH"(X) ® Q — H?*(Xet, Qp(n))

The filtration F*H?"(X,,0¢, Q(n)) should then correspond to the mysterious filtration on CH"(X) ® Q,
studied extensively by Beilinson, Bloch, Jannsen, Murre, Raskind, S. Saito and many other people (see [Ja
4] and [Ra] for references). The conjecture (1.1.1) predicts that

F2CHY(X)®Q) =0 (1.2.1)
and 1.1.3 can be reformulated as
FI(CH™(X)® Q) = cy' (FTH* (X, Qy(n))) (1.2.2)
This implies, among other things, that
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Ker(cly) = 0 (1.2.3
Im(clx) N F2H*(Xep, Qp(n)) =0

=
S—

The injectivity of ¢lx is a very difficult problem. We shall investigate (1.2.4) in the special case d = 0 (i.e.
when F is a number field).

2. Cycle class maps and étale cohomology

(2.1) Fix a prime number p. Let F/Q be a finite extension, 7z : X — Spec(F') a proper and smooth
map. Let S be a finite set of primes of F' such that {v|p} C S and that there is a proper and smooth model
7w : X — Spec(Op,s) = Spec(Op) — S of X. Let Gp g be the Galois group of the maximal extension of F’
unramified outside of S'U {v|oo}. Denote the map Spec(F') — Spec(Op.s) by j.

For every i,n > 0, r € Z, the sheaf A = Rim,(Z/p"Z(r)) on Spec(OFps)e: is locally constant and
constructible, thus A = j,j*A, j*A = Rirp.(Z/p"Z(r)) = H (X, Z/p"Z(r)) (which is a finite G s-
module) and

H*(Spec(Ors) ,,A) = H (Grs, H(X o1, Z/p"Z(r)))

et’

([Mi, I1.2.9]). Using 1.2.3, we get a similar statement for continuous cohomology

H*(Spec(Op.s) ., [R'm(Z/p"Z(r)|nen) = Hiony(Gr,s, T'(r)) (2.1.1)

Here T'(r) = H (X, Z,). Of course, as G g satisfies the condition 1.2.3.2, the continuous cohomology

group H,.,(Grs,T(r)) coincides with the naive one and is a Z,-module of finite type.

cont

(2.2) It follows from (2.1.1) that the Leray spectral sequence for 7, is just

Eg’b = HS,,(Grs, T'(r)) = H*"(Xer, Zy(r))

(cf. [Ja 2, Lemma 6]). It defines a filtration F*H™" on H™" = H™ (X, Z,(r)). Similarly, the Leray spectral
sequence for g,

b
IES«, — Ha

cont

(Gr,T'(r)) = H**"(Xet, Zy(r))

defines a filtration F-H™" on H™" = H"(X¢t, Zp(r)). The restriction map j* : H™" — H™" is compatible
with the filtrations.

As cd,(Gr) = cdp(Gr,s) = 2, we have

grp(H"") = EY" = Eg™ — Ey™
grp(H"") = Eg" ™ = By (2.2.1)
g,}n%(HTL,T) — F2Hn,r _ Egc,’n—Z _ E;’n72

FPH™ =0

(and similarly for H™"). Tt follows from Weil’s conjectures [De 3] that Ey™ = 'Ey™ are finite groups for
n # 2r, thus

E2%"2 differs from Eg’n_2 by a finite group (n#2r—1) (2.2.2)

(and similarly for ' E,). It follows from remarks at the end of (2.1) that all groups ES°, H™" are Z,-modules
of finite type.

