THE KK-THEORY OF FUNDAMENTAL C*-ALGEBRAS

PIERRE FIMA AND EMMANUEL GERMAIN

ABSTRACT. Given a graph of C*-algebras as defined in [FE13|, we prove a long exact sequence
in KK-theory similar to the one obtained by Pimsner in [Pi86] for both the maximal and the
vertex-reduced fundamental C*-algebras of the graph in the presence of possibly non GNS-
faithful conditional expectations. We deduce from it the KK-equivalence between the full fun-
damental C*-algebra and the vertex-reduced fundamental C*-algebra even for non GNS-faithful
conditional expectations. Our results unify, simplify and generalize all the previous results ob-
tained before by Cuntz, Pimsner, Germain and Thomsen. It also generalizes the previous results
of the authors on amalgamated free products.

1. INTRODUCTION

In 1986 the description of the K K-theory for some groups C*-algebras culminated in the com-
putation by M. Pimsner of full and reduced crossed products by groups acting on trees [Pi86] (or
by the fundamental group of a graph of groups in Serre’s terminology). To go over the group sit-
uation has been difficult and it relied heavily on various generalizations of Voiculescu absorption
theorem (see [Th03] for the most general results in that direction). Note also that G. Kasparov
and G. Skandalis had another proof of Pimsner long exact sequence when studying KK-theory
for buildings [KS91].

However the results we obtain here are based on a completely different point of view. Introduced
in [FE13], the full or reduced fundamental C*-algebras of a graph of C*-algebras allows to treat on
equal footings amalgamated free products and HNN extensions (and in particular cross-product
by the integers). Let’s describe its context. A graph of C*-algebras is a finite oriented graph
with unital C*-algebras attached to its edges (B.) and vertices (A,) such that for any edge e
there are embeddings r. and s. of Be in A, () and Ay, with r(e) the range of e and s(e) its
source. As for groups, the full fundamental C*-algebra of the graph is a quotient of the universal
C*-algebra generated by the A, and unitaries u. such that u}s.(b)u. = r.(b) for all b € Be. In
the presence of conditional expectations from Ay) and A, () onto B, one can also construct
various representations of the full fundamental C*-algebra on Hilbert modules over A, or B.. It
is the interplay with the representations that yields the tools we need to prove our results.

In our previous paper [FG15], we first looked at one of the simplest graphs : one edge, two
different endpoints. The full fundamental C*-algebra is then the full amalgamated free product.
When the conditional expectations are not GNS-faithful, there are two possible reduced versions:
the reduced free product of D. Voiculecscu, that we call the edge-reduced amalgamated free
product and the vertex-reduced amalgamated free product we did construct in [FG15]. We did
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show that the full amalgamated free product and the vertex-reduced amalgamated free product
are always K-equivalent and we did exhibit a long exact sequence in KK-theory for both of them.

In this paper, we extend the results of [FG15| to any fundamental C*-algebra of a finite graph
of C*-algebras in the presence of conditional expectations, even non GNS-faithful ones.

Our first task is to introduce the good version of the reduced fundamental C*-algebra since there
are several possible constructions of the reduced fundamental C*-algebra when the conditional
expectations are not GNS-faithful and this fact was not clearly known to the authors in [FF13|
in which it was always assumed that the conditional expectations are GNS-faithful. The con-
struction of the vertex-reduced fundamental C*-algebra is made in section 2. We also describe
in details its fundamental properties.

Our second task is to define the boundary maps in the long exact sequence. This will be done
in a natural way: by multiplication, in the Kasparov product sense, by some elements in KK
that we construct in a geometric way in section 3. We also study the fundamental properties of
these KK elements which will be useful to prove the exactness of the sequence.

In section 4 we prove our main result: the exactness of the sequence. This is done by induction,
using the analogue of Serre’s devissage process, the properties of our KK! elements and the
initial cases: the amalgamated free product case which was done in [FG15| and the HNN-
extension case which can be deduced from the amalgamated free product case by a remark of
Ueda [Ue08|. Explicitly, if C' is any separable C*-algebra, P the full or reduced fundamental
C*-algebra of the finite graph of C*-algebras (G, Ap, Be) then we have the two 6-terms exact
sequence, where E is the set of positive edges and V is the vertex set of the graph G,

Bocwr KK'(C.B) =57 @0y KKO(C, 4)) — KK'(C,P)
T \
KKYC,P) — @,y KKV (C,Ay) “E5° @, cpe KK'(C,B.)

and

EBeeE+ KKO(BS7C) ngre* @pEV KKO(AIMC) — KKO(Pv C)
1 0
KKY(P,C) — @,cy KK (A, C) =5 @, pe KK'(B.,C)

In section 5 we give some applications of our results. A direct Corollary of our results is that
the full and vertex-reduced fundamental C*-algebra of a graph of C*-algebras are K-equivalent.
This generalizes and simplifies the results of Pimsner about the KK-theory of crossed-products
by groups acting on trees [Pi86]. Also, our results imply that the fundamental quantum group of
a graph of discrete quantum groups is K-amenable if and only if all the vertex quantum groups
are K-amenable. This generalizes and simplifies the results of [FF13].

