
N
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K

hon
K

aen
U

niversity.

N
um

ber
T

heory
D

ays
in

K
K

U
http

://202.28.94.202/m
ath/thai/

H
istory

o
f
irratio

n
al

an
d

tran
scen

d
en

tal
n
u
m

b
ers

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
de

Jussieu
&

C
IM

P
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http
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A
bstract

T
he

transcendence
proofs

for
constants

of
analysis

are
essentially

all
based

on
the

sem
inal

w
ork

by
C
h.

H
erm

ite
:
his

proof
of

the
transcendence

of
the

num
ber

e
in

1873
is

the
prototype

of
the

m
ethods

w
hich

have
been

subsequently
developed.

W
e

first
show

how
the

founding
paper

by
H

erm
ite

w
as

influenced
by

earlier
authors

(Lam
bert,

E
uler,

Fourier,
Liouville),

next
w
e

explain
how

his
argum

ents
have

been
expanded

in
several

directions
:
P
adé

approxim
ants,

interpolation
series,

auxiliary
functions.

2
/
79

N
um

bers
:
rational,

irrational

N
um

bers
=

real
or

com
plex

num
bers

R
,
C

.

N
atural

integers
:
N

=
{0,1,2,...}.

R
ational

integers
:
Z

=
{0,±

1,±
2,...}.

R
ational

num
bers

:
a/b

w
ith

a
and

b
rational

integers,
b

>
0.

Irreducible
representation

:
p
/q

w
ith

p
and

q
in

Z
,
q

>
0

and
gcd(p

,q
)

=
1.

Irrational
num

ber
:
a

real
(or

com
plex)

num
ber

w
hich

is
not

rational.

3
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N
um

bers
:
algebraic,

transcendental

A
lgebraic

num
ber

:
a

com
plex

num
ber

w
hich

is
root

of
a

non-zero
polynom

ial
w

ith
rational

coeffi
cients.

E
xam

ples
:

rational
num

bers
:
a/b,

root
of

bX
−

a.
√

2,
root

of
X

2−
2.

i,
root

of
X

2
+

1.

T
he

sum
and

the
product

of
algebraic

num
bers

are
algebraic

num
bers.

T
he

set
of

com
plex

algebraic
num

bers
is

a
field,

the
algebraic

closure
of

Q
in

C
.

A
transcendental

num
ber

is
a

com
plex

num
ber

w
hich

is
not

algebraic.
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Irrationality
of √

2

P
ythagoreas

school

H
ippasus

of
M

etapontum
(around

500
B
C
).

S
ulba

S
utras,

V
edic

civilization
in

India,∼
800-500

B
C
.

5
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Irrationality
of √

2
:
geom

etric
proof

•
S
tart

w
ith

a
rectangle

have
side

length
1

and
1

+
√

2.
•

D
ecom

pose
it

into
tw

o
squares

w
ith

sides
1

and
a

sm
aller

rectangle
of

sides
1

+
√

2
−

2
=
√

2
−

1
and

1.
•

T
his

second
sm

all
rectangle

has
side

lenghts
in

the
proportion

1
√

2
−

1
=

1
+
√

2,

w
hich

is
the

sam
e

as
for

the
large

one.
•

H
ence

the
second

sm
all

rectangle
can

be
split

into
tw

o
squares

and
a

third
sm

aller
rectangle,

the
sides

of
w

hich
are

again
in

the
sam

e
proportion.

•
T

his
process

does
not

end.

6
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R
ectangles

w
ith

proportion
1

+
√

2
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Irrationality
of √

2
:
geom

etric
proof

If
w
e

start
w

ith
a

rectangle
having

integer
side

lengths,
then

this
process

stops
after

finitely
m

ay
steps

(the
side

lengths
are

positive
decreasing

integers).

A
lso

for
a

rectangle
w

ith
side

lengths
in

a
rational

proportion,
this

process
stops

after
finitely

m
ay

steps
(reduce

to
a

com
m

on
denom

inator
and

scale).

H
ence

1
+
√

2
is

an
irrational

num
ber,

and
√

2
also.
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T
he

fabulous
destiny

of √
2

•
B
enôıt

R
ittaud,

É
ditions

Le
P
om

m
ier

(2006).

http://www.math.univ-paris13.fr/∼
rittaud/RacineDeDeux
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C
ontinued

fraction
T

he
num

ber
√

2
=

1.414
213

562
373

095
048

801
688

724
209

...

satisfies
√

2
=

1
+

1
√

2
+

1 ·

H
ence

√
2

=
1

+
1

2
+

1
√

2
+

1

=
1

+
1

2
+

1

2
+

1...

W
e

w
rite

the
continued

fraction
expansion

of √
2

using
the

shorter
notation

√
2

=
[1;

2,
2,

2,
2,

2,
...]

=
[1;

2].
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C
ontinued

fractions•
H

.W
.
Lenstra

Jr,
S
olving

the
P
ell

E
quation,

N
otices

of
the

A
.M

.S
.

4
9

(2)
(2002)

182–192.
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Irrationality
criteria

A
real

num
ber

is
rational

if
and

only
if

its
continued

fraction
expansion

is
finite.

A
real

num
ber

is
rational

if
and

only
if

its
binary

(or
decim

al,
or

in
any

basis
b
≥

2)
expansion

is
ultim

ately
periodic.

