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Institut de Mathématiques de Jussieu, Paris

http://www.imj-prg.fr/~michel.waldschmidt/

1 / 171

https://math.iisc.ac.in/
http://www.imj-prg.fr/~michel.waldschmidt/


Abstract

The purpose of this course is to explain the ideas behind
transcendence proofs, avoiding technical details. We start with
the Schneider-Lang Theorem. A reference for this part of the
course is
http://www.imj-prg.fr/~michel.waldschmidt/articles/pdf/Strategy.pdf

The two solutions (in 1934) by Gel’fond and Schneider to
Hilbert’s seventh problem are linked by a duality related with
the Fourier-Borel transform. This leads to the replacement of
auxiliary functions with auxiliary functionals. The next step is
to introduce the interpolation determinants of Michel Laurent.
Finally we will introduce a conjecture by D. Roy which he
proved to be equivalent to Schanuel’s Conjecture.
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⇧ Hermite, Lindemann

⇧ Gel’fond’s method; Sketch of proof

⇧ Schneider – Lang Theorem; Sketch of proof
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⇧ Schneider’s method

⇧ Gel’fond vs Schneider. Duality

⇧ Six Exponentials and Four Exponentials

⇧ Baker’s method

3 / 171



Hermite– Lindemann

Hermite 1873 transcendence of e

Lindemann 1882 transcendence of ⇡

Theorem (Hermite– Lindemann).

Let ↵ be a non–zero complex number. Then one at least of
the two numbers ↵, e↵ is transcendental.

For ↵ = 1, this is Hermite’s result. For ↵ = i⇡, this is
Lindemann’s result.

Also: the numbers log 2, e
p
2 are transcendental.
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Hermite– Lindemann: ideas of the proof

The function f(z) = e
z is entire, it satisfies the di↵erential

equation f 0
= f and the functional equation

f(z1 + z2) = f(z1)f(z2);
in particular f(mz) = f(z)m for m 2 Z.

The two functions f(z) and g(z) = z are algebraically
independent: the function f is transcendental over the field
C(z) of rational functions.

If ↵ 2 C is such that ↵ and e
↵ are algebraic, then the two

functions f and g take their values in the number field
K := Q(↵, e↵) when z = m↵, with m 2 Z.

If ↵ 6= 0, then the set of m↵, with m 2 Z is infinite.
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Gel’fond’s method 1

Assume ↵ 6= 0 and e
↵ are algebraic. We wish to get a

contradiction with the algebraic independence of the two
functions z, ez, hence to prove the existence of a non zero
polynomial P 2 Z[X, Y ] such that the function
F (z) := P (z, ez) is the zero function.

If

P (X, Y ) =

T 0�1X

⌧=0

T 1�1X

t=0

a⌧,tX
⌧Y t

with a⌧,t 2 Z, then

F (z) = P (z, ez) =
T 0�1X

⌧=0

T 1�1X

t=0

a⌧,tf ⌧,t(z) where f ⌧,t(z) := z⌧etz.
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Gel’fond’s method 2
Notice that the numbers

f (�)
⌧,t (s↵) =

✓
d

dz

◆�

(z⌧etz)(s↵)

(⌧ > 0, t > 0, � > 0, s > 0) are all in the number field K.

We first request P (X, Y ) to satisfy finitely many conditions

F (�)
(s↵) = 0 for 0 6 � < S0, 0 6 s < S1.

The existence of such a P 6= 0 follows from linear algebra as
soon as T 0T 1 > �S0S1 with � = [K : Q].

We will need an upper bound for the coe�cients a⌧,t - such an
estimate follows from Dirichlet’s box principle and this
estimate is sharp as soon as T 0T 1 > 2�S0S1. We refer to this
argument as the Thue–Siegel Lemma.
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Gel’fond’s method 3
Recall that the goal is to prove F = 0. It su�ces to prove

F (�)
(s↵) = 0 for all � > 0 and 0 6 s < S1.

Assume that this is true for 0 6 � < U with U > S0. Let j
satisfy 0 6 j < S1. Consider the number � := F (U)

(j↵).
From Cauchy’s inequality we deduce

|�| 6 U !|F |r

for any r > 1 + S1|↵|, where

|F |r := sup

|z|=r

|F (z)|.

