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Abstract: This article is devoted to the Toeplitz Operators [4] in the context
of the geometric quantization [11], [15]. We propose an ansatz for their Schwartz
kernel. From this, we deduce the main known properties of the principal sym-
bol of these operators and obtain new results : we define their covariant and
contravariant symbols, which are full symbol, and compute the product of these
symbols in terms of the K&ahler metric. This gives canonical star products on
the Kéhlerian manifolds. This ansatz is also useful to introduce the notion of
microsupport.

1. Introduction

Let M be a compact Kéhler manifold with fundamental 2-form w € 22(M,R).
Assume that there exists an Hermitian line bundle L — M with a covariant
derivation V of curvature %w. M and L are the data of geometric quantization
introduced by Kostant [11] and Souriau [15] : the symplectic manifold (M, w) is
the classical phase space and the space H consisting of the holomorphic sections
of L is the quantum space. The set of classical observables is the Poisson algebra
C*°(M). The quantum observables are the linear operators of H.

To relate the classical and quantum observables, Berezin introduced in [2]
the notions of covariant symbol and contravariant symbol. To describe this,
introduce the space L?(M, L) which consists of the sections of L — M with
finite L2 norm, endowed with the scalar product

(s1,52) =/ h(s1,82) pnm
M

where h is the Hermitian metric and pps is the Liouville measure # |wA"|. Since
M is compact, H is finite dimensional subspace of L?(M, L). Denote by II the
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orthogonal projector of L?(M, L) onto H. From now on, we identify a quantum
observable T with the bounded operator of L?(M, L) which vanishes on H=*
and which restricts on H to 7. So the quantum observables are the operators
T:L*M,L) — L*(M, L) such that [ITII =T.

A contravariant symbol is a function f € C°°(M) to which we associate the
operator II M¢II, where My : L*(M, L) — L*(M, L) is the multiplication by f.

travariant
f contravarian HMfH

On the covariant side, we start from a quantum observable T'. We denote by
T (z1,,) its Schwartz kernel. It is the section of L X L= — M? such that

@ﬂmzﬁfmmmmmM

Since Lo L~ ~ C, T(zy, ,) restricts on the diagonal to a function. Assume that
II(x,z) does not vanish. The covariant symbol of T' is f(z) = T'(z,z)/II(z, x).

T((E, CE) covariant

I(z,x) T

It is natural to ask if one can find products on C°°(M) corresponding to the
product of the operators. Using the covariant symbol, Moreno and Ortega [13]
defined star products on the projective space CP and the Poincaré disc. When
M is a coadjoint orbit of a compact Lie group, similar results were obtained by
Cahen, Rawnsley and Gutt [6]. More generally when M is a K&hler manifold,
Bordemann, Meinrenken, Schlichenmaier [3] and Guillemin [9] deduced from the
theory of Toeplitz operators of Boutet de Monvel and Guillemin [4] that the
product of contravariant symbol is a star product.

These results involves the semi-classical limit defined in the following way.
For every positive integer k, we replace in the previous constructions the line
bundle L by L*. We obtain a sequence of Hilbert spaces Hj. The semi-classical
limit is £ — oo. Furthermore, we restrict our attention to a family of quantum
observables called Toeplitz operators. By definition, a Toeplitz operator is a
sequence (T}) such that for every k,

Ty : L*(M, L*) — L*(M, L*), Ty = My gyl + Ry, (1)

.
where

— f(., k) is a sequence of C°°(M) which admits an asymptotic expansion of the
form >°,2 k" fo for the C* topology with fo, f1,.. C°° functions.

— (Rg) is a negligible operator, that is ITyRyIl; = Ry and its uniform norm
1Bl is O(k).

The interest to consider these operators is that the contravariant map of Berezin
leads to a bijection between C'°°(M)[[h]] and the set T of the Toeplitz operators
modulo the negligible operators.
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Theorem 1 ([3], [9]). The product of two Toeplitz operators is a Toeplitz op-
erator, so T is an algebra. The contravariant symbol map

Ocont * T — COO (M)[[h]]

which sends the operator (T}) defined by (1) into Y, h' fo is well-defined. It is
onto and its kernel is the set of negligible Toeplitz operators. Furthermore, if
UCUnt(Tk) = fO + O(h) and Ucont(Uk) = 4o + O(h), then

Tcont(TkUx) = fo-g0o + O(h),

Oecont(TkUx — UrTy) = ’Zz{foago} +0(h?),
I Txl| = O(k™™N) iff 0cont(T1) = O(AN),
[T ~ Sup [ f°] if fo # 0.

The principal symbol of a Toeplitz operator (T}) is the function fo such that
cont(Tk) = fo + O(h). Observe that the map oeont is a full symbol in the sense
that ocont(Tk) = 0 if and only if ||Tx|| = O(k~°).

Our main result is an ansatz for the Schwartz kernel of a Toeplitz operator.

Theorem 2. Let E be a section of LKL ™! such that E(x,z) = 1, |E(x, z,)| < 1
if x; # x and

Vo, Bla, ) = Vo, Blat, ) = 0+ Ol — o)

for any complex coordinates system (z*) of M. If (Ty) is a Toeplitz operator, its
Schwartz kernel is of the form

k\n
Ti(era,) = (5=) E*@ia)a(en e, k) + R, ) (2)
where (af(., k))k is a sequence of C°(M?) which admits an asymptotic expansion

Yoo k=tay for the C> topology whose coefficients satisfy
82{.@(3:1, Xp) = 8zi.ag(a:l, ) =04 O(|x, — x|™)

for any complex coordinates system (2%) of M. (Ry) is negligible, that is Ry, is

uniformly O(k=°) and the same holds for its successive covariant derivatives.
Conversely, if (Ty) is a sequence of operators whose Schwartz kernels are given

by (2), then || Ty I, — Tx|| = O(k=°°) and (I TyIIy) is a Toeplitz operator.

For the projector (II}), this ansatz follows from a theorem of Boutet de Mon-
vel and Sjostrand about the Szegd kernel of a strictly pseudoconvex domain.
This representation of the Schwartz kernel is actually similar to the representa-
tion of the Schwartz kernel of an A-pseudodifferential operator as an oscillatory
integral.

From this theorem, we can give a direct proof of theorem 1 and deduce many
other properties of Toeplitz operators : if (7};) is a Toeplitz operator, the sequence
(T (x,z)) admits an asymptotic expansion

Tk(x,x) = (%)n;k_eag(x,x) + O(k_oo)
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We set

o(Ty) = Zhgag(a:,a:) and ooy (Th) = o(Ty).o(IT) L.
¢

So we obtain three full symbol maps

T
|
/TclmNi)V with D = C*® (M)[[h]]
D 7 D—p—D

that is 0, 0cov and ocont are onto, their kernel is the set O(k~>°) N7 of the
negligible Toeplitz operators.

Since 7 is an algebra whose O(k~°°)N7 is an ideal, we obtain three associative
products *, *coy and #cont on C*° (M)[[A]]. We prove that these are star products.

Furthermore, the maps 1 and v are equivalences of star product. We compute
these products modulo O(h?) : if f and g € C°°(M), then

frg=r9+h(G7(0.:f)(0z9) — 5 r.f.9) + O(h?)
U(f) =f +hGY0,:0s f + O(h?)

f *cov g :f'g + hG” (azif)(aijg) + O(hQ)

f *cont g :f'g - hG” (azif)(aijg) + O(hQ)

where r is the scalar curvature of M, and the functions G*J are defined by
Gi7j.Gk,j =6, and w = z'Gj7kdzj A dzF.

In fact, we can also compute the remainders O(h?). We prove that the bidif-
ferential operators By associated to the star product * are of the form

Bi(f,9) =Y _ B! 5([det(Gij)] ", Gur ) 02 £.02g
@, (3)
if fxg=> N'Bufg), VfgeCM)

where the functions G, g are the derivatives of the G; ; and Bé 5 are polyno-
mials in [det(G;;)] ! and Gu . These polynomials are universal, that is they
do neither depend on the choice of the complex coordinates system nor on the
Kéahler metric. Furthermore these formulas define a canonical star product on
every Kéahler manifold, that is on K&hler manifold which are neither necessar-
ily compact and which nor have a prequantization bundle. We prove similar
properties for the star products *coy €t *cont-

These results are connected with a theorem of Lu about the projector 1.
The unit o(IIy) of (C°(M)][[A]], *) is not the formal series 1, but a formal series
1, = >, h'S;, with So =1 and S; = %, such that

e ) = (57)" A5 + O ) o
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The existence of this asymptotic expansion was proved by Zelditch [17], by using
the result of Boutet de Monvel and Sj6strand. In [12], Lu computed So, S1, Sz,
S3 and 54 and with his method we can also compute the other coefficients. Since
1, is the unit of (C°°(M)[[h]], *), we can also compute it from the formulas for
the star product *.

