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Abstract

We study the asymptotic behaviour of the quantum representations
of the modular group in the large level limit. We prove that each el-
ement of the modular group acts as a Fourier integral operator. This
provides a link between the classical and quantum Chern-Simons the-
ories for the torus. From this result we deduce the known asymptotic
expansion of the Witten-Reshetikhin-Turaev invariants of the torus
bundles with hyperbolic monodromy.

Quantum Chern-Simons theory was introduced twenty years ago by Wit-
ten [10] and Reshetikhin-Turaev [8]. It provides among other things invari-
ants of three-dimensional manifold and representation of the mapping class
group of surfaces, cf. [1], [9] for an exposition of the theory and [5] for a
survey on recent developments. This theory has a semi-classical limit, where
the level, an integral parameter denoted by k, plays the role of the inverse
of the Planck constant. In this paper, we are concerned with the torus and
its mapping class group, SI(2,Z). We study the large k& behaviour of the
quantum representation of the modular group.

The quantum representations may be equivalently defined with algebraic
or geometrical methods. Geometrically, we consider a line bundle, called the
Chern-Simon bundle, over the moduli space of flat G-principal bundles on
the torus. Here G is a compact Lie group that we assume to be simple and
simply connected. Then the modular group acts linearly on the space of
holomorphic sections of the k-th tensor power of the Chern-Simons bundle.
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A part of this construction is standard in geometric quantization: to
any compact Kahler manifold with an integral fundamental form one asso-
ciates the space of holomorphic sections of a prequantum bundle. In this
general context the usual tools of microlocal analysis have been introduced.
In particular given a prequantum bundle automorphism, we define a class
of operators similar to the Fourier integral operators [2], [4] quantizing it.
Our main result, theorem 9.1, says that each element of SI(2,7Z) acts as a
Fourier integral operator on the quantum spaces, the underlying action on
the Chern-Simons bundle being defined through gauge theory. This estab-
lishes a clear link between the quantum and classical Chern-Simons theories.

As a corollary, we can estimate the character of the quantum repre-
sentations of the hyperbolic elements of SI(2,Z). More generally, under a
transversality assumption, one proves that the trace of a Fourier integral
operators has an asymptotic expansion, which generalizes in some sense the
Lefschetz fixed point formula [4]. The characters of the quantum representa-
tion of the modular group are the three-dimensional invariants of the torus
bundles. In this way we recover the asymptotic expansion proved by Jeffrey
[6], whose leading term is given in terms of the Chern-Simons invariants
and the torsion of some flat bundles over the torus bundle. The proof in [6]
is completely different and relies on the reciprocity formula for Gauss sum.
Our result is slightly more general since we treat any hyperbolic element
with any simple simply connected group G. But, what is more important,
we hope that our analytic method will work in other cases. In the compan-
ion paper [3], we prove similar result for the mapping class group in genus
> 2.

Besides the semiclassical results, we also give a careful construction of the
quantum representations, comparing the geometric and algebraic methods.
Strictly speaking, we do not have representations of the modular group but
only projective representations which lift to genuine representations of the
appropriate extension of S1(2,Z). The extensions appearing naturally are
not the same in the geometric and the algebraic approach.

The paper is organised as follows. In section (1, we state our result about
the asymptotic expansion of the trace of the quantum representations. In
section 13, we introduce the phase space of the Chern-Simons theory for
the torus, its symplectic structure and prequantum bundle. The relation
with gauge theory is the content of section [4. In section /5, we introduce a
complex structures on the phase space and the associated quantum Hilbert
spaces. We exhibit basis in terms of theta functions. The modular group
acts naturally on the previous datas but does not preserve the complex
structure. In section |6/ we identify the quantum spaces associated to the



various complex structures. This leads to the definition of the quantum
representations. In section [7 we compare these representations with the
ones defined by algebraic methods. The next two sections are devoted to
semi-classical results: section [8 on the identification of the quantum spaces
and section 9 on the quantum representations. In a first appendix we prove
basic facts on theta functions. In a second appendix we list some notations
used in the paper.

1 Characters of the quantum representations

Let G be a compact simple and simply connected Lie group. The phase
space of the Chern-Simons theory for an oriented surface ¥ and group G is
the moduli space of flat G-principal bundles over X. For a torus, this moduli
space identifies with the quotient T2/W, where T is a maximal torus of G
and W is the Weyl group acting diagonally. The modular group SI(2,7Z),
being the mapping class group of the torus, acts on this moduli space. More
explicitly, since T = t/A, with t the Lie algebra of T and A the integral
lattice, we have a bijection T?/W =~ t2/(A% x W). Identify t* with R? ® t,
then an element A € S1(2,Z) acts on the moduli space by sending the class
of = to the class of (A ® idy).z.

Applying geometric quantization, we obtain a family of projective repre-
sentations of the modular group indexed by a positive integer k. Since the
construction is rather long, we only give in this introduction the represen-
tation of the generators

s=(13) (o)

of the modular group. Let B be the basic inner product of the Lie algebra of
G. We choose a set of positive roots and denote by 2 C t the corresponding
open fundamental Weyl alcove. We identify the weight lattice A* C t* with
a lattice of t via the basic inner product. The k-th representation has a
particular basis indexed by the set ANEk~'A*. For any A\, u € ANk~1A*, let

t)\“ = 5)\,/1 eXp(iFkB(/\, )\))
and

Sau = 1Pk 2 Vol (t/A) Y~ (1)) exp(—2imk B(A, w(p)))
weW

where n is the rank of G and p is the integral part of n/2.



If the rank of G is even, the map sending S and 7T to the matrices
syu and ty, extends to a unitary representation RF_ of the modular group.
If the rank of G is odd, we obtain a representation R'gdd of an extension
Mp(2,7Z) of the modular group by Z/2Z. Recall that the metaplectic group
Mp(2,R) is the connected two-cover of SI(2,R). Then Mp(2,Z) is defined
as the subgroup of the metaplectic group consisting of the elements which
project onto the modular group. The representation ngdd of the elements
projecting onto S and 7' is given by the matrices £s), and %ty,.

Theorem 1.1. Assume the rank of G is even, then for any hyperbolic ele-
ment A € S1(2,Z), we have

eik@(A@w,x)

k (=1)> ) 1
A) = -1
R () = e ) O st —agwpe "¢
weW, z€T?/
(AQw).x=x

where

o ¢ =0 if the trace of A is bigger than 2 and € = 1 otherwise.

e 0(A®w,z) = m(B(u,p) — B(v,q) + By, 1)) if v € T? ~ (t/A)? is the
class of (p,q) € € and (y, 1) = (A®@w)(p,q) — (p, q).

If the rank of G is odd, let A e Mp(2,R) projecting onto an hyperbolic
element A of the modular group. Then the same result holds for the trace
of RE,,(A) except that the equivalent has to be multiplied by exp(ig ind(A)),

where ind(A) € Z modulo 47Z.

It is a general property of topological quantum field theories that the
trace of the quantum representation of an element A of the modular group
is the invariant of the mapping torus

My = (B2/Z2) x R) /(Ay,t) ~ (.t + 1).

Here we ignore the the complications due to the framing of 3-dimensional
manifold and the related fact that we only have a projective representation.
For any (z1,22) € T? and w € W such that (A ® w).(x1,22) = (21, 29),
consider the flat G-principal bundle P4 — M4 whose holonomies along
the paths v(s) = [s,0,0] , [0,s,0] and [0,0, s|] are respectively x;, z2 and
w~l. Then (27)7'0(A ® w,x) is the Chern-Simons invariant of P4. This
is in agreement with the formula obtained by Witten using the Feynman
path integral (heuristic) definition of the three-dimensional invariants. We
refer the reader to Jeffrey’s paper [6] for more details. In particular the
factor | det(id —A®w)|~! appears as an integral of the torsion of the adjoint
bundles over the moduli space of flat G-principal bundle over M 4.



