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1. Introduction. Let d > 3 be an integer. We denote by Bin(d,Z) the
set of binary forms F' = F(X,Y) with integer coefficients, of degree d and
with discriminant different from zero. For

ar a
(1) = (0 ") ecreo),

a3 ag4
and F' € Bin(d,Z), F o~ is the binary form with rational coefficients defined
by

(F o ’y)(Xl,XQ) = F(CL1X1 4+ a0 Xs,a3X1 + a4X2).
Two elements F} and Fy in Bin(d,Z) are said to be isomorphic if there is a
v € GL(2,Q) such that
Floy=F;.

To estimate the number of values simultaneously taken by F; and Fs, we
introduce the counting function, for N an integer > 1,

(12) N(Fy, Fy;N) = 8(Fy(Z°) N F(Z%) N [-N, +N))
= #{m : |m| < N, there exists (1, o, 3, 14) € Z*
such that m = Fy (21, 22) = Fa(x3,24)}.

Our first result gives an upper bound for this function when the two forms
are not isomorphic.
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THEOREM 1.1. For every d > 3, there is a constant ¥4 < 2/d such that,
for every e > 0, for every pair (Fy, F») of non-isomorphic forms in Bin(d, Z),
as N — oo, one has the bound

(13) N(Fl,FQ;N) :OF17F278<N19d+5>.
This theorem calls for the following comments:

REMARK 1.2. The point of this theorem is that the constant ¥4 defined
in (2.1) satisfies 95 < 2/d (see (2.3))). In fact, it is known that for any
F € Bin(d,Z), there exists Cp > 0 such that, for N tending to infinity, one
has

N(F,F;N) = (Cp + op(1))N*/*
(see Theorem [A]in due to Stewart and Xiao [SX| Theorem 1.1]).

REMARK 1.3. The explicit value of ¥4 given in (2.1]) leads to the inequal-
ity ¥g > 1/d for all d > 3 (see (2.3)). It also shows that ¥4 is asymptotic to
1/d as d — oo. This value is asymptotically optimal as shown by the forms

FX,Y)=X44+v? and F(X,Y)=X%+2v%

These two forms are not isomorphic. From the equalities Fi(n,0) = F(n,0)

= n?, we deduce the lower bound

N(F,Fy; N) > NY4N > 1).

REMARK 1.4. According to [FW, Corollaire 3.3|, if the two forms Fy, F
are positive definite and not both divisible by a linear form with rational

coefficients, then the exponent 94 in the conclusion of Theorem can be
replaced by ng with 9y < 94 (see the definition of 1y and ¥4 in §2.1)).

REMARK 1.5. We will show in §2.4] that ¥4 can be replaced by 74 as in
the previous remark when the binary form Fi(X,Y)F>(X,Y) has no real
root.

REMARK 1.6. Theorem [[.1lis no more valid for d = 2. This is well known:
see for instance [FLW], Prop. 6.1, (6.3)], where, choosing F}(X,Y) = X?+Y?
and F5(X,Y) = X2 4+ XY + Y2, one has, for B tending to infinity, the
asymptotic formula

N (Fy, Fy; B) = (8o + o(1))B(log B) /4
for some constant By > 0.

REMARK 1.7. Theorem immediately generalizes to binary forms with
rational coefficients: it suffices to multiply by a common denominator.

REMARK 1.8. The following proposition shows that if F; and Fy are
isomorphic, equality (1.3 never holds.
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ProOPOSITION 1.9. Let d > 3 and let F| and Fs be isomorphic binary
forms in Bin(d,Z). Then there is a positive constant Cp, F,, such that, for
N tending to infinity, we have

N(Fla Fy; N) > (CFLFQ - 0F1,F2<1))N2/d'

Proof. Let 7 as in (1.1]) be such that F; = Fyo~. Let D > 1 be an integer
such that (Day, Dag, Das, Day) belongs to Z*. By homogeneity, we deduce
that the two forms

G1(X1,X2) = F1(DX,DXy),

Go(X1,X2) := Fo(Da1 X1 + Das Xy, Das Xy + DayXo)
are equal. So we have the equality of their images

G1(Z%) = Go(Z?).
We also have the obvious inclusions
G1(Z% C Fi(Z?) and Go(Z?) C Fy(Z?),

which leads to
(1.4) G1(Z%) C Fi(Z*) N Fy(Z?).
A new application of the result of Stewart and Xiao (see Theorem |A| below)
gives, for some constant Cg, > 0, the equality
(1.5) N(G1,G1;N) = (Ca, + o, (1)) N*/*

as N tends to infinity. Gathering ([1.4) and (1.5) we obtain the inequality
claimed in Proposition .

Theorem is an important tool for our generalization of our previous
study in [FW], where we produced an asymptotic formula for the number
of values m, with |m| < B, taken by some cyclotomic form @, of degree
p(n) greater than a fixed d > 3. Recall that ¢ is the Euler function and
that to the nth cyclotomic polynomial ¢, (X), of degree p(n), is attached
the cyclotomic form &,(X,Y) =Y%M . ¢ (X/Y).

Our purpose is to study the following general problem:

Let F be an infinite subset of | J;~5Bin(d, Z), satisfying natural properties.

Let A be a fixed non-negative integer. As B tends to infinity, estimate the
counting function

(1.6)
R>a(F,B,A) :=4{m:0 < |m| < B, and there are F' € F with deg F' > d
and (x,y) € Z2 with max {|z|, [y|} > A such that F(x,y) = m}.

The introduction of the parameter A may seem artificial. It is designed
to prevent the following phenomenon encountered for instance in the case of
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the family of cyclotomic forms @,,, where, for every prime p, we have
(1.7) Dp(1,1) =p
(recall that @,(X,Y) = (X? —Y?)/(X —Y)). We wish to avoid counting
these values, since the set of primes, by its cardinality, completely hides the
set of other values @, (x,y) when max {|z|, |y|} > 2 and ¢(n) > d.

Let F be a set of binary forms. We denote by F; the subset of forms in

F of degree d. We will study the set of values taken by forms belonging to
some (A, A1, do,d1, k)-regular families F, which we define as follows.

DEFINITION 1.10. Let A, A4, do, di be integers and let k be a real number
such that
(1.8) AZl,Alzl,d12d020,0<l€<A.
Let F be a set of binary forms. We say that F is (A, Ay, dy, d1, k)-reqular if

it satisfies the following conditions:

(i) The set F is infinite.
(ii) We have the inclusion

F c | JBin(d, 7).
d>3
(iii) For all d > 3, one has §F; < d41,
(iv) Two forms in F are isomorphic if and only if they are equal.
(v) For any d > max {d;,dp + 1}, the following holds:
F e Fy, )
(z,y) € Z% and F(z,y) #0, o = max{|z|,|y[} < r[F(z,y)| "% .
max {|z, [y|} > A
The upper bound on the right-hand side of (v) is trivial for max {|z|, |y|}
< k; this is why we require A > k.
The family of cyclotomic forms
D :={P,:p(n)>4,n#2 (mod4)}

satisfies assumptions (i)—(iv), but is not (1, Ay, dp, d1, k)-regular for any value
of Ay, dy, di and &, since shows that (v) is not satisfied. However, @ is
(2,2,0,4,2/+/3)-regular: this is a consequence of [FW| Théoréme 4.10] and
of the classical inequality n/(loglogn) < ¢(n) < n.

1.1. Some facts on a single form. Before stating our main result con-
cerning R>q4(F, B, A) defined in (1.6]), we recall some fundamental objects
attached to a binary form F' € Bin(d,Z) when d > 3:

e The fundamental domain of F is
D(F) := {(z,y) € R®: |[F(z,y)| < 1}.
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e The area of the fundamental domain of F' is the real number
(1.9) Ap = SS dz dy.
D(F)
We always have 0 < Ap < 0.
e The group of automorphisms of F' is

Aut(F,Q)

::{claﬁeGuz@:ﬂXJU:ﬂmX+@K%X+Mn}
as a4
This is a finite subgroup of GL(2,Q).

We now recall the important result of Stewart and Xiao [SX| Theorems
1.1 and 1.2], already mentioned above:

THEOREM A. For every d > 3, there is a constant kg < 2/d such that,
for all F € Bin(d,Z) and all € > 0, the equality

N(F,F;B) = Ap - Wg - B¥/? 4 Op(B*a+9)

holds uniformly for B — oo, where Wrp = W (Aut(F,Q)) depends only on
the group Aut(F,Q).

For G a finite subgroup of GL(2, Q) which is the group of automorphisms
of an element of Bin(d, Z), the constant W (G) is a rational number which is
defined in [SX| Theorem 1.2]. This definition is subtle since it depends on the
denominators of the entries of the matrices belonging to G. However, for the
families F that we will meet in this paper, we will only need the equalities

(1.10)
+1 0
W{Id}) =1, W({ld, -1d}) =1/2, W<{< )}) =1/4.
0 =1
Finally, the exponent x4 in Theorem [A]is defined by
2 if d =3,
3 .
(111) Rd = m 1f4§d§87
5 if d>9.

Actually, the value of this exponent is improved when F'(X,Y") does not have
a linear factor over R[X, Y]; see [SX], (1.11)].

1.2. An asymptotic formula for R>4(F, B, A). Our central result is
the following. The exponent ¥, is defined in (2.1).

THEOREM 1.11. Let (A, A1, do, d1, k) satisfy conditions (1.8]). Let F be a
(A, Ay, dy, dy, k)-regular family of binary forms. Then for everyd>max {3, d; }



6 E. Fouvry and M. Waldschmidt

and every positive €, one has

R>a(F, B, A) = ( > AFWF) B4 OF pa:(BY%) + OF aa(BY?)
FeFy
uniformly for B — co. The integer d' is defined by
d":=inf{d" : d' > d such that Fy # 0}.

Recall that Fy is not empty for infinitely many values of d since the set
F is infinite.

Assumption (v) in Definition of a regular family cannot be omitted,
even in the case of totally imaginary forms (homogeneous versions of poly-
nomials without real roots), as shown by the sequence of positive definite
forms (X — Y)2(X —2Y)?--- (X —dY)? + dY??, the value of which at the
points (z,y) = (n,1), 1 <n <d, is d.

The following is a direct application of ((1.10]):

COROLLARY 1.12. Suppose that F satisfies the hypothesis of Theorem

and that, for every d > 3, F4 satisfies one of the following three condi-
tions:

(C1) for all F € Fyq, we have Aut(F,Q
(C2) for all F € Fyq, we have Aut(F,Q

Id},

) =A{
) = {xId} (cyclic group of order 2),

Q |

(C3) for all F € Fy, we have Aut(F,Q) = {(%' L)} (Klein group of
order 4).

Then

(1.12)

Rou(F, B, A) = Ca (3 Ar)- B 407 4,40(B") 4+ O 4 (B,

FeFy

where the coefficient Cq is 1, 1/2 or 1/4 according as condition (C1), (C2),
or (C3) is satisfied by Fy.

1.3. Some applications. We now give a list of regular families F in
order to illustrate our results.

The first example of course is given by the sequence of cyclotomic binary
forms [FLW]|. We do not repeat it.