The idea is that, since F has many zeroes in the disc |z| = r,
the number |F |r is small. More precisely we will use Schwarz’s
Lemma below.
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Gel’fond’s method 4
The last tool is due to Liouville, it is a lower bound for a non
zero algebraic number.

The main such instance is the lower bound |n| > 1 for a
nonzero rational number n.

In general, if � is a nonzero algebraic number, multiplying by a
denominator and taking the norm over Q yields a nonzero
rational integer, hence of absolute value at least 1. This gives
a lower bound for |�|, which we call Liouville’s estimate.

The initial example is the lower bound
����↵�

p

q

���� >
c(↵)

qd

when ↵ is an algebraic number of degree d and p/q a rational
number 6= ↵, which enabled Liouville to give the first examples
of transcendental numbers in 1844.
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Schwarz’s Lemma
Let f be an analytic function in a disc |z| 6 R of C, with at
least N zeroes in a disc |z| 6 r with r < R, counting
multiplicities. Then

|f |r 6
✓
3r

R

◆N

|f |R.

When R > 3r, this improves the maximum modulus bound
|f |r 6 |f |R.

Proof.
Let ⇣1, . . . , ⇣N be zeroes of f in the disc |z| 6 r. Then the
function

g(z) := f(z)
NY

j=1

(X � ⇣j)
�1

is analytic in the disc |z| 6 R, hence satisfies |g|r 6 |g|R.
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Schneider–Lang (simplified)
An entire function f is said to be of finite order if there exists
% > 0 and R0 > 0 such that |f |R 6 e

R
%
for all R > R0. In

other terms

lim sup
R!1

log log |F |R

logR
< 1.

Theorem (Schneider–Lang).

Let f 1, f 2 be two entire functions of finite order which are
algebraically independent over Q. Let K be a number field.
Assume that the derivatives f 0

1 and f 0
2 belong to K[f 1, f 2].

Then the set

{w 2 C | f 1(w) and f 2(w) belong to K}

is finite.
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Hilbert’s seventh problem

Theorem (Gel’fond –Schneider 1934).

If � is an irrational algebraic number, then for any ` 2 Cr {0}

one at least of the two numbers e`, e�` is transcendental.

Proof.
Assume ↵ := e

`. Write ↵� for e�`. Assume ↵, � and ↵� are
algebraic. Let K be the number field Q(↵, �,↵�

)

The two functions f 1(z) = e
z, f 2(z) = e

�z have order 1, are
algebraically independent (� 62 Q) and satisfy the di↵erential
equations f 0

1 = f 1, f 0
2 = �f 2 with coe�cients in K. These

two functions take their values in K for z = m`, which is an
infinite set since ` 6= 0.
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Hilbert’s Seventh Problem

Theorem (Gel’fond –Schneider).

Let ↵ be a nonzero algebraic number, log↵ a nonzero
logarithm of ↵ and � an irrational algebraic number. Then
↵�

:= e
� log↵ is transcendental.

With ↵ = �1, log↵ = i⇡ and � = i this gives the
transcendence of e⇡. Proved by A.O. Gel’fond in 1929 using
an interpolation method introduced by Pólya to prove that 2z

is the entire function of least growth taking values in Z for
z 2 N.
Also if ↵1 and ↵2 are nonzero algebraic numbers and log↵1,
log↵2 nonzero logarithms of ↵1 and ↵2 respectively, then
log↵1/ log↵2 is either rational or transcendental.
If two logarithms of algebraic numbers are linearly independent
over Q, they are linearly independent over the field of
algebraic numbers.
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Proof of Schneider–Lang Theorem - 1
Let K be a number field, � := [K : Q], w1, . . . , wm satisfy

f i(wj) 2 K for i = 1, 2 and j = 1, . . . ,m,

%1, %2 and C satisfy

log |f i|R 6 CR%i

for i = 1, 2 and for all su�ciently large R.
We sketch the proof of the upper bound:

m 6 (%1 + %2)�.

