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Families of Thue equations

The first families of Thue equations having only trivial
solutions were introduced by A. Thue himself.

(a+1)X"—aY"=1.

E. Thomas in 1990 studied
X3 —(a—1)X?Y —(a+2)XY? - Y?=1.

Further work on this equation are due to E. Thomas,
M. Mignote, F. Lemmermeyer.

Abstract

So far, a rather small number of families of Diophantine Thue
equations having only trivial solutions have been exhibited —
explicit families of Thue—Mabhler equations having this property
were not known. We produce a large collection of examples.
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So far, a rather small number of families of Thue curves
having only trivial points have been exhibited. In a joint work
with Claude Levesque, for each number field of degree at least
3, we produce families of curves related to the units of the
number field having only trivial points. Further, we exhibit a
large collection of examples of explicit families of Thue—Mahler
equations having only trivial solutions

Families of Thue equations (continued)
E. Lee, M. Mignotte and N. Tzanakis studied

X3 —aX?Y — (a+ 1)XY> - Y3 =1.

The left hand side is X(X + Y)(X — (a+1)Y) — V3.
|. Wakabayashi studied

X3 —a@XY?+ Y3 =1.
A. Togbé considered
X3 —(n* —2n® +3n —3)X?Y — i’XY? - Y3 = £1.

|. Wakabayashi used Padé approximation for solving the
Diophantine inequality

X3 4+ aXY? + bY3?| < a+|b| + 1.



Families of Thue equations (continued)

E. Thomas considered some families of Diophantine equations
X? = bX?Y + XY?-Y3=1

for restricted values of b and c.

Further work by J.H. Chen, |. Gaal, C. Heuberger,

B. Jadrijevi¢, G. Lettl, C. Levesque, M. Mignotte, A. Pethg,
R. Roth, R. Tichy, E. Thomas, A. Toghé, P. Voutier,

I. Wakabayashi, P. Yuan, V. Ziegler. ..

Surveys by |. Wakabayashi (2002) and C. Heuberger (2005).

Families of Thue—Mahler equations

A more general corollary of our main result is the following :

Corollary

Further, let py, ..., ps be finitely many primes. Then the set of
(X,y,21,...,25,6) EZ*™ x Zy withz; >0 forj=1,...,s,
xy # 0 and ged(xy, p1 -+ - ps) = 1 such that [Q(e) : Q] > 3
and

Fa(Xay) = mpflpszs

is finite.

23

23

New families of Thue equations

Let K be a number field. For each ¢ € Zj, let £.(X) € Z[X]
be the irreducible polynomial of £ over Q. Denote by
d =[Q(e) : Q] its degree.

Set F.(X,Y) = YIL(X/Y). Hence F.(X,Y) € Z|X, Y] is an
irreducible binary form with integer coefficients.

A corollary of our main result is the following :

Corollary
Let K be a number field and let m € K, m # 0. Then the set

{(x,y,e) € xZ}; | xy #0, [Q(c) : Q] >3, F.(x,y) =m}

is finite.

The general equation

Let K be a number field, S a finite set of places of K
containing the infinite places, 1, a1, @, iz nonzero elements
in K. Consider the equation

(X — Oé]_E]_ Y)(X - 042E2Y)(X - OégEgY)Z == ILLE,
where the variables take for values
(x,y,2,61,62,€3,€) € 02 x (05)*.

Trivial solutions are solutions with xy = 0.

Two nontrivial solutions (x, y, z,£1,€2,€3,¢) and

(X', y' 2 ey, ey, €5, ') are called S3—dependent if there exist
S—units 71, 12 and 73 in O¢ such that

/ / -1 /I I I 3
X =X, Yy =Ymn; , Z =272, &; = &iN)3, € = &N12.



The main result

Theorem
The set of classes of S3—dependence of the nontrivial solutions

(x,y,2,61,62,€3,¢) € 0% x (0%)*
of the equation
(X — B Y)(X — B Y)(X — asE3Y)Z = pE
satisfying Card{aue1, apen, azez} = 3 is finite

The number of these classes is bounded by an explicit
constant depending only on K, 1, a1, s, a3 and the rank s of
the group O¢.
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Effectivity

Explicit upper bounds for the number of solutions or for the
number of classes of solutions are obtained by means of
quantitative versions of the Subspace Theorem of

W.M. Schmidt, but effective bounds for the solutions or for
the heights of the solutions are not available in general.

In a few special cases we are able to produce effective results
(work in progress).
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A “special’ case

It turns out that the special case of the equation
X=Y)X-EY)X-EKEY)=E

is equivalent to the general case.

Two solutions (x,y,e1,e2,¢) and (X, y', &},¢5,€') in

0% x (0%)? of this equation are called S—dependent if there
exists 7 € OZsuch that

I I I /o /I 3
X =X,y =Y, & =¢&1, & = &2, € =EN".

