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The first result on algebraic independence of transcendental numbers was
proved one century ago by Lindemann and Weierstrass: if ¢;, ..., @, are
algebraic numbers which are linearly independent over @, then e, . .., €™ are
algebraically independent,

One knows four methods to derive the algebraic independence of trans-
cendental numbers,

1 The construction, by Liouville, of transcendental numbers can be genera-
lized to the construction of algebraically independent numbers. Several ex-
amples of algebraically free subsets of € with the power of continuum have been
exhibited (J. von Neumann, Q. Perron, H. Kneser, W, M. Schmidt, F. Kuiper
and J. Popken, A. S. Fraenkel, M. G, de Bruin, A. Durand, P. Bundschuh and
R. Wallisser, W. W. Adams, F. J. Wylegala, I. Shiokawa, Zhu Yao Chen, ...),

On the other hand, quantitative estimates (transcendence, linear in-
dependence or algebraic independence measures) enable one also to construct
algebraically independent numbers (D. D. Mordoukhay-Boltovskoy, K.
Mahler, A. O. Gel'fond, N. I Fel'dman, S. Lang, A. A. Shmelev, A, L
Galochkin, W. D, Brownawell, K. Vdininen, M, Laurent, A. Bijlsma, F. J.
Wylegala, . ..).

2 In 1929, C, L. Siegel introduced a new method which enabled him to
generalize the Lindemann-Weierstrass theorem to a class of entire functions
{which he called E-functions} satisfying linear differential equations. Some
restrictions in the hypotheses of Siegel’s results were relaxed by A. B. Shidlovskii
in 1953, and during the last thirty years many publications have been devoted to
this subject (A, B. Shidlovskii, S. Lang, V. A, Oleinikov, T. V. Pershikova, I. L.
Belogrivov, K. Mabhler, A. I. Galochkin, V, G. Sprindzuck, Ju, V. Nesterenko,
A. A. Shmelev, M. 8, Nurmagomedov, K. Viilinlinen, V. H. Salihov, W. D.
Brownawell, ...).%).

Y of. A. B. Shidlovskii. Divphantine approximations and transcendental numbers {in rus-
sian}; Izd, Mosk. Univ,, MTY 1982,
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3 Also in 1929, K. Mahler studied transcendental functions satisfying
certain functional equations, and succeeded to prove in certain cases the alge-
braic independende of their values, In the first issue of the Journal of Number
Theory, in 1969, Mahler remarked that these old papers had been forgotten.
Starting in 1976, new progress has been achicved with this method (K. K.
Kubota, J. H. Loxton and A. J. van der Poorten, Y. Z. Flicker, D. W. Masser),

4 The fourth method, created by A. O. Gel'fond in 1949, will be the subject
of this survey.,

Here is one classical example of a problem on which this method gives
information. It was raised by Gel'fond (p. 127 of the english translation of his
book) and by Schneider (7th problem of his book). '

Problem of Gelfond-Schneider. Lei o be a non-zero algebraic number,
logo a non-zero determination of its logarithm, and B an algebraic number of
degree d=[Q(f): Q] with d=2. Then the d— 1 numbers

2 -
a:ﬁ, aﬁ, vy C(ﬁd ! (*)

are algebraically independent.

An equivalent formulation of this problein is to ask for the algebraic
independence of «, . . ., « for algebraic o with « + 0, loge +0, and for alge-
braic f£,, ..., 8 with 1, f;, ..., f; linearly independent over Q.

Hilbert's seventh problem stated that each number in (%) is transcenden-
tal, and this was proved by Gel'fond and Schneider in 1934, One main step
achieved by Gel'lond in 1948 was to prove that for d 2 3, al least two of the
numbers in (+) are algebraically independent. In particular for d=2 and #=3
the problem is solved.

Until 1970, Gel’fond’s method was restricted to the proof of algebraic
independence of two numbers, among certain values of the exponential function
{sec I §1 below). In the 70°s the first works arise which yield the algebraic
independence of at least three numbers for the exponential function (I §2), and
at the same time the first results appear connected with elliptic functions (I §3).

The next step is to produce fields of large transcendence degree generated
by values of the exponential function, or elliptic functions (and more generally
by numbers connected with the exponential of an algebraic group). We know
essentially three ways of moving in this direction. The first one originates from a
preprint of Chudnovsky, Kiev in 1974 (II §1). The second one, which was
published very recently, has been developed by Masser and Wiistholz, starting
from their joint work on zero estimates on group varietics (II §2), The third one
has been initiated by P. Philippon in connection with the elliptic analog of the
Gel'fond-Schneider problem, and used by Philippon and Wiistholz for the
elliptic analog of the Lindemann-Weierstrass theorem (11 §3).

One important teol in most of the previously mentioned works is a
transcendence criterion. The first one appears already in the work of Gel'fond in
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1949, and has been improved later (IT1 §1). Next we will see a criterion of
algebraic independence of Chudnovsky-Reyssat (ITf §2), and finally another
criterion due to Philippon (111 §3).

H should be clear, at least at the end of this survey, that the theory is just
at the beginning of its life. We will finish by listing a few conjectures in this fictd

(V).

1 Small tfranscendence degeee

In this section, our aim is to produce some ficlds generated by values of
exponential (§1 and §2) or elliptic (§ 3) functions, for which we know that the
transcendence degree is at feast two or at least three.

$ 1 Twe algebraically independent values of the exponential function

The first result of algebraic independence produced by A. O. Gel'fond
[1948] was the independence of the two numbers o, of” for « algebraic, x4 0,
loge 4 0, and f cubic, In [1949] and in his book [1], he gave more general results
which were extended or refined later by A. A. Shmelev [1967], [1968a],
[1968b], R. Tijdeman [1970a], W. D. Brownawell [ 1969], [1971b], [1971g],
[1971i] and others [1971a], [19711], {1971j], [3] Chap, 7, [4] Chap. 12, [6]
Chap. 9 {see also the surveys [1966b], [1974c], and [197%]).

The following result is now well-known.

Theorem I. Let x,, ..., x,, be complex nunbers which are linearly in-
dependent over Q, and y,, ..., y, be also complex numbers which are linearly
independent over Q.

a) Assume Imz2 ({4 m). Then twa at least of the {m numbers

AR (Agigm, 15jh

are algebraically independent.
b) Assume Imi 2z 1+ 2m. Then two at least of the I+ I numbers

ype,  (15ism, 15j1)

are algebraically independent,
c} Assume im> [+ m. Then two at least of the Im + I+ m numbers

X, Y €, (Isigm 151

are algebraically independent.

<
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d) Assume [=m=2, and assume also that ¥ and e*V? gre algebraic.
Then two at least of the six numbers

Xis le y’, );2, eXn't, e.tzyz

are algebraically independent.

Further resulls, using Baker's method, have been given in [1972¢], and
by A. A. Shmelev {1973d]} and G. V. Chudnovsky [1975¢).

