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Linear Forms in Two Logarithms
and Schneider’s Method*

Maurice Mignotte and Michel Waldschmidt

Université Louis Pasteur, Mathématiques, F-67084 Strasbourg Cedex, France
Université de Paris VI, Mathématiques, 4, Place Jussieu, F-75230 Paris-Cedex 05, France

We consider an homogeneous linear form in two logarithms of algebraic numbers
with algebraic coefficients:

B, logo, +B,loga,.

The first lower bound for such a linear form was obtained by Gel’fond (1935). Baker
generalized Gel’fond’s method to obtain a result concerning more general linear
forms. This result of Baker had such deep consequences that a lot of papers were
written on this subject (see [1]); these papers have introduced very important
improvements of the original method. But, up to now, the final descent [12], which
is an essential characteristic of Baker’s method does not enable a very precise
dependence on the degree. To obtain such an estimate, we use Schneider’s method,
which, as far as we know, was never used in this context; this means that no
derivative is involved in our proof. However we add also some of the above
mentioned ideas which were introduced in connection with Baker’s method (cf. in
particular [1]). From this point of view, our proof ressembles that of [5].

We apply our lower bound to the simultaneous approximation of numbers (like
in [5]); we give an explicit dependence on the degree in the theorem of Franklin and
Schneider.

We first state our main result (§1) and its corollaries (§§1 and 2). After some
lemmas (§ 3) we prove the theorem (§4). Finally we give the proof of the corollaries

&3).

1. The Main Results: A Lower Bound for Linear Forms

For this section, the notations are the following. We denote by f, «,, «, three non-
zero algebraic numbers of exact degrees D, D,, D, respectively. Let D be the degree
over Q of the field K =Q(f, ay, %,). For j=1,2, let loga; be any determination of the
logarithm of »and let A, be an upper bound for the height of o, and forexp|loga|;
further define

S;=D;+LogA;.

—_—

*  Dedicated to Professor Th. Schneider
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Furthermore let B be an upper bound for the height of g and for e?°, and let
So=Dy+LogB.

We assume that the number
A=ploga, —loga,

is not zero.
Our main result is the following.

Theorem. Let E>e be a real number such that

. DS DS
E<min {ezr/s, ePSi/D1 oDS3/D2 o 1. 2 ,
D,|loga,|” D, [loga,|

where
hY S, S
T=4+—9-+Log(D2~~—1—-—2~).
DO Dl 2
Then

|A|>exp{—5- 10%.D*. g—l 2. TZ(LogE)‘3}.
2

(TR

Remark. A weaker form of this result is the following. Let E; >1 be a real number
such that

LogA, LogAz}

E, <min{e?TV5 AP AP eD ,
= { P2 logay|” T [loga,|

where
T,=LogB+LogLogA,+LogLogA,+LogD.
Then
|A|>exp{—5-101°.D*(LogA4,)(LogA,) T3 (LogE,) }.
We can always choose E, =e; then we get the inequality
|A]>exp{—5-10'°-D*-(LogA4,)(LogA4,) T},

which is very precise in terms of D ; but we get a better result in the particular case
when |loga, |, [loga,| are bounded, and still a much more precise result when a,,a,
are close to 1. For example the following corollary is an extension of Theorem 4 of
[10] (which corresponds to

A,=B=exp(LogA4,)"?D=1;
see remark (ii) at the end of [10]).
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Corollary 1. Let y>0, assume, for j=1 and j=2,

loga<B~?, and B=A;<é”.
Then

|A|2exp{_ClD4g_‘M}

LogB
where C, is an effectively computable constant depending only on y.

From an historical point of view, the first appearance of a refined inequality
under the assumption that the «’s are close to 1 occurs in the paper [11] by Shorey.

In all our other applications the numbers [loga;| are bounded. We then obtain
the following,

Corollary 2. Let R be a positive real number ; assume |loga | <R, (j=1,2), and define

Z=Dmax{§—’— —S—z},

D,’D,
S, S
a=Dmin{—’,—2}.
D, D,
Then
S, S S 2
—C,D*=L .22 (20 4, 1 -3
|A|>exp{ DU b (D0+ 0gZ| (logo) ™",

where C, is an effectively computable constant depending only on R.

In particular, with the hypotheses of Corollary 2, namely [loga ;| <R, (j=1,2), we
get two very simple bounds, namely

|4] zexp{—C,D*535%}
and
4] 2exp{ - C;D*(Log )’ (Log B)*},
where C, and C} depend only on R, and where

S=max{S,,S,} and A=max{4,,4,}.

2. Simultaneous Approximations

We use the same idea as in [5] to apply our Corollary 2 (§ 1) to the simultaneous
approximation of certain numbers. More precisely, we have the following result,
which gives the dependence on the degree in the theorem of Franklin Schneider.

Proposition 1. Let a, b be two complex numbers, with a#0, and let loga be any non-
zero determination of the logarithm of a. There exist effectively computable constants
C,, C,, depending only on b and loga, with the following property.
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Let n4,n,,1, be algebraic numbers of heights at most H, with H > e, and let D be
the degree over Q of the field Q(ny,n,,1,). Assume that 5, is irrational. Then

b= +la—1,]+1a"—n,|
>exp{—C,D*(LogH)*(Log LogH) 2?(Log LogH +LogD)™ '}

and

[b—nol+la—n|+|a®—n,|
>exp{— C,D*D+LogH)*(LogLogH +LogD)~3}.