2 Lie group notations

Let g be a compact simple Lie algebra, and G the corresponding compact
connected and simply-connected Lie group. Choose a maximal torus T of
G and denote by t its Lie algebra. The integral lattice A of t is defined as
the kernel of the exponential map t — T. Since G is simply-connected, A is
the lattice of t generated by the coroots " for the (real) roots «.

Let the basic inner product B be the unique invariant inner product on
g such that for each long root o, B(a",a") = 2. Through the paper, we
will use B to identify t with t*. The basic inner product has the important
property that it restricts to an integer-valued Z-bilinear form on A which
takes even values on the diagonal.

We fix a set Ay of positive roots and let t. be the corresponding pos-
itive open Weyl chamber. Let ag be the highest root and 2 be the open
fundamental Weyl alcove

A:={Aety/ a(N) <1}

We denote by W the Weyl group of (G, T). Let £ : W — {£1} be the
alternating character of W.

3 The symplectic data

In this section we endow T? with a symplectic form w and a prequantum
bundle L, that is a complex Hermitian line bundle together with a connection
of curvature %w. Furthermore we introduce commuting actions of the Weyl
group and the modular group on L.

3.1 A prequantum bundle on t?

Denote by p and g the projections t* — t on the first and second factor
respectively. Let w be the symplectic form on ? given by

w = 27 B(dp, dq).

Consider the trivial complex line bundle Le over t? with fiber C and con-
nection

d+ %(B(p, dq) — B(q,dp)).

1

Its curvature is ;w, so it is a prequantum bundle.



3.2 Heisenberg group and reduction to T?

Introduce the (reduced) Heisenberg group t? x U(1) with multiplication

(z,u).(y,v) = (z +y,uv exp(%w(:l:,y)))

The same formula defines an action of the Heisenberg group on Ly = t? x C.
This action preserves the trivial metric and the connection. The lattice A2
embeds into the Heisenberg group

A= xU1),  (p.q) — (p.gexpinB(p,q)))

Using that B takes integral values on A, we prove that this map is a group
morphism. Hence we get an action of A% on Le by automorphisms of pre-
quantum bundle.

By quotienting, we obtain a symplectic form on T? = t*/A? with a
prequantum bundle L := 2 x C/A? over T2

3.3 Weyl group

Consider the diagonal action of the Weyl group W on t? and lift this action
trivially on the bundle Le. Since W acts on t by isometries, W acts on t?
by linear symplectomorphisms and on Lg by isomorphisms of prequantum
bundle.

The Weyl group preserves the integral lattice A. Consider the semi-direct
product W x A2 where W acts diagonally on A2. Is is easily checked that the
actions of A% and W on the prequantum bundle over t? generate an action of
W x A2. Then, quotienting by A2, we obtain an action of W = (W x A%)/A?
on L. Since the action of the Weyl group on the base T2 is not free, we will
not consider the orbifold quotient T?/W and its prequantum bundle.

3.4 Modular group

Let us consider the symplectic action of the modular group I" = SI(2,7Z) on
t? given by

A.(p,q) = (ap + bq, cp + dq), A= < z Z )

The trivial lift to the prequantum bundle Ly preserves the metric and the
connection. Furthermore this action together with the action of A? define
an action of the semi-direct product I' x A?. To prove this, one has to



use that B(p,q) is integral when p,q € A and even if furthermore p = q.
Consequently we get an action of the modular group on L by prequantum
bundle isomorphisms. Observe that the Weyl group action on L commute
with the modular action.

4 Chern-Simons theory

We explain how the definitions of the previous section can be deduced from
gauge theory. Our aim is only to motivate the constructions. No proof in
the paper relies on the gauge theoretic considerations.

The phase space of the Chern-Simons theory for an oriented surface X
is the moduli space of representations of the fundamental group of 3 in G.
When ¥ is a torus, the fundamental group is the free Abelian group with two
generators, so each representation is given by a pair of commuting elements
of G unique up to conjugation. In the same way that G/AdG ~ T/W,
one shows that these representations are conjugate to a representation in
the maximal torus T, uniquely up to the action of the Weyl group. So the
moduli space of representation for the torus is T2/W.

4.1 Gauge theory presentation

Consider the space Q' (X, g) of connections of the trivial G-principal bundle
with base Y. It is a symplectic vector space with symplectic product given
by

Qa, b) :277/23(@,17).

The gauge group C® (%, G) acts on Q(X,g) by symplectic affine isomor-
phisms:
g.a=Adja—g*0

where 0 € Q(G, g) is the right-invariant Maurer-Cartan form. Each gauge
class of flat connections is determined by its holonomy representation. The
quotient of the space of flat connections by the gauge group may be viewed
as a symplectic quotient which defines a symplectic structure on the moduli
space of representations.

In the case % is a torus, we can avoid this infinite dimensional quotient
proceeding as follows. Represent X as the quotient R?/Z? with coordinates
x,y. Then the map

£ —0NZ,9),  (p,q) — pdz+ qdy



is a symplectic embedding where the symplectic product of ? is the one
of section 3.1. This embedding is equivariant with respect to the action of
W x A2 on £ and the morphism from W x A? to the gauge group sending
an element w € W to the constant gauge transform w and (p,q) € A? to
exp(—(xp+wyq)). Furthermore each gauge class of flat connections intersects
the image of the embedding.

4.2 Prequantum bundle

Consider the trivial line bundle with base Q!(X, g) and connection d + %a,
where « is the primitive of €2 given by

alq(b) = %Q(a, b).

This is a prequantum bundle and the gauge group actions lifts to it in such
a way that it preserves the trivial metric and the connection. Explicitly, the
action is given by

g.(a,u) = (g.a,exp(—2i7TW(g) - iﬂ/ZB(g*Q,a))u>

where 6 € Q(G, g) is the left invariant Maurer-Cartan one-form and W (g)
is the Wess-Zumino-Witten term

W(g) = /M 7'

Here M is any three-dimensional compact oriented manifold with boundary
Y, g € C°(M, G) any extension of g and x is the Cartan three-form defined
in terms of the left or right-invariant Maurer Cartan forms by

1 1 .

= 5 B(6.6.6) = 5B(.6).9)

X T 12

Since B is the basic inner product, the cohomology class of y is integral.

Assume now that ¥ is a torus and consider the equivariant embedding
of £ in Q'(X, g) defined in section 4.1. By pulling back, we obtain a pre-
quantum bundle on ? together with an action of A2 x W on it. It is not
difficult to check that this bundle and this action are exactly the ones we
introduced in section 3.



4.3 Mapping class group

The group of orientation preserving diffeomorphisms of ¥ acts symplecti-
cally on Q(3, g). The trivial lift to the prequantum bundle preserves the
connection and the trivial metric. After quotienting by the gauge group,
this defines an action of the mapping class group on the moduli space of
representation and its prequantum bundle.

When X is a torus, we recover the action of I' introduced in section [3.4.
For any A € T, define the diffeomorphism of the torus

9014(1"7 y) = (d(E -y, —bx + ay)

where a, b, ¢, and d are the coefficients of A. On one hand, we recover the
usual formula by considering the basis a = (0, —1) and 5 = (1,0). Indeed
va(a) =aa+ b0 and pa(F) = ca + df. On the other hand,

i (pdx + qdy) = (ap + bg)dx + (cp + dq)dy

which corresponds to the action of section (3.4l

5 Quantization

Let us begin with a brief description of the general set-up. Consider a sym-
plectic manifold (M,w) with a prequantum bundle L — M. Assume (M, w)
is endowed with a compatible positive complex structure, sow is a (1, 1) form
and —iw(Z, Z) > 0 for any non vanishing tangent vector Z of type (1,0).
Then the prequantum bundle has a unique holomorphic structure such that
the local holomorphic sections satisfy the Cauchy-Riemann equations:

Vzs =0, for any vector field Z of type (1,0).

The quantum space associated to these data is the space H°(M, Lk) of
holomorphic sections of L*. It has a natural scalar product obtained by
integrating the punctual scalar product of sections against the Liouville
measure |w"|/n!.

