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Conventions The following notation and terminology are used throughout this paper.

The open (resp. closed) disk of center a and radius r in C is will be denoted D(a,r)
(resp. D(a,r)).

The rank of a vector bundle E (resp. of a linear map ) will be denoted rk E (resp.
rk ).

By an algebraic variety over some field k, we mean an integral scheme of finite type
over k. Integral subschemes of such an algebraic variety X over k will be called algebraic
subvarieties of X.

On a complex analytic manifold, we write as usual d = 9 + 0 and we let

— (i/4m)(3 - );

consequently:

= (i/27)9D

1 Introduction

Consider a number field K, a quasi-projective variety X over K, a point P in X (K), and
a germ V of formal subvariety of X through P, namely, a smooth formal subscheme of the
formal completion Xp of the K-scheme X at the closed point P. We shall say that such a
formal scheme is algebraic when it is a branch (i.e.a component of the formal completion
at P) of an algebraic subvariety Y of X containing P (see section 2.1, infra, for a more
complete discussion of the concept of algebraic formal germ).

Various questions in arithmetic geometry may be rephrased in terms of the algebralclty
of such formal germs V: one would like to know natural arithmetic conditions on V implying
its algebraicity.

The main examples we have in mind are the following ones:

A.Formal series. Let f € K][[t1,...,tx]] be a formal series in IV variables which has a
positive radius of convergence at every place of K, finite or infinite. In other words, for
any non-zero prime ideal p in Ok (resp. for any field embedding o : K < C), the series f
seen as an element of Kp[[ti,...,tn]] (resp. of C[[t1,...,tn]]) by means of the embedding



K — K, of K in its p-adic completion K (resp. by means of o : K — C) has a positive
p-adic (resp. complex) radius of convergence.

Then the graph of f defines a smooth formal germ of dimension IV,
V := Graph(f)

in AIJ\(ZH through (0, f(0))—formally, it is defined by the principal ideal generated by z —
f(t1,...,ty) in K[[t1,...,tn, 2z — f(0)]])—and the algebraicity of Gr(f) is equivalent to the
algebraicity of f over the subfield K (¢y,...,tx) of the field of fraction of K{[t1,...,tn]] (or
to the fact that f belongs to the integral closure of the local ring Oyn  in its completion
OAN,O ~ K[[tl, - ,tN]]).

B.Formal subgroups of algebraic groups. Assume that X is a K-algebraic group G
and P = e, the unit element of G(K), and let h be a Lie subalgebra (over K) of g := LieG.
We may consider the formal Lie subgroup Vo= E)Eph of the formal group G, over K
attached to G, namely the smooth formal subgroup of G. which admits h as Lie algebral.
Then the formal germ V is algebraic iff h is an algebraic Lie algebra, i.e., is the Lie algebra
of some algebraic K-subgroup H of G.

For instance, if G is the product G; x Gy of two K-algebraic groups G1 and Gy with
Lie algebras g; and g, a K-Lie algebra isomorphism ¢ : gy — go is the differential of a
K-isogeny from Gy to Gy iff the formal germ V := Exph is algebraic, where h denotes the
Lie subalgebra of g = g1 @ g2 defined by the graph of ¢.

C.Ordinary differential equations. Consider an algebraic ordinary differential equation
over a number field K, and define V' as its formal solution for some initial conditions defined
over K.

For instance, if Q@ = (Q1,...,Qy) is an element in K(X,Y7,...,Y,)" and yo a point in
K™ such that (0,y) does not lie on the polar divisor of any component Q; of @), we may
consider the formal solution f in K[[t]]" of the differential equation

f1(t) = Q(t, f(t)) (1.1)

satisfying the initial condition

f(0) = yo. (1.2)
N+1
0y

This solution f is an “algebraic function” iff the graph V of fin A 0) is algebraic.

More generally, we may consider a smooth variety X over K, a point P in X (K) and
a sub-vector bundle F' of rank one of the tangent bundle T/, and consider the smooth
formal germ of curve V defined by “integrating” the line bundle F. Formally, it is defined as
the unique smooth formal germ of curve in X through P such that, if ¢ : V < X denotes the
inclusion morphism, the differential Di, which a priori is an element of D(V,i*T ), indeed
belongs to F(V, i*F). We recover the previous situation by defining X as the complement

Tt may be constructed as follows: if Exp denotes the “formal exponential map” of G—that is, the
isomorphism of K-formal schemes from the completion at 0 of the K-affine space defined by g onto G.
defined by the Campbell-Hausdorff series—then Exph is the image by Exp of the formal completion at 0
of the K-affine subspace h of g.



of the polar divisors of the Q;’s in A", P as (0,10), and F as the line bundle generated
by the vector field

0 ~ 0
M—;QW.

(Actually, both constructions B and C are special cases of the construction of formal
germs of leaves of algebraic foliations over number fields; ¢f. [ESBT99] and [Bos01].)

In the three situations A, B, and C above, the formal germ V satisfies the following
analyticity conditions:

For any non-zero prime ideal p in Ok (resp. for any field embedding o : K — C), the
formal germ VKP (resp. Vi) in the formal completion at P of Xk, (resp. X,) deduced from
1% by the base field extension K — Ky (resp. o : K — C) is analytic. Namely, it is the
formal germ attached to some (necessarily smooth) germ of Kp-analytic (resp. C-analytic)
subvariety through P of the Kp-analytic (resp. C-analytic space) X (Kp) (resp. X (C)).

This is tautological in case A; in case B and C, this follows from the well known
analyticity properties of the Campbell-Hausdorff series and from the classical Cauchy’s
theorem and its p-adic versions (see for instance [Ser92], section V.4, and [DGS94|, Appendix
I1I).

These analyticity conditions are easily seen to be necessary for the algebraicity of V.
Actually, the latter imposes much stronger conditions. For instance, as early as 1852,
Eisenstein discovered the following fact, now known as Eisenstein’s theorem: if a formal
series > 100 axth in Q[[t]] is algebraic, then there exists integers A, B > 1 such that AB*ay, €
Z for every k € N. Concerning solutions of differential equations considered in B above, it
was pointed out by Grothendieck and Katz around 1970 ([Kat72]) that, if the differential
system defined by a line bundle F' in the tangent bundle Tx of a smooth variety X over a
number field K is algebraically integrable, then the following arithmetic condition—which
we shall call condition GK—necessarily holds:

For almost every non-zero prime ideal p in Of, the sub-line bundle Fy, of Tx;, on the
variety Xg, obtained by reduction modulo p from some smooth model X of X over some
open dense subscheme S of Spec Ok and from a line bundle F — Ty /g extending F is
closed under the p-th power map (where p denotes the characteristic of the residue field
Fp = OK/p)

Actually, Grothendieck and Katz were considering linear differential systems only; the
case of general differential systems explicitly appears in [Miy87], [SB92] and [ESBT99].

In this paper, we are interested in sufficient conditions implying the algebraicity of 1%
in the context of examples A, B, and C above. The investigation of such conditions has a
long and rich history, about which we shall give only a few indications.

The first result concerning sufficient conditions for algebraicity appears to be a theorem
established by E. Borel in 1892 asserting that, if a formal series f € ZI[[t]] is the Taylor
expansion at 0 of some fonction meromorphic on a disk D(0; R) of radius R > 1, then f is
the expansion of a rational function.



Concerning linear differential equations, Grothendieck and Katz conjectured that con-
dition GK is indeed a sufficient condition for algebraic integrability. This conjecture is
formulated in the seminal paper [Kat72] of Katz, where he proves it in the significant
special case of linear differential systems “of geometric origin” (see also [Kat82], [Kat96],
[And99] and [And02] for more recent developments in this direction).

Besides, in their famous works [Ser68] and [Fal83], Serre and Faltings obtained deep
results concerning isogenies between elliptic curves and abelian varieties, which may be
used to handle non-trivial cases of the algebraicity problem in the situation B (see for
instance [ESBT99], sections 3-5).

Finally, around 1984, D.V. and G.V. Chudnovsky discovered how to apply “transcen-
dence techniques” to establish algebraicity statements in the situations A, B, and C ([CC85a]
and [CC85b]). Their work was subsequently extended by André ([And89], [And99] and
[And02]), Graftieaux ([GraOla] and [GraOlb]), and the author ([Bos01]). We refer the
reader to [CLO02] for a synthetic view of these results.

Bernard Dwork himself played a distinguished role in contributing to various aspects of
the algebraicity problem in the situations A and C. It is barely necessary to recall that, in his
famous rationality proof ([Dwo60]), he established a generalized version of Borel’s rationality
criterion discussed above—the Borel-Dwork criterion. Let us also mention its investigations
of Eisenstein’s theorem ([DR79], [DvdP92]) and his papers ([BD79], [Dwo81], [Dwo99])
devoted to the “arithmetic theory of differential equations”. The latter also constitutes one
of the main themes of the beautiful book [DGS94] by B. Dwork, G. Gerotto and F. Sullivan.

This paper is devoted to some algebraicity criterions, implying the algebraicity of formal
germs of curves over number fields in the situations A, B, and C considered above. These
criterions, which are refined versions of the main results of [Bos01] in the special case of
germs of formal curves, are expressed in terms of positivity properties—defined in terms
of its Arakelov degree—of the tangent line TpV equipped with some natural p-adic and
archimedean semi-norms. As our previous results in [Bos01], they are established by a
geometric version of “transcendence techniques”, which avoids the traditional constructions
of “auxiliary polynomials” but is based instead on some geometric version of these, namely
the study of evaluation maps on the spaces of global sections of ample line bundles on a
projective variety, defined by restricting them to formal subschemes or to subschemes of
finite lengths.

Dealing with formal germs of curves only—instead of formal germs of arbitrary dimen-
sion as in [BosO1l]—allows various technical simplifications and leads to an algebraization
theorem (Theorem 4.2, infra) whose statement and proof are particularly simple. However,
Theorem 4.2 admits higher dimensional generalizations on which we plan to return in the
future.

This paper is organized as follows.

In section 2, we discuss the notion of algebraicity of formal germs in algebraic varieties,
and we provide an introduction to the use of auxiliary polynomials, in the geometric guise
of evaluation maps, by showing how simply they lead to non-trivial algebraicity results in



some purely geometric situations. In particular, we establish an algebraicity criterion for
formal germs over functions fields, which we use to investigate the positivity properties of
the Lie algebras of group schemes over a field of characteristic zero.

Section 3 is of a more analytic nature: we assume that Vis a germ of analytic curve
in a complex algebraic variety X, and we explain how the consideration of the metric
properties of the evaluation maps involved in the method of auxiliary polynomials leads to
the construction of some remarkable semi-norm on the complex line TpV. We also study
some “naturality” and “functoriality” properties of this semi-norm, and we establish some
upper-bound on it in terms of potential theoretic invariants.

In section 4, we present an algebraicity theorem concerning formal germs of curves in
algebraic varieties over number fields, which may be seen as an arithmetic counterpart of
the criterion over function fields discussed in section 2. This criterion involves the canonical
complex semi-norms investigated in section 3. Actually, it may be used to formulate a
conjecture about complex linear algebraic differential systems, whose solution would provide
a proof of the conjecture of Grothendieck-Katz asserting that condition GK is a sufficient

condition of algebraic integrability for algebraic linear differential systems over number
fields.

2 Algebraicity of smooth formal germs in algebraic varieties
and auxiliary polynomials

2.1 Algebraic formal germs

Let X be a variety over a field K, P a point of X (K), X p the formal completion of X at P,
and V — Xp a smooth formal subscheme. For any non-negative integer i, we shall denote
V; the i-th infinitesimal neighborhood of P in V. Thus,

Vo={P}cVicVacC-

and

V =1limV;,.