A measure of algebraic independence of ¢ and o (for # cubic) was
derived already in 1950 by Gel'fond and Fel’dman [19507, and improved by W,
D. Brownawell {19751], [1977a].

In[1977a], W. D. Brownawell construcls Liouviile numbers a such that
for f of degree 3, the three numbers a, of, a®’ are algebraically independent (see
also [1975b], [1975€] and [1977b]).

Further approximation estimates are due 1o A, A, Shmelev [1970c¢],
[1973b], {1975¢], [19781], [1983a] p. 166—167.

Related works for the p-adic case have been done by W. W, Adams
[1964] and T. N. Shorey [1972b] (sec also [1972a]). It is worih il to emphasize
here the fact that the p-adic results are stifl sometimes weaker than their complex
analog. For example in the p-adic version of theorem 1 one needs a strict
inequality in the assumptions a} and b). In particular for algebraic « and # in c,
with # neither zero nor root of 1, fe — 1], < 1 and [@ (ﬁ; @] =2, with {#/ log al,
<p H~Dforj=tandj=2,itisnot yet proved that o and of are algebraically
independent (see [3] Appendice).

Existing methods could give the feeling that the problem of algebraic
independence of 7 and ¢" should be easier than the problem of the algebraic
independence of n and e. Anyway, both problems are still open.

§2 Three algebraically independent values of the exponential function

The easiest way to give a lower bound for the {ranscendence degree of
some fields has been proposed by S, Lang [1966a], [2] Chap. 5. More or less, the
main difficulty which is at the heart of most proofs of aigebraic independence is
now put in the hypotheses, under the name of “transcendence type”. But
checking this assumption involves the same kind of difficulties as proving a
result of algebraic independence,

One can compare the level of difficulty for giving a measure of algebraic
independence of s numbers and that for producing a transcendence degree
=35+ 1. For instance, transcendence measures are derived in {19497, 1],
[1968b], using the method of algebraic independence of two numbers.

On the other hund, if one combines a measure of algebraic independence
of s numbers with a method which yields a transcendence degree =1, one can
hope to produce a transcendence degree =1+5.
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For instance, using a transcendence measure, due to A, O, Gel'fond [1)
Chap. III § 4, of &/, W. D. Brownawell [1971b], [1974a] and A. A, Shimelev
[1971d] proved the algebraic independence of three at least of the numbers

af, o, L, e

in the problem of Gel'fond-Schneider, provided that o =[Q(H): Q] is suf-
ficiently large: d =19 for [1971d], d = 15 for [1974a].

After a first attempt by A. A. Shmelev [1971¢], G, V. Chudnovsky
succeeded to remove this assumption to d = 7, by avoiding the use of a transcen-
dence type [1973a). This method is explained in [1975a], [1976d], and [197%¢],
and used in [1975b], [1975¢e], [1975i], [1977a] and [1977b].

From a very general claim by Chudnovsky in [1978g] th. 2 p. 347 (which
should be considered as a conjecture) one deduces that the above result should
hold also for 25, and this seems to follow from the arguments given by
Chudnovky in {1978h],

It is very likely that one can get the algebraic independence of three
numbers with the hypotheses of theorem 1, provided that one replaces the
assumptions by:

Imz3(+m) fora),
Imz2/+3m forb),

‘and

Im>2(I+m) forc).

However, for technical reasons, one needs measures of linear independence of
Xpeen Xy and of yy, oLl

A corresponding generalization of part d) of theorem 1 is also possible
{sce [1978]] for a first step in this direction).

§ 3 Small transcendence degree and elliptic functions

The possibility of preducing fields of transcendence degree 2 2 generated
by values ol elliptic functions was suggested by S, Lan g in[19662] and [2] Chap.
V §3 (secalso A, Altman [1970b] for abelian functions), and a kind of axioma-
tization was proposed in [1972a], but the first concrete examples were given by
W. D. Brownawell andd K. K. Kubota [1975d]. Further results are due to A. A,
Shmelev [1975f], [1979d], but in all these cases the proven results are very far
from the confectural ones.

The first paper with sharp estimates is Chudnovsky's [1975h], which
actually yields the algebraic independence of two numbers: if @ is an elliptic
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function with algebraic invariants g, , g5, and with complex multiplications in an
imaginary quadratic field, each non-zero period w of @ is algebraically in-
dependent of . A consequence is the algebraic independence of I'(1/4) and
(the transcendence of I'(1/4) was not yet known!), and also of I'(1/3) and 7 (see
[1975j] and {1976d]). Further results were announced by Chudnovsky at the
Oberwollach conference in 1977 {reference [6] of [1978g]; the lecturc was
delivered by W, D. Brownawell), and the following result can be proved essen-
tially by the same arguments as [1975h] (see [1978g] th. 4 and [5] Lecture 8).

Theorem 2. Let p be a Weierstrass elliptic function with algebraic invari-
ants g4, 81, let o be a non-zero period of , i be the associated quasi-period of the
Welersirass zeta function:

{E+a)y={(+n,

and u a complex number, which is not a pole of 2, with wand w lincarly independent
over Q, and p{u) algebraic. Then the two numbers

(o) —-Lu, L

[£) W

are algebraically independent,

Several consequences of this result on the modular function and its
derivatives have been given by D. Bertrand in [1978¢], logether with a p-adic
analog. Bertrand pursued these investigations in [1978d] and [1978¢] wherc he
gave results of algebraic independence of the values of modular functions. (See
also Tanchenko, [1983a3 p. 174—175.)

At Helsinki [1978g], G. V. Chudnovsky announced further results (esp.
th. 5 and 6 p. 344, and th. 4 p. 347), and at the same time he produced lists of
similar statements (e. g, reference [7] of [1978g]; here we decided not to include
unpublished manuscripts in our bibliography). The proofs of these statemenis
are not published, but it is now a routine matter to check these results (and it has
been done for the most interesting of them).

Concerning this subject we mention two papers by N. 1. Fel'dman
[1979c], [1980b], (cf. also [1983a] p. 148) and a paper by P. Philippon [ 19791]
where he introduces his “fausses variables” which will play an important role in
1982,

In the above mentioned meeting of Oberwolfach in March 1977 (which is
referred to also p. 270 of [1979a]), G. V. Chudnovsky explained how Gel’fond’s
method for the algebraic independence of two numbers can be used to yicld the
case # = 2 of the Lindemann-Weierstrass theorem. From [1979a] § 3, using the
arguments of [1978h], the same is true for n = 3. Then, in [1979a], he extends his
method to the elliptic case {(thanks to a subtle but technical device known as the
Baker-Coates-Anderson lemmal;
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i  has algebraie invariants g,, gy, and if oy, ..., v are algebraic
umbers linearly independent over ®, then ammong ¢ (%)), . . ., g {us), there are ar
least three algebraically independent numbers.

