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Let aq, ..., a, be nonzero algebraic numbers and by, ...,b, rational integers.
Assume 041{1 -+-abn # 1. According to Liouville’s inequality (Proposition 1.13),
the lower bound

|af111 "'alr)zn _ 1| > e—cB

holds with B = max{|b1],...,|bn|} and with a positive number ¢ depending
only on aj,...,a,. A fundamental problem is to prove a sharper estimate.

Transcendence methods lead to linear independence measures, over the
field of algebraic numbers, for logarithms of algebraic numbers. Such measures
are nothing else than lower bounds for numbers of the form

A= 0o+ Brlogay + -+ + B log ay,

where g, ..., B, are algebraic numbers, aq, ..., a, are nonzero algebraic num-
bers, while log aq, . ..,log a, are logarithms of a4, ..., a, respectively.
In the special case where Gy = 0 and (1,...,03, are rational integers,

writing b; for 5;, we have
A=biloga; +---+bylogay,

which is the so-called homogeneous rational case. The importance of this spe-
cial case is due to the fact that for |4] < 1/2 we have

1 A
5|A\ < et — 1] <214

with

A — b bn
e —1l=ay" o) — L

Hence we are back to the problem of estimating from below the distance
between 1 and a number of the form a2 -- . a®r.

The first three lectures are devoted to the qualitative theory of transcen-
dental numbers, the last three ones to the quantitative theory of Diophantine

approximation.
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According to Hermite-Lindemann’s Theorem, a number A = 3 — log«,
with algebraic a and 3, is zero only in the trivial case 8 = loga = 0. We start
by assuming further that o and § are positive integers. It is a nontrivial fact
that a positive integer b cannot be the logarithm of another positive integer
a. In the first lecture we give two proofs of this result: the first one uses an
auxiliary function, the second one uses an interpolation determinant together
with a zero estimate. In the second lecture we complete the proof of Hermite-
Lindemann’s Theorem in the general case (with algebraic « and (), by means
of the interpolation determinant method, but without a zero estimate: this is
achieved thanks to an extrapolation argument.

In the third lecture we introduce Baker’s Theorem on the linear indepen-
dence of logarithms of algebraic numbers. After a brief survey of the available
methods, we produce a proof by means of an interpolation determinant in-
volving an extrapolation.

An introduction to Diophantine approximation is given in Section 4, where
we address the question of estimating from below the distance between b and
log a, for a and b positive integers. A conjecture attributed to K. Mahler states
that this distance should be at least a negative power of a:

?
|b —logal >a™°¢ for a>2.

So far one does not know how to prove this result with a constant exponent,
but only with exponent a constant times log log a (K. Mahler; see (4.3) below):

|b—logal| > a~closloga (o 4 >3,

We discuss a proof of this result by means of a method which is inspired by a
recent work of M. Laurent and D. Roy [15].

The last two sections are devoted to Baker’s method and to the question
of measures of linear independence for an arbitrary number of logarithms of
algebraic numbers. In the fifth lecture we survey available methods and in
the last one we explain how to replace Matveev’s auxiliary function by an
interpolation determinant.

Notation. As a general rule we use the notation of [34]. In particular the
absolute logarithmic height is denoted by h. The length of a polynomial P €
C[Xy,...,X,] (which is nothing else than the sum of the absolute values of
its coefficients) is denoted by L(P).

For z = (21,...,2,) € C", we set
o1 = o sl and Ll = oo
In Section 4.1, || - ||z denotes the distance of a real number to the nearest
integer:

= min [z — k.
Ilzllz = min = — k|
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For x € R we set
log,  =logmax{1,z} and |z|, =max{l,]|z|}.

The integral part of x is denoted by [z]:

[x]€Z, 0<z—[z]<1
while [x] denotes the least integer > x:

[z] €Z, 0<[z]—-z<]1.
For » > 0 we denote by

Bn(0,7) ={z€C"; |z| <r}

the closed polydisk of C™ of center 0 and radius r, by | f|, the supremum norm
of a continuous function f: B, (0,7) — C and by H,(r) the set of continuous
functions f: B, (0,r) — C which are holomorphic in the interior of B, (0, ).

Several differential operators will be used. For k = (k1,...,k,) € N® and
F a function of n variables z1, ..., 2,, DEF is the derivative

o \™ a\ "

For a function F of a single variable z we write F(*) in place of (d/dz)*F.

The notation k! stands for ki!---k,! and z& for 2/ ...z In Section 3

for z = (xg,...,2,) € C""! we shall introduce also the notation

0 0
Dy = 20—+ Ty
- anZQ + T 8zn

In Section 4 we shall denote by D; the following derivation, attached to a
complex number b,

0 0
ax T oy

)

on the ring C[X,Y].
For n and k rational integers, the binomial coefficient

(1) = m

is considered to be 0 unless 0 < k < n.
The symmetric group on {1,..., L} will be denoted by & .
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is also a great pleasure to thank Francesco Amoroso, Umberto Zannier and
the Fondazione C.I.M.E. (Centro Internazionale Matematico Estivo) for their
invitation to deliver these lectures in the superb surroundings provided by
Grand Hotel San Michele in Cetraro (Cosenza).
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1 First Lecture. Introduction to Transcendence Proofs

We shall provide two proofs of the following result.

Theorem 1.1. Let a and b be two positive integers. Then e® # a.

This statement is a special case of Hermite-Lindemann’s Theorem:
Theorem 1.2. Let a and 3 be two nonzero algebraic numbers. Then e® # a.

A proof of Theorem 1.2 will be given in Section 2.

1.1 Sketch of Proof

Here are the basic ideas of both proofs of Theorem 1.1. The guest star of
these proofs is the exponential function e?. It is a transcendental function:
this means that the exponential monomials z7e** (7 > 0, t > 0) are linearly
independent. Consider the values at a point z = sb with s € N:

(27€™) (sb) = (sb)7(e")"".

If both b and e’ are integers, then this number is also a rational integer.

We need to use a special property for the number e: Theorem 1.1 would
not be true if e were replaced by 2 for instance! We take derivatives of our
exponential monomials. For 0 = 0,1, ..,

min{7,0}

d ’ T tz U!T! T—Ko0—K tz
(dz> D D s R
and
d 7 T tz b ! olr! ) A i b\ts
(dz) (7€) (s) = Z:% Rlle = m)(r =i O ()

These numbers again belong to the ring Z[e®, b].

Starting with these numbers, there are several ways of performing the
proof. We indicate two of them.

The first one rests on the construction of an auxiliary polynomial (AP)*.
Since the functions z and e* are algebraically independent, if P € Z[X,Y]
is a nonzero polynomial, the exponential polynomial F(z) = P(z,¢e?) is not
the zero function. Together with its derivatives, it takes values in Z[e®, b] at
all points sb, s € N. Assuming b and e’ are in Z, one wants to construct
such a nonzero polynomial P for which F is the zero function, which will
be a contradiction. Now the numbers F(?)(sb) are rational integers, hence

! With Masser’s notation in [19].
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have absolute value either 0 or at least 1; this is the lower bound (LB). If
P is constructed so that many numbers F(?)(sb) have absolute value < 1,
then F will have a lot of zeroes, hence (by a rigidity principle for analytic
functions, called Schwarz’ Lemma) |F| will be small on a rather large disk:
this is the upper bound (UB). This will enable us to deduce that F(?)(sb)
vanishes for further values of (o, s). Once we succeed in increasing the number
of known zeroes of F', there is an alternative: either we proceed by induction
and extrapolate until we get so many zeroes that F' has to be the zero function
(for instance if all derivatives of F' vanish at one point), or else we prove an
auxiliary result (the zero estimate, or non-vanishing condition (NV)) which
yields the desired conclusion.

One should say a little bit more about the initial construction of P, for
which many numbers F(?)(sb) have absolute value < 1. One solution is to
select P so that the first coefficients in the Taylor expansion at the origin of
F have small absolute values (see [34], Section 4.5 and [26]). Another (more
classical) way is to require that many numbers F(?)(sb) vanish. Then the
existence of P # 0 is clear as soon as the number of equations we consider is
smaller than the number of unknowns (the unknowns are the coefficients of
P), because the conditions are linear and homogeneous. In the special case
we consider here with b a real positive number, it can be proved that when
the number of unknowns is the same as the number of equations, then the
determinant of the system is not zero (Pdlya’s Lemma 1.6). Therefore the
extrapolation can be reduced to the minimum. On the other hand for the
proof of Theorem 1.1 such an argument is not required.

The second method was suggested by M. Laurent [13]: instead of solving
a system of homogeneous linear equations F' (")(sb) = 0 for several values of
(0,s), consider the matrix of this system. To be more precise the matrix one
considers is the one which arises from the zero estimate: if the zero estimate
shows, for a given set of pairs (o,s), that no nonzero polynomial P (with
suitable bounds for its degree) can satisfy all equations F(?)(sb) = 0, then the
matrix of the associated linear system has maximal rank. Consider a maximal
nonsingular submatrix and its nonzero determinant A. The main observation
of M. Laurent is that a sharp upper bound for |A| can be reached by means
of Schwarz’ Lemma. Since A lies in the ring Z[e®, b], as soon as the estimate
0 < |A4] < 1 is established one deduces that one at least of the two numbers
b, e’ is not a rational integer.

1.2 Tools for the Auxiliary Function

We introduce four main tools for the proof of Theorem 1.1 by means of an
auxiliary function: Liouville’s inequality (LB), Schwarz’ Lemma (UB), the
Zero Estimate (NV) and Thue-Siegel’s Lemma (AP).

We shall use here only a trivial case of Liouville’s inequality (a more general
statement is Proposition 1.13 below):
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For any n € Z with n # 0 we have |n| > 1. (1.2)

The analytic upper bound for our auxiliary function is a consequence of
the following Schwarz’ Lemma (see [34] Exercise 4.3, [9] and also Lemma 1.12
for a quantitative refinement):

Lemma 1.3. Let m, o1,...,0, be positive integers and r, R positive real
numbers withr < R. Let (3, ...,y be distinct elements in the disk |(| < R and
F € Hy(R) an analytic function which vanishes at each ; with multiplicity
>o0; (1<i<m). Then

N R2+7‘|Cz‘|>_gi
Fl. <|F _ .
IFl <1 'Ri_1<R<r+<i|>

We recall the definition: a function F' vanishes at a point ¢ with multiplicity
>oif FO()=0for 0<k <o.

In our applications, we shall introduce a parameter £ > 1 such that R >
Er and R > E|¢;| for 1 <i < m. The conclusion yields

21\ Y
2F

IFl, < |Flz (

where N = 01 + -+ + 0., 18 a lower bound for the number of zeroes of F' in
the disk |z| < R/E. In practice N will be large, E > e, and E~~ will be the
main term in the right hand side. In particular |F'|z will not be too large, and
from the conclusion of Lemma 1.3 we shall infer that |F|, is quite small.

For our first transcendence proof the zero estimate is a very simple one:

o [f F is a nonzero analytic function near zg, there exists o € N such that
F)(z) #0.
Our last tool is Thue-Siegel’s Lemma:

Lemma 1.4. Let m andn be positive integers withn > m and a;; (1 <i<mn,
1 < j < m) rational integers. Define

A =max{1, max lai;| }-

1<5<m
There exist rational integers 1, ..., T, which satisfy
0 < max{|z1],...,|za|} < (nA)™/ (=™

and
n
Zaijxi =0 for 1<j<m.
i=1

For a proof of this result, we refer for instance to [2] Lemma 1, Chap. 2, [6],
Theorem 6.1, Chap. 1, Section 6.1, [7], Theorem 1.10, Chap. 1, Section 4.1
r [11], Lemma 1, Chap. VII, Section 2.



Linear independence measures for logarithms of algebraic numbers 255
1.3 Proof with an Auxiliary Function and without Zero Estimate

Here is a first proof of Theorem 1.1. Let b be a positive integer such that e’
is also a positive integer. We denote by Ty, 11, Sy and Sy positive integers
which we shall choose later: during the proof we shall introduce conditions on
these parameters and at the end of the proof we shall check that it is possible
to select the parameters so that these conditions are satisfied. Right now let
us just say that these integers will be sufficiently large.

We want to deduce from Lemma 1.4 that there exists a nonzero polynomial
P e Z[X,Y], of degree < Ty in X and degree < T; in Y, such that the
exponential polynomial F(z) = P(z,e?) has a zero of multiplicity > Sy at
each point 0,b,2b,...,(S; — 1)b. If this unknown polynomial P is

To—1T;—1

PX,Y)= Y > cuXY',

7=0 t=0

then the conditions
FO(sh)=0 (0<0<Sp, 0<s<8))

can be written

To—1T1—1

Z Z Crt (i)a (7€) (sb) =0 (0 <o <Sp, 0<s<S5).

7=0 t=0

Finding P amounts to solving a system of Sy57 linear equations, with rational
integers coefficients, in TpT; unknowns ¢y (0 < 7 < Tp, 0 <t < T). We
are going to apply Lemma 1.4 with n = Tp77 and m = 5,.51. In place of the
condition n > m we shall require n > 2m, so that the so-called “Dirichlet’s
exponent” m/(n—m) is at most 1. This yields the first main condition on our

parameters:
ToTy > 25051

We need an upper bound for the number A occurring in Lemma 1.4. Con-
sider (1.1). We wish to estimate from above the modulus of the complex

number
min{7,0}

Z olr! STTRT—R
k(o — r)l(T — K)!

k=0 :

for |z|] < R with R > 0, and for 0 < ¢ < T;. A first upper bound is given by

T

7! T e o T
’;n!(T—ﬁ)!g 1 ! (Tl + )

and another one is
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(o2

3 H!("!'T“RT—”T;’“ — RT (% + Tl)a :

= kl(o — K)!
Putting these estimates together yields

min{7,0}

olr! e
- tO’—K,
sup | ) /(o —m)l(r — )~

[2|I<R| o
g T T 7
< R™TY mi 14+ — 14+ =— . (1.
=f 1mm{< +T1R> ’( JrTlR) } (13)

Similar estimates are known for more general exponential polynomials,
also in several variables: see for instance [34] Lemmas 4.9 and 13.6.

Here we shall not use the full force of this estimate. Taking z = bs, R = bS5}
we deduce

A< TPO(bS) + Sp) e =1,

Hence a nonzero polynomial P exists, satisfying the required conditions and
with

max |cr| < ToThA.
0§T<To| il
0<t<Ty

We need an upper bound for the length

To—1T1—1

L) = 3 3 fenl

7=0 t=0

of P. As soon as Ty, 11, Sy, S1 are sufficiently large, we have
1 1
bS1 < 1bSSh,  So < (bSoSh, Ty <2, TP <M,
hence 1
bS1 + 5 < 5550517 TZ(bS; + Sp)™° < (bSpS1)™

and therefore
L(P) < TPT?A < T°(bSyS1) o et 1151,

Since the two functions z and e* are algebraically independent, the function
F' is not the zero function: at each point sb with 0 < s < S; its vanishing
order is finite (and > Sp, by construction). We denote by .S the minimum of
these orders. In other terms S} is the largest integer such that the conditions

FO(sh)=0 (0<o<S), 0<s<8))
hold and therefore there is an integer s’ in the range 0 < s’ < S; with

FS0)(5'b) £ 0.
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An upper bound for S| follows from Lemma 1.6 below, namely:
SpS1 < ToTh,

but this estimate will not be used in the present proof: we need only the lower
bound S} > Sy.

By assumption the number F' (S(J)(s’ b) is a nonzero rational integer, hence
has absolute value > 1. We shall deduce from Cauchy’s inequalities and
Schwarz’ Lemma 1.3 an upper bound for this number in terms of the pa-
rameters Ty, 17, So and S7. It will then suffice to check that the parameters
can be selected so that this upper bound is less than 1 and the contradiction
will follow.

Cauchy’s inequalities yield

|[FEO ()| < SeUF

for any r > s’b+1. We take r = 2bS;. Next we apply Lemma 1.3 with R = E'r,
where E/ > 1 is a new parameter which we are free to choose. As we shall see
a suitable choice is E = S{;/b; notice that E, which is selected at this stage of
the proof, is allowed to depend on S}, while S, in turn depends on Ty, T, Sy
and S7.

Define m = S1,01=--=0op =5 and ; = (i —1)b (1 <i < m). Since
maxi<i<m |(;| < r, by Lemma 1.3 we have

E24 1)\ 0%
FITS( ) IF s

2F

It remains to bound |F|r from above:

Tgfl Tlfl
Fla< 3 Y fen sup |27e"]
=0 t=0 lz|=R
< (T/S)T0(bSyS ) o et Tr51 RTo TR

< TP (bES) Sy )*Toe? P,

Hence /
|F|r < (E/Q)—SO&T{% (bE5051)2T063bET151.

This explains our second main condition on the parameters: taking into ac-
count the inequality S{!|F|, > 1, we shall deduce the desired contradiction as

soon as we are able to check

SOITO (bESSy)? TP ET S < (1/2)%051,

Here is an admissible choice for these parameters. Recall that b is a fixed
positive integer. We start by selecting a sufficiently large, but fixed, positive
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integer S; and we set T7 = S7. Next let Sy be an integer, which is much larger
than S7; the required estimates below are easy to check by letting Sy — oc.
Now define Ty = 3Sp and E = S /b. With this choice we have

ToTh > 285051,

85! < (S0)% < (B/2)%5/t
because S}y < E? < (E/2)%1/4,

Tlso < (E/2)5651/4
because Ty < E/2 < (E/2)Sl/4 and Sy < S,
bESS; < (S))% and (S5)5T0 < (E/2)5051/4,

and finally
1
3bET1$1 = 356T151 < 15651 10g(E/2)

This completes the proof of Theorem 1.1. 0O

Remark. To a certain extent this proof of Theorem 1.1 involves an extrap-
olation: we get more and more derivatives of F' vanishing at all points
0,b,...,(S1 — 1)b. It is only a matter of presentation: instead of defining S,
as we did, it amounts to the same to check by induction on S} > Sy that F
has a zero of multiplicity at least S, at each point sb with 0 < s < S;. At the
end of the induction we get a contradiction.

We could also extrapolate on the points at the same time as on the deriva-
tives. Here is a variant of the proof.

We may assume? b > 3. Fix a large® positive integer N and set

To(N) = 2N?b[log b], T1(N) = N?[logb],
So(N) = N°b[log?], S1(N) = N[log]

and L(N) = To(N)T1(N), so that
L(N) = 2N*b[log b]* = 2S¢(N)S1(N).

The first step in the preceding proof yields a nonzero polynomial P € Z[X,Y]
of degree < To(N) in X and < T1(N) in Y, of length bounded by

2 For the proof of Theorem 1.1, this involves no loss of generality and the only
reason for this assumption is that we prefer to write logb in place of log, b. For
the same reason when we shall need to introduce loglogb later we shall assume
b > 16.

3 We assume that N is larger than some absolute constant (independent of b); here
one could assume as well than N is larger than some function of b, but it turns
out not to be necessary. The relevance of this fact will appear in Section 4 only.
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L(P) < T7°(bSySy) o ebTh
< exp{3L(N)(log N)/N}
< exp{L(N)/VN},

such that the function F(z) = P(z, e*) satisfies
F(sh) =0 for 0 <o < Sp(N) and 0<s < Si(N).

The second step is an inductive argument: we prove that for any M > N we
have

FO(sh)=0 for 0<o < Sy(M) and 0<s < S;(M). (1.4)

This is true by construction for M = N. Assuming (1.4) is true for M, we
deduce it for M + 1 as follows. Let (0/,s") € N? satisfy 0 < o/ < So(M + 1)
and 0 < ¢’ < S1(M+1). Combining the induction hypothesis with Lemma 1.3
where we choose

m:Sl(M), Ci:(i—l)b (1§’L§m), 0‘1:'~':0'm=SO(M),

r=2b51(M +1) and R = 2er,

we deduce
‘F‘r < efso(M)Sl(JW)|F|R

< e—So(M)Sl(M)L(p)RTo(N)eTl(N)R

< e*AS'()(M)Sl(JV[)/27
because

1
log L(P) 4+ Ty(N)log R+ Ty (N)R < §SO(M)51(M).

Since

log(So(M +1)!) < 1 So(M)Sy(M),

Cauchy’s inequalities yield
‘F@”)(s’b)‘ <1

for 0 <o’ <Sy(M+1)and 0<s < S;(M+1). Since the left hand side is a
rational integer, we deduce F(°)(s'b) = 0 and the inductive argument follows.
Plainly we conclude F' = 0, which completes this new proof of Theorem 1.1.

Remark. In this inductive argument from M to M + 1, the first step (with
M = N) is the hardest one: as soon as M is large with respect to N, the
required estimates are easier to check.
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1.4 Tools for the Interpolation Determinant Method

Some tools which have already been introduced above will be needed for the
proof involving interpolation determinants. For instance Liouville’s inequality
is just the same (1.2). On the other hand in place of Schwarz’ Lemma 1.3 we
shall use M. Laurent’s fundamental observation that interpolation determi-
nants have a small absolute value (see [13], Section 6.3, Lemma 3 and [14],
Section 6, Lemma 6). The following estimate ([34] Lemma 2.8) is a conse-
quence of the case m =1, (; = 0 of Lemma 1.3.