For fixed D a better result is known, namely [5]:

exp{~Cs(LogH)* (Log LogH)},

where C, depends on b, loga and D. But the present result gives an information on
the “transcendence type” of certain fields. Moreover we shall prove something
much more precise than Proposition 1, and also compute C,, C,, explicitely (see § 5

below).
It is possible to improve Proposition 1 when some of the numbers a, b, a’ are

algebraic.

Proposition 2. Let a be a non-zero algebraic number, and b be any complex number.
Denote by loga any non-zero determination of the logarithm of «. There exist two
effectively computable constants Cg= Cg(loga, b) and Cy = Ci(loga, b) satisfying the
Jollowing property.

Let £,n be two algebraic numbers of heights at most H, with £¢Q, H > e, and let D
be the degree over Q of Q(&,n). Then

|b—¢&| 4" —n|>exp{—CsD*(LogH)’ (LogD) ™'}
and
|b—&|+ |o® —n|>exp{— CxD*D+ LogH)* (LogD)3}.

Proposition 3. Let a be any non-zero complex number, with loga+0, and  be any
irrational algebraic number. There exist effectively computable constants C,
C’(loga, B), such that, if &,n are two algebraic numbers, of heights at most H, H >e,

with D=[Q(&,#): Q], then

|a—¢&|+|a? —n|>exp{—C,D*(LogH)* (Log LogH + LogD)~ '}
and

la—&|+ |a? —n|>exp{—C,D*(D+LogH)?*(Log LogH + LogD)~'}.

The following consequence of Proposition 3 was suggested to us by Dale
Brownawell, who needs it for his study of pairs of polynomials R(x, y), S(x, z), which

are small at numbers a, o, a?’.
We are indebted to Dale Brownawell for his encouragements to finish the present work.
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Corollary. Let aeC, a+0,loga=+0, and let f be an algebraic irrational. Then for any
non-zero P, QeZ[X], with

degP +degQ +LoghtP+LoghtQ=t=t,,
we have

Logmax {|P(a)l; Q(a")} = —1°.

Finally, as a further illustration of our Corollary 2 (§1), we give two
transcendence measures; they are rather sharp, and proved here in a very simple
way.

Proposition 4. Let o, o, be two non-zero algebraic numbers and loga,, logo, be non-
zero determinations of the logarithm of o,,a, respectively. For any irrational
algebraic number ¢ of height at most H and degree at most D,

loga,
loga,

—’g’| >exp{—CgD*D+LogH)?},

where Cg = Cg(loga,,logu,) is effectively computable.

The best known result (cf. [4]) is exp(— C, 5(6)D*S*(LogS)™ ' **), where S=D
+LogH.

Proposition 5. Let a40, f¢Q be two algebraic numbers, with loga=+0. For any
algebraic number & of height at most H and degree at most D,

|of — & >exp{— CoD*(D+ LogH)(LogD + Log Log H)? (Log2D) ™}

where Cy=C(loga, B).

This result was announced in [4] (cf. Theorem 5.15 and the remark before it),
but the proof used Gelfond’s method. A slightly better result is announced in [6] by
Cudnovskii, namely

|of — &| >exp{— C,D® Log(DH) (Log(D Log H))* (Log2D) 3}
Compare also Propositions 4 and 5 with Gel’fond’s book (Theorem III, Chapter
III).
3. Some Lemmas

For the convenience of the reader we give a complete list of the lemmas used in the
sequel, and some classical definitions.
If P=ayX*+...+a,eC[X] is a polynomial, with roots z,, ..., z;, we define

d 1/2
H(P)= max |aj, ||P|[=(Z Iajlz) and
0sjsd j=0

d
M(P)=la,| ] max(1,]z;) ;
j=1
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when « is an algebraic number, we define H(a)=H(P), lla| =||P|| and M(x)= M(P)
where PeZ[X] is the minimal polynomial of «. The inequalities

H(P)<|P| =(d+1)'/*-H(P)
for PeC[X] of degree <d imply
H@) < ||al <(d+1)*H(2)

for o algebraic number of degree <d.
We begin with three well-known lemmas.

Lemma 1. If P is a polynomial over € then
MP)<|P].
Proof. »This is the main result of [8].€
Lemma 2. Let P=a,X*+ ... +a,e Z[X] be an irreducible polynomial. If ,, ..., o, are

distinct roots of P, then the number
Aty ...0

is an algebraic integer.

Proof. »See for example [4] Lemma 1.8.€
We define the length L(P) of a polynomial

Ny Nq
P=Y .Y P, Xt .XueCX,...X,]

7!1-‘=0 nq=0

by
Ny Ng
LP)= Y ... 3 Py al

=0 ng=0
Lemma 3. Let ay, ...,a, be algebraic numbers of exact degree d,, ...,d, respectively.

Define D=[Q(a,...,2,): Q]. Let PeZ[X,,...,X,] have degree at most N, in X,,
(1=h<q). If Py, ...,0)) %0, then

q
IP(CCI, ey dq)l éL(P)l"D‘ H M(mh)—DNr./dh .
h=1

Proof. »This is a consequence of Lemmas 1 and 2. See for example, [13] p. 30, or
look at the proof of the subsequent Lemma 4.