C
onsequence

:
it

should
not

be
so

diffi
cult

to
decide

w
hether

a
given

num
ber

is
rational

or
not.

T
o

prove
that

certain
num

bers
(occurring

as
constants

in
analysis)

are
irrational

is
m

ost
often

an
im

possible
challenge.

H
ow

ever
to

construct
irrational

(even
transcendental)

num
bers

is
easy.
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E
uler–M

ascheroni
constant

E
uler’s

C
onstant

is

γ
=

lim
n→

∞

(
1

+
12

+
13

+
···+

1n
−

log
n )

=
0.577

215
664

901
532

860
606

512
090

082
...

Is–it
a

rational
num

ber?

γ
=

∞∑k
=

1 (
1k
−

log (
1

+
1k )

)
=

∫
∞1

(
1[x
] −

1x )
dx

=
−

∫
1

0

∫
1

0

(1
−

x
)dxdy

(1
−

xy
)
log(xy

) ·

13
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E
uler’s

constant

R
ecent

w
ork

by
J.

S
ondow

inspired
by

the
w
ork

of
F
.
B
eukers

on
A
péry’s

proof.

F
.
B
eukers

Jonathan
S
ondow

http://home.earthlink.net/∼
jsondow/
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Jonathan
Sondow

http://home.earthlink.net/∼
jsondow/

γ
=

∫
∞0

∞∑k
=

2

1

k
2 (

t+
k

k

)
dt

γ
=

lim
s→

1+

∞∑n
=

1 (
1n
s −

1s
n )

γ
=

∫
∞1

1

2t(t
+

1) F

(
1,

2,
2

3,
t
+

2 )
dt.
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R
iem

ann
zeta

function
T

he
function

ζ(s)
=

∑n≥
1

1n
s

w
as

studied
by

E
uler

(1707–
1783)

for
integer

values
of

s
and

by
R
iem

ann
(1859)

for
com

plex
values

of
s.

E
uler

:
for

any
even

integer
value

of
s
≥

2,
the

num
ber

ζ(s)
is

a
rational

m
ultiple

of
π

s.

E
xam

ples
:
ζ(2)

=
π

2/6,
ζ(4)

=
π

4/90,
ζ(6)

=
π

6/945,
ζ(8)

=
π

8/9450···

C
oeffi

cients
:
B
ernoulli

num
bers.
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Introductio
in

analysin
infinitorum

Leonhard
E
uler

(1707
–

1783)

Introductio
in

analysin
infinitorum

17
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D
ivergent

series

E
uler

:

1
−

1
+

1
−

1
+

1
−

1
+

···
=

12

1
+

1
+

1
+

1
+

1
+

···
=
−

12

1
+

2
+

3
+

4
+

5
+

···
=
−

112

1
2
+

2
2
+

3
2
+

4
2
+

5
2
+

···
=

0.
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Srinivasa
R
am

anujan
(1887

–
1920)

Letter
of

R
am

anujan
to

M
.J.M

.
H

ill
in

1912

1
+

2
+

3
+

···+
∞

=
−

112

1
2
+

2
2
+

3
2
+

···+
∞

2
=

0

1
3
+

2
3
+

3
3
+

···+
∞

3
=

1120

19
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R
iem

ann
zeta

function

T
he

num
ber

ζ(3)
=

∑n≥
1

1n
3

=
1,202

056
903

159
594

285
399

738
161

511
...

is
irrational

(A
péry

1978).

R
ecall

that
ζ(s)/π

s
is

rational
for

any
even

value
of

s
≥

2.

O
pen

question
:

Is
the

num
ber

ζ(3)/π
3

irrational?

20
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R
iem

ann
zeta

function

Is
the

num
ber

ζ(5)
=

∑n≥
1

1n
5

=
1.036

927
755

143
369

926
331

365
486

457
...

irrational?

T
.
R
ivoal

(2000)
:
infinitely

m
any

ζ(2n
+

1)
are

irrational.

21
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Infinitely
m

any
odd

zeta
are

irrational

T
anguy

R
ivoal

(2000)

Let
ε

>
0.

For
any

suffi
ciently

large
odd

integer
a,

the
dim

ension
of

the
Q

–vector
space

spanned
by

the
num

bers
1,

ζ(3),
ζ(5),

···
,ζ(a)

is
at

least

1
−

ε

1
+

log
2

log
a.

22
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O
pen

problem
s

(irrationality)

•
Is

the
num

ber

e
+

π
=

5.859
874

482
048

838
473

822
930

854
632

...

irrational?
•

Is
the

num
ber

eπ
=

8.539
734

222
673

567
065

463
550

869
546

...

irrational?
•

Is
the

num
ber

log
π

=
1.144

729
885

849
400

174
143

427
351

353
...

irrational?

23
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C
atalan’s

constant
Is

C
atalan’s

constant
∑n≥

1

(−
1)

n

(2n
+

1)
2

=
0.915

965
594

177
219

015
0
...

an
irrational

num
ber?