Our second example is given by a family of binomials az? + by? where
d is even while a, b have the same sign: these restrictions allow us to check
easily assumption (v) in Definition of a regular family. Since the proof
is easy, we give it right away.

The other three examples below will require more work; for them we
restrict ourselves to families F satisfying the conditions of Corollary in

order to apply (1.12]).

There are a lot of variations on these constructions.
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1.3.1. Binomial forms. For each even integer d > 4, let £; be a finite
subset of Z~g X Z~q. Assume &; is not empty for infinitely many d and has
at most d1 elements for some A; > 0 and all d. Let By denote the family of
binary forms aX? + bY? with (a,b) € & and let B = |J;5, Ba. We assume
that for (a,b) # (a/,b') in &y, at least one of a/a’, b/V is not a dth power of
a rational number, and also at least one of a/b’, b/a’ is not a dth power of a
rational number.

THEOREM 1.13. The family B is (2, A1,0,4,1)-regular.
Further, for every d > 4 and every € > 0 we have

de(67 B7 2) = ( Z AFWF) BQ/d —|— Olg’d’E(BmaX {ﬂd+6’2/dT})
FeBy

uniformly for B — oco. The integer d' is defined by
d:=inf{d :d >d, By # 0}.
We will check hypothesis (iv) of Definition by means of the following

auxiliary result.

LEMMA 1.14. Let d > 4 be even and let a,b,a’,b’ be positive integers.
Then the binary forms aX® + bY % and o’ X + ¥'Y? are isomorphic if and
only if either a/a’, b/t are both dth powers of rational numbers, or a/t', b/a’
are both dth powers of rational numbers.

Proof. 1fa/a’ = u® and b/ = v?, then the forms a X¢+bY? = o’ (uX )+
V(vY)? and o/ X¢ 4 v'Y? are isomorphic. Also, if a/b’ = u? and b/a’ =
v?, then the forms aX? + bY? = o/(vY)? 4+ 0/ (uX)? and o/ X? + 0'Y? are
isomorphic. It remains to prove the converse.

Assume aX? +bY? and @/ X? + b'Y? are isomorphic. Let v = (3} 32) €
GL(2,Q) satisfy

alar X +asY)? +blasX + asY) =/ X+ 'Y
We have
aad +bad =d/,  aal+bad =1
and, fori=1,...,d—1,
aatad™ + batad™" = 0.
Assume as = 0. From
a(a1 X))+ blazX + a V) = o/ X+ 1Y

we deduce ba = b/, a4 # 0, hence a3 = 0, and therefore aa{ = a'.

Assume a1 = 0. From

a(azY)? + blazX + a V) = o/ X + 0’y

we deduce bad = a’, a3 # 0, hence a4 = 0, and therefore aad = ¥'.
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Finally, let us check that the case ajas # 0 is not possible. Write

aalagfl + bagaéfl =0, aa%a%fQ + bagaff*2 =0.

We deduce azaq # 0,
a)*_ _b(a)"
as)  a\as ’

al . b aq =1
as a \ as
d

aq . a

(a2> b’

which is impossible for a, b positive and d even. m

Proof of Theorem|[1.13 Conditions (i)-(iii) in Definition [1.10]are satisfied
by hypothesis.

For (a,b) # (a/,V') in &z, the binary forms aX¢ + bY¢ and o/ X? + 'Y
are not isomorphic, as shown by Lemma . Finally, for (a,b) € &; and
(z,y) € Z*%, we have

hence

az? 4 by? > (max {|z/, |y|})%

This completes the proof of the condition (v) in Definition [I.10]
The second assertion of Theorem [[.13] then follows from Theorem [[L11l =

Our assumptions do not allow any upper bound for R>q(B, B, 1) better
than B: the set of all a, b and a + b for (a,b) in |~ E¢ may contain all
positive integers.

Explicit values for Wr and Ap for F' € Fy are given in [SX] Corollary 1.3].
The values of Wr and Ap are computed without the assumptions of a,b
having the same sign and d being even, but none of these two hypotheses can
be omitted from our theorem, as shown by the two sequences X% —(d? —d)Y?
(d even) and X9 4 (d% — d)Y? (d odd).

1.3.2. Products of positive quadratic forms. Let (up)n>1 be an increasing
sequence of positive squarefree integers; assume that there exists A > 0 such
that

(1.13) pn < An  foralln > 1.
If we choose p, = ¢, where (g, )n>1 is the full sequence
1,2,3,5,6, 7,10, 11, 13, 14, 15,. ..

of positive squarefree integers, written in ascending order, then, as is well
known (see [HW) Theorem 333| and https://oeis.org/A005117), we have

Hon <7} = 3 pln)? = Spa + O(Va),

n<x


https://oeis.org/A005117
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which implies that
2

™
I~ pn (n — o0).

Since pa30 > goso = 381, we have A > %- As a matter of fact, we have
381
(1.14) sup I _ 207,
n>1 N 230

Hence, in the special case pn, = ¢, (n > 1), A = 381/230 is an admissible
value.

Ford > 2and 1 <v < d+1, we denote by QIV the binary form of degree
2d defined by the formula

(1.15) QfxY) = [ (X*+uy?).
1<n<d+1
n#v

The associated family is
Qr:={Qy,:d>2,1<v<d+1}

with QF =0 for d odd and QJ, = {QJ, : 1 <v <d+1} for d > 2. With A
defined in (|1.13)), we have

THEOREM 1.15. The family Q% is (2,1,0,4,1)-regular.

Furthermore, for every d > 2, Q;d satisfies condition (C3) of Corol-

lary|1.12]
Finally, for every d > 2 and every € > 0 we have

1
(1.16) R>24(QT,B,0) = Z( Z AF>Bl/d + Oy go (B {2ate1/(d+1)}y

FeQy,
uniformly for B — oo, and
(1.17) T VA< (X Ar) <mve(Vd+),
VA FeQy,

See (12.5)) for a simplification of the exponent in the error term of ((1.16]).

REMARK 1.16 (Thanks to Jean-Baptiste Fouvry). Consider the quartic
forms

Q35(X,Y) = (X2+Y2)(X2+2Y?), QF,(U, V)= (U*+2V) (U +3V?).
One checks
Q3 3(X,Y) — Q5 (UY) = (-U? + X2 — Y3 (U + X? + 4Y?).

The Pythagorean triples (y,u,x) which are the solutions of the equation
y? + u? = 22 produce solutions (m, z,y, u) to the equations

m = Qig(%y) = Q;l(u, y).
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It follows that the exponent 94 = 0.448 in Theorem [I.1] cannot be replaced
with an exponent < 0.25.

1.3.3. Products of indefinite quadratic forms. With the above notations,
including the definition of A in ([1.13]), we assume pu; > 2 and we consider,
ford > 2 and 1 < v < d+ 1, the binary form of degree 2d defined by

QX V)= [ (X*—uY?.
1§n§d+1

The associated family is
o~ ::{Q;’V:dZQ, 1<v<d+1}
with @, = 0 for d odd and Q;d:{Q;V:1§u§d+1} for d > 2.
From ({1.14) one deduces

1
sup dn+ —9
n>1 M

hence A > 2. In the special case p,, = ¢p4+1 (n > 1), an admissible value for A
is A=2.

THEOREM 1.17. For A > 2e), the family Q~ is (A, 1,2,2,2e))-regular
and satisfies condition (C3) of Corollary|1.12]
Furthermore, for d > 2, we have

1
R>24(Q7, B,0) = Z( > AF>Bl/d 4 Oy g e (BRx (O2ate /(@41}y

FeQy,
uniformly for B — oo.
Finally,
T
1.18 — Vd< Ap < 2204,

FeQy,
where the lower bound is valid for all d > 2 and the upper bound for d
sufficiently large.

1.3.4. Products of linear factors. We reserve the letter p for prime num-
bers and we consider, for 5 < d < p, the binary form Ly, € Bin(d, Z) defined
by

Lip(X,Y):= (X —pY)- [] (X-nY).
0<n<d—2
The associated family is

L:={Lgp:d>5,d<p<2d}.
We have the following result:
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THEOREM 1.18. The family L is (10,1,1,5,9)-regular.

Furthermore, for d > 5, Lg satisfies condition (C1) of Corollary
for d odd and condition (C2) for d even.

Finally, for every d > 5 and every € > 0, one has

(2 ) Z ALd,p)B2/d—|—Od7€(Bmax{19d72/(d+1)}),
7 d<p<ad

(1.19) R>q(L,B,0) =

uniformly for B — oo, and

_ 2
e? — o Z AL, <5e +2e+o0(1)

log d d§p<2d - log d

uniformly for d — oo.

The numerical values are e = 7.389... and 5e% + 2e = 42.381....
See (12.6]) for a simplification of the exponent in the error term of ((1.19)).

REMARK 1.19. We now give some hints on the construction of the fam-
ily L. More generally, consider the binary form of degree d defined by

Lna(X,Y) = J] (X —nY),
1<i<d

where n := {n; < --- < ng} is a set of d integers. Fix d > 5; then for almost
all n (in the sense of Zariski topology), the group of automorphisms of Ly, 4
is trivial, which means equal to {Id} or {£Id}, according to the parity of d.
Similarly, for fixed d > 5, for almost all (m,n) the binary forms Ly, 4 and
Ly, 4 are not isomorphic. For statements of that type, see [FK] for instance.
The strategy of choosing n; = 0 and ng = p, where p is a large prime, ensures
that the group of automorphisms is trivial and that the binary forms that
we meet are not isomorphic. These statements are proved by appealing to
the classical properties of the cross-ratio (see I and -

Finally, we choose for nq,...,ng_1 the first d — 1 integers. This enables
us to estimate the area Ar,  (see via Stirling’s formula

(1.20) NNe™MVorN < Nl < NNe™Ny/2rN el /(12N),

which is valid for all NV > 1. In particular, as N — oo, we have
1
logN —1< Nlog(N!) <log N —1+o0(1).

It would be interesting to further investigate the explicit construction of
other regular families of forms which are products of Z-linear forms.

REMARK 1.20. A natural way to generalize the construction of the fami-
lies B, @~ and Q™ is to consider sets of forms which are products of binomials
of the shape

Bon(X,Y) =X +nY?
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The key point is to choose the integers n and the exponents a > 2 in such
a way that we are able to control the homographies in PGL(2,Q) which
exchange the set of zeroes of the products of B, .

2. Proof of Theorem [I.1]

2.1. Beginning of the proof. The starting point is [FW], Théoréme 3.1].
To state this result we use the following notations:
If F} and F; belong to Bin(d,Z) and if B > 1, we put
M(Fy, F»; B)
= t{(z1, 22,23, 24) € Z" : max|2;| < B, Fi(x1,22) = Fa(as,24)},
M*(Fl, Fg; B)
= ﬁ{($1,$2,$3,$4) (S Z4 : max|x,-] < B, Fl(l'l,l'g) = Fg(xg,a}4) 7& 0}.