Lemma 1.5. Let 1,...,@L be entire functions in C, (1,...,(r elements of
C, 01,...,0L nonnegative integers and 0 < r < R real numbers, with || <r
(1 << L). Then the absolute value of the determinant

A = det (@E\U“)(CM)>
1<A,pu<L
s bounded from above by

R\ ~C@=1/2)to1ttor L o
A=y a o)
215 (5) 11 s, s 4™

The zero estimate we need is the following result due to G. Pélya ([34]
Corollary 2.3):

Lemma 1.6. Let wy, ..., w, be pairwise distinct real numbers, x1, ..., T, also
pairwise distinct real numbers and Ty, ..., Ty, 01, ..., 0y nonnegative integers,
with

T4 F+Tn =01+ +0m.

Choose any ordering for the pairs (1,i) with 0 < 7 < 7, and 1 < i < n and
any ordering for the pairs (o,j) with 0 < o < 0j and 1 < j < m. Then the

square matrix
d\° T WiZ .
((dz) (27e )(x])) (r.i)

(e,3)

s nonsingular.

We call this result a zero estimate because it can be stated as follows: if
¢r; are complex numbers (0 < 7 < 7, 1 <4 < n), not all of which are zero,
then the exponential polynomial

n T;—1

f(z)= Z Z crizeM®

i=1 7=0

cannot vanish at each x; with multiplicity > o; (1 < j < m).
One main characteristic of Laurent’s interpolation determinant method is
that there is no need of Thue-Siegel’s Lemma 1.4.
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1.5 Proof with an Interpolation Determinant and a Zero Estimate

Here is another proof of Theorem 1.1.

We start with a positive real number b > 1, without any other assump-
tion. We introduce auxiliary parameters Ty, 11, Sg and Sy, which are positive
integers and E > 1 a real number. These parameters will be specified later,
but it is convenient to assume Ty, 11, Sg and S are all > 2.

Consider the matrix

M= (i)U(ZTetz)(sb)
dZ 0<T<Ty, 0<t<Ty ’
0<0<Sp, 0<s< Sy

with ToT; rows labeled with (7,¢) and S¢S; columns labeled with (o, s). Here
we shall work with a square matrix, which means that we require

ToTy = 505;.

We denote by L this number, so that M is a square L x L matrix. By Lemma 1.6
with n = Tl,
wi:i—L Ti:TO (1§z§n),

m = S1 and
xJ:(]_l)ba Uj:SO <1§J§m)7

it follows that M is nonsingular. Let A be the determinant of M. By Lemma 1.5
with

{o1,. oLy ={2"e*; 0<7<Tp, 0 <t < Ty},
{(UlaC1)7' ) (0L7CL)} = {(07 Sb) ; 0 <o < SOa 0 <s< Sl}
and r = bSy, R = Er, we have
d o
< p—L(L-1-50)/2 ! “ Tt |
A< E L Tl;[g E) ngi%”zu:pR o (27et)

Since, for 0 < o < Sy and |z| = R, we have by (1.3) and (1.1)

(&) e

To—1T1—-1

ST (R + Sp) el

< TISO (bESOSl)TDebETlsl,
we deduce
1Al < EfL(Lflfso)/ZL!TlLSo (bEsosl)LTgebELTlsl
< B~ 2LL(ET)ES (bESy S, ) FToeb BLT 51

This estimate holds unconditionally. If we can select our parameters so that
|A| < 1, then this will prove that the nonzero number A cannot be a rational
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integer, hence one at least of b and e’ is not a rational integer. Therefore the
proof of Theorem 1.1 will be completed if we show that our parameters may
be selected so that

EM? > L(ET))% (bESySy) e 151,

Here is an admissible choice: let N be a sufficiently large positive integer
(independent of b). Assuming b > 3, define F = e,

Ty = N>b[logb], T, = N*[log],
Sp = N3b[log b], S1 = Nllogb],
so that L = N*b[log b]>.
This completes the proof of Theorem 1.1. O

1.6 Remarks

In this last proof of Theorem 1.1, we did not need to assume that b and e®
are integers: Liouville’s inequality (1.2) is used at the very end and provides
the conclusion. More precisely it is plain that the interpolation determinant
method of Section 1.5 yields the following explicit result.

Proposition 1.7. Let b be a positive real number. Let Ty, T1, So, S1 and L
be positive integers satisfying

L =TTy, = 505:.

Let E be a positive number, E > 1. Then there exists a polynomial f €
Z[Z1,Z5), of degree < LT1Sy in Zy and < LTy in Zs, of length bounded by

L(f) < LITEF5 (S8,) 7,
such that
0 < |f(eb,b)| < E-L*/2LUET) =5 (|b], ESoS; ) EToePIELT1S)

We now explain how to modify the first proof (in Section 1.3) involving
an auxiliary function and deduce the following variant of Proposition 1.7.

Proposition 1.8. Let b be a positive real number. Let Ty, T1, So, S1 and L
be positive integers such that

L =TT, = 505;.
Let E, U, V, W be positive real numbers satisfying

E>e, W >12logE,
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U > log L + Ty log(|b|. ES1) + [b]. ET, Sy (1.5)

and
4U+V+W)2< LWlogE. (1.6)

There exists a nonzero polynomial | € Z[Z1, 73] of degree < T1S1 in Zy and
< Ty in Zs, of length

L(f) < LeV TS (Sy + 51)™,

such that
0 < (", b)] < Sole™

Remark. Tt is interesting to compare the two estimates provided by Proposi-
tions 1.7 and 1.8. Condition (1.6) is satisfied with*

1
U—V—W—%LlogE.

Up to terms of smaller order (when Ty, T, Sy and S; are all sufficiently
large), the estimates one deduces from Proposition 1.7 for the degrees, the
logarithm of the length and the logarithm of the absolute value are L times
the corresponding ones in Proposition 1.8.

For all practical purposes, Proposition 1.8, which is obtained by the auxil-
iary function method, is much sharper that Proposition 1.7. This fact has been
an obstacle during a while to develop the interpolation determinant method.
For instance it took several years before proofs of algebraic independence
results could be achieved by means of Laurent’s interpolation determinant
method. A nice solution has been provided by M. Laurent and D. Roy in [15],
who point out that the polynomial f given by the proof of Proposition 1.7
has a further quite interesting property: its first derivatives

o\ o\
(oz) (o) 1
with (ki, ko) € N? satisfying, say, ki + k2 < L/2, also have a small absolute

value at the point (% b). We shall develop this argument later (see Theo-
rem 4.5).

Our proof of Proposition 1.8 uses an auxiliary function. Since we do not
assume b and e® are integers, we cannot apply Lemma 1.4 as we did in Section
1.3. Instead of solving linear equations, we select (again by means of Dirichlet’s
box principle) the coefficients ¢,; of the auxiliary polynomial P so that a set
of inequalities is satisfied. There are several possibilities. Here we shall use the
following auxiliary function.

4 This choice yields a weak upper bound for the length of f. From this point of
view a better choice is for instance U = V = (1/20N)Llog E and W = U/N with
N > 5.
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Lemma 1.9. Let L be a positive integer, U, V., W, R, r positive real numbers
and @1, ...,¢r functions in Hi(R). Assume

r

L
R
U+V+W 212, e<— <IN N ok <V
A=1

and
4U+V +W)? < LW log(R/r).
Then there exist rational integers p1,...,pr, with

< W
Oy Imlset

such that the function F = p1p1 + -+ + pryr satisfies
|F|. <e V.

We do not give the proof of Lemma 1.9 (see [34] Proposition 4.10, which
provides a similar statement in several variables). It suffices to say that it
combines Dirichlet’s box principle (Lemma 1.10) with an interpolation formula
(Lemma 1.11).

Here is Lemma 4.12 of [34].

Lemma 1.10. Let v, u, X be positive integers, U, V positive real numbers
and u;; (1 <i<wv,1<j<up)complex numbers. Assume

v
Dolugl<e,  (1<j<p)
=1

and )
(V2XeU+V + 1) < (X +1)".

Then there exists (&1,...,&,) € Z¥ satisfying

0 1< X
< giagyl&l <

and
v
max < e V.
1<j<p

u;i&s
1

The next result is Lemma 4.13 of [34] (in case r = 0 we agree that rl&l =1
for k = 0). For the proof of Lemma 1.9, the case n = 1 suffices, but we shall
need the general case in Section 4.4.

Lemma 1.11. Let n, K be positive integers, r and R real numbers satisfying
0 <r < R and F an entire function in C™. Then

Pl

IF|, < (1+ VK) (%)K\F\RJF > IDEF(0)|

k!
Ikl <K -
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Proof of Proposition 1.8. We apply Lemma 1.9 to the functions
{p1,... o} =1{2"e*; 0<7<Tp, 0<t < Ty}
with
r=|bl,.S1, R=Er.
From hypothesis (1.5) we derive

To—1T1—1

L
Z|80>\|R* Z Z sup |zT t2| < LRToeT R
A=1

=0 t=0 |2I=R
< L(|b| ESy ) Teeltl+ ETiS1 < U,
We deduce the existence of a nonzero polynomial

To—l T1—1
PX,Y)= Y > XY €Z[X,Y],

7=0 t=0

of degree < Ty in X and < 77 in Y, with integer coefficients bounded in
absolute value by eV such that the function F(z) = P(z, e*) satisfies

|F|r < eV

By Lemma 1.6 there is a nonzero element v in the set
{F(")(sb) 1 0<0<8),0<s< Sl}.
From Cauchy’s inequality, and since r > s|b| + 1, we deduce the upper bound
[y < So!|Fl, < Sple™"

Writing

v =F(sb),
define f € Z[Z, Z5] by

To—1T1—1 min{7,0}

U'T‘ T—K4O—K r7ts r7T—K
SN en Z e A

7=0 t=0

so that, using (1.1), we can write

Y= f(eb’b)'

The degrees of f plainly satisfy the required conditions in the conclusion of
Proposition 1.8, and finally the length of f is bounded thanks to (1.3):

To—1T1—1 min{7,0} ol
5 SE LT S
= = — k(o —r)(T—rK)!

< LGWTlso (So + Sl)TO.
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One can prove a variant of Proposition 1.8 by constructing the auxiliary
function F(z) = P(z,€*) in a slightly different way. One applies Lemma 1.10
again, but now we require that many values at points sb of the function F'
and of its first derivatives have a small absolute value®. A rigidity principle
for analytic functions (Lemma 1.12) enables us to deduce that |F|, is rather
small for a suitable parameter r. We are back to the situation of our first
proof: we invoke Pélya’s Lemma 1.6 and produce a nonzero value of F' (or of
one of its derivatives). This nonzero number is the value at the point (e®, b)
of a polynomial f € Z[Z;, Z5] which satisfies the desired conclusion.

Lemma 1.11 is quite simple, since only one point z = 0 is involved. For
functions of a single variable one can consider an arbitrary finite set of points®.
Here is Lemma 5.1 of [26].

Lemma 1.12. Let ¢ be a positive integer, w1, . . . , wy pairwise distinct complex
numbers and mq, ..., my positive integers. Put

¢
L:ij, 0 = max max{1,|wj|},
j=1

1<j<e
and
ov=min [ fwj—wy™/",
1<j<¢

1<5'<e

i'#3
b =min{l, min |w; — wj/|mj’/L},

1<5,5'<¢
i#i

with the convention that 61 = 6o = 1 when £ = 1. Then, for any pair of real
numbers r and R with R > 2r and r > 2p and for any function F' € Hi(R),
we have

6r \L 1 . 67\ L
|7l < (5152) o W ’F( )(“’j)’ + (E) |Fl5-
0§T<a<_mj '

Each of the two Propositions 1.7 and 1.8 yields the real case of Hermite-
Lindemann’s Theorem 1.2: in place of the trivial Liouville’s inequality (1.2)
we have used so far, it suffices to invoke the next result, which is Proposition
3.14 of [34]:

Proposition 1.13. (Liouville’s Inequality). Let K be a number field of degree
D, v an Archimedean absolute value of K and vy, ..., vy positive integers. For

® Lemma 1.9 is proved in [34] by constructing P so that the first Taylor coefficients
of F' at the origin have a small absolute value; hence it may be considered as a
variant of this approach, which consists in taking only s = 0 at this stage of the
proof - the number b does not occur in this case.

6 Such a statement is called an “approximate Schwarz’ Principle” in [23], Section
3.a.
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1<i <Y, let vi1,-..,%, be elements of K. Further, let f be a polynomial in
v1+- - -+ g variables, with coefficients in Z, which does not vanish at the point
v = (%;j)1<j<1/i,1<i<ﬁ' Assume f has total degree at most N; with respect to
the v; variables corresponding to i1, . .. yYiv; - Then

L

log|f(9)]v > —(D —1)log L(f) — DZNih(li Vilt ot Vivg)-
i=1

Finally the complex case of Hermite-Lindemann’s Theorem 1.2 can also
be proved easily by the same arguments, either with an auxiliary function or
with an interpolation determinant. The only new feature is to replace Pdlya’s
Lemma 1.6 by another zero estimate, for instance Lemma 4.3. We refer to [2],
Chap. 1, Section 3, [6], Chap. 1, Section 9, [7], Chap. 2, Section 2 and [30], Sec-
tion 3.1 for proofs of the Hermite-Lindemann’s Theorem by means of an aux-
iliary function and to [34] Chap. 2 for the interpolation determinant method
with a zero estimate.

In the next section we provide a new proof of Hermite-Lindemann’s The-
orem 1.2 by means of an interpolation determinant but without any zero
estimate: we shall extrapolate like in Section 1.3.

2 Second Lecture. Extrapolation with Interpolation
Determinants

The proof given in Section 1.3 rests on an auxiliary function and involves an
extrapolation; this extrapolation enabled us to conclude without using the
zero estimate Lemma 1.6. We explain here how to perform an extrapolation
by means of the interpolation determinant method of Section 1.5.

2.1 Upper Bound for a Determinant in a Single Variable

We are looking for an upper bound for an interpolation determinant. Lemma
1.5 is proved by M. Laurent in [14], Section 6 (also in [34] Lemma 2.8) by
means of Schwarz’ Lemma 1.3 for the function

& : 7 — det <¢§"“)(z§u))
1<A,u<L

which has a zero at the origin of multiplicity at least

0-|—1+---—|—(L—1)—(01+-~-+UL)ZM—ZU#.
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Ezample 2.1. (See Masser’s Lecture 1 in [19]). Define
pl2) =242+ + 28+ =) 2
m=0

Set L = 6 and take for ¢1, ..., ps the functions
1, 2, (2), 20(2), ¢*(2), 2¢°(2).
Further set
01=0,00=1,03=2,04=3, 05=4, 06 =0

and
G=G=3=0u=0G=0,(=1.

The function

6
1 LRCH
7 — =det{ —p, “
<Z)H‘7u! ‘ (Uu!%\ (ZCM))1<)\ <L
pu=1 RS
10000 1
01000 =
_ 01101 o(z)
= et 50110 2

z)
00121 p2(2)
00012 zp%(2)

= 22¢%(2) + 42(2) = 3¢°(2) + 2 — 9(2)

has a zero of multiplicity > 5 at the origin; as pointed out by D.W. Masser [19],
actually the multiplicity is 6.

Back to the general case, we need to take into account further zeroes.
Such an upper bound is given in Corollary 2.4 of [33]; the proof relies on a
Schwarz Lemma for Cartesian products (see [33] Proposition 2.3; see also [9]
for a general discussion of this issue). Philippon ([23] Lemme 4) also gave
upper estimates for interpolation determinants and he does not need to deal
with Cartesian products: he uses a much more simple inductive argument
which suffices for interpolation determinants (but does not seem to extend to
Cartesian products). Here we follow his approach.

We first combine Schwarz’ Lemma 1.3 with Cauchy’s inequalities.

Lemma 2.2. Let R, v, ¢ and E be positive real numbers, F' an element of
Hi(R), m a positive integer, (1, ..., m pairwise distinct complex numbers, &
a complex number and K, o1, ...,0, nonnegative integers. Set

N=o1+ - +om.
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Assume

R +7r(|¢] + o)
R > max{r, +0}, r> max |;] and 1< F< ——F—7>——=.
Assume also that F satisfies

F(”)(Q):O for 0<o<o; and 1<i<m.

Then
[FO ()| < o™ E~N|Fln.

Proof. By Cauchy’s inequalities
‘F(”’) (5)‘ < Ko™ | Fljg|+o-

Since F' has at least N zeroes (counting multiplicities) in the disk B;(0,r),
we deduce from Schwarz’ Lemma 1.3:

|Fligj+0 < E7N|F|g.
Hence the result. O

The next result is an extension of Corollary 2.4 of [33] where we include
multiplicities.

Proposition 2.3. Let R be a positive real number, p1,...,pr elements of
Hi(R) with L > 1, &,...,&L complex numbers in B1(0,R) and kKi,...,KrL
nonnegative integers. Consider the determinant

A= det (p{"(€))

1<Au<L
Further let my,...,my be nonnegative integers and, for 1 < p < L and 1 <
1 < my, let Cu; be a complex number and o,,; a nonnegative integer. We assume
that for each p=1,..., L, the m, numbers (u1,...,Cum, are pairwise distinct.
Set
my

N, :ZUW (1<pu<L).
i=1
For1<u<UL,letr,, R,, o, and E, be positive real numbers satisfying

R> R, >max{ry,, [§u+ou}, 7> lgnax | il
_71Smu

and )
1< B, < Ry, + (1€l +Qu).
R#(TH + ‘fu‘ + Qu)
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Denote by @ the analytic mapping
(ng, PN QDL): Bl(O, R) — (CL.

Assume that for any (u,i,k) € N satisfying 1 < u < L, 1 <i < m, and
0 < K < 0y, the pu vectors

P (&), ... ,@(H“’l)(fu—l)a QS(H)(CM‘) (2.1)

in CL are linearly dependent. Then
L
|4] < L! max 11 (“u!Q;H“E;N”‘PT(uﬂRH)'
p=1

Proof. We prove Proposition 2.3 by induction on L. For L = 1 we have & = ¢,

R +r1(|&] + 01)
Ry(r1 + [&1] + 01)

A=o")(g),  1<E <

and hypothesis (2.1) reads
QS(“)(CM) =0 for 0<Kk<oy; and 1<i<mq.
From Lemma 2.2 we deduce
Al < milor ™ B Vo] g, -

Hence Proposition 2.3 is true in case L = 1.
Assume now that the conclusion is true for L replaced by L — 1. Define
F € B1(0,R) by

F(2) = det (qs(m)(gl), PR (), @(z)) .
By assumption (2.1) with u =L, for 1 <i <my, and 0 < k < o, we have
FW(¢pi) = 0.

Since
A=Fr(gy),

we deduce from Lemma 2.2
A < klop ™ Ep N | Flr,.

We expand the determinant F' with respect to the last column: define, for
1<A<L,

Py = (P11 Pr—1,Prt15- -, 01): B1(0,R) — CF 1
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and let Ay denote the determinant of the (L — 1) x (L — 1) matrix

(ég\nl)(é-l% v agpg\HLil)(gLfl)) )
so that

L
= 3 (-1 P ea(2)An.
A=1
Hence

<
|F'r, < nglggLWHRL\AA\

and therefore
< kLo "t E7NE m Ayl
|Al < kp!Lo "  Ep 1S3§XL\<PA|RL\ Al

We fix an index A\ € {1,..., L} such that
Al < kr!Lop " Ep M [oxo|ry | Aol

Using the induction hypothesis, we deduce that there exists a bijective map ¢
from {1,...,L—1} to {1,...,A° = 1,\° +1,..., L} such that

[Ax] < (L H Ko™ B N oy |, -

Define 7 € &1, by 7(u) = t(u) for 1 < p < L and 7(L) = \°. Proposition 2.3
follows. O

We shall use a special case of Proposition 2.3.

We consider a finite sequence ((p,...,(n) of complex numbers, which are
not supposed to be pairwise distinct. We define the associated multiplicity
sequence (og,...,on) as follows:

o, =Card{i; 0<i<v,;=¢(} (0<v<N).