We now give a refined version of the so-called Siegel’s lemma. The following
lemma improves earlier results in this direction (especially [4] Lemmas 4.8 and 4.9,
and [13] Lemme 1.3.1).

Lemma 4. Let oy, ...,a, be algebraic numbers of exact degrees d,, ...,d, respectively.
Define D=[Q(a,, ..., %;): Q]. Let

Pi,jGZ[Xl’“-’Xq]a (1§1§V,1§j§ﬂ)
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be polynomials of degree at most N, in X, ( for 1<i<v). Define
Lj= .Z,l L(Pi,j) 5 ')’i,j=Pi,j(°‘1, ""aq)7 (1=isv,15j=pw).

If v>uD, then there exist rational integers x,, ..., x,, not all of which are zero, such
that

z 7,%=0, (1=5j=p,

and
24 x| 2+ Q241 V)P~ #D)
where
Vi=L; nﬁ1 M (o, )VHldn
Proof. yLet g, be an embedding of K=Q(x, ...,,) into €. Put
X =[(*(V,... VP)Ie D] 1
where
1 ifo, is real,
1 ={2 otherwise.
Define the integers [,,...,1, by
L<@VX + 2P <41,

Notice that I7>n(V,X ). By the Dirichlet box principle, there exist rational integers
Xy, ..., X, such that

0< max |x| <X
15isy

and

Z 1(3’;, §—V—" jX H max(1, |61(°‘h)|

i=1

(see for instance Exerc1se 1.3a of [13]). Now, using Lemma 1, we obtain

a?'lD/dl . N.,D/dqn Z G(yl j)x

o i=1

<nVPXPIIn<1

where a,, is the leading coefficient of the minimal polynomial of a,, and ¢ ranges over
the different embeddings of K into €. Lemma 2 shows that the left hand side of the
previous inequality is an algebraic integer. The result follows at once.{

Notice that in terms of heights,
q
Visv(N;  +1)...(N; ,+1) max H(P, ;) ]:I (d,+ 1)'*H(x,))N; 4/, .
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Lemma 5. Let o be an algebraic number of degree d. Then
H(@*)£(d+ 1)H(x)?.

Moreover if o is an algebraic number of degree d' such that «*=u, where h is a
positiver integer, then

llo’l| <27 |lot]] .

Proof. YLet P (resp. Q) be the minimal polynomial of a (resp. a?) over Z, then
Q(X?) = P(X)or P(X)P(—X). In the first case H(Q)= H(P), while H(Q) <(d+ 1) H(P)?
in the second case. This proves the first assertion.

Consider now o'. Clearly,

M(@)EM(a).

The second result follows using the trivial inequality
llo]] <2% M(e)

and Lemma 1.

Lemma 6 (A consequence of Hermite’s interpolation formula). Let F be a complex
Junction, analytic on |z| S R. Let S be a set of m points in the disk |zl SR, R, <R. Put

A=min []|Z—2|, &= min|z'—2.

zeS z’'eS z,z' €S
z'*z z'*¥z
Then
2R, +1\"" !
Pl SIFlR(Rnr | 641 6R, 4207 T G,
' R—Rl zeS

(where [Fly-= max |F(z)|).

>See Lemma 2’ of [9] and the remark below it.<

Lemma 7 (A lemma in diophantine approximation). Let 6 be a positive real number
such that k6 is not an integer for Ll<k<M. Let q,<q,<...=q,SM<q,,, be the
denominators of the principal convergents of 6. Then

n

H 19:01>27"q5-- - Gu+1)” 1>e” 3(L"gq")z(z‘1n+ )7 L.
i=1

>Itis well-known that 2g;, , |q,0|| > 1 (see, for example, [3] inequality (16), page
7). This proves the first inequality.
The definition of the g; shows that ¢, F; (the i-th Fibonacci number). This

implies
gza™l,  a=(1+)/5)2.
Hence, for n=2,
271g,...q,5(2q,) " S(2g, )t S @ hontn?

these inequalities hold also for n=1. This proves the second inequality of the
lemma.<
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Corollary. Let 0 be a positive real number such that k@ is not an integer for | k<M.
Then,

Log(||0]...|M0|)= —2Log(2™-M!)—3(LogM)* + 1r<r}‘i£1M Log| k0| .

»Use the fact that |0 — p/q|>(2q%)~ ! if p/q is not a principal convergent of .
Remark. 1t is easy to replace the term Log(2M-M!) by 6(M log M).

For the following lemma, it is convenient to define the size of an algebraic
number « by

s(o)=Logmax{|x|, 1} + Log dena,

where dena is the denominator of , and || is the maximum of the absolute values of
the conjugates of a.
We remark that

s(e)<1+LogH(x)

and
LogH(x) <d(s(x)+1).

Lemma 8. Let a4, ...,a, be algebraic numbers of size at most s, ..., s, respectively. If
by, ...,b, are rational integers such that the number

A=b,loga, +...+b,loga,
is non-zero, then

[A]|>exp{—D(b,|s; +... +|b,ls, + 1)},
where D=[Q(a,,...,a,): Q].

>We may suppose |A4|<1/2. Then A¢2niZ and the number «%'...ab"— 1 is non-
zero. Without loss of generality we may suppose b; 20 for 1 <j<r and b; <0 for
r+1=<j<n. Take the norm of the number

n
(@b — a7 b ) T (denay)®
j=1

since each conjugate of this number has absolute value at most
2exp(s;by|+... +5,b,0),

we obtain the lower bound
obt...obn—1]> 272+ Lexp{—D(s,|b,|+ ... +s,Ib.D} -

The lemma follows using the inequality |e* — 1| <2|z| which is true for |z]<1/2.