As
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Eg’" — T”(T,)GF‘S _ T”(T)GF _ /Eg,n

inf

Y™ = By (G T (1) © HY, (G, T () = B

cont

we see that both maps

gre(i™) s grp(H™") — grp(H™)
gre(i*)  grp(H™") — grp(H™)

are injective. As a result, we have

FRHmT = (541 (FR ™ (k=0,1,2) (2.2.3)

(2.3) For every r > 0, there is a commutative diagram of cycle class maps (cf. [Sal, Sect. 5)

s

CH"(X) AN CH"™(X)

lclg J/Clx

s

W= H (R, Zy(r) o HP(Xe,Z(r) = HP,

in which the top horizontal arrow is surjective. Combined with (2.2.3), this implies that

Im(clx) N FYH?*" = j*(Im(clx) N F*H*"")  (k=0,1,2) (2.3.1)

(2.4) We are also interested in torsion phenomena. Recall a well-known

Lemma. Let F' be a field finitely generated over Q, X a separated scheme of finite type over F.

(1) For every a > 0 there is an integer C' > 1 such that H*(X o, Z,)tors 1s finite for every prime number p
and vanishes for p J C'(X, a).

(2) If X is proper and smooth over F, then, for every a > 0, b € Z, a # 2b, there is an integer C(X,a,b) > 1

such that (H“ (Xet, Zp(D)) ® Qp/Zp)GF is finite for every prime number p and vanishes for p J C(X, a,b).

Proof. (1) Choose an embedding o : F < C and put Y = X @5 _ C. The smooth base change and
comparison theorem with classical cohomology tell us that

Ha(yet, Zp) = HQ(Y(C), Z) Xz Zp

However, H*(Y (C), Z) is a finitely generated abelian group, so its torsion is finite.

(2) There exists a subring R — F, finitely generated as a Z-algebra, and a proper and smooth model
X — Spec(R) of X. Let v be a closed point of Spec(R), with residue field k(v). Let p be a prime, different
from the characteristic £, of k(v). Then H*(X,Z,(b)) is isomorphic to H*((X ®g k(v)),;, Zp(D)), by the
smooth and proper base change theorems. By Weil’s conjectures [De 4], the polynomial P,(T) = det(1 —
Fr(v)T | H*(X et, Qp(b)) has coefficients in Z[1/¢,], is independent of p and P,(1) # 1 (as H*(X e, Qp(b))
is pure of weight a — 2b # 0 at v). The group (H*(X e, Zy(b)) ® Qp/Zp)GF is annihilated by P, (1) by the
Cayley-Hamilton theorem, so we can take C(X,a,b) = ¢, - (numerator of P,(1)).

(2.5) Lemma. In the situation of 2.1, we have

(greH™(Xer, Zp(r)))
(grpH™(Xer, Zp(r)))

= (g5 H" (Xet, Zp(1))) ., =0 (P /C'(X,m))

tors

= (grpH"™(Xer, Zp(r))) =0 pfC(X,n—1,rC"(X,n—1), n#2r+1)

tors

tors

tors

Proof. As (Ey™)tors = ("ES™))tors = H™(Xer, Z,(r))SF,, the first statement follows from Lemma 2.4.(1)
and (2.2.1). For the second statement, observe that
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(E217n71)tors — (/E;'nil)tors = HI(GF» Hn_l (yety Zp(r))tors) S2) Hl(GFv Hn_l(yeh ZP(T))/tOTS)tOTS

The first term vanishes for p f C'(X,n — 1), by Lemma 2.4.(1). The second term is isomorphic to ([Ta],
Prop. 2.3)

n—1,~< G .
(H" " (Xet,Zp(r)) ® Qp/Zy,) " /Div,
which vanishes for p f C(X,n — 1,7), n # 2r + 1, by Lemma 2.4.(2). We conclude again by (2.2.1).

(2.6) Corollary. If X is equidimensional of dimension d and A = Alb(X) is the Albanese variety of X,
then
(979 H* (X1, Zy(d))), =0  (forall p)

(grEH* (Xet, Zp(d))),, =0 (for p J $(A(F)tors))
Proof. The trace map induces an isomorphism H?¥(X ¢, Zy(d)) — Z5, thus C'(X,2d) = 1. As
H2d_1(yeta Zp(d>) — TP(A)7
we have

(H* (X ot 2y () © Qp/Zy) " = A(F) oo

Both claims now follow from Lemma 2.5.

