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Abstract. We generalize previous results (121, [3], 141. etc.) relative to the cyclic homology and 
cohomology of the group algebra of G. In many cases, we express them in terms 
of the (co)homology of the discrete groups Z(U) = Z (,1)/C (II). where < II > runs 
through the set of conjugacy classes of (r’ and where Z (u) (resp. (1 (u)) denotes the 
centralizer of ‘11 (resp. the cyclic group generated by ,u). 

Cohomologie cyclique pkriodique d ‘al&bres de groupes 

RCsum& Nous g&krc~lisnn.s les rksultats de d$fiirent.r cruteurs (121, 131. [4]. etc.) SW 1 ‘IzomoloRiu 
et lu cohomologie cycliques dry I’ulgPhw d’un groupe G. Dans dry nomhreux CCI.Y, nous 
les exprimons en termes de (cojhomologir des groupes discrets ?? (?I) = Z (u)/C’ ((I), 
oii < II > put-court l’ensemhle des clusses de cor+gaison de G. Z (~1) (resp. C1 (71)) 
dPsignnnt le centrulisuteur de ‘0, (resp. le group q~cliqw engendrt par 71,). 

Version francaise abrbge’e 

Soient R un anneau commutatif et R[G] I’algitbre du groupe G. Plusieurs auteurs ([2], [3], [4], 
etc.) ont CtudiC l’homologie et la cohomologie cycliques de R[G]. D’aprks [2] et 141 par exemple, 
on a J’isomorphisme HC, (X [G]) ” C H, (BG (71)). oti < ~1 > parcourt I’ensemble des classes de 

<lb> 
conjugaison de G et oti G (76) = R xz Z (II). Dans cette formule, Z(U) dkigne le centralisateur de 
u et Z opbe sur R et Z (u) via la translation par 1 et *U respectivement; I’homologie est prise B 
coefficients dans R. L’homologie cyclique se dkompose ainsi en HC,.II (I? [G]) x HC&,, (I? [G]), oti 

la composante HC,11 (resp. HCk,,,I,) correspond aux ClCments II, d’ordre fini (resp. infini). 
La composante HCllyp a CtC dkterminke essentiellement dans [2] et le but de cette Note est 

de calculer la composante HC,ll en fonction de I’homologie d’tiilenberg-Mac Lane des groupes 
z(7,) = Z (u)/C (u), C (II) d’ “g es1 nant le groupe cyclique (fini) engendre par 71. Cette analyse se fait 

Note prCsentCe par Alain CONNRS. 
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plus commodtment en cohomologie cyclique par I’intermCdiaire de la suite spectrale associte 2 la 
fibration BS’ -+ BG ( IL) + B??(u). La premiirre diffkrentielle non triviale d3. de cette suite spectrale 
s’inskre dans la suite exacte 

H’ (BZ (II.)) i Hz (BG (1~)) - H” (BS++H” (RI, (76)) + H” (BG (76)) 

Soient 0 le gCn&ateur canonique de H2 (BSl: Z), /j : H2 (By; Z/T).) -+ H” (B??(u): Z) 
l’homomorphisme de Bockstein et t: la classe dans Hz (Bz(o): Z/m) de l’extension centrale 

1 f z/71. = c (76) + Z(u) + z (7b) + I 

Nous montrons alors que di3 (0) est l’image /3~ (v) de /j(c) par le morphisme nature1 
H’ (By; Z) + Hz’ (BZ(7r): X). Nous en dCduisons le thCort?me suivant (qui contient comme 
cas particulier le thkorkme principal de [4]) : 

THBOR~GME. - Supposons que [Jo (c) = 0 pour une classe de conjugaison < u >. La cohomologie 
H* (BG(,u)) t 1 es a ors isomorphe ir l’alg&bre tensorielle H* (BS’) @ H* (Bz(1~)) g H* (B??(u)) [t], 
oci t est de degre’ 2. Dans le cas oli cette proprie’tr’ est vraie pour toute classe de co@gaison elliptique 
< IL > de G, on a done 

HC:,, (R [G]) g n H* (BS’) @I H* (BZ (PL)) ” n H* (Bz(u)) [t] 
< II ><,I1 <,,>,-I1 

Soit {iln} une famille de groupes abeliens. Now difinissons le <c produit rkduit D A = 
n’ A,, [t, t-l] comme la limite inductive du systkme dknombrable CO,,), oti B,, = n A,, [t], 

1”application &, + D,,+l Ctant dCfinie via la multiplication par t. Un ClCment de A seut Ctre 
identifi6 formellement 2 une famille de polyn8mes laurentiens arr (t) E A,, [t. t-l], oti les exposants 
nCgatifs de t sont uniformement minor&s. Le calcul suivant de la cohomologie cyclique pCriodique 
de R[G] est une const?quence directe des observations pr&dentes. 

TH~OR~ME. - Pour chaque classe de conjugaison < II >, oil U. est d’ordre ,fini dans G, supposons 
que [jn (f:) = 0. Alors HP:,, (R [G]) % fl H* (Bz(u)) [t, t-l]. 