In a next article, we will explain how we can generalize the ansatz for the ker-
nel of Toeplitz operators to define Lagrangian sections similar to the Lagrangian
distributions of the theory of A-pseudodifferential operators. We will deduce from
this the Bohr-Sommerfeld conditions for a Toeplitz operator. To prepare this, we
introduce the notion of microsupport. This is fairly easy, because the quantum
states are defined on the phase space.

The paper is organized as follows. The second section is devoted to introduce
our notations. In the third one, we consider an algebra F, which contains as a
subalgebra the set of the Toeplitz operators. We prove that (1)) belongs to this
algebra, introduce the full symbol of its operators and compute the product of
the symbols. In the following section, we derive from this the properties of the
Toeplitz operator. Finally we define the notion of microsupport and consider the
functional calculus of Toeplitz operators.

This article is a part of our PHD-thesis [7]. It is self-contained, expect that we
use the essential result of Boutet de Monvel and Sjostrand on the Szego kernel
and we apply the stationary phase lemma of Hérmander.

2. Notations

2.1. Geometric objects. First if L — M is a Hermitian fiber bundle, we denote
by h(u,v) the scalar product of u,v € L, and by |u| = h(u,u)? the norm of w.
When L is endowed with a connection, we denote by V : C*°(M, L) — 2'(M, L)
the covariant derivation. We use the same notation for the induced Hermitian
structure and covariant derivation on L* — M and LF R L=% — M x M.

If D: C®(M,LF) — C>(M,L*) is a differential operator, we define the
differential operators D; and D, by

Di=D®Id:C®(M x M,L*RL™*) - C®(M x M,L* R L™*),
D,=1d®@D:C®(M x M,L* RL™*) - C°(M x M,L* R LF).

2.2. Negligible terms. First, if (f(,.k))x is a sequence of C*°(X), we say that
(f(.,k)) is negligible if for every integers ¢, N, for every vector fields X1, ..., X
and for every compact K C X, there exists C' such that

|(X1..Xe.f) (@, k)| < CE™N, Vo eK.

Consider now a line bundle L — X endowed with a Hermitian structure. Let
(s1)r be a sequence such that s, € C°°(M, L*) for all k. Introduce a covariant
derivation V : C*°(M, L) — 2%(M, L). We say that (s) is negligible if for every
integers ¢, N, for every vector fields X7, ..., Xy and for every compact K C X,
there exists C such that

|VX1...VX[sk(x)| <Ck™N, VzekK.
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It is easy to see that this definition depends on the choice of h, but does not
depend of V. Locally, if ¢t : U — L is a unitary gauge (i.e. |t(z)] = 1, Vo € U)
and s, = f(.,k)t¥ on U, the fact that (si) is negligible means that the sequence
(f(.,k)) is negligible.

Let (T}) be a sequence such that for every k, T} is an operator C*(X, L¥) —
C*>(X, L¥) with a smooth Schwartz kernel. Using a density u € C*°(X, |22|(X)),
the kernel Ty (7, ,) can be viewed as a section of L¥ X L=F. We say that (T}) is
a smoothing operator if (Ty(xy, z,)) is a negligible sequence. This definition does
not depend on the choice of u.

We will denote by O(k~>°) a negligible sequence of functions or the set of
the negligible sequences of functions. We use the same notation for sequences of
sections or for smoothing operators.

2.3. Symbols. A symbol of order N is a sequence of functions (f(., k)) in C*°(X)
which admits an asymptotic expansion

FOR) =Dk fo+ O(k™)

(=N

in the C> topology. We denote by S¥(X) the set of the symbols of order N
defined on X. We associate to (f(.,k)) € S°(X) the formal symbol Y,k f.
This defines a map

SU(X) = C(X)[[n]]

By Borel lemma, this map is onto, its kernel is O(k~°).

2.4. Taylor expansions. We say that a function f € C'*°(X) vanishes to order k
along a submanifold Y C X, if for every differential operator D of order k — 1,

D.f|, =0.

We say that a function f € C'°°(X) vanishes to order co along Y, if it vanishes
to order k along Y for every k. We denote by Z*(Y') the ideal of C°°(M) which
is the set of the functions which vanish to order k along Y. The Taylor series of
f e C>(M) along Y is the class of f in C°(M)/Z>(Y).

Lemma 1. Let X be a submanifold of an open set 2 of R*. Let d € C>(§2,R™)
be a non negative function which vanishes along X to order 2, does not vanishes
outside of X and whose kernel of its Hessian is T, X for all x in X. Let (a(., k))
be a sequence of C*°(£2) which has an asymptotic expansion > .o a;(x)k™" in
the C° topology. Let N be a non negative integer. The following assertions are
equivalent.

i. Y compact K of 2, 3 C such that e‘kd(z)a(x, k)‘ <Ck 2 onK.
ii. a; € IN7?(X), Vi such that N > 2i.
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Proof. IIVJet ¢ be some integer larger than £'. We have | a(z, k) _Zf:o ai(m)k—i‘g
Cx k=271 on every compact K of £2. Consequently, i. is equivalent to

ol

‘
‘ e~ kd(z) Zai(a})k_i <Cg 1~ (5)
i=0

N .
Moreover, assertion ii. is equivalent to |ai(x) | < Cé(z)2 7" on every compact K
of §2. The function y — y™e™¥ is bounded on R*. It follows that

N

e M@ g (2)k 7 < Cai(x)d(ac)_%ﬁ k™=,

This prove that 4¢. implies ¢.. Conversely, we introduce the set D = {z €
2 / d(z)~! € N}. Consider an integer j between 1 and £ + 1 and we use the
inequality (5) where x € D and k = j/d(z). We obtain that the function

N

bi(z) = jlap(x)d(z)~ % + 7" lar(x)d(z) " > + .. + j0ap(x)d(z) " 2

is bounded on K N D if K is a compact of 2. The functions b;(x) are obtained
from the functions a;(x)d(z)~* 7 by a linear equations system of Vandermonde

type. By solving this system, we obtain that a;(x)d(x)~ % +7 is bounded on KND
if K is a compact of {2. Using the Taylor expansions of a; and d along X, 1.
follows. O

3. The algebra F

This section is devoted to an algebra of operators defined in the following way.

Definition 1. F is the space of operators (Qy, : C>(M, L*) — C*°(M, L*))
whose kernel is of the form

k>0’

k

Ou (w1, 2,) = (ﬂ)nEk(ml,mT) a1,z k) + O(k~) (6)

where

— F satisfies the same assumptions as in theorem 2
— (a(.,k)) is a symbol in S°(M?).

Our basic interest in this algebra is that it contains as a subalgebra the set of
Toeplitz operators. In the next section we will derive many properties of the
Toeplitz operators from those of operators of F. The first subsection is devoted
to the section E defined in theorem 2. We prove its existence and give its main
properties. In the following two subsections, we prove that (IIy) is an operator
of F. In the last subsections we define the full symbol of an operator of F, prove
that F is an algebra and compute the product of symbols.
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3.1. The section E. In the following, g denote the Riemannian metric of M
defined by ¢(X,Y) = w(X, JY).

Proposition 1. There erists a section E of LI L™ such that

E| . =1
|d1ag(M) (7)

Vz,E=Vz E=0 modZI>(diag(M))

for all holomorphic vector field Z of M. This section is unique modulo a section
which vanishes, with all its derivatives, along diag(M). The function

d=—-2In|E|

of O (M x M) vanishes, with its first derivatives, along diag(M). If x € M,
the Hessian at (x,z) of § is the quadratic form, whose kernel is diag(T, M) and
restriction on T, M x (0) C T, M x T, M is %g. Furthermore,

VE=-E® (0, +0,)§ mod I (diag(M)). (8)

On a neighborhood of diag(M), we have §(z;,z,) < 0 if ; # z,. By modifying
E outside this neighborhood, we may assume that é(x;,z,) < 0 if 2; # z, for
all (z,z,.) € M x M.