It will be convenient to let:
Vo1 =0.

We may consider the Zariski closure of Vin X, namely, the smallest closed subscheme Z
of X which contain V; for every ¢ > 0, or equivalently, such that Zp contain V. Observe that
it is a subvariety (i.e.an integral subscheme) of X containing P. The ideal in Ox p defining
its germ at P is the intersection of Ox p and the ideal in its completion ) x,p =0 <p that
defines V. Since Zp contains V, the dimension of Z greater or equal to the dimension of V.

The following proposition is an easy application of the basic properties of dimension and
normalization:

Proposition 2.1 The following three conditions are equivalent:



(i) There exists an algebraic variety Y over K, a point 0 of Y(K) and a K-morphism
which maps 0 to P and such that the induced morphism on formal completions

fO : }A/O — XP
factorizes through V < Xp and defines a formal isomorphism from Yo to V.

(ii) There exists a closed subvariety Z of X such that P belongs to Z(K) and V is a
branch of Z through P.

(iii) The dimension of the Zariski closure Z ofV in X coincides with the dimension of
the formal scheme V.

We shall say that the formal germ Vs algebraic when the above conditions are satisfied.

2.2 Evaluation maps and an algebraicity criterion

Let us keep the notation of the preceding paragraph. Let us moreover assume that X is
projective and consider an ample line bundle L on X.

Let us introduce the following K-vector spaces and K-linear maps:
Ep :=TI(X,L%P),
mw: Ep — T(V,L®P)
s S|97»
mp: Ep — T(V;,L®P)
s S|V

and ) .
EZD — {5 € Ep | Sy,_, = 0} :kerngl.

Observe that we have a canonical isomorphism

L(V,L9P) ~ imT(V;, LP),

7

by means of which the map np gets identified with

lim 7.
i
The subspaces E}) define a decreasing filtration of the finite dimensional K-vector space
Ep: ' ‘
...CEf'cE,C...CEp,CE)=Ep.
Moreover the very definition of Z as the Zariski closure of V shows that, if Z,; denotes the
ideal sheaf in Ox defining Z, we have

() Epb =kernp =T(X,Z,.L%P). (2.1)

>0



Finally, if T}, denotes the tangent space of V, then, for any non-negative integer 1,
the kernel of the restriction map from I'(V;, L¥P) to I'(V;_1, L®P) may be identified with
STy ® LJQ, and the restriction of the evaluation map 7}, to E}, defines a K-linear map:

74 EY —>SiTV®L%D.

Roughly speaking, it is the map which sends a section of L&P vanishing up to order i — 1
at P along V to the i-th “Taylor coefficient” of its restriction to V. By construction,

ker v, = B4t (2.2)

Proposition 2.2 The following two conditions are equivalent:
(i) The formal germ V is algebraic.

(ii) There exists ¢ > 0 such that, for any (D,i) € Nso x N satisfying i/D > ¢, the map
’yfj vanishes.

Condition (ii) may be also expressed by saying that, for every positive integer D the
filtration (E7,);>0 becomes stationary—or equivalently that np vanishes on E},—when i >
cD.

The direct implication (i) = (ii) will be a consequence of the following lemma, which
belongs to the basic theory of ample line bundles (see for instance [Laz01], Chapter 5,
notably Proposition 5.1.9).

Lemma 2.3 Let M be a projective variety of dimension d over a field K, H an ample line
bundle over M, and 0 a point in M (k). Let €(H,0) denote the Seshadri constant of H at 0
and

degy M := ¢ (H)* N [M)]

be the degree of M with respect to H. Then, for any positive integer D and any reqular
section s of H®P over M which does not vanishes identically, the order of vanishing multys
of s at 0 satisfies the following upper bound:

M
multgs < degyy D (2.3)

e(H,0)d-17"
Recall that €(H,0) is the positive real number defined as follows: let
vi:M— M

be the blow-up of 0 in M and let E := v~1(0) be its exceptional divisor; then oo(H) is the
supremum of the rational numbers ¢ such that the Q-line bundle v*H ® O(—¢FE) is ample.

To prove (2.3), one observes that the Cartier divisor on M
v*divs — multgs.F
is effective; therefore, for any ¢ as above, the intersection number

(V' H @ O(—¢E)) ! n (v*div s — multgs. F)



is non-negative. Since this intersection number is easily seen to be
D.deggy M — multgs.q?

we get (2.3) by letting ¢ go to €(H,0).

Proof of Proposition 2.2: To prove the implication (i) = (i), let us assume that V' is
algebraic and let us consider the normalization n : Z, — Z of the Zariski closure Z of V in
X. Like Z, it is a projective variety of dimension d := dim V. Indeed, the line bundle n*L
on Z, is ample and, since n is birational,

deg,,«,Zn = deg Z.

Let 0 € Z,,(K) be the preimage of P by n corresponding to the branch V of Zp. In other
words, the completion of n at 0 induces a formal isomorphism:

ﬁ() . ZLO — V
Let s be an element of E%. Pulling back s by n, we get a regular section n*s of n* L&Y

over Z which vanishes at order at least ¢ at the point 0. Lemma (2.3) shows that n*s

vanishes on Z,, if
, degrZ
i>—"———D.
e(n*L,0)d-1
This proves that any s € E%, vanishes on V when i > ¢D, where

degrZ

Conversely, let assume that condition (ii) holds, and let d still denote dim V. Then, for
any (D,i) € N2, the quotient vector space

EL/ES! = B}/ kervp ~ im ),

vanishes if ¢ > ¢D and its rank is always at most

- d+i—1
rk(SZTV@@L]f;’):( . )
This implies that

[cD]

(Bp/ () Bb) = Srk(Eb/ B < 3 (I

1
i>0 i>0 i=0

Moreover the last sum is equivalent to %Dd when D goes to infinity.

Besides, according to (2.1):

Ep/()Ep =T(X,L®)/T(X,T5.L®P).

>0



For D large enough, this space may be identified with I'(Z, L®P) and its rank is equivalent

(i?i LZZ), DI™MZ when D goes to infinity.

to

This shows that dim Z is less or equal—hence equal—to d and that deg ; Z < ¢?.
DProposition 2.2
The implication (i) = (i) in Proposition 2.2 asserts that, when V is not algebraic, there
exists non-vanishing maps 7}'3 with arbitrary large values of the ratio i/D. Actually, it is
possible to establish a strengthened version of this implication, which will turn out to be
useful in the sequel:

Lemma 2.4 IfV is not algebraic, then

Zizo(i/D)rk (EE/EE“) _

lim - - 2.4
D—too 37 gtk (EL/EFY 24)
Observe that, if (2.4) holds, then, for any A > 0,
~\p(i/D)rk (EL /ES!
lim Zizap(i/ DItk (Ep/Ep7) = +o0. (2.5)

Dotoo 37 gtk (EL/EFY
Indeed, ‘ ‘
> i<apli/D)rk (EE)/ESA)
ZiZO rk (EB/EBH) B
Proof of Lemma 2.4: As observed in the previous proof, we have:

Sk (Ep/ESY) =k (Ep/ () Eb)

i>0 i>0

is equal to rk (I'(Z, L®P)) when D is large enough, and therefore grows like D™ % when D
goes to infinity.

Moreover, for any A > 0 and any D € N,

i i /i i i AD i
> ok (ED/EG) = A 37wk (Ep /B = Mk (B, (B, (26)
>0 i>AD 120

where [AD] denotes the smallest integer > AD. To derive a lower bound on this quantity,
observe that

wk (ERP1) () Eb) = 1k (Ep/ () Eb) — tk (Ep/ER"Y)

i>0 i>0

and that b D1
rk(ED/Eg W) :rk(im’ng 1= )

is bounded from above by the length lg(Vixpj—1) of Vixpj—1. This shows that

Zizxp(i/D)fk (EB/EEFI) lg(VD\lel)
Soork (Bh/EFD) (1 - k(f(ZL@D))) |

10



Finally, if V is not algebraic, then dim Z > d := dim V' and, when D goes to infinity,

180 = (P15 171 ) =00 = o) = ofak r(z.£57)),

and therefore

. Zizo(i/D)rk(EE/Egl)
lim inf ra—
D—too ootk (Ep/EL )

As )\ is arbitrary, this completes the proof.

|:chmma 2.4

2.3 An algebraicity criterion for smooth formal germs in varieties over
function fields

Let C be a smooth projective connected curve over some field k, and let K := k(C) be its
function field. Consider X a variety over K, P a point in X (K), and V C Xp a smooth
formal germ of subvariety through P of X.

In this section, we discuss a criterion for the algebraicity of V, involving a model X
of X over C and the positivity properties of the thickenings of the closure P of P in X
attached to V. This algebraicity criterion will appear as a geometric model for the arithmetic
algebraicity criterion presented in section 4.3 below. Moreover, its proof demonstrates how
simply the use of “auxiliary polynomials” leads to non-trivial results, even in a purely
geometric framework (see for instance Theorem 2.6 infra). The reader is referred to [BMO01]
and to [Bos01], section 3.3, for related geometric results and discussions of their relations
with the classical works of Andreotti on pseudo-concavity, and of Hartshorne-Hironaka-
Matsumura on the G2 condition.

After possibly shrinking X, we may assume that it is quasi-projective and choose a
quasi-projective model? 7 : ¥ — C such that P extends to a section P of 7.

As in the preceding section, we denote V; the i-th infinitesimal neighbourhood of P in

X. We may consider the subschemes V; of X defined as the closures of these subschemes V;
of X . For any ¢ € N, the support of V; is exactly the image of the section P. In particular,
the subschemes V; are finite over C. Moreover, their ideal sheaves 7y, satisfy the relations
ZVi .ij Cly

it +17

for any (i, j) € N? (2.7)
indeed, the restriction to the generic fiber of any local section of Zy,.Zy, is a section of

Iv, 1y, = 1v,,,,, - In particular
IVO 'ZVZ' Cly

i+1)
and the coherent sheaf Zy, /Ty,
lently, thanks to the isomorphism P : C' — V,, with a coherent sheaf

s72'+1 = W*Ivi/fvm

Znamely, a quasi-projective k-variety X, equipped with a flat k-morphism 7 : X — C and an isomorphism
of its generic fiber X'x with X.

may be identified with a coherent sheaf on Vy, or equiva-

11



over C. Actually, the sheaves J;11 are easily checked to be torsion free, and therefore may
be identified with the sheaves of sections of some vector bundles J; 1 over C.

Recall that, if E is a vector bundle of positive rank on C, its slope is defined as the

quotient

deg £
E)=———
wE) = —

and its mazimal slope pimax(E) is the maximum of the slopes p(F') of sub-vector bundles of
positive rank in E. Observe that, if L is any line bundle on C,

tmax(E ® L) = pimax(E) + deg L.

Moreover, if F; and Ey are vector bundles over C, with Fs of positive rank, and if there
exists some (generically) injective morphism of vector bundles

®: El — E27
then the following slope inequality holds:

deg (E1) <tk (E1)prmax(E2). (2.8)
We are now in position to formulate our algebraicity criterion:
Theorem 2.5 With the notation above, if

1
lim sup - ftmax(J5) < 0, (2.9)

Jj—+oo
then V is algebraic.