In a first subsection we introduce complex structures on T? and define
a basis of the quantum space by using theta functions. We also describe
the action of the matrices S and 7" of I' in these basis. These results are
standard. We provide proofs in appendix. Next we we move on to a subspace
of equivariant sections with respect to the Weyl group action, the so called
alternating sections. We compute the actions of S and 7" in this space.



5.1 Complex structure and theta functions

Denote by H4 the Poincaré upper half-plane
H+ = {-’L‘+2y/$,y €R7 y > O}

Let 7 € H, . Identify t? with tc = t®C by the isomorphism sending (p, q) to
p+ 7¢. Hence 2 becomes a complex vector space and T2 inherits a complex
structure. One may compute the symplectic form w in terms of the complex

coordinate ( = p + 7q
2T

" B(dc, dO).
T—T
It is a positive real form of type (1,1). So the prequantum bundle L has a
unique holomorphic structure compatible with the connection. We denote
by H?(T?2, L*) its space of holomorphic sections.

Consider the section of L

w =

s = exp(inB((, q))

Its covariant derivative is 2imr B(d(, ¢)®s. Since this form is of type (1,0), s is
holomorphic. Furthermore s doesn’t vanish anywhere. So the holomorphic
sections of L* identify with the sections over ¢ of the form fs* such that
f : 2 — C is holomorphic and fs* is A2-invariant.

As previously, we embed A* in t via the identification given by the basic
inner product. Recall that A C A*. For any p € k~'A*, consider the theta
function

Ouk(pq) = Y exp(2irk(3B(v,7) — B((,7)))
YEU+A

This series converges uniformly on compact sets to a holomorphic function,
it depends only on g mod A.

Theorem 5.1. For any integer k, the sections @M,ksk, where | runs over
E~YA* mod A, are A%-invariant and form an orthonormal basis of H2(T?2, L¥).
Furthermore,

21)”/2( 2im

. )”/ *Vol(t/A),

k
105112 = (

where Vol(t/A) is the Riemannian volume determined by B.

10



Recall that the modular group acts on T? and its prequantum bun-
dle. The induced action on the sections of L* doesn’t preserve the space
HY(T?, LF), because of the complex structure. Actually, A € T acts as a
holomorphic map from (T2, j.) to (T2, ja,) with

ar — b

Ar = =~ — 7
T —cT +d

So for any 7, A acts as an isomorphism
HY(T?, L*) — Hj, (T, L*)

One may compute explicitly this isomorphism in the basis of theta functions
when A is the matrix S or T. We make explicit the dependence in 7 in our
notations to avoid any ambiguity.

Theorem 5.2. For any 7 € Hy and p € k~'A*, one has

S.(@Lkslﬁ) =C Z exp(—QiTrkB(,u,u/))@S;Tk sk
w €k—1A* mod A

with C = (S.7/i)"* k=2 Vol(t/A)~! and
T.(0], xs%) = exp(inkB(p, u))OL T sk,
Here (7/i)™/? is the determination continuous with respect to 7 and equal
to 1 when 7 = 1.

5.2 Alternating sections

The action of the Weyl group on T? is holomorphic with respect to the
complex structure defined by any 7 € Hy. Let us consider the alternating
sections of L¥, i.e. the sections ¥ satisfying

w¥ = (-1)"™v,  vweW.

For any p € k71A*, let

Xk = 3 (1 0, 1 s-.
weW

Recall that we denote by 2 the fundamental open Weyl alcove.

Theorem 5.3. The family (X, 1€ 2AN k~1A*) is a basis of the space of
alternating holomorphic sections of L*.

11



Proof. Using that the Weyl group action preserves A and B, we check that
for any w e W,
w.(O,k sk) = Ou(u) k s*.

So X,k is alternating.

For any root a and integer n, the orthogonal reflexion with respect to
the hyperplane o~ !(n) belongs to the affine Weyl group W x A. So for any
p € a~Y(n), there exists w € W with ¢(w) = 1 such that w(u) = g modulo
A. Hence Xk = —Xuw(u),k = —Xuk> SO Xu,k vanishes.

Recall that the affine Weyl group W x A acts simply transitively on the
set of components of t\ U, »a™1(n) and that 2 is one of these components.
The result follows from theorem 5.1. O

The modular action and the action of the Weyl group on T? and L
commute. So the representation of the modular group preserves the subspace
of alternating sections.

Theorem 5.4. For any 7 € Hy and pn € ANEk~LA*, one has

S(XJwsh) =C > (=1 exp(—2inkB(u, w() x5, 55
u’e%ﬁkflA*,
weW

with C defined as in theorem 5.2 and

T.(Xpxsk) = exp(inkB(p, )X}k 55

Proof. The second formula follows from theorem 5.2/ using that the Weyl
group acts isometrically on t. Let us prove the first one. By theorem 5.2,

S.(x]ks7) =C Yo (D) exp(=2imkBw(p), 1)) 0,755 -

w'€k™TA* mod A,
weW

=C Z (_1)““}) eXp(_QiﬂkB(:Uﬂ :u/)) 05&@,]@‘921
w' €k~1A* mod A,
weW

=C Y exp(=2imkB(u, 1) X355
w' e€k—1A* mod A

=C Y exp(=2imkB(p, w(i)) Xolu k56r
w eANk—TA*,
weWw

12



In the last line, we used that the affine Weyl group acts simply transitively
on the set of connected components of t\ |Ja~!(n) and that x, vanishes if
p € a~(n). Finally,

SOt =C D (=1 exp(=2imkB(p, w(')) X755,
@ eANk 1A
weW

since the x,, 1’s are alternating. O

6 Geometric quantum representation

We introduce a representation of the modular group on the quantum spaces.
To do this we identify the various spaces H2(T?, L*) via the sections o, ks’ﬁ.
Unfortunately the norm of these sections and the action of the modular
group depend on 7 as it appears in theorems 5.1 and [5.2. 'We introduce
half-form bundle to correct this.

6.1 Half-form bundles

Let us begin with some definitions. Consider a symplectic manifold M with
a prequantum bundle L and a positive compatible complex structure. Then
a half-form bundle is a complex line bundle é over M with an isomorphism
from 62 to the canonical bundle of M. A half-form bundle admits a natural
metric and a natural holomorphic structure making the isomorphism with
the canonical bundle a morphism of Hermitian holomorphic bundle. The
quantization of M with metaplectic correction is then the space of holo-
morphic sections of LF tensored with §. The scalar product is defined by
integrating the punctual norm of sections against the Liouville measure.

Let us return to our particular situation. Consider {2 € A™tf such that
for a basis (;) of A, one has

QA Ay =1

Q2 is uniquely defined up to a plus or minus sign. For any 7 € H, we defined
a complex structure j, on T? via the isomorphism

T? = te/(A 4 TA), [p,ql — [p+ 74l.

So the holomorphic tangent bundle of (T2, j,) is naturally isomorphic to the
trivial bundle with fiber t¢. Consequently the canonical bundle is naturally
isomorphic to the trivial bundle with fiber A"t.. Denote by {1, the section

13



of the canonical bundle which is sent into the constant section equal to 2
by this trivialization.

Lemme 6.1. The section € is holomorphic and has a constant punctual
norm equal to (Tﬁ%)n/2 Vol(t/A)~1L.