Remark 1. Let t : U — L be a holomorphic gauge. Let p € C°°(U) be such that
|t| = e7” and introduce the unitary gauge s = e”t. Then we will prove that

E=¢" s® s with ¢(x, z,) = i(p(ay) + p(zr)) + (2, ) 9)

where 15 is such that

Y(z,x) = —2ip(x) and agzw/; = 841; =0 mod Z°(diag(U)). (10)

This local expression will be useful, especially to apply the stationary phase
lemma for the composition of operators. 0O

Proof. We introduce the same local data as in the previous remark and look
for a section E verifying (9). Then equations (7) are equivalent to (10). There
is a unique function 1 satisfying (10) modulo Z°(diag(U)). Using the local
uniqueness, we can construct with a partition of unity the global section F
required. We have

Sz, ) = 2p(x) + 2p(2y) — ith(xy, 20) — ip(2y, 21) mod T°(diag(M)).

From 8211.1/; = (625 + 8#)1; modulo Z°°(diag(U)) it follows that 8255(33, x) van-
ishes. Similarly we show that the other derivatives of § vanish along diag(M).
To compute the Hessian of §, observe that

azf 8255‘(%1) = 82{ 85§5|(w7w) =0 azf 8255‘(%1) = 8#8555\(”) ZGj,k (11)
with G, = 0,0z« (p+ p). Let X and Y be two vectors in T, M.

(X,0)=(Z,2)+ (Z,-Z) with Z = L{(X —iJX) € T,;°M
(Y,0) = (W, W)+ (W,-W) with W = L(Y —iJY) € T,°M
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Since the kernel of Hess 6‘ (2.2) contains certainly diag 7, M, we have

Hess 5|(w7w) ((X,0),(Y,0)) =Hess 6|(WC) (Z,-Z),(W,-W))

=5w(W, 2) + g;w(Z, W)

using (11) and since w = i0(p + p) =i Y. G rdz? A dz*, we have
Hessc5|(r7x)((X, 0), (v, 0)) :%g(X, Y).

By derivating h(F, E) = exp(—4) we obtain (8). O

3.2. The Szego projector. We recall first the result of Boutet de Monvel and
Sjostrand that we will apply. Let Y be a complex manifold of dimension & + 1.
Let D be a domain of Y with compact C* boundary. Let £ — 0D be the
complex subbundle of T'(0D) ® C, which consists of the holomorphic vectors of
Y tangent to D. The complex dimension of E is k. Let r : Y — R be a defining
function for the boundary of D, i.e. D = {r < 0} and r'(y) # 0 if y € ID.
Assume that D is strictly pseudoconvexe, i.e. the sesquilinear form of E|u

(X,Y) = (00r,X \Y)  X,Y €B|

is positive definite at every point y € 0D. Then the restriction of —i0r at the
boundary 9D is a contact form.

Let u € C>=(dD,|2|(0D)) be a volume form. Hence L?(0D) is endowed with
a Hilbertian structure. H is the set of the functions of L?(dD) satisfying induced
Cauchy-Riemann equations:

H={feL20D)/2.f=0,%Z e C*OD,E)}

The Szego projector IT : L?(0D) — L2(OD) is the orthogonal projection onto
H.
Let ¢ € C*(Y x Y) be a function such that

6.9) = 7rly) and Zio=Z,6=0 mod T=(ding())  (12)

for all holomorphic vector field Z. Define ¢ € C*°(0D x dD) by ¢(u,uy) =
¢(ur, ur). dp doesn’t vanish on diag(9D). dlm ¢ vanishes identically on diag(9D)
and the Hessian of Im ¢ at (u,u) is negative with kernel diag(7,0D). So by
modifying ¢ outside a neighborhood of diag(0D), we may assume that Im
o(ug, up) < 0 if u; # u,. The map

RT x 0D x 0D — C, (1,u,u,) — 7o(u, uy)

is a non-degenerate phase function of positive type (cf. [10]) and parametrizes a
positive canonical ideal C. Let F°(C) be the set of the Fourier integral operators
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of order 0 associated with C. It consists of the operators T : C*°(0D) — C*°(9D)
whose Schwartz kernel is the sum of an oscillatory integral and a C'*° function :

T(us, ur) = / TECu) gy w7 |dr| + f(ur, ) (13)
R+

where s is a classical symbol of S7 (0D x 9D x R") which admits an asymptotic
expansion

o0
s(ug, Uy, T) ~ Z 7 sp(ug, uy).
=0

These operators are continuous L?(P) — L?(P).

Theorem 3 (Boutet de Monvel, Sjostrand [5]). II is an elliptic Fourier
integral operator of order 0 associated with the canonical ideal C.

To apply this result, we introduce the principal bundle = : P — M with
structural group T = R/277Z such that L* ~ P x,_C, where s, : T — GI(C) is
the representation defined by s(0).v = e~**%y. Consider the embedding i of the
principal bundle P into L* ~ P x4_, C defined by

i(u)=[u,l]e Px,C, YueP

The covariant derivation V induces a connection 1-form o € 2'(P). Let Hor"® —
P denote the subbundle of TP ® C, which consists of the horizontal lifts of holo-
morphic vectors. Let H : L* — R denote the function sending u € L* into |u|?.
The following result is well-known.

Proposition 2. D = {H < 1} is a strictly pseudoconvexr domains of L* with
boundary i(P). The fiber bundle of holomorphic vectors of L* tangent to i(P) is

i Hor'*. Moreover i*01n H = ia.

pp = 5—|aA(da) | is a volume form. So we obtain a scalar product on L?(P),
a Szegd projector IT and a subspace H = Im IT C L?(P).

Since L¥ ~ P x,, C, we have an identification between sections of L* and
functions f € C*°(P) such that Rjf = e f. If s : M — L* is associated to
f € C>(P), then V xs is associated to X", f, where X" denotes the horizontal
lift of the vector field X. So s is holomorphic if and only if f satisfies induced
Cauchy-Riemann equations. Furthermore, this identification is compatible with
scalar products, that is (s1, s2) = (f1, f2) if s1 and s2 are respectively associated
to f1 and f5. By Fourier decomposition, we obtain

x>

k=oco =00
L’(P)~ @ L*(M,L*) and H=~ H,.
k=—o0 k=0

Using the first sum, we associate to a bounded family (T%)kez of bounded op-
erators of L?(M, L*) a bounded operator T of L?(P) which commutes with the
action of T, and conversely. The sequence (T%)r>o is called the sequence of pos-
itive Fourier coefficients of T. In particular, the sequence of positive Fourier
coefficients of the Szegd projector IT is the sequence (II). In the next section
we will prove the following theorem.
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Theorem 4. The operators of F are the sequences of positive Fourier coeffi-
cients of the Fourier integral operators of F°(C) which commute with the ac-
tion of T. Furthermore if (T}) is the sequence of positive Fourier coefficients of
T € F°(C), then T is smoothing if and only if (Tx) is smoothing.

Applying the theorem of Boutet de Monvel and Sjéstrand, we obtain the
Corollary 1. The projector (II},) belongs to F.

3.8. Proof of theorem 4. First, we prove that the section E of L X L1 deter-
mines a non degenerate phase function of positive type which parametrizes the
canonical ideal C. P x P — M x M is a T?-principal bundle and

LXL '~ (PxP)x,C,

where s : T2 — GI(C) is the representation defined by s(6;,6,).v = €@ =0 y.
In this way the section F is associated to a function E € C°°(P x P) such that

Rig, 0,5 =" "E.

E(z,z) =1 implies E(u,u) = 1. Let V be the neighborhood of diag P given by
V ={|E — 1| < 1}. Define the function ¢ = 1 InE on V.

Lemma 2. The function 7¢(u;, w,) defined on RT™ XV is a non degenerate phase
function of positive type which parametrizes the canonical ideal C.

Proof. Introduce the same notation as in remark 1. We identify U x C with L~!
over U, by sending (x, z) into zs~!(x). In the same way, the bundle P over U
can be identified with U x T in such a way that i(z,6) = ¢?s~!(z). Introduce
a complex coordinates system (z7) over U. Recall that e”s~! is a holomorphic
gauge and let w denote the linear holomorphic coordinate of L~! such that
w(e?s™!) = 1. Then H = wwe”*? and the embedding i is given by

UxT—UxC (20) — (z,w=e?"").