T
his

is
the

value
at

s
=

2
of

the
D

irichlet
L–function

L(s,χ
−

4 )
associated

w
ith

the
K

ronecker
character

χ
−

4 (n)
=

(
n4 )

=



0
if

n
is

even,

1
if

n
≡

1
(m

od
4)

,

−
1

if
n
≡
−

1
(m

od
4)

.

w
hich

is
the

quotient
of

the
D

edekind
zeta

function
of

Q
(i)

and
the

R
iem

ann
zeta

function.
24

/
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E
uler

G
am

m
a

function
Is

the
num

ber

Γ(1/5)
=

4.590
843

711
998

803
053

204
758

275
929

152
...

irrational?

Γ(z)
=

e
−

γ
zz
−

1
∞∏n
=

1 (
1

+
zn )

−
1
e

z
/n

=

∫
∞0

e
−

tt
z·

dtt

H
ere

is
the

set
of

rational
values

for
z

for
w

hich
the

answ
er

is
know

n
(and,

for
these

argum
ents,

the
G

am
m

a
value

is
a

transcendental
num

ber)
:

r
∈

{
16
,
14
,
13
,
12
,
23
,
34
,
56 }

(m
od

1).
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K
now

n
results

Irrationality
of

the
num

ber
π

:

Ā
ryabhat. a,

b.
476

A
D

:
π
∼

3.1416.

N̄
ılakan. t. ha

S
om

ayāj̄ı,
b.

1444
A
D

:
W

hy
then

has
an

approxim
ate

value
been

m
entioned

here
leaving

behind
the

actual
value

?
B
ecause

it
(exact

value)
cannot

be
expressed.

K
.
R
am

asubram
anian,

T
he

N
otion

of
P
roof

in
Indian

S
cience,

13th
W

orld
S
anskrit

C
onference,

2006.
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Irrationality
of

π

Johann
H

einrich
Lam

bert
(1728

-
1777)

M
ém

oire
sur

quelques
propriétés

rem
arquables

des
quantités

transcendantes
circulaires

et
logarithm

iques,
M

ém
oires

de
l’A

cadém
ie

des
S
ciences

de
B
erlin,

1
7

(1761),
p.

265-322
;

read
in

1767
;
M

ath.
W

erke,
t.

II.

tan(v
)

is
irrational

for
any

rational
value

of
v
(=

0
and

tan(π
/4)

=
1.

27
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Lam
bert

and
Frederick

II,
K

ing
of

P
russia

—
Q

ue
savez

vous,
Lam

bert?
—

T
out,

S
ire.

—
E
t

de
qui

le
tenez–vous

?
—

D
e

m
oi-m

êm
e
!

28
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C
ontinued

fraction
expansion

of
tan(x)

tan(x
)

=
1i

tanh(ix
),

tanh(x
)

=
e

x−
e
−

x

e
x
+

e
−

x ·

tan(x
)

=
x

1
−

x
2

3
−

x
2

5
−

x
2

7
−

x
2

9
−

x
2

...

·

S
.A

.
S
h
ir

a
li

–
C
ontinued

fraction
for

e,
R
esonance,

vol.
5

N
◦1,

Jan.
2000,

14–28.
http

://w
w

w
.ias.ac.in/resonance/
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Leonard
E
uler

(1707
–

1783)

Leonhard
E
uler

(1707
–

1783)
D

e
fractionibus

continuis
dissertatio,

C
om

m
entarii

A
cad.

S
ci.

P
etropolitanae,

9
(1737),

1744,
p.

98–137
;

O
pera

O
m

nia
S
er.

I
vol.

1
4
,

C
om

m
entationes

A
nalyticae,

p.
187–215.

e=
lim

n→
∞

(1
+

1/n)
n

=
2.718

281
828

459
045

235
360

287
471

352
...

=
1

+
1

+
12
·(1

+
13
·(1

+
14
·(1

+
15
·(1

+
···)))).
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C
ontinued

fraction
expansion

for
e

(E
uler)

e
=

2
+

1

1
+

1

2
+

1

1
+

1

1
+

1

4
+

1...
=

[2
;

1,
2,

1,
1,

4,
1,

1,
6,...]

=
[2;1,

2m
,
1]m

≥
1 .
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C
ontinued

fraction
expansion

for
e

(E
uler)

T
he

continued
fraction

expansion
for

e
is

infinite
not

periodic.

Leonhard
E
uler

(1707–
1783)

Johann
H

einrich
Lam

bert
(1728

-
1777)

Joseph-Louis
Lagrange

(1736
-

1813)

e
is

neither
rational

(J-H
.
Lam

bert,
1767)

nor
quadratic

irrational
(J-L.

Lagrange,
1770).
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C
ontinued

fraction
expansion

for
e

1/a

S
tarting

point
:

y
=

tanh(x
/a)

satisfies
the

diff
erential

equation
ay
′+

y
2

=
1.

T
his

leads
E
uler

to

e
1
/a=

[1
;

a
−

1,
1,

1,
3a
−

1,
1,

1,
5a
−

1,...]

=
[1,

(2m
+

1)a
−

1,
1]m

≥
0 .
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G
eom

etric
proof

of
the

irrationality
of

e

Jonathan
S
ondow

http://home.earthlink.net/∼
jsondow/

A
geom

etric
proof

that
e

is
irrational

and
a

new
m

easure
of

its
irrationality,

A
m

er.
M

ath.
M

onthly
1
1
3

(2006)
637-641.