3. Proof of Theorems E, F, G

(3.1) We begin with Theorem E, following its notation and assumptions. Fix a proper and smooth model
X — Spec(OFp,s) of X as in (2.1). Writing V* for H (X, Q,), then we have (by 1.2.3.3 and (2.2.2))

F2H* (Xet, Qp(n) = Heony(Gr, V"2 (n))

cont

F2H(Xer, Qp(n)) = Hiony(Grs, V"2 (1))

For every prime v of F', the restriction map

resy : H"(Xer, Qp(n)) — H*((Xo),4, Qp(n))
(where X, = X ®@F F,) is compatible with the filtrations F7 on both sides. Again by 1.2.3.3, we have

F2H™((Xy) o, Qp(n)) = Hipp(Gr,, V" 2(n))
Applying 11.2.5.3 and II1.3.8-9, we see that
Im(clyx) N F2H?"(Xer, Qp(n)) C Ker(as,y)

Theorem E now follows from a Q,-version of 2.3.1.

(8.2) For Theorem F, we apply Theorem E, with /' = Q and X = E?. According to Proposition I1.2.6(i),
we have ¥ = S. Poitou-Tate duality and Poincaré duality for X show that Ker(ag g) is the Q,-dual of

Ker ﬁV : Hiont(GQuS? V) - @Hclont(GQw V) ’
Les

where V = H?*(X .1, Q,(1)). Kiinneth formula gives
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V= Qp( )@I/V(g)7

where

W = Sym® (H'(E.,Qp)) (1).
Class field theory shows that Ker(3q,) = 0. The vanishing of Ker(By) follows from the results of [F1], [La
1, Lemma 2.5], [Wil.

(3.3) We now turn to the proof of Theorem G, with the following value of cg:
cp = 2Np(deg(®) (H(B(Q)wors)) [ (0= 1D(—orde(G(E))) [] ¢ (3.3.1)
LeT LET>

Here Ng is the conductor of E, ® : Xq(Ng) — FE some modular parametrization of E and

T1 = {¢| E has a potentially multiplicative reduction at ¢}
Ty = {¢| Gq — Aut(E,) is not surjective}

Note that, according to ([Se 2|, Thm. 2), the set T% is finite. If F is semistable (i.e. Ng is square-free), then
Ty C{2,3,5,7} ([Se 2], Prop. 21).

If d = 1, then CHY(E) = Pic(E), CH'(E)y = Pic’(E) = E(Q) and the kernel of clg : CH'(E) —
H?(Eet,Z,(1)) is equal to the prime-to-p torsion in E(Q); thus Im(clg)iors = E(Q)pee.

Suppose now that d > 1 and p / (2d)!-cg (in particular, p > 3). Put X = E¢ (= Alb(X)). As p Y 1((E%)tors),
Cor. 2.6 implies that

H2d(xetu Zp(d))tors C (F2H2d(xet7zp(d))>

- tors
Here we take X as in (2.1), with S = {{|[pNg}. Write, as before, T* = H*(X,Z,). Each T" is torsion-free
by Kiinneth formula, thus the spectral sequence in (2.2) satisfies Eg " =0 for ¢ # 2d. This shows that
FPH* (X0, Z,(d)) = B3*"™% = HZ,,,(Gq,s, T*(d))

In fact the same argument applies locally: for any n > 1 and any prime ¢, we have

(V2=1(n))“® =0,
by I1.1.6.4 and 11.1.7(1a) (resp. I11.3.5.1) for £ # p (resp. £ = p). As T?"~1 is torsion-free, we obtain

F2H?"((X¢) oy, Zp(n)) = Heony(Ga,, T*"2(n)) (3.3.2)

cont

(here X, = X ®q Qo).

Fix now ¢ € S and consider the restriction map

rese s Hepny(Gas, T2 72(d)) — H:,

cont

(Gaq,, T**7%(d))
By Kiinneth formula,

T2 (d) = 2,(1)" & (1,(8))%) ).
It follows that

d
H2,,,(Cau. T*2(d))iors = H2,(Gay . (T,(E)#)\2),. (3.3.3)
Write H for Im(clx)tors. We claim that
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res¢(H) =0 (Ve eb) (3.3.4)

Case ¢ = p: In this case (3.3.4) follows from (3.3.2) and Proposition IIL.5.5.