If {y,...,{n are pairwise distinct then o9 = -+ = oy = 0. In general,
(Co,---,Cn) consists of ¢ distinct complex numbers wy, ..., wy, where w; is
repeated m; times (1 < j < /), so that

N ¢
H<Z*CV)ZH(Z*%')"” and my+---+mg=N+1.
j=1

v=0
Then for an analytic function F' the N + 1 equations
FI)(,)=0 for 0<v<N

are nothing else than
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F(’“)(wj)zo for 0 <K <m; and 1 <5</

The pairs (0,,,(,) (0 <v < N) are pairwise distinct and for eachv =0,..., N
and each 0 = 0,...,0, there is an index p in the range 0 < p < v with

(qu CM) = (U’ CV)

Corollary 2.4. Let L, N be integers with 1 < L < N 4+ 1, R a positive real
number and ((o,...,(n) a sequence of N + 1 elements in B1(0, R). Denote
by (00,--.,0nN) the associated multiplicity sequence. Let 0 = vy < 1vq < -+ <
vy, < N be integers and @1, ..., pr elements of Hi(R). Consider the determi-
nant

A= det (46,)

For1<u<UL,letr,, R,, o, and E, be positive real numbers satisfying

1<Au<L’

R> R, >max{ry, |¢, |+ o}, 7.2 oényi}iu 6]

and

2
1< E < Ru"'ru(‘cvu""gu).

- R#(T# + ‘Cuu + Q;L)
Denote by @ the analytic mapping

((,01,...,(,0[,)1 Bl<0,R) — (CL.

Assume that for any (u,v) € N? satisfying 1 < u < L and v,—1 < v < v, the
n vectors
(G, B (G, ), 2(G)

in C¥ are linearly dependent. Then

L
—0o, _
41 2 e T (sl B v, )
p=1

Proof. We apply Proposition 2.3 with
=G, and k,=0,, (1<p<L).

We define m,,, ,; and o,; as follows: for 1 < u < L, we denote by m,,
the number of distinct elements in the sequence (o, - ., ¢y, 1), by (i these

distinct elements and by o,; the number of v in the range 0 < v < v, such
that ¢, = (.. Therefore

Ny=o0w+-+0um, = vy
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Remark. Corollary 2.4 includes Corollary 2.4 of [33]: if some o, is zero, then
Q;UV” = 1 even if we replace ¢, by 0 in the definitions of R, and F,. Another
special case of Corollary 2.4 is related to Lemma 2.5 of [34], which is nothing
else than the case 07 = --- = o = 0 of Lemma 1.5. Indeed we can take in

Corollary 2.4
Co,.--,Cr—1 pairwise distinct, N=L-1, op=---=o0r_1 =0,
vi=p—-1, R,=R, r,=7 FE,=(R*+r*)/2rR (1<p<L),
with
R >r > max{|l,..-,[Cz—1]}-

Since vy + -+ + v = L(L — 1)/2, we deduce from Corollary 2.4

_ (R2+T2>_L(L_1)/2 L

L DTT s .
T El l:g{lw@)l

det (£2(¢)

1<Au<L| —

Apart from the quantity (R?+r?)/2r R which replaces R/r, this is the estimate
of Lemma 2.5 of [34].

It is not clear to me whether Proposition 2.3 contains the general case of
Lemma 1.5 (without the restriction oy = --- = o7, = 0).

2.2 Proof of Hermite-Lindemann’s Theorem with an Interpolation
Determinant and without Zero Estimate

Thanks to Corollary 2.4, one can modify the proof of Section 1.5 involving an
interpolation determinant so that Lemma 1.6 (zero estimate) is not required
any more. In this section we explain how to extrapolate and to increase either
the number of derivatives, or the number of points, or both.

Proof of Hermite-Lindemann’s Theorem 1.2. Let o« and 3 be two complex
numbers with 3 # 0 and a = €.

Step 1. Introducing the Parameters

Consider two nondecreasing sequences (So(N))n>o and (S1(N))n>o of
nonnegative integers with Sp(0) = S1(0) = 0 and such that the sequence
(So(N)S1(N))n>o is increasing.

We construct a sequence (y, (1, . . . as follows. For each N > 0, the sequence

(Cso(N)S1(N)s - - - > CSo(N+1)S1 (N+1)—1)

consists of
e cach element sf with 0 < s < S1(V) repeated So(N + 1) — So(N) times,
and

e cach element s with S1(N) < s < S1(IN + 1) repeated So(N + 1) times.
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Denote by (0g,01,...,0,,...) the associated multiplicity sequence.
For each v > 0 denote by N, the least integer N > 1 for which v <
So(IN)S1(N). Hence we have Ng =1 and for v > 0

SO(NV - I)Sl(Nl/ - 1) S v< SO(NI/)Sl(NV)7

2.2
o, < So(N,) and |¢] < S1(N,)|8]. (22)

We also introduce two sufficiently large integers Ty and 77 and we set L =
ToTh.

Step 2. The Matrix M and the Determinant A
Consider the matrix with L rows and infinitely many columns

M:<C07C1,...,C,,,...),

where C, is the column vector (with L = ToT) rows)

()" o)

We claim that the rank of M is L. Indeed a linear relation between the rows

0<7<Tp, 0<t<Ty

To—1T1—1

Z Z cTt(diz)gu (zTetz)(Cy) =0 for v>0

TQ:O t=0
would mean that the exponential polynomial

To—1T1—1

F(z) = Z Z crezTet”

TO =0 t=0

satisfies
F@)(¢,)=0 for v>0.

These relations can also be written
F)(sb) =0 for 0 >0 and s> 0,

and they plainly imply ¢;; =0 for 0 <7 <Tpand 0 <t < T3.

We select L columns of M as the minimal ones in the lexicographic ordering
such that we obtain a nonsingular matrix. Concretely we define vy, ...,y as
follows:

v1 = min{r >0, C, # 0},

and for 2< pu <L
vy =min{v >v,_1; Cyy,...,Cy,_,,C, are linearly independent}.
Hence we have 0 = 11 < 19 < --+ < v, and the matrix

(cyl,...,cn)

is nonsingular. We denote its determinant by A.
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Remark. We may assume (; = 0 and o¢ = 0; in this case the first column has
T) components 1 (those with index (0,¢) such that 0 <t < T1) and (Tp — 1)1}
components 0 (the other ones, with index (7,t) such that 1 < 7 < Ty and

Step 3. Upper Bound for |4|
We apply Corollary 2.4 with o, = 1, 7, = 8], S1(Ny,), R, = 3ery, E, = e
and
{o1,---,0L} = {zTetZ; 0<7<Ty, 0§t<T1}.

We deduce

L L
|Al < L H (e*”“al,ﬂy!REOeTlR“) < Llexp (Z Pu) .
p=1 n=1

where

pu = —vyu +1og(So(N,,)!) + Tolog(3e| Bl S1(Ny,)) + 3e|B|, T1S1(N,,).

Step 4. Lower Bound for |A|
The number A is not zero and lies in the ring Z[«, §]: there is a polynomial
f € Z|Z1, Z5] such that
A= f(a. ),

the degree of f in Z; and Z5 respectively is at most
L
> T1Si(N,,) and LTy,
p=1
while the length of f is bounded by

L
L(f) < L [T 77 (So(N,,) + Su(M,,,))
p=1

Assume now that a and 8 are both algebraic. Then we may use Liouville’s
inequality Proposition 1.13:

‘A‘ > L!fDJrlefLDToh(ﬁ)

L
—(D—1)So(N, —(D— _
< TL(1 7 (So(V,,) + S1 (N, )~ T e DTS N b)),
p=1

Step 5. Choice of parameters
Define, for N > 0,
So(N) = N3 and S;(N)=N.
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By (2.2) we have for v > 1
(N, - 1)* <v <Ny,
hence
So(N,) < (y1/4 +1)3 < 8u3/4, S1(N,) < v 41 < /A,

Fix a sufficiently large integer Tj (larger than some constant depending only
on a and 3) and define Ty = Ty, so that L = T3.
For 1 < p < L the following estimates are plain:

DlogL + DToh(ﬂ) + (D — I)TO IOg(SQ(NV“)Sl(NVH))
+ 1o log(36|ﬁ\+Sl(Ny )) < (e1 4+ c2logr,)Th

"

and
(D —1)So(N,,) log<TISO(NVM)) < 031/3/4 log(Tovy),
T1S1(N,,)(Dh(e) + 3e|],) < caTov/*,
where c1,...,cq are positive real numbers which depend only on « and 3.

Therefore we have

DlogL + DToh(ﬁ) + (D — I)TO log(SO(Nyu)Sl(Nyu))
+ Ty log(3e|B],S1(Ny,)) + (D — 1)So(N,, ) log Ty
+ SO(NV )log(SO(Nl/H)) + Tlsl(Nu,,)(Dh(a) + 36|ﬂ|+) S Q;La

i

where
Q.= csTol/ll/4 + Cﬁl/f’/4 log(Tov,,)

and again cs, cg depend only on « and (.
Step 6. Conclusion

We claim
L

> (v —Qu) > 0. (2.3)

p=1

Indeed, since u — @, is increasing, we have
Y. @< Y Qe
1<u<L/2 L/2<p<L

The estimate
v, >0 for 1<pu<L/2

is trivial, while for L/2 < p < L the lower bound

vz p—12(L—-1)/2= (I3 - 1)/2
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implies
1/2/4 > 4c5Ty and 1/11/4 > 4eglog(Tovy),

hence
v, >2Q, for L/2 < pu<L.

Therefore our claim (2.3) is vindicated.

According to steps 5 and 6, the conclusions of steps 3 and 4 are not com-
patible, hence one at least of the two numbers «, 3 is transcendental.

This completes the proof of Hermite-Lindemann’s Theorem 1.2. 0O

3 Third Lecture. Linear Independence of Logarithms of
Algebraic Numbers

The main result, due to A. Baker ([1] and [2] Th. 1.2), is the following:

Theorem 3.1. Let aq,...,a, be nonzero algebraic numbers. For each i =
1,...,n, let \; € C satisfy e™ = ;. Assume the n numbers \i,...,\, are
linearly independent over Q. Then the n+1 numbers 1, \1, ..., A, are linearly
independent over the field Q of algebraic numbers.

We shall use the notation loga; in place of A\;. One should keep in mind
that this notation may be troublesome: for instance Theorem 3.1 can be ap-
plied with

ar =az =2, A =log2, Ml =log2+ 2im,

and the conclusion shows that the three numbers 1,log2, 7 are linearly in-
dependent over Q. However the same conclusion can be obtained by taking
a1 = 2 and ag = —1 for instance.

By the way, when g, ..., a, are nonzero complex numbers, for any choice
(A, An) € C* with e* = o; (1 < i < n), the following conditions are

clearly equivalent:

(i) The numbers aq,...,a, are multiplicatively independent, which means
that any relation
a(i‘l ...aZ" = ]_

with (a1,...,a,) € Z" implies a; = --- = a, = 0.
(ii) The n + 1 complex numbers 2mi, \q,..., A\, are linearly independent
over Q.
Hence, given complex numbers A1, ..., A,, the multiplicative subgroup of C*
generated by e*t, ..., e’ has rank (as a Z-module) equal to 7 — 1, where r is
the dimension of the Q-vector space spanned by 27i, A1, ..., A,. In particular,

if A1,..., A, are Q-linearly independent, then this rank is

n if 2mwi, A1,..., A\, are linearly independent over Q,
n—1 if 2w, A,..., A, are Q — linearly dependent.
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Proofs of Baker’s Theorem 3.1 on linear independence of logarithms are
given in [2] Chap. 2, [6] Chap. 10, Section 1, [7], Chap. 4, Section 1.3, [30],
Chap. 8 and [34], Section 10.1. A “dual” argument (extension of Schneider’s
method, while Baker’s method is an extension of Gel’fond’s method) is worked
out in [34] Chap. 6 (for the homogeneous case) and Section 9.1 (for the non-
homogeneous case). See also [34], Section 4.2 for a proof, following Bertrand
and Masser, which rests on Schneider-Lang’s Criterion for Cartesian products
(involving again Gel’fond’s method).

Here we consider only Baker’s method. In Section 3.1 we explain why
Baker’s method can be introduced by means of functions of either one or sev-
eral variables. A proof of Theorem 3.1 by means of Baker’s method, involving
an auxiliary function with an extrapolation argument, is given in Section 3.2,
which includes also a sketch of proof with an interpolation determinant but
without any extrapolation. For both proofs the zero estimate which is used
there is due to Philippon [22]. In Section 3.3 we show how to replace this zero
estimate by a much simpler one, due to R. Tijdeman, by means of a further ex-
trapolation with the auxiliary function. Our ultimate goal in this third lecture
is to extrapolate with an interpolation determinant (Section 3.5), in order to
complete the proof of Theorem 3.1 without any auxiliary function, and with
Tijdeman’s zero estimate in place of Philippon’s one. This is achieved thanks
to a generalization (in Section 3.4) in several variables of the results of Section
2.1 giving upper bounds for interpolation determinants.

3.1 Introduction to Baker’s Method

We explain the basic ideas of the proof of Theorem 3.1 by means of Baker’s
method with an auxiliary function involving an extrapolation.

Assume ag,...,q, are nonzero algebraic numbers, logay,...,loga, are
linearly independent over Q, o, ..., 3,_1 are algebraic numbers, and
logay, = 6o+ frlogag + -+ + Bn_1logay,_1. (3.1)

We shall eventually reach a contradiction.

From now on o* stands for exp(zlog«), which has a meaning as soon as
a complex number A = log o has been selected with e* = a.

Hence relation (3.1) implies
Brn—1

— B
o = eﬁ"al RN N

and more generally for z € C

Bn-12

z _ Boz, Bz .
a, =€ a; Qnq

To each polynomial P € Z[Yy, Y1, ...,Y,] we associate analytic functions of 1,
n and n + 1 complex variables. The proof of Baker’s qualitative Theorem 3.1
on linear independence of logarithms of algebraic numbers requires a Schwarz’
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Lemma, while the quantitative refinements (measures of linear independence;
see Section 5) will require an approximate Schwarz’ Lemma. A fundamental
fact is that one needs such auxiliary results only for functions of a single vari-
able: even if we introduce functions of several variables, we shall consider only
the values of our functions at multiples of a single point (but derivatives are
taken in several directions); therefore it would be possible to avoid completely
the introduction of several variables, but we use them only to explain the role
of certain differential operators.

a) Using a Single Variable

Consider the entire functions

4 z
Z,07,...,00.

To the auxiliary polynomial P € Z[Y] is attached the exponential polynomial
G(z) = P(z,07,...,a%),
which can be written also

G(z) = P(2,05,...,a%_y,e™*a7 ... Ozi’fllz).

In order to take (3.1) into account, we consider derivatives of G. We avoid dif-
ficulties (related with Liouville’s inequality) arising from the unwanted tran-
scendental numbers loga; (1 < 4 < n) by writing the derivatives of G as
polynomials in log oy, . ..,log a,_1, and the coefficients of these polynomials
are themselves exponential polynomials with algebraic coefficients.

We start with the first derivative G'(z) = (d/dz)G(z) of G: this is the
value, at (z,a%,...,aZ), of the polynomial

0 - 0
( + Z(log ak)@Yk> P= (80 +01logay + -+ 0,_1log an,l)P,

Yy —
where Jy, . ..,0,_1 are the differential operators
0 0 0 0
0y = =— Y,—, O = Yi=—— Yo—=— (1<k<n-1
o 8Y0+ﬁo oy, & kaYk+ﬂk Y, (1<k<n-—-1)
on the ring C[Y]
We now take higher derivatives. For ¢ = (09,...,0,-1) € N we write
in place of
95° -+ Oy

Since
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(60 + 01 IOg ay+ oo+ Opot log Ozn_l)k
k!

= )" llogay)” -+ (log i)™ 107,
lell=k ="
we have
(k) k! o o
GM(2)= > “logm)” - (logan_1)" " Go(2).
lell=k ~—
where

Go(2) = Py(z,0f,...,0f) and P, =90%P € C[Y].

Now if we compose derivations we easily deduce for o and A in N”
92T — 92 5 §2

which yields the fundamental relation for ¢ € N* and £ € N

4
GP(E) = Y ylogar™ - (logan 1) Giae). (32)
IAl=¢ =

As a consequence, if Sy and S; are positive integers for which
Gy(s) =0 for |lg]| <Sp and 0<s < Sy, (3.3)

then for any ¢ € N” with ||g|| < Sp the function G, has a zero at s =
0,...,57 — 1 of multiplicity > Sy — ||o]|-

This is really the main point in Baker’s method [1], I, p.212, which has no
counterpart in the dual method of [34] Chap. 6 (there is no efficient extrapola-
tion so far when one deals with functions of several variables). By means of the
one dimensional approximate Schwarz’ Lemma 1.12, one deduces from (3.3)
a sharp upper bound for |G, |, and gets more equations like (3.3): this is the
extrapolation.

Remark. If we were to replace (3.1) by an algebraic relation between loga-
rithms of algebraic numbers, for instance

loga,, = A(log aq, . .., log 1)

where A is a polynomial of total degree > 1, then one could also write the
derivatives of G as polynomials in (logaj,...,loga,_1), but there are no
nice relations like (3.2) between the corresponding exponential polynomials
replacing the G,.



Linear independence measures for logarithms of algebraic numbers 281
b) Introducing n Variables

As we said, from a strict logical point of view, introducing functions of several
variables is not required. But it may help to understand better the meaning
of the differential operators 9y (0 < k < n).
To the auxiliary polynomial P is also associated an analytic function of n
complex variables
D(20,21 -y 2n—1) = P(zo, e ..., et 650Z0+5121+"'+ﬁ"*””*1).

We take derivatives of @ with respect to the n variables, and consider the
values of these derivatives at the point

v=(1,logay,...,loga,_1) € C".

Obviously we have
P(zv) = G(2)

for z € C, but what is more interesting is the connection between the deriva-
tives. From the definition of the differential operators 0y, ..., 0,_1, it is plain
that for 0 < k <n — 1 we have

a—Zk@(zo, 21y 2p-1) = (OkP) (zo, e, ..., e, 65°z°+6121+'”+ﬁ"*12”*1).

Hence for ¢ = (09, ...,0n-1) € N* and z € C we have

Gy () = (D7) (20)

a go 8 On—1
DL = [ — . .
<820> <an1)

¢) Introducing n + 1 Variables

where

Instead of working with n variables it is sometimes convenient (for instance
for the zero estimate) to consider n + 1 variables: define

F(z0,21...,2n) = P(zo,ezl,...,ez").

The point
u=(1,logay,...,loga,) € C"*!

lies in the hyperplane W of equation

Zn = Pozo + Prz1 + -+ + Brn—1Zn—1.

A basis of Wis w = (wy, ..., w,,_,) where

n
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wy, = (0k0, -+ O0kn—1,0k) (0<k<n—1).

These elements w, ..., w,,_; are the n column vectors of the matrix
10--- 0
01--- 0
Do = In
00-.- 1
Bo B Bra Bo - Bn-1
Since
20Wo + +++ + Zn—1Wy_q = (20, -+, Zn—1, P20+ + Bu—12n-1),
we have

D(20, ...y 2n—1) = F(zowg + - -+ + Zn—1W,_1),

and one may view @ as the restriction of F' to the hyperplane W, equipped
with the basis w, by means of the isomorphism

cn — w
(20, -+ 2Zn—1) — 20wy + -+ + Zp_1W,, ;.

To take the derivatives of @ in all n directions amounts to taking the deriva-
tives of F in the directions of W. More precisely, for x = (zq, ..., x,) € C"1,
define
Do 2 9
L e

For instance 9 5
”Dykza—z}c—kﬂka for 0<k<n-1,

hence for 0 <k <n-1

Dy, F(20,- -+, 2n) = (OkP) (20,7, ...,€™).

Define also, for ¢ = (0¢,...,0,-1) € N?,
DL =Do0 ... Dor1,
=0 “Zn-—1
Then
DLF (20, 20) = (2P) (20,7, .., €
and

D& EF (2055 Zn—1,B0%0 + - + Bn—12n—1)
a o) a On—1
= _ LR @ e n—1)-
(320) <6Zn_1> (207 y 2 1)

Gy(z) = DL F(zu).

In particular
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3.2 Proof of Baker’s Theorem

We prove Theorem 3.1 following basically [30] Chap. 8. One main difference
is that we shall use a sharper zero estimate than Theorem 6.1.1 of [30], and
therefore we do not need a long extrapolation like in [30]: here a single step
will be sufficient. This explains why the interpolation determinant method
could easily be used in [34], Section 10.1. In Section 3.3 we shall explain how
a longer extrapolation enables one to use a weaker zero estimate.

Denote by K the number field

K:Q(ala"'7an7ﬁ07"'7/8n71)~

Let Ty, T4, ..., T,, So and S be sufficiently large positive integers. Explicit
conditions on these parameters will occur along the proof, and we shall discuss
them later, but it may help the reader to know that a suitable choice is

Tp = 2[K : QIN>"*1, Ty=-=T,=N>""1

Sp = N+, S) = N. 34

We alsoset L=ToT,---T, and T =11 +---+Ty,.

a) Construction of the Auxiliary Polynomial

By means of Thue-Siegel’s Lemma 1.4, we show the existence of a nonzero
auxiliary polynomial P € Z[Yy,...,Y,], with degree < T; in ¥; (0 <i < n),
such that the equations (3.3) hold.

These conditions amount to a homogeneous linear system of equations
with coefficients in K, where the unknowns are the coefficients of P.

