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INTRODUCTION

The cotangent bundle M = T*Y of a complex manifold ¥ is a holomorphic-
symplectic manifold. If ¥ is a generalized flag manifold, then this holomorphic-
symplectic structure underlies a hyperkahler metric, whose restriction to X is the
given homogeneous metric. This hyperkahler metric has been constructed using
finite dimensional hyperkéhler quotients for S¢,,(C)-flags in [9], and in general using
Nahm'’s equations (and infinite dimensional quotients) in [1]. For the simplest case,
M = T*CP”, there is an explicit formula of Calabi giving the Kéhler form of M as
the sum of the pull-back of the Kahler form of CP" and a term given by an explicit
potential [3].

In this paper, we give such a formula for the case where ¥ is a hermitian symmet-
ric space. To state the formula, identify T*Y with T using the metric, and write
I for the complex structure of ¥. Then, for { € Ty ~ T, %, the curvature Ry ¢
gives an antiselfadjoint endomorphism of 7,3, and we can take spectral functions
f(IRy¢ ) of the selfadjoint endomorphism IRy ¢, for a function f : R — R.

Note that we use the convention Re ¢ = V¢ ¢ — [Ve, V| for the curvature.

Theorem 1. Let ¥ = G/H be a hermitian symmetric space of compact type, then
there is a unique G-invariant hyperkdahler metric g on M = T*X% (with its canonical
holomorphic-symplectic structure), such that the restriction of g to the zero section
1S gs:

(i) the Kahler form of g is given by w; = m*ws, + dd°p, with

p(6) = (FURIEE), [(@) =~ (m - lnwéw_x) |

(i) with respect to the decomposition of TM between horizontal and vertical
directions, induced by the Levi-Civita connection of ¥, one has g(z,y) = (u(x),y),
with

A 0
e ( 0 A5_1> v Ae =1+ IR13(1R ), 0(IRre )6

,—14—3?—1)1/2

x

and §(x) = [2(zf)]/? = (

It is easy to check that this metric is complete (the completeness was already
known in [1]). Note that f(IRje¢) is well defined, since ¥ is of nonnegative bisec-
tional holomorphic curvature.

Burns [2] has found a formula of type (ii), but case by case using the classification.
Using the curvature, we have a unified formula for all hermitian symmetric spaces
(including exceptional ones), and of course a formula for the potential.

We now look at other hermitian symmetric spaces.

Theorem 2. Let ¥ = G/H be a hermitian symmetric space of noncompact type,

then there is a unique G-invariant hyperkdihler metric g defined in a neighborhood N

of the zero section X in M = T*%, such that the restriction of g to the zero section
1
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is gs: it is given by the same formulas as above and N 1is the set of & such that the
modulus of the eigenvalues of Ry¢ ¢ is less than 1. The metric g is incomplete.

In particular, there is only one PS/¢s(R)-invariant hyperkdhler metric on the
cotangent bundle of the Poincaré half-plane, restricting to the standard hyperbolic
metric on the zero section, but it is defined only in a neighborhood of the zero
section and is incomplete.

Theorem 3. Let ¥ be a flat complex torus. Then, the translation invariant hy-
perkdhler metrics g on T*X, restricting to the given flat metric on X, are given

by
(1 B
9=\B 1+ B2

where B, as a function from a fibre to real bilinear forms, is the hessian of the real
part of a holomorphic function.

In fact, this description is valid for any quotient of C™ by a discrete group of
translations. We deduce the following corollary.

Corollary 4. Let ¥ be any hermitian symmetric space, ¥ = X X X X Xy, where
Y is flat, 3. is hermitian symmetric of compact type, and ¥, is hermitian sym-
metric of noncompact type. Then any hyperkdhler metric in a neighborhood of 3 in
T*Y, invariant under the isometry group of ¥ and restricting to the given metric
on X, must be the product of the metrics described in the previous theorems.

We have another corollary for nilpotent orbits (see [8] for the hyperkéhler metrics
of the nilpotent orbits). We simply take the principal part of f(z) when z goes to
infinity.

Corollary 5. Under the hypothesis of theorem 1, if Rre ¢ has generically no zero
eigenvalue, then, taking f(x) =z~ Y2, ¢(z) = 2=/, and removing the contribution
from the basis (so that wy = dd°p and A¢ = IR14(1R;¢ )¢, 6(IR1e.)c) defines again a
hyperkdhler metric on the open set {€, Rre ¢ is injective} C T*X; this metric is the
hyperkihler metric of a nilpotent orbit of g©.