For d > 3, we introduce

%+ 73 for d = 3,

108v/3
Ng = 21d+ﬁ\/& for 4 < d < 20,
é for d > 21
and
dng
(2.1) Vg = dntd_2
and
ng if the binary form Fy(X,Y)F»(X,Y)

(2.2) Moy Fy = has no zero in P1(R),

¥q otherwise.

Here are the first approximate values for 74, 94 and kg4 (recall (1.11))):

Nd Va Kd
0.612 0.647 0.631
0.406 0.448 0.428
0.301 0.334 0.309
0.236 0.261 0.234
0.192 0.211 0.184
0.161 0.177 0.150

0 3 O Ut = W

For d > 3 and for F} and F; belonging to Bin(d, Z), one has the inequalities
(2.3) 1/d <ng < gy g, < Ya < 2/d,
and in particular, for d > 21, we have ng = 1/d and ¥4 = 1/(d — 1).
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Furthermore, by comparison with k4 defined in ((1.11)), we check that

% if3<d<?2
(2.4) kg < Vg ?3_ < 20,
kg ="1q ifd>21.

Finally, by a direct computation we have the inequalities

25) {ﬁ2d>1/(d+ 1) ifd=2,3,
Bog < 1/(d+1) ifd >4,

and

26) {ﬁd>2/(d+ 1) ifd=4,5,
O <2/(d+1) ifd>6.

We now recall (see [EW], Théoréme 3.1])

PROPOSITION 2.1. Let d > 3 and let Fy and Fs be non-isomorphic forms

in Bin(d,Z), not both divisible by a linear form with rational coefficients.
Then for all e > 0 and all B > 1 one has

M(Fy, Fy; B) = Or, 1y o(BT4F).

As shown by [FW] Remarque 3.2|, the above bound may not hold if one
of the binary forms is divisible by a linear form over Q. One eliminates this
hypothesis by studying the counting function M™* rather than M. In other
words, one has the following variant for Proposition 2.1}

PROPOSITION 2.2. Letd > 3 and let F1 and F> be non-isomorphic forms
in Bin(d,Z). Then for every € > 0 and all B > 1 one has the bound

M*(Fy, Fy; B) = Op, F, «(B™47¢).

Proof. We refer to the original proof of [FW| Théoréme 3.1]. The hypoth-
esis that F} or Fy has no Q-linear factor is only used in [FW, (22)] (which is
equation (3.8) in the arXiv version). This case no longer has to be considered
when one studies M* instead of M. u

2.2. Lemmas in diophantine approximation. First we prove the
following

LEMMA 2.3. Let f € Z[t] be a polynomial of degree d > 1 and with
discriminant different from zero. Let &1,...,&q be the complex roots of f.
Then there are real constants ¢y > 0 and co such that

(i) for everyt € C, one has mini<j<q |t — &;| < ca| f()],
(ii) for every t € R, the condition |f(t)| < c1 implies the existence of a real
root & such that [t — &| < ca| f(t)].

Proof. This statement is trivial when d = 1. We now suppose d > 2.
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We further suppose that ag (the leading coefficient of f) is > 1 and we
factor f into
d
) =ao Tt - &).

j=1
Let ¢ := minj<jcj<q|& — & Since the discriminant of f is different from
zero, we have 6 > 0. Let ¢ be an index such that |t — &| = minj<;<q [t — &
The triangular inequality gives, for j # i, the lower bound

=&l —&l 1 g
t— & > _
|t =&l = 5

9 Z§|§j_€i|2

We write the sequence of inequalities

5 d—1
sonz T e-6lzle-6l(3) -

1<j<d

which leads to point (i) with cy = (2/6)471.
For item (ii), we now suppose that ¢ is real. We decompose the proof into
three cases.

If all the ; are real, there is nothing to prove as a consequence of (i).
We choose ¢; = 1 for instance.
If no &; is real, we set

;= inf
C1 ;IEIR“C(x)’v

which is > 0.
If f has at least one real root and at least one non-real root, we put

o = Clzmin{llm(&ﬂ 1<i<d &¢R).

Applying item (i), we notice that for ¢ € R the inequality |f(¢)| < ¢1 implies
the existence of a root £; such that
[t —&| < cico =min{|Im(§ —t)]: 1 <i<d, & ¢ R},

If & were not real, we would deduce that [t — &;| < |Im(t — &;)|, which is
impossible. Hence ¢; is real. m

The following lemma provides an upper bound for the tail of the series
defining the Riemann (-function.

LEMMA 2.4. For all real § > 1 and all positive integer B, one has

> <CB

n>B
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Proof. By dividing the interval of summation into intervals with length B
and by using the inequality Bq+r > Bgq, we write

Z ZZ Bq+r < 152 5)B'. u

n>B q>1 r=0 q>l
The next lemma was inspired by [Hol pp. 34-36].

LEMMA 2.5. Let &, K, s, Q1 and Q2 be real numbers such that s > 2,
k>0, Q2 > Q1 > 1. Then the number of rational numbers % such that

’5_,‘<7 and Q1 < q < Qs

1s bounded by
2s+1/€

log Ql
— s—2 +
(2572 -1)Q3 log 2
Proof. First we conbider the case when (02 < 2@)1 and we prove the result
with the coefficient 29 5:—2—7 replaced by 8. Two distinct rational numbers £ o %

such that Q1 < q,q < Q2 satisfy the inequalities

/
R R
qa q ¢~ Qy ~4Q1
If they also satisfy
/
p K p K
Rl -
then they belong to the interval
|:§ QS 7§ + Qs:| )
the length of which is 2k/Qf. So the number of such g is less than
2K 8k
A= +1=—=+1.
Qf i

In the case where Q2 > 2Q)1, we cover the interval [Q1, Q2] by ¢ intervals
[27Q1, 21 Q1], 0 < h < £ — 1, with 2671Q; < Qo < 2¢Qq; thus ¢ satisfies

the inequalities
Q2 Q2

log log
Ql < E < 1 + Ql
log 2 log 2

As we have seen, in the interval [Zth, 2h+1Q1], the number of rational num-
bers g satisfying our assumption is bounded by

8k

— + 1.
9h(s—2) QT*Q +
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The total number of fractions % satisfying our assumption is less than

-1 3
Z(W ) Qs222h52

h=0

_8n 27 log &2
Qi 2572 - log 2
2.3. On the set of values taken by a binary form when one of
the variables is large. As a consequence of the three lemmas proved in

§2.2] we will deduce

PROPOSITION 2.6. Let d > 3 and let F € Bin(d,Z). Then there are
constants cs and cy4, effectively computable and depending on F only, such
that, for all A > ¢35 and all A > 0, one has

H{(,y) €Z2: 0 <|F(a,y)| < A, |y| > AVIAY < ey(AY9A%~1 4 AVE@1),

The proof of this proposition will use the following effective refinement
of Liouville’s inequality, due to N. I. Fel’"dman [F]:

LEMMA 2.7. Let & be an algebraic number of degree d > 3. There are
effectively computable positive constants c5 = c5(§) and cg = c(§) such that,
for every fraction p/q € Q with ¢ > 1, one has

Cs
‘5 - ' g

A completely explicit version of this inequality can be found in [GP) (13),
p. 248].
We deduce from this lemma the following one.

LEMMA 2.8. Let P(X) € Z[X] be a polynomial of degree d > 3. There
are effectively computable positive constants ¢ = c5(P) and ciy = cx(P) such
that, for every root £ of P, and every rational number p/q such that ¢ > 1
and p/q # &, we have

p
2.7 £ — ' >
. -

/
Cs

qd—cg ’

We stress that there is no assumption on whether the polynomial P is
irreducible or not, nor on whether the root ¢ is real or not.

Proof of Lemma [2.8. Let § be the degree of £&. We split the argument
according to the value of § and to the nature of &.

If £ is not real, inequality is trivial since |£ — p/q| > [Im &| for every
rational number p/q.

We now suppose that £ is a real number.
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If 6§ =1, we put £ = a/b with a and b integers and b > 1. We have
la/b—p/q| = |ag—0bp|/(bg) > 1/(bq), since & is different from p/q. We obtain
with the choices ¢ = 1/b and ¢ = 1 since d > 3.

If § = 2, the real number ¢ is quadratic. Liouville’s inequality for quadratic
real numbers is optimal: there exists o = «(§) > 0 such that

X

q q
By the hypothesis d > 3, we deduce (2.7) with the choice ¢ = « and
g =1/2.

If 6 > 3, we apply Lemma [2.7] in the form

C5
q6706

L
q

Since 0 < d, we obtain (2.7) with the choice ¢f = ¢5 and ¢f = cg.
To complete the proof, we choose for ¢ = ¢§(P) and for ¢ = ¢4(P) the
least values ¢ and ¢ corresponding to the various £ that we met above =

Proof of Proposition . Let f(t) = F(t,1), so F(x,y) = y%f(z/y). Let
d' be the degree of f. Since the discriminant of F' is different from zero, we
have

d=d or d-1.

If f has no real root, then, for sufficiently large A (more precisely, for A >
(infer | f(£)]) V%), the set

{(z,y) €72 : 0 < |F(z,y)| < A, |y| > AV?A}

is empty.

Let 7 > 1 be the number of real roots of f, denoted by &1,...,&.. By
hypothesis these roots are simple. Let (x,y) € Z? with y # 0. The condition
0 < |F(z,y)| < A implies

€T A
°<’f<y>\§w

We suppose |y| > AY4A and A > cl_l/d, and we apply Lemma (ii). We

deduce the existence of some i € {1,...,r} such that
T A
2.8 0<|%—gl <22,
(28) y Tyl

which is equivalent to

(2.9) 0< |z —y&| <
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When the integer y is fixed, the number of integers x satisfying (2.9) is equal

to
2c9 A
|y[@-1

+0(1).