2im

Proof. Introduce an orthonormal basis (u;) of t and denote by (p;) and (g;)
the associated linear coordinates of t2. Let ¢t be the complex coordinate
pi + 7q;. Then if (7;) is a basis of A, one has

=+ Vol(t/A)

where the plus or minus sign depends on the orientation of the various basis.
Consequently

Q, = £ Vol(t/A)rd¢E AL A dCh (1)

Now, by definition the Hermitian product of two tangent vectors X,Y of
type (1,0) is given by Tw(X,Y). Since

20

wzQdepi/\dqi:i Zd(j/\d@

T—T
the vectors ¢ are mutually orthogonal and

2 25

|0ci

T—T

So the d¢! are mutually orthogonal and

=T

ez = 2im

which implies

dCEA L AdC? = (T - T)n
2im
and concludes the proof. O

Let § be a complex vector line and ¢ be an isomorphism §%% — AP,
Let Q1/2 € § be such that

@(91/2 ® 91/2) -0

14



For any 7 € H, the trivial bundle §, with base T? and fiber § is a half-
form bundle, with the squaring map sending Q/2 into Q,. By the previous
lemma, the constant section equal to 9%/2 is a holomorphic section of 4
with constant punctual norm equal to (%)n/ ! Vol(t/A)~1/2,

Instead of sections of LF, consider now sections of L¥ ® ¢,. The multi-
plication by Q'/2 is an isomorphism

HY(T2, L% ~ HY(T?, LF ® 6;)
of vector space. We deduce from theorem 5.1/ and lemma 6.1 the
Theorem 6.2. For any 7 € Hy, the sections

@L’ks’ﬁ ® QY2 p € kTTA* mod A,
form a basis of HY(T? LF @ 6,). They are mutually orthogonal and
2w\ n/2
|0 sk @ Q22 = (25)".
For any 71 and 75 in H, let ¥, -, 1 be the isomorphism from H% (T27 LF®
6-,) to H2 (T?, L* @ 6,,) defined by
11171,7'2,16(@;1,1@3];1 ® Q%) = @;%ksﬁg ® 02, V.

By the previous theorem, V., -, ;. is a unitary map.

6.2 Modular action

Let A € T be the matrix with coefficients a, b, ¢ and d. The map ¢ 4(p, q) =
(ap + bq, cp + dq) is a holomorphic map from (T2, ;) to (T2, j4,). Using
the coordinates introduced in the proof of lemma 6.1, we show that

O Qar = (—ct+d) "0 (2)

We will lift the action of A to the half-form bundles in such a way that it
squares to (%)~ 1. Since (—cr 4 d)™ doesn’t admit a preferred square root,
we have to pass to an extension of the modular group.

Let T'y be the set of pairs (A, e) where A € T' and e is a continuous
function from Hy to C satisfying

e(r)? = (—er +d)" i A:(i Z)

15



I’y is a group with the product given by (A, e).(A’,¢') = (AA’,e") where
(1) = e(A'T)e (7). Ty acts on the product Hy x T? x §
at — b

(A7 6). (7-7 p7 qa 291/2) = <TM7

ap + bq, cp + dq, ze(r)Ql/Z>

Restricting to a particular value 7, we obtain a morphism from d, to d4.,
lifting the action of A on T2. The important point is that the square of this
isomorphism is the natural map between the canonical bundles of (TQ, Jr)
and (T2, j4,). Since the Hermitian and holomorphic structures of a half-
form bundle are determined by the corresponding canonical bundle, the
morphism 6, — & 4.+ that we consider is a unitary holomorphic isomorphism.

As previously we lift trivially the action of I" to the prequantum bundle.
Then we obtain for any (A, e, 7) € 'y X H4 an isomorphism

SOj(kA,e)*l,T : HB(T27 Lk ®0r) — H104.T(T27 L* ® 5,4,7-)

By trivial reason, it is a unitary map. Miraculously, these isomorphisms all
fit together.

Proposition 6.3. For any 11,7 € Hy and any (A, e) € Ty, the diagram

QO* € -1 T
H (T2, ¢ @6y,) 227 HG (T2, LF ®64r)

l\lelﬂ'Q l‘I’Afl,A@

SO* e -1 T
HY (T2, LF @ 4,,) —227 HG (T2, LF ®64.,)
commute.

Proof. 1t is sufficient to prove it for (A,e) = (T, 1), (S,e) or (id, —1) since
these elements generate I'. The actions of (7,1) and (S,e) in the basis
@;vkslel/ 2 are given by the same formulas as in theorem 5.2 except that
the constant C' has to be replaced by

C" = Ce(r) = e(i)k™™/? Vol(t/A) !
This proves the result because C’ does not depend on 7. ]
Corollary 6.4. For any 7, the map
Ra (A€) = @lagy 10 Wraits

is a unitary representation of Ty on HY(T? LF®6,).
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Consider now the diagonal action of the Weyl group on T2. Its trivial
lift to the half-form bundle acts holomorphically and preserves the metric.
So we have a unitary representation of W on HQ(TQ,L’“ ® d;). It is easy
to see that this representation commutes with the one of I's. This gives a
representation of I's on the subspace of alternating sections that we denote
by R3". By theorem /5.3, we have

Theorem 6.5. The coefficients of the matriz of R§(S,e) and R (T, 1) in
the basis X, @ Q2 e ANk=IA* are respectively

e(i)”!

13 Vol(t/A) > (—1)" ) exp(—2inkB(p, w(i)))

weWw

and
Op exp(imkB(p, 1))

7 Algebraic projective representation

Consider the category of representations of the quantum group Uy(g) for
q being the root of unity. This category has a subquotient, called the fu-
sion category, which is a modular tensor category. Following [9], we can
define a natural projective representation of the mapping class group of any
2-dimensional surface with marked points on appropriate spaces of mor-
phisms in this category. In particular, for the torus, we get a projective
representation of the modular group that we define in this section.

7.1 The representation R,

Denote by p the half sum of positive roots and by hY = 1+ p(ay) the
dual Coxeter number. Let k be an integer bigger than hV. Then the set of
admissible weights at level k — h" is

Cp = A" (k— h")A

For any A, u € Cy, let

A*—-1/2 29w
- AT ay 1)) gy (—
= || §€Wj< D) exp(~ =B+ p), n+ )
and )
~ 1T
fap = Oxn exp(?B(A, A+2p)).
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Consider the action of the modular group on the real projective line
induced by the standard action on R2. Choose a base point L, € P!(R).
Let ', be the set of pairs (A,v) where A € T and ~ is a homotopy class
(with fixed endpoint) of a path in P!(R) from A.L, to L,. I's is an extension
by Z of the modular group, the product being given by

(A,7).(A",7) = (AA", A(Y) ).

Assume that L, = [1,0]. Then I'y, is generated by 5 = (5, [¢]), t = (T, [1,0])
and 4 = (id, [y]) where ¢ and 7 are the paths

o(t) = [sin(tg),cos(tg)], ~(t) = [cos(tr), sin(tr)],
with 0 <t < 1.

Theorem 7.1. ' admits a representation Ro on CC determined by
ROO(§) = (eXp(—i%C)gxu% Roo(f) = (f)\u% Roo(ﬂ') = (exp(igc)éz\u)'

The reader is referred to the book of Bakalov-Kirillov [1] for a detailed
exposition on modular tensor category and the fusion category of U,(g).
The formulas for sy, and t), are given in theorem 3.3.20, that they give
a projective representation is the content of chapter 3.1, cf. remark 3.1.9.
The definition of the central extension is in chapter 5.7, the case of the torus
being treated in example 5.7.7. Note also there is a misprint in formula for
s)u» compare with proposition 3.8 of [7].

7.2 Comparison of the representations R3' and R,

To compare Rg‘lt with R, we introduce a third extension I'4 of the modular
group. By definition, I'y consists of the pairs (A,e) where A € I and e is a
continuous function from H to C satisfying e(7)* = (—cr +d)?", with a, b,
¢, d the coefficients of A. The product is given by the same formula as for
I'y. Let Zy = {£1, £i}. The morphism

Iy x Zy — Ty, (A, e,u) — (A, eu)

is onto with kernel {(id, 1,1), (id, =1, —1)}. Thus we have a representation
Ry of 'y given by

Ry(A, eu) = uR3 (A, e), (Aye) €T, u € Zy.

Recall that T'y, is generated by 3, £ and 4.

18



Lemme 7.2. There exists a morphism ¥ from I' onto I'y such that
W(3) = (S,e) with e(i)=e "
U(§) = (id, i), () = (T,1).