See section 3 to understand which nilpotent orbit appears.

In the first section, we establish the equations for hyperkahler metrics on cotan-
gent spaces of hermitian symmetric spaces, that are invariant under the isometry
group of the basis. We deduce the proof of theorem 3 and a uniqueness statement
(lemma 6) when one fixes the restriction on the zero section.

In the second section, we prove a formula for the potential in symplectic quotients
(theorem 7) which is essentially an amplification of an idea in [6]. The formula con-
tains a term involving a character of the group: this term is needed when taking
the inverse image by a normalized moment map of nonzero vectors in the dual of
the Lie algebra. We deduce the formula for the potential in the case of complex
grassmannians (since their cotangent spaces are obtained by finite dimensional quo-
tients). This section is not necessary for the proofs of the formulas, but we think
that it gives a good motivation for the formula for the potential, since we obtain
the other hermitian symmetric spaces simply by extrapolating the intrinsic formula
for complex grassmannians.

In the third section, we recall some root theory for hermitian symmetric spaces
(we use the “restricted root theorem” of Harish-Chandra and Moore), and we prove
the above theorems.

1. EQUATIONS AND THE EXAMPLE OF T*T"

We recall some facts on hyperkihler structures (see for example [5]). A triple
(g9,1,J) formed by a riemannian metric g and two anticommuting g-orthogonal
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almost-complex structures I and J on a manifold M is a hyperkéhler structure on
M whenever the pairs (¢g,I) and (g,.J) are Ké&hler. Then the pair (¢, K = I.J) is
Kahler as well.

For any triple as above, let us denote wy, wy and wg the corresponding Kéahler
forms. Then we have:

(9,1, J) is hyperkahler iff dw; = dwy = dwg = 0. (1.1)

The point here is that the three Kéhler forms being closed implies the integrability
of the three almost-complex structures.

If (g,1,J) is a hyperkéhler structure on M, then (M,I,w. = ws + iws) is a
holomorphic-symplectic manifold. Consider the case that the underlying holomor-
phic-symplectic manifold is the cotangent bundle 7% of some complex manifold
3. By (1.1), a riemannian metric g on T*X is hyperkédhler (with respect to the
underlying holomorphic-symplectic structure) if and only if

J? = —1, where J is defined by rew, = g(J-,-), (1.3)
dwy; = 0, where w; = g(I+,"). (1.4)

Suppose now that ¥ is Kéhler and consider the decomposition of the tangent bundle
TM = HY @V of TM between the horizontal part, determined by the Levi-Civita
connection V, and the vertical part, tangent to the fibres of the projection 7. Denote
by go the riemannian metric on M induced by the metric of ¥ and the decomposition
HY @ V. Identify TS and T*Y using the metric, so that for any £ € M, HgV and
Ve are identified with 15 ¢3. With respect to go and the above decomposition of
T M, the complex structure Is, the real part rew, of the symplectic form and the
unknown metric g are written as

;o (10 (0 1 (A B
M=\g —r)> ¥ =\_1 0/ 97 \B D)

where A, B, D are endomorphisms of T ¢X. Then, the conditions (1.2) and (1.3)
are respectively equivalent to
Al =1A, DI =1D, BI = —IB, (1.5)
AD =1+ B? DA =1+ (B*)?, AB* = BA, B*D = DB. (1.6)
To compute dw;y, we introduce, for any vector field X on ¥, the horizontal lift X" of
X with respect to V and the vertical vector field X, whose restriction to each fibre
Tr¥ ~ T,3 is the constant vector field X,. For any two vector fields X an Y on ¥,
one has [X*, V"] =0, [X", V"] = (VxY)? and [X", Y"]¢ = [X,V]¢ 4+ Rx y¢, where
R is the curvature of ¥ (convention Rxy = Vix,y] — [Vx, Vy]). The condition
(1.4) is then easily checked to be equivalent to the following system, for any & over
r and any X,Y,Z € T, %,
d’(DI) =0,
(2,d°(BI)x,y) + ((Z2" - (D)X, Y) = 0,
(Zz"-(ADX,Y)+ (DIRxy&, Z)
+H(X"(BDZ,Y) - (Y" - (B])Z,X) =0,
S (X" (ADY,2)+ > (BIRx &, Z) = 0.
XYZ XYZ

Here, d(DI) is the vertical exterior derivative of DI, as a 2-form; BI is considered
as a 1-form (in fact a (1,0)-form by (1.2)) on 7~ !(x), with values in T,,%; Z" - (DI)
and the like denote the covariant derivative in the horizontal directions with respect
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to the pull-back of V acting on sections of 7=1(End TX); in the last formula, we
sum over the circular permutations of X, Y, and Z.