Our first condition on the parameters will be

SISL7

2K : Q] <So +: - 1)

so that the number of equations is at most half the number of unknowns’.

The coefficients of the linear system are the numbers

7(2,5) - ag(yofyltl .. Kf") (5, ai, ... ozs) (3.5)

Tt »tn
with0 <7 <Tp, 0<¢t; <T; (1<i<n)andoe€N" |a| < S 0<s<S5.
We write them explicitly by computing the derivatives of

T t]Zl .
zZpe e

tnflznfletn(BOZO"F“""ﬁnflzn—l)'
One obtains easily

" One could construct P with coefficients in the field K, and then omit the factor

(K Q.
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min{7,00}

n—1 n
5= X e Tl T

k=0 i=1

One should use a variant of Lemma 1.4 taking into account the fact that the
coefficients of our linear system are in K rather than in Z, but anyway a rough
estimate shows that we end up with a nonzero polynomial P of length at most

L(P) < exp{c1(To + So)log L + ¢TS5 }.

Here and below, cq, ..., c1g denote positive numbers which do not depend on
To, T1, ..., Ty, So, S1. For instance with our choice (3.4) we get

L(P) < exp{c3N?"*1log N'}.

Remark. The whole point in this argument is that (3.1) allows us to consider
values of polynomials in n — 1 variables at the point

(logay,...,loga, 1)
in place of values of polynomials in n variables at the point
(logag,...,log ay,).
Without (3.1) it would be necessary to replace
S -1
ot+tn with So+n
n n+1
and the only difference with the present proof is that no choice of parameters
would be admissible!

b) Extrapolation on Integral Points

We introduce further parameters S} and S} which are positive integers with
S < Sp and S7 > S, and we are going to prove

Gy(s) =0 for (g,s) e N* xN (3.6)
with |lo]| < S and 0<s < S].
With the choice of parameters (3.4) we shall take
So=[S0/2], Sy=N?
Fix ¢ € N" with ||g|| < S}. The function

Gy(2) = 0%P(z,05,...,a2)
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has a zero at each point s = 0,...,5; — 1 of multiplicity > Sp — Sj. The
one variable Schwarz’ Lemma 1.3 with » = S{, F = e, R = 2er provides the
following upper bound:

|Gl < e~ (So=50)% |Go|R-

This yields an upper bound for |G, (s)| with s € Z in the range 0 < s < 5]
which is not compatible with Liouville’s lower bound provided that

’C4(T0 + SO) IOgL + C5TSi < (So — 56)51 ‘

Hence (3.6).

c) Using Philippon’s Zero Estimate

The next auxiliary Lemma is a very special case of Philippon’s zero esti-
mate [22] (see also Chap. 8 of [34] by D. Roy).

Proposition 3.2. Let aq,...,a, be nonzero complex numbers which generate
a multiplicative subgroup of C* of rank > n — 1 and let By, ..., Bn_1 be com-
plex numbers. Assume that 1,01,...,08,_1 are linearly independent over Q.
Let Ty, Ty, ..., Ty, So, S1 and L be positive integers satisfying the following
conditions:

L=TyT---T,, T <To < < Ty,
1
So > (n+ 1T, SoS1 > §n!(n+ 1)!maX{To, 2Tn}7

and
(So +n—1

Assume also

e either By # 0
e orelsen>2 and

n—1

(SO“L"_Q)& > (n+ )Ty - T (3.8)

Fort € N,t € N*, g € N® and s € N, consider the number *y%s) given
by (3.5) and build up the matriz:

M= <77('%é)) (7,t)

(a,s)

where the index of rows (7,t) runs over the elements in NxN™ with0 < 7 < Tp,
0<t <T, (1<i<n), while the index of columns (o, s) runs over the
elements in N™ x N with ||g|| < (n+1)Sp and 0 < s < (n+1)S1. Then M has
rank L.



286 Michel Waldschmidt
Remark. Using (3.7) it is easily checked that (3.8) can be replaced by
nly > Sg+n—1.

Remark. Given Q-linearly independent complex numbers Ay,...,\,, the n
numbers a; = eV (1 < i < n) generate a multiplicative subgroup of C*
of rank > n — 1. Conversely, if a,...,a, are nonzero elements of C which
generate a multiplicative subgroup of C* of rank > n — 1, then there exist
Q-linearly independent complex numbers A, ..., \, such that a; = e for
1<i<n.

Proposition 3.2 is essentially Proposition 10.2 of [34], with a few differences:

e We do not assume [y # 0 here. At the same time our points are

(s,05,...,a2) in place® of (s, a3,...,as3).
e  We work with polynomials in Yy, ..., Y, of degree < T; in Y¥; (0 <i < n),
while in [34] we considered polynomials in XO,Xlil, <o, XEL of degree

< Tp in X and degree < T3 in each of the variables Xiil. Also here we
consider nonnegative integers s with 0 < s < (n + 1)S;, while in [34] we
had s € Z with |s| < (n 4+ 1)S;. Also here we use strict inequalities for
el

These changes introduce few modifications in the proof of Proposition 10.2
of [34], but for the convenience of the reader we provide the details.

Proof. Consider the algebraic groups Gy = G,, G1 = G}, G = Gy x Gj,
of dimensions dy = 1, dy = n and d = n + 1 respectively. Let W be the
hyperplane in C"**! of equation

Bozo + Biz1+ -+ Br—1Zn—1 = 2n.
Introduce also the set

Y= {(s,af,...,ozs

n

);s€N,0<s< S5} CG(C)=Cx (C)™

If the rank of the matrix M is less than L, then there exists a nonzero polyno-
mial P in C[Yp, Y1,...,Y,], of degree < T; in Y; (0 < i < n), for which the
functions G, (z) = 39P(z, aof, ... ,az) satisfy

n

Gy(s) =0 for (o,s) e N* xN
with [|g]] < (n+1)Sy and 0<s < (n+1)S;.

According to Philippon’s zero estimate there exists an algebraic subgroup
G* of G of dimension d* < n and codimension d’ =n + 1 — d* such that

(So -|-fo - 1) Card (2 g*G ) H(G* T) < H(G: T), (3.9)
0

8 This was an oversight in Proposition 10.2 of [34]!
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where

, -1 i e cw
0 d’ otherwise.

The notation H(G*; T) stands for a multihomogeneous Hilbert-Samuel poly-
nomial (see [34], Section 5.2.3); for instance H(G; T) = (n+ 1)!L.

We first check that this inequality (3.9) is not satisfied with G* = {e}:
indeed when G* = {e} we have

2 *
d*=0, fly=n, Card < +*G ) =Card(X) =51, H(G"T)=1,

so that by (3.7)

<So —l—;o - 1) Card (EE*G ) HG T) > (n+1)\L.
0

Therefore d* > 1.

Write G* = G; x G} where G is an algebraic subgroup of Gy and G} an
algebraic subgroup of G;. Denote by df and dj the dimensions of G and G}
respectively, and by df, and d their codimensions:

dy+dy=dy=1, di+d,=d =n.

Assume first T,(G*) C W. Since 1,31, ..., 81 are linearly independent
over QQ, the hyperplane of C™ of equation

ﬁlzl +---+ ﬁnflznfl = Zn

does not contain any nonzero element of Q™. Since T.(G7) is a subspace of C"
which is rational over Q, we deduce G = {e}, hence G* = G, x {e}, d* =1,
d =mn,ly =n—1and H(G*; T) = Tp. Now the condition T,(G*) C W
implies By = 0, hence (3.8) gives n > 2 and

(So+n—2

o )Sl>(n+1)!Tl~--Tn.

Since n > 2 and since ay, ..., a, generate a subgroup of C* of rank > n — 1,
we have

Y+ G*
Card( g* ) = Card{(af,...,ai); seN,0<s< Sl} =51.
Hence (3.9) does not hold and we get a contradiction.

Therefore T.(G*) ¢ W and £y = d'.

Counsider the case G = {0}. We have d§; =0, d* =d;,d =n+1—dj,

H(G™; T) > (di +1)!Ty -+ - Tyr and Card(Z+G ) = 9.

*
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Therefore (3.9) implies

So+d —1 (n+1)!
< T T - T,
( d >Sl— (n+2—a) o 4t
hence
, (n+1)ld"!
Sdg < T Ty T
R R P T

However we have Sy > T),, 1 <d' <n and

d'! < 1 |
mntr2—da)=2"

hence we get a contradiction with the inequality
SpS1 > %n'(n + )!Ty.
So we have df =1, d* =dj + 1, d =n —dj and
H(GH T) > (dy + DIToTh -+ Ty

Now (3.9) gives

So+d —1 Y+G* (n+1)!

from which we deduce

S Card (2;(;*) . (,Sn++1lz!§)!Td”1 T,
Using the estimates
d'
So>T, 1<d <n, mgn!
and
SoS1 > nl(n + DT,
we obtain

Y+ G*
Card < 81,
ar ( O+ > 1
which means X' N G* # {e}. The assumption on the rank of the subgroup of
C* generated by aj,...,q, then implies df =n — 1, d = 1 and we get the
estimate

So < (n+1)T,

which is not compatible with our assumptions. 0O
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d) End of the Proof of Baker’s Theorem 3.1
We apply Proposition 3.2 with Sy and S replaced respectively by
[So/(n+1)] and [S7/(n+1)].

From (3.4) and (3.6), using the estimates
1
Sy > (n+1)°T, S8y > nl(n+1)!(n+ 1)% max {2To, T} ,

nTy > So+n—1 and S,"S; > nl(n+1)!L,

we deduce a contradiction, which completes the proof of Baker’s Theorem 3.1.
O

Remark. The basic ideas for a proof of Baker’s Theorem with an interpolation
determinant in [34], Section 10.1.4 are essentially the same. Instead of using
Dirichlet’s pigeonhole principle to solve a system of linear equations, we only
consider the matrix of this linear system. More precisely the relevant matrix
M is the one occurring in the zero estimate (Proposition 3.2): it has maximal
rank, and enables one to start with a nonzero determinant A. As usual the re-
quired lower bound for |A| is given by Liouville’s estimate (Proposition 1.13).
On the other hand the argument occurring above turns out to be perfectly
adaptable to yield an upper bound for |A| which gives just what we need.

The difference between the proof with an auxiliary function and the proof
with an interpolation determinant is that in the latter Dirichlet’s box principle
is not required. However there is a substitute to the auxiliary function, which
is the (explicit) exponential polynomial given by a determinant

det(Cl, ey CLfl, @(Z)),
where Cy,...,Cr_1 are L —1 vector columns of M, while the last column vector
& : C — Cl is given by
T _ti1z tnz
(e7ar® - ay )ogT<To, 0<t;<T; (1<i<n)’

3.3 Further Extrapolation with the Auxiliary Function

In this section we shall explain how to replace, in the previous proof, Philip-
pon’s zero estimate (Proposition 3.2) by a simpler one. The idea is to extrap-
olate further and to prove by induction on 57 =0,1,...,

GQ(S) =0 for (g75) cN" x N
with ||o|| < So/27 and 0< s < Sfj),
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with S{O) =57 and S{l) = S1. One cannot continue such an induction forever
(in any case one needs 2/ < Sp). On the other hand, obviously, when the
number of equations increases, it is easier to derive a contradiction by means of
a zero estimate. This is not only of historical interest: our motivation is related
with the problem of linear independence measures, where a short extrapolation
yields weaker estimates than a longer one (see Section 5).

Baker used a variety of arguments for concluding his proofs, including
clever non-vanishing results for certain determinants. In the real case one
could just appeal to Pdlya’s Lemma 1.6. Dealing with the general case of
complex algebraic numbers «; and §;, we shall use Tijdeman’s zero estimate
for exponential polynomials in one variable ([29]; see also [6], Chap. 9, Section
4, Lemma 8.9, [2], Chap. 12, Section 2, Lemma 6 and [30], Chap. 6).

Lemma 3.3. Let ay,...,a, be polynomials in C[z], not all of which are zero,
of degrees di,...,dy,. Let wy,...,w, be pairwise distinct complex numbers.
Define

2 = max{|w1|,...,|wa|}.

Then for R > 0 the number of zeroes (counting multiplicities) of the function
F(z)= Z a;(z)e"?
i=1

in the disk B1(0, R) is at most 2(dy +---+d, +n—1) + 5RS2.

We complete the proof of Baker’s Theorem 3.1 as follows. We repeat the
argument of Section 3.2 b) and perform an induction on j with 1 < j < J. We

introduce further parameters Séj ) and S%j ) which are positive integers with
S =5, SV =5, sV=s5 sY=s,
5§ < 897 and sV > sUTV (1< i< ).

One may keep in mind the following picture:

S(()]'*l)

S(()j )

0 sb=b s
We want to prove, for 0 < j < J,

Gy(s) =0 for |gf < Séj) and 0<s< S%j). (3.10)
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This is true by construction (Section 3.2, a) for j = 0, and by the first extrap-
olation (Section 3.2, b) for j = 1. Relations (3.10) for j + 1 follow from those
for j provided that

co(To + So) log (LSY V) 4 ¢, 7SVT < (8§ — §§H1) 59,

Assuming (3.4), let us choose
J=2n% S =1[5/2], SV =Nt (1<j<J). (3.11)

At the end of the induction (j = J) we get an exponential polynomial G with
a zero at each point s with 0 < s < S§J) of multiplicity > S(()J). Since

SIS s o 4 TS,

we get a contradiction with Lemma 3.3.

3.4 Upper Bound for a Determinant in Several Variables

Let F € H,,(R) be a function with a zero of multiplicity > Sy at S; distinct
points of B, (0,7)NCv with < R. Then G(z) = F(vz) (which may be viewed
as the restriction of F' to Cv) is a function of a single variable with SyS; zeroes
in B1(0,7/[v])?. From Schwarz’ Lemma 1.3 we deduce

R2 4 2 5051
F =G < G|ry.
e PO =G < () (el

2 2\ —So0S1
< R+ Pl
- 2rR R

Unfortunately there is no similar upper bound for |F|, and we cannot use
Cauchy’s inequalities to bound derivatives of F' in other directions than
Cu. For instance taking n = 2, v = (1,0), F(z1,22) = 2%, we have

G(z) = F(z,0) =0, but
L
(;@) F(z,0) = L.

According to Baker’s remark (see Section 3.1, a)), for ||g|| < So, the one
variable function G,(2) = DZF(vz) has at least (Sp — ||g||)S1 zeroes in
B1(0,7/|v|). Hence

9 Here we do not use all the information: a zero of multiplicity > So for F' involves
(So*™=1) conditions, while for G it involves only Sp conditions.
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B2 4 2y ~(So-llz)s:
m ) ID2F|g.

sup |DZF(2)] < (
2€B,,(0,r)NCv

This is the key point which explains why, in Baker’s extrapolation argument,
the order of derivation needs to decrease; one compensates by increasing the
set of points.

Assuming for simplicity |lo|| < Sp/2, the exponent of 2rR/(R? + r?) is
> S051/2. For a function of n variables with Sy zeroes of multiplicity > Sp, one
should expect only an exponent SOS% /n (up to a small absolute multiplicative
constant), but the point here is that these zeroes lie on a complex line, and
this explains why the exponent can be as large as a constant multiple of
S0S51. It is interesting to compare with the interpolation determinant method:
the exponent which arises more naturally (see [34], Section 10.1.4) is SoS; /n
and this is sufficient to achieve nontrivial estimates, but a refinement can be
included (see [34] Proposition 10.5), so that one reaches the same exponent
(namely SpS1, up to a constant) as with the auxiliary function.

We extend Corollary 2.4 to the situation arising in Baker’s method. We
deal with derivatives of functions of several variables, but the points we con-
sider lie on a complex line V= Cv C C™.

We first give a variant of Lemma 2.2 for functions of several variables.

Lemma 3.4. Let n > 1 be an integer, V a complex subspace of dimension
1 of C™, R, v, 0 and E be positive real numbers, F' an element of H,(R),
Cy»---»G,, pairwise distinct elements of V, v an element of V, o1,...,0m
nonnegative integers and k an element of N™. Set

M = "max{0,0; — ||]|}.

i=1
Assume

(R—0)%+r|y]

R> > , d 1<EL - ——"7T7——.
Zetmanolh vz g el end 1S B S G )

Assume also that F satisfies
DZE((,) =0 for ¢ € N" with |of| <o; and 1<i<m.

Then
IDEF(v)| < klo = EM|F|p.

Proof. Let v, € V satisfy |yy| = 1. Define a function G € H;(R) of a single
variable z by
G(z) = DEF (vy2).

Define also (1, ..., (n in B1(0,7) by gz =y¢ (1 <i<m). The formula
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(k) k! T ys+T
G (z) = Z *,QOD* TF(vg2) (k=0)
Izll=k =

shows that G has a zero of multiplicity > max{0,0; — |||/} at {; for 1 < i < m.
According to Lemma 1.3 (with r replaced by |v| and R by R — o) we have

|Gl < E7YGlr—p
We derive the conclusion from Cauchy’s inequalities:
Glr—g= sup [DEF(vy2)| < lo™I#I|F|.
|z|=R—¢

O

Remark. For n =1 Lemma 3.4 contains Lemma 1.3, but not Lemma 2.2 when
K > 0.

The next result is a variant of Proposition 2.3 for functions of several
variables.

Proposition 3.5. Let n > 1 be an integer, V a complezx line in C", R a
positive real number, ¢1,...,@r elements of Hn(R), &€, elements of
VN B,(0,R) and Ky, ...,k elements of N". Consider the determinant

A det (Dnle,) -

Let my,...,my be nonnegative integers and, for 1 < pu <L and1 <i<my,,

let QM_ be an element of V' and 0,; a nonnegative integer. We assume that for

each p=1,...,L, the m, elements Cul’ R C#m are pairwise distinct. Set
= — M

M, =3 max{0,0 — g} (1< p< D).

i=1

For1<u<UL,letr,, R,, o, and E, be positive real numbers satisfying

> > >
R> Ry > o+ max{r, €[}, o> max [,

and

(RH - Q;L)Q + THEM'
< .
T (Bu—ou)(ru + |§M|)

Denote by @ the analytic mapping

1<E,

(¢1,---,0L): Bp(0,R) — CL.

Assume that for any (u,i,5) € N7 satisfying 1 < p < L, 1 < i < m, and
|&|l < o, the p vectors
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DEB(E,),. . DR, ), DEB(C,) (3.12)

in CL are linearly dependent. Then
- s, |
A < 2max TT (8,ten ™ B ol )-

TESL =1

Proof. We prove Proposition 3.5 by induction on L. For L = 1 we have @ = ¢,

— Dk (R1—01)? + 71l
A=D 43@1)’ 1< b < (R1—91)(T1+|§1|)

and hypothesis (3.12) reads
DEo(¢,,) =0 for [[k]| <o1; and 1<i<m;.
From Lemma 3.4 we deduce

A| < yloy B Mi )|,

Hence Proposition 3.5 is true in case L = 1.
Assume now that the conclusion is true for L replaced by L — 1. Define
F € B,(0,R) by

F(z) = det (DR&(E,),..., D21d(E, ), $(2)). (3.13)

By assumption (3.12) with p = L, for 1 <4 <my, and ||| < oL, we have

DEF(

Cr) =0

Since
A ="DEL F(éL),

we deduce from Lemma 3.4
1A < myloy = ELME PR, .

We expand the determinant in the right hand side of (3.13) with respect to
the last column: define, for 1 < A < L,

QS)\ = (@17 ey PA—1, PAF1y -y SOL) : Bn(oa R) — (CL71
and let Ay denote the determinant of the (L — 1) x (L — 1) matrix
(Dﬁldi,\(gl), . ,DﬁL—@A(gL_l)) :

We have
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L
Z )A)\a

A=1
hence

|Flr, <L max, \<PA|RL\AA\

and therefore

< Lo el g
Al < splLop ™ B ™ max [oalr, | 4]

We fix an index A\ € {1,..., L} such that
Al < 5oy "= B M ooy | Aol

Using the induction hypothesis, we deduce that there exists a bijective map ¢
from {1,...,L—1} to {1,...,A° =1, A\ +1,..., L} such that

L—1
=l Il
|A>\o| < (L - 1)' H (ﬁﬂ!gu ' Eu M‘L“pt(#)h%u)'

p=1

Define 7 € &1, by 7(u) = t(u) for 1 < X\ < L and 7(L) = \°. Proposition 3.5
follows. O

We shall use a special case of Proposition 3.5.

Given a sequence (g,,,(,)o<p<n Of elements in N x C, an index v in the
range 0 < v < N and a complex number ¢, we define the weight w, () of
index v of ¢ in this sequence as follows: w,({) =0if {; #(for 0 <i<w
and otherwise

w, (¢) = max{||c| ; Ji with 0 <i < v such that (¢;,¢() = (0,0}, (3.14)

We consider a sequence (g,,,(,)o<y<n which satisfies the following prop-
erty:

ol

there exists ¢ with 0 <4 < v such that (g,,) = (g,¢,). (3.15)

For 0 < v < N and for any o € N" satistying ||g|| < ||

Such a sequence will be called admissible.
In the case n = 1 the sequence (0, (,)o<y<ny Which occurred in the hy-
potheses of Corollary 2.4 is admissible and satisfies

wy () =0, for 0 <v < N.