In the case of complex multiplication, this yields the algebraic indepen-
dence of («,), §2(«,), ¢ (e;) when o, «,, «, are lincarfy independent over the
ring of endomorphisms.

Better results are announced in:
£1979b1, th. 2.3 and 2.4: algebraic independence of four numbers
[1978g], th. 1 p. 348, and [1979a] §6: algebraic independence of six numbers
[1980d], th. 10.4 p. 71: algebraic independence of » numbers (with a mecasure?),
but proofs are not given (see 11 §3 below).

The main difficulty in the proofs for the small transcendence degrees is to
exhibit a non-zero value of the auxiliary function. Fundamental progress on this
matier have been achieved in the last ten yeurs, first by D. W. Masser, then by W,
D. Brownawell and D. W, Masser, and later by D, W. Masser and G. Wiistholz
(see the address [1983c] of D. W, Masser at the international congress of
Warsaw).

Using the method of zero-estimates of Brownawell-Masser, G. Wiistholz
£19792] gave a general statement (in the style of the Schneider-Lang theorem)
which yiclds the algebraic independence of two numbers among values of
functions satisfying certain differential equations. In concrete examples this
resuit gives rather crude estimates, but these can be improved as shown by E,
Reyssat [1980a], [1980f]. One motivation for these works is the unsolved
problem of the algebraic independence of the three numbers =, €%, I'(1/4);
[1980f] contains the best known partial results in this direction, involving
elliptic integrals of second and third kind, and transcendence degree at least two
or three.

The elliptic analog of theorem 1 has been obtained in [1980c¢] by Masser
and Wiistholz as a direct consequence of their works on zero estimates on
algebraic groups. For instance when @ has algebraic g,, g5 and complex multi-
plication by an imaginary quadratic field &, when « is a non-zero complex
number such that @(u) is defined and algebraic, and when 8 is algebraic of
degree 3 over &, then the two numbers @ (Bi11) and @ (f%u) are algebraically
independent. In £1982i], R. Tubbs gives a measure of algebraic independence
for these two numbers.

Finally general results can now be obtained involving #-parameter sub-
groups ol algebraic groups [1981d] §3, [1982h].

IT Large franscendence degree
We begin with a method of Chudnovsky (§ {), which works only for

exponential functions, and yields rather weak estimates. Then we mention a
method of Masser and Wiistholz (§2), which gave the first results for elliptic




558 Waldschmidt

functions, with estimates of essentially the same quality. Fortunately, ihe third
method (§3) gives sometimes best possible results,

§1 A method of Chudnovsky and related works

During his “Tagung iber diophantische Approximationen” at
Oberwolfach in July 1974, Th, Schneider received from G. V. Choodnovsky the
canonical sheet (sce the copy on the next page).

The first theorem was also stated in [1973a] (p. 398 in the english trans-
lation), [1974b] (with measures ol algebraic independence in th, 4), and [ 1974d)
th. 1.1. A sketch of the proof can be found in [1976d] and [1979%].

The only place where Chudnovsky provides a proof for large transcen-
dence degree is the Kiev preprinis [1974e]. Tt is difficuit to answer the question
of whether or not the proof given there is complete. The arguments are quite
convoluted, and attempts to write down all the details involved non-trivial
probiems. The questions {especially from Warkentin) raised to Chudnovsky at
Oberwolfach in May—June 1979 were not answered.

On the other hand there is no doubt that the method of [1974¢] leads to
fields of large transcendence degree generated by values of the cxponential
function, This has been checked by P. Warkentin in [1978{], The proof of
Philippon [1981a} and Reyssat [ 1981b] has been inspired by Chudnovsky’s one,
but the details are comparatively extremely easy. Further works on this subject,
due to R. Endell [1981c], have been completed by W. D. Brownawell,

A rather different approach, due to Ju. V. Nesterenko [1982f], yields the
same result,

Theorem 3. Let o and f} be algebraic mumbers, « £ 0, loga %0, and let d
=[Qf): Q] satisfy d=2. Then the transcendence degree over © of the field
generated by

of, P, L e

is af least Ml‘
log2

{The brackets denote the integral parl.}

In the p-adic case, the transcendence degrece is at least [Ei (2!] as shown by

Philippon in [19814].

A quantitative refinement of theorem 3 is given in {1982f] th. 2 (compare
with th. 4 of [1974b]). For the proof of this estimate, Nesterenko develops the
methods of commutative algebra which he inlroduced in the subject for estima-
ting the multiplicity of zeros. (See also {1983a] p. 102—104.)
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The conclusion of theorem 3 can be written 2> (d+ 1)/2, where 1 is the
transcendence degree. The right hand side (¢4 1)/2 is, to a cerfain extent, the
limit in the present stage of Gel'fond’s method. The left hand side 2' arises from
the criterion of algebraic independence or the induction procedure, and one
should be able to replace it by ¢+ 1. The conclusion would be 12 [(d-+ 1)/2],
which is “hal™ of the Gel'fond-Schneider problem. This result was claimed first
by GePfond in [1948] p. 280, then by Chudnovsky (th. 2 p. 347 of his Helsinki
adress [1978¢]; see also p, 288—290 of [1976d] which is taken from a letter of
Chudnovsky dated May 1976). The only information given by Chudnovsky on
his proof is that it vses the resolution of singularities ([ 1978h] p. 1—2, [1979a]
p. 267, {1980d] p. 50).

He tried also to generalize his method to elliptic functions. In [1979a]
p. 268 he ugrees that he did not succeed to solve the technical difficulties, but in
[1980d3 (p. 15 and p. 70—71) hc states general results (even with a measure of
algebraic independence). Overly optimistic statements can be found in [1980¢]
{see Masser’s comments in Zbl. 456.10016).

Apart from his Kiev preprints [1974e], all the proofs provided by
Chudnovsky so far deal only with small transcendence degrees.

§2 A method of Masser and Wiistholz

In their joint paper [1982d], Masser and Wiistholz develop a new method
for obtaining results of algebraic independence. Here is the concrete case they
work out.

Theorem 4. Let ¢ be an elliptic function with algebraic invarianis g5, g5,
and without complex multiplication. Let xy, ..., Xy, ¥y, « .., Yy be complex num-
bers. Assume that »> 0 is such that, for sufficiently large A, B, and for all integers
(@, ..., 04 by, .., b)) with max|a| = A and max (b, = B, we have

la,x, + .. tagxylzexp(~ A9
and
by yy+ ... byl 2 exp(— BY).

Let K be ihe field generaied by the values of @ at the points x;y;, (1£i<4,
1 i< 1) where @ is defined, and let { be the transcendence degree of K over Q.
Then

22 (4 8) + doe> (I + 24,

This is the first result giving many algebraically independent values of
elliptic functions,
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. The starting point is an improved version of their zero estimate, The
second main tool is an effective version of the Hilbert Nullstellensatz. Nex( they
need an explicit description of all aigebraic subgroups ol a power of an clliptic
curve, and for that they have to improve a result of Kolchin.