Observe that, if V extends to a formal subscheme V of /‘%’p that is smooth over C', then
for any 57 € N, we have ‘ R
Jj ~ S/ (vav),

and the numerical condition (2.9) is equivalent to the ampleness® of the vector bundle
P*NpV over C. In general, we still have natural maps of vector bundles over C'

SI g — Jj,

which are isomorphisms at the generic point Spec K of C. However, they are not always
isomorphisms over C, and in general condition (2.9) is stronger than the ampleness of
P*NpV.

Proof of Theorem 2.5: One easily checks that one may find a projective compactification
of X to which the morphism 7w extends. Therefore, we may assume that X is indeed
projective, and choose an ample line bundle £ on it. Let L be its restriction Lx to X, and
let Ep, Ef:), n', and 4 be as in the previous section 2.2.

3See for instance [Laz01], part II, and its references for the basic results of the theory of ample vector
bundles; see also [Bar71] in the positive characteristic case.

12



By replacing X by the Zariski closure Z of Vin X and X by the closure Z of Z in X
(which leaves the subschemes V; and the sheaves J; unchanged), we may also assume that
V is Zariski dense in X , and therefore that, for any integer D, Efj is the zero subspace for
1 large enough.

We are going to show that, when condition (2.9) is satisfied, the “average value” of i/D,
namely

Zizo(i/D)rk (EE/Egrl) . Zz‘zo(i/D)rk (EE/EEA) (2.10)
Yisork (EL/ERY) B rk Ep ’ .

stays bounded when D goes to infinity. According to Lemma 2.4, this will prove that V is
algebraic.

To achieve this, let us consider the direct images £p := m.L®P and 7TM*£®D . These
are torsion free coherent sheaves, or equivalently vector bundles, on C, which at the generic
point Spec K of C coincide with the K-vector spaces Ep and I'(V;, LP). Moreover, the
restriction map 77}5 : Ep — I'(V;, L®Pb ) extends to a morphism of vector bundles:

i D
np: &p — 7T|vi*£®

s S|y, -

The filtration (EiD)iZO of Ep also extends to the filtration of £p by the sub-vector bundles
&4 :=ker7’, !, Finally, the kernel of the restriction map from 7y, «LPP to Vi *§®D may
be identified with J7; @ P*L®P and the restriction of the evaluation map 7%, to €4 defines
a morphism of vector bundles

Tp : Ep — T @ P LYY,

which coincides with 'yjj at the generic point of C. The kernel of 7‘)3 is Sgrl and therefore
753 factorizes through a (generically) injective morphism of vector bundles:

ip: Ep/ERT — Ti @ PALEP.

Since L is ample, for D large enough, the sheaf £p is generated by its global sections,

and consequently:
deg&p > 0. (2.11)

Moreover, as £% = {0} when i >> 0, we may write:

deg€p = deg (Ep/EL). (2.12)
>0

Combined with the slope inequality 2.8 applied to the morphisms 74, the relations (2.11)
and (2.12) and the identity

Hmax(% X P*L"@D) = Mmax(u%) +D deg (P*ﬁ)
show that: . '
DrkEpdegP*L+ Y 1k (Ep/EF") max () > 0. (2.13)

120
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If we now assume that condition (2.9) is satisfied, then there exists ip € N and ¢ > 0
such that, for any integer ¢ > i,
,U/max(u7i) S —cCi.

Therefore, from (2.13), we deduce that

DrkEpdegP* L+ Y rk(Ep/ER")(tmax(J:) + ci) — ¢y _irk(Ep/ER") > 0.

0<i<ip i>0

Since the second sum is bounded by

Dtk (S'Tp) (pmax (T5) + ci),

0<i<io

which does not depend on D, this establishes that the ratio (2.10) is indeed bounded.

|:lTheorem 2.5

2.4 Application: positivity properties of Lie algebras of group schemes

In spite of the simplicity of its proof, the algebraization criterion in Theorem 2.5 has signif-
icant applications, for instance to algebraic foliations, as demonstrated by the recent work
of Bogomolov and McQuillan [BMO1]. In this section, we briefly describe how easily it
leads to some basic positivity properties of Lie algebras of group schemes over a field of
characteristic 0.

Let C be a smooth projective connected curve over a field k, and let 7 : G — C be a
smooth quasi-projective* group scheme over C. Let us denote by ¢ its zero-section, and by
Lie G := &*T;; its Lie algebra. It is a vector bundle over C, equipped with a O¢-bilinear Lie
bracket:

[,.]: LieG®op, LieG — LieG
v1 ® U9 —  [v1,v9).

Observe that, by restricting to the generic point Spec K of C, one defines a bijection
between the set of sub-vector bundles of Lie G and the set of K-vector subspaces of (Lie G) .
Moreover, (Lie G) g may be identified with the K-Lie algebra Lie G of the K-algebraic group
G = Gk, and a sub-vector bundle F' of Lie G is a bundle of Lie subalgebras (in other words,
its sheaf of sections is closed under the above Lie bracket) iff Fix is a Lie sub-algebra of
LieG.

Theorem 2.6 Assume that k is a field of characteristic zero, and consider a Lie subalge-
bra Fr of LieG. If the corresponding sub-vector bundle F' of LieG is ample, then Fg is
an algebraic Lie subalgebra of Lie G. Actually, it is the Lie algebra of a connected linear
unipotent’ K -algebraic subgroup H of G.

4 Actually, according to Raynaud [Ray70], Corollaire VI 2.6 et Théoréme VIII 2, any smooth group scheme
(of finite type) over a smooth curve is quasi-projective. Besides, a classical theorem of Cartier shows that,
over a field of characteristic zero, any flat group scheme of finite type is smooth.

Recall that, over a perfect field K, a (smooth) K-algebraic group G is called unipotent if, for some n, it
is isomorphic to a closed subgroup of the algebraic subgroup of the subgroup U(n)x of GL(n)x of matrices
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Since an abelian variety over a field of characteristic zero contains no non-trivial unipo-
tent subgroup, this implies in particular:

Corollary 2.7 Assume that k is a field of characteristic zero. If G is an abelian variety over
K, then the vector bundle Qé/c = (Lie G) is semi-positive (in other words, any quotient of

Qé e has non-negative degree).

This corollary is indeed a classical result of Griffiths, which he established by tran-
scendental techniques. (When & = C, and G is an abelian scheme, this follows from the
computation of the curvature of Hodge bundles; ¢f. [Gri70], Theorem 5.2. When G is semi-
abelian, the singularities on the metric on Qé Jc Seen as a Hodge bundle, at points of bad
reduction of G are logarithmic, and consequently, the positivity properties of its curvature
outside the divisor of bad reduction still allows to derive the semi-positivity of Qé Jo The
general case follows by semi-stable reduction.) It seems plausible that Theorem 2.6 can be
recovered by combining structure theorems on algebraic groups, the rigidity properties of
reductive Lie groups, and Corollary 2.7. (The author confesses that he did not check it in
detail.)

Observe that Corollary 2.7, and a fortiori Theorem 2.6, do not hold in general over a
base field k of characteristic p > 0. As demonstrated by Moret-Bailly in [MB81], Proposition
3.1, counter-examples may be obtained from two supersingular elliptic curves E; and Fs
by considering the abelian surface G over C obtained by quotienting the abelian surface
A := (E1 x Ez)c over C by a subgroup scheme of (o), @© ap)c (which lies in Ap,) that is
locally isomorphic to «y, ¢, but not constant.

Proof of Theorem 2.6: To prove the first assertion, we need to show that, if F' is
ample, then the germ of formal subvariety Vo= E}Ep oFK of G is algebraic. This is a
straightforward consequence of Theorem 2.5 and of the subsequent observation, since 1%
extends to a formal subscheme of the completion Qa of G along its zero section ¢ which is
smooth over C', and the normal bundle to € in ]>, pulled back to C by e, may be identified
with F. Indeed, we may consider the relative formal exponential map E)Acp g/c- 1t maps
the completion of the total space V(Lie G) of the vector bundle Lie G along its zero section
isomorphically onto the completion G. of G along its unit section . Consequently, the
image under Exp g/c of the completion along its zero section of the total space V(F) of the
subbundle F' of Lie G provides the required extension.

For any vector bundle E over C, we shall denote E the commutative algebraic group
over C' defined by the total space V(FE) of this vector bundle equipped with the group law
deduced from the additive structure of F.

We now turn to the special case of Theorem 2.6 when F is an abelian Lie subalgebra
of Lie G, namely:

Lemma 2.8 With the notation of Theorem 2.6, if the vector bundle is ample and if Fg
is an abelian Lie subalgebra of Lie G (i.e., if [.,.] vanishes on F' ® F'), then there ezists an

(gij)1<i,j<n such that g;; = 1 and ¢;; = 0 if ¢ < j. A connected K-algebraic group is unipotent iff there
exists a composition series G = Go D G1 D -+ D Gs = {e} by connected K-algebraic subgroups such that
the quotients G;/Gi4+1 are isomorphic to additive groups G," over K. See for instance [Bor91], I.4 and V.15
for proofs and references.
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embedding of algebraic group
J:Fg — G7

the differential of which along € coincides with the inclusion map ix : Fg — LieG.

Observe that Lemma 2.8 already implies Corollary 2.7.

Proof of Lemma 2.8: Consider the group scheme F x G over C. Its Lie algebra F & Lie G
contains the graph of 7 as a Lie subalgebra, which moreover is ample. Therefore the graph
of ix is the Lie algebra of a connected algebraic subgroup H of Fx x G, which is easily
shown to be the graph of a group embedding j : Fx — G.
|:lLernma 2.8

In the sequel of the proof, we freely use the basic properties of the Harder-Narasimhan
filtration and of the slopes of vector bundles on a curve over a field of characteristic zero.

To prove the second assertion in Theorem 2.6, we may assume that the vector bundle
Lie G has positive rank and consider its Harder-Narasimhan filtration:

Ey={0} CE; C...C Ex = LiegG.
By definition, the quotient bundles E;/FE;_1, 1 <1i < N, are semi-stable and their slopes

pi = p(Ei/Ei1)

satisfy
n1>...> UN.
We also define
iy = max{ie{l,...,n}|pu; >0} ifpu >0
= 0 if 4y =0,

and
E+ = Ei+.

Any sub-vector bundle of LieG which is ample is contained in E,. Consequently, to
complete the proof of Theorem 2.6, it is sufficient to show that E, i is the Lie algebra of
a unipotent algebraic subgroup of G. This will follow from the following Lemma, inspired
by a similar observation by Shepherd-Barron ([SB92], Lemma 9.1.3.1):

Lemma 2.9 (i) For anyi € {1,...,N} such that p; > 0, E; i is a Lie subalgebra of Lie G.
Moreover, for any element j € {1,...,i}, E; k is a Lie ideal in E; .

(ii) For any i € {1,...,N} such that u; > 0, the quotient Lie algebra E; x/E;i—1 i is
abelian.

Indeed, combined with the first assertion of Theorem 2.6, Lemma 2.9 (i) shows that the
K-vector spaces F1 g C ... C F;, g are the Lie algebras of connected algebraic subgroups
Hy C ... C Hi, in G, and that Hi,...,H; 1 are normal subgroups of H; . Moreover,
Lemma 2.9 (ii) and Lemma 2.8 show that the algebraic groups Hy, Hy/Hy,... . H;, [H;, 1
are additive groups.
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Proof of Lemma 2.9: Observe that, for any i € {1,..., N}, the maximal slope of E/E;_;
is w;. Moreover, for any (i,j) € {1,...,N}?, E;/E;_; ® E;j/Ej_1 is semi-stable of slope
pi + iy, and consequently the minimal slope of E; ® F; is p; + p;.