For an admissible sequence (g,,(,)o<v<n, for an analytic function F of n
variables and for v € C™, the N + 1 conditions

D% F(v(,) =0 for 0<v<N (3.16)
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imply that the one-variable function G(z) = F(vz) has a zero of multiplicity
> wy(¢) at each point ¢ € C. Moreover, for any 7 € N", the same condi-
tions (3.16) imply that the function G,(z) = DTF(vz) has a zero at ¢ of
multiplicity

> max{0, wn (¢) — |17/}

Corollary 3.6. Let n and L be positive integers, 1,...,pr elements of
Hn(R), 0 = vg < vy < -+ < v < N nonnegative integers, gg,...,dy €l-
ements of N, (o,...,(n complex numbers and v € C" \ {0}. Consider the
determinant
Lo
A = det ('D MSD/\(EC””))lék,MSL'

Assume (a,,C)o<v<n s an admissible sequence. For 0 <v < N define

M= Y max{0,w,(0) — g, I}

¢€B1(0,R/[v])
For1<u<L,letr,, R, and o, be positive real numbers satisfying

R >Ry > oy +max{ry, [v¢,[} and r, > max [v(].
0<v<v,

Let E,, satisfy

R, —0,)? v
1< E, < (Ru — 04)" +1ulvCy, )

(By = 0) (ru + v, 1)
Denote by @ the analytic mapping

(Qplau'a@L): Bn(ovR) - CL'

Assume that for 0 < u < L —1 and for v, < v < v,4q the system of p+1
vectors
D=1 dD(vCy, ), - - ., D7 D(0Cy, ), DI P(v(y)

in CF is linearly dependent. Then

e, , |

L
M,
Al < L! max 11 (Qy,l,!gu B, |SD7'(,U‘)|R“)’
pn=1

Remark. This statement does not contain Corollary 2.4, because the exponent
M, is usually smaller than

> w(Q).

¢eB1(0,R/|v])

It does not seem clear how to get a result containing both the one variable
Proposition 2.3 and Corollary 3.6. It might be easier to combine Corollary 3.6
with Proposition 10.5 of [34].
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Proof. We apply Proposition 3.5 with V' = Cuv,

£, =v6, and K, =0

(I<p<L).

VN

We define m,,, ¢ i and o,; as follows: for 1 <y < L, we consider the sequence

(Cos---»¢y,) given by the hypotheses of Corollary 3.6, we denote by m,, the
number of distinct elements in this sequence, by (,; these distinct elements,
by 0,; the weight of index v, of (,; in this sequence, and we set ﬁm = V-
Therefore

S max{0,w,, ()~ oy, I} > S max{0,0, — g} (1< p<L).
¢eB1(0,R/|u]) i=1

Corollary 3.6 follows. O

3.5 Extrapolation with an Interpolation Determinant

We give a proof of Baker’s Theorem 3.1 by means of an interpolation deter-
minant and an extrapolation; the zero estimate which will enable us to get
the conclusion is Tijdeman’s Lemma 3.3.

Let Ty, T4, ..., Ty, J, S(()j) and S?) (0 < j < J) be positive integers.
Assume that the sequence (S((J] ))QSjS s is decreasing and that the sequence

(S%j))()gjgj increases. We write Sy and S; for SSO) and S%O) respectively and
weset L=Ty---T,, T=Ty+---+T,.
We denote by {¢1,...,¢r} the L exponential monomials

zToz:tllZ~-~osz”Z for 0<7<Ty and 0<¢t <T; (1 <i<n).

For 0 < j < J, define S; as the set of (g,s) in N™ x N satisfying ||¢| < Séj)
and 0 < s < Sij). We need to choose an ordering (g,,, s, )o<v<n, on the union
S of these sets. Define

So+mn—1
N, =0, Nb:<0+n )&

n

and, for 1 < j < J,
S 4n =1\ oi) _ ol
Nj :Njfl-i- n (Sl _Sl )

We choose an ordering so that
{(g,/,su) 1 0<r< No} = {(g,s) eN"XN; ||| < So and 0< s < Sl}

and, for 1 < j < J,
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{(QV’SV) ; Njfl S v << Nj}
={(g,s) eN"x N; |lg] < S and SV <5< sV}

It remains to specify the order inside each interval N;_; < v < N; 0<j< ).
There is no complete rigidity, but it suffices to say that we choose an order
for which the resulting sequence is admissible (see (3.15)).

For each 7, t, ¢ and s, consider the algebraic number fy%s) given by (3.5)
and build up the matrix

(e, 5v)
M= (772 ) (rt)

0<v<Njy

with L rows indexed by (7,t) with 0 <7 < Tpand 0 < t; < T; (1 <i < mn),
and N; columns indexed by v with 0 < v < Nj.

We first deduce from Lemma 3.3 that M has rank L. Indeed otherwise there
exists a nonzero polynomial P € C[Yp,...,Y,] for which

BQVP(SWQTZ .. .7af;) =0 for 0<v <Ny,
which means
%P (s,af,...,a5) =0 for (o,s) € S.
In particular the function G(z) = P(z,0a4, ..., aZ) satisfies
GM(s)=0 for 0<k <SS and 0<s <5

In order to apply Lemma 3.3, we assume

SIS S oL 4 ¢ TSLY).

Since M has maximal rank L, one can select L columns which produce a nonzero
determinant A. We select them minimal as in the proof of Section 2.2 and we
write

A = det ('Y‘,%VHSUH)) (7.t)

1<u<L

We want to derive from Corollary 3.6 an upper bound for |A|. Set
v=(1,logas,...,loga,_1).
We need first to estimate the weights (3.14) related to our sequence
(0 Sv)o<u<n, -

Let v be an index with Ny < v < Ny; define j in the range 1 < j < J by
N;_1 <v < Nj. Thanks to the construction of the sequence (¢,, s, )o<v<n;,
we have
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wy(s) = Séjfl) —1 for 0<s< S§j71).
Since ||o, || < S(()j), it follows that the number
Ml/ = Z maX{O,wy(C) - ||gy||}
CEB1(0,R/|v])

satisfies ‘ _ ‘
M, > (S§71 — 59891, (3.17)

For each p with 1 < p < L we define j, € {0,...,J} by
Nju71 < Yu < NJ;L

Since N_; = 0, for v, < Ng we have j, = 0. Hence for any p =1,...,L, we
have ' |
||gl’u|| < Séju) and O S SUM < S§J#)-

We want to use (3.17) for each v, with g in the range L/2 < p < L, so we
need to check v, > Ny for these p. For this reason we require our parameters
to satisfy

2<So+n—1

. >51 < L. (3.18)

Since

A = det (DEU” @A(QSVM))lg)\,p,SL ’

we may apply Corollary 3.6 with
T, = cQSg“), o,=1, R,=3er,, E,=e.

We deduce

L
Al < L H (0 le~Mvp RToeCwTRu)
- ~—Vu 1%
p=1

L
< Ll exp {Z (7M1/“, + c11 (To + So) log(LSij“)) + CuTSin)) }

pn=1

(recall that S§) < Sq for 0 < j < J).
Since A is a nonzero number in the field K, Liouville’s Proposition 1.13
produces a lower bound for |A|:

L
|A] > LI=PHlexp {Z (—C13(T0 + Sp) log(Lng”)) — C14T5§j“)> } .

pn=1
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Define, for 1 < u < L,
Qu = c15(To + S0) log(LS{“’) + CIGTS:EjH).

We assume our parameters are selected so that

QQM < (Séjufl) _ Séju)) S£j“71).

Then we have

L
M,, >0 for 1§,u<§—17

Yo ). Qu

1<p<L/2 L/2<u<L
and by (3.17)
L
MV“>2QM for 5—1§,u§L.

Therefore

L
Z(MU“ - Q#) > 07
pn=1

and the contradiction follows.
It remains to select our parameters. We take the same values as in Section
3.3, namely (3.4) and (3.11):

To=2[K:QIN*"*' Ty =...=T,=N""' Sy=N>"" G =N
and

J=2n%  SY =[S/27], SV =Nt (1<j<).

4 Fourth Lecture. Introduction to Diophantine
Approximation

4.1 On a Conjecture of Mahler

Consider the successive powers of e, namely

and their distances to the nearest integer

lellz, le?llz, lle*lz, lle*llz, -
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It is an open problem to prove that these numbers are equidistributed!? in the
interval (0,1/2). We are interested in estimating ¥(B) = minj<p<p ||€®||z as
B — oo from below, but let us first say one word on upper bounds. Essentially
nothing is known: it is not yet proved that ¥(B) tends to 0 when B — oo:

(7 For any € > 0 there exists b € N such that ||e®||z < ¢,

but it is expected that B¥(B) tends to 0 when B — oo:

¢

b

We come back to lower bounds for ¥(B). In [17] p. 397, K. Mahler says:

(7 For any € > 0 there exists b € N such that ||e®||z <

e ...one can easily show that
1
[loga —b| < —
a
for an infinite increasing sequence of positive integers a and suitable inte-
gers b.

Indeed, this inequality holds for each pair (a,b) of positive integers for which
loga < b <log(a+1).
For a given positive integer B, if the B numbers

e’z (1<b<B)

were evenly distributed in the interval (0,1/2), the smallest of them would
not be less than a constant times 1/B. This is likely to be too optimistic for
a conjecture, but a more reasonable question is:

e Is there an absolute constant k > 1 such that

le? —a| >

> (4.1)

for any positive integers a and b with b > 272

A straightforward computation shows that this inequality holds with k = 2.25
for 2 < b < 100.
If |e® — al is small, then b is close to log a, hence

€b —a= a(eb—loga _ 1)
is close to a(b — loga). One easily deduces that (4.1) is equivalent to:

10" A result of Koksma ([10], Chap. VIII, Section 3, N° 12 Satz 16) states that for
almost all real # > 1 (in the sense of Lebesgue measure) the sequence of fractional
parts of 6 is uniformly distributed modulo 1. On the other hand there there is
no known example of a transcendental number which satisfies this property.
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o [s there an absolute constant k > 1 such that

|b —logal| > - (4.2)

1
(log a)*
for any positive integers a and b with a > 37

A symmetric refinement of both (4.1) and (4.2) could be formulated by re-
stricting to large values of @ and b, say a > ag and b > by, and by introducing
functions z(log z)(log, x) - - - (log._1 x)(log, )", where log, = loglog and log;,
is the k-th iterated logarithm; but since (4.1) and (4.2) are not yet known,
it seems more reasonable to consider weaker statements rather than stronger
ones!

A weaker estimate than (4.1) and (4.2), which is still an open question,
is usually attributed to Mahler (for instance in [34] Chap. 14, open problems
and [35]) but is not explicit in [17] nor in [18].

Conjecture 4.1. Does there exist a positive absolute constant ¢ such that, for
any positive rational integers a and b with a > 2,

le® —a| >a"¢?

The same argument as above shows that Conjecture 4.1 amounts to the exis-
tence of ¢ > 1 with
? ,
|b—loga| > e c".
If we restrict to sufficiently large a and b, then ¢’ is essentially ¢ + 1.
The best known estimate in the direction of Conjecture 4.1 is due to Mahler
himself [17]:

e’ —a| > a~c°8le® and |b—logal > b~ (4.3)

for a > 3 and b > 2, with an absolute constant ¢ > 0. Assuming a is sufficiently
large, K. Mahler in [17] gave a sharp explicit numerical value for ¢, namely
¢ = 40 (for both estimates), which he refined in [18], getting ¢ = 33. A
further refinement is due to F. Wielonsky [36]: for sufficiently large a, Mahler’s
estimates (4.3) hold with ¢ = 20.

Fel’dman proved several lower bounds for |¢® — | and |3 — log a| when «
and [ are algebraic numbers. References are given in [21], where a refinement
including most previously known results was established.

The following result is a slight refinement of the main estimate of [21]
(apart from the fact that our constant ¢ is not explicit).

Theorem 4.2. There is an absolute constant ¢ > 0 with the following prop-
erty. Let o, B be two nonzero algebraic numbers and X a logarithm of a.. Define
K=Q(c,08) and D = [K: Q]. Let A, B and E be positive real numbers sat-
isfying B > e,
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log A > max{h(c), D" 'log E, E|\|/D}

and*! 1
log B > h(f) + log(Dlog A) +log D + D log E. (4.4)

Then
16— A > exp{ —cD?(log A)(log B)(Dlog D + log E) (log E)_Q}.
According to Theorem 5 of [21], if we replace the condition (4.4) on B by
log B > h(f) + log, log A +1log D + log E,

then ¢ = 105500 is an admissible value. It is not a big challenge to produce a
smaller numerical value; for instance, taking D = 1 and E = e, one deduces
from [21] that for any positive rational numbers a and b,

le? —a| > exp{—lOOO(h(b) + loglog A 4 12) (log A + 12) },

where log A = max{1,h(a)}. In particular we recover Mahler’s results (4.3)
on |e? —al and |b — loga| as a consequence of Theorem 4.2.

On the other hand, any further improvement of Theorem 4.2 in terms of
either A, B, D or F seems to require a new idea.

For the proof of Theorem 4.2, a refinement of Propositions 1.7 and 1.8 is
needed. To begin with, assume for simplicity that o = a and 8 = b are positive
integers. As we shall see, the condition f(e’ b) # 0, which occurs in both
Propositions 1.7 and 1.8, does not suffice any more, but we need f(a,b) # 0.
This is achieved by the following zero estimate due to Yu.V. Nesterenko.
Let b be a complex number. The derivation D, = (9/0X)+bY (9/9Y), on the
ring of polynomials in two variables X and Y, has the following remarkable
property: for a polynomial P € C[X, Y], the derivative of the complex function
P(z,e?) is the exponential polynomial (DyP)(z, "?).

Here is Lemma 2 of [21] (see also [34] Prop. 2.14).

Lemma 4.3. Assume b # 0. Let Ty, T1, So and S1 be positive integers satis-

fying
SoS1 > (To + 51 — ].)Tl.

Let (£0,m0)s - -+, (Esy—1,Ms,—1) be elements in C x C* with &, ...,Es,—1 pair-
wise distinct. Then there is no nonzero polynomial P € C[X,Y], of degree
< Ty in X and of degree < T4 in'Y, which satisfies

Dy P(&s,ns) =0 for 0<s<S; and 0<o < 5.
' Tt does not make any difference if one omits the summand log(Dlog A) in (4.4),

provided that one replaces the factor (log B) in the conclusion by (log B +
log(Dlog A)).
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Remark. An obvious necessary condition for the nonexistence of P is
SoS1 > ToT7.

Indeed if SpS71 < TyTi, then the homogeneous linear system of equations
given by the conditions D7 P(&,,n,) = 0 has a nontrivial solution, because
the number of unknowns (which are the coefficients of P) is larger than the
number of equations. On the other hand, if ny = --- = ng,—1 and Sy < 711,
then

(Y —1n0)™

is a nontrivial solution.
Hence one cannot replace Ty + 51 — 1 in the hypothesis of Lemma 4.3 by
a smaller number than max{Ty, S1}.

Sketch of proof of Theorem 4.2 . We first consider the special case where o = a
and 0 = b are positive integers with, say, b > 3. Our goal is to check

|b —loga| > exp{—cb(logb)} (4.5)

for some absolute constant ¢ > 0 (which we shall not compute explicitly).
Recall that when b and loga are close together, then b(logd) is close to
(log a)(logd).

Here the parameter E of Theorem 4.2 is not helpful and we shall just take
E = e, but we shall keep it for a while to show why we cannot get a better
result by taking a large quotient R/r in Schwarz’ Lemma.

If we were following the proof of Proposition 1.8 in Section 1.6, we would
get b(logb)? instead of blogb in (4.5). Let us explain why.

As we shall see in (4.10), the conclusion will have the shape

|b—logal > E~L.

Set U =V =W = (1/36)Llog E, so that (1.6) holds (for simplicity we
forget the upper bound for the length of f). In order to check (1.5) we need
the number Llog E to be larger than bET;S; and than Tplog(bE). Since
L =TyTy, we get the conditions

Tolog E > bES; and Tjlog E > logb.
Writing now Sy = TpT1/S1, we obtain
So > b(logb) E(log B) 2.

In particular this explains our choice F = e.

The conclusion of Proposition 1.8 involves Sy!, so we shall require L >
log(Sp!), hence S; > log Sy (we discard lower order terms), and therefore
L = SyS; should satisfy L > b(logb)?.
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From this point of view the choice of parameters in Section 1.5 yields the
smallest possible value for L in terms of b.

The main term which is responsible for (logb)? is Sp!. If we could forget
it, we would get only a constant times b(logb)(loglogb) for L by taking

Ty = N%b, T, = N?[logh], So= N>bllogh], and S; =N

with a suitable (sufficiently large) integer N. The quantity b(log b)(loglog b)
arises from the term Sylog 77 which appears in the estimate for the length of
f in Proposition 1.8.

We perform a very simple change of variables'? which will allow us to take
a smaller value for Sy. In place of evaluating the functions 2"e** at the points
z = sb, we consider rather z7e’* at the points z = s. This means that we
replace

N min{7,0} olr! T—Kyo—K tsb
(dz> (ze )(sb)z Z I ;(sb) t7 e

= o—r)(T—kK)!

d 7 T btz et olr! T—K o—K tsb
(dz) (z7e"*)(s) = Z T 787 (th)7 e

= o — k)T —K)!

While the former number is a positive real number bounded from above by

g T T 7
b TT? mi 1 - (1 bTy S1
(b51) “mn{( +bT151> : ( +lesl) }e :

(see (1.3)), the latter is at most

T oo o ’ . T ’ bT1 .Sy
ST (bTh) mln{(l—i—leSl) ; <1+5T1S1) }e .

Thanks to this change of variables a variant of Proposition 1.8 can be deduced,
where the upper bound for the length of f is

Le ST (T + Th)*™,
the degree of f in Z5 is < Sp and (1.5) is replaced by
U >log L+ Tylog(ESy) + |b| . ET1 5.
A suitable choice for the parameters is then

12 Compare with the “duality” of [34], Section 13.7.
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Ty = N?b[logb), T, = N*[loglogb],
Sy = N3b[loglogb], S, = N[logb],

which may be used to prove (4.5) with
exp{—cb(logb)} replaced by exp{—cb(logb)(loglogb)}

(for b > 16, say).

In order to remove the extra factor loglogb and to reach the desired esti-
mate (4.5) involving only exp{—cb(logb)}, we need to get rid of the term S7°
in the upper bound for L(f) in Proposition 1.8, so that one could take

Ty = N?bllogh], T, = N? Sy = N>, and S; = N[logb].

This is achieved by means of the so-called Fel’dman’s polynomials. We use
here a variant due to E.M. Matveev (see [34] Lemma 9.8): we replace z” by

the polynomials'® A(z;7,T, Oﬂ ) which we now define.

4.2 Fel’dman’s Polynomials

For r a nonnegative integer and z € C, consider the binomial (or Fel’dman’s)
polynomial
2z4+ 1) (z4+r—-1)

D(zm) = .

if r >0 and A(2;0) = 1.
Let 7 >0 and T¢ > 0 be two integers. Following Matveev [20], I, Section
7, we define a polynomial A(z; T, Tg) € Q[z] of degree T by

Az, TE = (AT Az r),
where ¢ and r are the quotient and remainder of the division of 7 by Tg:
T:qu—&—r, O§r<TOu.

For o > 0, define

A(Z;T,Tg,a) = (jz) AN (Z;T,Tg).

For any positive integer n, denote by v(n) the least common multiple of
1,2,...,n. The estimate
V(n) < 6107n/103

'3 The polynomial denoted here by A(z;T, Tg) is denoted .4 (z; 7) in [34], Section
0
9.2.1, while our notation A(z;T, Tg, o) corresponds to 9,z (2; 7,0) in [34], Section

9.2.1. Here we follow Matveev’s notation in [20], I, Section 7.
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can be deduced from the prime number Theorem (see for instance [34], Section
9.2.1).

The next result is due to Matveev [20], I, Lemma 7.1 (see also [34] Lemma
9.8).

Lemma 4.4. Let Tg > 0,7 >0 and o > 0 be rational integers. For any
integer k in the interval 0 < k < o and any rational integer m € N, the
number

1
V(Tg)“ g A (m; T, Tg,,‘i)

is a nonnegative rational integer. Moreover, for any compler number z, we

have
o

5 (Yoot <o ()
K TO

k=0

4.3 Output of the Transcendence Argument

Here is the basic estimate which follows from the transcendence proof (by
means of the interpolation determinant method) and will enable us to deduce
Theorem 4.2. It is worth to notice that Theorem 4.5 does not involve any
arithmetic assumption (the proof does not use Liouville’s inequality).