We fix Yy = AY(@D and we sum over i = 1,...,r. We apply Lemma
with B = AY9A and 6 = d — 1 to deduce that the number of (z,%y) with
0 < |F(x,y)| < Aand AYV4A < |y| <Yj is bounded by

(2.10) O(AY1A%=4) 1 O(Yp).
To complete the proof, we use Lemma[2.8] which implies the lower bound
(2.11) 6 Pls G 5 G
: ¢ ql ~ qd’—c’6 = qd—cé

Combining with (2.11), we deduce the upper bound |y| < Y; with
Y, = (E—EA) /¢ 1t remains to compute the number of solutions of
satisfying Yy < |y| < Y;. We use Lemma with s = d, k = oA, Q1 = Y,
Q2 = Y7 to see that this number is bounded by

O(A/Y§™?) + O(log Y1) = O(AV@=D),
By adding we obtain the upper bound announced in Proposition "

2.4. End of the proof of Theorem We split the argument into
two different cases.

Assume first the binary form Fy(X,Y)Fy(X,Y) has no zero in P*(R).
This holds true if and only if the polynomial

Fy (t7 1)F1(]-a t)FQ(t7 1)F2(17 t)

has no real root. By homogeneity, there is a constant ¢7; > 0 such that for
all (z1, 29,3, 24) € R*, one has
|F1 (21, 29)| > epmax {|z1|?, |z2|?} and |Fy(xs, x4)| > c7 max {|z3|?, |z4|%}.
This leads to the existence of a constant cg such that the inequalities

|F1(.1‘1,.?U2)‘ S N and ‘Fg(wg,x4)| S N

imply max(|z1], |z2|, |z3], |z4]) < B with B := (cgN)*?. We apply Proposi-
tion in the form
N(Fla Fy; N) <1+ M*(Fla Fy; B) = OF1,F2 (Bdnﬁ_s) = OFl,Fz(Nnd+€)'

By inequality (2.3)), the proof of Theorem is complete in that case, in-
cluding the refinement stated in Remark

Assume now that Fi(X,Y)Fy(X,Y) has at least one zero in P'(R).
This is equivalent to the assumption that Fy (¢, 1)Fy(1,¢)Fa(t, 1)Fa(1,t) has
at least one real root. The constant 7 .1, 18 now defined by the second
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formula of (2.2), that is, 1, p @ = J4. Let

;o % —d
Codng+d—2’
so we have 5
i (d—2)7 = n4(1 +dr) = ng 5, -
Let A := N7. To bound from above the number N (Fy, Fy; N) of m € Z,

m| < N, such that there is at least one (x1, z2, x5, x4) € Z* satisfyin
) ) ) y g

(2.12) Fi(z1,22) = Fa(3,24) = M,
we first consider those m such that at least one of (x1,x2,x3,x4) associated
to m by ([2.12)) satisfies

max {|z1], |za|, |3, |za]} < NV4A,

Proposition with B = NY4+7 ghows that the number of those m is
bounded by

(2.13) Oy 2 (BM19) = Opy p, o(NWOHI ) — Op (N1, 7 FE),
Next, we estimate the number of those m such that all the 4-tuples
(z1,x9,x3,x4) associated to m by satisfy
max {|z1], |z2|, |23, |z4]} > NVIA.

For simplicity, we study the case where |z1| > N4 A since the other cases

are similar. We only consider the values taken by the binary form F; and

we apply Proposition [2.6, With the choices ' = F; and A = N, using

¥q > 1/(d—1), we deduce that the number of the relevant m’s is bounded by
Or, R, (Nz/dA2_d + Nl/(d_l)) =Or.,Fp (Nn(li’Fl’FQ)'

By (2.13)), this completes the proof of Theorem

3. Proof of Theorem By similarity with , we put
R_a(F,B,A) :=#{m:0 < |m| < B, and there are F € Fy, (z,y) € Z?,
such that max {|z|,|y|} > A and m = F(z,y)}.
The lower bound for R>4(F, B, A) is obtained as follows:
R>a(F,B,A) > R_4(F,B,A)
> Y N(F,F;B)=> > N(F,F;B)— (24 +1)’d™,

FeF, F,F'eF,
F+F'

where the counting function A is defined by ((1.2)). Condition (iii) in Defini-
tion of a regular family implies §F3 = Og4(1); thanks to condition (iv)
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and to the inequality kg < ¥4 (see (2.4)), Theorems and . Al give
(3.1) R>a(F,B,A) ( Z AFWF> . g2/d _ 0.7—'7,475(319”[—’_8).
FeFy

For the upper bound, we recall that the parameters dy, k and A; appear
in Definition We start from the inequality

df+do
(3.2) Rsa(F,B,A) < > N(F.F;B)+ > > N(F.F;B)
FeFy n=dt FEF,

U U ~B.B))

n>dT+d0 FeF,
with
Zp = z? \ ([_Aa A] X [_A7 A])

Applying Theorem [A] one more time, we have

(3.3) Y N(F,F;B) ( 3 AFWF> - BY4 4 O 4(BRFE),
FeFy FeFy
and
(3.4) N(F,F;B) = Op(B¥") if degF >d'.
Hence the second term on the right-hand side of (3.2)) is bounded as follows:
df+do
ST N N(F F;B) = OF o(BY).

To deal with the third term on the right-hand side of (3.2), we interchange
the summations to write

(3.5) (U U BB]))

n>dt+do FEFn
<#{(n. Foa,y) :n>d' +do, F € Fp, (2,y) € Za, |F(,y)| < B}
Condition (v) in Definition of the (A, Ay, dp, d1, k)-regularity of F pro-
duces a bound for n, by the sequence of inequalities
1 1 1
(3.6) k < A <max{|z|,|y|} < k|F(z,y)|"~% < kB % < kBdi+1,

which implies

log B

< 5 .
S ot o ()

Furthermore, inequalities (3.6) imply

max {|z], |y|} < kBY@+D).
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Combining the above inequalities, we deduce that the number of quadruples
(n, F,z,y) on the right-hand side of (3.5) is bounded from above by

31 (dor Bl ) (e 2eB ) = o
log(A/k)

Gathering , , and , we finally obtain the upper bound

(3.8)

de(}—,B,A) < ( Z AFWF> 'B2/d+0f,A7d7a(BHd+€) —I-O]:7d(BQ/dT)_
FeFy

Comparing (3.1) and (3.8) and recalling (2.4), we complete the proof of
Theorem [L.111

4. Proof of Theorem [1.15]

4.1. The family Q" is (2,1,0,4,1)-regular. Our first purpose is to
prove the following

PROPOSITION 4.1. The family Q% is (2,1,0,4,1)-reqular.

Proof. Several times, we will use the following property satisfied by two
positive distinct squarefree numbers:

(4.1) n#n — Qlivim) # Qlivim).
We now check each of the items of Definition [I.10] of a regular family.

Items (i) and (ii) are trivial.

The family O contains no element with odd degree d. By contrast, if this
degree d > 4 is even, the family contains d/2 + 1 binary forms of degree d.
Thus item (iii) is verified with Ay = 1.

For item (iv) we proceed as follows. Suppose that there are two distinct
isomorphic forms F and F’ in Q7. Necessarily they have the same degree
2d. So there exist 1 <v </ <d+1 and a matrix v € GL(2,Q), written as
in , such that

Q= Qi 0
Let 4 be the homography attached to ~y. This homography,
- a1z + ag
(4.2) W.IP((C)BZ»—)CL32+G4,
induces a bijection between the set of zeroes Z(Qly) (in PY(C)) of QZV and
the set of zeroes Z(Q;y,). So, (i/pw) is a zero of QIV,, hence is one of

+iy/tin, with n # v/, which contradicts (4.1).
For item (v), the definition (L.15) implies that Q7 (z,y) = 0 if and only

if (z,y) = (0,0). Furthermore, by positivity, we have the lower bound

Q4 @y = (max {Jzf?, |yI?})" = (max {Jal, |y|}) = e
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The above inequality implies
1/deg Q7
max {Jal, [y} < Qg (a,y)["/ 4D,
which means (v) is satisfied for A=2,dy=0,di =4and k=1. u
4.2. Triviality of the group Aut(Q;V,Q). We now prove
PROPOSITION 4.2. For everyd>2 and 1 <v <d+1, one has

Aut(QF,,Q) = {(iol £1>}

(Klein group of order 4).

Proof. The four elements

<1 0> <—1 0) <—1 0> <1 0>

0 1/°\o -1/7\o0o 1/J7\0 -1

in GL(2,Q) clearly belong to Aut(Q,,Q). Conversely, let v = (g 52) €
GL(2,Q) and let QZV be such that

(4.3) Qi 07 =Qy,

The set of zeroes Z(Q;ry) is stable by the homography 4 attached to ~.
Appealing to (4.1)), we deduce

A(i/bn) = enin/in (1 <n<d+1,n#v),

where ¢, = £1. We now prove that the value of ¢, is independent of n.
Indeed, suppose that there exist m and n such that ¢,, = 1 and ¢, = —1.
Returning to the explicit expression of 5 (see (4.2))), we obtain

a1/ tim + a2 = i\/ltm (a3i/ltm + a4),
ai/fn + a2 = —iy/fin (a3i/1in + a4).
Since a1, a9, az and a4 are rational numbers, we deduce the four equalities
a2 = —a3 fbym, a2 = a3 [y, a1 = a4, a1 = —a4.

They imply (a1, a2, a3, aq) = (0,0,0,0), which is forbidden. So 4(z) = €z for
some fixed € € {£1}. This means that for some 7 € Q, we have

B <€T 0)
v 0 1)
By the identification in (4.3)), we find that 7 = £1. =

4.3. Estimating the number of images by O of (z,y) with
max{|z|, |y|} > 2. For the family O, one has (2d)" = 2d 4 2. Combin-

ing Corollary Propositions and and equality ((1.10]), we obtain

the following
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PROPOSITION 4.3. For every d > 2, one has

R>24(Q", B,2) ( > AF> - BY 4 Oy g (BP20+9) 4 Oy g(BY (@),
FeQy,

4.4. Estimating the number of images by O of (z,y) with
max {|z|, |y|} < 2. The difference

(4.4) R>24(91, B,0) — R>24(Q7, B, 2)
is bounded from above by the cardinality of the set
(45) {m:0<m< B m=Qy, (x1,+1),d >d, 1<v<d +1}
Uf{m:0<m< B, m=Qy,(0,+1),d >d, 1 <v<d+1}U{0,1}.
For every d’ and 1 < v < d' + 1, one has
Q) (1,1 > [ (+n?) = ()
1<n<d’

This implies that the inequality Q;‘, ,(£1,£1) < B can only hold if d' =

O(log B). So the cardinality of the first set in (&.5)) is bounded by O(log® B).
The same bound also applies to the second set. Combining Proposition
with (4.4]) we obtain

PROPOSITION 4.4. For every d > 2 and every € > 0, one has

R>2d(Q B, 0 ( Z AF) ,Bl/d_i_O)\’d’E(Bﬁngrs) +O>\,d(Bl/(d+1)),
FeQy,

4.5. Some results on Ap for F € Qt. By the definition (1.9), the
fundamental domain attached to Q:{V is

(46) @) ={@yer®: [[ (+umy’) <1}
s

Our purpose is to estimate the sum
Coef(Q",2d) := > Ap
FeQy,

as d — oo. We use integration techniques to express this sum of fundamental
areas as follows.

LEMMA 4.5. For anyd > 2 and 1 <v <d+ 1, one has

_ OSO (u2+:“u)1/d

AQ;V = Ga(u)/d

du,

—00
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where

d+1

Ga(u) = H(UQ + fin)-

n=1

Hence
DD IR (T + i)/
+ o <n<d+1
Coef(Q*,2d) = L Gl du.

Proof. By (4.6) and by the change of variables © = wv, y = v we have

AQd,V = SS dedy = “ |v| du dv
D(Qzu) V2T et now (W2 +an) <1
T du

—00 H1§n§d+l,n7§u(u2 + u”>1/d

Compare with [Bl, p. 122]. Summing over all the Q;{V IS Q;d, we obtain the
second formula of Lemma [4.5] =

We first give a lower bound of Coef(Q™,2d). We have

T (u?+ pp)t/e

(4.7) Coef(QF,2d) > (d+1) | RO du
> (d+1) OSO du

o H2§n§d+1(u2 + )1/
[ee)

>d+1) | 5t > 2L
DUt pan V1

From our assumption pg+1 < A(d+ 1) we deduce from (4.7)) the lower bound

(4.8) Coef(Q7,2d) > 7 V.