Proof. Consider the groups TR and F]}f defined exactly as I'o, and I'y except
that we replace the modular group by I'® := SI(2,R). We will construct a
morphism from T'Y onto F]}f whose restriction to I's is W. Let j be the
morphism from the unit circle U C C into T'®

i) = ( reclu —imu )

imu reelu

Since T'® admits a deformation retract onto j(U), one has a bijective corre-
spondence between the morphisms from T'% to T'Y covering the identity of
I'® and the morphisms from j*T'X to j*F]}f covering the identity of U. On
one hand

FTE ~ {(u,e) € UxC*/ et =u2} = U4

because for 7 =i, —cr+d = u~!if a, b, ¢, and d are the coefficients of j(u).
On the other hand

FTR ~ {(u,0)/ exp(if) = u®} =: U™
where we send (u, ) into (j(u), [y]) with ~ the path
v(t) = [cos(1510), sin(15L0)], te0,1].

In particular § and 4 are identified with (i,7) and (1, —27). The morphism
we are looking for is

U>® — U4, (u’ 0) N (U,u'AHB_ig dimG)

Here |A4| is the number of positive roots of G. The images of § and 4 are
given by a straightforward computation using that dimG = 2|A, | +n. O

Lemme 7.3. For any k, there is a morphism (i : I'eoe — C* such that
Ge(8) = T, () = 7' BT, G(7) = e

with z, = hY dim G /k where h" is the dual Cozeter number of G.
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Proof. The value of z; does not matter for the proof. We only use that '
is generated by §, ¢ and 4 with the relations

(78%)% =id, (31)° =34%, 4 and §? are central
as it is asserted in [1], example 5.7.7. O

So by the previous lemmas, we define a representation of ', by

Roo(Av ’Y) = Ck(A’ ’Y)R4(\I’(A7 ’Y))

We will prove it is the same as Rs. To do this we have to identify C¢* with
HY(T?, L* ® 6,). We need the following well-known fact.

Lemme 7.4. For any k, the map sending A into % 15 a bijection between
Cy and AN E~TA*

The identification is then defined by sending the canonical basis of C*
into the basis x, 1 ® QY2 e ANk 1A%

Theorem 7.5. The matrices of Roo(3), Roo(f), Roo(¥) in the basis X(Ap) k@
Q2. X € Cy are respectively given by

(exp(—i%c)é,\u), (g)\u)a (eXP(ing}\u)-
where (sy,) and (ty,) are the matrices defined in section 7.
Not only does it prove that Rso = Reo, but it also proves theorem [7.1.

Proof. This follows from theorem [6.5. Since ¥(8) = (S, e) with e(i) = e i
and (i (8) = exp(if dim G%), the matrix of Roo($) is

i3 (n+ 2 dimG)

k2 Vol(t/A)

> (1)) exp(—2inkB(ZEE, w(£2))
weW

1T \n nY im A" |—1/2 w ; -
i (nt G)(m) > (1)) exp(—2imk ™' B(p + p, w(p + A))

weWw
because N Vol(t/A)
A1 YOV 2
AT Volryar) ~ VP (A
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To conclude it suffices to compare with the formula deﬁning Sxu- Since
U(t) = (T,1) and because of the value of (x(#), the matrix of R (f) is

o v
TG, \explimkB(2EE, £H))

e
=0 n exp(imk ™ B(p, 2p + 1))
where we have used that

Blp,p) _ 1
2k 24
which follows from Freudenthal’s strange formula. O

(dim G — ¢)

8 Complex structure dependence in the semiclas-
sical limit

8.1 Fourier integral operators

Let M be a symplectic compact manifold with a prequantization bundle
L. Consider two pairs (jq,dq) and (jp, 0p) consisting of a positive complex
structure of M together with a half-form bundle. We say that a section ¢
of Hom(dg, dp) is a half-form bundle isomorphism if its square at x is given
by

P =  NPES, — NPE],

where Ty, , is the projection from Ej, , := TQCI’O(M, Jb) to Eq p i= T;EI’O(M, Ja)
with kernel Eb,x~

For ¢ = a, b, denote by H}(c) the space of sections of L* ® 6, holomorphic
with respect to j.. Consider a sequence (Si) such that for every k, Sy is
an operator Hy(a) — Hg(b). The scalar product of Hy(a) gives us an
isomorphism

Hom(Hg(a), Hi (b)) ~ Hi(b) @ Hi(a).
The latter space can be regarded as the space of holomorphic sections of
(LF @ &) R (LF @3,) — M?,

where M? is endowed with the complex structure (j, —j,). The section
Si(z,y) associated in this way to Sy is its Schwartz kernel.
We say that (Si) is a Fourier integral operator with symbol the half-form
bundle isomorphism ¢ if
k\" _
Sul@.y) = (52) B @.p)f @y k) + O(k™™) 3)
where
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e E is a section of L X L — M? such that |E(z,y)|| < 1if z # y,
E(x,x) =u®1u, Yué€ Ly such that |jul| =1,

and OF = 0 modulo a section vanishing to any order along the diago-
nal.

e f(.,k) is a sequence of sections of 0, X, — M? which admits an
asymptotic expansion in the C*° topology of the form

flk)=fo+r kM i+ E 2+ .

whose coefficients satisfy df; = 0 modulo a section vanishing to any
order along the diagonal.

e The restriction to the diagonal of the leading coefficient fo is equal to
v, if we identify 0, ® 0, with Hom(d,, d) using the metric of 4.

8.2 The maps V. ., in the semi-classical limit

Recall that for any 7 € H,., we defined a complex structure on T? together
with a half-form bundle 6. Consider the morphism ¢;, -, form 6, to d,
given by
1/2 L= T1\"2 1)
on (@) = (C=5)" 0
where the square root is determined in such a way that it depends continu-
ously on 71, 75 and equal to 1 when 7 = 7.

Lemme 8.1. The map ¢ r, is a half-form bundle isomorphism.

Proof. Introduce an orthonormal basis (u;) of t and denote by (p;) and (¢;)
the associated linear coordinates of t2. Let ¢’ be the complex coordinate
pi +7q;. Let Er = span(0.1,...,0cn) be the space of vector of type (1,0)
with respect to the complex structure j;. Let 7, -, be the projection from
E;, to E; with kernel ET2. One has

i T2 —T i 1 — T2\ =
act, = (2=t )dch, + (2—= ).,
1 T1 T1 T1

which implies that
I —T1

mhmdCh = )dc,

T2 —T1
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and then
T —T1

ﬂ:m(dg;A...Adg):( ) dcL AL AdC

T2 —T1
Finally recall that by equation (1) the squaring map of J, sends Q2 into
+ Vol(t/A)d¢E A ... A dCP. O

Theorem 8.2. For any 71,72 € Hy, the sequence (V. -, 1)k is a Fourier
integral operator with symbol ¢r, -, .

Section 8.3 is devoted to the proof.

8.3 Proof of theorem 8.2

As previously we lift everything from T2 to 2. Denote by pa, g2 (resp. p1,q1)
the coordinates on the left (resp. right) factor of 2 x 2. Let (; = pi + Tiqi
fori=1,2.

Let us first compute the section E and the leading coefficient fo of (3)).
Let L be the trivial line bundle over ¢ with the connection defined in sec-
tion 3. Consider the bundle L X Lz endowed with the holomorphic struc-
ture compatible with the connection and the complex structure (jr,, —jr,)
of 2 x t2.