From now on, we restrict ourselves to the case when ¥ is a hermitian symmetric
space (of any type), and we only consider hyperké&hler metrics on M = T*3, that
are invariant under the action of the group G of isometries of 3. The horizontal
distribution HV is tangent to the orbits of G in M, so that A, B, D are parallel with
respect to 7~V in horizontal directions. The last equation in (1.7) is then empty
(B commutes with Rx y since B is parallel), and the second and third equation
reduce respectively to:

d"B =0,

(2" - (AD))e — Repyz = 0. (18)

We are now ready to deduce the two following consequences, for torus and for
hermitian symmetric spaces without flat factor.

Proof of theorem 3. By the second equation in (1.8), A is constant on each fibre,
hence equal to 1. By the first equation in (1.8), in a fibre 7Y, B is the differential
of some O-form « with values in T, %; since B is of type (1,0), « is holomorphic.
Since B is symmetric by (1.3), « is closed as a 1-form on 7%, hence the differential
of some holomorphic function. Then B, as a real bilinear form, is the hessian of the
real part of this function. Conversely, it is clear that such a function determines, in
this way, a translation invariant hyperkahler metric on T*X. O

Lemma 6. Let ¥ = G/H be a hermitian symmetric space without flat factor.
Then, the G-invariant hyperkdhler metrics g on T*Y (with its canonical symplectic
structure) are the metrics of the form:

(A 0
g = 0 A—l ’
where A is G-equivariant, and satisfies (£ € TiX =~ Ty% and Z € T,X):
(2" (Al))e = Ran-1z¢- (1.9)

In particular, in any connected neighborhood of the zero section, T*Y admits at most
one G-invariant hyperkdhler metric restricting to the given hermitian symmetric
metric on X.

Proof. As in the proof of the above theorem, we have B = da on each fibre, where
a is holomorphic and can be chosen H-invariant on 73, hence invariant as well
under the action of the complexified group H®. Since ¥ has no flat factor, the
group HC has a dense orbit; it follows that « is constant and B vanishes identically.
Then, by (1.3), D = A~!. In particular, the second equation in (1.8) implies the
first in (1.7) (use the Bianchi identity) and the whole system is then equivalent to
(1.9). The last assertion is a direct consequence of (1.9), which, on each radial ray,
reduces to an ordinary differential equation. O

2. POTENTIAL IN SYMPLECTIC QUOTIENTS AND THE GRASSMANNIAN

We give a general formula for the Kahler potential of Kahler quotients, which
comes as an amplification of (3.58) in [6], and can be used for hyperkéhler quotients
when applied to the zero set of the complex part of the hyperkéhler moment map.
In particular, we will apply this formula to obtain an explicit formulation for the
Kahler potential of the hyperkahler metric on the cotangent bundle of the complex
grassmannians.
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2.1. Potential in symplectic Kdhler quotients. Let (W, g, I) be a Kéhler man-
ifold and G be a compact Lie group acting on W, preserving g and 1. We assume
that the action of G extends to a holomorphic action of the complexified group G€.
We also assume that W admits a global Kahler potential K, which can be assumed
G-invariant without loss of generality, so that the K&hler form is w = dd°K. Then,
if g is the Lie algebra of G, K determines a G-equivariant function p: W — g* for
the action of G, defined by (writing uX (z) =< u(z), X >):

X = deK (€Y, (2.1)

where X is the vector field induced on W by X € g. Since duX = —lexw, s a
moment map for the action of G.

For any character x : G — S, we write —2mic for the derivative of x at the origin
of G, where c is viewed as a G-invariant element of g*. In the sequel, we choose x
such that c is a regular value for the moment map u, and M, = u~1(c)/G is a well
defined Kihler quotient. We also denote by x : G — C* the extension of x to G€.
We assume that, for any « € W, there exists an unique element g, € exp(ig) such
that g,z € p=1(c).