Lemma 9. Suppose that R is a polynomial with integer coefficients, degree d and height
H. Denote by a a zero of R at minimal distance fromy and let k be the order of a. Then

Iy —af* < 22**2dH)"™R(y)|.
»This is a weak form of the corollary of Theorem 4’ of [7].€
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4. Proof of the Theorem

4.1. The Main Result
We shall first prove the following Proposition 6, and then deduce our theorem
Proposition 6. Let 8,0, a, be three non-zero algebraic numbers of degree D,,D,,D,

respectively ; denote by D the degree of the field K =Q(B,,,a,). For j=1,2, let loga;
be a non-zero determination of the logarithm of «;, and let a; 2 1 be an upper bound for

Dl— LogM(a;) and for%llogajl. Further denote by b<1 an upper bound for

J
31— Log M(p). Furthermore define
o
G=b+Logb+2Log(D*a, +a,))+10,

Da, Da, G
ffogo| “*Ellogay] * 10° D%’ “2}

Z=min {Log
and
U=D%,a,G*Z"3.
If a,/a, is not a square in K, and if
A=floga, —loga,
does not vanish, then
|A]>exp{—4-10°-U}.
Through Sections 4.2 up to 4.10, we assume that
0<|A|<exp{—4-10°U},

and we shall arrive at a contradiction at the end of Section 4.10. The actual proof of
the theorem is given at Section 4.11, as an easy consequence of Proposition 6.

4.2. Notations
We consider two real numbers L, L,, and two positive integers M, M,, namely
L,=54000D%q,a,GZ3,
L,=47DGZ™!,
M, =2[950D*Ga,Z~ ],
M,=2[950D*Ga,Z"~*].
The reader should observe that
DL,G £54000U
and
DL,(M,a, +M,a,)<178600U .
We note also that the inequality
M, + M, <3800D%G(a, +a,)
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together with our definition of G leads to
b+Log(M,+M,)<G.
On the other hand, since

950D2Ga,Z~ 229500,

we have
TM, M, 2(950)*- (1 —5350)*- U/Z
=902310U/Z.
The set

{Boxfiard? sUosd1:J2)€ ]N3,j0 +j1+j,£D-1j,=Dy—1,j, <D, -1,j,<D,~1}

is a set of generators of K=Q(f,a,,a,) over Q; we denote by

€156}

a subset of it, which is a basis of K over Q; we shall write & = faia? with 0,
£D,—1, (i=1,2,3). Remark that

lrgtag‘plog'fz' sDmax{Dyb,D,a,,D,a,} SU.

4.3. A Reduction
We claim that the numbers
u+vf, O=Su<M,,050<M,)

are pairwise distinct (the letters u,v denote rational integers). Otherwise § is a
rational number b, /b,, with |b,| <M, 0<|b,|<M,, b,, b, rational integers; hence
by Lemma 8,

b, A|>exp{—2D(lb|(1+D,a,)+1b,[(1+Da,)+ 1)},
and therefore
|[A|>exp{—4D(M D a, +M,D,a,)}
>exp{—1520U}

contrary to our assumption.
This argument shows that in the sequel, we may suppose that either Dy =2 or
b=16, hence DG =26 because otherwise the theorem holds trivially.

4.4. The Auxiliary Function

For brevity we write o for exp(zloga,). We shall construct an auxiliary function of
the form

&= ¥ Y. Draof,

Osh<Lo 0sk<L,




252 M. Mignotte and M. Waldschmidt

where

D
Ph= Z Phi 1815
=1

and p, , , are rational integers that we have to choose. For (u,v)e € x €, the number
f(u+0vp) is related to the number

Pur= 3 Y pua(utop) il
O0<h<Lo O0Lk<Ly
by

futvh)—e,,= X Y puutop)afal (et —1).
0=I<Lg OZk<L;
We choose p, , , in Z, not all zero, such that
(Pu,v=0 for O§M<M1, 0_§U<M2,

with u and v odd integers.

This is equivalent to solving in Z a linear system of +M, M, equations with at
least DL,L, unknowns p, , ;, and whose coefficients belong to a number field of
degree D. These coefficients are polynomials in f§,,a,,,, namely

L)
3 (7)ot g gt gt
t=o\l

We use Lemma 4 with

L+ MLy 1+ M2l
V=(Lo+1)(L;+1)(M;+My)M(Bo)M(a,)  *Pt -M(o,) 4P
<98653UD 1.
Notice that p=+M M, and v=DL,L, satisfy
uD
<0.552.
y—uD <0.552

Therefore we obtain a non trivial solution p, , ,€Z with

Logt;lf)l( Dy 1| £54457U-D 1.

Notice also that
Log > ) Ipui S54460U.

O0Sh<Lo OSk<L;

4.5. Statement of the Inductive Argument
Let J be an integer with

LogL,

Log2
We shall prove that there exist rational integers

PP, (0<h<Ly,0<k<L,27’,1<I<D),

0=sJ= +1.
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not all zero, of absolute value bounded by
exp(54457UD™ 1)

such that the numbers
o= T ¥ (% a) e
0<h<Lo 0sk<L;2-7 \I=
are zero for all odd integers u,v satisfying
O<u<M,, O<v<M,.