Theorem 4.5. Let b be a nonzero complex number. Let Ty, Tg, Ty, So, S,
K be positive integers and E a real number with E > e. Set L = TyTy and
assume 0 < K < L and

SoS1 > (TO + 51 — 1)T1.

Then there exists a set {f1,..., fa} of polynomials in the ring Z[Zy, Zs), each
of degree < L'T1S1 in Z1 and degree < LSy in Za, of length at most

ToL
S
LIy (TE) 50 (Sy) P TS+ T <Tﬁ + 1) T,
0

such that the polynomials { f1(Z1,b), ..., fm(Z1,b)} in C[Z1] have no common
zero in C* and such that

1

1 . 1
I anaN)g log Efoi(e ,b)‘ < —E(L—K)(L—K— 1)log E + log(8L)
k<K

0
+ So 10g(2T1|b‘+) + T151E|b|

SiE
+ Solog (V(TE)SoE) + T¢ + Ty + Tp log (}ﬁ + 1)

for1<i< M.
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In the conclusion DE stands for (9/0Z1)%(0/0Z3)*2.
For the proof of Theorem 4.5 we shall need the following refinement of
Lemma 1.5:

Lemma 4.6. Let L and L’ be positive integers with L' < L and 1,...,pL
entire functions in C. Let also (y,...,(r, be complex numbers and o1,...,0p,
nonnegative integers. Let Sg satisfy So > maxi<,<r 0,. Furthermore, for
L'+1<A<Landl<pu<Lletdy, be a complex number. For 1 <X\ < L'
and 1 < p < L we define

Sau = 25 (Gu)-
Finally, let E > 1 and Q1,...,Qr be positive real numbers satisfying

(Uu) /
(q) > m <A< L
A= 10g|§‘u:pEISf§L |<P>\ (ZCN)‘ (1 <A< )7
Qx> m L'+1<X<L).
Afloglgfgﬂékﬂ ( 1<A< )

We consider the determinant

A = det (63,

1<Au<L’

Then we have
1
log|A| < _§L/(L/ —1)log E+ L'Sglog E 4+ log(L!) + Q1 + -+ -+ Qr.

Proof. Lemma 4.6 is essentially the case n = 1 of Lemma 7.5 in [34] but it
includes derivatives like in Proposition 9.13 of [34].
For 1 <y < L, we define functions di,(2),...,dr.(2) by

@E\U“)(Qﬂz) for 1< A< L,
dau(z) =
I for L'’ <A< L.

From Lemma 9.2 of [34] we deduce that the function
D(2) = det (d,\#(z)>

has a zero at the origin of multiplicity > (1/2)L'(L'—1)—L'Sy. As D(1) = A,
we conclude the proof of Lemma 4.6 by using Schwarz’ Lemma 1.3. O

1<Au<L

Proof of Theorem 4.5. For each a € C* we shall construct a polynomial
f € Z|Zy1, Z5] (depending on a) satisfying the required conditions and such
that

f(a,) 0.

Since the degrees and lengths of these polynomials will be bounded (indepen-
dently of a), this will mean that we end up with a finite set of polynomials
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{f1,.-+,fm} in Z[Z1, Z5], such that the only possible common zero in C of
the polynomials f;(Z1,b) (i =1,...,M)is Z; =0.
Define, for 0 <7 < Ty and 0 <t < T7,

ort(2) = Az, Tg)etbz.

For 0 =0,1,...,5) — 1, we have

o Z O- O—RK z
=3 ( ) A (257, T8, 1) (#0)7—" .

K
k=0

Define f19% € Q[Z, Zs] by

gs o O—HK S
f‘( )(Zl’ZQ) Z (/@) AN (S;T,Tg,n)(tZg) Zf ,

k=0

so that!?

F(eb,0) = ¢ (s) (4.6)
and _
FL79(a,0) = DY (A(X; 7, TEY ) (5, 0°).

T

This polynomial fi;’s) has rational coefficients. In order to get a polynomial
with integer coefficients, we multiply it by a denominator: using Lemma 4.4,

define £9%) € Z[Z1, Z] by
F5N 21, 22) = W(T) £ (24, 22).

In place of the exponent o for V(Toﬁ) we could as well put the exponent
min{o, 7}, because A(z;T, TO, k) = 0 for k > 7. Notice also that we use
only the fact that

V(Tg)" A (s, Tg, K)

is an integer; indeed, according to Lemma 4.4, it is a multiple of k!, but we
do not use this fact15

The polynomial f ) has degree < ts in Zj, degree < ¢ in Zy and length
at most

o

To
S
v(T5)° ) (Z) A (517, TE, k)17~ < w(T)50 Sole T+ ( -+ 1) .

k=0 TO
Consider the matrix

' The upper index (os) in the notation ﬁ(?s is not a derivation, while g0< 9 =

(d/dz)"prs.
15 Maybe one should, in order to remove the extra loglog A which arises in log B +
loglog A. ..
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M= (fﬁfs)(a’ b)) 0

(o,9)
with L rows indexed by (7,t), (0 < 7 < Tp, 0 <t < Ty) and SpS; columns
indexed by (o, s) with 0 < o < Sp, 0 < s < 5.

We claim that M has rank L = TyT}. Indeed consider a linear dependence
relation between the rows:

To—1T1—-1

Z Z cthT(fS)(a,b) =0 for 0<o <8 and 0<s< 5.
7=0 t=0
Define
To—1Ty—1
= Z Z Cre A (X;T,Tg)Yt.
7=0 t=0

Then we have

Dj P(s,a’

nm,

0@
E crifre  (a,b),
t=0

hence
Dy P(s,a®) =0 for 0<o < Sy and 0<s<S5;.

According to Lemma 4.3 with
(s=s, ns=a° (0<s<S5)
and thanks to the assumption
SoS1 > (To+ 51 — 1)1,

we deduce ¢ =0for 0 <7< Tpand 0 <t < T3.
Hence M has rank L = TyT;. Select L columns of M with indices (o, s,)
(1 < u < L), which are linearly independent. This means that the polynomial

[(Z1,22) = des (1721, 2))

1<p<L

does not vanish at the point (a,b). The degree of f in Z; is < LT1.S; and in
Zy is < LS. We bound from above the length of f as follows: write

0,8 tsy, -
fitH “)(Z1722> =27 quTt“Z%

with
, — (TH o Ou A Tt — N
djrtp l/( 0) ] (Su’Tv 0:0u J) .

By Lemma 4.4 we have
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LU =3 (gjrenl
=0
o

ATHH S (“;) A (5,37 T8, 0 — )t

Jj=0

IN

IN

To
S
V(TS0 SyleTo +T0 <T§ - 1) T,
0

Therefore

LTy
L(f) § L!V(Tg)LSOSOILeL(Tg+TO) <IS_‘; + 1> T1LSO'
0

These crude estimates could be slightly improved, but this is irrelevant for our
purpose, since we do not pay too much attention to the absolute constants.
We want to estimate from above the number

1
max log ’Dkf(eb7 b)‘ .
keN? k!
llEll <K

Fix k € N? with ||k|| < K. We have

Lok oy . _ Lk, plousu) o b
D) = ;Ag with A, = det(anf/th (e ,b)) o
where k ranges over the set of elements
To—1T;—1
(K,4)o<r<m, € (N?)L with Ky =k (4.7)
ost<t =0 t=0

For k = (k1, k2) the number of such & is

kvi+L—1\(ky+L—-1 K+2L 3L
9 93L
( L—1 )( L—1 >< <

Fix x satisfying (4.7) and define

so that
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It remains to check the hypotheses of Lemma 4.6 with {, =s,, L' =L - K
and

S1E
Q-1 = log(So!) + Tp + Tg + Ty log (rllvﬁ + 1) +So 10g(2T1|b|+) + T151E|b‘
0

for0 <7 <Tyand 0 <t<Ty.

From (4.7) it follows that there are at least L — K indices (7,t) with
0 <7< Tpand 0 <t < T for which k., = (0,0); for these indices we
use (4.6). We conclude by means of the estimates

max  sup @ii“)(suz)‘ < eQrt

1SpsL |z=E
and, for k., = (K1, k2),

o

|
Kt

T
o o, — K h— ts
<Y () A (s T R Gl B PG
_K_O<K') (/7707) < Ko ||+ K 9

DE 7 ()
1
which implies

max
1<p<L

1 ous
7’1)57—1,}‘}_15# u)(eb7b)‘

|
Kot

< SyleTo+Ts S
= J0- Tu

To
+ 1) (2[b], 1) %0 (2eP1) 7151 < Qe
0

O

4.4 From Polynomial Approximation to Algebraic Approximation

Let § € C" and y € Q. We want to estimate from below | — 7|. Our
strategy is as follows (see [34] Proposition 15.3 and Exercise 15.3). Assume
there is a polynomial f € Z[X] such that f(y) # 0 while |f(8)] is sufficiently
small. Liouville’s inequality (Proposition 1.13) yields a lower bound for | f(7)]
(depending on the degrees and length of f, as well as the degrees and heights
of the components of 7). Since |f(8) — f(y)| can be estimated from above in
terms of | — 7|, we deduce the desired lower bound for | — ~|.

A refined estimate can be obtained when not only f(6), but also the values
of several derivatives of f at 6, have a small absolute value. The required
upper bound for |f(8) — f(y)| in terms of |§ — 7| will be a consequence of the
interpolation formula (Lemma 1.11). B
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Lemma 4.7. Let {, K, v1,...,vs, N1,..., Ny be positive integers. Define
m=viy+ -+ Uy
Let K be a number field of degree D = [K: Q]. For 1 < i < {, write
0; = (0i1,...,0i,) €C” and v, = (Vir,- -, viv,) €K

Set
0= (@ 0) €T and 3= (1,017, €XT

and assume
10—yl <

Let f be a polynomial with integer coefficients in m variables X;; (1 < j <,
1 <i<?), of total degree < N; with respect to the variables X1, ..., Xiy,,
(1 <i<¥), such that

f(y) #0.

Define

¢
€ = %L(f)_D exp {—DzNih(l: Yit: vl %‘ui)}

i=1

and assume

Then

Proof. We use the interpolation formula of Lemma 1.11 with F'(z) = f(8+2z),
r =10 — 9|, R =1. We estimate |F|r from above as follows:

4
|F|lr < L(f H + 10,
=1

Since
E rlEl < E rlEN — (1—r)™™
keN™ keNm™
k|| <K
and since

1 —m
2m

by the assumption r < 1/(2m) we have:
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Z rlEl < 9,

keN™
kel <K

Therefore
‘
£l <18 =20+ VLD [T+ )Y +2 max 15 PEO)
i=1
By Liouville’s inequality (Proposition 1.13), we deduce from the assumption

f(y) #0:

4
F()] > L)1 [ e DNt s ),

i=1

Hence

4
L(f)]*D H e*DNih(li Vi1t oceed ’Yil/i)
i=1

4
<10 -+ VELWS) [Ja+16:)Y +2n113ﬁ8<”§<ﬁ|pk @) (4.9)
=1

We now use the definition of € and the assumption (4.8): the left hand side
of (4.9) is > 2eLi(f) and the second term on the right hand side is at most
eL(f), hence

4
60— 1+ VE) ]+ 16,)™
=1
O

Remark. In the special case m = 1 (hence £ = v; = 1, § € C, and, say,
N = Np), here is a slightly different estimate, suggested by Exercise 15.3.a
of [34]:
€
10— "

4 K () op

The proof is quite similar, but one replaces Lemma 1.11 by Taylor’s expansion

Zk,f““’ D /f —t)ftdt.

The conclusion follows from the estimates

K-1

2 %‘f(k)(e)\ = 0F < eL(f),  [f(y)] > 2€L(f)

k=0
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and

ﬁS“p{|f(K)(t)| pt=0(1—u)+yu, 0<u< 1}
< we () Lna+ e

4.5 Proof of Theorem 4.2

We start by selecting a sufficiently large absolute constant N. Next we assume
the hypotheses of Theorem 4.2 are satisfied. From the assumptions we deduce
log B > (1/D) +log D > 1, hence

logmax{B, N} < (log N)(log B).

Replacing if necessary ¢ by clog N, we may assume B > N.
Next from Liouville’s inequality (see [34] Exercise 3.7) we deduce

8] > e~ Ph(d)

9

hence there is no loss of generality to assume |3] < 2|\| (and consequently
A #0).
Define first T3, S; and Tg by

T — N2DlogD—|—logE g NDlogB
e log E oot log E

], T} = [log B],

and then Ty and Sy by

Dlog A
log £

Ty = {N

Dlog A
]Sl, SO:Q[N %8 }Tl.

log B

Plainly the number L = TyT} is also equal to (1/2)50S1. Up to terms of lower
order', Llog E is

N*D?(log A)(log B)(D1log D + log E) (log E) 2,

which is the main term in the final estimate of the conclusion of Theorem 4.2.
Denoting by ¢y, ..., c12 positive absolute constants, the following estimates

are plain:
c1Llog B < coLlog B

T < I pee———
1Sl*NDlogA %= NDlogB
c: c
TgSO < N—;)LlogE, log Sy < N—%Sl log E,
c ¢
logTy < N—‘;Sl logE and T151E|f] < NGLlogE.

16 Beware of integral parts!
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We apply Theorem 4.5 with b = 8 and K = [L/2]. Since the polynomials
fi(Z1,8) (1 <i < n) have no common zero in C*, one of f1,..., fu, say f,
has f(«, 8) # 0. This polynomial has degree at most

L?log E L?log E
lew and N2708 )

- NDlogA - NDlogB

in Z; and Z, respectively, and length at most

coLl?log B
“\"~p )

Moreover, if we set £ =m =2, v; = vp = 1, (01,6:) = (¢?,8) and (71, 72) =
(a, B), then the left hand side of (4.8) is at most

E*Clo L2

Since
€ > E*Clle/N

we deduce from Lemma 4.7

|ef — a|L/2 > peil’/N

Therefore
|3 —loga| > B~ (4.10)

and the conclusion of Theorem 4.2 follows. 0O

5 Fifth Lecture. Measures of Linear Independence of
Logarithms of Algebraic Numbers

5.1 Introduction

The last two lectures are devoted to the question of measures of linear inde-
pendence for logarithms of algebraic numbers. Here are a few references on
this topic.

A simple proof for a homogeneous measure of linear independence of an
arbitrary number of logarithms is given in Chap. 7 of [32], using an exten-
sion of Schneider’s method. A refined estimate (relying on the same ideas) is
given in Chap. 7 of [34]. The sharpest known estimate (in the general case,
homogeneous or not) arising from this method is established in Chap. 9 of [34].

Baker’s method is explained in [2] Chap. 3, [11] Chap. 8, 10 and 11, [6]
Chap. 10, [28] Chap. 3, [7] Chap. 4 and [34], Section 10.1 (see also the in-
troduction of [20], I, for a historical survey). While these proofs involve an
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auxiliary function, a measure of linear independence for logarithms of alge-
braic numbers is obtained in Section 10.2 of [34] by means of an interpolation
determinant (without extrapolation).

A comparative discussion of these methods can be found in [34] (see Section
14.4), where a more general estimate is established (the so-called quantitative
version of the linear subgroup Theorem).

The state of the art including references to the sharpest known measures
of Q-linear independence for logarithms of algebraic numbers is given in [34],
Section 10.4.6. Now one should add to this picture Matveev’s recent result
in [20], II, (see Theorem 6.1; we refer also to Nesterenko’s lectures).

Here is the main result for the rational case.

Theorem 5.1. For each positive integer n there exists a positive constant

C(n) with the following property. Let o, ..., ay be nonzero algebraic num-
bers and log aq, . .. ,log ay, logarithms of ay, ..., a, respectively. Assume that
the numbers logay,...,logay, are Q-linearly independent. Let by,...,b, be

rational integers. Denote by D the degree of the number field Q(ay, ..., ay)
over Q. Further, let W, E, E* be positive real numbers, each > e and let
Vi,...,V, be positive real numbers. Assume

FEll | log E
v, 2 max {bfay), ZE0L EEL (1 <),

1 D
> — _—
log E* > max{ log E, log (log )}

and W > log E*. Further, assume b, # 0 and

bn| 1051 logFE
WS |7" /A RO i
© _1<Ijn<ar)7,{1{ Vi * Vo D

Then the number
A=bjloga; +---+ b, logay,

has absolute value bounded from below by
|A| > exp{—C(n)D""*WV; ---V,,(log E*)(log E) """ '}.

For several applications (especially for solving explicitly Diophantine equa-
tions) it is quite important to produce an estimate with a small numerical
constant C(n), even to the cost of relaxing the dependence in some parame-
ters. A striking example arises with the case n = 2 where a very small value of
C(2) can be reached, provided that W is replaced by W? (see Theorem 5.10
below). We shall explain in an appendix to this Section 5 how such an esti-
mate can be used also for the case n > 2 in order to get a lower bound for
|A| which involves a small constant — we need to replace W by e*"W for some
k > 0, but the point is that an admissible value for k is < 1, hence the result
is not trivial.
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Apart from the explicit value for C', Theorem 5.1 includes essentially all
known estimates on this number |A].

Admissible numerical values for C' are given in [34], Section 10.4.6. As-
suming E = e, Matveev proved recently in [20], II, that C'(n) can be replaced
by C™ where now C is a positive absolute constant (see Section 6).

Our goal is to explain some of the main ideas of the proof of Theorem 5.1
by means of Baker’s method. In this lecture we discuss the classical approach
following Baker’s method with an auxiliary function and in the last one we
shall show how to replace the auxiliary function by an interpolation determi-
nant.

5.2 Baker’s Method with an Auxiliary Function

Our main goal is to introduce the strategy of the proof, with an emphasis on
the ideas and tools. We do not produce exact estimates, but we consider only
the dominating terms which will explain the choice of parameters and at the
same time provide some explanation for the limitation of the present method.

a) Main Conditions on the Parameters

Assume the hypotheses of Theorem 5.1 are satisfied: a1, ..., «, are nonzero
algebraic numbers, logag, ..., loga, are Q-linearly independent, by,...,b,
are rational integers, b, # 0 and

A=bilogay + -+ by, log ay,.

As usual we need to introduce parameters: let Ty, 11, ..., Ty, Tg, So, S1 and L
be positive integers with L =T - - - T,,. We also introduce another important
parameter, U, which is a positive real number and will play the main role:
assuming

0< Al <eY,

we plan to derive a contradiction as soon as U is sufficiently large. Of course
all the point is to be explicit on this condition that U is large enough.

The proof will have a lot in common with the transcendence proof of
Theorem 3.1 in Section 3 (where the assumption was A = 0). Instead of
setting By = —by /b, and [y = 0, it is slightly more convenient to change the

definitions of 0y, ...,0,_1 and to set now
0 0 0
Oy = ) Ok = b Yp— — b Y, — 1<k<n-1).
° T v, g by, DYy, sksn-l)

The auxiliary polynomial will have the shape

P(Yo,....Yn) =Y cry & (Yo7, THY{* - Vi,
(1)
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In the sum, (7,t) ranges over the set of all elements in Nx N" with 0 < 7 < Tj
and 0<t¢; <T; (1<j<mn).
We are interested in the algebraic numbers

0%P(s,af,...,a))

for (g, s) € N x N satisfying ||g|| < So and 0 < s < S;. They can be explicitly
written down as
(as)
CT,L’Y-@ )
(7:8)
where
n

V5 = (A T TEY V) (0 a)

and
%(A(Yo; 7, THYY - Yin) = A(Yos 7, TE, 00) H (bt — byt - Y- Y,

The auxiliary polynomial P is selected so that equations (3.3) hold.
Our first condition on the parameters will be written

— 818y < L. (5.1)

This is a lousy way of requiring that the number of equations is less than
the number of unknowns (namely the coefficients ¢,+). Here we do not pay
attention to the exact value of the absolute constants which come into the
picture, but we are only interested with the main constraints. For the same
reason we do not look at the estimate for the coefficients c 4.

For 0 € N" define

Gy(z) = 0%7P(z,03,...,0%).

According to their definitions, the operators 0% are related to derivatives
along the hyperplane W of equation by 2z, + - - - + b, 2, = 0 in C**!. The point
v=(1,loga,...,loga,) does not lie in this hyperplane (because A # 0), but
it is not far from it: to a certain extent |A| measures the “distance” between
v and W. If the point v were on the hyperplane W, the conditions (3.3)
would imply that the one variable entire function G, has a zero of multiplicity
> So — ||g|| as each integer s with 0 < s < S;j. When |A] is small, the first
So — |la|| derivatives of G, at these points have a small absolute value. More
precisely define
go(2) = 89P(z7af, Ce 0y, (al{1 cal L)=#/bn ").

n—1

Then
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Go(2) — 9o (2)

— n
= Z Crp A (257, Tg,ao H (bt — byty) Hafiz (11— eftnz/l/bn).
=1

(m:1) k=1
From the inequality |e® —1| < |wlel*! which is valid for any w € C one deduces
|1 — et 4/0n | < [t 2A by |elin=4/001,
hence |G4(2) — go(2)] is quite small for |z| not too large:
|Go(2) = go(2)] < |A]V/? = 70/

for all relevant ¢ and z. In particular from the relations G, (s) = 0 for ||g|| < Sy
and 0 < s < S7 one deduces

‘gg)(S)’ <e U/

for ||g|| < Sp — S and 0 < s < S1. Using an approximate Schwarz’ Lemma
like Lemma 1.3 one deduces

190(5)] < e

for the same ¢, s, with
U’ = min{U, (Sy — S;)S1 log E'}.