This method involves a rather heavy machinery, and it is not clear
whether it can be extended to a general commutative algebraic group (defined
over a finitely generated extension of ©)).

The final lower bounds are the logarithms of that one expects. However
this is due only to the weak estimate in the effective Nullstellensatz. An impor-
tant problem is to improve this estimate.

$3 A method of Philippon and related works

This method arised in connection with the clliptic analog of Gel'fond-
Schneider’s problem. One main idea [1982a] is to use the action of certain
endomorphisms on an algebraic group {in a different situation, Bertrand and
Masser had used similar actions to deduce resulis of linear independence from
(he theorem of Schneider-Lang). Then Philippon uses a transcendence criterion
of his own (see 111 §3 betow). The following statement of his thesis [1983b)
improves his earlier results of [19824] and [1982b].

Theorem 5. Let ¢ be an elliptic function with algebraicg,, g4, k be the field
of endomorphisins of the elliptic curve, u a non-zero complex number, and ff an
algebraic number of degree d 2 2 over k. Assume that u, fu, ..., B~ u are not
poles of g, Then the transcendence degree ( over @ of the field generated by

200, 9 Bw, ... e )
satisfies

t2[d-1/3] if k=Q
and

12[d-D/21 if k+Q.

One expects 1 2 d--1 in both cases. It is remarquable that the elliptic
result (th. 5) is stronger than its exponential analog (th. 3).

The results of [1982a], [1982b] and [1983b] are more general, dealing
with abelian varieties, and the nction of certain endomorphisms,

The same kind of action occurs also in the papers [1982¢], [1982g] of
Wiistholz, and [1982¢] of Philippon, connected with Chudnovsky's method of
[1979a]. We do not quote the gencral statements, but only the following striking
consequence:
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Theoremn 6. Let g be an elliptic function with algebraic inpariants g,, g3,
and with complex multiplications in an imaginary quadratic field k. Let oy, ..., o,
be algebraic numbers which are linearly independent over k. Then the n numbers

o), .o ple)

are algebraically independent.

The method is extended in [1982h] and [1983b] to #-parameter sub-
groups of an abelian variety.

A difficult problem here is to cxtend the method for the study of non-
complete group varieties. The difficuity arises from the usc of Philippon’s
criterion or the climination procedure.

Another limitation of the method is due to the hypotheses on the endo-
morphisms which do not enable one to study gencral situations like in th. 1 and
th. 4.

HI  Criteria of algebraic independence

One of the basic tools in Gel'fond’s method is & criterion which replaces
the fundamental Liouville estimate {size inequality) of trunscendence proofs.
We consider first the criteria in one or two variables (§ 1), then an extension to ¢
variables (§2). The method, by induction, yields an exponent 2 in general. A
different approach, based on Nestercnko's work on commutative algebra, en-
ables Phifippon to get another criterion with the right exponent {+1.

§ 1 Gel’fond’s criterion, and first generalizations

a) One variable over )

Gel’fond’s criterion appears first in [ 19497 and in his book [1](Chap. 111
§4 lemma 7). Refinements are given in [1965] §6, [1970a] lemmus 6 and 6,
[1971a] §3, [1971h], [1976¢] critére 2.4 et remarque 2.10. See also [3] Chap. 5,
[4] Chap. 12 §4, [5] §8.2, [6] lemma 3.9, and the expositions of Brownawell
[1979¢] and Chudnovsky [1979h].

For Pe C[X], P+0, we write deg P for its degree, and H(P) for the
maximal absolute value of its coelTicients.

Theorem 7. Let 0 be a complex number, (1y)y o Od (dy)y » o two sequences
of numbers Z 1, and (Py)y »  a sequence of non-zero elenments of ZLX']. We define

Ty=2dy_ +dytdy. ) Uy Hiv+tine), (N21)

and we assume lim Ty = + o0 as N — -+ oo. We asswne further that for all N 2 1,
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~deg Py Sdy, deg Py +log H{Py) Sy,
and '
|Py@)se ™,

Then 0 is algebraic and Py(0)=0 for all N2 1.
Here is a sketch ol the proof. Singe | Py (8)} is smali, #is close {0 a root oy
of Py. Lot sy be its multiplicity:

[B—oyl™<e ™, where Ty=Ty—2dyly.
Define dy =dy/sy, ty= ta/sy. 1t is readily verified that
ey — oy | S2exp(—dudyy, ~ ndie s — lhs 1 d3)-

On the other hand Liouville's inequality shows that this estimate cannot hold
unless ¢y =y, . The theorem follows at once,

b) One variable with finite transcendence type

The preceeding proof works as well if one replaces the rational field by a
finitely generated extension of @ on which one assumes some type of Liouville
inequality {Lang’s transcendence type [2] Chap. V). This was worked out by W.
D. Brownawell {19697, [1974a] and A. A, Shmelev {1973¢]. A further result was
obtained by Chudnovsky [1976a] using a rather subtle argument (coloured
sequences; see also [1975a], [1976¢], [1978h] Coroll. 5.4, [1979¢], [1979h]).

¢) Two variables

From a well-known example due to Cassels (see for instance [1971c¢]
p. 670), the obvious generalization of Gel'fond’s criferion Lo several variables
([1965] p. 191—192) does not hold without further assumptions.

The first generalization of this type was given already for f variables (see
§2 below). However it is worthwhile mentionning that better results are
available for two variubles, The two papers [1978h] and [1980d] by
Chudnovsky contain description of methods which lead to sharp results for the
algebraic independence of three numbers, and his paper [1979h] contains ex-
plicitly criteria of algebraic independence in (wo variables ([1979h], th.4.1
p. 339---340; sec also [1980c], Prop. 1 and 13).

§2 A criterion of Chudnovsky-Reyssal

The Kiev preprints [1974¢] contain a description of Chudnovsky's
method for algebraic independence of  numbers, with some details. They do not
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contain an explicit criterion (the quotationin {1 979h] p. 326 is misleading). Such
d criterion is stated without proof in [1974d] lemma 1.2 p. 23 (probably the
conclusion should be algebraically dependent, rather than algebraically in-
dependent, but anyway one can show [1983d] that the hypotheses are never
satisfied —thus the result is true?).

The idea of Chudnovsky is to assume not only an upper bound for the
values of the polynomials, but also a lower bound. In the transcendence proof
this new hypothesis is checked by using a “small value lemma® for expenential
polynomials, due to R. Tijdeman.

A more general criterion has been stated—and proved— by E. Reyssat
in [1981b]. The proof uscs several ideas of Chudnovsky in [1974¢], and espe-
cially the semi-resultant (sce also [1976b] and [1979¢]). The induction per-
formed by Reyssat in [1981b6) is rather more tricky than it appears. See also
£1983d].