For J =0, this statement is a consequence of the construction of the auxiliary
function, with p{% ,=p, , ;-
For now on, we assume that the assertion is correct for some integer J, with

LogL,
Log2 |’

0sJ= [

and we manage to prove it for J+ 1 (we shall succeed in Section 4.9).
We define

D
(J) — (J)
Prx= Z Phoi,iS1s
=1
and

fa= 3, R
h<

0=h<Lgo O0=<k<L;y

with L{)=L,-277

4.6. An Upper Bound for f,(u+vp)
We prove that

| f(u+vB)| <exp(—3825000U)

Jor all odd integers u,v in the range 0<u<M,, 0<v<M,.
By the inequality
le”—1|<|w|-e™ for all weC,

we have, for real u,v in the ranges 0<u<M, and O<v<M,,
If(u+vB)— @il < Z ZIP")IZ""~(u+vIﬁI)"

- exp(kulloga, | +kv|loga2|)-kv|Aie""'A'

L.D
S5 (M + M) -exp(“L (M, #Mya;)-2M,L, 14

Z|4]-exp(175000U) < exp(—3825000U).

By the induction hypothesis, ¢, =0 for all odd integers u,v in the considered
ranges.
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4.7. An Upper Bound for |f;|g, .
We define R, =M, +M,|B|, and we prove
| /|, Sexp{—405000U} .
For this we shall use Lemma 6, with
S={u+vf;0=5u<M,,0sv<M,,uand v odd},
and
R=(m—-1-L,)(L,|loga;)"'+R,, m=M;M,/4=CardS,
and we write the conclusion of Lemma 6
lfilg, SE,+E,.
The first term on the right E, is defined by
s
We have
LogE, <Log|f;lg—(m—1)Log((R—R,)/2R, +1))
sU+mLog5+RL,|loga,|
—(m—1)Log((R—R,)/2R, +1)).

And
R-R, m—1-L, M, M,
R, m 4M, +M,|B))L,[loga,|
M M
>0.996 L2
= 4L,(M ,|logo,|+ M ,[loga,|)
950 &#
> = >
| =0.993 188 Z =0.993(950e/188)
since
Z <Min Log Da, )
loga;|
We get
LogE, £54460U + L, Log 2RR,
R—R,

R—R
+R1L1|10got1|——(m—- 1 —LO) Logm

<54460U +59000U + DL,(M,a, + M,a,)e ™%

B (m— 1 —Lo)(949.9)2 (1 B Log(l.OSSZ)) U
m Z

<113460U + 178600Ue ™% —0.996 x 902310(1 - Egg__(lz()_S_S_Z_)) U.
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A tedious, but elementary, study of this function of Z gives

L
LogE, <113460U + 178600e‘2'“U—898700(1 - _285) U

< —406000U .
The second term E, is defined by

E,=(04) @R, +2" " S |fyu+0p)

utvpeS

where

A=min [] |ju—uw'—@-v)Bl; 6= min |u—u —(@w—0)pl.

wo  (u,v) % (u,v) (u',v7) #(u,0)
We obtain a lower bound for |4| as follows. For a certain (u, )

4= T1 lw—w)~(@—v)pl,

where u,v,u,v" are odd integers. This formula leads to the inequalities

12 T1 10—t [ M= 22000-02)

min (Mz/ﬁ"‘l I 2Wﬁ||) . ([MF] ! 2(Mx—6)/4>M2

v

~M>=2rs0 w=n
w*0

1\

( [ n2nﬂ||)2(

0<2n<M,

M, —6} | 2(M,~6)/4)M2
"

[for the first inequality we use the fact that, for fixed v, there are at least M, — 1
different numbers (u—u')—(v—1')B and that the distance between two of these
numbers is at least 2].

Then, the corollary of Lemma 7 and the inequalities (n/e)"< n! < (n/2)" for n26
give (with m :=m—3M, M:=max(M,,M,))

Log|od| zm Log((M, —9)/2e)—4 Log(2*/*-(M/2)!)— 6(Log(M/2))*

+3 min Log|(rlADI
>m' Log((M, —9)/2¢)— 3M Log(M/2)—8D*(b+LogM)
=m' Log((M, —9)/2e)— 6000U

[if B is not real then || is an algebraic number of degree at most D?, and size at most

S(B))-
If M, z|fIM,, we obtain

R,—18
4e

Logléd|zm’ Log( )—6000U.

In the other case we use the formula

A=p" [[(w-w)p™ ' = (-0
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and proceed in the same manner as before to estimate the product [notice that
s(B~ 1)< 2D(s(B)+ 1)], this gives

Log|o4|=m Log|B|+m’ Log((M, —9)/2¢) — 6000U .
So, in both cases we have,
R M R
Log|éd|=mLog(—L| —2M Log— — 1
oglod|=m og<4e) ogze mLogRl_18 6000U
=mLog(R,/4e)—8900U .
Hence
LogE, <mLog16e+ 10000U —3825000U < —410000U .

Finally, we obtain

Log|f,|g, = —405000U .

4.8. A New Set of Equations
We prove that for all integers «', v’ satisfying 0<u' <M, 0<v' <M,,

) _
Py v =0.
2°2

First from the proof of Section 4.6 we deduce

7 (Z;_"/’) — 9| > exp(—3825000-U).