Lemme 8.3. The section of L X Ly
im

exp(——=B(G ~ G112 = C1) ) s K5,

T2 —T1

18 holomorphic and restricts to the constant section equal to 1 on the diag-
onal. The morphism -, -, is sent to the constant section equal to

2w \n/2 12 - al/2
(72_71) Vol(t/A)0V2 ® O

by the isomorphism between Hom(d,,,0r,) and 0., ®d,, induced by the metric
of 67,

The first part is proved by a straightforward computation and the second
part follows from lemma 6.1. By theorem 6.2, the Schwartz kernel of ¥, -, 1.
lifts from T2 x T2 to € x 2 into

. —r _k =1/2
Sk(prgzpra) = . O (p2,42)0, (o1, ar)(s5,0V?) ” (55 0%

pne(k—1A*)/A

_k ~1/2
- Z f'YZ,’Yl (pZ»Q2,p1»Q1)(S£291/2) X (SEIQ / )

pe(k—1A*)/A
Y172 €A
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where the coefficients are given by

from = exp(2imk (% B(y2,72) — B(C2,72) — 5-B(y1,m) + B(C1,m)))-

Lemme 8.4. For any compact set K of t such that K N A = (), there exists
C > 0 such that for all p2, g2, p1,q1 satisfying 1 — q2 ¢ K one has

|Sk(p2, g2, 1, 1) | < Ce k/C

This shows that the sequence of Schwartz kernels of W, -, 1 is a O(k™>)
outside the diagonal. For the proof of the lemma we need the following
general estimates.

Lemme 8.5. For any C > 0 there exists C' > 0 such that

Z e—kC|’y—x|2 g C/k"/z, YV € R"
YEL™

For any C > 0, for any compact K of R™ and for any subset P of Z" such
that K N (Z™\ P) =0, there exists C' > 0 such that

Z e~ kCh—al® < C’e_k/cl, Ve € K.
~EZ™\P
Proof of lemma 8.4 By a straightforward computation we obtain that

To — T2
21

_ 1 —T1
| from sk, ®5E | = eXp(—k‘W< 2 =l + =l - 71!2))

2

Hence for some positive C,

koo —k —kC(|y2—g2)?+|(g2—q1)—(v2—11)|?
’f'7277157'2 X STl‘ <e (I [#4( )—( 1)

So with ¢ = ¢2 — ¢1,

E k g5k § —kC(Jv2—q2|*+lg—[?
‘f“/?)VlSTQ & 87'1 < € (‘ | I | )

Y1, 72€EpR+A YoEp+A
yEA
< (Z e‘kcluﬂ—fmz) (Z e_kclv—qIQ)
YEA YEA

By lemma 8.5, there exists C’ > 0 such that the first factor is bounded
by C'k"™?, the second one by C’e %/ ¢" and these estimates are uniform
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with respect to u, g1 and ¢o such that g1 — ¢o € K. Since the cardinal of
(k~1A*)/A is k"|A*/A|, we obtain with a larger C’ that

Z | Froy (P20 @2 p1, 1) 5%, ®SE | < Cle R/

pe(k—1A*)/A
Y1,72€Eu+A

which proves the result. ]
Using exactly the same method and lemma 8.5 with P = {0}, we show

Lemme 8.6. There exists C > 0 such that

k —k —k/C
§ |f’72,’71(p2)q27p1)q1)57—2 lZ’STl‘ < Ce /
pe(E™1A*)/A
Y1v2€8+HN, MFY2

for all pa, q2, p1 and q1 such that |1 — q2| < R/2 with R = min{]’y\, v E
A\ {0}}.

So up to a O(k~°), Sk(p2,q2,p1,q1) is given on a neighborhood of the
diagonal by the sum of the f,, where v runs over k~1A*.

Lemme 8.7. We have

: o
> fv,w(P2,€I2,P1,Q1):< 2k7> 2V01(f/A)

Ty — 7T
~Ek—1A* 2- 0

X Zexp(w_iﬂk BA+ G — (i, A+ G _Zl))

=
XA 1

Proof. Introduce a basis (m;) of A*. Let v € k~1A*, write ky = >_ ;m;. One
has

_ T —T1\ (27 Y =

fyv (P2, 92,01, q1) —GXP< ( 5 )( p )B(k% k) — 2imB(C2 Cl,kv)))
=u(x) exp(—i(n, z))

where u is the complex valued function of R™ given by

u(x) = exp(—%(T2 ;?1> (2%) ZB(m,ﬂ'j)xixj)

1,]

and B
n;i = 2w B(¢2 — (4, ™).
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Let (i) be the dual basis of (m;). Then using that B(y;,;) is the inverse
of B(m;, ;) and that the determinant of (B(7i77j))ij is the square of the
volume of t/A, we prove that the Fourier transform of w is

a(e) = (T2 z’_/7g7—1>n/2 Vol(t/A) exp(—;(T2 _i71> (%) ZB(’Yi,’Yj)fz‘fj).
0,

The Fourier transform of v(z) = u(z) exp(—i(n, z)) is

0(&) = a(& +mn)

for real n. This is also verified for any n € C" by analytic prolongation. By
Poisson’s summation formula,

S w(e) = 3 o)

TEL™ cern

Let us compute 9(27¢). Since Y. n;v; = 2m(¢2 — (1), we have
> By ) (2m&i +m:) (2785 + nj) =(27)° B+ G = C A+ G — ()
i
where A = 3" &7; € A. So 9(27€) which is equal to (27 + 1) is given by
a(2me) = ( ik_ )"/ " Vol(t/A) exp

T2 —T1

—imk

BA+ ¢ —21,)\-1-@—61))

T2 —T1
which concludes the proof. O

Lemme 8.8. There exists € > 0 and C > 0 such that

Y lep(CTEBO+ G- GA G- 0)) sk B | < oo e

AEA\{0} (LA

for all pa, g2, p1 and q1 satisfying |q1 — q2| < € and |p1 — p2| < €.

Proof. With a straightforward computation, we obtain that

7 _ 2
[exp( ==+ Go = G ) sy W | = (el 20B el
T2 —T1

where ¢ =q2 —q1 4 = A+ p2 — p1 and a, b and c are the real numbers

—T _ _
a (T —To+ 71 —T1)

- ‘7'2 —71’2
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T
b (7271 — 7’27’1)

- ’7'2 —?1|2

—iT

c (Il (r1 = 71) + | [* (2 — 72))

IR
Write
2
alul® + 2bB(1, q) + clg* = alp + 2q* + (c — L)|q|*.

Using that a is positive, one proves that there exists ¢ > 0 such that
2
lal < e and |py —p1| < e = §lu+ 2l + (e = &)la* >0

for any non-vanishing A € A. So

—ikm _ _
> Jen(—TE G- GP) s B,

a b |2
< ¥ o= 4H |\ pa—p1+ 2]

AeA\{0} AeA\{0}

when |g| and |p2 — p1| are smaller than e. We conclude with lemma 8.5, [

Collecting together the previous lemmas, we obtain

Sepa o) = ()" (22 )" Vo)

27 To —T1q
itk

X eXP<— B(¢ — (1,6 — Z1)> sk QY= (51%51/2) + Ri(p2, 92,11, q1)

T2 —T1
where the remainder satisfies for some ¢ > 0 and C' > 0,

g1 — @2, [p1 — p2| < € = |Ri(p2, g2, p1, q1)| < Ce™M/C.

Using lemma 8.3, this proves theorem 18.2.

9 Asymptotic properties of the quantum represen-
tations

9.1 Definitions

Let M be a symplectic compact manifold with a positive complex structure
j, a prequantization bundle L and a half-form bundle 6. Consider a sym-
plectomorphism & : M — M together with automorphisms ®, and ¢ of the
bundles L and ¢ respectively which lift ®. We assume that @ preserves the
connection and metric of L.
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Let Hy, be the space of holomorphic sections of L* ®¢. Consider a family
(Sk) such that for every k, Si is an operator Hy — Hy. The Schwartz kernel
of S} is a holomorphic section of

(L* @ 6) R (I" ©3) — M2,

where M? is endowed with the complex structure (j, —j). We say that (S)
is a Fourier integral operator associated to @ with symbol ¢ if the Schwartz
kernel sequence is of the form

k

%>an(CU, 9oz, y, k) + O(k~)

where

e Fis a section of L X L — M? such that |[F(z,y)| < 1if z # ®(y),
F(®(z),x) = ®r(u) ®u, Yu € L, such that ||u| =1,

and OF = 0 modulo a section vanishing to any order along the graph
of ®1.

e g(., k) is a sequence of sections of §X§ — M? which admits an asymp-
totic expansion in the C* topology of the form

g k) =go+ktg +k2ga + ...

whose coefficients satisfy 0g; = 0 modulo a section vanishing to any
order along the graph of ®~1.

e The restriction to the diagonal of the leading coefficient go is equal to
@, if we identify § ® § with Hom(d, §) using the metric of .