For any ¢ € {1,..., N — 1}, we may consider the following morphism of vector bundles
over ('

[]

. E;®E;—~ E®E % E —» E/E;.

If p; > 0, the minimal slope 2u; of its source E; ® E; is larger than the maximal slope p;41
of E/E;, and therefore «; is the zero morphism. This shows that, if y; > 0, then E; i is a
Lie subalgebra of Lie G.

The other assertions of Lemma 2.9 are similarly established by considering the mor-
phisms:

[-+]

B :Ei®E;— E®E - E — E/E,.

and

[-+]

B @ E; 5 E; - E;/E;_.

|:lLemma 2.9 and Theorem 2.6

3 The canonical semi-norm attached to a germ of analytic
curve in a complex algebraic variety

3.1 The basic construction

Consider a complex algebraic variety X, a point P in X, and a germ C' of smooth analytic
curve through P in X. In this section, we describe a construction which attaches—in a
canonical way—a semi-norm ||.||x p,c) on the tangent line TpC' to any such data (X, P, C).
This construction focuses on the metric behavior of the evaluation maps 7}, and v, already
considered in the proof of the algebraicity criterion Proposition 2.2, and turns out to play
a key role in the arithmetic algebraization theorem, Theorem 4.2 infra.

For a while, let us assume that X is complete and consider a line bundle L on X. Let
us also choose a norm ||.||op on the complex line TpC and a continuous hermitian metric |.||
on L. Then, for any non-negative integer D, we may consider the D-th tensor power of
this hermitian metric on L®” and the L>®-norm ||.||ze it induces on the finite dimensional
complex vector space

Ep :=T(X,L%P).

For any non-negative integer i, we may also consider the norm |.|[; p on the complex line
TPC ®i X L%D

deduced by duality and tensor product from the norm ||.||o on TpC and the norm |.|| on
Lp.
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By applying the construction of “auxiliary functions” in section 2.2 to the formal germ
of curve V through P defined by the germ of analytic curve C, we define subspaces

EY = {se EP| s|c has a zero of order > i at P4},
and evaluation maps
v By — S'TpC @ L%D ~TpC% ® L%D

which send a section of L®P vanishing up to order i — 1 at P along C to the i-th “Taylor
coefficient” of its restriction to C. Finally we may consider the operator norm

bl = max |vp(s)llin
s€E,[lsllpoo<1

of 7}5 with respect to the norms on E%) and TpC®" @ L%D considered above.

A straightforward application of Cauchy’s inequalities establishes the existence of posi-
tive real numbers r and C' such that, for any non-negative integers i and D,

bl < r7fCP. (3.1)

Equivalently, if we let a := logr~! and b := log C, we have:

log [vp || < ai +bD, (3.2)
and consequently the upper limit
. 1 ; . 1 i
p(X, P,C, L) :=limsup —log [yp|(= lim sup —log|vp) (3.3)
i T—400 ;4 7
BT 521‘

belongs to [—o0, +00[. Moreover one easily checks that it does not depend on the choice of
the metric ||.|| on L and that, if ||.||o is replaced by e*|.lo, then p(X, P,C, L) is replaced by
p(X,P,C,L) — X\. This shows that

Il x,pon) = ePXECL) | g (3.4)

is a semi-norm on the complex line TpC independent of the choices of the auxiliary metrics
I|l.llo and ||.||. It vanishes iff p(X, P,C, L) = —oco.

The following properties of the semi-norm ||.[[(x pc,z) are simple consequences of its
definition:

Lemma 3.1 1) For any two line bundles Ly and Ly over X such that there ezists a regular
section of L1 ® Lo which does not vanish at P, we have:

-l x,pony < IIllx,pc L2 (3.5)
2) For any line bundle L over X and any positive integer k,
Ilx,p.cLery = II-lx,po,L)- (3.6)

Lemma 3.1 shows that, when X is projective, the set of semi-norms ||.|| x p,c,r) on TpC
obtained by varying the line bundle L possesses one greatest element, namely the semi-norm
I-lx,p,c,r) Wwhere L is any ample line bundle on X. This greatest semi-norm will be called
the canonical semi-norm on TpC and denoted ||.|(x p,c)-
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3.2 Birational invariance of the canonical semi-norm

It turns out that the construction of the canonical semi-norm may be extended to the
situation where X is an arbitrary complex variety (not necessarily projective) and that it
satisfies remarkable “functorial” properties. This will be a consequence of the following
proposition.

Proposition 3.2 Let f : X' — X be a morphism of complete complex algebraic varieties,
and let P" be a point in X' and C' a germ of smooth complex analytic curve through P’
in X' such that the restriction of f to C' defines an analytic isomorphism from C' onto a
germ of smooth complex analytic curve C through P := f(P')S.

1) For any line bundle L on X, the isomorphism of complex lines
Dfic(P') = Df(P)ir,,cr : TpC" — TpC
satisfies, for any v € Tp:C' :
IDf(PYvll(x,per) < llvllx,prorfery (3.7)

2) Moreover, equality holds in (3.7) if one of the following conditions holds:

i) the canonical morphism of sheaves
OX — f*OX’

s an isomorphism;

ii) the line bundle L is ample and the canonical morphism of sheaves
OX I f*OX’

18 an isomorphism on some open neighborhood of P in X.

Observe that condition i) in 2) holds for instance when f is dominant (or equivalently
surjective) with geometrically connected generic fiber and X is normal.

Proof : For any non-negative integer 4, we shall denote C; (resp. C!) the i-th infinitesimal
neighbourhood of p (resp. P’) in C (resp. C”). Let us choose a continuous hermitian metric
on L and let us endow f*L with this metric pulled back by f. Let us also choose some
norms on the complex lines TpC' and Tp/C”" such that Dfio(P') : Tp/C" — TpC' is an
isometry.

The inequality (3.7) will be obtained by examining the following commutative diagrams:

Ep :=T(X,L®P) -2 B, :=T1(X', f*L¢P)

JWB ln”b

I(C;, L®P) SEEASEN L(C!, f*L=P)

5This condition is satisfied iff the tangent space TpC' is not contained in the kernel of the differential
Df(P) (which is a linear map between Zariski tangent spaces, from Tp/ X’ to TpX).

19



where the horizontal maps are defined by pulling back sections of L®P by f, and where niD
and 7'}, denotes the restriction maps.

Indeed, these diagrams induce the following ones:

EY, = ker ngl D, E'} = ker 7]251

m l% (3.8)
- . T . .
TpC® @ LEP L2 TpC"® @ f*LEP.

As in the construction of HH(X pc,r) described in the previous section, the metrics in-

troduced above may be used to define the norms of ~% and of 7’33. Moreover, in the
commutative diagram (3.8), the map ¢p decreases the L>°-norms, while the map

I TpC® @ L3P — Tp ' @ [ LEP ~ Tp. ' @ LEP

may be identified with *D fi(P")*" ® Id L8 which is an isometry. This shows that

Vol < IV ll- (3.9)

Using the definition of ||.[|(x,p,c,r) and [|.|[(x’,pr,cv s+ 1) (see (3.3) and (3.4)), this yields (3.7).
To prove that equality holds in (3.7) when condition i) or ii) holds, first observe that

these conditions imply that f is surjective, and therefore that the maps ¢p preserve the
L°°-norms.

Moreover, when condition i) is satisfied, the linear maps ¢p define isomorphisms
¢p: Bp — E'p,

and therefore equality holds in (3.9), hence in (3.7).

To prove the equality in case ii), one may consider the Stein factorization of f and write
it as the composition of a morphism satisfying i) and of a finite morphism. Thus one is
reduced to handle the case where L is ample and where f is a finite morphism that defines
an isomorphism between open neighbourhoods of P in X and of P’ in X’. In this case, as
L and f*L are ample, the metrics which appear in (3.7) are the canonical metrics ||| x,p,c)
and ||.||(x+,pr,c7), and we may replace L by any ample line bundle on X.

In particular, if 7 denotes the coherent ideal sheaf in Ox defined as the annihilator of
the cokernel of the canonical morphism Ox — f.Ox/, we may assume that there exists a
section sg in I'(X,Z.L) which does not vanishes at P. Then for any non-negative integers ¢
and D, and any s’ € E'}, the product f*sy ® s’ may be written ¢p(s) with s € E}H—l and
its image so(P) ® v/ (s") by 'y’EH coincides with I}, (so(P) ® vj(s)). This shows that

[sollzoe(x)
Wbl < S B bl

These estimates lead to the inequality opposite to (3.7).

I:'Proposition 3.2
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Corollary 3.3 Let X and X' be two projective complex varieties and i : U — U an
isomorphism between Zariski open subsets U and U’ of X and X' respectively. If P’ is a
point of X and C' a germ of smooth analytic curve through P in X, and if P := f(P’) and
C := f(C"), then the isomorphism

Di(P') : TpC' — TpC

satisfies:
I1Di(P")vllx,pey = [0l (x1,pr.crys for any v € TpC". (3.10)

Proof : By considering the closure of the graph of 7 in X x X’ and its projections to X and
X', we see that to prove (3.10) we may assume that i is the restriction of some (birational)
morphism 7 : X’ — X. Let us also choose ample line bundles L and L' on X and X’
respectively.

By the equality case (ii) in Proposition 3.2, we have:
| Di(P")vll(x.pcy = | Di(P)ollx,pon) = 10l (x7,p 00 i) (3.11)

Besides, if k is a large enough positive integer, the line bundle L/ ®i* L®* admits a regular
section on X’ which does not vanish at P’. (Indeed, T'(X’, L’ ®i* L®*) may be identified with
I'(X,i, L' ® L®) and i,L' ® L®* is generated by its global sections for & >> 0.) Therefore,
by applying Lemma 3.1, 1) and 2), we get:

Ilxr,proney < -l xrprcrisnery = -l (xr,prorisn)-

This shows that
-l xrprcrieny = Il xe pr oy (3.12)

Finally, (3.10) follows from (3.11) and (3.12).

DCorollary 3.3
Let us now assume that the variety X is arbitrary, and consider some quasi-projective
open neighbourhood U of P in X and some projective variety U containing U as an open
subvariety. Corollary 3.3 shows that the canonical metric [|.|| g p ) on TpC is independent
of the choices of U and U, and we shall extend the previous definition of the canonical
metric by letting:
H-H(X,P,C) = ||-”(U7p,c)~

3.3 Functorial properties of the canonical semi-norm

We may now generalize the “functoriality properties” established in Proposition 3.2 and
Corollary 3.3 when the ambient varieties are projective. Indeed, from these properties and
the definition of the canonical semi-norm, it is straightforward to deduce assertions 1) and
2-1) in the following proposition:

Proposition 3.4 Let X (resp. X') a complex algebraic variety, P (resp. P') a point in X
(resp. X'), and C (resp. C') a germ of smooth analytic curve through P (resp. P') in X
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(resp. X'). Let also f : X' — X be a morphism of complex algebraic varieties such that
f(P") = P and ficr is an analytic isomorphism from C' to C.
\

1) The isomorphism of complex lines
Df|C(P’) :TpC' — TpC
satisfies, for any v € Tp:C' :
IDf(P')ollx,pcy < Ivll(xr,pr.cr)- (3.13)

2) Moreover, equality holds in (3.13) if one of the following conditions holds:

i) the morphism f defines an isomorphism from some open neighborhood of P' in X' onto
some open neighborhood of P in X;

i1) the morphism f is an embedding.

To prove that equality holds in (3.13) when f is an embedding, we may assume that X
and Y are projective. Then it is a consequence of the following proposition of independent
interest, a stronger form of which is established in Appendix A at the end of this article.