——

22

By Section 4.7 we obtain

o |<exp(—404000-U).
7
Now ¢’ . is a polynomial in , o, a,, (o, /o,)"/%, of degree <1 in (o /o;)"/?:
2’2
Lo +1). J) ALo—hJ+1 h
QLo+ )"pfr)u'= Z Z ZP;.,;(,IZ( 0~ h)( ’(u’+v’ﬁ)
'3 h keven 1
k' kv’ 12
LIy L) o
A 1 2 1 J
poar a4 (27 T v,
o h kodd I
k' =1 ko' + 1
==+ +2
_2(Lo—h)(J+1)_(u/+Urﬂ)h.ﬂﬂ.o'al 2 1'd2 ) 2'

We now use Lemma 3. We bound the length of this polynomial by
exp(54460UD ' + L, Log(M, + M,)+ L(J + 1) Log2)
<exp{54460UD "' + L, Log(2L,(M, +M,))}.
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On the other hand we use the bound

L LYOM LWOM
1+ 5o TN 155 12172
1Bl Po-lflorg £ o 2oy foy) |

<exp{L,LogB+iLY(M,a, + M,a,)+4UD"'}.

From Lemma 3 we conclude that either ¢! =0 or
272

)

Log 2 —(108920U +2DL,G +178600-277 + D(J + 1)L, Log2)

€}
Pu v
272

= —400000U ,
since J Log2<LogL,. This lower bound does not hold, hence ¢! , =0.

22
4.9. End of the Inductive Argument

We now proceed to prove the assertion of Section 4.5 for J+ 1. We use Section 4.8
for odd integers u',v"; we write ' =2u"+1, v'=20"+1:
Lo-1 LY u/+v/ﬂ h ; "
5 3 () et e 0.
h=0 k=0
As (x,/a,)'?¢K, we obtain, by writing the considered numbers in the basis

(1, Voay/ay) of K(]/at,/0y) over K:

Lo—-1 ’ ro\h
u+v'p . .
J ~Jh 2u”+ Dk (20" + 1)k
Z Z p:t,)2k2 (“’2‘“) g2 Dk QT Dk — )

h=0 (¢4}
OSksLT'

and
Lo—-1 ’ rp\h
5 ¥ ) =T u+vp G20 Dk 2v"+ Dk _ ()
P, 2k+1 5 1 2 =Y.
K=0 LY 2
0<k<io
2
One at least of the two sets

) )
{pﬂk‘0§h<Lo,0§k§ %1-} ; {pg{;m ;0Sh<L,0<k< %}

has at least one non-zero element. We denote this set by
(¢ V:0Sh< Lo, 0SkSLY* D),

with LY* D <1/2; we deduce:
Lo~1 LG *1)
Z p;‘J,:' 1)2—(J+ l)h_(u/__i_v!ﬁ)hal;’kalé'k:()
h=0 k=0
for all odd integers ,v’ with 0<u' <M, 0<v' <M,. This proves the claim of
Section 4.5 for J + 1.
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4.10. The Contradiction

ForJ,= [E?_gi] +1, we have 2> L,, hence L{" =0, and the numbers
Log2

Lo—-1
o= X Pe2 Mt op)
h=0
are zero for all odd integers u,v with
0su<M,, O0=sv<M,.

By Section 4.3, the polynomial

Lo-1

Y, PisX"eClX]
h=0

has at least M, M , zeros, and its degree is less than L,. Since M, M, >4L, all the
numbers

D
(J1) — (J1)
Pro = Z P05
=1

are zero, and this is a contradiction.

4.11. The General Case
We now consider the linear form
A=pfloga, —loga,

given by the hypotheses of our theorem (§ 1). We assume, as we may without loss of
generality, that

ploga, =0, loga,+0, loga,+loga,,

for otherwise we have A = f'loga, with " equal to §, 1 or f+ 1, and o equal to &, or
,, hence by Lemma 8:

|4 exp{—D(s(@)+ 1)}

1
> —_—
! HPB)+1
>exp{—4D(LogB+LogA, +LogA,)}

LogA, LogA4
—12p4. 2B 2502
>exp{ 2 D, D,
A 2
(LoeB +Log(L°gA‘ 4 Logd, +LogD)) (LogE)~3}.
D, D, D,

Let h=0 be the largest integer such that both numbers
exp{2~"loga,} and exp{2~*loga,}
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belong to K. The existence of such an h is straightforward ; in fact it can be proved
that (see the appendix)

h <80D*(s(xx,) +2) + D*|loga, |,

but an interesting feature of our proofiis that we shall not use any upper bound for h.
We now define a new linear form A’ =f’loga’; —loga’, by considering two cases :

Case 1. The number exp{2~"loga,} is not a square in K ; then we put

logay =2""loga,, loga,=2"""'loga,, B=2p.
Case 2. The number exp{2~"loga, } is a square in K ; therefore exp {2~ *loga,} is
not a square in K, and we put

loga, =2""loga, loga,=2""loga,, p'=p.

We remark that in both cases the numbers f', o}, &, are in K, that o)/} is nota
square in K, and that

4|z 514

The degree of Q(f', o}, &) is at most D, and the degree of f' is equal to D, while
the degree D, of ] (resp. D, of &) is at least D, (resp. D,/2). Moreover, by Lemma 5,

1B e, Joj| <e®Hxy), o] S e (Hlxy)?.