We denote by q : W — p~(c) the map ¢(z) = g,x and by @ the pull-back on W
via ¢ of the K&hler form of the Kéhler quotient M..

Theorem 7. We have w = ddcf(, where K is given, for x € W, by

R(@) = K(gu2) + - (g2,

Remark. In case that W is a hermitian vector space, endowed with the flat Kahler
structure, which is the case of interest in the sequel, we may choose K (z) = |z|?/4.

Proof. We introduce the trivial complex line bundle L = W x C, we denote by o
the canonical section o(x) = (x,1), and we consider the hermitian metric h on L
determined by h(c) = exp(4nK), so that the Kéhler form w can be written w =
—RP /27i, where RP is the curvature of the Chern connection D of (L, h). We make
G act holomorphically on L by g(z,u) = (g, x(g)u). This action induces a linear
action of G® on the space I'(L) of sections of L, by putting: (gs)(x) = g(s(¢g~'z))
for any s € I'(L); then the induced action of the complexified Lie algebra g© on
I'(L) reads as follows, for X € g©:

X s = —Dexs+ 2mip™ — 2mic(X). (2.2)

Via the action of G€ on L, we define a new hermitian metric h on L by h(u) =
h(gzu), for any element u of the fibre L,, where g, is defined as above. In particular,
for the canonical section o, we have

E(U)(x) = |x(g2)|?h(0)(gu) = |X(gx)|2e47TK(g,_,aj)'

Let R be the curvature of the Chern connection of the hermitian bundle (L, h). The
theorem follows from the above formula and the fact that R = —27ic.

To prove this fact, note that, by the very definition of the Ka&hler quotient
structure on M., we have & = ¢*(w|,-1(¢)). It follows that 2mig*(w|,-1(c)) co-
incides with the curvature of the Chern connection D of the hermitian bundle
L= (¢*(L|,~1(¢)),q*h). On the other hand, the action of G on L induces an iso-
morphism 1 : L — L, which identifies the hermitian bundle L with (L, ﬁ) It thus
remains to prove that the induced connection D’ = ¢~! o Do 1) coincides with the
Chern connection of (L, iz) Since D’ clearly preserves the metric iL, it is sufficient
to show that D’ is compatible with the holomorphic structure of L, that is D’ga is
C-linear in £. This, in turn, follows directly from the expression:

Dio(x) = g5 ' [(D(g,).¢9:0) (92)] ,
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which we obtain by a direct computation using (2.2), and the following obvious
expression for the differential of ¢ at the point z: ¢.& = (g.)«& + {ﬁg, where X, is
the element of ig defined by: X, = (¢ g)g, ' O

2.2. The cotangent bundle of the complex grassmannian. In this paragraph,
we apply the formula of theorem 7 to the case of the cotangent space T* G, y of the
complex grassmannian of r-subspaces of CV | realized as a hyperkihler quotient (see
[9]) of the flat quaternionic space V & V*, where V = Hom(C",C") and the dual
V* is identified with Hom(C”Y,C") via the trace. The unitary group G = U, acts
on V@ V* by g(x,€) = (xog 1, go&) which clearly preserves the flat hyperkihler
structure. To perform the quotient by G, we restrict the action to the open subset
Vred @ V*, where V79 is the set of elements of maximal rank r in V. We denote
by W the submanifold of V"¢ @ V* defined by

W ={(z,8) e V"9 @ V", (o = 0},

endowed with the induced structure. Then, W is G-invariant and is the zero set of
the complex part of the hyperkéhler moment map for the action of G.

Any character of U, has the form xx(g) = (det ), where £ is some integer and
k = ¢/2m. The corresponding G-invariant element of g* is ¢;(X) = ktr(iX). The
square norm induces a U,-invariant global potential K (z, &) = (|x|? + |£]?)/4 on W.
Then, the associated moment map (2.1) is the real part of the hyperkahler moment
map for U,. For any k > 0, ¢ is a regular value for ; and we have

p(er) = {(2,6) € W, o — ¢ = 2k 1},

On the other hand, the quotient 1 ~1(cx)/U,, as a holomorphic-symplectic manifold,
coincides with the quotient W/G®, where G = GL,.C is the full linear group, acting
on W in the natural way, and W/G® is naturally identified, still as a holomorphic-
symplectic manifold, to the cotangent space T*G, y by identifying the class of the
pair (z,§) with the pair (P, «), where P € G, ny is the image of z and « is the
element of T5G,. y = Hom(CY /P, P) defined by o = €.