Let S be a su�ciently large integer. We introduce the
following parameters T 1 and T 2:

T 1 = S
%2

%1+%2

p
log S, T 2 = S

%1
%1+%2

p
log S.
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Proof of Schneider–Lang Theorem - 2
The first step is to prove the existence of a nonzero polynomial
in Z[X1, X2], of degree < T 1 in X1 and < T 2 in X2, such
that the function F := P (f 1, f 2) satisfies the mS equations

F (�)
(wj) = 0

for 0 6 � < S and 1 6 j 6 m. Since

T 1T 2 = S log S,

the existence of P is a consequence of linear algebra as soon as
log S > �m. For su�ciently large S, the Thue–Siegel Lemma
implies the existence of P with an upper bound for its height:

log H(P ) = O(S).
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Proof of Schneider–Lang Theorem - 3
Since the functions f 1 and f 2 are algebraically independent,
the numbers F (�)

(wj) for 1 6 j 6 m and � > 0 are not all
zero. Let U be the least integer such that the function F
satisfies F (�)

(wj) = 0 for 0 6 � < U and 1 6 j 6 m. From
the first step we infer U > S. Since U is minimal, there exists
j0 which satisfies 1 6 j0 6 m such that the number

� := F (U)
(wj0)

is not 0. Using Schwarz’s Lemma with R = U
1

%1+%2 , we obtain

log |�| 6
✓
1�

m

%1 + %2
+ o(1)

◆
U logU.

Liouville’s estimate for the nonzero element � of K yields

log |�| > �(� � 1 + o(1))U logU.

The upper bound for m follows.
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Full version of Schneider–Lang Theorem

Theorem (Schneider–Lang).

Let f 1, . . . , fm be meromorphic functions with m > 2.
Assume f 1 and f 2 have finite order 6 %1 and %2 respectively,
and are algebraically independent over Q. Let K be a number
field. Assume that for 1 6 j 6 m the derivative f 0

j
of f j

belongs to K[f 1, . . . , fm]. Then the set

{w 2 C | f j(w) 2 K for j = 1, . . . ,m}

has at most (%1 + %2)[K : Q] elements.

The main point is that this set is finite.

17 / 171



References

Schneider, Theodor
Ein Satz über ganzwertige Funktionen als Prinzip für
Transzendenzbeweise. Math. Ann., 121 141–140, 1949.
Zbl 0034.31702 MR 0031498
https://eudml.org/doc/160176

Lang, Serge
Introduction to transcendental numbers.
Addison-Wesley Series in Mathematics. Reading, Mass.
Addison-Wesley Publishing Company. VI, 105 p., 1966
Zbl 3232021 MR 0214547 Collected Papers Vol. 1 1952–1970

Lang, Serge
Algebra.
3rd revised ed. Graduate Texts in Mathematics. 211. New York,
Springer. 914 p. (2002).
Zbl 0984.00001

Appendix 1: The transcendence of e and ⇡.

18 / 171

https://zbmath.org/0034.31702
https://mathscinet.ams.org/mathscinet/relay-station?mr=0031498
https://eudml.org/doc/160176
https://zbmath.org/3232021
https://mathscinet.ams.org/mathscinet/relay-station?mr=0214547
https://link.springer.com/book/9781461461364
https://zbmath.org/0984.00001


Schneider 1949 Satz 1

19 / 171



Schneider 1949 Satz III

20 / 171



Meromorphic functions

A meromorphic function in a domain D is a function which is
analytic outside a discrete subset of D, the points of which are
poles (no essential singularity).

It is a fact that a meromorphic function in C is a quotient of
two entire function.

Definition. A meromorphic function f has order 6 % if there
exist two entire functions f 1 and f 2 of order 6 % such that
f = f 1/f 2.
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Order of a meromorphic function
Definition. A meromorphic function f has order 6 % if there
exist two entire functions f 1 and f 2 of order 6 % such that
f = f 1/f 2.
Height of a rational fraction.
The height H(P ) of a polynomial P 2 C[X] is the maximum
of modulus of its coe�cients.
”Definition”. A rational fraction R 2 C(X) has height 6 H
if there exist two polynomials P 1 and P 2 of height 6 H such
that R = P 1/P 2.

X2
+ 2X + 1 =

(X � 1)(X + 1)
2

X � 1
=

X3
+X2

�X � 1

X � 1
·

Lemma.