We use our Proposition 6 for the linear form A’, with

LogA4,
, a,=1+4e——=,
1 2 DZ

a, =1+e————~L0gA1'

and G=2F.
Notice that
Dal, 2eDLogAl’ Dazl > eDLogAz,
llogai| = Dyfloga,|” [logay] = D,[loga,|

hence LogE<Z.
Since 1+4%¢%-22.10%<5-10®, we easily deduce the desired result.

5. Proof of Corollaries and Propositions

5.1. We First Prove the Remark which Follows the Statement of the Theorem

Since our definitions of 4, 4,, B involve only lower bounds [like A;= e, A;= H(a;),
A;zexplloga,|], we get a weaker result if we replace in our theorem the numbers

log4,, logA,, logB by D,logA,, D,logA,, %QlogB respectively, where
Dy=max{D,,2}. Hence T is replaced by

S5+

DI
2D0 LogB+2LogD+Log(l+LogA,)+Log(l+Log4,),
0
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and this number is at most 57, (using Liouville inequality which enables us to
assume LogB+LogD =1+ Log2). On the other hand S, (resp. S,) is replaced by
D,+D,LogA, (tesp. D,+D,LogA,), which is at most 2D, LogA, (resp.
2D, LogA,). This proves the result for E; e, while the case 1 <E; <e is a weaker
claim.

5.2. Proof of Corollary 1
We choose E, =(DB)’, with §=min {%,7}. Since T, <3 LogB+LogD, we get

—3pe(Logd,)(Log4,)

—45.101°5~3p* 1 2

|A|>exp{ 45-10'%9 TogB+ LogD |’
and we deduce the desired result with, say,

C,=5-10'"".max {16,73}.

5.3. Proof of Corollary 2

eq \*3
Put R, =max{e, R}, and take E =max {e, (R_) } Since

1
max{l,1+y—x}=y/x for x=1 and y=1,
we have
3 LogE =(Logo)/LogR, .
On the other hand

T§5(§°— +Log2),
DO

therefore we get the result with

C,=2-10""-(max{1,LogR})*<2-10'! -max {1,R}.

When we choose S, =§,, we obtain ¢=(DS)"?, and

S, S, (S 2
> —8C,D* X 2 (=2 41
zewf-sc.005 5 (52 1) |

therefore we can take C,=32C, (since D,D,D, = D); also C;=16C,.

5.4. An Explicit Lower Bound for |b—n,|+|a—n,|+[a®—1n,]|

Proposition 7. Let a,b be two complex numbers, with a=+0, and let loga be any non
zero determination of the logarithm of a. Let ny,n,,n, be algebraic numbers of degrees
D, D,, D, respectively, and let

D=[Q(1o,n,,1,):Q].
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Let S,,S¥, 8% be such that
S, =D, +logmax {H(n,), e},
S*>D, +logmax {H(y,), e},
S%¥2D, +logmax {H(n,), e},
and define

S* S*
*_7. F1 2
2*¥=D max{Dl, Dz}’
S* §%
a*=Dmin{J—, —2—}
Dl DZ
Then the number

E=,b“'lo|+|a—’71|+|ab“’72|

satisfies
St 53 (S, : o
E>exp{—C .D“-——-——-(—+Log2* -(loga*)™°¢,
o Dl D2 DO
with

C19=3-10"-(1+ max {llogal, b logal})° + Log .

5.5. Proof of Proposition 7

We assume, as we may without loss of generality,
la—n,/<lal/2 and |a®—n,|<l|a’l/2.

Using the inequality
le*—e*|z 3le*|-|z—zo| for |z—zp|<3,

we choose logy,, logn, in such a way that

2

loga—logn,|< —

< Sela—n|
jal

and
2 b

[bloga—logn,| < @l =1yl
Notice that

llogn,|=1+]|logal
and

llogn,|<1+|blogal.

Since 7, is irrational, the linear form

A=nylogn, —logn,
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vanishes only in the case log#n, =logz, =0, and in this case the result holds trivially

1
thanks to the extra term Log——.
logal

We now suppose A +0, and we apply Corollary 2:

|A|>exp{—C2D4%1; . %—22— . <1§—Z
with C,=C,(R) and

R=1+max{[logal,|blogal},

S,=R-St,

S,=R-S%.

2
+ LogE) (Logo)~ 3},

Therefore
T=RI*Z(ZHE,
oc=Ro*=ca*,

and
[A|>exps —C R“D“.'_Sz.iz —S—()--i'-LOgZ*)Z(LOga*)":*}.
? D, D, \D,

Since
2b] 2

|4 éE’maX{l +|logal; —; ‘—}»
| lal * [

1
<E
<Eexp {2R +Log ffog a[}
we easily get the desired result.

5.6. Proof of Proposition 1
We use Proposition 7 with
So=2D,LogH,
S¥=2D,LogH,
S3=2D,LogH,
therefore
Z*=c¢*=2DLogH.
Since
2LogH +Log(2D)+LogLogH <£3(LogH +LogD),
we get
Z>exp{—36-C,,-D*-(LogH)*-(LogH + LogD)*
(LogLogH +LogD)~ 3} .
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Therefore
E>exp{—C,D*(LogH)*(Log LogH) ?(LogLogH +LogD)™'}

with

Cy=11-10"%(1 + max {[logal, b logal})* +36- Log o

For the second inequality we use once more Proposition 7 with
So=Dy+LogH,
St=D,+LogH,
S3=D,+LogH,
and
I*<2DLogH, o*=max{D,LogH}=(DLogH)"?.
Since D, =2, we have
Do+ LogH + D, Log(2D LogH) <3}/Do(D + LogH),

and we obtain
4

Egexp{—72CloD—DT
o1z

(D+LogH)*-(LogLogH + LogD)‘3} .