S
tart

w
ith

an
interval

I1
w

ith
length

1.
T

he
interval

In
w

ill
be

obtained
by

splitting
the

interval
In−

1
into

n
intervals

of
the

sam
e

length,
so

that
the

length
of

In
w

ill
be

1/n!.
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G
eom

etric
proof

of
the

irrationality
of

e
T

he
origin

of
In

w
ill

be

1
+

11!
+

12!
+

···+
1n! ·

H
ence

w
e

start
from

the
interval

I1
=

[2,3].
For

n
≥

2,
w
e

construct
In

inductively
as

follow
s

:
split

In−
1

into
n

intervals
of

the
sam

e
length,

and
call

the
second

one
In

:

I1 =

[1
+

11!
,
1

+
21! ]

=
[2,3],

I2 =

[1
+

11!
+

12!
,
1

+
11!

+
22! ]

=

[
52!

,
62! ]

,

I3 =

[1
+

11!
+

12!
+

13!
,
1

+
11!

+
12!

+
23! ]

=

[
163!

,
173! ]

·
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Irrationality
of

e,
follow

ing
J.

Sondow

T
he

origin
of

In
is1

+
11!

+
12!

+
···+

1n!
=

a
n

n! ,

the
length

is
1/n!,

hence
In

=
[a

n /n!,(a
n
+

1)/n!].

T
he

num
ber

e
is

the
intersection

point
of

all
these

intervals,
hence

it
is

inside
each

In ,
therefore

it
cannot

be
w

ritten
a/n!

w
ith

a
an

integer.
S
ince

pq
=

(q
−

1)!p

q
!

,

w
e

deduce
that

the
num

ber
e

is
irrational.
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Joseph
Fourier

(1768
-

1830)

C
ourse

of
analysis

at
the

É
cole

P
olytechnique

P
aris,

1815.
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Irrationality
of

e,
follow

ing
J.

Fourier

e
=

N
∑n
=

0

1n!
+

∑m
≥

N
+

1

1m
! ·

M
ultiply

by
N

!
and

set

B
N

=
N

!,
A

N
=

N
∑n
=

0

N
!

n! ,
R

N
=

∑m
≥

N
+

1

N
!

m
! ,

so
that

B
N
e

=
A

N
+

R
N
.
T

hen
A

N
and

B
N

are
in

Z
,
R

N
>

0
and

R
N

=
1

N
+

1
+

1

(N
+

1)(N
+

2)
+

···
<

e

N
+

1 ·
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Irrationality
of

e,
follow

ing
J.

Fourier

In
the

form
ula

B
N
e
−

A
N

=
R

N
,

the
num

bers
A

N
and

B
N

=
N

!
are

integers,
w

hile
the

right
hand

side
is

>
0

and
tends

to
0

w
hen

N
tends

to
infinity.

H
ence

N
!
e

is
not

an
integer,

therefore
e

is
irrational.
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Irrationality
of

e
−

1,
follow

ing
C
.L.

Siegel

C
.L.

S
iegel

(1949)
:
even

sim
pler

by
considering

e
−

1

(alternating
series).

T
he

sequence
(1/n!)

n≥
0

is
decreasing

and
tends

to
0,

hence
for

odd
N

,

1
−

11!
+

12! −
···−

1N
!

<
e
−

1
<

1
−

11!
+

12! −
···+

1

(N
+

1)! ·

S
et

a
N

=
N

!−
N

!

1!
+

N
!

2!
−

···+
(N
−

1)!

N
!

−
1
∈

Z

T
hen

0
<

N
!e
−

1−
a
N

<
1,

and
therefore

N
!e
−

1
is

not
an

integer.
40
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T
he

num
ber

e
is

not
quadratic

S
ince

e
is

irrational,
the

sam
e

is
true

for
e

1
/b

w
hen

b
is

a
positive

integer.
T

hat
e

2
is

irrational
is

a
stronger

statem
ent.

R
ecall

(E
uler,

1737)
:

e
=

[2;
1,2,1,1,4,1,1,6,1,1,8,...]

w
hich

is
not

a
periodic

expansion.
J.L.

Lagrange
(1770)

:
it

follow
s

that
e

is
not

a
quadratic

num
ber.

A
ssum

e
ae

2
+

be
+

c
=

0.
R
eplacing

e
and

e
2

by
the

series
and

truncating
does

not
w
ork

:
the

denom
inator

is
too

large
and

the
rem

ainder
does

not
tend

to
zero.

Liouville
(1840)

:
W

rite
the

quadratic
equation

as
ae

+
b

+
ce
−

1
=

0.
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Joseph
Liouville

J.
Liouville

(1809
-

1882)
proved

also
that

e
2

is
not

a
quadratic

irrational
num

ber
in

1840.

S
ur

l’irrationalité
du

nom
bre

e
=

2,718
...,

J.
M

ath.
P
ures

A
ppl.

(1)
5

(1840),
p.

192
and

p.
193-194.

1844
:
J.

Liouville
proved

the
existence

of
transcendental

num
bers

by
giving

explicit
exam

ples
(continued

fractions,
series).
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E
xistence

of
transcendental

num
bers

(1844)

J.
Liouville

(1809
-

1882)

gave
the

first
exam

ples
of

transcendental
num

bers.
For

instance

∑n≥
1

1

10
n
!
=

0.110
001

000
000

0
...

is
a

transcendental
num

ber.
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T
he

num
ber

e
2

is
not

quadratic

T
he

irrationality
of

e
4,

hence
of

e
4
/b

for
b

a
positive

integer,
follow

s.