The function ¢ is given by ¢ = 6; — 0, +i(p(x;) + p(x,)) + (x1, ). It extends
to a function ¢ defined on a neighborhood of diag(L~!) C L= x L=! by

¢ = —iln(ww,) + @[;(xl, Zy).

From equations (10) which determine ), it follows that ¢ satisfies equations (12),
where the function r isIn H. O

To prove theorem 4, we will apply the stationary phase lemma to obtain
expression (6) from expression (13). By the previous lemma, the oscillatory
term e'7#(4:4r) becomes E*(xy,x,). The amplitude s(u;,u,, ) gives the sym-
bol a(xz;, xy, k).

In connection with negligible terms, observe that if T': C*°(P) — C*°(P) is a
smoothing operator (i.e. its kernel is C°°) which commutes with the action of T,
then the family (7% )rez of its Fourier coefficients is smoothing (i.e. the kernels
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Ty (xy, z,) are C°, |T(x;, z,)| = O(Jk|~>°) as k — £o00 and the same holds for
their successive covariant derivatives), and conversely.

Proof of theorem 4. Consider an operator T € F°(C) which commutes with the
action of T. Its kernel is of the form

T(w,uy) = / ) gy, 7| + f ()
R+

where ¢ is defined as in lemma 2 and the classical symbol s € ST has support
in V x RT and asymptotic expansion

s(up, e, ) ~ Y T s (ug, ). (14)
=0

We compute the Fourier coefficients of T'(u;, u,). We may assume f = 0 since
its Fourier coefficients are negligible. Since 7' commutes with the action of T, its
kernel is T-invariant, i.e. T'(Rg.ui, Rg.u,) = T'(uy, u,). So by averaging, we may
assume that s and the coefficients sy of its asymptotic expansion are T-invariant.
Let @ denote the quotient of P x P by the diagonal action and p: P x P — @
the associated projection. The push-forward of T'(u;, u,) by p: P x P — Q is

P10 = [ O,
R+
where § and @ are such that p*3 = s and p*® = . Furthermore § ~ >0, 7" %5,
where the functions §, are defined by p*s; = sy. @ is a T-principal bundle with
base M x M. The action of § € T is given by

Ry.p(uy, u,) = p(Ro.uy, u).

We have to compute the positive Fourier coefficients of p, T for this action. We
may assume that P ~ U x T 3 (z,6) and Q ~ U x U x T > (z;,2,,7) with
p*y = 6; — 0,.. Using the same notation as in the proof of lemma 2, we have
P(xr, 2y, y) = v + ¥(xy, x,). The Fourier coefficients of p,T are

I (zy, 0, y) = e“”/ e‘ikee”(e"'w(ml’rr))E(mz,xr,0,T)|d0||d7'|.
TxR+

The support of § is included in p(V)xR+* C UxU x (—a, a) xR with 0 < o < 7.
We replace 7 by k7.

In(xp, 2p,y) = e“”/ e kIO Tz 50y e, 6, k)| dO)||d|
TxR+

. 0470+ 7V (x),x,) if k>0
with ¢(6, 7, zi, &) = {—0 70— W (ay, ) itk <0
To estimate this as |k| tends to oo, we follow the method of stationary phase
([10], section 7.7). First observe that if k& < 0, the phase ¢ does not have critical
point, so |Ix(x;, z,,v)| is uniformly O(|k|~>°) as k — —oo and the same holds
for its successive derivatives. Consequently, T is a smoothing operator iff the
sequence (T}) of its positive Fourier coefficients is smoothing.
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Assume now that k& > 0. The first step is to restrict the integral at a small
neighborhood of the critical locus of the phase ¢ by integrating by parts.

(8.,-(;5:89(;5:0) iff(ﬂfzzxr, 0206‘57’:1)

Recall that the imaginary part of ¢ (z;, x,) is positive if x; # x,. We obtain
In(x, 2, y) = e“”/ e~ RO zeerT) 50y w0, kT)k|dO||dT) + €Y gr (24, 1)
D

where D = (—¢,¢) x (1 —¢,1+ ¢) and the semi-norms C°(K) of g;, are O(k~°°)
if K is compact. We now apply theorem 7.7.12 of [10]. Observe that ¢ = 1) +
(0-0)(0p). Hence

k

Ik(xla xT77) = (%

)neik(v+w(wz,w7~))a($l7 z k) + e“’”g;(xl, )

where (a(., k)) admits an asymptotic expansion Zﬁzgo k~%a, in the C™ topology
and the semi-norms C°(K) of g, are O(k~>°). Actually it follows from theorem
7.7.12 of [10] that I has an asymptotic expansion in the C° topology, but the
coefficients a; are C*° and by Borel process there exists a sequence (a(., k))
as above. Using the identification between the functions I, and the sections of
LF X L7F, we express the kernels of the positive Fourier coefficients of 7" in the
form

k n
Ti(zy, 20) = (%) E* a(xy, 2, k) + Ry (21,2, (15)

where |Ry(x;,x,)| is uniformly O(k~°°). We have to improve this, that is to
show that |Vx,...Vx,Ri| < Cx,nk™" on every compact K and for all N. The
sections Vx,...Vx, Fy are the positive Fourier coefficients of XPor.. XPorT. We
can estimate them in the same way as the Fourier coefficients of T'. Consequently
their norm is O(k™V) on every compact with N sufficiently large. The derivatives
of E*a(., k) satisfy the same estimate, so the same holds for Vy,...Vx, Ri. By
applying lemma 3.2 of [14], we obtain that (Rj) is smoothing.

Conversely, we have to show that for every sequence (ay) of C°° (M x M) which
admits an asymptotic expansion Y. k~‘a’ in the C°° topology, there exists a
symbol s € S (P x PxR") which admits an asymptotic expansion 7¢s4 such
that (15) is satisfied. Assume that sg is locally T2-invariant on a neighborhood
of diag P. We can easily compute (cf theorem 7.7.2 [10]) the first coefficient ag
of the asymptotic expansion. It is such that p*ag = sg on a neighborhood of
diag(P), where p is the projection of P x P onto M x M. So we can choose the
convenient sg, and by successive iterations the other coefficients s;. Finally we
obtain s by Borel process. 0O

8.4. Symbol of the operators of F. Let us define the full symbol of an operator
of F. Let J denote the space C°°(M?)/Z°°(diag M) which consists of the Taylor
expansions along diag(M) of the functions in C°°(M?).
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Definition 2. The symbol S(Tx) of an operator (Ty) € F is the formal series

= hfag] € T(H])

where the kernel of (Ty) is given by (6) and the symbol (a(.,k)) € S°(M?) has
the asymptotic expansion Z;io k~ta(zy, 2,).

From lemma 1, we deduce that S(T}) is well-defined, i.e. it does not depend on
the choice of the section E nor on the choice of the symbol (a(., k)). Furthermore,
Borel process and lemma 1 imply that

Lemma 3. The map S : F — J[[h]] is onto and its kernel is the set of smoothing
operators.

Since M is compact and the kernel T, (z;, x,) is C*°, T}, is a bounded operator
of L?(M, L*) for every k. Furthermore the sequence (T}) of adjoints belongs to
F and

S(T) (w1, wr) = S(Th) (wr, 1)

For every k, T} is trace class and we have the asymptotic expansion

Ty = (%)" XZ: = /M Fol@, 2) pont () + O(k=2) if S(T) = XZ: B f,.

3.5. Symbolic calculus. We discuss now the composition of the operators of F.
We will prove that the product of two operators of F belongs to F. The set of
smoothing operators is an ideal of F, so that S induced a product in J[[R]]. We
will also compute this product.

Let us introduce some notations. Let (z?) be a complex coordinates system
defined on an open set U of M. Using these coordinates the Taylor expansion
along the diagonal of a function f € C°°(U?) can be seen as a formal series of

C=U)llZi, Zr))-
Lemma 4. The map Da : C®(U?) — C=(U)[[Z1, Z,]] defined by

[Daf](x, Z;, Z. Zfag )7} ZB where fo pg(z) = !161 agafrf(;vl,xr)‘ _

T=x =T,

induces an algebra isomorphism from C°°(U?)/Z>°(diag U) onto C*>(U)[[Zi, Z+]].