If an entire function f is a quotient of two entire functions of
order 6 %, then f has order 6 %.

22 / 171



Weierstrass elliptic functions
A Weierstrass elliptic function }, solution of the di↵erential
equation }02

= 4}3
� g2}� g3, has order 6 2 (quotient of

two sigma functions).

Elliptic analog of Hermite–Lindemann Theorem:

Corollary (Schneider).

Assume g2 and g3 are algebraic. Let ↵ be a nonzero algebraic
number. Then ↵ is not a pole of } and }(↵) is transcendental.

Proof.
Let f 1(z) = z, f 2(z) = }(z), f 3(z) = }0

(z). Then
f 0
3(z) = }00

(z) = 6}2
� g2/2:

f 0
1 = 1, f 0

2 = f 3, f 0
3 = 6f 2

2 � g2/2.
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Corollaries (Schneider)
Assume g2 and g3 are algebraic.

1. (Elliptic analog of Hermite–Lindemann)
Let ↵ be a nonzero algebraic number. Then ↵ is not a
pole of } and }(↵) is transcendental.

2. Elliptic analog of Gel’fond–Schneider)
Let ↵ be a nonzero algebraic number and log↵ a nonzero
logarithm of ↵. Then log↵ is not a pole of } and
}(log↵) is transcendental.
f 1(z) = e

z, f 2(z) = }(z), f 3(z) = }0
(z).

3. Let }⇤ be another Weierstrass elliptic function with g⇤2
and g⇤3 algebraic. Assume } and }⇤ are algebraically
independent. Then for any z 2 C not pole of } nor of }⇤

one at least of the two numbers }(z), }⇤
(z) is

transcendental.
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Consequences of Schneider’s result on } and }⇤

Let } be a Weierstras elliptic function with algebraic invariants
g2, g3. Let !1,!2 be a pair of fundamental periods of }.

Assume that the quotient ⌧ = !2/!1 is algebraic.

Then the Weierstrass elliptic function }⇤
(z) := ⌧ 2}(⌧z) has

algebraic invariants g⇤2, g
⇤
3 and the two functions }(z), }⇤

(z)
take values in a number field for z 2 (!1/2) + Z!1.

Hence, by Schneider’s result, these two functions are
algebraically dependent. It follows that } has complex
multiplication and that ⌧ is quadratic.
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The modular function j(⌧ )
Let j be the modular function, analytic in the upper half plane
H := {⌧ | =m(⌧) > 0}, satisfying

j

✓
a⌧ + b

c⌧ + d

◆
= j(⌧) for

✓
a b
c d

◆
2 SL2(Z)

having a simple pole at infinity with residue 1.
For ⌧ 2 H, ⌧ and j(⌧) are both algebraic if and only if ⌧ is
quadratic (⌧ is a special point).

Proof.
According to the theory of complex multiplication, if ⌧ is
quadratic then j(⌧) is algebraic (Hilbert’s class field).
Conversely, let �(⌧) be the discriminant of the elliptic curve of
periods Z+ Z⌧ , let !1 be a 12–th root of �(⌧) and let
!2 = ⌧!1. If j(⌧) is algebraic then the invariants g2, g3 of }
are algebraic. If ⌧ is also algebraic, then Schneider’s theorem
implies that ⌧ is imaginary quadratic.
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Schneider’s method 1
Recall:

Theorem (Gel’fond –Schneider).

If � is an irrational algebraic number, then for any ` 2 Cr {0}

one at least of the two numbers e`, e�` is transcendental.

Let � be an irrational number and let ` 2 Cr {0}. Assume �,
e
` and e

�` are algebraic. Let ↵ := e
`, e�` = ↵�,

K = Q(↵, �,↵�
).