For the upper bound, we write

T (u? A+ )

Coef(Q",2d) < (d+1) | Gt du
§(d+1)0§0 du

2 hicn<a(® + fin )1/
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Using Holder’s inequality we deduce

ﬁ OSO "
Coef(Q*,2d) < (d+1 ( >
oot u? + fn

d
H[L_l/Qd d+1
D

with D := (d!)Y/4)_ Using the Stirling formula (T.20)), we deduce
Coef(Q*F,2d) < my/e (Vd + 1).

Combining with (4.8)) we complete the proof of (1.17]). Recalling Propositions
and we conclude that the proof of Theorem [1.15]is now complete.

5. Proof of Theorem [1 Recall that for d > 2 and 1 <v <d+1,
@, denotes the following blnary form of degree 2d:

Q;y(X’ Y) = | | (X2 - :LLTLYQ)’
1<n<d+1
n#v

and Q~ denotes the family
={Q;,:d>2,1<v<d+1}.

5.1. The family Q~ is (A4,1,2,2,2e)\)-regular. Our goal in this sub-
section is to prove the following

PROPOSITION 5.1. For A>2e), the family Q™ is (A, 1,2,2,2e\)-regular.

The proofs of items (i)—(iv) in Definition of a regular family are the
same as for Proposition one only replaces (4.1])) with the remark that for
positive squarefree numbers n,n’ we have

n#n' = Qi) # Qu/im)-

It remains to check condition (v) in Definition |1.10} We start with an auxil-
iary lemma

LEMMA 5.2. For m and d integers satisfying 1 < m < d, we have

d—
4 1 " >ee ™
m — ?

further, for n an integer in the range 1 < n < d, we have

n'(d — TL)‘ > ei(lJre—l)d'
nd -

The numerical value of el*®™" is 3.927 .. < %-
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Proof of Lemma . Set t =d—m, fn(t) = (%)t, gm(t) =log fm(t) =
tlogt — tlogm. The derivative ¢/, (t) = 1 + logt — logm of g,, vanishes at
t = m/e, so the minimum of f,,(¢) on the interval 0 < ¢t < d — 1 is reached
at t = m/e, giving the value (t/m)t = e~t = e/,

The last part of Lemma follows from the first one thanks to Stirling’s

formula ([1.20)):

n!(d—mn)! _ n" (d—n)¥™ 1 (d—n)d—n Cd —e-1 (14e-1)d
T I Ay = i L
The last inequality of Lemma [5.2] implies
l(d — n))V/d > g~1—e" _ _4 8
(5.1) (nl(d—n)!)*>e max {n,d —n} > e > 502
End of the proof of Proposition[5.1, Let d > 2,1 <v <d+1, (z,y) €

72\ {(0,0)}. Set Q = Qg (x,y). Our goal it to prove
(5.2) QI > (2eA)™*"*2(max {|], [y[})** 2.
We consider three cases depending on the sign of the factors z2 — 32,
If 22 < pyy?, all factors are negative. For 2 < n < d + 1 we have
2% = pn?| = pny® — 2 > (pn — p1)y”
When v > 2, we use the lower bound ulyQ — 22 > 1 and obtain
Q> (p2 — ) -+ (a1 — pa) (o — 1) Y72 > (d = 1)ly

For v = 1 the stronger lower bound |Q| > (d — 1)!4?? holds. Hence for
1 <v<d+1 we have

2d—2

(d—=D! 9455 (d=1)! 2d-2

Q[ > e > a7
The desired estimate follows.
If 22 > pgi19?, all factors are positive and max {|z|,|y|} = |z|. For
m=1,...,d we have
2
2 — pmy? > (M1 — ) ——,
Hd+1

while for m = d + 1 we have 2% — ud+1y2 > 1. Hence for 1 < v < d we have

Ql=Q
l‘Qd_Q d!$2d—2

> (par1 — ) (pasr — p2) - (payr = pa) (pass — )~ 5 = —5
H1 Hat1

The lower bound |Q| > d!xQd_z/ugﬁ is also true when v = d + 1 since in
this case we have
:E2d d!.Z‘Zd
Ql = Q > (ta+1 — p1) (a1 — p2) -+ (Bd+1 — pa) —— = —5—
Fat1  Hda
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and 22 > pgy19y? > pray1. Since d! > d%e=? (see (1.20)) and pgy1 < A(d+1),
we have

d! S d S 1
L e B
This implies (5.2)).

Finally, assume that there is an n in the interval 1 < n < d such that

2 — pn1y” <0 < a® — pny®.
Hence y # 0 and max {|z|, |y|} = |z|. We have
(5.3) Q= (% — my?)(«? — pay?®) - - (2% — pnys®)
X (ttng1y? — 2%) -+ (papry® — 2%) |0 — oy~
with
(54) (&% = my®)(@® = pay?) -+ (2 = pn1y?)
> (pn = 1) (i = p12) -+ (i = pn1)y™" ™2 > (n = Dly*" =2

and

(5.5)  (pmray® — ) (papry® — %)

> (pnt2 = png1) - (st — pr)y> 072" > (d —n)ly
For 1 <v <n —1, we use the lower bound
(5.6) (2% =) (@® = pay?) -+ (2% = pn19?) (2° — o) ~H > (n=2)ly*" 7,
while for n + 2 < v < d+ 1, we use the lower bound
(5.7) (pnroy”® — %) - (pap1y® — 2) oy’ —2) ™ > (d—n -1y
It remains to estimate the product (22 — 1, %?) (tn+1y* —2) of the two terms

in the middle of (5.3]). We consider two cases.
Assume first |y| > 2. If v € {n,n + 1}, we use the trivial lower bound

(5.8) (2 — pny?) (ns1y® — %) |2 — wy?| 7t > 1,

while if v <n —1 or v > n + 2 we use the lower bound

2d—2n

2d—2n—2

(5.9) (&% = ) (ni1y® — 2%) 2 (2% = pny?) + (pns1y® — 2%) — 1
= (41— pn)y” =12y —12 zyQ-
For v € {n,n+ 1}, from (5.3), (5.4), (5.5). we deduce
Q| > (n — 1)I(d — n)ly?@72,
For 1 <v <n-—1, from , , , we deduce

Q| = Z(n —2)(d — )22,
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Forn+2<v <d+1, from (5.3), (5.4), (5.7), (5.9) we deduce
0| > Z(n A —n— 1)y,

In all three cases, that is, for all 1 < v < d+ 1, we have, thanks to Lemma

B2}

< 3n!l(d — n)!y2d_2 3nd-1 =
~ 4dn(d—1) ~ 4(d — 1)e(ite d
From 22 < pin1y? < A(n+ 1)y? < 2Any? we deduce

3 2d—2
Q1> 4(d — 1)e(1+e*1)d(2)\)d—1x ’
Finally, since A > 2, we have
3 1

4(d — 1)6(1+e*1)d > (2e2)\)d—1
for d > 2, and follows.

Assume now that 32 = 1. Hence p, < 2% < fin41, because of the trivial
lower bound

(5.10)

(2* - fin) (Pt — z?) > 1,

and a combination of the above lower bounds 1} yields

(n—1)!(d —n)! ifve{nn+1},
Q] > < (n—2)I(d—n)! ifl<v<n-—1,

m—DY(d—n—-1)! ifn+2<v<d+1.

For 1 <v <d+ 1, we obtain, thanks to Lemma

1 — ») d—1

Q= nﬁ((fz —T)) = (d— Se<1+e—1>d'

If 22 < 2\, using n > 1, we deduce

d—1 2\ d—1
n x
>
‘Q| — (d1)6(1+e_1)d<2A> 9
while if 22 > 2\ we have, by (1.13)), the inequalities n > ”3—/\2 -1> %7 hence
again

xQd—Q

> .
|Q’ - (d _ 1>e(l+e*1)d(2/\)d—1

From ((5.10) we deduce the estimate (5.2)) also when |y| = 1.
This completes the proof of Proposition 5.1} =

5.2. Triviality of the group Aut(Q,,,Q). The following result is the
analog of Proposition The proof is the same, since u; > 2 and the roots
of @, are all irrational numbers.
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PROPOSITION 5.3. For everyd>2 and 1 <v <d-+1, one has

Aut(Qy,,Q) = {(iol £1>}

(Klein group of order 4).

5.3. Estimating the number of images by 9O~ of (z,y) with
max {|z|, |y|} > A. From Corollary equalities (1.10]) and Propositions
and we deduce

PROPOSITION 5.4. For every A > 2e\, every d > 2 and every € > 0, one
has

1
R>24(Q ,B,A) = Z( Z AF).Bl/d+oA7A7d7E(302d+s)+0A’A’d(B1/(d+1)).
FeQ,,

5.4. Estimating the number of images by O of (z,y) with
max { |z, |y|} < A. The difference

R>24(Q7,B,0) — R>24(Q™, B, A)

is at most the cardinality of the set

{m : O7é ‘m’ < B? m = Q(;/’y(x7y>7 d > da
1<v<d+1, max{|z],|y|} < A}.

Given d’, the number of such m in this set is bounded by (d’' + 1)(2A4 + 1)2,
Hence we only need to bound from above the value of d’ when |m| > 2.

We first consider the integers of the form @, (x,0). As Q,, (£1,0) =1,
we may assume |z| > 2. From

Qc?’ V(JI,O) = ‘er/ <B
we deduce that d’ is bounded by O(log B).
Next let m = Q ,(z,y) with d' > d, 1 <v < d + 1, max {|z], [y|} < A4,

ly| > 1and 0 < |m| < B. Without loss of generality we may assume d’ > 2A2.
We split the product
1T 12° =t

1<n<d’'+2
n#v
the value of which is |m/|, as P; P» where
2 2 2 2
P IR | S
1<n<2A2 2A%2<n<d’ 42

n#v n#v



30 E. Fouvry and M. Waldschmidt

The product P; is > 1. For 242 < n < d + 2, since pu, > n, |z| < A and
ly| > 1, we have pu,y? — 22 > A2, hence

(z‘lQ)dI_QA2 <P, <P P,=|m|<B,

which yields

Hence
R>24(Q7, B,0) — R>24(Q ™, B, A) = Oa((log B)?).

Thanks to Proposition this completes the proof of the estimate for
R>24(Q~, B,0) in Theorem [1.17]

5.5. Some results on Ap for F € Q™. By the definition (1.9), the
fundamental domain attached to @, is

,D(Q(;,y) = {(.I',y) GRQ: H ’1’2—Mny2| S 1}
1<n<d+1
n#v
Our purpose is to estimate the sum
Coef(Q ™, 2d) Z Ap

FeQy,

as d — oo by proving (|1.18]).