Unfortunately the induction procedure leads to an exponent 2 where one
expects f+ 1. There are claims by Chudnovsky of a criterion with the right
exponent {e. g. [1974d] p. 30, [1979h] Prop. 5.1 p. 357---358). However they are
not supported by proofs, so far, and Philippon noticed that Cassel’s construction
leads to counter-examples to the statement(s at the end of §5 of [1979h] p. 359.

§3 A criterion of Philippon

A generalization of Gel'fond’s criterion to several variables was pro-
posed by R, Dvornicich in [1978a]. He replaces the scquence of polynomials by
a sequence of ideals in a polynomial ring. However for the proof he had 1o
assume that the ideals are prime, and this hypothesis is too strong for
applications.

Using methods of commutative algebra (see also {198211), Philippon
succeeded in proving a very good criterion ([1982a] Prop. 1, {19821 Th. 1.4,
and [1983b] Chap. 1), which he used for his proof of theorem 5 (secIT §3}, and
which will certainly have other applications later.

For simplicity we quote only a special case of a criterion in [1983a].

Theorem 8. For an integer n 21, ler 0 € P (T), fet W, ..., 00" 1 e
projective coordinates of 8, und & a prime homogeneous ideal of the ring A
=0OLXy, ..., X1, 0f codimension n — ¢, such that e(y=0forallce & Letabea
real number, a> 1,

There exists a constant C> 0 with the following property. Let (8 s 1,
(dxdnz 1 be two sequences of numbers =1, with

dySdy, Sady, tyStys,Saty forall Nz1,
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and
limdy=+w as N— +w.

Let{(Iy)y. 1 be asequence of hontogencous ideals of A of codimension zn, assume

‘that for each N 2.1 there exist an integer m(N) 2 1 and homogeneous polynonialy
N Ny : .

oM, ..., 00N, i ZX,, ..., X,] with

IN :(gs Qtim’ ety fo{)m),
deg QY +log H(Q) <1y, deg O < dy,

and
'QSA‘)(BO; vy Brr)l écxp(" CtNdf\')’

Jor 1 =j Sm(N}. Then for all sufficiently large N, § is a zero of 1, In particular
0 e P, (@), where @ is the field of algebraic numbers.

When inlinitely many of the ideals I are of codimension n + 1, Phitippon
uses an effective climination procedure (seee. g. [1982b] th. 1.3). For this special
case (which is sufficient in the proof of theorem 6, I1 §3 above), Wiistholz uses
the U-resuitant of Macaulay [1982g].

The method of Masser-Wiistholz in [1982d] (see 11 §2) does not use a
transcendence criterion explicitly, but the elimination is performed through the
use of Hilbert’s Nullstellensatz,

iv Furiher conjectures

We consider first the usual exponential function, then elliptic functions,
and linally algebraic groups.

§ 1 Exponential function

A very general conjecture concerning the transcendence and algebraic
independence properties of the exponenlial function has been made by 8§,
Schanuel [2] p. 30,

Schanwel’s conjecture. Let x,, ..., x, be complex numbers which are
linearly independent over Q). Then the transcendence degree of the Sield

Qfxy, .. x,, €9, ..., ™)

over Q s at leasi n.
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Most statements (either proved or conjectural ones) concerning algebraic
independence of numbers connected with exponential or logarithms are con-
sequences of this conjecture (see [3] §7.5 + Exercices 7.54, ..., e). This is the
case for instance of the Gel'fond-Schneider problem stated in the introduction,
and of the problem of the algebraic independence of loga,, ..., loga,, when
oy, ..., 0, are non-zero algebraic numbers and logay, . .., loga, are Q-linearly
independent ([1] p. 127 and p. 177, [2] p. 31, [3] conj. 7.5.3, [4] p. 119—120).

The p-adic analog of Schanuel’s conjecture is stated in [1981a]. An open
problem is to prove a p-adic version of the Lindemann-Weierstrass theorem (see
(3] p. A9).

Finally, let us try a first gencralization of Schanuel's conjecture in the
realm of diophantine approximations.

Letx\, ..., x, be complex numbers which are linearly independent over ®,
Let d be a positive integer. Then there exists a positive nmumber €
=C(Xy, ...y Xy, d) with the following property: for all Py, ..., P, in
Z{Xy, ..., X, Yy, ..., YYof degrees Sdand heights <H,\, ..., H, ., which
generate an ideal of QLX,, .., X,, Y, ..., Y.} of rank n+1, we have

n+1
jz} [Pi(xy, ooy Xy €% oo, @) HE 21/C.

§2 Elliptic functions

Lel {2 be an elliptic function of Weicrstrass. We denote by g,, g, the
invariants, @,, ®, a pair of fundamental periods, and »,, #, the associated
quasiperiods. According to Chudnovsky [1978g] [4] p. 343, the transcendence
degree of the field Q (g,, g4, 0, Wy, 14, 15) over Q is at least 2. [t can be as smalt
as 2 (when @ has complex multiplications). It would be interesting to decide
whether this bound can be improved when there is no complex multiplication: in
this case, for g, and g, algebraic, is it true that the lour numbers ,, @,, #1,, 11, are
algebraically independent?

Another problem is to list the algebraic relations between the periods and
quasi-perieds of several g functions, For instance one would like to know that
the three numbers n, I"(1/4), I'(173) are algebraically independent.

The analog of the Lindemann-Weierstrass theorem for elliptic functions
without complex multiplication is not yet known. One would like to prove at
least “half” of it: the transcendence degree over Q of Q (p (a)), ..., p (e, isat
least n/2 (for «;, . .., m, algebraic numbers Q-linearly independent). Philippon
[1983b] proves this result under the additional assumption Q(x,, ..., a,)

=Qo, +...+Qu,.
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§$ 3 Algebraic groups

A proof of the transcendence of I"(1/5) (and other values of the gamma
function) would loilow from a complete description of the algebraic relations
between the coordinates of the periods of abelian functions (see [2] Chap. IV,
historical note, [1971c], and the papers by Deligne, Ribet and Shimura in
“Fonctions Abéliennes et Nombres Transcendants”, Mémoire . M, F. n°2
[19807).

The following problem is proposed by Philippon [1983b] as a generali-
zation of the Lindemann-Weierstrass theorem: let G be an algebraic group which
is defined over the field Q of algebraic numbers, 0. € T (Q), X the Zariski closure
of expg o over Q, and H the smallest algebraic subgroup of G containing eXpg o
Assuming Homg (I, G,) =0, is it true that X is a connected component of H?

Asa consequence, i 4 is a simple abelian variety of dimension o (without
assumptions on its endomorphisms), for « € T (@), & & 0, the point exps o hasa
transcendence degree = d (see [2] p. 42).

References

We first quote several biographies of Alexandre Ossipovich Gel'fond, which contain -
complete lists of his published work:
Uspekhi Mat. Nauk, 11 n°3 (1956), 239—248; 22 n°3 (1967}, 247256, 2d n° 3 (1969, 219—
220; 25 n® 1 (1970), 201-—202; Acta Arith., 17 (1970/71), 315—336.