It
does

not
seem

that
this

kind
of

argum
ent

w
ill

suffi
ce

to
prove

the
irrationality

of
e

3,
even

less
to

prove
that

the
num

ber
e

is
not

a
cubic

irrational.

Fourier’s
argum

ent
rests

on
truncating

the
exponential

series,
it

am
ounts

to
approxim

ate
e

by
a/N

!
w

here
a
∈

Z
.
B
etter

rational
approxim

ations
exist,

involving
other

denom
inators

than
N

!.

T
he

denom
inator

N
!
arises

w
hen

one
approxim

ates
the

exponential
series

of
e

z
by

polynom
ials

∑
Nn
=

1
z

n/n!.
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Idea
of

C
h.

H
erm

ite

C
h.

H
erm

ite
(1822

-
1901).

approxim
ate

the
exponential

function
e

z

by
rational

fractions
A
(z)/B

(z).

For
proving

the
irrationality

of
e

a,
(a

an
integer≥

2),
approxim

ate
e

a
par

A
(a)/B

(a).

If
the

function
B

(z)e
z−

A
(z)

has
a

zero
of

high
m

ultiplicity
at

the
origin,

then
this

function
has

a
sm

all
m

odulus
near

0,
hence

at
z

=
a.

T
herefore

|B
(a)e

a−
A
(a)|

is
sm

all.
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C
harles

H
erm

ite

A
rational

function
A
(z)/B

(z)
is

close
to

a
com

plex
analytic

function
f

if
B

(z)f(z)−
A
(z)

has
a

zero
of

high
m

ultiplicity
at

the
origin.

G
oal

:
find

B
∈

C
[z]

such
that

the
T
aylor

expansion
at

the
origin

of
B

(z)f(z)
has

a
big

gap
:
A
(z)

w
ill

be
the

part
of

the
expansion

before
the

gap,
R

(z)
=

B
(z)f(z)−

A
(z)

the
rem

ainder.
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Irrationality
of

e
r

and
π

(Lam
bert,

1767)

C
harles

H
erm

ite
(1873)

C
arl

Ludw
ig

S
iegel

(1929,
1949)

Y
uri

N
esterenko

(2005)
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Irrationality
of

e
r

and
π

(Lam
bert,

1767)

W
e

w
ish

to
prove

the
irrationality

of
e

a
for

a
a

positive
integer.

G
oal

:
w

rite
B

n (z)e
z

=
A

n (z)
+

R
n (z)

w
ith

A
n

and
B

n
in

Z
[z]

and
R

n (a)(=
0,

lim
n→

∞
R

n (a)
=

0.

S
ubstitute

z
=

a,
set

q
=

B
n (a),

p
=

A
n (a)

and
get

0
<

|qe
a−

p|
<

ε.
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R
ational

approxim
ation

to
exp

G
iven

n
0 ≥

0,
n

1 ≥
0,

find
A

and
B

in
R

[z]
of

degrees
≤

n
0

and
≤

n
1

such
that

R
(z)

=
B

(z)e
z−

A
(z)

has
a

zero
at

the
origin

of
m

ultiplicity
≥

N
+

1
w

ith
N

=
n

0
+

n
1 .

T
h
eorem

T
here

is
a

non-trivial
solution,

it
is

unique
w

ith
B

m
onic.

Further,
B

is
in

Z
[z]

and
(n

0 !/n
1 !)A

is
in

Z
[z].

Furtherm
ore

A
has

degree
n

0 ,
B

has
degree

n
1

and
R

has
m

ultiplicity
exactly

N
+

1
at

the
origin.
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B
(z)e

z
=

A
(z)

+
R

(z)

P
roof.

U
nicity

of
R

,
hence

of
A

and
B

.
Let

D
=

d
/dz.

S
ince

A
has

degree
≤

n
0 ,

D
n

0 +
1R

=
D

n
0 +

1(B
(z)e

z)

is
the

product
of

e
z

w
ith

a
polynom

ial
of

the
sam

e
degree

as
the

degree
of

B
and

sam
e

leading
coeffi

cient.
S
ince

D
n

0 +
1R

(z)
has

a
zero

of
m

ultiplicity
≥

n
1

at
the

origin,
D

n
0 +

1R
=

z
n

1e
z.

H
ence

R
is

the
unique

function
satisfying

D
n

0 +
1R

=
z

n
1e

z
w

ith
a

zero
of

m
ultiplicity

≥
n

0
at

0
and

B
has

degree
n

1 .
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Siegel’s
algebraic

point
of

view

C
.L.

S
iegel,

1949.
S
olve

D
n

0 +
1R

(z)
=

z
n

1e
z.

T
he

operator
J
ϕ

=

∫
z

0

ϕ
(t)dt,

inverse
of

D
,
satisfies

J
n
+

1ϕ
=

∫
z

0

1n! (z
−

t)
nϕ

(t)dt.

H
ence

R
(z)

=
1n
0 ! ∫

z

0

(z
−

t)
n

0t
n

1e
tdt.

A
lso

A
(z)

=
−

(−
1

+
D

) −
n

1 −
1z

n
0

and
B

(z)
=

(1
+

D
) −

n
0 −

1z
n

1.
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Irrationality
of

logarithm
s

including
π

T
he

irrationality
of

e
r

for
r
∈

Q
×
,
is

equivalent
to

the
irrationality

of
log

s
for

s
∈

Q
>

0 .