Hence

|Go(s)| < e

for the same ¢ and s. Combining this estimate with Liouville’s inequality
(Proposition 1.13) we deduce that G, satisfies (3.6). This conclusion can be
reached only if the parameters satisfy certain conditions. In the estimate aris-
ing from Liouville’s inequality (Proposition 1.13), the dominating terms are
the following ones:

e PWSo(E)=PTo arising from A (S;Tg,T, 09)

and
n

n

H e PTiViS1 arising from H ozj_tjs

j=1 j=1
The exact conditions which motivate the definitions of V7,...,V,,, W and E*
are explained in [34] Chap. 9 and 10. In particular the difference between the
“homogeneous rational case” considered here and the “general case” (where
the rational coefficients b;’s are replaced by algebraic numbers 3;, and there
may be also an extra () occurs here: the factor
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(bntk - bktn)ok
like it stands would require stronger assumptions on W, namely

> >
W > élka%(n logV, and W > 11;1,?%” log |b/,

so that DSglogT; is bounded by U’ for 1 < ¢ < n. In order to deal with our
weaker condition on W, the idea is to replace this factor by

A(bntk — bktn, Uk).

See [34] Lemma 9.11.
Therefore it is reasonable to require

U’ U’ U’
Ty < ———» < d T:<—— (1<j5<n).
"= Diogrr 0= pw TS ipgry, (I<j<n)
Let us take
U U U
To= |1 —— = T, = |cg———— 1<j5<
0 [ClDlogE*:| 9 SO |:CQDW:| 9 7 |:C3nDsi‘/J:| ( 7= n)ﬂ
(5.2)
where ¢1, ¢a, c3 (as well as ¢y, ..., c11 below) denote absolute positive con-
stants, which we are not interested in.
From condition (5.1) we deduce
U > cyS1(S7/W)"DV; - -V, (log E¥). (5.3)

At the end of this first extrapolation step we derive (3.6), provided that
(SO - 56)51 IOgE 2 U.

As a first try, let us take S} = [Sp/2] and then

Dw
Sl = |:C5 10gE:| . (54)

We started with (S 0:") S1 equations and we end up with (56:”) S| new equa-
tions. It is conceivable that no real progress has been achieved unless the
number of new equations exceeds the number of old equations, which means
essentially that S)"S] should not be smaller than S;'S;. Hence we need at
least S7 > 2™95;.

There are several possibilities now. The easiest one is to apply immediately
a zero estimate. This is possible only if (S}"/n!)S] is somewhat larger than
L = ToT) - - - T,, (which is the opposite of (5.1) when Sy and S are replaced
by S, and S7). So if we wish to conclude immediately by means of the zero
estimate we need to require
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S/ -1
< 0 +: )Si > ¢zl (5.5)

where ¢, = (n + 1)! is the loss arising from Proposition 3.2 (this ¢, is a
notation of [34], Section 13.5). This gives rise to the condition

Comparing with (5.1) gives S7 > n!Sy, hence (5.3) yields the condition
U > cg(n)"D"P2WV; - V,(log E*)(log E) "1 (5.6)

The estimate (5.6) corresponds to the sharpest available result with respect
to Vi,...,V,, W, E and E* (but not with respect to n), and the choice of
parameters is given by (5.2) and (5.4).

b) End of the Proof

What we have shown so far is only that the above scheme of proof cannot reach
a better estimate than |A| > e~V with U satisfying (5.6). It is a different issue
to prove that one can indeed reach such an estimate by means of these argu-
ments. However let us now say that there is mainly a single serious difficulty
in doing so: (5.5) is only a necessary condition for applying the zero esti-
mate (see (3.7)). More precisely the zero estimate enables one to conclude the
proof, unless there is a linear dependence relation between the rational inte-
gers by, ..., b, with “small” coefficients. Indeed, starting from 0 < |A| < e~ Y,
the transcendence machinery produces a tuple (¢1,...,t,) € Z™\{0} such that
t1by + -+ 4+ tpby, = 0 together with a sharp upper bound for max;<;<n |;]-
This small linear dependence relation is the explanation for the fact that the
system of equations (3.6) is somehow degenerate.

At this stage, the idea is to eliminate one b; thanks to this relation and to
work with a linear combination of n—1 logarithms instead of n. This is not the
most efficient way; one may proceed by induction indeed, but it is better to
repeat the transcendence argument and to take these relations into account.
In [24] (and also [25] for a more general situation dealing with commutative
algebraic groups), the induction is done as follows. The zero estimate produces
an algebraic subgroup of G, x G} and the strategy is to start the proof from
scratch (construction of the auxiliary polynomial) with such an obstructing
subgroup. Thanks to this obstructing subgroup one has a better control on
the rank of the system of linear equations to which we apply Thue-Siegel’s
Lemma. After the extrapolation, one produces a new set of relations (3.6)
to which one applies again the zero estimate; the extremality of the initial
obstructing subgroup enables one to conclude (by contradiction).

A different way of performing this induction is used by [5], but the un-
derlying ideas are basically the same. This induction is somewhat technical
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but it is well under control now, and we shall not tell more about it. We as-
sume implicitly that there is no “small” linear dependence relation between
the b;’s, in which case the zero estimate shows that there is no nonzero poly-
nomial P € ClYp,...,Y,] for which a set of equalities (3.6) holds for (g, s)
ranging over a set with slightly more than Ty - - - T), elements (compare with
condition (5.1)).

So our goal is to get more than TyTy - - - T, equations (3.6) for P.

c) Baker’s Method with an Interpolation Determinant and
without Extrapolation

This Section 5.2 is devoted to Baker’s method with an auxiliary function,
but we make a small digression to point out that the arguments described in
Section 5.2, a) and Section 5.2, b) involving an auxiliary function work out
perfectly well for the interpolation determinant method. This is the topic of
Chap. 10 of [34].

The basic scheme of proof is the following: Philippon’s zero estimate en-
ables us to produce a nonzero determinant ([34], Proposition 10.9) which is an
algebraic number. Liouville’s estimate provides a lower bound for its absolute
value. The upper bound is obtained by analytic means ([34], Proposition 10.5).
In this analytic argument, one takes into account the order of vanishing of an
interpolation determinant at the origin only: extrapolation like in Section 3.5
is not necessary.

The role of the obstructing subgroup in connection with interpolation de-
terminants is explained in [34], Section 10.2.3.

d) Dependence on n

We consider the dependence on n now.

The factor (n!)™ in (5.6) is very large (it is comparable with the estimate
which occurs in the interpolation determinant method of [34] Chap. 10 — see
Section 14.4.3).

Even if one were to replace the condition S7 > n!S; by the weaker S >
2™S1, one would get a large “constant” in terms of n, involving on,

In order to refine condition (5.6), an obvious solution would be to improve
the zero estimate. However if one could replace (n + 1)! in (3.7) by, say, n°7,
then one would still end up with n®™ in place of c§(n!)™ in the right hand
side of (5.6)17.

As soon as we wish to increase S7/S1 by a factor A > 1, we get a factor
A™ in U. Hence we should not take S1/S; larger than an absolute constant
if we do not wish to introduce some n™. We shall take S = 25;. Now, since

7 This is a significative difference with the “dual” method in Chap. 9 of [34], dealing
with the algebraic group G2 X G, where any improvement of the constant in the
zero estimate immediately applies to the final estimate of Theorem 5.1.
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we want to end up with at least as many equations as we started with, we
need that S)"S] is not less than SS;. It is natural to require that Sj/Sy is
comparable with 271/" which is not far from 1 — (co/n). Let us take

, 1
= 1——.
S0 SO( 2n>

DW
Sl = |:C10nlng:| .

We need to replace (5.4) by

From (5.3) we obtain the condition
U>cyn"D"2WVy -V, (log E*)(log B) "1, (5.7)

We shall see later ( Section 5.2, h)) how to remove the coefficient n™ in the
right hand side of (5.7), but let us continue.

It seems we have not earned much: we started with roughly (S§/n!)S;
equations and we got (S{"/n!)S] new ones, which is about the same. The
only improvement concerns the term SpS; log F/, that we can replace at the
end of this extrapolation by S5 log E, which is essentially twice as large.

This procedure may be repeated: we do it n times (this seems to be an
optimal choice) with

S(()j) =5y (1 - 2]n> and Sy) =927G,.

There is a small cost: at the end we shall get |A| > e~ 2"V in place of [A| >
e~U. If one wishes to keep the conclusion |A| > e~V then one should replace
everywhere else U by U/2™. Indeed this is just the choice of parameters in [31].

At the end of the n extrapolation steps one has S(g") = 5p/2 and S%n) =
2™S1. The number of equations is not large enough to apply immediately the
zero estimate 3.2.

Since we have been unable to increase the number of equations enough, we
shall follow another strategy which originates in works by Baker and Stark and
relies on arguments arising from Kummer’s theory. The idea is to introduce
division points and prove

89P(s/p,ai/p,...,af/p) =0 (5.8)

for various ¢ € N" s € Z and p. At an early stage of the theory, p was
selected as a sufficiently large prime number. Later, another argument, which
we explain in Section 5.2, f), enabled us to work with a smaller value for p,
until it was realized that p = 2 also works!

We refer to [11] for several proofs involving (5.8):
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In Chap. 8, Section 2 and Section 6, for many values (s,p) with ¢ = 0.
In Chap. 10, Section 2 and Section 5, for a single sufficiently large prime
number p and several values (o, ).

e In Chap. 11, Section 2 and Section 4, (5.8) is applied with p = 2 only.

In recent works involving Kummer’s theory only p = 2 is used; however it may
be instructive to recall briefly what was done earlier with a large prime p.

e) Kummer’s Theory

In this section we denote by m a positive integer, K a number field and
aq,. .., o, nonzero elements of K.
We first quote Lemma 3 of [4].

p

Lemma 5.2. Let p be a prime. For 1 < j < n denote by ajl-/ any p-th root

of aj. For 1 <r <n set
KT :K(a}/p,...,ai/p).

Assume
[Kn: K’n—l] <p.

Then there exist an element v € K* and integers j1,...,jn—1 satisfying 0 <
je<p (1<€<n-—1) such that

=l ol AP, (5.9)
Remark. Lemma 5.2 is proved by induction in [4]. When K contains the p-th
roots of unity it can also be proved by using arguments from Kummer’s theory

as follows. Define
Goz{xp; xEKX}

and, for 1 <r < n let G, denote the multiplicative subgroup of K* spanned
by Go, a1, ...,a,. According to [12] Chap. 6, Section 8 Th. 8.1, the field K,
is an abelian extension of K and the degree of this extension is the index of
Go in G,.. Assume p is such that [K,: Kn,l] < p. Then (G, : Gp—1) < p,
hence there is a relation
aln =aft - 'Oézﬂ;_llﬂp,

with some 3 € K* and integers ay,...,a, satisfying 0 < ap < p (1 <<
n—1) and 1 < a,, < p. Writing Bézout’s relation a,u + pv = 1 with rational
integers u, v, one deduces the desired relation (5.9).

Lemma 5.3. For 1 <1i < n select a complex logarithm loga; of aj. Assume
that the numbers log aq, . . . ,log a, are linearly independent over Q and denote
by G the set of A € C such that
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e e KX and M\logas,...,logay, are linearly dependent over Q.

Then G is a free Z-module of rank n, containing Zlogaq + - - -+ Zlog av, as a
subgroup of finite index.

Further, if log6y,...,log8, is a basis of G over Z, then for any prime p
for which K contains a primitive p-th root of unity, we have

[K(Gi/p,...,ﬁ,ll/p): K] =p",
where 91-1/" stands for exp{(1/p)log8;} (1 <i<n).

Remark. The assumption in the last sentence that K contains a primitive p-
th root of unity cannot be omitted. Here is an example: take K = Q, n = 1,
a1 =1 and log oy = 2im. In this case log #; = £2im and for each odd prime p
we have

[K(G}/p): K] =p—1
Proof. Tt will be more convenient to work with
A={(r1,....,ry) €Q";r1logas + - +ryloga, € G},
which is a subgroup of R™ isomorphic to G under the mapping

A — G
r—rilogag + -+ 1y log an,.

We have Z™ C A C Q™. We first want to check that A is discrete in R™. For
X > 0 and for r € A satisfying |r| < X we have

n

ha'---ap) < XY h(aq),

i=1

hence aj' - - o) belongs to a finite subset of K* as r ranges over the elements
of ANB,,(0, X). This means that the image of ANB,, (0, X) under the mapping

A — KX
71 Tn
T oy oy

is finite. Hence the proof that A N B, (0, X) is finite will be completed if we
check that for each r® € Q" N B, (0, X), the set of r € Q" N B, (0, X) such
that

0 (0]
T T
alt capt =gt ap”
is finite. Indeed, since log o, . . ., log ., are linearly independent over Q, there

exists s € Q™ such that

{ze@”;a?-~afl":l}:2§;
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we deduce that the set
{reQ"nB.(0,2X); o} ---afy =1}

is finite.

This shows that A is a lattice (discrete subgroup of rank n) in R™, hence
a free Z-module, and therefore G is also a free Z-module of rank n.

Let log#y,...,log#0, be a basis of G over Z. Assume

[K(Qi/p,. ..,9,1/”) (K] < p”
for some prime p. Let m be minimal with 1 < m < n such that
[K(G}/p, .. .,9}7{?) (K] < p™.
We use Lemma 5.2: 4 4
Om = 07" -+ 0,77,

for some y € K* and 0 < jy <p, (1 <€ <m—1). Define
1 m—1 .
A="logh, — > Llogh,.
p — p

Since K contains the p-th roots of unity, from (e*/v)? € K* we deduce e* €
K>, hence A € G, and therefore A € Zlog, + -- -+ Zlog6,,, which is clearly
a contradiction. 0O

In the transcendence proof following Baker’s method, Lemma 5.3 is applied
as follows: when we need estimates for the height, we use the algebraic numbers
«;, while when we want to apply Kummer’s condition, we use the numbers
0;. This does not make a difference when using interpolation determinants; if
we use an auxiliary function, the systems of equations are equivalent, but in
order to investigate small values we need estimates for the transition matrix.
The index N of Z™ in A plays an important role in Matveev’s paper [20], II.

f) Kummer’s Theory with a Large Prime p

The results in this subsection are no more used in recent papers dealing with
linear independence measures for logarithms of algebraic numbers, but they
keep their independent interest.

We denote by n a positive integer and by aq,...,a, nonzero algebraic
numbers.
Lemma 5.4. Let K be a number field containing a1, ...,ca, and let p be a
sufficiently large prime.
a) Assume aq,...,q, are multiplicatively independent. Denote by a;/p any

p-th root of ; (1 <i<n). Then
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[K(a}/p,...,ag/p): K] =p".

b) Assume «y is a primitive g-th root of unity for some positive integer q,

while as, . .., o, are multiplicatively independent. Denote by a}/p a primitive

pq-th root of unity and by ag/p any p-th root of a; (2 <i<mn). Then
[K(a}/p, ... ,a}/p) : K] =(p-— 1)p"_1.

Proof. a) To start with, consider the case n = 1. The assumption is that
a = a1 is not a root of unity, and the conclusion amounts to say that if «
is a p-th power in K, then p is bounded (depending on « and K). We prove
this claim by using heights: if o = P for some 8 € K, then h(5) = (1/p)h(«).
Moreover 3 has degree < [K : Q] and is not a root of unity. From a result of
Kronecker’s (see for instance [34], Section 3.6) h(g) is bounded from below by
a positive constant ¢ depending only on [K : Q]. Hence p < ¢ 1h(a).

More generally, assume aq, . . . , a,, are multiplicatively independent. Define

K, =K(ay?,...,ak?) (1<r<n)

and Ko = K. Let p be a prime number such that [K,: K] < p™. Denote by r
the least integer such that [K,: K] < p". Wehave 1 <7 <n, [K,_;: K] = p"~!
and [K,: Kr,l] < p. By Lemma 5.2 there exists a nontrivial relation

ap=al - ai”_’fvp (5.10)
with jp € Z,0 < jy <p (1 < ¢ < r) and v € K*. From the properties of the
height (see for instance [34] Chap. 3) we deduce

h(y) <h(ar) +--- + h(ar),

hence v belongs to a finite subset of K* which depends only on s, ..., a,,. For
each fixed v there is a unique multiplicative dependence relation like (5.10),
hence p is bounded. Moreover explicit upper bounds for the exponents in such
a multiplicative dependence relation are known, depending only on aq, ...,
and [K : Q] (see for instance [34] Lemma 7.19).

b) Assume now «; is a primitive ¢-th root of unity, while a}/ P is a primitive
pg-th root of unity. For any prime p which does not divide g the number «; is a
p-th power of an element in K: indeed writing up +vqg = 1 we get a; = (a¥)P.
Hence the field K; = K(o&/ ") has degree < p over K. Moreover, since af
is a primitive p-th root of unity, the field Q(af) is the cyclotomic field of
degree p — 1 and discriminant +pP~2. Hence, as soon as p does not divide the
discriminant of K, the field Ky has degree p — 1 over K.

Next we apply part a) of this Lemma 5.4 to the numbers ao, ..., a, and
the field K: we deduce

[K(a;/P’ al/P) K] = g

Finally, K(o&/p, ceey oz,l/p) is the compositum of K; and K(aé/p, ceey a,ll/p),
hence has degree (p — 1)p"~! over K. O
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Lemma 5.5. Assume aq, ..., ay are multiplicatively independent. Then there
exists a positive integer D with the following property: if

Qe K[Xy,...,X,]
is a nonzero polynomial of degree < D in each variable X; (1 <1i <n) and
p a prime with p > D, then
Q(o&/p,...,oz}/p) £0.

Proof. Using Lemma 5.4, take D sufficiently large so that for p > D,
1 n
[K(al/p,...,a}/p): K] =p".
1/p

For such a p we prove the result by induction on n. For n = 1, since a;’" has
degree p > D > deg @ over K, and since @) has coefficients in K, it follows

that a}/p is not a root of Q.
If Lemma 5.5 holds for n — 1, then the polynomial

P(X)=Q(a)?,...,al/" , X) € K, [X]

y Hn—1>

is nonzero, has degree < D and coefficients in the field

K,_1 :K(o&/p,... ozl/p),

»y “n—1

while a,ll/ Pis algebraic of degree p > D over this field K,,_;. Hence a,l/ P is not

aroot of P. O

Lemma 5.6. Assume aq, ..., ay, are multiplicatively independent. Then there
exists a positive integer D with the following property. Let

Q € K[Xo, Xq,...,X,)

be a nonzero polynomial of degree < Dy in Xg and < D in each variable X;
(1 <i<mn). Letp be a prime withp > D and S a subset of Z with at least Dgy
elements such that (s,p) =1 for any s € S. Then one at least of the numbers

Q(s/p,ai/p, .. .,af/p) (s€8)
s not 0.
Proof. For (s,p) = 1 Bézout’s relations imply
Q(a, a'/?) = Q(a, a®/P).
Therefore the same arguments as for Lemma 5.5 yield Lemma 5.6. O

Lemmas 5.5 and 5.6 occurred in Baker’s method at an earlier stage of
the theory (see [11] pp. 176-177 and 185). Later, similar results taking into
account several values of o were required (see [11], pp. 223-226 and 237-238).
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g) Kummer’s Theory with p = 2
Let p be a prime for which the field generated over K = Q(ay, .. ., ay) by the

p-th roots a;/p = exp((1/p)log ;) with 1 < ¢ < n has maximal degree p™:
[K(al’® ..., al/?) K] = p™ (5.11)
This condition (5.11) yields a decomposition of each relation (5.8)
n—1
Z crs O (s/p; 7, TE 00) H(bntk — byt,)" - a?s/p atsiP =
(m:t) k=1

for which s is prime to p into p™ equations, where the sum over (r,t) is
restricted to the elements with t; = t (mod p). For one at least of these
equations, say corresponding to some t° € N™ with 0 < t? < p, the coefficients
Crt with
t;i=t? (modp) (1<i<n)

do not all vanish. We reduce the number of coefficients of P as follows: fix
such a %, write t; =t + pt; (1 <i < n) and consider now the new auxiliary
polynomial obtained as a chunk of P

> crppr & (Yoi, THY - v,
(m,t')

In this process the number of coefficients!® of the auxiliary polynomial P
decreases (the upper bound T; for the degree in Y; with 1 <14 < n is divided
by p). It turns out that the number of relations (3.6) will be essentially fixed
along the inductive process, but at the end of the extrapolation the number
of relations will be higher than the number of coefficients of the last auxiliary
polynomial P, which is what we were looking for.