Repeating the proof of Lemma [£.5], we obtain

LEMMA 5.5. Foranyd>2 and 1 <v <d—+1, one has

v 2 _ 1/d
o o Hi<n<ast v — il
Hence
T W2 — o |1/d
Coef(Q™,2d) = S Zl<n<d+1 | L]

d+1
e TIE Ju? = M4
Since |u? — ji,| < u? + iy, the lower bound on Coef(Q~,2d) is a con-
sequence of the lower bound on Coef(QT,2d). More precisely, we have, by
Lemma

o0 o0

B S du S S du
Qav I Tlicn<art 02 = palY?T ™ 2 Tlicn<ari(u? + )4

n#v n#v

A
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hence
v du
Coef(Q7,2d) > (d+ 1)
_SX, [locncars (W? + pa) /4
Td d+1
>(d+1) | O
Ut Mt VHd+1
This proves the lower bound
(5.11) Coef(Q~,2d) > —— V.

VA

For the upper bound, we use Lemma [5.5] once more. By the change of
variable u? = v we have

T du T dv
Ag;, =2 S 2 1/d — S 1/d’
by o Th<n<ay [0 — pnl 0 Vol Ticn<dsr [v = il
n#v n#v
We split the integral as the sum of d + 3 terms
d+2
AQ;V - Z 4;
j=0
with
A ”Sl dv
0= )
VU TTi<n<art (pn — v)H*
0
n#v
Hit1 dv
Aj = 1<j<d+1),
’ MS VU Ti<ns<; (v = )Y [Tj+1<n<as (pn — v)H/* ( )
J n#v n#v
[o¢]
dv
Ad 2 p— .
' MdSJrz ﬁHlSZ;é;Hl(v - ,Un)l/d
Upper bound for Ag. For v = 1, we use the lower bound
dd
H (Nn_ﬂl)zdlz 67’
2<n<d+1
which follows from Stirling’s estimate (|1.20]), and one deduces
M1
2e./
Ao < 1 1/deU§eM§2eﬁ'
[L<n<ari(tn —p)/e 5 /o d d
Similarly, for 2 < v < d+ 1 we have
1 3 d
Ao < 1/d S . 1/d
H2§n§d+1,n7$y(:un — 1) 0 Vu(pr —wv)
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and
d!
I (—m)=@-1=7.
2<n<d+1
n#v
hence
d
H (Hn — Ml)l/d > —
2<n<d+1 ev2

n#v

From the upper bounds (recall A > 2 and 2 < p; < A)

M1 H1 M1
dv dv dv
S 1/d S S -+t S 1/d
5 VU (p —v) o VU g (=)
d _
=2/p1 + m/ﬁ VD < 2+ v2)A,
we deduce
HeA
Ag < 22,
0 < d

Upper bound for Aj, 1 <j<d+1.1f v & {j,j+ 1}, we have

1
A; <
\/ﬁj ngngj—l,n;aéu(:uj — )14 Hj+2§n§d+1,n7fu(lu’n — pj41) /4
y MKH dw
o (0= )y = 0) 4

We use (5.1)): for 1 < j < d we have

%(57])' for1<v<j-1

H (M] - ,U“n) H (/’Ln - ,U’j—i-l) > { (j—lj)!(d—j)!

1<n<j—1 jr2<n<dtl Py | for j+1 <v <d+1
n#v n#v

jMd=5) 1 d \*
2 = @2 \ gelte | 7

while for j = d + 1 this lower bound becomes

v

d! 1 d \*
H (Md+1_un)2d+1—yzdz<261+e_l> .

1<n<d
n#v
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Next we use the following estimate:

Hj+1
S dv
P Che i)Y (i1 — )t/ e
9l1/d (uj+u§'+1)/2 dv NJSJrl dv
< — — — ).
= A1/d( . \1/d o 1/d>
(i1 — 15) 1 (v — 1) (i +141)/2 (k1 — v)
We have
(uj+u§'+1)/2 dv
DA Ul pj)t/d
) ng—'rl do o (Mj+1 _ Mj)l(l/d)
(hjthi+1)/2 (2 =)t d =1 2
Hence
Hj+1
dv d
< 92/d i1 — i 1-(2/d)
HSJ' (v = i)Y 1 —0)/4 — d -1 (st = 13)
For v ¢ {j,j + 1}, we deduce that
A, < (42 /igei e Uil = 1) 7D
;= (d—1)i;
If v = j, we have
1
A; <
’ \/ﬁj H1gn§j—1(ﬂj - Mn)l/d Hj+2§n§d+l(:un - Mj+1)1/d
i+
d
S B
y (j+1 —v) /
J
and we use the formula
M1
dv d 1-(1/d)
S (Hj+1_/l))l/d = d*l(u‘]—‘rl_u‘j) .
Hj
If v =741, we have
1
A; <
! \/ﬁj H1§n§j—1(ﬂj - Mn)l/d Hj+2§n§d+l(:un - /Jj+1)1/d
i+
% S dv
(v — pj) e

K
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and we use the formula

Hj+1
dv d
= (41 — pg)' =9,
5 (0= )i~ d—1 T
We deduce that for 1 < j<d+4+1and 1 <v <d-+1, we have
5.12 A; < (et (1)) 1
(512 P2 (s

For 7 > 1, we also have

) 1
pj=j+1=> N Mt

and we deduce that

d+1
Hi+1 — My Hj+1 — Hj
g <V Z N
Using the inequality
[t — 1 d+1 Hj+1 dt Hd+2 dt
Z <> g = | = <2yias <2V/A(d+2),
j=1 Vi1 J=1 1, 1 Vi
we deduce from (5.12]) that

d+1

34y < (2eM 1 0a(1)/d) - VAL (20/A[d +2)) < (de'T 4 0r(1))

Sl

Upper bound for Agys. For v > pgio and 1 <n < d+ 1, we have

’U—[LnZU<1— Hn ),
Hd+2

hence -
1 dv
Agya <
[licncart (1 = o/ tas2) '/ Hds+2 w3/
with
OSO dv 2 2
Hd+2 1)3/2 Y Md+2 d+2

and (using Stirling’s estimate ([1.20) once more)

 \V4_ a/d 1/d 1 9\ —1
II (- > > —(1+2) .
1<n<d+1 Hd+2 pare — Ad+ 2) e d
n#v

We deduce

Agyo < (2e+0(1))

Sl
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Combining the estimates, we obtain

d+2
Ag- =3 4;< (e 4 2¢ + 0x(1))
v &

Sl

Summing over all the @, € Q,, we conclude

Coef(Q~,2d) < (4" 4 2e + 0 (1)) AVd.

Combining this with ((5.11)) and with the upper bound delte™ 426 < 22, we
complete the proof of (1.18)), hence of Theorem [1.17]

6. Proof of Theorem We now use the notations of Our
first purpose is to check that the family £ satisfies the conditions of Definition
of a regular family. Items (i), (ii) are obvious. Item (iii) is trivially
satisfied with 4; = 1. Items (iv) and (v) are more subtle.

6.1. Isomorphisms between two elements in £. We will prove the
following more general statement which implies that item (iv) is satisfied

by L.

PROPOSITION 6.1. Let d > 4 be an integer, {a; : 1 < i < d — 1} and
{bj : 1 < j < d—2} two sets of integers and p a prime number such that

(6.1) O<ar < <ag_1 <p,

(6.2) 0<b < <bg_o <p.

Then the binary forms
d—1 d—2

(6.3) XJ[(X -aY) and (X —pV)X [] (X - b;Y)
i=1 j=1

are not isomorphic.

Proof. The proof is based on classical properties of the cross-ratio of
points on P!(C) = CU {oo}. Recall that if (21,72, 23,74) is a quadruple of
distinct complex numbers, the associated cross-ratio is the complex number
[€1, X2, x3, 4] defined by

xg—xl/x4—x1

[171,562,9037904] = .
T3 — T2 T4 — X2

This definition is naturally extended to P!(C) when exactly one of the ele-
ments 1, Ty, T3, x4 is equal to co. The cross-ratio is invariant by any homo-
graphy of P!(C). In other words, for any homography b, for any quadruple
(w1, 22,73, 14) of distinct points of P}(C), one has

(6.4) (21, 22, 23, 24] = [b(21), b(22), b(23), b(24)].
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Let a be a non-zero integer. The canonical decomposition of |a| into prime
factors
al =TT
P

defines, for each prime number p, the p-adic valuation vy(a) € Z of a. Let
t = a/b # 0 be a rational number, written in its irreducible form. The p-adic
valuation of t is the non-negative integer

v — vp(a) ifptb,
v(®): {—vp(b) if pta.

We now begin the proof of Proposition proper. We argue by con-
tradiction. Let F1(X,Y) and F»(X,Y") be the two binary forms introduced
in (6.3). Suppose that there is v € GL(2,Q), written as in (L.1)), such that

Fy = Fyo07.
Then the homography § associated with v has the shape
az+b

cz+d

This homography induces a bijective map between the sets of the polyno-
mials f1(X) := F1(X,1) and f2o(X) := F»(X,1). These sets are Z(f1) :=
{0, a1,...,a4-1} and Z(f2) = {0, b1,...,b4—2, p}, treated as subsets of
P!(C). Consider, for j = 1,2, the subsets of Q \ {0} defined by

(6.5) Bir(f;) := {[z1, w2, x3, 24] : x; € Z(f;), x; distinct}.

Equality (6.4]) implies that

zh(z) =

Bir(f1) = Bir(f2),
and also
{up(y) : y € Bir(f1)} = {vp(2) : z € Bir(f2)}.

As a consequence of (6.1]), we have {v,(y) : y € Bir(f1)} = {0}. However, we
also have 1 € {v,(2) : z € Bir(f2)} by considering the cross-ratio [0, by, p, bo]
and . So we reach a contradiction: the element v does not exist and the
binary forms F} and F5 are not isomorphic. =

6.2. Triviality of the group Aut(Lg),,Q). In order to determine the
value of the coefficient W appearing in Theorem [A] we prove the following.

PROPOSITION 6.2. Let d > 5 be an integer. For every prime p > d, the
automorphism group of the binary form Lq, is {Id} if d is odd, and {+Id}
if d is even. In particular, the set Lg satisfies condition (C1) or (C2) of
Corollary[L.12] according to the parity of d.
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6.2.1. Two preliminary results. The proof of the following lemma is
based on the analytic properties of the homography on each of its intervals
of definition.

LEMMA 6.3. Let b be a homography belonging to PGL(2,R), M > 0 be
a real number, t > 1 be an integer, x1,...,xs be t real numbers satisfying
O<zi < - <at <M, and y1, ...,y be t real numbers satisfying 0 < y; <
e <y < M. Assume

b({ris1<i<t})={y:1<j<t),
B(0) =0 and (M) = M.

Then, for every 1 <i <t, one has h(x;) = y;.

Proof. We split the proof into several cases depending on the nature of
the homography b.

If h(co) = oo, the restriction of h to the real affine line has the shape
h(z) = ax + b, where a # 0 and b are real numbers. The conditions h(0) =0
and h(M) = M imply a = 1 and b = 0. Hence the result follows since b is
the identity.