T
he

sam
e

argum
ent

gives
the

irrationality
of

log(−
1),

m
eaning

log(−
1)

=
iπ
(∈

Q
(i).

H
ence

π
(∈

Q
.
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Sim
ultaneous

approxim
ation

and
transcendence

Irrationality
proofs

involve
rational

approxim
ation

to
a

single
real

num
ber

ϑ
.

W
e

w
ish

to
prove

transcendence
results.

A
com

plex
num

ber
ϑ

is
transcendental

if
and

only
if

the
num

bers
1,ϑ

,ϑ
2,...,ϑ

m
,...

are
Q

–linearly
independent.

H
ence

our
goal

is
to

prove
linear

independence,
over

the
rational

num
ber

field,
of

com
plex

num
bers.
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L
=

a
0
+

a
1 ϑ

1
+

···+
a
m
ϑ

m

Let
ϑ

1 ,...,ϑ
m

be
real

num
bers

and
a
0 ,

a
1 ,...,

a
m

rational
integers,

not
all

of
w

hich
are

zero.
W

e
w

ish
to

prove
that

the
num

ber
L

=
a
0
+

a
1 ϑ

1
+

···+
a
m
ϑ

m

is
not

zero.
A
pproxim

ate
sim

ultaneously
ϑ

1 ,...,ϑ
m

by
rational

num
bers

b
1 /b

0 ,...,b
m
/b

0 .
Let

b
0 ,b

1 ,...,b
m

be
rational

integers.
For

1
≤

k
≤

m
set

ε
k

=
b

0 ϑ
k −

b
k .

T
hen

b
0 L

=
A

+
R

w
ith

A
=

a
0 b

0
+

···+
a
m
b

m
∈

Z
and

R
=

a
1 ε

1
+

···+
a
m
ε
m
∈

R
.

If
0

<
|R

|
<

1,
then

L
(=

0.
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Sim
ultaneous

approxim
ation

to
the

exponential
function

Irrationality
results

follow
from

rational
approxim

ations
A
/B
∈

Q
(x

)
to

the
exponential

function
e

x.

O
ne

of
H

erm
ite’s

ideas
is

to
consider

sim
ultaneous

rational
approxim

ations
to

the
exponential

function,
in

analogy
w

ith
D

iophantine
approxim

ation.

Let
B

0 ,B
1 ,...,B

m
be

polynom
ials

in
Z

[x
].

For
1
≤

k
≤

m
define

R
k (x

)
=

B
0 (x

)e
kx−

B
k (x

).

S
et

b
j
=

B
j (1),

0
≤

j≤
m

and

R
=

a
0
+

a
1 R

1 (1)
+

···+
a
m
R

m
(1).

If
0

<
|R

|
<

1,
then

a
0
+

a
1 e

+
···+

a
m
e

m
(=

0.
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C
harles

H
erm

ite
and

Ferdinand
Lindem

ann

H
erm

ite
(1873)

:
T
ranscendence

of
e

e
=

2.718
281

828
4
...

Lindem
ann

(1882)
:

T
ranscendence

of
π

π
=

3.141
592

653
5
...
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H
erm

ite–Lindem
ann

T
heorem

For
any

non-zero
com

plex
num

ber
z,

one
at

least
of

the
tw

o
num

bers
z

and
e

z
is

transcendental.

C
orollaries

:
T
ranscendence

of
log

α
and

of
e

β
for

α
and

β
non-zero

algebraic
com

plex
num

bers,
provided

log
α
(=

0.
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H
erm

ite
:
approxim

ation
to

the
functions

1,e
α

1 x,...,e
α

m
x

Let
α

1 ,...,α
m

be
pairw

ise
distinct

com
plex

num
bers

and
n

0 ,...,n
m

be
rational

integers,
all≥

0.
S
et

N
=

n
0
+

···+
n

m
.

H
erm

ite
constructs

explicitly
polynom

ials
B

0 ,
B

1 ,...,
B

m
w

ith
B

j
of

degree
N
−

n
j
such

that
each

of
the

functions

B
0 (z)e

α
k z−

B
k (z),

(1
≤

k
≤

m
)

has
a

zero
at

the
origin

of
m

ultiplicity
at

least
N

.
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P
adé

approxim
ants

H
enri

E
ugène

P
adé

(1863
-

1953)
A
pproxim

ation
of

com
plex

analytic
functions

by
rational

functions.
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T
ranscendental

functions

A
com

plex
function

is
called

transcendental
if

it
is

transcendental
over

the
field

C
(z),

w
hich

m
eans

that
the

functions
z

and
f(z)

are
algebraically

independent
:
if

P
∈

C
[X

,Y
]
is

a
non-zero

polynom
ial,

then
the

function
P

(z,f(z) )
is

not
0.

E
xercise.

A
n

entire
function

(analytic
in

C
)

is
transcendental

if
and

only
if

it
is

not
a

polynom
ial.

E
xam

ple.
T

he
transcendental

entire
function

e
z

takes
an

algebraic
value

at
an

algebraic
argum

ent
z

only
for

z
=

0.
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W
eierstrass

question

Is–it
true

that
a

transcendental
entire

function
f

takes
u
su

ally
transcendental

values
at

algebraic
argum

ents
?