Each time Kummer’s condition (5.11) is used with, say, p = 2, we replace
T; by T;/2. If one performs this extrapolation sufficiently far, one ends up
(after the double induction) with some T;, say T,, replaced by 0 and the
system of equations one gets in this case is easily shown (see Lemma 5.7) to
have no nontrivial solution: there is no need to appeal to the zero estimate 3.2.

If one wishes to get T},/27 < 1 (after J steps), we need 27 > T),. It turns
out that such a long extrapolation procedure has a cost: there is another
factor log V,,—1 (assuming V3 < --- <V,,_; <V,,) in the final estimate. This is
exactly the main result in [31], which improves earlier results by Baker in [3].
See also [20], I, as well as [37] for the p-adic case.

Now Proposition 3.2 enables us to perform a shorter extrapolation, which
avoids this cost of logV,,_1. This is done in [24] as well as in [5] and [20], II.
See also [38], I, for the p-adic case.

18 By “the number of coefficients” of P we mean the number Tp - - - T3, where T; is
the known upper bound for the degree of P with respect to Y; (1 <4 < n). This
is a loose way of speaking, but the values of Ty, ..., T, should be clear from the
context.
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h) A Simple Zero Estimate

As we saw in Section 5.2, f), combining the extrapolation with (5.11), one
reduces the set of coefficients of the auxiliary polynomial. The next result
shows that we reach a contradiction as soon as all coefficients ¢, with 1 <
t, < T, vanish.

Lemma 5.7. Let Ty, ..., T,_1, So,S1 be positive integers and aq, ..., Gp_1
nonzero complex numbers. Assume

SoS1 2Ty and So >T; for 1 <j<n.
Then the matrix

tn
_ (ag(yofyltl - Yn 11)(8 al, . 704271)) (r,1) ?
(a,s)

where the rows are indexed by (7,t) and the columns by (o, s) with
0<7<Ty, 0<t;<T; (1<i<n-—-1) and ||g|]| < So, 0<s<5i,
has rank ToTy -+ Th_1.

Remark. Because of (5.2) and (5.4), the conditions SpS1 > T and Sy > Tj
are responsible for the requirements Dlog E* > log £ and V; > log E in the
hypotheses of Theorem 5.1.

Proof. On the subring C[Yy, Y1, ...,Y,_1] of C[Yy, Y1, ...,Y,], we have

82_ i UO... 8 o
1\ 9Y, Y, _1 ’

Hence the problem is reduced to a Cartesian product situation which one
deals with by induction as follows.
Consider a relation between the rows of M:

To—1T1—-1 Th-1—1

Z Z Z cr 0% (Yo Y - t" ) (sa8, s 05) =0

-rOt10 tn10

for any (g,s) satisfying ||g|| < Sp and 0 < s < S;. This means that the
polynomial

To—1T1—1 Tn-1—1

PP IR DI R sy

7=0 t1=0 trn—1=0
satisfies

O%P(s,a3,... a5

n—

1) =0 for [lg|| <Sp and 0<s<S.
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For (0¢,...,0n_2) € N1 with 09+ -+ 0,2 < Sp and for 0 < s < 51, the
polynomial

N (O v e
aYvO 8Yn,2 S, Q5. Oy 9, Yn—1 n—1

has degree < T,,_1 < Sy and a zero at the point a;, _; of multiplicity > S,
hence this polynomial is 0. By induction one shows in the same way that for
1<k<mn,(60,.---,08-1) € NF with og+---+ 0,1 < Spand 0 < s < S,
the polynomial

0 70 0 Ok—1
— ol —— ) P 0 1, Y, Y Yi, ..., Y, _
(8YO) (3Yk1> (s,0q,... 001, Y, ..o, 1) € C[Yy 1]

is zero. Hence for k = 1 we get

0\
—_— P(s,Y1,...,Y,-1) =0 for 0<09< Sy and 0<s<5].
Yy

Since SpS7 > Ty we deduce P = 0, and therefore M has rank TpTy ---T,,_1.
O

Remark. There is nothing special with the field C: the result is valid for
any field of zero characteristic. Also the same result holds if we select an-

other basis than YY" ---Y/" " for the space C[Yp,...,Y,_4], for instance
AYo; 7, THY - Vit

n—1

i) Removing n™ under Kummer’s Condition

In [20], I, E.M. Matveev succeeds to remove the factor n™ in (5.7) under
Kummer’s condition (5.11) for p = 2. The idea is the following. He restricts
the set of exponents (7,t) of his auxiliary polynomial to a subset satisfying

|t1 logay + -+ 1ty logan| < (5.12)

MES;’
where M > 1 is a new parameter. This allows him to take a larger radius
R for the disk where he will apply a Schwarz Lemma (or an approximate
Schwarz Lemma): in place of R = Er, he may take (almost without extra
cost at this place) R = EMr. In the conclusion, in place of (log E)~""!
appears now (log(ME))fnfl. On the other hand, for application of Thue-
Siegel’s Lemma in the construction of P, it is necessary to estimate from
below the number of such elements (7,t). Matveev in [20], I, uses arguments
from geometry of numbers. Yu Kunrui [38], II, worked out simpler arguments,
using only Dirichlet’s box principle, which suffice (the final numerical estimate
may be not as sharp, but the argument works as well for the p-adic case; see
also [34], Section 9.3 for another adaptation of this argument). Essentially,
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requiring (5.12) divides the number of tuples (7,) by M. So in the final

result the new parameter U is the old one multiplied by M (log(M E))fnf1
Assuming F = e and taking M = ¢™, one gets rid of the unwanted term n'™
in (5.7).

Appendix. From 2 to n Logarithms

In this appendix we develop a remark which originates in Gel’fond’s work and
has been also used by Bombieri, Bilu and Bugeaud (see [34], Theorem 1.9 and
Corollary 10.18). The goal is to deduce, from a nontrivial irrationality measure
for the quotient of two logarithms of algebraic numbers, a nontrivial measure
of linear independence for n logarithms. The idea is to write the coefficients
b; as bq; + r; with integers b, q1,...,qn, T1,--.,Tn, SO that the linear form

b1 X1+ -+ b0, X,
has the same value at the point (A1,...,A,) than the binary form
Yy + Yo

at the point
(@21 + @A, T AL+ T )

We need to select b so that the “remainders” r; € Z have comparatively small
absolute values.
We expand this argument in the following lemma.

Lemma 5.8. Let K be a number field of degree D, \1,...,\, elements of L

such that the algebraic numbers a; = e are in K. Define Vi,...,V, and V
by
|Ai| 1 .
V; = max < h(o;), —> —= (i=1,...,n) and V =max{Vi,...,V,,}.
D D
Further, let by, ...,b, be rational integers and let B be a positive integer sat-
isfying B > max{|b1],...,|bn|}.

Then there exist A1, Aa in L and b in Z such that o) = M and Qo = A2
are in K, s _
bl>\1++bn)\n =b >‘1+A27

1 < b < B, and such that the numbers

%:mw{ﬂ@%%hé} (i=1,2)

satisfy

‘71‘72 < 2n?BYT V2 with Kk, = .
2n —1
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For the proof of Lemma 5.8, we shall use Minkowski’s Linear Forms The-
orem (see for instance [27], Chap. II, S 1, Theorem 2C)*?.
Lemma 5.9. Let (mij)1<i.j<n be a n x n matriz with determinant £1. Let
A1, ..., A, be positive real numbers with product Ay ---A, = 1. Then there
exists (q1,...,qn) € 2™\ {0} such that

izt + -+ gnzin| < 4, (1< i< n)

and
Proof of Lemma 5.8. In the trivial case by = --- = b, = 0 we set b= 1,
A1 = A2 = 0 and the conclusion is satisfied. So we may assume (b1, ..., by,) # 0.

By symmetry, we may assume by > |b;| for 1 <4 < n.
Further, if n =1, we set

b=b, A=A, X=0,

so that 171 =V, 172 = 2/D and again the conclusion is satisfied. Hence we
shall assume n > 2.
Define
Q — B(n_l)"‘in_

Notice that the exponent is

(n—1)k, = %(1 — Kn)-

Using Lemma 5.9, we deduce that there exist rational integers q1, ..., qn,
not all of which are zero, satisfying

bi
‘b*lh*qi‘<Q71/("71) for 2<i<n and |p| <Q.
1

Since
+1< || +1,

b;
lgi] < a Q1

we have |g;| < |g1|. In particular ¢; # 0. Replacing, if necessary, all ¢; by —g¢;,
we may assume gq; > 0.
We define

Z = [bl/CIl] .
Clearly the inequalities 1 < b < B are satisfied. Further, set

19 If one applies Dirichlet’s box principle in place of Minkowski’s Theorem, one de-
duces a weaker estimate for V1 Va, where on2Bl 2 s replaced by An2Bl—rn V2,
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i = by — bg; (1<i<n),

n

Xl = iq,k, and Xg = ZT}')\“

i=1 i=1
so that . .
DAL+ Ao = Z(qu +ri)di =Y biki.
i=1 =1

It remains to estimate ‘71 and ‘72 Define R = maxi<;<n, |7;|. We have
‘71 S nqlV, ‘72 § TLR‘/,

hence o
ViVa < n?qRVZ.

Finally from the inequalities

~ 1 by~ o
Ibi = bail < =iy — bl + lal | - — b’ <q BT+ aq
1 1
and
i <Q* < B
we deduce
@R < B'7' 4 gf < 2B
O

335

We shall combine Lemma 5.8 with the following sharp estimate for two

logarithms (Corollary 1 in [16]).

Theorem 5.10. Let A\, Ao be two elements in L and by, by two nmonzero ra-

tional integers. Define

o =eM, ay=e and D=[Q(a1,as): Q.

Assume oy and oo are multiplicatively independent. Let Vi, Vo and W be

positive real numbers satisfying

N 1
V;max{h(ozi),g7D} ( —1,2)
e 21 ba . bl
> 1 > W 20 !
w » W2 D’ - DV DV,
Then

[b1A1 + b2 do| > exp{—31D*V1VoaW?}.
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Corollary 5.11. Let ay,...,a, be nonzero multiplicatively independent al-
gebraic numbers. Under the assumptions of Theorem 5.1, if we set V. =
max{Vy,...,V,}, E =e,

B = max{e, et/ D [b1], - - -, |bn|}
and Kk, = 1/(2n — 1), then we have
|A| > exp{—62n?D*B*~"" (log B)?V?}.
Further similar estimates are easy to produce.

Remark. Such an argument is used in [8] in order to reduce a linear form in
logarithms from 5 to 2 terms and to show that all integer solutions to the
Diophantine equation in 3 variables

2° 4 (2 — 1)%2ty — (228 + 42 + D)y + (2" + 23 + 222 + 42 - 3)2H?
+ (224 22452+ 3wyt +¢° = +1

are the trivial ones given by

(170)7 (07 1)a z 7é _L Oa

+(z,y) = {(170), (0,1), (£1,1), (=2,1), ze{-1, 0}.

6 Sixth Lecture. Matveev’s Theorem with Interpolation
Determinants

We refer to Nesterenko’s lectures for an introduction to Matveev’s proof of
the following Theorem:

Theorem 6.1. There exists an absolute positive constant C' with the following
property. Let n be a positive integer, aq, . .., a, nonzero algebraic numbers and
log oy, ... ,log ay, logarithms of ay, ..., an respectively. Assume that the num-
bers log aq,...,loga, are Q-linearly independent. Let by, ..., b, be rational
integers, not all of which are zero. Denote by D the degree of the number field
Q(au,...,an) over Q. Further, let W, Vi,...,V, be positive real numbers.
Assume

el log a;|

Vi Zmax{h(aj), ]

} (1<j<n) and W >1+logD.

Further, assume b, # 0 and

1 [bnl 16
WS - el 0L
‘ D1§§1§f_1{vj +Vn
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Then the number
A=biloga; +---+bylogay,

has absolute value bounded from below by
|A| > exp{—C"D""?(1 +log DYWV; ---V,, }.

Our goal is to explain how to prove Matveev’s Theorem 6.1 by means
of interpolation determinants and to avoid the construction of an auxiliary
function involving Thue-Siegel-Bombieri-Vaaler’s Lemma in [20], II. We aim
at obtaining the conclusion with an unspecified (but effectively computable)
value for the absolute constant C.

6.1 First Extrapolation
Matveev uses several auxiliary polynomials which are of the form

P(X) = Z Crt A (YO;Tv Tg)yltl : "ern € (C[Y07 .- .,Yn],
(Tt)eL

where £ is a suitable set of (7,¢) € N x N"® with 0 <7 < Tj and 0 < t; < T
(1 < j < n). He starts the construction by means of Bombieri-Vaaler’s version
of Thue-Siegel’s Lemma and solves a system of equations (3.3). Next a first
extrapolation enables him to get more relations like (3.6), say

0%P(s,ai,...,a;) =0 for |gf < S(()j)

_ (6.1)
and OSS<S§J> (0<j<J).

At this stage of his proof we consider the matrix M of the linear system
given by equations (6.1). We write this matrix as follows. Consider the column
vector with |£| rows and entries in Q[Y]:

PY) = (AFor Y - e

n

)(r@ec'

For each g € N, define
gg(z) = ag'P(Z, aia cey arZL)

and set
M= (Ga(s)) e

where (o, s) ranges over the set of elements in N” x N such that ||g|| < Séj)
and 0 < s < S;J) for at least one j in the range 0 < j < J.

We consider two cases. The first one is when the rank of M is maximal, equal
to |£]. In this case the proof is very short: we select a maximal nonvanishing
determinant
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A = det (qu (s#))

by taking the first |£| columns in minimal lexicographic ordering like in Sec-
tion 2.2 and Section 3.5, we bound its absolute value from below by means of
Liouville’s inequality (Proposition 1.13), and from above thanks to analytic
arguments. Corollary 3.6 is not quite sufficient for this purpose: it corresponds
to a Schwarz’ Lemma like Lemma 1.3 for a function with many zeroes, while
we need a statement corresponding to an approximated Schwarz’ Principle like
Lemma 1.12 for a function with many small values. These estimates provide
the required conclusion.

Now we assume M has rank < |£|. Denote by L; — 1 this rank. We select
a subset £ of £ with L; elements such that, if we set

1<u<|L]

n

PLY) = (A(Yo; n IOV Ytn)(f HeL,

and

gél)(z) — al’])l(z’ai, .. .,CK;);

then the associated truncated matrix with L1 rows only

M = (Qg)(S))(g,s)

has rank L; — 1. Thanks to Lemma 5.7 we may assume that all (7,t) € £ with
t, = 0 belong to L.

Again we select the first L1 — 1 columns of M; which are linearly indepen-
dent like in Section 2.2 and Section 3.5, say

(1) (1)
s, (81)7~--,QQL171(3L171%

and we consider the polynomial

Pi(Y) = det (G (1), G (s2,1), Pr(Y)).

—1

From the construction it follows that P; is not zero. We extrapolate on the
division points as follows: for ||g|| < S(()‘Hl) and 0 < s < Si‘]ﬂ) we prove

8£P1(s/2,04i/2, e/t =0,

Thanks to Lemma 5.3, for odd s each such equation decomposes into 2"
equations. We explain now how to use this fact.

6.2 Using Kummer’s Condition

Lemma 6.2. Let ¢, Ly,...,Ly;, M, N be positive integers, . a field, K a
subfield of I, t1,...,tp elements in L which are linearly independent over K,
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Aq,..., Ay, By,..., By matrices with entries in K, where A, has size L, x M
and B, size L, x N (1 <v <{). Define
Ay Ay t1By
A= ¢ and C=| @
Ay Ag By

and assume
rank(C) = rank(A) < Ly + -+ - + Ly.

Then for at least one index v in the range 1 < v < £ we have
rank(B,) < L,.

Proof. For 1 < v </, write

B (), - ()

<
I<<N
where b§”), .. ,bg\l,’) are the column vectors in KEv. Let r be the rank of the
matrix A. Since C has also rank r, each of the column vectors
tlbg‘l) 118
: of :
t@y) teBy

(1 < j < N) belongs to the space spanned by the column vectors of A. We
write the N relations

Ay t1b§-1)
rank | =r (1<j<N)
Ap teby)

expanding by minors:

¢ L,
ZZ&%\)tng\l;) =0 for 1<p<R and 1<j<N,
v=1 =1
where the coefficients a,(f;\) are in K (independent of j) and are not all zero
(because A has rank r). Since ty,...,t; are linearly independent over K, we
deduce
L,
S al@b) =0 for 1<p<R 1<j<N and 1<v<l (6.2)
A=1

There is at least one v in the range 1 < v < £ such that the coefficients a,(f;\)
with 1 < p < Rand1 < j < N are not all zero. For such a v the relations (6.2)
yield a nontrivial dependence relation between the row vectors of B,, hence
B, hasrank < L,. O
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6.3 Second Extrapolation

At this stage of the proof, after the first extrapolation including division
points, we get a new matrix

My = (G (s
2 ( L ))(575)
built with

G (s) = 0°Pa(s,0f, ..., 7))

and

n

P(Y) = (A(Yo;ﬂ Tg)Yfl '-~Yt")(T ety

Now the set £ has been reduced to Lo, with
[t:| < T;/2 for (1,t) € Lo and 1<i<mn,
while the set of (g, s) is bigger than for M, say
lo|l < S and 0<s< S (0<j< ). (6.3)

The upper index (2, j) corresponds to the j-th step in the second extrapolation
(hence we may set S{"7) = §{) and (") = g9,

Before starting our second induction let us have a look at Matveev’s argu-
ments in [20], II: his second auxiliary polynomial P; is a linear combination
of the components of P5(Y); he shows by induction on j the relations

0%Ps(s,af,...,05) =0
for all (g,s) € N* x N in (6.3).

As far as we are concerned we repeat the argument of Section 5.1. However
it is necessary to be slightly careful with the construction of the next matrix:
for an efficient application of the analytic argument we need to introduce a
condition like (3.18). This difficulty did not arise in the first extrapolation
(Section 6.1), because the condition

| > 2(5" +:* 1)51

was in force: Matveev needed it to solve his system of linear equations and
produce his first auxiliary polynomial. For the second extrapolation this con-
dition is not there and we proceed as follows.

Let Ly — 1 be the rank of My. Define pg = Lo/2"+2. We select the first
o columns which are linearly independent. Next we consider the matrix My
which consists of these pg columns together with all other columns of My for
which _ _

loll < S and 0<s< S (0<j< ),
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where
S(g 0) _ (S(2 ,0) + S(2 1))
5(273) 5(271) for 1<j < Js.

When p is large, there is no point to distinguish between My and Ma, but
otherwise the picture is the following:
S(()Q’O)

5(()2,0)

582,1)

0 o S s

_ Denote by Z2 the rank of My. We already selected 119 columns, we select
Lo — pp further columns in the usual way in order to get a maximal number
of independent columns.

If Ly — 1 = |Ls|, we easily conclude the proof by usual means: My is a
nonsingular square matrix with nonzero determinant, say As. We bound the
absolute value of As from below by arithmetic means and from above by
analytic means.

If Ly < pip = L2/2™%2, then the second extrapolation is complete: our goal
is precisely to produce a matrix with such a low rank.

Assume now Lo /2712 < Lg < |L3]. We select L2 rows of My, corresponding
to a subset [,2 of Lo with Ly elements. Our new auxiliary polynomial is the
determinant P (Y) of the square matrix

(G261, ,G2 (57, 1), PaY)).

We extrapolate on division points and complete the second induction as we
did for the first one.

6.4 An Approximate Schwarz Lemma for Interpolation
Determinants

The results of Section 3.4 deal with zeroes of interpolation determinants and
involve Schwarz’ Lemma. They are sufficient for the proof of qualitative state-
ments like Baker’s Theorem 3.1.

In Section 4, we were able to prove a quantitative result by means of
Lemma 4.6, which is also a Schwarz’ Lemma; however only the zero at the
origin is used, and there is no extrapolation; this explains why the required
approximate Schwarz’ Lemma in the proof of Lemma 4.7 is just the interpo-
lation formula of Lemma 1.11 (or just Taylor’s expansion as in the remark in
Section 4.4).
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Such an argument does not seem to suffice when we want to extrapolate.
Indeed the determinant

(ag,P (S’ O‘i? s 70[2—17 (O‘gl T al;zﬂ;_ll )78/17”) (Su))

does not satisfy the assumption (3.12) of Proposition 3.5.

Another attempt is to follow the method of Section 7.3 in [34]: in this
case we return to the results of Section 3.4 but we replace in Proposition 3.5
Diuep A(éﬂ) by D%y (§“) + €, with sufficiently small complex numbers €y,
Unfortunately this does not seem to work either: the main hypothesis (3.12)
of Proposition 3.5 is not satisfied for a matrix where some entries are replaced
by constants.

Finally the only way so far is to combine Lemmas 1.12 and 3.4 by proving
an approximate Schwarz Lemma for interpolation determinants.

Details will appear elsewhere.
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