Gel’fond :
Uses the two functions f 1(z) = e

z, f 2(z) = e
�z with

derivatives evaluated at points in Z`.
Schneider:
Uses the two functions z and e

`z which are algebraically
independent and take algebraic values at points in Z+ Z�.
No di↵erential equation with algebraic coe�cients.
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Schneider’s method 2
We argue by contradiction: let again K be the number field
Q(↵, �,↵�

). Notice that the two functions z and ↵z
= e

z log↵

are algebraically independent since log↵ 6= 0. The auxiliary
function G is now a linear combination of the functions

g�,s(z) = z�↵sz,

say

G(z) =
S0�1X

�=0

S1�1X

s=0

b�,sg�,s(z)

with b�,s 2 Z.
For � � 0, s � 0, ⌧ � 0, t � 0, we have

g�,s(⌧ + t�) 2 K.
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Schneider’s method 3
The first step is the existence of a nonzero polynomial

P (X, Y ) =

S0�1X

�=0

S1�1X

s=0

b�,sX
�Y s

2 Z[X, Y ]

such that the auxiliary function G(z) = P (z,↵z
) satisfies

G(⌧ + t�) = 0

for 0 6 ⌧ < T 0, 0 6 t < T 1. The numbers ⌧ + t� are pairwise
distinct since � is irrational. The Thue–Siegel Lemma shows
the existence of such a polynomial with an upper bound for
the height as soon as we request S0, S1, T 0, T 1 to satisfy

S0S1 > 2[K : Q]T 0T 1.
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Schneider’s method 4
By induction on T 0

0 + T 0
1, one proves that the equations

G(⌧ + t�) = 0 are satisfied for 0 6 ⌧ < T 0
0, 0 6 t < T 0

1.

For proving that a number of the form � = G(⌧ + t�) is zero,
one uses the analytic estimate given by Schwarz’s Lemma to
show that |�| is small, thanks to the inductive assumptions.
One concludes the inductive process by means of Liouville’s
inequality.

Therefore the equations G(⌧ + t�) = 0 are satisfied for all
⌧ > 0, and t > 0.

The last step is to deduce that G = 0. There are several ways
of achieving this goal, the easiest is to remark that in the
inductive argument in the second step, we show that |G|r is
small for arbitrarily large values of r, hence G = 0 by the
maximum modulus principle.
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Duality Gel’fond – Schneider
The methods of Gel’fond and Schneider follow the same
sketch of proof. There is something more that they share in
common: the numbers which occur in Gel’fond ’s proof and in
Schneider’s proof are the same.

Gel’fond ’s method:

f ⌧,t(z) = (e
z
)
⌧
(e

�z
)
t
= e

(⌧+t�)z, z = s log↵.

Schneider’s method:

g�,s(z) = z�↵sz, z = ⌧ + t�.

We have

f (�)
⌧,t (s log↵) = (⌧ + t�)�↵⌧s

(↵�
)
st
= g�,s(⌧ + t�).

Connection with Fourier–Borel duality.
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Schneider’s problems
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Four Exponentials Conjecture

Conjecture.

Let x1, x2 be two Q–linearly independent complex numbers
and y1, y2 be two Q–linearly independent complex numbers.
Then one at least of the four numbers

e
x1y1 , ex1y2 , ex2y1 , ex2y2

is transcendental.

Same as Schneider’s first problem:

x1 = log↵, x2 = log �, y1 = 1, y2 =
log �

log↵
=

log �

log �

Open problem:
Assume 2

t and 3
t are integers. Prove that t is an integer.
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Six Exponentials and Four Exponentials

Let x1, . . . , xd be Q–linearly independent complex numbers
and y1, . . . , y` be Q–linearly independent complex numbers.

Theorem (Six Exponentials Theorem: Siegel –

Schneider – Lang – Ramachandra).

If `d > `+ d then one at least of the `d numbers

e
xiyj (1 6 i 6 d, 1 6 j  `)

is transcendental. The relevant case is {`, d} = {2, 3}.

Compare with the Four Exponentials Conjecture:
If `d > `+ d then one at least of the `d numbers

exiyj (1 6 i 6 d, 1 6 j  `)

is transcendental. The relevant case is ` = d = 2.
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Proof of the Six Exponentials Theorem 1
Since x1, . . . , xd are Q–linearly independent, the functions
e
x1z, . . . , exdz are algebraically independent.
Here there is no di↵erential equation with algebraic
coe�cients.
Let K be the number field Q(e

xiyj ; 1 6 i 6 d, 1 6 j  `).
The auxiliary function is an exponential polynomial with
integer coe�cients

F (z) = P (e
x1z, . . . , exdz).