If h(o0) # oo, then h has a unique expansion as

(6.6) () =a+ ——,

where a, b and ¢ are real numbers such that ¢ ¢ {0,z1,..., 2, M} and b # 0.
We now consider the respective values of b and c.

o If b > 0, the function x — h(z) is decreasing on the two intervals (—oo, ¢)
and (¢, 4+00). We consider the value of c.

olf ¢ < x (< M), we have h(z:) > h(M) = M, since b is decreasing.
This contradicts the hypothesis h(z:) < M.

oIf ¢ > x (> 0), we have 0 = h(0) > h(z¢). This contradicts the hy-
pothesis h(xy) > 0. We conclude that b is not of the form with
b> 0.

e If b < 0, the function z — h(z) is increasing on both (—oo, ¢) and (¢, +00).
We now consider the value of c.
o If ¢ ¢ [0, M], the function z — h(x) is increasing on (0, M), so h(x;) = y;
for1 <i<t.
o If 0 < ¢ < M, the hyperbola {(z,h(z)) € R? : x € R, x # ¢} has
two asymptotes: one with abscissa ¢ and the other one with ordinate a.
Elementary considerations lead to

h(0) > a > b(M).
This contradicts the hypothesis h(0) = 0 and h(M) = M. In conclusion,
bisnotoftheformWithb<0and0<c<M. .
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We will require the following variant of Lemma [6.3]

LEMMA 6.4. Let b be a homography belonging to PGL(2,R), M > 0 be
a real number, t > 1 be an integer, x1,...,x: be t real numbers satisfying
O<x1 < -<xt <M, and y1, ...,y bet real numbers satisfying 0 < y; <
e <y < M. Assume

h{wi:1<i<t}) ={y;:1<j <t}
h(0) = M and H(M) = 0.

Then for every 1 < i <t, one has h(x;) = Yit1—i-

Proof. Introduce the homography g = s o hh, where s is the symmetry
s(x) = M — x. Then g meets the hypotheses of Lemma provided that we
replace the points y; (1 <14 < t) by the points y} := M — y;41—;. We deduce
that for all ¢ one has g(z;) = y;, which gives h(z;) = yr1-i. =

6.2.2. Proof of Proposition[6.3 Consider the polynomial

f(X) = Lap(X;1)

and its set of zeroes Z(f) = {0,1,...,d — 2,p}. In order to prove that the
group of automorphisms of L, is trivial, it suffices to prove that the unique
homography h € PGL(2,Q) such that

(6.7) b(Z(f)) = Z2(f),
is the identity as long as p > d.

As in the proof of Proposition [6.1, we will play with the p-adic valuation
of the elements in Bir(f), defined in (6.5). We first notice that for x and y
two distinct integers in {1,...,d — 2}, the elements

a:=[0,z,p,9], [p,2,0,9], [x,0,y,p], [x,p,y,0]

belong to Bir(f) and satisfy v,(c) = 1. These are the only such elements
in Bir(f). In particular, if four distinct elements x,y, z,t in Z(f) satisfy
UP([x’ya z,t]) = 1, then {0, p} C {z,y, z,t}.

By , we have

up([h(2),5(0),b(y), b(P)]) = 1,

where x and y are integers as above. Since d > 5, there exists an integer x in
{1,...,d—2} such that h(z) ¢ {0, p}. We claim that there is another integer
y # x in {1,...,d — 2} with the same property, namely such that h(y) &
{0, p}. This is plain for d > 6; for d = 5, the only case where this would not
be true is when {1,2,3} = {z,y, 2z} with {h(y),h(z)} = {0, p}, but this case

is not possible since it would not be compatible with our requirement that

{0,p} € {b(),5(0),b(y), b(p)}-
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This proves our claim that there are two distinct integers x and y in the set
{1,...,d — 2} such that {h(z),bh(y)} N{0,p} = 0. Therefore

{(0),6(p)} = {0,p}.

We consider two cases.

Assume first

6(0)=0 and b(p)=p.

Since b induces by restriction a bijective map of Z(f) onto itself, we may
apply Lemma [6.3] We deduce that h(t) = ¢ for 0 <t < d — 2 and h(p) = p.
Since a homography is determined by its restriction to a set with three
elements, we deduce that h = Id.

If in turn

(6.8) h(0)=p and Bh(p) =0,

we apply Lemmato deduce that h(i) =d —1—i for 1 <i < d— 2. The
unique homography b satisfying this property is the symmetry defined by
h:z+—d—1—z But such a formula is not compatible with the fact that

H(0) = p. So there is no homography b satisfying (6.7)) and .
We conclude that the set of h satisfying (6.7]) is reduced to the identity.
The proof of Proposition [6.2]is complete. u

6.3. The family £ is regular (continued). We now investigate con-
dition (v) of Definition [1.10, We will prove

PROPOSITION 6.5. For every d > 5, every p with p > d — 1, and all
(z,y) € Z* such that Lgy(x,y) # 0. the following inequality holds:

1

(6.9) max {|z], [y|} < 9[Lap(z,y)[sT.
Inequality is equivalent to the lower bound

(6.10) | Lap(@,y)| > (§max {|z], [y[})"

under the hypotheses of Proposition We will rather work with (6.10]).
The proof of (6.10) depends on the relative sizes of |x| and |y|. However,
if we suppose that xy <0 and Lgp(z,y) # 0, it is straightforward that

| Lap(z,y)| = (max {|z], [y[})*~.

Hence we may assume that x and y are not zero and have the same sign.
Further, since |Lq,(—2, —y)| = |Lap(x,y)|, we will assume that both « and y
are positive.

The basic equality is the following:

6.11)  |Lap(z,y)| =z - |z —y|- [z = 2y|--- |z = (d = 2)y| - [ — pyl.

We split the argument according to the relative sizes of x and y.
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6.3.1. Assume 1 < z < y. Let x and y be positive integers such that
Lgp(z,y) # 0 with y > . Hence y > x + 1. From (6.11]) we deduce

|Lap(z,y)l =2 (y—x)- 2y —x)---((d—2)y —z) - (py — =)
>z (y—z)-y-(2y)-((d=3)y) ((p—1)y)
=z-(y—x)-(d=3)!-(p—1)y" >

If y > 2z, we have z(y —x) > y — x > y/2, while for z < y < 2z we have
x(y —x) > x > y/2. Hence

| Lap(x,y)| > 3(d —3)!(p — 1) (max {|z[, |y[})"".
So we have proved

PROPOSITION 6.6. For every d > 3, every p > d — 1, and all integers x
and y such that Lqy(x,y) # 0 and |z| < |y|, one has

| Lap(a,y)| > (max {|z], |y|})".
6.3.2. Assume (d —2)y < z. Let z and y be positive integers such that

Lgp(z,y) # 0 with > (d — 2)y, hence z > (d — 2)y + 1. From (6.11) we
deduce

[Lap(z,y)| =z (x—y) (z—2y) - (x—(d=2)y) |z —pyl.
If y = 1, then since z > d — 1, we have

Y L W R U N ek Ut
renEr T )=t T a o) T T d o

for 0 < n < d — 2; using the trivial lower bound |z — p| > 1 together with
Stirling’s formula (|1.20)), we deduce

d-1)! 44 2!

Lip(z, )| >z - (x=1)-(z—2)(z—(d—2)) > m.’]} > T
We assume now y > 2. As a consequence of y < x/(d — 2), we have
(-2 4

x~(x—y)-(x—2y)---(m—(d—3)y)me

If x > py, then

d—2 d—2 T
x—(d 2)y_x<1 ) >_x<1 d—l) T

and the trivial lower bound x — py > 1 suffices to deduce

(d —2)! -1
d-Dd-22" -

If py > z, then from x — (d — 2)y > 1 and py — =z > 1 we deduce
(z—(d=2)y)-(py—2)=(x—-(d=2)y)+(py—z)—1=ylp—d+2) -1

Ld,p(xv y) >
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If p=d — 1, then we use the assumption y > 2, which yields

Y T T
—d4+2)—1=y—1>2 > =
ylp—d+2) R R TR Tt

while for p > d we use the lower bounds

d—1 d—1
y(p—d+2)—1Zy(P—d—i—l)Zpy(l—p) >x<1—d> zg-

Therefore, for (d —2)y < x and y > 2, we have
(d—2)! a1 2
L > > .
Lan(@9)l 2 5 a— 2 ¥ 2 2geiz
We deduce

PROPOSITION 6.7. Ford >3, p prime > d —1 and (x,y) € Z* such that
|z| > (d —2)|y| and Lqp(x,y) # 0, we have

Lap(w )] > o (max {lal, Jy})*"
6.3.3. Assume (n — 1)y <z < ny for some n with 2 <n <d—2. From
(16.11]) we deduce
[Lap(z,y)| =z-(z=y)- - (= (n-1)y)-(ny—z) - ((d=2)y —z)- (py — ).
We have
zo(x—y) - (z—(n—=2)y) > (n- 1"
and
(n+1)y—2)---((d=2)y—x)-(py —2) > (d—n—2){(p - n)y™ "
> (d—n—1)yi L
For the product of the two terms in the middle, if y = 1, then we use the
trivial lower bound (z — (n — 1)y)(ny — z) > 1, which yields
m=—DWd—n—-1)! ,,

| Lap(z,y)] = (n = 1)I(d —n—1)ly" 2 > = x®

while for y > 2 we use
(z—(n-Dy)ny —x) = (z - (n-1y)+ (ny —z) —1=y—1>y/2,
which yields

1 _ n—DNd—n-1)"! ,_
|Lap(z,y)| > i(n - Hli(d—n— 1)!yd L> opyd—1 41

We now use Lemma 5.2}
(n—1Yd—n—-1)! _ n!(d —n)! S o—(1+e 1) 1
nd-1 nd(d—mn) ~— d—n’
from which we deduce

- 1
I > o (1+eh)d d-1
‘ d,p(xay)‘ Z ¢ 2(d—n)x
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This proves the following result:

PROPOSITION 6.8. Ford>3,2<n<d-—2,pprime>d—1 and x and
y such that (n — 1)|y| < |z| < nly| and Lqy(x,y) # 0, we have
1 max {Jaf, [y}
(d—2) e(l+e)d

|Ld,p(x7 y)| > 9

For d > 5, we have
2(d —2) - eIt d < gd=1,

We may now gather Propositions to deduce ([6.10)), which com-
pletes the proof of Proposition [6.5]

6.4. Estimating the number of images by L of (z,y) with
max {|z|, |y|} > 10. Gathering Propositions and we find that the
family £ is (10, 1,1,5,9)-regular. Furthermore, according to the parity of d,
the set L4 satisfies condition (C1) or (C2) of Corollary by Proposi-
tion As a consequence of Corollary we have the following

PROPOSITION 6.9. For any d > 5, for every € > 0, one has

1
Z ALdm)B?/d + Od75(B'l9d+€) + Od(B2/(d+1)),

R-q4(L, B,10) =
Zd( y L0y ) (2,Cl) ey

6.5. Estimating the number of images by L of (z,y) with
max {|z|, |y|} < 10. The difference
(6.12) R>d(L,B,0) — R>4(L, B, 10)

is bounded from above by twice the cardinality of the set

thzd(B)

={m:0<m=|Lg,(z,y)| <B,d<d <p<2d, max{|z], |y|} <9}
There are 192 pairs (x,y) with max{|z|,|y|} < 9. We first count the number
of m in €r>4(B) of the form |Ly p(x,0)], that is, with y = 0. For z = +1
and y = 0 we have m = 1; for 2 < |z| < 9 and y = 0, we have 24" < B, hence
there are at most Og4(log B) such values of m.