A
nsw

ers
by

W
eierstrass

(letter
to

S
trauss

in
1886),

S
trauss,

S
täckel,

Faber,
van

der
P
oorten,

G
ram

ain...
If

S
is

a
countable

subset
of

C
and

T
is

a
dense

subset
of

C
,

there
exist

transcendental
entire

functions
f

m
apping

S
into

T
,
as

w
ell

as
all

its
derivatives.

A
lso

there
are

transcendental
entire

functions
f

such
that

D
kf(α

)∈
Q

(α
)

for
all

k
≥

0
and

all
algebraic

α
.
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Integer
valued

entire
functions

A
n

integer
valued

entire
function

is
a

function
f,

w
hich

is
analytic

in
C

,
and

m
aps

N
into

Z
.

E
xam

ple
:
2

z
is

an
integer

valued
entire

function,
not

a
polynom

ial.

Q
uestion

:
A
re-there

integer
valued

entire
function

grow
ing

slow
er

than
2

z
w

ithout
being

a
polynom

ial?

Let
f

be
a

transcendental
entire

function
in

C
.
For

R
>

0
set

|f|R
=

sup
|z|=

R |f(z)|.
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Integer
valued

entire
functions

G
.
P
ólya

(1914)
:

if
f

is
not

a
polynom

ial
and

f(n)∈
Z

for
n
∈

Z
≥

0 ,
then

lim
sup

R
→
∞

2
−

R|f|R
≥

1.

Further
w
orks

on
this

topic
by

G
.H

.
H

ardy,
G

.
P
ólya,

D
.
S
ato,

E
.G

.
S
traus,

A
.
S
elberg,

C
h.

P
isot,

F
.
C
arlson,

F
.
G

ross,...
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A
rithm

etic
functions

P
ólya’s

proof
starts

by
expanding

the
function

f
into

a
N

ew
ton

interpolation
series

at
the

points
0,1,2,...

:

f(z)
=

a
0
+

a
1 z

+
a
2 z(z

−
1)

+
a
3 z(z

−
1)(z

−
2)

+
···

S
ince

f(n)
is

an
integer

for
all

n
≥

0,
the

coeffi
cients

a
n

are
rational

and
one

can
bound

the
denom

inators.
If

f
does

not
grow

fast,
one

deduces
that

these
coeffi

cients
vanish

for
suffi

ciently
large

n.
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N
ew

ton
interpolation

series

S
ir

Isaac
N

ew
ton

(1643
-

1727)

From
f(z)

=
f(α

1 )
+

(z
−

α
1 )f1 (z),

f1 (z)
=

f1 (α
2 )

+
(z
−

α
2 )f2 (z)

+
...

w
e

deduce

f(z)
=

a
0
+

a
1 (z
−

α
1 )

+
a
2 (z
−

α
1 )(z

−
α

2 )
+

···

w
ith

a
0

=
f(α

1 ),
a
1

=
f1 (α

2 ),...,
a
n

=
fn (α

n
+

1 ).
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A
n

identity
due

to
C
h.

H
erm

ite

1

x
−

z
=

1

x
−

α
+

z
−

α

x
−

α
·

1

x
−

z ·

R
epeat

:

1

x
−

z
=

1

x
−

α
1

+
z
−

α
1

x
−

α
1
· (

1

x
−

α
2

+
z
−

α
2

x
−

α
2
·

1

x
−

z )
·
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A
n

identity
due

to
C
h.

H
erm

ite

Inductively
w
e

deduce
the

next
form

ula
due

to
H

erm
ite

:

1

x
−

z
=

n−
1

∑j=
0

(z
−

α
1 )(z

−
α

2 )···(z
−

α
j )

(x
−

α
1 )(x

−
α

2 )···(x
−

α
j+

1 )

+
(z
−

α
1 )(z

−
α

2 )···(z
−

α
n )

(x
−

α
1 )(x

−
α

2 )···(x
−

α
n )

·
1

x
−

z ·
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N
ew

ton
interpolation

expansion
A
pplication.

M
ultiply

by
(1/2iπ

)f(z)
and

integrate
:

f(z)
=

n−
1

∑j=
0

a
j (z
−

α
1 )···(z

−
α

j )
+

R
n (z)

w
ith

a
j
=

12iπ

∫

C

F
(x

)dx

(x
−

α
1 )(x

−
α

2 )···(x
−

α
j+

1 )
(0
≤

j≤
n
−

1)

and

R
n (z)=

(z
−

α
1 )(z

−
α

2 )···(z
−

α
n )·

12iπ

∫

C

F
(x

)dx

(x
−

α
1 )(x

−
α

2 )···(x
−

α
n )(x

−
z) ·
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Integer
valued

entire
function

on
Z

[i]

A
.O

.
G

el’fond
(1929)

:
grow

th
of

entire
functions

m
apping

the
G

aussian
integers

into
them

selves.
N

ew
ton

interpolation
series

at
the

points
in

Z
[i].

A
n

entire
function

f
w

hich
is

not
a

polynom
ial

and
satisfies

f(a
+

ib)∈
Z

[i]
for

all
a

+
ib
∈

Z
[i]

satisfies

lim
sup

R
→
∞

1R
2

log|f|R
≥

γ
.