For any (z,¢), we look for a positive self-adjoint ¢ = g¢,¢ € GL, such that
g trrrgT! — gé€*g = 2k 1. Writing v = Va*z g~!, ¢ is determined by

=k (14 (1 R Varee Varan) 2.

By theorem 7, we get 4K (x,€) = |zg'|> + |g€|? + 2kIn|det g|2. Since g(z,&) €
pu~(ex), the two first square norms are equal up to an additive constant, so that,
up to an additive constant,

N k k 1
K(z,&) = B Indet(z*x) + 5 tr <%'y'y* - 1n(7*y*)) .

The first term is easily recognized as the Kahler potential, pulled back to V"9, of the
U,-invariant metric on G, y defined by (X, X), = 2k tr(X*X) for X € TpG, ny =
Hom(P,C¥ /P). To interpret the second term, note that vy* is conjugate to 1+ (1+
E~20a0*)/? =14 (14+4X*X)Y2 where X = 1/(2k)a* is the dual vector of a. Let
R denote the curvature of (-, -)x, which is independent of k, and for each vector X €
TpG, n consider the symmetric endomorphism IR;x x(Y) =2(X*XY + Y X*X).
For any integer j, we infer (IR;x x)? X, X)r = k/2 tr((4X*X)7T1), hence

k/2tr(k™ ' y* = In(yy")) = (f(IRrx,x) X, X)i,
where f is the function defined on R by

f(z)_i<m11n”ém).

This proves formula (i) of theorem 1 for the case of the grassmannian ¥ = G, n
with the metric (-, ).
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Remark. Though the Up-invariant metrics (-, -); differ from each other by a mere
homothety, the corresponding hyperkéhler metrics on T*G,. y are substantially dis-
tinct.

Ezample. When ¥ = P", (+,-); is the metric with constant holomorphic sectional
curvature ¢ = 2/k and the operator IR x x acts on X by multiplication by ¢|X|3,
so that the formula for the potential reduces to the formula of Calabi [3].

3. ROOT THEORY AND PROOF OF THE THEOREMS

In this section, we prove the theorems of the introduction. First, we recall some
root theory for hermitian symmetric spaces (see for example [10] and [4]).

3.1. Root theory for hermitian symmetric spaces. Let G/H be an irreducible
hermitian symmetric space, g and h be the Lie algebras of G and H,
g=hom, [bvm}cmv [m,m]Cb;

the curvature of ¥ is given by Re ¢ = [£,&'] € h C Endm for £, € m; let I €
be the complex structure and decompose m® = m* @ m~ according to the decom-
position of m® in eigenspaces for the eigenvalues 44 of I: m* and m~ are abelian
subalgebras of g€; let t C h be a Cartan subalgebra of g containing I and A be the
tC-root system in g€, so g€ = € ® Bacag?®; let Ag be the set of tC-roots of h© and
Ays be the set of roots a with g® € m®; choose an ordering of the set A such that

+ a,
m _@QEA;Q )

two roots a, 8 € A are strongly orthogonal if neither o & 3 is a root; in that case «
and 3 are orthogonal; consider a maximal strongly orthogonal set of Aj\'/[:

\Ijz{wlw'"w'ﬂ}v

where ;11 is the lowest element of A]\} strongly orthogonal to each of 1, ...,;;
choose for @ € AT a triple (ho,na,N—o) € it X g% x g=%, such that [hy,n4s] =
+2N4 4, [Na, N—a] = ha; this choice can be made so that g has a basis consisting of
a basis of t and