The first step is to show the existence of a nonzero polynomial
P of partial degrees < T such that

F (s1y1 + · · ·+ s`y`) = 0

for 0 6 sj < S, (1 6 j 6 `). Linear algebra show that such a
polynomial exists as long as T d > [K : Q]S`.
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Proof of the Six Exponentials Theorem 2
Assume T d > 2[K : Q]S`. A Lemma due to Thue and Siegel
provides a solution with an upper bound for the height of P :

H(P ) 6 e
c1ST .

The constant c1 depends on the algebraic numbers exiyj but
not on S nor T .
By induction on max{sj} one proves that

F (s1y1 + · · ·+ s`y`) = 0

for all (s1, . . . , s`) with sj > 0.
We explain the first step of the induction: assume
max{sj} = S. From Schwarz’s Lemma, using the fact that we
already know S` zeroes of F , we deduce

|F |c2S 6 e
�c3S

`
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Proof of the Six Exponentials Theorem 3

In particular

|F (s1y1 + · · ·+ s`y`)| 6 e
�c3S

`

for 0 6 sj 6 S, (1 6 j  `). The left hand side is an algebraic
number, Liouville’s inequality yields that it is zero.

This is the first step of the inductive argument. Once we
complete the induction, one deduces F = 0, hence the
contradiction.

Assumption `d > `+ d:

T d
' S`, TS ' S(`+d)/d, TS < S`.
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Baker’s Theorem
Let `1, . . . , `n be Q–linearly independent complex numbers
such that ↵1 = e

`1 , . . . ,↵n = e
`n are algebraic. Then the

numbers 1, `1, . . . , `n are-linearly independent over the field Q
of algebraic numbers.

Corollaries:
• Transcendence of numbers like �1 log↵1 + · · ·+ �n log↵n,
e
�0↵

�1
1 · · ·↵

�n
n .

• Siegel integral
Z

0

1 dx

1 + x3
=

1

3

✓
log 2 +

⇡
p
3

◆

Siegel, Carl Ludwig
Transcendental numbers. Annals of Mathematics Studies. 16.
Princeton, N. J.: Princeton University Press. 102 p. (1949).
Reprint of the 1949 edition. Texts and Readings in Mathematics 60.
New Delhi: Hindustan Book Agency 102 p. (2012).
Zbl 0039.04402 Zbl 1283.11003
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Baker’s method 1

Let `1, . . . , `n be Q–linearly independent complex numbers
such that ↵i = e

`i , (i = 1, . . . , n) are algebraic. Write
`i = log↵i. Let �0, �1, . . . , �n�1 be algebraic numbers such
that

�0 + �1 log↵1 + · · ·+ �n�1 log↵n�1 = log↵n.

Consider the functions

z0, e
z1 , . . . , ezn�1 , e�0z0+�1z1+···+�n�1zn�1

and their derivatives at the points in

Z(1, log↵1, . . . , log↵n�1).
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Baker’s method 2
The first step is the existence of a nonzero polynomial
P 2 Z[X0, . . . , Xn] such that the auxiliary function of n
variables

F (z0, . . . , zn�1) = P (z0, e
z1 , . . . , ezn�1 , e�0z0+�1z1+···+�n�1zn�1)

has a zero of high multiplicity, say T , at several points in

Zu, where u = (1, log↵1, . . . , log↵n�1).

If F has a zero of multiplicity > T at a point su, then for a
derivative Dt1 of multiplicity 6 T/2 the function of a single
variable

G(z) = Dt1F (zu)

has a zero of multiplicity > T/2 at s. Schwarz’s Lemma in a
single variable produces an upper bound for |G|r. In the
inductive process one decreases the order of derivation, and
increases the number of points. To complete the proof (and
reach a contradiction) one needs to use a zero estimate. 43 / 171



p–adic transcendence
The series X

n>0

zn

n!

which defines the exponential function has a finite radius of
convergence in the p–adic case.

The transcendence proofs which require to take a large radius
when applying the analytic estimate do not work in the p–adic
case.

Two open problems:
• p–adic Lindemann–Weierstrass
• Algebraic independence of 2

3p2, 2
3p4

Adams, W. W.
Transcendental numbers in the p–adic domain. Am. J. Math. 88,
279-308 (1966). Zbl 0144.29301
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