Proposition 3.5 Let X be a complex projective variety, Y a closed subvariety of X, L
an ample line bundle over X, and ||.| an arbitrary continuous metric on L. There exists
C € R satisfying the following condition: for any positive large enough integer D and any
s € I(Y, L®P), there exists § € T'(X, L®P) such that

§‘y =S
and
13z < CP sl oo
3.4 Canonical semi-norm and capacity

Observe that, if a germ C' of smooth analytic curve through a point P in a complex algebraic
variety is algebraic, then the canonical semi-norm ||.||(x,pcy on TpC vanishes. Indeed the
direct implication in the algebraicity criterion Proposition 2.2 shows that, if we assume—as
we can—the variety X projective and if we denote by L an ample line bundle on X, then
the evaluation maps considered in 3.1

Vit By — S'TpC @ LYY ~ TpC® @ LGP
vanish if i/D is large enough; accordingly,

1 .
p(X7 P,C, L) = limsup 7-10g ||’)/ZD|| = —00.
i 1

2
Dt

In this section, we derive an upper bound on the canonical metric ||.||(x pc) in terms of
classical potential theoretic invariants of a Riemann surface “extending” C, which implies
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its vanishing when C' is algebraic as a very special case. As will be clear in the proof, this
lower bound is a geometric version of the classical Schwarz lemma, which plays a prominent
role in transcendance and Diophantine approximation proofs.

We defer examples of analytic germs with non-trivial canonical semi-norms to section
4.5 infra.

3.4.1 Green functions and Riemann surfaces

Let us briefly recall some basic facts and introduce some notation concerning Green functions
on Riemann surfaces. We refer the reader to the monographs [Tsu59],[Rum89], and [Ran95]
and to [Bos99], 3.1 and Appendix, for proofs and additional information.

Let M be a connected Riemann surface and O a point of M. Consider a relatively
compact domain 2 in M containing O with a non-empty and regular enough boundary
0€). Precisely, we assume that €2 has only regular boundary points in the sense of potential
theory. (This condition is satisfied for instance if the non-empty compact set 0f2 is locally
connected without isolated points. Actually, it would be enough for the sequel to consider
the case where € is the interior of some compact submanifold of codimension 0 with C'*°
boundary.) Then we may consider the Green function, or equilibrium potential, of P in Q. It
is the unique continuous function gpn on M \ {O} satisfying the following three conditions:

EP1. It vanishes identically on M \ ©;
EP2. It is harmonic on 2\ {O};

EP3. It possesses a logarithmic singularity at O; namely, if z denotes a local holomorphic
coordinates on some open neighborhood U of P, we have:

gpa =log|z — 2(0)| "' +h on U\ {0},

where h is an harmonic function on U.

The Green function gon represents the electric field of a unit charge placed at the
point O in the two-dimensional world modeled by M, when € (resp. M \ §2) is made of an
insulating material (resp. of a conducting material wired to the earth). It is positive on
2\ {0}, and conditions EP2 and EP3 may be expressed as the equality of currents:

1
dd°go.n = —5(50 on . (3.14)

The value h(P) of the function h in condition EP3 may be interpreted as the capacity
of M\ Q with respect to P. Of course, this value depends on the choice of the local

coordinate z. Intrinsically, we may define a “capacitary norm” |.|»%, on the complex line
ToM = C%IP by the equation:
O cap h(P) e—90,0(Q)
— =e = lim —————. 3.15
1521010 3% [:(Q) = +(0) (349)

Let us now assume that M is not compact and consider an increasing sequence (£, )nen
of relatively compact domains of M containing O, with “regular” boundaries, such that
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M = U,en ©2n- Then the sequence of Green functions (go,0,)nen is non-decreasing, and
consequently the sequence of norms (|[.|5%, )Jnen is non-increasing.

Their limit behavior turns out to depend on the “type” of the Riemann surface M in
the sense of the classical works of Myrberg-Nevanlinna-Ahlfors (see for instance [Ahl52] and
[AS60], chapter IV). Recall that a connected Riemann surface S is said to be “parabolic” in
the sense of Myrberg, or equivalently, to have “null boundary” in the sense of R. Nevanlinna,
or to belong to the class O¢, when any negative subharmonic function on S is constant. This
arises for instance when S is a complex (smooth connected) algebraic curve. Otherwise,
S is said to be “hyperbolic”, or to have “positive boundary”. Using this terminology, the
following alternative holds:

(1) If the Riemann surface M is hyperbolic, then the pointwise limit go ar of (90,0, )Jnen
is everywhere finite on M \{O}. Moreover it is a positive harmonic function on M\{O}, with
a logarithmic singularity at O—indeed, go as is minimal amongst the functions satisfying
these conditions, and, by definition, is the Green function of O in M. We may also define

. cap .
a capacitary norm |||, on ToM by the equality
o cap e—90,m(Q)
— = lim ————. 3.16
15210102 = % @) 0] (310

This norm coincides with the limit lim, . ||.[57%, -

(2) If the Riemann surface M is “parabolic”, then the point-wise limit of (go 0, )nen is
everywhere +o00 and

Jim. Illo, =0
Then we let:
1162, = O-
To sum up, the “capacitary semi-norm” ||.[[5%, on ToM always coincide with the limit

lim, oo [ |5, » and vanishes iff M is parabolic.

It is natural to extend the preceding discussion to the situation where M is compact
cap

(hence parabolic) by letting ||.||5",; = 0 in that case also.

Observe finally that, if F' is any closed polar subset of M (e.g., a closed discrete subset)

not containing O, then the semi-norms ||.||5%, and ||. Hg”]’w\ - coincides. Indeed, the Riemann

surfaces M and M \ F' have the same type, and, when they are hyperbolic, go an\r is the
restriction of go s to M\ F.

3.4.2 An upper bound on canonical semi-norms

As before, we consider a complex algebraic variety X, a point P in X, and a germ C of
smooth analytic curve through P in X.

Let also M be a connected Riemann surface, O a point in M and
fM—X

an analytic map which sends O to P and maps the germ of M at O to the germ C. (Thus f
defines an analytic isomorphism from the germ of M at O onto the germ C, unless D f(O)
vanishes.)
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Proposition 3.6 For any v in ToM, we have:
IDf(O)ll(x,p.oy < W15 (3.17)
In particular, this proves:

Corollary 3.7 If f maps the germ of M at O isomorphically onto the germ C' at P and if
the Riemann surface M is parabolic, then the canonical semi-norm ||| x p,c) vanishes.

Applied to the normalization of the Zariski closure of C, this corollary shows again that
the canonical semi-norm ||.|[(x p,) vanishes when the germ C' is algebraic.

Observe that the capacitary norm at the origin on the open disk D(0,1) is the “standard
norm”:
cap 1

0
HgloHo,D(og) =
Indeed, the disk D(0,1) is hyperbolic and

90,0(0,1)(2) = log |z|71 for any z € C.

Therefore the special case of Proposition 3.6 where (M, O) = (D(0,1),0) reads:

Corollary 3.8 For any analytic map
f:D(0,1) — X

which sends 0 to P and maps the germ of C at 0 to the germ C, we have:
0
HDf(O)(aw(X,P,C) <L (3.18)

In more geometric terms, this estimate asserts that the canonical semi-norm ||.[| x p,c)
on TpC is bounded from above by the Poincaré metric at P on any Riemann surface
which “extends C' and maps to X”.

Proof of Proposition 3.6:. To establish (3.17), we may assume that M is not compact
(by deleting one point if necessary) and then it is enough to prove that, for any relatively
compact domain €2 in M with regular boundary containing O, the following inequality holds
for any v in To M:

IDFOYl x.poy < NG, (3.19)

Clearly, we may also assume that D f(O) is not zero (hence an isomorphism) and that
X is projective.

To derive (3.19), we choose an ample line bundle L on X, a C* hermitian metric ||.||
on L, an holomorphic coordinate z on some open neighborhood of O in M that vanishes at
O, and we define a norm ||.||p on TpC by letting

D7) Ho=1.

0z|o
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Finally, we choose a real valued C* function v, defined on some open neighborhood of
in M such that
$(0)=0 and dd“ > f*ci(L) on Q.

(If hy and hy are two holomorphic functions vanishing at O defined on some open neigh-
borhood of 2 with disjoint ramification divisors, then we can take

¥ = C(|h]* + |hel?)

for any large enough C' in R* .)

Using these data, we may define E%, 74, |75 || and p(X, P,C, L) as in section 3.1, and
the inequality (3.19) may be rewritten as:

(X, P,0 1) < || 2 15, (3.20)

0z0
To prove (3.20), observe that, for any section s in E%, we have:

i s o f(@IN
s)|| = lim .
||’YD( )H Q—0 ‘Z( )‘1
Therefore, provided s does not vanish identically on f(M), log ||v4(s)|| is the value at O of
log ||s o f|| —ilog|z,
which defines a locally integrable continuous function with values in [—00, +00[ on a neigh-
borhood of O in M. This is also the value at O of the function

. - D
log||s o f|l +i(g0,0 + log H H o) + (3.21)

from M to [—o0,+oo[, which indeed is subharmonic on Q. This follows from the equality
of currents on M

dd‘log||s o fH2 = Ofrdivs — frei(L),
from which we derive:

dd“(log ||s o f||* + Dv) > idp = —2idd°goq on Q.

By the the maximum principle, log |74 (s)]| is therefore not greater than the supremum of
(3.21) on 0. Since gpq vanishes on OS2, we finally get:

log [Yh (s)[| < log [|s|| > + ilog Ha lOHc“” 5 max ).
This shows that ) D
| ) <1 v cap Il
log bl = OgH H + 5, maxy

and yields (3.19).

I:'Proposition 3.6
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4 Algebraicity criteria for smooth formal germs of subvari-
eties in algebraic varieties over number fields

In this section, we discuss some algebraization theorems concerning formal germs of sub-
varieties in algebraic varieties over number fields, which involve the canonical semi-norm
studied in the previous paragraphs. These theorems are improvements of the main result
of [Bos01] applied to formal germs of curves.

When dealing with number fields and p-adic fields, we will use the following notation
and terminology.

If K is a number field, its ring of integers will be denoted Ok and the set of its finite
places (or, equivalently, the set of non-zero prime ideals of Ok, or of closed points of
Spec Ok ) will be denoted Vi (K). For any p in V¢(K), we let Fp be the finite field Ok /p,
Np := |Fp| the norm of p, K (resp. Op) the p-adic completion of K (resp. of Ok), and
| |p the p-adic absolute value on K normalized in such a way that, for any uniformizing
element w in Op, we have:

|wlp =N P_1§
equivalently, if p denotes the residue characteristic of p and e the absolute ramification

index of Ky, then:

Iplp = Np~© = p e,
If A is an Op-lattice in some finite dimensional Kp-vector space E, the p-adic norm || || on
E attached to A is defined by the equality

n
| Z;Iieill = max |Zi]p,
=

for any Op-basis (e1,...,e,) of A and any (z1,...,2,) € K™.

4.1 Sizes of formal subschemes over p-adic fields

We now recall some constructions from [Bos01], to which we refer for details and proofs.

Let k be a p-adic field (i.e., a finite extension of Q,), O its subring of integers (i.e.,
the integral closure of Z, in k), | | : & — Ry its absolute value, and F its residue field.
(Actually we might assume more generally that k is any field equipped with a complete
non-Archimedean absolute value | | : & — Ry and let O := {t € k| |[t| < 1} be its valuation

ring.)