The second and third are translated in:
Russian Math, Surveys, 22 n®3 {1967), 234 --242, and 24 n°3 (1969), 177—178.

Sclected works of A, O. Gel'fond have been published in Russian (Izd. Nauk Mosc.
1973},

BibHography

[t] GePload, A. Q., Transcendental and algebraie manbers, GITTL Moscow 1952, English
transl.: Dover, New-York, 1960,

2] Lang, S., Introduction to transcendental numbers, Addison Wesley 1966,

[3] Waldschmidt, M., Nontbres transcendants, Leciure Notes in Math., 402 (1974), Springer
Yerlag.

[4] Baker, A, Transcendemal manber theory, Cambridge Univ, Press, 1975; 2nd Ed.: 1979,

{s] Waldschmidi, M., Transcendence methods, Queen’s papers in pure and applied Math., 52

) (1979}, Kingston {Ont., Canada).
{13 Fel'dman, N. 1., Hilbert’s seventh problem, Izdat. Mosk. Univ,, 1982,

&



568 Waldschinidt

Papers

[1948] Gebfond, A. O., On the algebraic independence of algebraic powers of algebraic numbers,
Dokl Akad. Nauk SSSR, 64 (1949), 277280

[1949] Gel'fond, A. O., On the algebraic independence of transcendental numbers of certain
¢lasses, Dokl Akad. Nauk 555R, 67 (1949), 13— 14; Usp. Mat. Nauk 4 fasc. 5 (1949),
14—48. Engl. transl.: Amer. Math. Soc. Transl., (1) 2, 66 (1952), 125—169,

(1950} Gel'fond, A. O. and N. L. Fel'dman, On the measure of mutial transcendence uf certain
numbers, [zv. Akad. Nauk SSSR Ser. Mat., 14 {1950), 493—300.

(1964] Adams, W. W., Transcendental monbers in the p-adic domain, Amer. J. Math., 88 (1966),

279308,
[1965) Lang, 5., Report on diophantine approximations, Bull. Soc. Math, France, 93 {1965),
177—192,

[1966a} Lang, S., Numbres transcondants, Sém, Bourbaki, 188 année (1965/66), n° 305, gp,

[1966b] Fel'dman, N. 1. and A. B. Shidlovskii, The development and present stwre of the theary of
transcendental munbers, Usp, Mat. Nauk $8SR, 22 n°3 (1967), 3—81. Engl. transl.:
Russian Math, Surveys, 22 0°3 (1967), 1—79,

[1967]) Shmelev, A. A., Concerning algebraic independence of suime transcendentel manbers, Mat,
Zam., 3 (1968), 51—58. Engl. Transl.: Math. Notes, 3 (1968), 31—38.

[1968a] Shmelev, A. A., On algebraic independence of some monbers, Mal, Zam.,, 4 (1968), 525—
532, Engl. transl.: Math. Notes, 4 (1968), 805—809.

[1968b]} Shmelev, A, A., A. O. Gel'fond’s methad In the theory of transcendental manbers, Mat.
Zam,, 10 (1971}, 415—426. Engl. transl.: Math. Notes, 10 (1971), 672—678.

{1969] Brownawell, W. I3,, Ph. D,, Cornell Univ., 1969,

(1970a] Tijdeman, R., On the algebraic independence of certain numbers, Proc. Nederd. Akad.
Wet, Ser. A, 74 (= Indag. Math, 33), (£1971), 146—162.

[1970b] Allman, A., The size funcrion on abelian varieties, Trans, Amer. Math. Soc., 164 (1972),
153—161.

(1970c] Shmelev, A. A., Ou joint approximations of talues of an exponential function at non-
algebraic points, (in russian, with engl. summ.), Vestn. Mosk, Univ. Ser. Mat. Mec., 27
n°4 (1972), 25—33.

[1978a] Waldschmidt, M., Indépendance algdhrigue des valeurs de la fonetion exponentieile, Bull,
Soc. Math. France, 99 (1971), 285 —304.

[1971b] Brownawell, W, D,, Some transcendence results for the exponentiul fimetion, Norske Vid.
Selsk, Sk., [1(1972), 2p.

£1971c} Lang, 3., Transcendental manbers and diophantine approximations, Bull. Amer. Math,
Soc., 77 {1971), 635—677.

[1971d] Shmelev, A. A., On the question of the algebraic independence of algebraic powers of
algebraic monbers, Mat. Zam., 11 (1972), 635—644. Engl. transt.: Math. Notes, 11
(1972), 387392,

[1971¢] Shraclev, A, A., The arithwetic properties of the values of the exponential fimction af non
algebraic points, lev, Vis§, Ut Zav. Mat., 10 (137), {1973), 90--99.

{197117 Waldschmidt, M., Solution du huitiéme probléme de Schneider, 3. Number Theory, §
(1973), 194202,

[1971g] Brownawell, W. D, The algebraic independence of certain values of the exponcntial
Junctivn, Norske Vid, Selsk. Sk., 23 (1972}, 5p.

[£971h] Brownawell, W. D., Sequences of diophamine approximations, J. Number T) heory, 6
(1974), 11—21,

[171i] Brownawell, W. I, The algebraic independence of certain mumbers related by the ex-
ponential fimetion, J. Number Theory, 6 (1974), 22— 31.

[1971j) Wallisser, R., Habilitation Schrift, Freiburg 1971 (cf. Zbl, 214, 10021).

[1972a] Waldschmidt, M., Propriéiés arithmétigues des valewrs de fonctions miéromorphes
algéhriquement indépendantes, Acta Arilh., 23 (1973), 19— 88.



Gebfond's Method and Its Developments 569

£1972b] Shorey, T. N., Algebraic independence of certaint monbers in the p-adic domain, Proc.
Nederl. Akad, Wet. Ser, A, 75 {= Indag. Math., 34), (1972), 423 435,

[1972¢] Waldschinidt, M., Utifisation de la méthode de Baker dans des probiémes d' indépendmnce
algébrigque, C, R, Acad. Sci. Paris Sér, A, 275 (1972), 1215—1247.

[1973a] Chudnovskii, G. V., dlgebraic independence of some values of the exponential function,

] Mat. Zam., 15 (1974), 661—672. Engl. transt.: Math. Notes, 15 (1974), 391398,

[1973b] Shmelev, A. A., Simultaneous approximations of exponential functions by polenomials ina
yiven transcendentul number, Ukr, Mat. Z., 27 (1975), 555—563, Engl. transh.: Ukr.

Math. 1., 27 (1975), 439 466.

[1973¢] Shmelev, A, A., A criterion for algebraic dependence of transcendental mumbers, Mat,
Zam,, 16 {1974}, 553—562. Engl. transl.: Math, Notes, 16 (£974), 921926,
{1973d] Shmelev, A. A, Algebraic independence of exponent, Mat, Zam., 17 (1975), 407—418.