We need also to consider Taylor expansions of functions in C*°(U?) along the
set trig(U) = {(x,x,2z) / x € U}. We use the indices I, m,r for the first, second
and third factors of US3.

Lemma 5. The map D3 : C®(U?) — C®(U)[[Z1, Zm, Zm, Z+]] defined by

[D3f](maZlvzmaZﬂUZT): Z f0t>%5ﬁ(m Z;ZLZ;;Z,F
a,v,0,

where fo.55(T) = —=5m wﬂ, 0z07) 65 86 f(xl,xm,xr)‘

T=2|=Tm =Ty

induces an algebra isomorphism from C(U3)/I>(trigU) onto the algebra of
formal series C*°(U)[[Z1, Zmy, Zm, Zr]]
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Let us define the functions G;;, G* and G, s associated to the Kéhler metric.
The functions G;; are given by

w=1iY Giyd:' NdZ.
g
The functions G* are such that (G7%), ; is the inverse of (G;;); ;. To define the

functions G g, observe that dw = 0 implies 0,xG;; = 0,:Gy; and 0G5 =
03i G- Consequently
0,i1 0,13 ...0z51 Ozia ... Gig j,

is symmetric with respect to ig, i1, %2, ... and jo, j1, j2, ----- Let G,z denote this
function where « (resp. () is the multiindice such that «(l) (resp. 5(1)) is the
number of indices iy (resp. ji) equal to [.

Theorem 5. If (P;) and (Qk) are operators in F, then the same holds for (Pjo
Q). The product

A TR x TR — TR A(S(Pe), S(Qr)) = S(Pr o Qr)
is associative and C[[h]]-bilinear. The operators A, defined by
A2 I x T —J, AFG) =) WA(FG) YFGeJ
are given with the previous notations by

3l (_1)#1@
A(F,G) = [det(Gij)| ™' > I [A*(R**H.D)], _,
2 ! !

where R, D and H are the formal series of C*(U)[[Z1, Zm, Zm, Zy]] defined by

3 Gos(®) Lo 55 0202 [det(Gi))(z) o 5
Re 3 e, Do) SSCEEen
|a|>0,]8]>0,
|a|+]6]=3

H = [D3(f($l, xm)g(xma xr))] ($7 Zl7 Z’I’I’L7 Zm7 Z’r‘)
and A is the operator Y G ()05 0z; which acts on C(N[Z1, Zms Zm, Zr)).

Remark 2. If " bt f, is the full symbol of (T}), its principal symbol is fo. The
formula for the composition of principal symbols is

IxT—J, F(x, 72,,2,),G(x, 2, Z,) — F(x,7;,0).G(,0, Z,)

Proof. We compute the kernel Ty (z;, x,) of the product of two operators in F
whose symbols F' and G belong to J. We will estimate this kernel by applying
the stationary phase lemma.

k

Ty (z, ) = (—

2n
k
55) | Pt ) Pl )G ()
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where E(xy, Zm,r,;) € L} ® Ly, is the contraction of E(x;, ) € L}, ® Ly,
with E(xp,z,) € L & Ly, |E(x, T, xr)| < 1if (21, 20, 2,) ¢ trig(M). So
the sequence Ty(., k) 1s negligible on every open set which does not meet the
diagonal {x; = x,}, and to estimate T} on the neighborhood of (x,2) modulo a
negligible sequence it suffices to integrate on a small neighborhood of (z, z, x).
So we may assume that M is an open set U and use the notations introduced in
remark 1. Then

Ek(xl, Timy Ty) = ehP (@t L) s(z) ® s_l(xr)
where ¢(x1, Tm, ) = V(x1, Tm) + V(Tm, T )-

Lemma 6. The formal series [D3¢(z1, T, 1) — Datb(xr, 20)| (2, Ziy Ziny Zovny Zi)
is equal to

Ga P _ , .
> a’fﬂ(f) Zo 2 = iR(x, Zy Zm) +1 Y GinZ3,ZF,  (16)
l|>0,|8]>0 M 3k

where R is the formal series defined in theorem 5.

Proof. Set G(x) = p(z) + p(z). Since 8.,:8s; = Gy j, we have Go 5 = 292G if
|, |B] > 0. Define the functions G g = 892G and Ga,0 = 02G. From remark 1,

qb(xl,xm,xr) - 1/’(3% 337’) = i(G(xm) - 1/N)(xlvxm) - 1/N)(xma mr) + @(xl,xr))

To compute the successive derivatives of (z;,x,) with respect to zF or z¥,
observe that (8zlkw) (x,z) = 0,»G(x) and

ngazfﬁ(xl,xr) = 82182;@@[;(95;,@) =0 mod I ({x; = x,}).

By iterating this and doing the same with z¥, we obtain

(824 (z,2) = Gao, (82 9) (z,x) = Go .
It follows that

[IDS"r/N)(xl, xm)] = Z Gogl(m) Zfrgm [DgL/N)(J}m, mr)] = Z Ga’o?'(x) Z%.
Moreover, we have
7, — — GOMB (x) o 73
Do a)] = Ge),  [DsG(a)) = 3“2 2020

By adding up these series, we obtain the result. O

To apply the stationary phase lemma, we show that dfcmd) is non-degenerate at
(z,2,x). By lemma 6, the matrix of d2 ¢ is written

0 —iij (:E)
(—inj(x) 0 (17)
in terms of the basis ((“)z;'n y Oz ), and the result follows. Let us determine the
ideal J of C>°(U?) generated by 0, 0,0, ¢.
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Lemma 7. A function f € C=(U®) belongs to J if and only if [Ds f] belongs to
the ideal generated by Z7 ,Z7 .

Proof. By lemma 6, [D30,; ¢] and [D30,; ¢| belong to the ideal generated by
VA

m)

ZJ . so the same holds for every function of J. Conversely, consider the ideal
J' generated by the functions u/ = 27, — 2/ and v/ = zJ, — zJ. The function
w/ @ + 177 vanishes on trigU to order 2, its Hessian is non-degenerate in the
directions transversal to trig U. So Z*(trig U) C J'. Moreover [Dzu’] = ZJ, and

[D3v] = ZJ,. We obtain that
feJ & Dsfl ez, Z,).

From lemma 6, we see that the functions azin o, 62%(;5 belong to J’, that is they

are linear combinations of the functions u’ and v/ with C°° coefficients. This
gives a linear system which is inversible on a neighborhood of trig U since the
coeflicients along trig U are those of the matrix (17). We obtain that J' C J
and the result follows. O

If f e C®U3),let fr € C*(U?) denote a function such that f(z,xm,z,) =
f"(x1,x,) modulo Z. By lemma 7, such a function exists, is unique modulo
Z°°(diagU) and

[DQfT](wv Zl7 Zr) = [IDBf]($7 Zla 07 07 ZT)

Lemma 6 implies that ¢" = 1. The final result follows then from theorem 7.7.12
of [10] by using that ppr = det(Gy;)|dzt...dz".dz"...dz"| , (17) and (16). O

4. Toeplitz Operators

In this chapter we prove theorem 2 and give the properties of the full symbol o,
the covariant symbol and the contravariant one.

The fist task is to compute the symbol of the projector (IIx). To do this we
consider the set 7 of the operators (T;) € F such that

VZ € C®(M,T*°M), V50T, =TroVz =0 mod O(k™>)
where O(k~°) is the set. of smoothing operators. T is a subalgebra of F and
(II;) is an operator of 7. As we shall see, T = T + O(k~), that is every

operator of 7 is the sum of a Toeplitz operator and a smoothing operator, and
conversely.