4.1.1 Groups of formal and analytic automorphisms
If g := Y ;cna ar X' is a formal power series in k[[X1, -+, X,]] and if r € RY, we define

gl := Sl}p |a1\rul € Ry U {+o0}.

The “norm” |g||, is finite iff the series g is convergent and bounded on the open d-
dimensional ball of radius r.
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The group Aut Ag of automorphisms of Ag, the formal completion at the origin of the d-
dimensional affine space over k, may be identified with the space of d-tuples f = (f;)1<i<q of

formal series f; € k[[x1,- - ,xq4]] such that f(0) =0 and Df(0) := (ga{; (0)) eiied belongs
_17]_
to GL, (k). We shall consider the following subgroups of Aut Ag:

e the subgroup Gy, formed by the formal automorphisms f such that D f(0) belongs
to GL,(0);

e the subgroup G, formed by the elements f := (fi)i<i<a of G such that the series
fi have positive radii of convergence;

e for any r € R, the subgroup G, (r) of G, formed by the elements f := (fi)i<i<d
of Gior such that the series (fi)i<i<q satisfy the bounds || f;||, < r. This group may

be seen as the group of analytic automorphisms, preserving the origin, of the open
d-dimensional ball of radius r. Moreover,

' >r>0= G,(r') C Gy(r) and U Gu(r) =

r>0

4.1.2 The size R(V) of a formal germ V

The filtration (G, (r))y=0 of the group G, will now be used to attach a number R(V) in
[0,1] to any smooth formal germ V in an algebraic variety over k, which will provide some
quantitative measure of its analyticity.

Let V be a formal subscheme of Ag For any ¢ in Aut Al we may consider its inverse
image Lp*(V), which is again a formal subscheme of Az Moreover, the following conditions
are equivalent:

1. V is a smooth formal scheme of dimension v.

2. There exists ¢ in Aut A{ such that ¢*(V) is the formal subscheme Ay x {0} of A%

3. There exists ¢ in G, such that ¢*(V) is the formal subscheme AY x {0} of Af.
Similarly, the following two conditions are equivalent:

1. V is the formal scheme attached to some germ at 0 of smooth analytic subspace of
dimension v of the d-dimensional affine space over k.

2. There exists ¢ in Gy, such that ¢*(V) is the formal subscheme A}é x {0} of Aﬁ
When they are satisfied, we shall say that the formal germ V is analytic and smooth.

These observations lead to define the size of a smooth formal subscheme V of dimension
v of A¢ as the supremum R(V) in [0,1] of the real numbers 7 €]0, 1] for which there exists
¢ in G,,(r) such that ¢*(V) is the formal subscheme AZ x {0} of Ai It is positive iff V is
analytic.

More generally, if X' is an O-scheme of finite type equipped with a section P € X(O)
and if V is a smooth formal subscheme of the formal completion X pr of X := X at P,

then the size Ry (V) of V with respect to the model X of X may be defined as the size
of z(V), where i : U — A is an embedding of some open neighbourhood U in X of the
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section P into an affine space of large enough dimension d, which moreover maps P to the
origin 0 € Ado((’)). This definition is independent of the choices of U, d, and i, and extends
the previous one.

When V is a smooth germ of analytic curve, we shall define a p-adic norm on the tangent
line TPV by letting:
Il epiy = R ()l
where |.]jo denotes the p-adic norm on TpV which makes the differential Di(P) : TpV —

TOAz ~ k% isometric when k% is equipped with the “standard” p-adic norm, the unit ball
of which is O%.

Observe that, if V extends to a formal subscheme V of the formal completion of X’ along
P which is smooth along P, then Ry (V) = 1. If moreover V is a formal germ of curve, the
norm ||H( xpvy on TpV is therefore the p-adic norm attached to its O-lattice defined by

the normal bundle of P in V.

4.1.3 Sizes of solutions of algebraic differential equations

It is possible to establish lower bounds on the sizes of formal germs of solutions of algebraic
ordinary differential equations. These play a key role in the application of our arithmetic
algebraization criterion to the solutions of algebraic differential equations over number fields
(see [Bos01], 2.2 and 3.4.3, and infra, 4.6.

Proposition 4.1 Let X be a smooth scheme over Spec O, P a section in X(O), and F a
sub-vector bundle of rank 1 in Ty ;0. Let X := Xy, P := Py, and F := Fj, and let V be the

formal germ of curve in Xp defined by integration of the (involutive) line bundle F in Tx.
1) The size R(V) of V with respect to X satisfies the lower bound:

R(V) > |x| = |p|7T. (4.1)

2) If moreover k is absolutely unramified and if the reduction Fr — Tx, of F to the
closed fiber Xp of X is closed under p-th power, then

R(V) > |p| 7@ (4.2)

This is proved in [Bos01], Proposition 3.9, with the exponent 3/p? instead of 1/p(p—1) in
(4.2); however, a closer inspection of the proof shows that indeed it holds with the exponent
1/p(p —1).

Observe that the lower bound (4.1) is basically optimal, as demonstrated by the differ-
ential system

X =A%, P:=(0,0), and F := (8 +(y+ 1)8> Op2.
ox oy

Indeed, then V is the formal germ

Graph(z — expx — 1),
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the size of which is not larger than the radius of convergence || of the exponential series.

Observe also that, after exchanging the two coordinates, 1% may also be seen as the
graph of the series

e (_1)n+1
1 = —t"
og(l+1t):=>_ ",
n=1
whose radius of convergence is 1. This shows that the size R(Graph(¢)) of the graph of
some formal series ¢ may be strictly smaller than its radius of convergence.

4.2 Normed and semi-normed lines over number fields

We define a normed line

L= (L, (I-lp), (l1-llo))

over a number field K as the data of a rank one K-vector space Ly, of a family (|.||p) of
p-adic norms on the Kp-lines L ®k Kp indexed by the non-zero prime ideals p of Ok,
and of a family (||.||;) of hermitian norms on the complex lines Lx ®k , C, indexed by the
fields embeddings ¢ : K — C. Moreover the family (||.||s) is required to be stable under
complex conjugation. (The data of these families of norms is equivalent to the data of a
family (]|.||v)v, indexed by the set of all places v of K, of v-adic norms on the rank one
vector spaces L, := Lg ® K, over the v-adic completions K, of K.)

If L and M are normed lines over K, then we will denote by L (resp. by L ® M)
the normed line over K defines by the K-line Ly := Homp (L, K) (resp. the K-line
L ®k Mkg) equipped with the p-adic and hermitian norms deduced by duality (resp. by
tensor product) from the ones defining L (resp. L and M).

We shall say that a normed K-line is summable if, for some (or equivalently, for any),
non-zero element [ of Lg, the family of real numbers (log ||l||p)p is summable. Then we
may define its Arakelov degree as the real number

deg L := ZlongH;l —l—ZlongH;l. (4.3)
P o

Indeed, by the product formula, the right-hand side of (4.3) does not depend on the choice
of .

If L and M are summable normed lines over K, then the normed K-lines L and L ® M
also are summable. Moreover, as a straightforward consequence of the definition of the
Arakelov degree, we have:

deg L = —deg L (4.4)
and - - -
deg L ® M = deg L + deg M. (4.5)

Observe that hermitian line bundles over Spec Ok, as usually defined in Arakelov ge-
ometry (see for instance [Bos01], 4.1.1) provide examples of normed lines over K. Namely,
if £=(L,(||.|lo)o:x->c)) is such an hermitian line bundle—so £ is a projective Ox-module
of rank 1, and (||.||s)s:Kc) is a family, invariant under complex conjugation, of norms on
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the complex lines L, := £ ®4.0,,—c C—the corresponding normed K-line is Lx equipped
with the p-adic norms defined by the Op-lattices £ ®o, Op in L ®p,, Kp ~ L @k Kp and
with the hermitian norms (||.]|ls). The normed lines so-defined are summable, and their
Arakelov degree, as defined by (4.3), coincide with the usual Arakelov degree of hermitian
line bundles.

It is convenient to extend the definitions of normed lines and Arakelov degree as follows:
we shall define a semi-normed K-line L as a rank one K-vector space L equipped with
families of semi-norms (||.||p) and (J|.||s), where the latter is assumed to be stable under
complex conjugation. (In other words, we allow some of the ||.||p or ||.||s to vanish.) We
shall say that the Arakelov degree of a semi-normed K-line L is defined if, for some (or
equivalently, for any), non-zero element [ of Lk, the family of real numbers (log™ ||l]|p)p
is summable. Then we may again define its Arakelov degree by means of (4.3), where we
follow the usual convention

log0™! = +o0.
It is a well defined element of | — 0o, +00]. The definition of the tensor product of normed
K-lines immediately extends to semi-normed K-lines. Moreover, if two semi-normed K-
lines have well defined Arakelov degrees, then their tensor product also and the additivity
relation (4.5) still holds. (Observe however that the duality relation (4.4) makes sense only
for summable normed K-lines.)

4.3 An arithmetic algebraization theorem

We are now in position to state an arithmetic analogue of the algebraization criterion of
section 2.3, which concerns germs of formal curves in algebraic varieties over number fields:

Theorem 4.2 Let X be a quasi-projective variety over a number field K, P a point in

X(K) and V a germ of smooth formal curve in X through P that is analytic at every
7

place’.

Let X be a model of X, quasi-projective over Spec Ok, such that P extends to a section

P in X(Ok), and let t be the semi-normed K -line defined by the tangent line TpV equipped
with the p-adic norms HH(X P V) @nd the hermitian semi-norms ||.||
0pPop:Vop) (

If the Arakelov degree of t is well-defined and if
deg? > 0, (4.6)

Xo Py, Vo)

then the formal germ V ois algebraic.

Observe that, conversely, if V is any algebraic smooth formal germ through a rational
point in an algebraic variety over a number field, then it is analytic at every place, almost all
its p-adic sizes are equal to 1 &, and its complex canonical semi-norms vanish. In particular,
the Arakelov degree of ¢ is well defined, and assumes the value +oo.

"Recall that this means that V is a one-dimensional smooth formal subscheme of Xp such that, for any
non-zero prime ideal p in Ok (resp. any field embedding o : K — C), the smooth formal curve VKP (resp.
V,) in Xk, (resp. X,) is indeed Kp-analytic (resp. C-analytic).

8 Actually, for any model X of X over O, there is a non-empty subscheme Spec Ok [1/N] and a section
P € X(Ox[1/N]) such V extends to a formal subscheme of X along P that is smooth over O[1/N].
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Corollary 4.3 Let V be a smooth formal germ of curve through a rational point P in an
algebraic variety X over a number field K, analytic at every place.

Let us denote by (Rp) the family of p-adic sizes of V, defined with respect to some model
U over Ok of an open neighborhood U of P in X such that P extends to an integral point
P € U(Ok), and suppose that the following conditions are satisfied:

1) the product
I =

peSpec Ok \{(0)}
which is a well-defined number in [0, 1], is positive;

2) for at least one embedding o : K — C, the canonical semi-norm H||(X ) vanishes.

0P,V

Then the formal germ V is algebraic.

Observe that condition 1) is actually independent of the choice of U and U. Moreover,
condition 2) is satisfied if , for some embedding o, there exists a parabolic Riemann surface
M, a point O in M and an analytic map f : M — X,(C) which defines an isomorphism
from the formal germ of M at O to V. In this way, we recover the main result of [Bos01]
(Theorem 3.4) for one-dimensional formal germs as a special instance of Theorem 4.2.

Corollary 4.3 is a straightforward consequence of Theorem 4.2: after possibly shrinking
U and changing U, we may assume that U is quasi-projective over Ok and apply Theorem
4.2 to X = U; indeed, condition 1) shows that d/(%f is well defined, and condition 2) that
its value is +o0.