Case £ # p: By ([Si], IV.10.3 and V.5.3), the greatest common divisor of degrees [K : Q] of extensions
over which F acquires semistable reduction divides 24. As p > 3, we can choose such an extension K/Qg of
degree d prime to p.

Subcase ¢ € T1: By Lemma 3.4 below, the group (3.3.3) vanishes.

Subcase £ & Ty U{p}: E has a potentially good reduction at £. As above, we can choose an extension K/Qy

of degree prime to p over which E acquires good reduction. In this case (3.3.4) follows from Proposition
I1.2.8 and (3.3.2).

So we see that H is contained in (the torsion subgroup of)

Ker | : Hgom(GQ,S,T) — @Hgont(GQwT)

Les

for T = T?4=2(d). By Poitou-Tate duality, Ker(c) is the Pontryagin dual of

Ker

g Hiont(GQ,SvT*(l) ® Qp/Zp) — @Hgont(GQeaT*(l) ® Qp/zp)]
Les

We have

(1) = 2,('") & (Sym?(1,(E)) (-1)) @

The first factor does not contribute to Ker(3) by class field theory; as for the second factor,

Ker

Hclont(GQ,Sa Symz(Tp(E))(_l) ® QP/ZP) - @ Hclont(GQU Sym2(TP(E))(_1) ® QP/ZP)]
Les

vanishes by ([Fl], Thm. 1). Theorem G is proved.

(3.4) Lemma. Let K be a finite extension of Qg, k the residue field of K, E an elliptic curve over K
with a potentially multiplicative reduction. For a prime p # (, put T = T,(E), V =T ® Q. Ifp /)
(8(k*))(—ordk (j(E))) (here ordi : K* — Z is a surjective valuation and j(E) the j-invariant of E), then
(1) H(Gk,VE?/T®2(~1)) — Qu/Zy.

(2) Hc207Lt(GK7T®2) — ZP'

Proof. 1t is sufficient to prove (1); the statement (2) then follows by local duality, as T*(1) — 7. Our
assumptions imply that F is a quadratic twist of a Tate curve. Such a twist does not change the Galois
representation 792, so we can assume that E itself is a Tate curve over K, with Tate’s parameter qp € K*.
The boundary map

6:Qp/Zy — HI(GIOQp/Zp(l)) =K"®Qp/Zy

associated to the standard exact sequence of G g-modules
0 — Q,/Z,(1)-V/T-2.Q,/Z, — 0
is given by d(a) = gg ® a. As p f (§(k*)), the valuation ordx defines an isomorphism ordg ® id : K* ®

Q,/Z, — Q,/Z,. This implies that § is an isomorphism as well, since p J ordx(qr) = —ordk (j(E)).
Observing that

o1



HO(GKva/Zp(l)) = HO(GKv Qp/zp(_l)) =0

(again by p J (#(k*))), we see that various cohomology sequences associated to the diagram

0 0 0

l l l

0 — Q/z,(1) =l V)T “4Epl)Q,2,  — 0

la(—l)@id J{a(—l)@id J{a(—l)@id

0 — wvyr B yerpper gy WECY yupg) g

|p-nsia |s-nsia |s-nsia

id@a(—1 id®B(—1

0 — Qyz, N vreny P Qz(-1) — 0

0 0 0

give H°(Gg,V/T)=Ker(§) =0 and isomorphisms
QP/ZP
lz (3.3.5)

HO(Gg, V2T (-1)) — H°(Gk,V/T(-1)),

which proves the statement (1) of the Lemma (to see that the horizontal map in (3.3.5) is an isomorphism,
note that the boundary map

H°(Gk,V/T(-1)) — H'(Gk,V/T)
composed with the isomorphism  H°(Gg,Qp/Z,) — H°(Gk,V/T(—1)) vanishes for trivial reasons).
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