Lemma 8. Let (T) be an operator of F with symbol S(T},) = ST R fi]. Then
(Ty) belongs to T if and only if

Zy.fo(xy, 20) = Zp. fo(xy,2,) =0 mod Z°°(diag M) (18)
for every integer £ and holomorphic vector field Z € C>=(M,T*°M)

Proof. 1f (T},) is an operator in F with symbol Y A‘[f/] and Z is a holomorphic
vector field, then (V3 o Ty) and (T} o Vz) are operators in F with symbol
SR Z) fo(zr, 2,)] and SR Z, fo(2y, 2,)]. O
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Let us define the full symbol map & : 7 — C°°(M)[[h]] by

F "= Il
where r is the restriction

[ PSR folan,22)) = SH fo(r,2)

T —— C=(M)][H]
From the properties of S and lemma 8, it follows that the map & is onto
and its kernel is the set O(k~°) which consists of the smoothing operators.
Since O(k~°) is an ideal of 7, we obtain an associative product C'*°(M)[[h]] x
e (M)[[R)] — c=(M)[[R]), (f,9) = f*g.
Lemma 9. The product x is C[[h]]-bilinear. The operators

By : C®(M) x C®(M) — C®(M)

defined by fxg = > h*By(f,g) for every f,g € C>(M) are bidifferential. Locally,
they are given by

3¢ (—1)¢*
By(f, g) = [det(G; 27 [A®(R*‘H.D)]

K1k — 0)! (19)

Zn=Zm=0
where A, R and D are defined as in theorem 5 and
)
B

Proof. This follows from theorem 5. It suffices to compute [D3F'(x;, xp,)], where
F(z,z) = f(x) and Z;.F(x;,x,) and Z,.F (z;, x,) vanish to order co along {z; =
2y} if Z is a holomorphic vector field. This computation can be done as in the
proof of lemma 6. We compute in the same way [DsG(xp,, z,)]. O

We obtain that Bo(f,g) = f.g. Consequently * has a unit and it is determined as
being the unique formal series 1, =), KtS, such that 1, #0and 1, x1, = 1,.
The symbol &(I1y) satisfies 6(IIy) * (1) = 6(IIx). Furthermore 6(IIx) # 0,
because (II) is not a smoothing operator. So &(I1;) = 1.. To compute it, we
can use that 1, % 1 = 1, which gives

i=f—1

So=1,  Se=— > Bri(Si,1). (20)

Let (7)) be an operator of F. Using that (IIx) is the unit of T /R, we obtain
that (Tk) € 7 if and only if II}Ti 11 = T, mod O(k~°).
We now come to the Toeplitz operators.

Proposition 3. The following assertions are equivalent and define the set T of
the Toeplitz operators (T}):

7. (Tk) e F et I/ T I =Ty
7. 3 Zhgfg S Coo( )[[h]] such that Ty = Hka( k)Hk + O(k=)
where f(., Zk ng—i—O(k Y and I Tyl = Ty,
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T is a *x-algebra, that is if (Rx) and (Sk) belong to T, then the same holds for
(Rk (e} Sk) and (RZ)
Define the full symbol map o : T — C(M)[[h]] by

F—2 gl | ‘ o
or equivalently o is the restriction

T l o:T —T % (M)

T —— C=(M)[[n]]

Then o is onto and its kernel is T N O(k~°°). Since T NO(k~>°) is an ideal of
T, we obtain an associative product C°°(M)[[A]] x C(M)[[h]] — C>=(M)][[H]].
It is the same as the product x described in lemma 9.

The map oeont : T — C(M)[[B]] such that o cont(Tk) = S Rt fo if

Ty = My oy I + O(k™) and f(.,k) =Y k™" fr+ O(k™>)

is well-defined. It is onto and its kernel is T N O(k~°).

The map W : C°(M)[[]] — C®(M)[[]], which sends o coni(Tk) into o(T})
if (T) € T, is C[[h])-linear. The operators Wy such that W(f) = S W&, (f) for
every f € C®(M), are differential of order 2. Furthermore Wy(f) = f.

Remark 3. Recall that 7 is the set of the operators (Tx) € F which satisfy
I T I, = Ty, mod O(k~°°). Using the definition . of a Toeplitz operator, we
obtain that 7 = 7 + O(k~°°). Now theorem 2 of the introduction follows from
lemma 8.

Proof. First define a Toeplitz operator by assertion ¢. The properties of o follow
from those of & and the fact that 7 = 7 + O(k~*°). To prove that ii. = i.,
observe that My 1)IIy € F and so My Il € F. To prove the converse,
we compute o (I Mg pyIIx). We have

S(Mf(,,k)Hk)(xl, Ly, h) = Z hgfg(a:l).S(Hk)(a:l,xr, ﬁ)

and by applying theorem 5, we obtain that
o (e My( 1) = Y BT (fn)

where the operators J/,f are differential of order 2¢ and Ll:/(s is the identity. This
defines a map ¥’ = Y k%4, which is bijective. We obtain that i. = ii.. Now by

definition oeopt = ¥'~1 65 and the properties of ocont follow from those of o.

Finally, observe that W = ¥’ and this completes the proof. O

In the last proposition, we defined the symbol o and the contravariant symbol.
The third full symbol is the covariant symbol.

Definition 3. The covariant symbol map ooy : T — C°(M)[[R]] is the map

(Th) = Geon(Ti) = o(Tk) (ShS)
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We denote by ¥ the map C>(M)[[h]] — C°(M)[[A]], which sends ocont(Tk)
into oeoyv(Tk). It satisfies the same properties as ¥. So we have the following
commutative diagram

T/O(k™)
|
o Uclmt Ocov with D = COO(M)[[h]]
D 7 D—y—D

where each map is a bijection. Using the symbol maps ooy and ocont, we define
the products #coy and s#cony of C°°(M)[[R]]. These are associative product with
unit 1.

We describe the symbolic calculus modulo O(h?). To do this, we introduce
the bivector G=1 € C°°(M,T1°M ® T%1 M) and the Laplacian A : C*°(M) —
C>°(M) defined locally by

G =) GU0.®0y, A=GY0.0y
2%
where (z%) are complex coordinates. We denote by 7 € C°°(M) the scalar cur-
vature of (M, g).

Proposition 4. If f and g € C*°(M), we have
frg=Ffg+h({dgedf,G™") = § r.f.9) +O(h),
U(f) =f + RAf + O(?),
[ *cov g =f.9+ Wldg @ df,G™*) + O(h®),
f *cont 9 :fg - h<df ® dg7 G_1> + O(hQ)
Consequently, we have fxg= f.g+O(h), fxg—g*f = %{f,g} +O(h?) and the

same holds for xcoy and *cont. Furthermore, if (Ty) is a Toeplitz operator then
0(Tx) = 0cov(Tk) + O(h) = oeont(Tk) + O(R).

We say that the function f € C°°(M) such that o(T%) = f+O(h) is the principal
symbol of (Tk).
Proof. Let x be a point of M and (z%) a complex coordinates system such that
z'(x) =0 and

Giyj (33) = 5i,j Giya(l‘) = G(M’(x) =0if |Oé| = 2.
We have to show that the operator By defined in lemma 9 is given by

Bi(f,9)], = Y0 1)@i0) + 5 3 G Fol, 1)
0,J

K3

with Gij i = Ga,p where a(s) = 5+ 055 and B(s) = dsx + 05 The formula (19)
gives for By(f,g)

| 1
A(F.G.D) = SAXRF.G.D) + S A (RLFGD)||, _, _,
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Since R vanishes to order 4 at x, the third term of the sum vanishes at x. We
have

=14 Giir(2)Z),Z),
.5,k

modulo some terms of order larger than 3. So, at x, A(F.G.D) |Z _7 o isequal
to m m

{A(Z(aiif)(azfg)ZmZ:n + f 9 Z G” lk mZm)} ‘Z"’fszo
o bk
=50 1)(009) + 19 Giji-
i iJ

On the other hand
L= Z Gijne(x) 28,23 78 Z¢,
1,5,k ¢
modulo some terms of order larger than 5. So, at x

AYRFGD)|, _, =219 Y Gune@) 220 Z570)] | 20—
i,J,k,0

=g Z Gijij-
i,J
By adding up, we obtain (21). In the same way, we compute
v (), —f+hZ 0x:0.:f + 3 3 Giig-F9],) + O(F?)
i,

And we obtain the formulas of the proposition. 0O

By applying equation (20), we compute o (1) modulo O(h?)
Corollary 2. o(II;) = 1+ 4r + O(h?).

From this we obtain the first and second terms of Riemann-Roch-Hirzebruch
formula

k7™ n
dim Hj, = (%) / (14 & 1)<+ 0(k"2).

Applying Lemma 9, proposition 3 and proposition 4, we obtain :
Proposition 5. The products *, *coy and *cony are equivalent star products.