Theorem 4.2 and Corollary 4.3 are in the same spirit as the algebraization theorems for
formal germs of D.V. and G.V. Chudnovsky ([CC85a], Section 5, and [CC85b], Theorem
1.2) and André ([And89], Chapter VIII, especially Theorem 1.2, [And99], Theorem 2.3.1,
and [And02], Theorem 5.4.3), which however are technically somewhat different.

4.4 Proof of the algebraization theorem

The proof of Theorem 4.2 is similar to the proof of the algebraization criterion over function
fields, Theorem 2.5. It constitutes a refined variant of the proof of the main result (Theorem
3.4) in [Bos01], and, like the latter, it relies on some simple inequalities relating slopes of
hermitian vector bundles and heights of linear maps, for which we refer to [Bos01], 4.1.

In the sequel, we freely use the basic definitions and results concerning hermitian vector
bundles, slopes and height of linear maps which are recalled in loc. cit.

4.4.1 Auxiliary hermitian vector bundles and linear maps

Observe that X may be imbedded, as a scheme over Spec O, into some projective space
PY . By replacing X by its closure in PY . we may assume that it is projective. We
OK OK

may also assume that V is Zariski dense in X, by replacing X by the closure in Pg}( of

the Zariski closure Z of V in X considered in section 2.1. Observe that these reductions
leave unchanged the (semi-)norms defining the generalized hermitian line bundle ¢. (For the
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p-adic norms, this follows from the independence of the size of a formal germ with respect
to the imbedding ¢ used to define it; for the archimedean canonical semi-norms, this follows
from Proposition 3.4. Actually, we could avoid to rely on this non-trivial Proposition by
not assuming that V is Zariski dense. This would only require more complicated notation
and minor modifications in the proof below.)

Let us also choose the following additional data:
— an hermitian line bundle £ := (£, |.||z) on X such that L := Lk is ample on X := X;
— a positive Lebesgue measure p on X (C), invariant under complex conjugation (see [Bos01],
4.1.3);
— a family ([|.[lo,)o:x—c, invariant under complex conjugation, of norms on the complex
lines (TpVy)o: k-

Using these data, we may define:
— for any positive integer D, the direct image Ep = m LPP of LOP by the structural

morphism 7 : X — SpecOg. (In other words, £p is the locally free coherent sheaf on
Spec Ok associated to the Ox-module T'(X, £L&P).)

— the L?-norms (||.|| 2,5 )o:x<>c on the finite dimensional complex vector spaces
SD,O =~ F(XU((C)v L?D)

associated to the measure yx_ () and the D-th tensor power of the given metric [|.||z on
L,. By endowing £p with these hermitian norm, we obtain an hermitian vector bundle £p.
—a normed K-line g, associated to an hermitian line bundle over Spec Ok, by endowing the
K-line TpV with the archimedean norms (II'llo,0)o:xc and with its naive O -structure’
defined from the model X of X.

Theorem 4.2 will be established by applying the algebraicity criterion involving evalu-
ation maps established in section 2.2 (see Proposition 2.2 and Lemma 2.4), and we define
Ep, E%, n}'), and 'yjj as in this section. Observe that Ep := I'(X, L®P) may be identified
with €p k. Moreover, since V is Zariski dense in X , for any given D, the evaluation map

nh : Ep :=T(X, L%P) — I (V;, L®P)

is injective—and therefore Egrl vanishes—provided i is large enough. In particular,

> rtk(Ep/ER") =1k Ep.
>0

For any p € Spec Ok \ {0}, the size of the formal germ VKP with respect to the model
Xo, will be denoted Rp. Since the Arakelov degree of t is well defined, the series with

°In other words, for any p € Spec Ok \ {0}, the p-adic norm on TeV QK Kp defining to is the norm
I-llo considered at the end of section 4.1.2. Equivalently, the Ox-submodule of TpV defining the integral
structure of the dual hermitian vector bundle Z is given by the image of the composite map

P*Q}y/oK — (’P"Q%{/OK)K ~ Qé{/K,P — TPV
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positive terms

Z log R;l

pESpec O \{0}
has a finite sum.

By definition, the canonical semi-norm on 7} 'V, is given by

. 1 i
i po 52y = exp  Timsup S1og [7blls | I-los
i/D—+oo ¢

where ||v4||, denotes the operator norm of
’y}'),g : EiD’(7 — TPVU@ & L%GD

when the source space is equipped with the L®°-norm and the range space with the norm
deduced by tensor product from the norms ||.|o, on TpV, and |.llz on Lp,. As a matter
of fact, we could—and, in the sequel, we shall—use the L?-metric on Eb » (namely, the
restriction of the one on Ep , = €p, considered above), and still define the same canonical
semi-norm. Indeed, the logarithm of the ratio of the L and L? norms on Ep, is O(D)
when D goes to infinity (see for instance [Bos01], 4.1.3).

The very definitions of the normed lines ¢ and £y and of their Arakelov degree show that
the latter satisfy the following relation:

. , |
degt=degfo+  »  logRp,— > limsup ~log|vpls- (@7)
pESpec O\ {0} 5K i/ D—too

Consequently, as d/e\gf belongs to 0, +o0], there exists positive real numbers A and d such
that, for any (D, i) € N5 x N satisfying ¢ > AD,

— 1 i
degfo+ > logRp— > log[plls > d. (4.8)
peSpec O \{0} 0:K—C

4.4.2 Application of the slope inequalities

We are going to show that the ratio

Zizm(i/D)rk (E;)/Eigl)
rk ED

(4.9)

stays bounded when D goes to infinity. According to Lemma 2.4 and (2.5), this will prove
that V' is algebraic. As in [Bos01], our main tool will be the slope inequalities applied to
the evaluation morphisms

np: Ep :=Ep x — T (Vy, L®P).

Specifically, if n is so large that 0}, is injective, the slope inequalities of loc. cit.,
Proposition 4.6, applied to the hermitian vector bundle £p, the linear map 77, and the
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filtration of I'(V;,, L®P) by the order of vanishing read as the following estimates (compare
[Bos01], (4.18)):

~ i i - =R +=»RD —i =&t «=®D
m(Ep) < Zrk((ED/Ez;rl) deg(ty ®@P L)+ K : QIn(Ep.ty ®P L7, 45| -
rk Ep =
- B (4.10)
The left hand side of (4.10) is the slope of £p:
5y . dea (Ep)
AEp) = rtk Ep

— ~RX1 — . .
Recall also that h(é’D,toZ ® 73*£®D,'yZD) denotes the height of the linear map ~},. By
definition, it is given by the sum of the “local norms” of

=i 9 «7OD i i i
(K :Qh(Ep,ty @PL " 9p)= >, loglple+ Y loglblle,
pESpec O \{0} 0:K—C

where the archimedean norm |74/, has the same meaning as above, and where the p-adic
norm [|vp||p is defined as the operator norm of

’yiD,Kp . EiD,Kp I— TPV[(?I;L ® L%,?(p7
defined by using the I;iadic n;))rm on Eb Kp (resp. on TVPVI‘?[? ® L%’?{p) defined by the lattice
i * (R ®
5}37(% (resp. by P*(t5" ® L% )o,).
As shown in [Bos01], Proposition 4.4, the left hand side of (4.10) satisfies the following
lower bound, where ¢ denotes some positive constant, and D any natural integer:

A(Ep) > —cD. (4.11)

To derive an upper bound on the right hand side of (4.10), first observe that
deg iy © PL®P) = —idegio + D deg L. (4.12)

To estimate the height of 'yj:), recall that, from the definition of the p-adic sizes Rp, it
follows that, for any p € Spec Ox \ {0},

”’YiDHp < Rgl

(see [Bos01], Lemma 3.3 and 4.9). Consequently,

—i = « =D . _ i
[K:Q]h(Ep,tyg @P*L™ " ,7p) <i Z long1 + Z log [|7p|lo (4.13)
pESpec O \{0} o:K—C

Moreover, the archimedean norms |74 ||, satisfy the Cauchy type estimates (3.1) and (3.2).
Therefore, there exist constants a and 3, such that, for any non-negative inetegers D and
i

> logllvpllo < ai+ BD. (4.14)
o:K—C
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From (4.13) and (4.14), we already derive the existence of some constant ¢(\) such that,
for any natural integer D,

1
rk Ep

i i EP =i S * i
S wk(Bp/E) [~idegho + (K QhEp.fo @ PL79p)] < cN)D.
0<i<AD
(4.15)
The slope inequality (4.10), combined with the lower bound (4.11) on its left hand side
and with (4.12) and (4.15), leads to the estimate:

—_ — 1 . . — . 7 — .
—eD < Ddeg P Le(N)D+——— S 1tk (EL/ES) [—idegto + [K : QAEL. iy @ P L 4] .

rk F
D isxp

(4.16)
Moreover, (4.8) and (4.13) show that, if ¢ > AD, then

—idegly + [K : Qh(Ep.iy @ P L %) < —id.
Together with (4.16), this leads to the upper bound

>_i>xp(i/D)rk (Ep/ERY) Lot c(N) + deg P*L
rk Ep - d

and concludes the proof.

4.5 Analytic germs with positive canonical semi-norms

In this section, we apply our algebraization theorem to investigate the canonical semi-norm
associated to a germ of smooth analytic curve in the affine plane A?(C).

We may restrict to analytic germs C' through the origin (0,0) in A%(C), the restriction
to which of the first projection

A2 - Al

(21,22) — =1
is étale. These germs are exactly the germs of the form
C, := Graph(y),

where

is a complex formal series with positive radius of convergence. For any such germ, we let

0 , 0
UCP T 821 + v (0)8,22'

It a basis vector of the complex line T{g,g)Cl,.
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Observe that, according to Corollary 3.8, for any such series ¢ of radius of convergence
at least 1, we have:
lvellaz,0,0),c) < 1.

Moreover, as observed in section 3.4,

Vel (a2,0,0),c,) =0

when C,, or equivalently ¢, is algebraic.

Besides, if the coefficients a,, of the series ¢ are integers, then the formal germ V through
the origin in Aé defined as the graph of ¢ seen as a formal series is analytic at every place.
Actually it is straightforward to check that, for any prime number p, the p-adic size of this
germ, computed with respect to the model A%p is 1 and that, with the notation of Theorem

4.2 applied with K = Q, X = A2, and X = A2, we have:

degt = —log [|vy|l(a2,(0,0),0,)-

According to Theorem 4.2, the germ C, is therefore algebraic if
lvell(a2,00,0),0,) < 1-

These observations establish the following proposition:

Proposition 4.4 If (z) = :3 anz™ is an element, vanishing at 0, of the ring R of for-
mal series with integer coefficients whose complex radius of convergence is > 1, then either

(i) p is algebraic and ”%H(A%(0,0),C@) =0, or (ii) ¢ is not algebraic and ||v@||(A2,(070)7C¢) =1.

It is not difficult to prove that, in case (i), the series ¢ is actually the expansion of a
function in Q(2)!°. We shall not use this fact in the sequel.