Engl. transl.: Math. Notes, 17 (1975), 236-—243.

[£974a] Brownawell, W. D., Gel’fond’s methud for algebraic independence, Trans, Amer. Math,
Soc., 210 (1975}, 1-- 26,

[1974b} Cudnovskil, G. V., A mufual transcendence measure for some classes of numbers, Dokl
Akad, Nauk SSSR, 218 (1974), n°4, 771—774. Engl. transl.: Soviet Math. Dokl., 15
(1974), 1424—1428.

[1974¢c] Tijdeman, R., On the Gel'fond-Baker method and its applications, in: Mathematical
developnients arising from Iilbert problems, Proc, Symp. Pure Matls., 28 (1976), 241—
268.

[1974d] Cudnovskil, G. V., The Gel'fond-Baker method in problems of diopthantine approxi-
wation, Coll. Math. Soc. Janos Bolyai, 13 Topics in Number Theery, Debrecen 1974,
North Holland (1974), 19—30.

F1974e] Cudnovskii, G. V., Some analylic methods in the theory of transcendental monbers, Tnst.
of Math., Ukr. SSR Acad. Sci., Preprint IM 74—8 (48 p.} and 74—9 (52p.), Kiev 1974,

[1973a] Waldschmidt, M., Indépendance algébrigue par la méthode de G. V. Cudnovskij, Sém.
D%hmgeAPisot-Poimu (Groupe d'Etude de théoric des nombres), 168 année (1974/75),
G8, 18p.

[1975b6] Mignotte, M., Indépendarce algébrique de certuins nombres de ly forme of ¢t of* (d*apres
W. Dale Brawnawell et Michel Waldschmids), Sém. Delange-Pisot-Poitou (Groupe
d’Etede de théorie des nombres), 168 année (1974/75), G9, 5p.

[1975¢} Chudnovskii, G. V., Baker's method in the theory of transcendental munbers, Usp. Mat.
Nark, 31 n°4 (1903, (1976}, 281282,

{1975d] Brownawell, W. D. and K. K. Kubota, The algebraic independence of Weierstrass

Junctions and some reluted nunbers, Acta Arith., 33 (1977), £11—14Y,

[1975e} Brownawell, W. I, and M. Waldschmidt, The algebraic independence of eortain numbers
fo algebraic powers, Acta Arith., 32 (1977), 63—71.

[19750] Shmelev, A, A,, Algebraic independdence of vatws of exponential and elliptic functions,
Mat. Zam., 20 (1576), 195—202. Engl. transl., Math. Notes, 2 (1976), 669-—673.

[1975¢] Shmelev, A. A., Simudtanecus approximations of exponent by transcendental numbers of
certain classes, Mat. Zam., 20 (1976), 305—314. Engl. transi.: Math. Notes, 20 (£976),
731-—-736.

[1975h]) Cudnovskii, G. V., Algebraic independence of constants connected vith exponential and
elliptic functions, Dokl, Ukr. S8R, Ser A, n°8 {1976), 698—701.

(1975i] Brownawell, W. D., Pairs of polynomtials smail at a pumber to certain algebraic powers,
$ém. Delange-Pisot-Poitou {Théeric des Nombres), 17¢ année (1975/76), u® 11, i2p.

[1975)] Bertrand, D., Transcendimce de valeurs de la fonction gamma(d'uprés G. V., Cuelnovskeif),
S¢ém. Delange-Pisot-Poitou (Groupe d’Etude de théarie des nombres), 172 année

1975/76), G8, 5p.

[1976a) Cudnovskil, G. V., Towards the Schannel hypothesis. Algebraic curves near the point. 1;
general theory of coloured sequences, 1: flelds of finite type af transcendence and coloured

sequences. Resultants; (in russian); Studia Sci. Math. Hungar., 12 (§977), 125—144 and
145157,



570 Waldschmidt

[1976b] Brownawell, W. D., Some remarks on semi-resultants, Chap. 14 (p. 205—210} of:
Transcendence theory : advances and applications, ed, A, Baker and D. W, Masser, Proc.
Conf, Cambridge, 1976, Academic Press 1977,

[1976c] Waldschmidl, M., Suites colordes {d’aprés G. V. C‘m!novsk:_’f). Sém, Delange-Pisot-
Poitou (Groupe &'Etude de théorie des nombres), 17¢ unnde {1975/76), G214, 11 p.

[1976d] Waldschmidt, M., Les travaux de G. V. Cudnousk il sur les nombres transcendants, Sém,
Bourbaki, 28¢ année (1975/76), n° 488; Lecture Notes in Math., 567 (1977), 274—202.

[1977a] Brownawell, W, D., On the Gel'fond-Fel’dman measure of algebraic Idependence,
Comp. Math., 38 (1979}, 355368,

[1977b] Laurent, M., Indépendance algébrique de nombres de Liouville élevés d des puissances
algébrigues, C. R, Acad. Sci. Paris, Sér, A, 286 (1978}, 131—133. Thése 3¢ cycle, Univ,
Paris V1, 1977,

[1978a] Dvornicich, R., A criterion for the algebraic independence of two complex nuntbers, Boll.
UMI, (5) 15A (1978}, 678—687.

[1978b] Brownawell, W. D., Methods for algebraie independence, $ém. Théorie des Nombres
{Bordeaux), 1977/78, n° 21, 7p.

[1978¢] Bertrand, D., Fonctions modulaires, courbes de Tate ef indépendance algébrigue, Sém.
Delange-Pisot-Poitou (Théarie des Nombres), 19¢ année (1977/78), n° 36, 1ip.

[$978d1 Bertrand, D., Modular finctions and algebraic independence, Proc. Conf. “p-adic anal-
ysis”, Nijmegen 1978; Kath. Univ. Report n° 7806,

[$978¢] Bertrand, )., Fonctions modulaires et indépendance  algébrique 1, Journées
Arithmétiques Lwminy, Soc. Math. France Astérisque, 61 (1979), 29 - 34,

[1978f] Warkenlin, ., Algebraische Unabliingigkeit gewisser p-adischer Zahlen, Diplomarbeit,
Freiburg, 1978.

[1978g] Chudnovsky, G. V., Algebraic independence of values of exponential and elliptic functions,
Proc. Intern. Cong. Malth,, Helsinki 1978, 339—2350 (cf. M.R. 81j: 16051).

[1978h] Chudnovsky, G. V., dlgebraic grounds for the proof of algebraic independence. How to
obtain measure of algebraic ndependence using elememtary methods. Paxt 12 elementary
algebra, Comm. Pure Appl. Math., 34 (1981), 1—28. [ Elesmentary approach 1%, Inter-
sectiun gf two curves, Preprint, Bures sur Yvetie, 1979].