Let Vi, Ny : C*°(M?) — C°°(M) denote the bidifferential operators such that

f *cov § = ZFLZW(][,Q), f *cont § = ZhﬁNé(f,Q)

and ¥y, ¥, ! the differential operators such that

=S ww(p), () =Y wt
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where W1 is the inverse of ¥. The operators V; may be easily computed using
the following equation

w(fv g) = Z SzleEQ(SZ3fa 5549) (22)
L1+Lo+L3+La=L

where >, h*S; ! is the inverse of 3" h’S, for the usual product. Then we can
deduce Ny, ¥y and %‘1 from the following proposition.

Proposition 6. Let U be an open set of M endowed with a system of complex
coordinates. Denote by (aq g) the family of C*(U) such that ¥, = aa,gaj‘@?,
then

Vi(f,9) =D aa,p(029)(92 f). (23)
e

In a similar way, if we denote by by, g the functions of C*°(U) such that W[l =
Y3 bap020  then Ne(f,9) = 3 5bas(021)(929)-

Using this, we may deduce that the functions aq,g, ba,s are given by universal
polynomials in [det(G; ;)] ™" and Go/ g

Proof. From (22), we deduce that the operators V; act by antiholomorphic
derivations on the first factor and holomorphic derivations on the second factor.
Observe that ¥(f) = f and ¥(f) = f over an open set V, if f is holomorphic
on V. Indeed, since S(MsIl;)(x, xr) = f(x1)S(Hk)(z, z,) satisfies equations
(18) over V', we have A(S(Iy), S(MsIl})) = S(II M IIi,) over V which leads to
U(f)=f.¥(f) = f can be proved in the same way. Let us prove that the oper-
ators Ny act by holomorphic derivations on the first factor and antiholomorphic
derivations on the second factor. It suffices to prove that f *cont ¢ = f.g and
G *cont | = G *cont f on V if g is holomorphic on V. The second equation follows
from the first one by considering adjoints. f *cont ¢ = f.g is a consequence of

S(HkaHkMng)‘v =A(S(II}, My), S(HkMng))|V
=A(S(Ix My), S(MyITy))|,,
Finally, if f and g are holomorphic over V', then
w(fg)|v = Ep(f*cont g)‘V = W(.f) *cov W(g)‘v = f*cov g‘V

that is ¥y(fg) = Vi(f, g) over V, which proves (23). In the same way, we obtain
that N(f,g) =¥, ' (f.g)on V. O

Let us explain how we can define the symbolic calculus on a Kéhler manifold
which is not necessarily compact or which does not admit a prequantization
bundle.

Observe that the star products *, *cov, *cont and the equivalence maps do not
depend on the choice of the prequantization bundle L. Indeed, this is clear for
* because the formula (19) depends only on the K&hler metric. So the unit 1,
of (C*(M)][h]], *) does not depend on L and consequently the same holds for
the covariant star product. Finally, we compute the contravariant symbol by the
formulas given in proposition 6, which do not depend on L.
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Now assume that M is a Kéhler manifold endowed with a prequantization
bundle which is not necessarily compact. We can define the algebra F in the
following way : it consists of the operators which satisfy the assumptions of
definition 1 and whose kernel is properly supported. Then we define as previously
the subalgebra 7 and introduce the symbol o, the covariant symbol and the
contravariant symbol. Their products still define the star products *, *cov, *cont
and all the formulas are the same as in the compact case.

Finally, if M does not admit a prequantization bundle, we can not construct
an algebra of operators. Using complex coordinate systems, we can still define the
products *, *cov, *cont and the equivalence maps. We have to prove that these
definitions do not depend on the choice of coordinates and that the products
obtained are associative. But it suffices to prove this locally and for every x € M
there exists a neighborhood U of = endowed with a prequantization bundle
L — U. So we can apply the previous observations on the non compact case.

5. Microsupport, characterization by the coherent states and
functional calculus of Toeplitz operators

We begin with the microsupport. First we introduce the coherent states. Let
P C L be the set which consists of the vectors u € L such that |u| = 1. Denote
by m : P — M the canonical projection. For every k, the map which sends
s € Hy into h(s(m(u)),u”) is continuous. Let v € P. By Riesz lemma, there
exists a unique vector e} of Hj, such that

(s,ep) = h(s(m(w)), uk), Vs e Hy

that is, s(m(u)) = (s,ef)u”, for all s € Hy. e} is the coherent state at u. If Ty, is
an operator C> (M, L¥) — C°(M, L¥) such that IT;Ty I} = T}, we have

Trel(z) = Tp(z, m(u)).u” (24)
(Trel,el) = v kT, (m(v), 7T(u)).u’C (25)

where the points are contractions. These properties can be proved by writing
them in terms of an orthogonal base of Hj. By choosing Ty, = Iy, we deduce
that

ei(x) = My(w,m(u)u®,  (ef,ef) = O(k™>) if m(u) # m(v)
U U k " —1 — 00
(et et) =(52) ;k Si(m(u)) + O(k~).
Proposition 7. Let (uy) be a sequence of Hy. The following assertions are

equivalent :

i. 3N, ||Jug|| = O(Y)
ii. AN, Sup,y lug| = O(KY)
iii. Y1>0, Y vector fields X1,...,X; of M, 3N, Sup,, [Vx,..Vx,u| = O(k™)

When they are satisfied, we say that (ug) is admissible.
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Proof. Obviously, #i¢ = i = ¢. To prove that ¢ = 4ii, we introduce the vectors
(e2) which generalize the coherent states. Let Q : C>(M, L*) — C>°(M, L¥)
be a differential operator of the form Vx, o...0Vx,, where X;,...,X; are [ vector
fields. Since Hj, is a finite dimensional subspace of C°°(M, L*), the map which
sends v € Hy into h(Q.v u,uk) is continuous. By Riesz lemma, there exists

e? € Hy, such that (v, el o) = h(Qu| ,uF) for all v € Hy. We have

Ted " (2) =(Qr Tl )

! ' (26)
(@@ ef) =v (R ® QrTkl ) iy ) 4

Hence the norm of (egu)k is O(k™) uniformly with respect to u € P for some
N (which depends on the order of @). The result follows by applying Cauchy-
Schwarz lemma. 0O

Proposition 8. Let (ug) be an admissible sequence of Hy and x € M. The
following assertions are equivalent.

7. 3 a neighborhood V of x such that / lug|? par = O(k~)
v

1. 3 a neighborhood V' of x such that Supy |uk| = O(k™°)
iti. 3 a neighborhood V of x, Y1 > 0, Y vector fields X1,...,X; of M, A N
such that Supy |Vx,..Vx,ug| = O(k™)

When they are satisfied, we say that (uy) is negligible at x.

Proof. Obviously, it = ii = i. Let us prove that ¢ = iii. Choose a neighborhood
W of x such that W C V and a section f : W — P. Let us write for all y € W,

Vs Vil () = | / (g € 9) |
M

| (us, ef(y)’Q) (z)| is smaller than |ug(z)]. |e£(y)7Q(x) |. The first term of this prod-
uct is O(k") since uy is admissible and the second one is uniformly O(k~=°°)
when (z,y) € V¢ x W. Hence, the integral on the complementary set V¢ of
V is O(k~°°). By applying Cauchy-Schwarz lemma and assumption i, we can
estimate the integral on V. 0O

Remark 4. If (sg) is a sequence of Hy, we prove in the same way that
(sk) is negligible iff ||sk|| = O(k~*°)

Remark 5. Let (Ty) be a sequence such that for every k, Ty is an operator
C>®(M,LF) — C>®(M,L*) and I} TiIl; = Ty. Note that we can apply the
previous propositions to the sequence (Tx(x;, z,)) of kernels. Indeed, Ty (x;, ;)
is a holomorphic section of L¥ X L=% — M x M, M x M is a Kéhlerian manifold
whose fundamental 2-form is w; —w, and the curvature of LK L% is %(wl —Wwr).

We can also apply the previous remark and deduce that

(Ty) is a smoothing operator iff ||Tx|| = O(k~*).
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Definition 4. The microsupport of an admissible sequence (ug) of Hy is the
complementary set of

{x € M / (ur) is negligible at x}

Let (Ty,) be a sequence such that for every k, Ty is an operator C>(M, L*) —
C>(M,LF) and I TII}, = Ty,. We say that (Ty) is admissible if the kernel
sequence (Ty(xy,x,)) is admissible. In this case, the microsupport of (T}) is the
microsupport of the sequence (T (i, x,)).