<II>Pll 

Remarques. - 1. Avec toujours la mEme hypothkse jj~ (e) = 0 pour tout < 71, >, nous pouvons 
dCmontrer un risultat analogue pour I’homologie cyclique piriodique. Si nous supposons G fini (pour 
6viter des problkmes de limite projective), nous avons alors les isomorphismes suivants : 

HPO(RIG]) ” fl nH2k (Bz(,/,)) et HP1 (R[G]) ” n nH2,,+1 (B~(,(L)) 
<!I> I, <I!> I, 

2. Si [3n (e) # 0, les calculs pr6cCdents ne sont pas valables en g&n&al. Comme exemple, nous 
pouvons choisir G = &, le rev&ement & deux feuillets du groupe altern. A5 et R = Z/2. Soit 
II 1’ClCment central de G d’ordre 2. Alors H* (BG (71)) ” Z/2 [TJ~] ~1 E (z3) [S], oti 0 est dCfini 
ci-dessus. Cette cohomologie est diffkrente de celle de BS1 x BA,. De ce calcul, nous deduisons 
aussi l’isomorphisme suivant : HP* (BG (1~)) 1 Z/2 [,v4] @ E (z3) [H: HP’]. 
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1. Introduction and notations 

1.1. Let R be any commutative ring. Cyclic (co)homology of the group algebra R[G] has been 
extensively studied by various authors (ser [2], [3]. 141, etc.). According to [2] and [4] for instance, 
the cyclic homology can be expressed as the following direct sum 

HC, (R [G]) ” c H, (BG (u)) 
<(I> 

Here < 1~ > runs through the set of all conjugacy classes of elements ‘U in G; Z (u) is the centralizer 
of 71 and G(U) the topological group R xz Z (u), where Z acts via the translation by ‘u (resp. 1) 
in the group Z(U) (resp. R). In this formula, BI7 is a general notation for the classifying space 
of the topological group I‘ and H, is the homology with coefficients in R. An analogous formula 
holds for cyclic cohomology (using products instead of sums and the cohomology of BG (u) instead 
of its homology). 

1.2. More precisely, the space whose (co)homology groups are the cyclic (co)homology groups can 
be expressed as the disjoint union of the BG (II). The “elliptic” (resp. “hyperbolic”) case, according 
to the terminology of [2]. corresponds to the case where ‘IL is of finite (resp. infinite) order. Therefore, 
we can split the cyclic (co)homology as the product 

H’%I CR [Gl) x HG,yI, (R [G]) 

according to conjugacy classes of elliptic and hyperbolic elements respectively. The periodic cyclic 
cohomology HP’ (R [G]) (resp. HP1 (R [G])) is the direct limit of the groups HC”“’ (R [G]) (resp. 
HC”“” (R [G])) by the S-map of Connes. It also splits as the product of an hyperbolic and an 
elliptic part. 

1.3. The hyperbolic summand is easy to determine according to [2]: the space BG (71) is homotopically 
equivalent to BZ (u), where Z(U) is the quotient group Z (u)/C (u) with the C (7~) = the cyclic group 
generated by U. Let us consider now the following fibration 

If ,Y,~ denotes f* (H), where H is the canonical generator of H’ (CP-), then HP* (BG (11)) is 
isomorphic to H* (BZ (9~)) (x;‘) and HI’;,,,,, (R [G]) 2 n H* (I32 (7~)) (XL’). at least if the 

<u>hyp 

number of conjugacy classes < ‘(1 > is finite. 

2. The elliptic case 

2.1. Let us consider now the case where 71 is of finite order 71, which is more difficult to handle. In 
that case, we have the isomorphism G (u) = R x z Z (7~) E S1 xz,, Z (u), where Z/n is embedded in 
S’ as roots of the unity and embedded in Z (71.) as C (IL). We consider now the cohomology spectral 
sequence associated to the fibration 

BS1 + BG (IL) + Bz(7~) 
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where 2 (u) is again the quotient group Z (u)/C (7~). It implies the exact sequence 

Hz (BZ(u)) - H’(BG (1~)) + H2 (BS’)y’:H” (B?$)) - H” (13G (71)) 

where d3 is the first non-trivial differential. 

2.2. LEMMA. - Let H he the canonical generator of H* (BSl). Then d3 (H) is the image bn (e) 
of L-1 (e) by the homomorphism Hz (Bz (11): Z) -+ H” (By; I?). Here /-I : H’ (B??(u); Z/U) + 
H” (Bz (II,); Z) is the Bocksreit~ homomorphism and f: is rhe class in 11’ (BZ (IL): Z/n) of the central 
e.xtension 

1 * z/71 = c (u) --f z (76) --+ Z(,lL) + 1 

Sketch qf the proof, - It is enough to prove the theorem when R = Z. The class E can be 
thought of as the image of the tautological element in H1 (BC (1~)); C (u)) % Hz (B’C (u); C (PL)) 
by the homomorphism H2 (B’C (w); C(U)) - H2 (B’1S(u); C(U)), induced by the classifying 
map of the principal fibration BZ (II) + By. On the other hand, let us consider the map 
~1:~ : H2 (BC (u)) - H” (B”C: (u)), associated to the cohomology spectral sequence of the fibration 
UC (16) + EBC (w) + B2C (‘II). It is an isomorphism and we have the commutative diagram 

H* (BC: (II,)) - H” (Bz (u)) 

II II 

H’ (BC (.I/,)) -5 H” (B’C (II.)) 