Theorem

The number of classes of S—dependence of the solutions
(x,y,e1,62,6) withey # 1, g5 # 1, &1 # £, of the equation
(X = Y)X = EY)(X —EY)=E is finite.

The norm Ng

Let o € K*. Write the fractional ideal («) of K with respect
to Zk as AB, where 2 is a product of prime ideals which are
not above the finite places of S, while 5 is a product of prime
ideals which are above the finite places of S. Denote by Ns(«)
the norm of the ideal 2.

Hence, for a € K, we have a € Og if and only if 2 is an
integral ideal of Z.
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Remarks on the norm Ng

e The S—units of K are the elements ¢ in Og such that
Ns(E) =1.

elncase S =S, then Os = Zk, O = Zj and Ng is the

absolute value of the usual norm [N q].

e In case K = Q, for x € Q*, we have

Ns(x) = H p?™) for x =+ H p» ().
pgS P
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Equivalent binary forms

Two binary forms F(X, Y) and G(X, Y) in Os[X, Y] are
called S—equivalent if there exist o, 3,7,9 in Os and 7 in O¢
satisfying ad — By € OZ and

G(X,Y)=nF(aX + LY, v X +5Y).
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Thue—Mahler inequality

Let m be a positive integer and F € K[X, Y] a binary form.
Two solutions (x, y), (x’,y’) of the inequality

0 <Ns(F(x,y)) <m

are called dependent if there exists n € K* such that x’ = nx
and y' = ny.

This inequality is nothing else but a finite collection of
Thue—Mabhler equations.

Evertse — Gyory

Let K be a number field, S a finite set of places of K
containing the archimedean places and n an integer > 3.
Denote by F(n, K, S) the set of binary forms F € Os[X, Y] of
degree n which split in K[X, Y] and for which the
decomposition into linear factors contains at least three
distinct linear factors.

Then, for any m > 0, there are only finitely many
S—equivalence classes of binary forms F in F(n, K, S) such
that there are more than two independent solutions

(x,y) € Os x Os to the inequality

0 < Ns(F(x,y)) < m.
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The forms F. and the set £

Let K be a number field, S a finite set of places of K
containing the archimedean places, n an integer > 3,
ai,...,q, elements in K* and F € K[X, Y] the binary form

FIX,Y)= (X —a1Y) (X —aaY) - (X —a,Y).

For e = (e1,...,e,) € (OF)", denote by F. € K[X, Y] the
binary form

FA(X,Y)=(X—a1e1Y)(X —aneaY) - - (X — anenY).
Denote by £ the set of € in (OZ)" such that &g = 1 and

Card{aie1, azea, ..., ape,t > 3.
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Connection with the result of Evertse-Gyory

Let e € £\ E*. There are only finitely many e € £\ £* such
that the two binary forms F. and F. are S—equivalent.

From our main result we deduce :
For each m € N and each € € £ outside a finite set
(depending on m), the inequality

0< Ns(FQ(X,y)) <m
has no solution (x,y) € Os x Og with xy # 0.

Therefore we obtain an infinite number of S—equivalence
classes of binary forms which produce Thue—Mahler
inequalities 0 < Ns(F(x,y)) < m having only trivial solutions.

19/23

F.(X,Y) =

(X —a1e1Y)(X — aperY) - - - (X — apenY)

Proposition
There exists a finite subset £* of £ such that, for any
e €&\ E* and any (x,y) € Os x Os, the condition

Fe(x,y) € O%

implies xy = 0.
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Connection with a result of P. Vojta

Let D be a divisor of P" with at least n + 2 distinct
components. Then any set of D—integral points on P" is
degenerate (namely : is contained in a proper Zarisky closed
set).

With n = 4, with projective coordinates (X : Y : Z: E; : E)
and with the divisor

ZEEEX-Y)XZ-EY)XZ-EY)=0
on P*, one deduces that the set of solutions of the equation
X-Y)X-EY)X-EY)=E
is degenerate.
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Sketch of proof of the main theorem

Let oy, ap, asz, i be nonzero elements of the number field K.
Consider a solution (x, y, z,£1,€2,€3,¢) in O} x (O%)* of the
equation

(X — CV1E1 Y)(X — OézEgY)(X — OC3E3Y)Z = ,U,E
satisfying xy # 0 and Card{a;e1, apen, a3e3} = 3

(x — a1e1y)(x — aneay)(x — aszesy)z = pe.
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Sketch of proof of the main theorem (continued)

Set fj = x — ajejy (j =1,2,3), so that 313,33z = pue.
A la Siegel, eliminate x and y among the three equations

1 =x — aiery, P2 = X — aneay, B3 = x — azesy.
We deduce
Uip — Uy3 + Uz — Upy + u3p — Uzp = 0,

where

(1,=1,2,3, i #J).

This is a generalized S—unit equation with six terms. But
nontrivial subsums may vanish. ..

uj = ai€ip),