F
.
G

ram
ain

(1981)
:
γ

=
π
/(2e).

T
his

is
best

possible
:
D

.W
.
M

asser
(1980).
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T
ranscendence

of
e

π

A
.O

.
G

el’fond
(1929).

If
e

π
=

23,140
692

632
779

269
005

729
086

367
...

is
rational,

then
the

function
e

π
z

takes
values

in
Q

(i)
w

hen
the

argum
ent

z
is

in
Z

[i].

E
xpand

e
π
z

into
an

interpolation
series

at
the

G
aussian

integers.
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H
ilbert’s

seventh
problem

A
.O

.
G

el’fond
and

T
h.

S
chneider

(1934).
S
olution

of
H

ilbert’s
seventh

problem
:

transcendence
of

α
β

and
of

(log
α

1 )/(log
α

2 )
for

algebraic
α
,
β
,
α

2
and

α
2 .
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D
irichlet’s

box
principle

G
el’fond

and
S
chneider

use
an

auxiliary
function,

the
existence

of
w

hich
follow

s
from

D
irichlet’s

box
principle

(pigeonhole
principle,

T
hue-S

iegel
Lem

m
a).

Johann
P
eter

G
ustav

Lejeune
D

irichlet
(1805

–
1859)
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A
uxiliary

functions
C
.L.

S
iegel

(1929)
:

H
erm

ite’s
explicit

form
ulae

can
be

replaced
by

D
irichlet’s

box
principle

(T
hue–S

iegel
Lem

m
a)

w
hich

show
s

the
existence

of
suitable

auxiliary
functions.

M
.
Laurent

(1991)
:

instead
of

using
the

pigeonhole
principle

for
proving

the
existence

of
solutions

to
hom

ogeneous
linear

system
s

of
equations,

consider
the

m
atrices

of
such

system
s

and
take

determ
inants.
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Slope
inequalities

in
A
rakelov

theory

J–B
.
B
ost

(1994)
:

m
atrices

and
determ

inants
require

choices
of

bases.
A
rakelov’s

T
heory

produces
slope

inequalities
w

hich
avoid

the
need

of
bases.

P
ériodes

et
isogénies

des
variétés

abéliennes
sur

les
corps

de
nom

bres,
(d’après

D
.
M

asser
et

G
.
W

üstholz).
S
ém

inaire
N

icolas
B
ourbaki,

V
ol.

1994/95.
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R
ational

interpolation

R
ené

Lagrange
(1935).

1

x
−

z
=

α
−

β

(x
−

α
)(x
−

β
)

+
x
−

β

x
−

α
·
z
−

α

z
−

β
·

1

x
−

z ·

Iterating
and

integrating
yield

f(z)
=

N
−

1
∑n
=

0

B
n (z

−
α

1 )···(z
−

α
n )

(z
−

β
1 )···(z

−
β

n )
+

R̃
N
(z).
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H
urw

itz
zeta

function
T

.
R
ivoal

(2006)
:
consider

H
urw

itz
zeta

function

ζ(s,z)
=

∞∑k
=

1

1

(k
+

z)
s ·

E
xpand

ζ(2,z)
as

a
series

in

z
2(z
−

1)
2···(z

−
n

+
1)

2

(z
+

1)
2···(z

+
n)

2
·

T
he

coeffi
cients

of
the

expansion
belong

to
Q

+
Q

ζ(3).
T

his
produces

a
new

proof
of

A
péry’s

T
heorem

on
the

irrationality
of

ζ(3).
In

the
sam

e
w
ay

:
new

proof
of

the
irrationality

of
log

2
by

expanding
∞∑k
=

1

(−
1)

k

k
+

z
·
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M
ixing

C
.
H

erm
ite

and
R
.
Lagrange

T
.
R
ivoal

(2006)
:
new

proof
of

the
irrationality

of
ζ(2)

by
expanding

∞∑k
=

1 (
1k
−

1

k
+

z )

as
a

H
erm

ite–Lagrange
series

in

(z(z
−

1)···(z
−

n
+

1) )
2

(z
+

1)···(z
+

n)
·
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T
aylor

series
and

interpolation
series

T
aylor

series
are

the
special

case
of

H
erm

ite’s
form

ula
w

ith
a

single
point

and
m

ultiplicities
—

they
give

rise
to

P
adé

approxim
ants.

M
ultiplicities

can
also

be
introduced

in
R
ené

Lagrange
interpolation.

T
here

is
another

duality
betw

een
the

m
ethods

of
G

el’fond
and

S
chneider

:
Fourier-B

orel
transform

.
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Further
develom

ents

T
ranscendence

and
algebraic

independence
of

values
of

m
odular

functions
(m

éthode
stéphanoise

and
w
ork

of
Y
u.V

.
N

esterenko).

M
easures

:
transcendence,

linear
independence,

algebraic
independence...

F
inite

characteristic
:

Federico
P
ellarin

-
A
spects

de
l’indépendance

algébrique
en

caractéristique
non

nulle
[d’après

A
nderson,

B
row

naw
ell,

D
enis,

P
apanikolas,

T
hakur,

Y
u,...]

S
ém

inaire
N

icolas
B
ourbaki,

D
im

anche
18

m
ars

2007.
http://www.bourbaki.ens.fr/seminaires/2007/Prog

−
mars.07.html79

/
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