The desired result follows from the remark that D D, D, = D, and we conclude with

C,=72C,,.

5.7. Proof of Proposition 2
We choose first
S¥=D, +Logmax {H(), e},
S%¥=2D,LogH,
So=2D,LogH,
and we remark that [Q(a,n,£): Q] <D-D,. Since
2*<28¥-DLogH
and
o*2D,
from the inequalities
2LogH +Log2*<(2+Log2S¥)-(LogH + LogD)
and

(2+Log(28%))* <45
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we get
|b—¢&|+|ab—n|>exp{— Cq-D*-(LogH)(LogH + Log D) (Log D)~ 3}
>exp{— Cs-D*(LogH)*-(LogD)™ '}
with
C¢=8D3iS¥*C,,.
We prove the second inequality in the same way, with
So=Dy+LogH, S%=D,+LogH,
and we use the bounds
T*<28tD? LogH
and
D, +LogH + D, LogZ* <(1+Log(25%) (D + LogH) |/ D,
(recall that D =D, =2). Therefore
D4
|b— &+ |ab —7| >exp{— Cy- m(DJr LogH)?-(LogD)~ 3}
with
C,=3D3-St*-Cy,.
5.8. Proof of Proposition 3
We choose first
St=2D,LogH, where D, =deg(¢),
S¥*=2D,LogH, D,=deg(n),
So=D,+Logmax {H(f),e},

and remark that [Q(B,9, &): Q1< DD,,.
Here

2¥=0¢*=2DLogH,
hence Proposition 7 gives
la—&|+|aP —n|>exp {— C,D*(LogH)*(LogD+ LogLogH)™ '},
with
C,=2°-C,,Dy(D,+Logmax {H(p), e})*.
To obtain the second inequality, take
St=S%¥=D+LogH,
and notice that in this case

I*<D(D+LogH)<(DLogH)?
and

c*2D+LogH2|/DLogH .
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5.9. Proof of the Corollary of Proposition 3

Assume that
max(|P(a)], |Q(@”))<t78.

Let ¢ bearoot of P at minimal distance to a, h the multiplicity of £ and na root of
Q at minimal distance to a’, k the multiplicity of #. We may assume k> h. Lemma 9
gives (for t=6)

E—alSe I, g—at|Se ",
and we have
max(H(), Hm)<e', D=t/hk.
From the second assetion of Proposition 3 we get
max (/¢ —al, In—a’)) Zexp(— C,4t*(k Logt)™").

Contradiction for t>t,,.

5.10. Proof of Proposition 4
We apply again Proposition 7 with '
S¥=D,+Logmax{H(y,),e}, i=1,2D;=dega,),

So=D+LogH,
and we get
E>exp(—CgD*(D+LogH)?)
with

Cg=16C,,D}D3(D, +log max{H(n,),e}) (D, +log max {1 -+H(y,), e})
-Log?(Log max {H(n,), H(n,), ¢°}).

5.11. Proof of Proposition 5
We take
So=2D,Logmax {H(B),e},
S¥=2D, Logmax {H(®), e},
St=D+LogH
and we get
E>exp(—CyD3(D+LogH)(LogD + Log LogH)? (Log2D)~?)
with
Cy=21°C, ,D3D?(log max {H(B), e} +Log max { H(«), e})*.
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6. Appendix

Lemma A. Let y be a non-zero algebraic integer of degree at most D and which is not a
root of unity. Then there exists a conjugate y’' of y such that

[y'|>1+(30D? Log(6D))~*.
>This is the main results of [2].€

Lemma B. Let a be a non-zero algebraic number which is not a root of unity. If = ™,
degf =d, then

m <40d*(Log6d) Log(2H(x)),

where H(x) is the height of a.

SIf o is not a unit and if a=d(e) then the ideal (ax) of Q() is divisible by the m-th
power of some prime ideal of @Q(x). Taking the norm we get

2™ < H(x)?.

and the inequality of the lemma is satisfied.
If o is a unit, thanks to Lemma 5 we may suppose f> 1, and we obtain

1 +(30d? Log(6d)) ™! <|B|=o|*™ < [2H ()| '™
The result follows at once.

Lemma C. Let K be a number field of degree D over @, and let o be a non-zero element
of K. We denote by loga any fixed non-zero determination of the logarithm of «.
Let m be a positive integer such that the number

exp {i logoc}
m
belongs to K. Then
m < 80D*(s(x) + 2) + D?|loga] .
Proof. YIf a is not a root of unity, we use Lemma 6 and we bound
(Log(6D)(Log(2H(x)) by 2D?*(s(e)+2).

Now assume that « belongs to the cyclic group of the roots of unity of K ; let {
be a generator of this group. The order n of { is an even integer satisfying n <2D?

(the degree of { is (n) = 1/;) There exists a rational integer k such that
loga =2ink/n.

If m>0 is such that exp {% loga} is in K, then m divides k, hence

[loga] _D?
<n—< —
m<n = Jloga .<
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