Let us explain the relation with the Fourier integral operators of section
8.1. Let ®(j) be the complex structure obtained by pushing forward j
with ®. Consider a half-form bundle ¢’ of the complex manifold (M, ®(5))
together with an isomorphism ¢ : 6 — ¢’ whose square is equal to

2 #y—1 . A top,0 top,0
prs = (Tx®)) 7 AT, M — Aga) TyM
Then the isomorphisms ®; and ¢; induce a linear isomorphism @, from
H,, to the space Hj, consisting of the sections of L* ® ¢’ holomorphic with
respect to ®(j). Now suppose that

Sy =T 0P, : Hp — Hy, k=1,2,...
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for an endomorphism T}, : H) — Hj. Then comparing the definition of
section 8.1 with the previous one, we prove that (7}) is a Fourier integral
operator with symbol ¢ in the sense of section 8.1l if and only if (Sk) is a
Fourier integral operator associated to ®; with symbol ¢ = @9 o 1. This
applies to the representation Ry defined in corollary 6.4. Indeed for any
(A,e) € 'y, Ry(A,e) is the composition of a pull-back with the map W, -,
which is a Fourier integral operator by theorem 8.2l

Since the half-form bundle §, is the trivial bundle, we can identify its
automorphisms with functions on T2, the correspondence being given by
©0(/?) = f(x)QY2. We use this convention in the sequel for the symbols
of the Fourier integral operators.

Theorem 9.1. For any 7 and (A,e) € I'y the sequence
Ry(Aye): H(T?, LF @ 6) — HYT? LF®6), k=1,2,...

18 a Fourier integral operator associated to the prequantum lift of A to L.
Its symbol is the constant function equal to

Ar A7\
o(A,e) = e(r) <T_T> .
T— AT
Applying theorem [8.2/ with 7y = 7o, the representation of the Weyl group
W is also given by Fourier integral operators.

Theorem 9.2. For any 7 and w € W the sequence
w: H(T%, LF @ 6) - HY(T?, LF ®6), k=1,2,...

1s a Fourier integral operator associated to the prequantum lift of w to L.
Its symbol is the constant function equal to 1.

9.2 Metaplectic group

Let S be a symplectic vector space with a positive compatible complex
structure j. Denote by E = ker(id +ij) the space of vectors with type
(1,0). Let Sp(S) be the symplectic group of S. Using the complex structure
we introduce a group Mp(S, j), isomorphic to the metaplectic group of S.
Mp(S, 7) consists of the pairs (A, z) such that A € Sp(S) and z is a complex
number satisfying

22 =det(¢g 'rpyp: E — E).
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Here mg 4g is the projection from E onto gE with kernel E. The product
of Mp(S,j) is determined by the condition that the projection onto the
symplectic group is a group morphism and that the identity is the pair
(id,1). We shall also consider an extension Mps(S,j) by Zs = {£1,+i}
of the symplectic group. It is defined as the set of pairs (A, z) such that
2t = det2(g*17rE7gE : E— FE). The product is determined by the condition
that the map
Mp(S, j) X Zs — MpQ(Sv.j)

sending (A, z,u) into (A, zu) is a group morphism.

We apply these constructions to S = t® t = R? ® t with the complex
structure given by some 7 in the upper half-plane. Then the symbols of the
operators defining the representation Ry belongs to the metaplectic group.

Proposition 9.3. We have a group morphism from T's to Mp(t & t,j,)
sending (A, e) into (A ®idg, (A, e)) with

(A, e) =e(r) (7’47_—‘477)”/2

T—AT

Proof. Observe that for any g € Sp(S), the endomorphism
ﬂ-*E,gE o (g—l)* . /\tOpE* N /\top(gE)* _ /\topE*
is the multiplication by det(¢g 'rg 45 : E — E).
Let us apply this to ¢ = A ® id¢. By equation (2) and the condition
e(1)? = (—cr + d)", the pull-back by ¢! is multiplication by e?(7). By
lemma 8.1, 7 gE 18 the multiplication by (%)n. This implies that
(A®idy, 0(A, e)) belongs to the metaplectic group Mp(t & t, j-).
One shows that the map is a group morphism by extending it to the
group defined as I'y by replacing S1(2, Z) with S1(2, R) and using a continuity
argument. O

For any A € SI(2,R), let d(A,7) = det(A lng ap : E — E) with E the
complex polarization determined by the complex structure p + 7q. Then in
the proof of the previous proposition we showed that

d(A,7) = (—cr + d)AT=AT (4)

We will use this equation several times in the sequel. Assume that the rank
of G is even, so n = 2p. We have a morphism from I" into I's sending A into
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(A, (—eT 4+ d)P). Composed with the morphism provided by proposition 9.3,
we obtain the group morphism

' - Mp(td t,jr), A— (A®idy, d(A, 17)P). (5)

Assume now that the rank of G is odd, n = 2p + 1. Introduce the subgroup
Mp(Z,7) of Mp(R?,7) consisting of the pairs (4,z) € ' x C* such that
22 = d(A, 7). Using again (4), we prove that this group is isomorphic to I's,
the isomorphism being given by

(A, z) € Mp(Z, 1) — (A7 2(—er + d)p(%)—lh) €Ty

Finally composing this morphism with the one of proposition (9.3, we obtain
the group morphism

Mp(Z,7) — Mp(t @ t, j,), (A, z) = (A®idy, zd(A, T)P). (6)

Considering the representation of the Weyl group, we obtain a morphism
into the extension Mp,(t @ t, j;) of the symplectic group.

Proposition 9.4. We have a group morphism from W to Mpsy(t @ t,j;)
sending w into (idp2 @w, 1)

More generally, if w is an element of the orthogonal group of t, then
(idgz ®w, u) belongs to the metaplectic group (resp. the extension by Z4) if
and only if u? = detw (resp. u* = 1).

9.3 Index computation

As previously consider the metaplectic group Mp(S, j) of a symplectic vec-
tor space endowed with a complex structure. Let Mp, (S, j) be the subset
consisting of the pairs (g, z) such that 1 is not an eigenvalue of g. Then we
defined in [4] an index map

ind : Mp, (S, ) — Z/AZ

It is continuous and takes distinct values on each of the four components of
Mp, (S, ). To compute it, we only need the two following properties. If E
has dimension 2, then

ind(g,z) =k + (1 — (—1)kt) (7)

where k € Z is such that the argument of z belongs to [Tk, 5 (k+1)[ and € is
equal to 0 if the trace of g is bigger that 2 and to 1 otherwise. Furthermore if
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(91,21) € Mp,(S1,71) and (go, z2) € Mp, (S, j2) then (g1 @ g2, 2122) belongs
to Mp, (S1 & S2,71 @ j2) and

ind(g1 @ g2, 2122) = ind(g1, 21) + ind(g2, 22) (8)

The elements (g, z) of Mpy (.S, j) such that 1 is not an eigenvalue of g, also
have an index defined modulo 4Z. It is such that

ind(g,i"2) = k + ind(g, 2)

if (9, 2) € Mp,(S, 7). In the following we compute the index of some elements
of the metaplectic group of S = t® t endowed with the complex structure
determined by 7 € H.

Lemme 9.5. For any hyperbolic A € SI(2,R) and w in the orthogonal group
of t, we have

ind(A ® w, z) = ind(A ® idy, 2)
where z is any complex number such that (A®idy, z) belongs to Mp,(tDt, j; ).

