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Exercise 1. Consider the following extended arrays,

A =

 0 0 0
0 1 2
0 0 1

∣∣∣∣∣∣
0
1
2

 B =

 1 2 3
0 1 2
0 0 1

∣∣∣∣∣∣
4
5
0

 C =

 1 0 2
0 1 3
1 0 2

∣∣∣∣∣∣
0
1
2



D =

 1 0 0
0 0 1
0 0 0

∣∣∣∣∣∣
0
0
1

 E =

 1 0 2
0 1 4
0 0 0

∣∣∣∣∣∣
1
1
0

 F =

 1 2 3
0 5 6
0 0 8

∣∣∣∣∣∣
4
7
9


G =

 1 1 1
2 3 4
3 4 5

∣∣∣∣∣∣
0
0
0

 H =

 2 −3 5
1 1 1
−2 −2 −2

∣∣∣∣∣∣
1
0
1

 J =

 1 2 3
2 4 6
1 −1 1

∣∣∣∣∣∣
1
2
5


For each of them,
a) say whether it is on row echelon form or not.
b) say whether it is on reduced row echelon form or not?
c) write the corresponding system of three linear equations in three variables, and say
whether it has no solution, or exactly one solution, or finitely many solutions, or infinitely
many solutions.

Exercise 2. Can you write an array corresponding to a linear system of three linear
equations in three variables having exactly three solutions?

Exercise 3. Can you write an array corresponding to a homogeneous linear system of
two linear equations in three variables having exactly one solution?

Exercise 4. Can you write an array corresponding to a linear system of three linear
equations in four variables having no solution?

Exercise 5. Using row elementary transformations, compute the inverse of the matrix

A =
(

1 2
3 5

)
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Solution exercise 1
A: not in row echelon form (the first row is zero), hence not in reduced row echelon form.
A row reduced echelon form is  0 1 2

0 0 1
0 0 0

∣∣∣∣∣∣
1
2
0


The associated system is 

0x1 + 0x2 + 0x3 = 0
x2 + 2x3 = 1

x3 = 2

The variable x1 is free, hence there are infinitely many solutions.
B: in row echelon form, but not in reduced row echelon form. There is a unique solution.
C: not in row echelon form, hence not in reduced row echelon form. There is no solution.
D: in reduced row echelon form. There is no solution.
E: in reduced row echelon form. There are infinitely many solutions.
F : not in row echelon form, hence not in reduced row echelon form. There is a unique
solution.
G: not in row echelon form, hence not in reduced row echelon form. There are infinitely
many solutions.
H:not in row echelon form, hence not in reduced row echelon form. There is no solution.
J : not in row echelon form, hence not in reduced row echelon form. There are infinitely
many solutions.

Solution exercise 2
No: either there is no solution, or a single solution, or infinitely many solutions.

Solution exercise 3
No: when the number of variables of a homogeneous linear system is bigger than the
number of equations, there are infinitely many solutions.
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Solution exercise 4
For instance  0 0 0 0

0 0 0 0
0 0 0 0

∣∣∣∣∣∣
0
0
1


Solution exercise 5
Use the elementary matrices

E1 =
(

1 0
3 1

)
, E2 =

(
1 2
0 1

)
, E3 =

(
1 0
0 −1

)
,

write

A =
(

1 2
3 5

)
I2 =

(
1 0
0 1

)
,

E1A =
(

1 2
0 −1

)
, E1 =

(
1 0
3 1

)
,

E2E1A =
(

1 0
0 −1

)
, E2E1 =

(
−5 2
−3 1

)
,

E3E2E1A = I2 =
(

1 0
0 1

)
, E3E2E1 =

(
−5 2
3 −1

)
.

and deduce

A−1 = E3E2E1 =
(
−5 2
3 −1

)
.

Remark. The original version of Exercise 3 was:
Can you write an array corresponding to a homogeneous linear system of three linear
equations in two variables having exactly one solution?
The answer is yes, one of many examples is

x1 = 0
x2 = 0

x1 + x2 = 0
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