The microsupport is a closed set. We denote it by MS(ug) or MS(Ty). We
have
MS(Ty.sr) CMS(T}). MS(sk)
={z /3y e M, y € MS(s;) and (z,y) € MS(T})}
MS(T}, o T},) € MS(T},) o MS(T})
= {(a:,z) /Ay e M, (z,y) € MS(T}) et (y,2) € MS(T,Q)}

The microsupport of a Toeplitz operator (T) with symbol Y, k¥ fi, is a subset
of diag(M). By identifying diag(M) with M, we have

MS(Tk) = U, Supp f%.

We say that (T) is elliptic at z if fo(x) # 0, or equivalently if there exists a
Toeplitz operator (Sg) such that (73S, — 1)) and (SkT) — IIi) are negligible at
(z, ).

Proposition 9. Let (sx) be an admissible sequence of Hy. A point x of M does
not belong to the microsupport of (si) if and only if there exists a Toeplitz oper-
ator (Ty) elliptic at x such that (Ty.sk) is negligible at x.

Proof. If si(y) is O(k~°°) on a neighborhood V of x, we introduce a Toeplitz
operator (Ty) elliptic at « and whose microsupport is a subset of V. This im-
plies that (Tysg) is negligible. Conversely, assume that T.sg(y) is O(k~°°) on
a neighborhood of = and (T}) is elliptic at . By multiplying (7%) by a Toeplitz
operator (Sg) such that (SiT) — i) is negligible at (z, ), we may assume that
(Ty — IT},) is negligible at (x,x). If f is a section of P defined on a neighborhood
of x, we have

(Tise, ") = (si Tgel™).
So it suffices to prove that when y belongs to some neighborhood of x
T,:ei(y) _ ei(y) 4!

where ||rg|| is O(k~°°) uniformly with respect to y. This follows from (24) which
implies that

Tyl (x) = 7()62@:) (27)

and the fact that (T} — IIy) is negligible at (x,z). O
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The computation modulo O(k~!) of the L2-norm of a Toeplitz operator was
done in [3]. We recall the proof which is an easy consequence of the previous
results. Then we give a characterization by the coherent states of the Toeplitz
operators. We end with the functional calculus.

Proposition 10. Let (T) be a Toeplitz operator whose symbol is 3 v R f; with
fn #0. We have

1 Txl| ~k~ Sup | fiv].

Remark 6. We have the same estimation with the covariant symbol and the
contravariant one since o(T)) = O(hY) implies ocoy(T)) = o(T)) + O(ANFL)
and oeont (Tk) = o(Tx) + O(ANT1).

Proof. By using contravariant symbols, we can prove that
T, = kiNHkaNHk + k:iNilHkMg(wk)Hk + Ry,

where (Ry) is a smoothing operator and (g(., k)) is a sequence of C*° (M) whose
norm is uniformly O(k~V~1). It follows that there exists C' such that ||T}|| <
k=N Sup|fn| + Ck~N~1. Let u be in P such that Sup |fx| = |fn(7(u))|. Using
that ||Tek||? = (T} Ted, e¥) and (25), we obtain
|| Then]?
lle%1[?

We deduce from this that ||Tk|| > &~V Sup |fx| + C'k~N~1. O

= k72N fn(r(w)? + O(R™2N 7).

Proposition 11. Let (Ty) be a sequence such that for every k, Ty is an operator
of C®°(M,L*) and I} TyII, = Ty,. Then (Ty) is a Toeplitz operator if and only
if there exists a symbol (f(.,k)) of S°(M x M) such that

(Tiek) () = fla,m(u), k)ej () + i (2) (28)
where (r}}) is a uniformly negligible sequence with respect to w. In this case, the
covariant symbol of (Ty) is >, B fi(x,x) where f(.,k) =3, k= fi + O(k~>).

This result can be compared with the characterisation of the h-pseudodifferential
operators from their action on the oscillatory functions e#®-¢ (cf. [8]).

Proof. If (Ty) is Toeplitz operator, we can prove (28) by using (27) and the
expression of the kernels of (T}) and (IIy). Conversely, if s is a section of Hy,
we have

s= [ (s.e) e nnw).
P
Consequently,
Tys = / (s,e) Trep pp(u).
P
Using (28), we obtain that

Ti(xp, zr) = [y, e, k) g (27, ) + u_k.rz(x) with 7(u) = x,

Hence, (T}x) € F and by assumption, 1Tl = T}, that is (Tx) a Toeplitz
operator. 0O
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Proposition 12. Let (T}) be a selfadjoint Toeplitz operator with symbol -, R fy
and g be a function of C*°(R,C). Then (9(T%)) is a Toeplitz operator with prin-
cipal symbol g( fo).

Proof. By the previous proposition, the spectrum of T} is a subset of

[—Sup|fo| — 1,Sup|fol + 1]

if k is sufficiently large. By modifying g outside this interval, we may assume that
¢ has compact support. So g extends to a function G of C*°(C) with compact
support and such that J;G vanishes to order co along R C C. Let a,b € R be
such that Supp g C (a,b). Introduce the loops 7. :

Ve 1(b+a) +ie
) }//e\b

Since 9;G vanishes to order oo along R,

9(Tx) = = lim/ G(2)(z —Ty) 'dz.

21 e—0

By applying Stokes theorem
1
9(Ty) = — / 0:G(2)(z — Ty) Y| dzdZ|
27 C

where the integral is well-defined since ||(z — T%) || = O(ly|™!) (y is the imagi-
nary part of z). For y # 0, we denote by >, i‘h¢(z, ) the inverse of z — >, A’ f,
in (C°°(M)[[A]], *). Using that the bidifferential operators By associated to * are
of degree /¢ in each argument, we obtain that

he(z, @) = Py(z,2)(z — fo)~ Y (29)

where the functions P; are polynomial in z with coefficients in C*°(M). So
the functions y~'hy(z,2)0:G(z) are C*°. By applying Borel process, we con-
struct a symbol H(z,z;,7,,k) in S°(C x M x M) with asymptotic expansion
>, k~tHy(z, 21, 2,) such that

Hi(z,xz,2) = yilhg(z,gc)agG(z)
aging = O(|Il — $T|oo) and aZng = O(|Il — 33T|OO)
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where the estimations are uniform with respect to z. Introduce the operators L7
of kernel (J2)"E*H (2, z;, 2, k). We have

Li(z —Ty) =y '0:GITy + S}
where ||S7|| = O(k~°°) uniformly with respect to z. We deduce from this that
0:G(z —Typ) ' =yLi —ySi(z —T)) "

and then that g(T%) is a Toeplitz operator with symbol

it _
ZI:% /C 0-G(2)hu(z, 2)|d=dz]. (30)

O
The full calculus of the symbol Y, h*G/ of g(T}) can be done by the following
way : write the Taylor series 3, & ¢ (fo())(y — fo(2))? of g at fo(x). Then

DRG], =) %9(”) (fo(x)) (2R fely) — fo(m)l*(y))*p|y:w
~ !

P
where 1, is the unit of (C*°(M)[[A]], *) and

*0

(SRF) =1 (SR ) = S0 fe, (SR Sely))™ = SR fex SH fo,

and so on. Indeed, the right hand side is well-defined. Then assume that g van-
ishes to order g + 1 at fo(z), we deduce from (29) and (30) that Go(z) = ... =
Gq4(z) = 0. So we may replace g with its Taylor series.

In particular, if o(T) = fo + hf1 + O(h?), then o(g(T)) is equal to

9(fo) + h(g(fo)5 + g'(fo)(fr — 5 fo) + 9" (fo) G (. fo)(Ds: fo)) + O(R?)

The same formulas apply for the covariant symbol and contravariant symbol.
Hence if 0coy(Tk) = fo + hf1 + O(h?), then

eov(9(Th)) = g(fo) + 1(g'(fo) 1 + 9" (o) G (01 fo) (9= fo)) + O(h?)
and if ocont (Tk) = fo + hfi + O(K?), then

Teont (9(Tk)) = g(fo) + h(g' (fo) fr — ¢ (fo) G (8.: fo0) (D fo)) + O(R?).
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