Proof. A being hyperbolic, 1 is not an eigenvalue of A ® w. Since
(A ®idy, 2).(idg2 @w, u) = (A @ w, zu)

The fact that (A®idy, z) belongs to Mp, (t&t, j-) implies that (A®w, z) also
belongs to Mp,(t®t, j). Let us prove that they have the same index. Since
the index is locally constant, the result is straightforward if w belongs to the
special orthogonal group. Otherwise we may assume that w is a reflexion
and that A is the diagonal matrix with coefficient 2, 1/2. Let us decompose
t as a direct sum of orthogonal lines. The complex structure j, preserves
the associated decomposition of R? @ t. So using (8) it is sufficient to prove
that
ind(A,u) = ind(—A, u)

One may assume that (4,u) € Mp(R?,7) so that (—A4,iu) € Mp(R?, 7).
Then the result follows from formula (7). O

We can give explicit formulas for the index of (A®idy, z) by decomposing
R? ® t into a direct sum of R?’s as we did in the previous proof.

Lemme 9.6. If n = 2p, for any A € Sl,(2,R), we have

ind(A ® id, d(A)P) = 2ep

32



where € is equal to 0 if the trace of A is bigger than 2 and to 1 otherwise. If
n=2p+1, for any (A,z) € Mp,(R?,7), we have

ind(A ® id¢, d(A)Pz) = 2ep + ind (A4, 2)
where € is defined as previously.

In the second case, the index of (A,z) is given by (7). With these
formulas we obtain the index of any element in the images of the morphisms

(5) and (0).

Proof. Working with the decomposition of R? ® t, we only have to consider
n = 2. We have
ind(A® A,d(A)) =2ind(A, 2)

where 22 = d(A). We conclude with formula (7). O

9.4 Trace estimates

Under a transversality condition, the trace of a Fourier integral operator
admits an asymptotic expansion and we can explicitly compute the leading
term in terms of the symbol. Next theorem has been proved in [4]. We
restrict to the case of T? to simplify the statement.

Theorem 9.7. Let ® be a symplectomorphism of T? whose graph intersects
transversally the diagonal. Let @1 be a prequantum bundle isomorphism of
L lifting ® and (T, : HY(T?, LF @ 6,) — HY(T? L*F ® 6,)) be a Fourier
integral operator associated to ®5 with symbol f. Then for any fized point
x of ®, there exists a sequence (ary) of complex numbers such that for any
N}

tr(T) = Y ub(two+ ek . Faenk TN + OV
xz/ ®(x)=x

where for any x, u, is the trace of ®r(x) : Ly — L,. Furthermore, if
(Tx®, f(x)) is an element of Mpy(t & t,j;), then

iind(Tx(I),f(l‘))

| det(id —1,®)[1/2

Qg0 =

We apply this to estimate the character of the representation RSM. First
we have

(Ralt( |W| Z tr w RQ(A 6))
weWw
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Then by theorems 9.1/ and 9.2, w.R3(A,e) is a Fourier integral operator
associated to the prequantum lift A ® w. Its symbol is the constant map
equal to o(A,e). By 9.5, the index of (A®w,o(A,e)) doesn’t depend on w.
We compute easily the action of the prequantum lift of A ® w at the fixed
points and obtain the

Theorem 9.8. For any (A, e) € 'y such that A is hyperbolic, we have
Z'n(A,e)
W

ikO(AQw,z)
(R (A, ) ~ ‘

) DINEE
e | det(id —A ® w)|/?
weT?/ (AQw).x=x

where
o n(A,e) is the index of (A®id¢,0(A,e€))

o 0(Aow,z) = 7(B(p,p)—B(v,q)+B(7, 1)) if  is the class of (p, q) € £
and (v, p) = (A®w)(p,q) — (p,q).

We can explicitly compute the indices with lemma9.6. For the statement
in the introduction we used the two morphisms (5) and (6).

A Proofs of theorem 5.1 and 5.2
A.1 The basis of H°(T? L*)

Recall that the holomorphic sections of L* identify with the sections over t2
of the form fs* such that f : 2 — C is holomorphic and fs* is A2-invariant.
As shows a straightforward computation, this invariance is equivalent to

fo+p,a+d) = f(p.q) exp(—2ink(B(¢,¢) + $B(4,4)))

for all p,¢ in A. Then to prove that the sections @uyksk form a basis of the
holomorphic sections of L*, we decompose the functions f as a Fourier series
in the p variable with coefficients depending on ¢q. Then the holomorphy
and the equivariance in the g-directions translate into a condition on the
coefficients, leading to the result.

Let us shows that the sections @#,ksk are mutually orthogonal and com-
pute their norms. Let m be the Riemannian volume of t. The Liouville
measure |w"|/n! of t? is equal to (27)"m(p) ® m(q). The scalar product of
fs* and f's* is given by

(20" / F0, Ty ) |5, @) m(p) @ m(q)
(p,g)eD?
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Here D is the fundamental domain {@1p1+...+anpn/ (2;) € [0,1]"}, where
(ui) is a basis of the lattice A. Now a straightforward computation shows
that

OukOu ks, )* = D ¢y(q) exp(2imkB(p,y — 7))
YEU+A
yew +A
where the diagonal coefficients are given by

Cyy(q) = exp(imk(T — 7)B(q — 7,4 — 7))-

Integrating with respect to p, one deduces that the scalar product of ©,,
and ©,, ; vanishes when p # p/ mod A. Furthermore,

185" [|* = (2m)" Vol(t/A) & (@)m(q)
K 7G%EA/D g)m(q

Using that t is the disjoint union of the —y + D when v runs over p+ A, we
obtain

> [ cnlami = [espimk(c = 7)B(a.0) m(o

yeu+A t
7 n/2
a (k:(T — 7'))
which ends the computation of the norm.

A.2 The action of S and 7T in the basis of Theta functions

Let us prove theorem 5.2, Denote by ¢4 the map sending (p, q) into (ap +
bq, cp + dq). Recall that (; = p+ 7q and s, = exp(inB((r,q)). Then

7@ OhSAr = exp(iwicB(CT’ CT))S
—cr+d’ ACAT T

Pabar = —cT +d

So

P (Can)sh) = P ) exp ik Dlm ) )

In particular, for A = T, this gives

Pa(F(Can)shin) = F(G)sE
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P08l ) = D exp(2imk(TH B(y,7) — B((rh7))) sk
yEU+A

Using that B take integral even values on the diagonal of A%, one shows that
exp(ikmB(y,7)) = exp(iknB(u, 1)) for any v € p+ A. This implies that

(O 7sh ) = D exp(iknB(u, pn))O], s¥
yEUFA

which proves the second formula of the theorem.
Assume now that A = S~1, then

(fcansh ) = 1) en(- 2B ) ot

-
Applying to the theta functions, we have
ik
FOpish) = Y en(-TBO+ Gy +G) s
yeEu+A

Applying Poisson summation formula, we obtain after some computations
that 90*(9;"';512_7) is equal to

(2)" Vol a) ™ Y exp(2imk(3B07) ~ Bl + Gr7)sk
yEE—TA*

Since k~1A* = [J(i' + A), where p/ runs over k~1A* mod A, this is equal to

T n/2 1 . , T .
(zk) Vol(t/A)™h Y exp(=2imh B, 1) O] . 5

,ulek,—lA*
mod A

which ends the proof.
B Index
Lie group notations:

g, B Lie algebra of G and its basic inner product; 2

T, ¢, A maximal torus, its Lie algebra and integral Lattice; [2

A, W open fundamental Weyl alcove and Weyl group; 2

¢: W — {£1} alternating character; 2
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Moduli space and its quantization:

p,q, { =p+7q projections from t* onto t, complex coordinates; 3.1, 5.1

w, L symplectic form and prequantum bundle of ¢2; 3.1
L prequantum bundle of T?; 3.2

5, Opuk section of Lg and theta function; 5.1

(X basis of alternating sections of HO(T?, L*); 5.2

Modular group extensions and their representation

I's, Rs  extension by Zs of ', representation in H? (T2, Lk); 6.2
Rglt representation in the subspace of alternating sections; 6.2
I'e, R extension by Z of I and its representation; 7.1
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