Observe that the set of algebraic elements of R, vanishing at 0, is infinite countable
(indeed the Zariski-closure in A2 of a germ C, with ¢ € Q[[z]] is defined over Q). Therefore
the set of series of type (ii) in Proposition 4.4 constitute a set with the power of the
continuum. Explicit elements of this set are provided by lacunary series such as

—+o0 X
p(z) =) 2%,
k=0
or, more generally, by the series

+oo
on(z) = Z 2",
k=0

10T his a special case of Proposition 2.1 and Corollary 2.2 in [Har88], which may be established as follows.
For any holomorphic function ¢ over the open unit disk D(0, 1) that is algebraic over C[t], there is a non-zero
polynomial @ in C[t] such that Qe is integral over C[t], and therefore extends to a continuous function on
the closed disk D(0,1). In particular the coefficients of the Taylor expansion of Q¢ at 0 converge to 0. If
moreover f belongs to R, then @ may be chosen in Z[t], and consequently these coefficients belong to Z,
and only a finite number of them does not vanish.
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where n = (ng)ken is a sequence of positive integers such that

inf L S (4.17)
keN np

Indeed, according to a classical theorem of Hadamard, the holomorphic functions on the
unit disc D(0,1) defined by such series admit the full circle 9D(0, 1) as natural boundary,
and therefore cannot be algebraic.

Observe also that, for any polynomial P in C[z], vanishing at 0, the automorphism

Tp : A% — A%
(21,22) > (21,22 + P(21))

of AZ transforms the germ C,, into the germ Cp.,, and its differential DTp(0,0) maps vy,
to vpyy,. In particular,

[vP+oll(a2,00,0),0p4,) = lIVellaz,0,0),c.)-

In particular, for any P € C[z] and any non-algebraic element of R vanishing at 0,

0P+l (a2,00).Cpsp) = 1-

This construction shows in particular that, amongst the series ¢ holomorphic on the unit
disk, the ones such that [[v,||(a2 (0,0),c,) = 1 are dense in the topology of uniform conver-
gence on compact subsets of D(0,1).

4.6 Application to differential equations

We finally discuss how our algebraicity criterion Theorem 4.2 may be applied to ordinary
differential equations.

As in the situation C described in the introduction, we consider a smooth variety X over
a number field K, a point P in X (K) and a sub-vector bundle F of rank 1 of the tangent
bundle T'x/f, and we are interested in the algebraicity of the formal germ of integral curve
1% through P.

The conjecture of Grothendieck-Katz has been generalized to possibly non-linear dif-
ferential systems by Ekedahl, Shepherd-Barron, and Taylor ([ESBT99]) as the following
question:

With the notation above, does the condition GK-—which asserts that almost all the
reductions of F' modulo a prime ideal p of Ok are closed under the p-th power map—imply
the algebraicity of V' ¢

Observe that the formal germ Vs analytic at every place and that, when moreover
the condition GK is satisfied, we may apply the lower bound (4.2) to Vi, for almost every
non-zero prime ideal p in Ok. Therefore, under this assumption, the sizes Ry defined as in
Corollary 4.3 satisfy the following lower bounds:

Ry, > 0 for every p € Spec Ok \ {0}
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and
[Kp:Qp]

Ry > p »@-1) for almost every p € Spec O \ {0}.

(As usual, p denotes the residue characteristic of p.) In particular, the product

II Rp

pESpec Ok \{(0)}

is positive. Together with Corollary 4.3, this establishes the following;:

Proposition 4.5 If a sub-line bundle F' of the tangent bundle Tx of smooth variety X over
a number field K satisfies the condition GK, then its formal germ of integral curve through
a point P in X(K) is algebraic if (and only if), for at least one embedding o : K — C, the
canonical semi-norm H'H(XU,PU,%) vanishes.

Consequently, the conjecture of Grothendieck-Katz and its non-linear generalization
leads us to wonder wether the canonical semi-norm attached to a germ of integral curve of
a complex algebraic differential equation always vanishes.

It seems quite sensible to expect that this is true for linear differential equations. Accord-
ing to Proposition 4.5, this would establish the original conjecture of Grothendieck-Katz.
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A Appendix: extensions of sections of large powers of ample
line bundles

A.1 Recall that a continuous metric ||.|| on a line bundle L over an analytic space X is
called positive if, for any trivializing section s of L over an open subset U of X, the function
log ||s|| 7! is strongly plurisubharmonic on U.

In this Appendix, we prove the following sharp version of Proposition 3.5, concerning
line bundles equipped with positive metrics :

Theorem A.1 Let X be a complex projective variety, Y a closed subvariety of X, L an
ample line bundle over X, and ||.| a positive metric on L. There exist an integer Dy > 0
and, for any € > 0, a positive real number C. satisfying the following condition: for any
integer D > Dq and any s € T(Y, L®P), there exists 5 € T'(X, L®P) such that

§‘y:S

and
18] Lo (x) < CeeP ||| oo (v)- (A1)

Since the validity of Proposition 3.5 does not depend on the choice of the metric on L,
and since any ample line bundle on a projective variety admits a positive metric, Theorem
A.1 implies Proposition 3.5.

Observe that, besides the proof of Proposition 3.4, Theorem A.1 also possesses applica-
tions to Arakelov geometry, in the study of heights of cycles and subschemes (cf. [Zha95],
[Ran02]). Actually, similar results have been established in the literature by means of L? es-
timates ¢ la Hormander. However, they are often less precise, and require some smoothness
hypothesis on X and Y (see for instance [Man93|, [Zha95] Theorem 2.2, [Dem00], [Ran02]
section 3.1.1). The proof that we present in this Appendix is based instead on the classical
finiteness results of Grauert on strictly pseudo-convex domains (in the spirit of the proof of
Satz 2 in [Gra62], p. 343) and the Banach open mapping theorem, and allows us to handle
singular varieties as well.

A.2 Specifically, we shall use the following theorem of Grauert, which he established in
course of his famous solution of the Levi problem ([Gra58], Proposition 4, p. 466; in this
paper, Grauert considers only analytic manifolds, however, as observed in [Gra62], p. 344,
the proof immediately extends to analytic spaces):

Theorem A.2 Let M be a reduced complex analytic space and €2 a relatively compact open
subset of M, with strictly pseudo-convex boundary. For any coherent analytic sheaf F on

Q, the cohomology group H'(Q; F) is finite dimensional.

Besides, we shall use the following version of the open mapping theorem (see for instance
[Bou81], 1.28 exercice 4), and 1.19 Corollaire 3):

Theorem A.3 Let E and F be two Fréchet spaces and u : E — F a continuous linear
map.
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If cokeru = F/u(E) is finite dimensional, then u(E) is closed in F and the map
u: E — u(E) is open. In particular, for any continuous semi-norm p on E, there exists a
continuous semi-norm q on F' satisfying the following condition: for any y in u(E), there
exists x in E such that

and

A.3 In the sequel, the algebra of analytic functions on some complex analytic space M will
be denoted O**(M).

Let X, Y, L, and || || be as in the statement of Theorem A.1, and let || || also denote the
metric on L dual to the metric || || on L. We may consider the total spaces V(X, L) and
V(Y, L) of the line bundle L over X and Y, and, for any r € R%, the disk bundles

D(X,r) — V(X,L)(C)

and
D(Y,r) — V(Y,L)(C),

formed by the elements v in the fibers of L such that |Jv|| < . These are relatively compact
open subsets of the analytic spaces V(X,L)(C) and V(Y,L)(C), and their boundary is
strongly pseudo-convex, as a consequence of the positivity of the metric || || on L.

We shall also denote by D(X) (resp. D(Y")) the unit disk bundle D(X, 1) (resp. D(Y,1)).
Observe that the closed embedding of complex algebraic varieties

i:V(Y,L) — V(X,L)
restricts to a closed embedding of analytic spaces

j: DY) — D(X).

For any r €]0, 1], we denote || ||x, (resp. || [[y,-) the norm || ||z oc(p(x,)) (resp. the norm
I (i) on O™(D(X)) (xesp. on O(D(Y))). The family of norms (|| [lx,r)rejos
(resp. (|| llv.r)rejo,1)) defines the natural Fréchet space structure on O**(D(X)) (resp. on
O*(D(Y)))-

The spaces V(X, L) and V(Y, L) are equipped with natural G,,-actions, defined by the
action of homotheties on fibers of L, and the imbedding i is G,,-equivariant. These actions
restrict to analytic actions of

Ul) ={ueC]||u =1}

on D(X) and D(Y), and, for any integer k, we shall define O*"(D(X)); as the subspace of
O*"(D(X)) consisting of the analytic functions f on D(X) such that, for any v € U(1) and
any z € D(X),

fluz) =u"f(2).
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One defines a projection

pxk s OM(D(X)) — O™(D(X))k
by letting

pxk(f)(2) = /01 e~ 2Tkt £ (i) dt
It is continuous; indeed, for any r €]0,1[ and any f € O**(D(X)),

lox.k ()l xr < 1 flx0 (A.2)

Observe also that O*(D(X)); may be identified with the vector space I'(X, L&*) of
algebraic regular—or equivalently, of analytic—sections of L®* by means of the map which
sends s € I'(X, L®*) to the analytic function f on D(X) defined by

f(2) == (s(n(2)), 2%%)  for any z € D(X).

(Observe that s(m(z)) belongs to the complex line Lf?’i , and 2®* to the dual line L®F.)
Moreover, with the above notation, the norms of f and s are related by:

1Fllxr = 75 [Is]] e x)- (A.3)

Similarly, we may define a subspace O*(D(Y)) of O**(D(Y)), and a projection
pyik : O(D(Y)) — O"(D(Y))p.

The subspace O*(D(Y)); may be identified with T'(Y, L®), and (A.3) still holds (with Y
instead of X'). Moreover, for any f € O*(D(X)),

pyi(fipe)) = xp(f)pv)- (A.4)

A.4 Consider the ideal sheaf Zyy 1) of V(Y, L) in V(X, L) and the associated short exact
sequence of sheaves of Oy(x,r)-modules:

0 — Zywv,r) — Ovx,r) — Oy,r) — 0.
This sequence induces a short exact sequence of analytic coherent sheaves on D(X):
0 — Ip(yy — Obix) — 3xOpy) — 0,

and, consequently, by taking the cohomology on D(X ), an exact sequence of complex vector
spaces

O™(D(X)) = O*(D(Y)) — H'(D(X); Iply)),
where p denotes the restriction map from functions on D(X) to functions on D(Y').

According to Theorem A.2, the cohomology group H'(D(X );I%Il(y)) is finite dimen-
sional. Therefore, by Theorem A.3, p(O*"(D(X))) is a closed subspace of O*"(D(Y)), and,
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for any positive €, there exists C. and 7(g) €]0,1[ such that, for any f € p(O*(D(Y))),
there exists f € O*"(D(X)) mapped to f by p such that

1Fllx.e~ < Cell fllyrie): (A.5)

The restriction morphism p is clearly equivariant with respect to the U(1)-action on
O*(D(X)) and O**(D(Y")). Therefore its cokernel—which is a finite dimensional separated
locally convex complex vector space—is naturally endowed with a continuous action of U (1),
and consequently, may be decomposed as a finite direct sum

coker p = @(coker Pk
kel

where (coker p); denotes the subspace of coker p on which U(1) acts by the character (u —

Let Dg be any non-negative integer larger that all the integers in I. Then, for any
integer D > Dy and any s € I'(Y, L®P), the class in coker p of the function f € O**(D(Y))p
associated to s vanishes, and therefore f may be written p( f), where f is an element of
O(D(X)) satisfying (A.5). Moreover, (A.4) and (A.2) show that, by replacing f by
px.p(f), we may also assume that f belongs to O*(D(X))p. Then the corresponding
section § in I'(X, L®P) satisfies

§‘y =S

and, according to (A.5) and (A.3),
e P3| oo (x) < Cer(e)P|5]| poo (-

Since r(e) < 1, this establishes the required estimate (A.1).
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