We now count the number of m in €t>4(B) of the form |Ly p,(z,y)| with
ly| > 1. We have |z —ny| >n — |z| > n—9 > 2 for n > 11, hence

B>m> [[ (-9 =272
11<n<d'—2

and therefore d’ < O(log B). It follows that the number of pairs (d’,p) as
above is bounded by Og4(log? B). So we have proved

§€r>q(B) = Oy(log? B).
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Combining this bound with (6.12)) and with Proposition we obtain equal-
ity (L.19) of Theorem [1.18]

6.6. Some results on Ap for ' € L. The area of the fundamental
domain associated to Lg,, is, by the definition (1.9), equal to

ALy, = SS dx dy
D(Ld,p)
with
D(Layp) = {(z,y) € R?: |z(z —y)(z — 2y) - (x — (d — 2)y)(z — py)| < 1}.
By the change of variables u = x and v = y/x, we obtain
ALy, = SS |u| du dv
D*(Ld,p)

with
D* (Ld,p)

= {(u,v) € R?: |ul®- |(1 —v)(1 —2v) - (1 = (d—2)v)(1 —pv)| < 1}.
Some elementary calculations transform Ar, , into a single integral.

LEMMA 6.10. Ford > 5 and p > d — 1, the following equalities hold:

T dv

A =
S I (T 7 ey B B e
and
T dt
A, = .
Ly SOOIt\-It—ll-!t—2l~-!t—(d—2)!'It—p)z/d

We will only work with the second expression of Ay, . So we introduce
the function

Adp(t) :=t(t —=1)--- (t = (d = 2))(t — p),
which is the product of d linear factors in t. We split the interval of integra-

tion into d intervals of length 1 around the singularities 0,...,d — 2 and p
and three remaining intervals to write

(6.13)  Ar,, =
—1/2  1/2 d=3/2 p-1/2 p+1/2 oo

dt
+ 0+ U+ 0+ 1 4+ SR
(io §/2 d$5/2 d83/2 pSI/Q p+81/2> Aap(0)P/4

We will give an upper bound and a lower bound for each of these positive
integrals in order to prove
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ProOPOSITION 6.11. Uniformly for d — co and d < p < 2d, one has
e? —o(1) 5e? + 2e + o(1)

The last part of Theorem [1.18]is obtained from this proposition after
a summation over d < p < 2d and an application of the Prime Number
Theorem.

6.6.1. An auxiliary lemma.
LEMMA 6.12. For d — oo, we have
(1-3-5---(2d — 3))4 = (2! + 0(1))d.
Proof. We write
2d — 3)! 2d)!
1-3-5---(2d—3) = 2d(—2(d—)2)! = (2d(—1))2dd!
and we use Stirling’s formula , which gives

24\ V2 920\ ¥ /32 . e1/24d
- <1.3.-5.-..(2d—=-3)< [ 2=2) X2~ .
(e)(zd—l)-e1/12d— 3:5---(2d 3)_<e> 2d—1

6.6.2. Study of S:iéz and of \

p+1/2

LEMMA 6.13. For d — oo and p > d, one has

—-1/2

2o Pap®)2/4 d
Proof. Using Holder’s inequality and Lemma [6.12] we obtain
e (1{2&)%(1{2 oy
L Pap@d T o 1P

y y <_18/2 dt )1/(1(_18/2 dt )l/d
dmaoar) D o

(222 2 9 \ M
“\1'3 5 24-3 2p+1

2d Vd o4 o(1)
§<1-3~5~--(2d—3)-(2p+1)> ST

Similarly, one proves

LEMMA 6.14. For d — oo and p > d, one has
0 | s
p+1/2 ‘ d,p( )|
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Proof. For t > p+ 1/2, we have
[Adp(t)] = Aap(t) =t(t —1) - (t = (d —2))(t — p).
Using Holder’s inequality and Lemma [6.12], we obtain

e (3,5 (1)

p+1/2 p+1/2 p+1/2

(i) ()

p+1/2 p+1/2

_ 9 2 9 9 2\ /¢
“\2p+1 2p—1 2p-3 2p—2d+5 1

d 1/d
< 2 <e+o(1)‘.
—\1:3:-5---(2d—-3) - d

6.6.3. Study of Ssig

LEMMA 6.15. Ford — oo and d < p < 2d, one has

p—1/2 9

Aap@)** = d

d—3/2
Proof. For t in the interval (d — 3/2,p — 1/2), we have p — ¢t > 1/2,

Adp(t)| =2t =1)---(t = (d—2))(p—1)
and, for 0 <n <d -2,
s 2d —2n —3
9

hence
(2d—3)-(2d—5)---3-1
2d

[Adp(t)] =

and therefore
Nap®)[4 > (72 + o(1))d?

by Lemma Since d < p < 2d, the interval of integration has length at
most d + 1, and so we deduce

e g e? + o(1)

<
Aap@®)/4 = d

d—3/2
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6.6.4. Study of SPH/Q

p—1/2
LEMMA 6.16. Ford > 5 and d < p < 2d, one has
p+1/2
dt 1
o o(L)
s ()

We introduce the polynomial
M(t) =ttt =1)--- (t = (d = 2))
of degree d — 1. It is easy to see that
min |M(t)| = |M(p—1/2)| > M(d - 3/2)

[t—p|<1/2
2d—5 2d—3
2 2 7

_1 35
2 2 2

hence by Lemma [6.12] we have
min  |M(8)[¥? > (e72 + o(1))d>.

[t—p|<1/2
Since
p+1/2
| =0
1= pP7
p—1/2
we conclude
o a
(V) () o)
T\ [P A miny i<y [M(D)] a2 )

6.6.5. Study of the remaining integrals. We are now concerned, for v =
0,1,...,d— 2, with the integrals

v+1/2
dt
L, =Zapy = N N2/d’
2= ) B

for which we want to find an upper and a lower bound. We split the product
defining Aq,(t) into four pieces:

(6.14) Aap(t) = (t=v) - (t=p)- A, (1) - Ap, (1)

with

A= [ €=k and Aj, )= [ ¢—k).

0<k<v v<k<d—2
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We have
v+1/2
dt
V—Sl/2 |t o V’2/d
- (min A ()7 (min A (5)]) 7 - (min £ — pf) =2/
and
v+1/2
dt
(6.16) I, > ( | \t—uP/d)
v—1/2

- (max A, (0)]) 7/ (max [A7, (8)) 72/ - (max [t — p|) 7>/,

where all the maxima and minima are taken for v — 1/2 < ¢t < v + 1/2.

Direct computations transform and into
(1 = o(1))(max |, (£)]) 7 - (max| A7, (£))) =/
< T, < (L+o(1))(min A, (£)) 7>/ - (min|AF, (1)) 74,
which is also |
(6.17) (1= o()A, (v +1/2)|72 - |\], (v = 1/2)| 74
< T, < (L+ o)A, (v = 1/2)[ 79 [N, (v + 1/2)| 72/

uniformly for d — oo and d < p < 2d.
For 1 <v <d — 2, we have the equalities

_ Cv+1)(2v—-1)---3 (2v+1)! (2v)! 1

A (v +1/2) o 0wyl 2.yl 1
_ 2v—-1)2v—3)---1 (2v —1)! (2v)!
v (V / ) v 22v—1 . (V _ 1) ! 22v .y’

and for 0 < v < d — 3, we have
(2d* —1)(2d*—3)---3-1
2d*

B (2d* —1)! o (2d)!

C2d -1 (g — 1)1 224" L g1’

(2d*+1)(2d*—1)---5-3

N 1/2)] = 2
_@dr+ 1) (2dY)!
To92d* L gx| T 92d* . g*|

with the notation d* = d—2—v. Furthermore, since we have empty products

in the decomposition (6.14)), we see that
(6.18)  Ag(1/2) = Ay (~1/2) = Nfu_o(d — 3/2) = Njy_,(d—5/2) = 1.

i (v +1/2)] =
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The following lemma shows that inequalities (6.17]) are sharp.

LEMMA 6.17. Uniformly for 0 <v <d—2 and d — oo, one has

AL (v = 1/2) - AL, (v + 1/2)\ /¢
1-0(1) < (‘)\;(VJrl/z)‘"AIV(V_1/2)|> <1+o0(1)

Proof. Obvious consequence of the explicit formulas given above.
For 0 <v <d-—2,let
A= Ad,v) = |\, (v —1/2)] 74 NS (v +1/2)| 72

A consequence of the explicit formulas for A\, and )\Z[V is the equality

log A = —%{log(@u)!) T log((2d")!) — log() — log(d"!) — 2d1og 2 + o(d)}
uniformly for 1 < v < d— 3 and d — oco. Using Stirling’s formula , we
deduce

—g log A =vlogr + d*logd" — d + o(d)

=vlogr + (d —v)log(d —v) — d + o(d),

hence
(6.19) log A = —g(ylogu—i— (d—v)log(d —v))+2+o0(1)
uniformly for 1 < v < d — 3 and d — co. By a direct study of the function
fa defined by

fa:[1,d=1] 2t fy(t) =tlogt+ (d —t)log(d — 1),
we deduce that, for all 1 <t < d — 1, the function f; satisfies

fuld/2) = d1og(d/2) < falt) < fa(1) = fald — 1) = (d — 1) log(d — 1).

Inserting this bound into , we obtain
(6.20) —2logd+2—o0(1) <log A(d,v) < —2logd + 2log2 + 2+ o(1)

uniformly for 1 < v < d— 3. Actually, this formula also holds for A(d,0) and
A(d,d — 2) thanks to (6.18).

Combining (6.17]), (6.20) and Lemma we obtain

LEMMA 6.18. Uniformly ford — 00, 0 <v <d—2 andd < p < 2d, one
has
2 2
e” —o(1) 4e” + o(1)
d2 < Id,p,u < d2 :
6.6.6. End of the proof of Proposition|6.11. We split the end of the proof
into two parts.
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For the lower bound, we use positivity to write

‘ e? —o(1) < e? — 0(1)’
d? - d

as a consequence of (6.13)) and Lemma
For the upper bound, we respectively apply Lemmas [6.13H6.16] and [6.18

to bound each of the terms in (6.13)), and we obtain

5e2 + 2e + o(1
b, < 2k ol)
The proof of Proposition [6.11]is now complete. This concludes the proof

of Theorem [[L18
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Abstract (will appear on the journal’s web site only)

We extend our previous results on the number of integers which are values
of some cyclotomic form of degree larger than a given value, to more general
families of binary forms with integer coefficients. Our main ingredient is an
asymptotic upper bound for the cardinality of the set of values which are
common to two non-isomorphic binary forms of degree greater than 3. We
apply our results to some typical examples of families of binary forms.
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