[1978i] Shmelev, A. A., Sinmedianeous approximations of exponentlals by elements of a field Qq,
Mat. Zam., 30 (1981), 3—12, Engl. transt.: Math. Notes, 30 (1981), 487—492.

[1978j] Shmelev, A, A., dnalog of the Brownawell-Waldsclunidi theorem on transcendental
pumhers, Mat. Zam., 32 (1982), 765—775. Engl. transt. : Muth. Notes, 32 (1982), 868—
874.

[1979a] Chudnovsky, G. V., Algebraic independence of the values of elliptic finctions at algebraic
points, eiliptic analogue of the Lindemnann-Welerstrass theorem, Invent, Math., 61 (1980),
267—290.

[1979b] Chudnovsky, G. V., Indépemdance algébrique des valewrs d'une fonction elliptigue en des
points algébriques. Farmulation des rdsufiats, C. R. Acad. Sui, Paris Sér. A, 288 (1979},
439—440.

[1979¢] Fel'dman, N. L., The algebraic independence of certain numbers, Vestn, Mosk, Un.-ta.,
Ser. | Mat. Mec., luse. 4 (1980), 46—350.

[1979d7} Shmelev, A. A., Algebraic independence of certain mumbers connected with the exponentiaf
and elliptic functions, Ukr. Mat. Z.,, 33 (1981}, 277-—282. Engl. transl.: Ukr. Math. J., 33
(£981), 216—220.

[1979¢] Brownawell, W. D., On the development of Gel'fond's method, Proc. Number Theory
Carbondale 1979, Lecture Notes in Math,, 751 (1979), 16—,

(197917 Philippon, P., fmdépendunce algdbrigue de valenrs de fonctions elliptigues p-adigues, Proc.
Queen's Number Theory Conf. 1979 (Ed. P. Ribenhoim), Queen’s Papers in pure and
applied Math., 54 (1980), 223235,

{1979¢] Wiistholz, G., Algebraische Unabhdngigkeit von Werten von Funktionen, die gewlssen
Differentinlgleichungen gendigen, J. reine angew. Math. (Crelle), 317 (1980}, 102—119,



Gel'fond's Method and Its Developments 5t

[1979h] Chudnovsky, G. V., Criteria of olgebraic independence of several numbers, in: The
Ricmann prablem, complete integrability and arithmetic applications, Proc. THES and
Columbia Univ., 1979/80, ¢d. D. Chudnovsky and G, Chudnovsky, Lecture Notes in
Math., 925 (1982), 323368,

[1980a3 Reyssat, E., Fonctions de Weicrstrass et indépendance algébrique, C. R. Acad. Sci. Paris

‘ Sér. A, 290 (1980), 439—441.

[1980b] Fel'dman, N, I, Algelraic independence of some numbers 11, Ann. Univ. Sci. Budapest
Sec, Math., 25 (i982), 109—123.

{19R0c] Masser, D. W. and G. Wiistholz, Algebraic independence properties of values of elliptic
Junctions, in: Journdes Arithmétigues 1980, Ed, ), V., Armitage, London Matl:. Soc. Lect.
Nole Ser., 56 (1982), 360-—363, Cumbridge Univ. Press.

[1980d] Chudnovsky, G. V., Measures of ireationality, iranscendence and algebraic independence,
in: Journdes Arithnétigues 1980, Ed. J. V. Armitage, London Math, Soc. Lect. Nole Ser.,
56 (1982), 11—82, Cambridge Univ, Press,

[1980¢] Chudnovsky, G. V., Indépendance algébrique dans la méthode de Gel'fond-Schneider, C.
R. Acad. Sci. Paris Sér, A, 291 (1980), 365—3068 (cf. Zbl,, 456,10016).

[1980f] Reyssat, E., Propridtés o' indépendance algdbrique de nombres lids aux fonctions de
Weierstrass, Acta Arith,, 41 (1982), 291310,

f1981a] Philippon, P., Indépendance algébrique de valeurs de fonctions exponentielles p-adiques, J.
reine angew. Math, (Crelle), 329 {1981}, 4251,

[1981b] f{gygbb)dlé E., Un critvére d'indépendance algébrigue, ). reine angew. Math. (Crelle), 329

[981), 66—81.

[1981c]) Endell, R., Zur algebraischen Unabhiingigkeit gewisser Werte dor Exponentiuifuniction
{nach Chudnovsky), Diplomarbeit, Dilsseldorf, 1981,

[1981d] Waldschmidt, M., Sous-groupes analytiques de groupes algébrigues, Aon. of Math., 117
{1983}, 627—657,

£19824] Philippon, P., Indépendance algébrique et varidtés abélionnes, C. R. Acad. Sci, Paris Sér,
1, 294 (1982}, 257259,

[1982b] Philippon, P., Variétés abéliennes et indépendance algdbrigue 1, Invent, Math,, 70 (1983),
289—318.

[1982¢] Wistholz, G., Swr Panalogue abélien du théoréme de Lindemann, C, R. Acad. Sci. Paris
Sér. 1, 295 (1982), 35—37.

{1982d] Masser, D. W. and G. Wiistholz, Fields of large transcendence degree generated by values
of eiliptic functions, Invent. Math,, 72 (1983), 407—464,

£1982¢] Philippon, D., Variétés abéliennes et indépendance algébrigue 1I': un analogue abélien du
théoréme de Lindemunn-Weiersirass, Invent, Muth., 72 (1983), 389—405,

[1982{] Nesterenko, Ju. V., On the algebraical independence of algebraic mumbers to algebraic
powers, in: Approximations diophantiennes et nombres franscendants, Luminy 1982,
Progress in Math,, 31, Birkhiuser (1983), 199220,

[1982y] Wilstholz, G., Uber das abelsche Analogon des Lindemannschen Satzes I, Invent, Math.,
72 (1983), 363—188,

[1982h] Philippon, P., Sous-groupes d n pareméires et indépendunce algébrique, in:
Approximations diophanticnnes et nombres transcendants, Luminy 1982, Progress in
Math,, 31, Birkhiuser {1983}, 221—234,

[1982i] Tubbs, R., 4 transcendence measure for some special values of elliptic functions, Proc,
Amer. Math. Soc., 88 (1983), 189-—196.

[1983n] Transcendental number theory and its applications, Proc, Conf, Moscov Univ. 2-—4 Feb,
1983, Izd. Mosk. Univ, 1983.

(1983b] Philippon, P., Penr une théorie de Iipdépendance algébrigue, Thése, Orsay, 1983,

[1983c] Masscr, . W., Some recent results in transcendence theory, Proc. Intern. Cong. Math.,
Warsaw, 1983,

[1983d] Waldschmidi, M. et Zhu Yao Chen, Une généralisation en plusicurs variables d*wn critére
de transcendance de Gel'fond, C. R, Acad. Sc. Paris, Sér. 1, 297 (1983), 229232,

<