Since the generator of H’ (BC (7~); Z) ” Z/n is the Bockstein of the canonical generator of 
H1 (BC (7~)): C (1~)) ” Z/71, the lemma follows. 

2.3. THEOREM. - Let R any ring of cocficients and let us assume that ijj~ (e) = 0 for a specijc 
conjugacy class < u >. Then the cohomology H* (BG (u)) IS isomorphic to the tensor algebra 

H* (BS1) @ H* (B!&)) ” H* (BZ(u)) [It], w wre I t is qf‘ degree 2. If this happens to any elliptic 
conjugacy class < II >, we have 

HC;,, (R [G]) F fl H* (BS’) @ H* (By) % n H* (BZ(uj) [t] 
< I/>Pll <II >ell 

Proof. -The hypothesis implies that the restriction map Hz (BG (u)) --f H* (BS’) is onto. Therefore, 
the fiber of the fibration BS’ + BG (u) 4 Bz (9~) is totally homologous to 0 and the spectral sequence 
degenerates: we have H* (BG (u)) % H* (BZ (II)) as cohomology algebras. 

2.4. Remark. - If 71 = 0 in R, we have automatically ,jj~ (e) = 0. 

2.5. If Z (u) is Abelian, we have also /)R (P) = 0. This is due to the fact that G(U) % S1 x E(U) 
as a group over Z(U). The isomorphism S1 XC(~) Z (u) + S’ XC(,,) Z(U) is defined by 
(2, s) c-i (ZE (N)-‘, s), where s E Z(U), s is its class in Z(U) and E : Z(U) + S1 is any 
extension of the inclusion C(U) c S1 sending ~1, to 6: * (C (PL) acts trivially on Z(U)). 

However, our hypothesis in 2.3 is more general than the one formulated in [4], where this argument 
is used, as we can see by the following example. Let Q8 be the quaternion group of order eight 
and let G be the central extension 

1 i Z/2 i G ---f Q8 ----+ 1 

corresponding to a non-trivial element in H* (C&: Z/2) g Z/2 $ Z/2 (see [I], p. 132). Clearly, the 
canonical inclusion C (u) c S’ cannot be extended to Z (II.). However, we have H3 (BE(u); Z) = 0 
in this case (see again [ 11, p. 170). 
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2.6. Remark. - If BZ (e) = 0, we can in fact describe completely the homotopy type of UC: (II). 
In the following sequence of homotopy fibrations: 

BS1 - BG (II) i BZ &B’S’ = K (Z. :$) 

the map X is defined by the Bockstein /jz (c) of the cohomology class e of the extension considered 
in 2.2. Since X = 0, BG (,(l) has the homotopy type of Bz (II.) x II (B”S’) Z Bz (II) x US’. 

3. Computation of periodic cyclic cohomology 

3.1. Let {A,, } be a family of Abelian groups. We define the “reduced product” .4 = n ’ A,, [t, t-‘1 

as the direct limit of the numerable system (I?,,). where B,, = n A,, [t], the map B,, z B,,+, being 

defined as the multiplication by t. An element of ‘4 may be ‘identified formally with a family of 
Laurent polynomials a,, (t) E A,, [t, t-l], w h ere the negative exponents of f are uniformally bounded 
from below. The following complete computation of the periodic cyclic cohomology of /Z[G] is a 
direct consequence of the previous observations. 

3.2. THEOREM. - For errch conjugacy class < II. >, where II, is oj:finite order in G, jr1 LIS ~~.s.surnf’ thut 

[jR (r’) = 0. Then HP:,, (R[G]) ” n’ H” (By) [f. f-r]. 
< U>l~ll 

3.3. Remark. - Under the same hypothesis /In (6:) = 0 for each < II. >, we can prove an analogous 
statement for periodic cyclic homology. If G is finite (in order to avoid inverse limit problems), one has 

<II> k <tr> k 

3.4. Remurk. - If lj~ (c) # 0, the previous results are not true in general. An example can be 
provided with G = A5, the double cover of the alternating group AS and R = Z/2. Let II be the 
central element of G of order 2. Then H* (BG (,(I)) E Z/2 [?:$] ,Z E (z:,) [HI, where H is as before 
the image of the generator of H* (BSl). This is very different from the cohomology of BS’ x DA;,. 
From this computation, we obtain the following isomorphism 

HP* (BG (1~)) ” Z/2 [I:~] @ E (z3) [d. H-l] 
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