€a =Ng —N—q, fa :i(na'i_nfa)v OtEA+;
one has, for a € A},

Ieq = fa, 1fa = —€a, [eavfa]ZQiha;
from strong orthogonality,
a = DyecwRey
is a maximal abelian subalgebra in m, so
m = Upep Ad(r)a = Ad(9)a, (3.1)

and r is the rank of the symmetric space. If the centralizer in m of £ € a is a, then
¢ is a regular element of a; in that case, m = a + [h,&].
Strong orthogonality of ¥ implies
t = [a, ﬂa] = GylRiby;

let t be the orthogonal complement of t~ in t with respect to the Killing form; let
it be the restriction of roots from € to t~. The restricted root theorem of Harish-
Chandra and Moore asserts that two cases may occur: identify 1; with p(1;), then
w(A)YU {0} = {(£vs £¢1)/2, 1<s,t<r} or
p(A)U{0} = {(£s £41)/2, 1<s,t<rfU{E/2, 1<t <r}.
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In the first case,
pw(AG) = {(Ws — 1) /2, 1<t<s<r},
(AL ={(s +¢1)/2, 1<t<s<r},

in the second case

WAR) = {(s —0)/2, 1<t<s<rjU{—i/2, 1<t
(AL = {(s + ) /2, 1<t<s<ryu{gy/2, 1<t<r}.

Lemma 8. Ifa € A?p then
(i) there exists at most one ¥4 € ¥, such that ¢4 + « is a root;
(i) there exists at most one _ € U, such that ¥_ — « is a root;
(iii) if both ¥y and 1p_ exist, then Yy £ Y_;
() one has a(hy) = 6yy_ — Oy, forp € V.

Proof. Suppose that we are in the first case of the restricted root theorem and write
pula) = (Ys—1by) /2, with ¢t < s. If p1+ais aroot, then p(vy+a) = Yy +(Ys—1) /2,
which, according to the description of u(Af,), implies 1, = ;. Similarly, if »_ —«
is a root, then ¥_ = 1. So ¥4 and 1_ are unique and distinct. The same is true
in the second case of the restricted root theorem.

If ¢ exists, then a and a4 are roots, but a —1 and a+ 2t are not roots,
since 14 # ¢_ and [m*, m*] = 0. The fourth assertion follows. O

Suppose that ¥4 + « and ¥_ — « are roots, then (¢Yv_ — a, ;) = —(a,94) > 0,
so =14 +a—1_ is aroot in Agy. This implies that

[Na, iy, | = c[ng,ny_] for some c € R.
Using (iv) of the above lemma, one gets [nq,n_y_] = c[ng,n_y,]. From this we
deduce
[foued)i] :il[eaaelbiL [Cf5,6¢i] = $I[€mew;]a (3'2)

and, for £ =) 4, {pey € a,
[fou 5] = I(§¢+ [eou e¢+] - fd;, [6047 6#,7]), [Cfl%f] = I(§¢7 [eON 61/4] - 51/4 [ea’ ell)—])'
As Ifeq, &) = I(&y, [€ar ey, ] + &y [easey_]), the following lemma is obvious.
Lemma 9. Suppose a € AE as above and § = Y, &pey € a; write &y, = 0
(respectively £y = 0) if 1y (respectively 1_) does not exist; if £y, # &y_, then
Ieq, €] = [z fa +ycfs, €,
with ) )
o S T y = by
= 72 2 =2 2 -
£¢+ o g1/J— 51/14— o fw_
We will use later this lemma to write I[e,,&] as an element of the infinitesimal
orbit of the isotropy group H.

3.2. Proof of the formulas. Now, let ¥ = G/H be an irreducible hermitian
symmetric space, and 7 : M = T*Y — X its cotangent bundle. We use the
notations of the first section.

Lemma 10. Let g be a Kdhler metric on M, with Kdhler form w = m*wy + ddp,
where p is a G-invariant potential on M, then

. A0
slon) = (e, witvu= (5 P,
with, at a point &,
A¢ = 14+ 1Ri¢ grad, p» D¢ = ((dg grad p) — I(d¢ grad p)I).
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Proof. This is an easy exercise, using the techniques of the first section. O
Lemma 11. If p(§) =< f(IRi¢¢)§, & >, then grade p = 2(xf) (I Re ¢ ).

Proof. From (3.1) and the H-invariance of p, we may suppose { =Y &yeqy € a. By
density, it is enough to prove the formula at a regular £ € a, that is £ such that
m = a+ [h,¢]. From H-invariance, grad, p is orthogonal to [h, ], so grad p € a.
Now we simply differentiate in a:

Rree = Zii[lew, ey] = *QiZSihw, p(§) = Zfif(4£i)|6w|27
dep =2 (xf) (46} ew|*Epdey,
which gives the formula of the lemma. O

Lemma 12. For grad; p = F(IRre¢)€, one has the following formulas at a point
§ =2 Epey:

(i) in horizontal directions:

Ag =1+ TR p1/2(1 R )¢, F1/2(IR1e )6
(i) in vertical directions: for ¢ € a ® Ja,
De(¢) = 2(aF) (IR1¢.£)(C),

(iii) in vertical isotropic directions: for a € Ap, with the notations of lemma 9,
if Sy # &y
&, FAg,) — & FMAL )
Yy Yy P P

&, — &

and the same formula is true replacing e, by fo.

Dg([ea,f]) =2 (£¢+[€aae¢+]+£¢_ [ea,ew_]),

Remark. For formula (iii) when &y, = &y_, it is clear by density that the same
formula is true with a coefficient 2($F)/(4‘5§;+)'

Proof. The formula (i) is a consequence of

Rie p(1Ric. )¢ = Riri/2(1Rpe )6, F12 (TR e )€+

This is easy for £ € a, whence the general case by (3.1).
Now we prove (ii). Clearly D¢(I¢) = ID¢(), so we may suppose ¢ € a. Since a
is abelian, d¢ Ry¢ ¢(I¢) = 0, so

—1I(dg grad p)(I¢) = F(IRre ¢)C;

since Rree and (deRre¢)(¢) = 2R¢,¢c commute,

(de grad p)(¢) = F'(IR1¢,¢)(2R1¢,c§) + F(IRpe ¢)C;

using Rye ¢§ = Rye ¢, we get the second formula.
Finally, we prove (iii). Since grad p is H-equivariant, we get (d¢ grad p)[X, €] =
[X, grad, p| for X € h. We deduce

(de grad p)[ea; ] = [ea, F(IRig ¢)€]
= &y PG leas ey, ] + &y FAL leas ey ).
On the other hand, [le,,&] = [xfo + ycfs, §] from lemma 9, so using (3.2)
—I(de grad p)(Ilea;, &) = —I[zfa +ycfp, F(I R £)E]
= (2, F(4€],) + yéy_F(4€]))eas ey, ]
— (a€y_F(4€] ) + y&y, F(AET,))ea v ]

replacing x and y according to lemma 9 gives the formula. The proof for f, is the
same. O
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Proof of theorem 1. First we prove that the description (ii) of the theorem
follows from the formula for the potential in (i). We use lemmas 10, 11 and 12. The
statement for horizontal directions is clear since F' = 2(xf)’ = ¢2. Thus we have
only to check that Dy is the inverse of A¢. It suffices to compare the eigenvalues
on the eigenspaces g¥ for ©» € Ay;. The eigenvalues on g*¥ are the same, so we
may assume ) € AL. There are two cases: ¢ € ¥ or ¢ = o+ ¢4 for a € A; and
14 € ¥. For example, in the second case, the eigenvalue of A¢ on g tv+ s

1+267 ¢°(4€7, ) + 28] ¢*(4€] )
and the eigenvalue of Dy is
2((x¢*) (465, ) — (x¢”) (465 )/ (487, — 4€ )

since x¢?(x) = /1 + 2 — 1, the result follows from the trivial identity 1/(yv/1+ x +

VIity) =itz - VI+y)/(z—y).
Now it is clear from conditions (1.4), (1.5) and (1.6) that the metric is hy-

perkédhler. The uniqueness comes from lemma 6. O
Proof of theorem 2. This theorem is now clear. O
Proof of corollary 4. From the proof of lemma 6, we see that the only possible
non diagonal terms in the metric must come from the ¥; part. O

Proof of corollary 5. It is easy to check that these functions define a hyperkahler
structure on {{, Rye ¢ is injective} C M. It is not difficult to identify this open
subset of M, as a holomorphic-symplectic manifold, with the nilpotent orbit in g©
of a regular element X of m*. Thus we get an explicit formula for its hyperkihler
metric. It is easy to verify that the formula does not depend on the choice of the
hermitian symmetric metric on X. O
Remark. These nilpotent orbits are very special ones: they are the most degenerate
ones, since ad(X)3 = 0. For example they do not cover the case of the regular
sl;-orbit of [7].
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