2. PRELIMINARIES

2.1. Notations and conventions. All C*-algebras and Hilbert modules are supposed to be
separable. For a C*-algebra A and a Hilbert A-module H we denote by L£4(H) the C*-algebra
a A-linear adjointable operators from H to H and by Ka(H) the sub-C*-algebra of L£4(H)
consisting of A-compact operators. We write L(a) € L4(A) the left multiplication operator by
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a € A. We use the term ucp for unital completely positive. When ¢ : A — B is a ucp map the
GNS construction of is the unique, up to a canonical isomorphism, triple (H,,§) such that H
is a Hilbert B-module, 7 : A — Lp(H) is a unital *-homomorphism and { € H is a vector such
that w(A)§ - B is dense in H and (£, 7(a)¢ - b) = ¢(a)b. We refer the reader to [BI86] for basics
notions about Hilbert C*-modules and KK-theory.

2.2. Some homotopies.

Lemma 2.1. Let A, B be unital C*-algebras, H, K Hilbert B-modules, 7 : A — Lp(H),
p A — Lp(K) unital x-homomorphisms and F € Lp(H,K) a partial isometry such that
Fr(a) — p(a)F € Kp(H,K) for alla € A and F*F —1 € Kg(H). Then, [(K,p,V)] =0 €
KKY(A,B), where V = 2FF* — 1.

Proof. Let o :=[(K,p,V)] € KK'(A, B). For t € [0, 1], define

Ut—<1_§F 8>+Cos(7rt)<F§ _01>—sin(7rt)<FO*€>€L’B(K@H).

We have Uy = ( 1 _01 > and Uy = — ( Voo > Note that, for all ¢ € [0, 1], U} = U; and,

0 0 1
s ([ 1—FF 0 , [ FF* 0 o FF* 0
g = ( 0 0 + cos(mt) 0 1 + sin(7t) 0 FF
1-FF* 0 FF* 0 10
= (T ) () e 0 )R
0 0

where K; = sin(7t)? 0 F*F—1 > € Kp(K & H) for all t € [0,1], since F*F —1 € Kp(H).

Moreover, Us(p @ m)(a) — (p ® m)(a)U; € Kp(K & H) for all a € A since Fr(a) — p(a)F €
Kp(H, K) for all a € A. Consider the unique operators U € Lpgc(jo17)(K ® H) ® C([0,1])) and
K € Kpgc(o,) (K ® H) ® C([0,1])) such that the evaluation of U at ¢ is U; and the evaluation
of K at t is K, for all t € [0,1]. In particular we have U = U* and U? = 1 + K and, since
Ullpdr)(a) — (pdm)(a)U; € Kp(K & H) for all a € A and all ¢t € [0, 1], we have
Updr)(a)® Leqoa)) — (pdm)(a)® LeqoU € KB®C([0,1])((KEB H)®C([0,1])) for all a € A.
Hence we get an homotopy

=K e H)®C((0,1),(p& ) @l U)] € KK (A2 C((0.1]), B C([0,1]))
between 7o = [(K & H,p @ m,Up)] = (K & H,p &, < L0 )] = 0 since the triple is

degenerated and vy = (K @ H,p@n,U1)|=[(K & H,pd 7, — < V.o

0 -1

0 1 )]. Hence, v1 =z @y,

where z = [(K, p, —V)] = —a and y = [(H, 7, —idg)] = 0, since the triple is degenerated. O

2.3. Fundamental C*-algebras. In this section we recall the results and notations of [FF13|
and generalize the constructions to the case of non GNS-faithful conditional expectations.

If G is a graph in the sense of [Se77, Def 2.1], its vertex set will be denoted V(G) and its edge
set will be denoted E(G). We will always assume that G is at most countable. For e € E(G)
we denote by s(e) and r(e) respectively the source and range of e and by € the inverse edge of
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e. An orientation of G is a partition E(G) = ET(G) UE™(G) such that e € ET(G) if and only
ife € E7(G). We call ¢’ C G a connected subgraph if V(G') C V(G), E(G') C E(G) such that
e € E(G') if and only if € € E(G’) and the graph G’ with the source map and inverse map given
map the ones of G restricted to F(G’) is a connected graph.

Let (G, (Ag)q, (Be)e) be a graph of unital C*-algebras. This means that

e G is a connected graph.

For every ¢ € V(G) and every e € E(G), A, and B, are unital C*-algebras.
For every e € E(G), Bz = B..

For every e € E(G), s¢ : B, — Ag(e) is a unital faithful *-homomorphism.

For every e € E(G), we set e = sg : Be — Ap(e), B = se(Be) and Bf = r¢(Be). Given a
maximal subtree 7 C G the maximal fundamental C*-algebra with respect to T is the universal
C*-algebra generated by the C*-algebras A, ¢ € V(G), and by unitaries u., e € E(G), such that

*

e For every e € E(G), us = u.
e For every e € E(G) and every b € Be, ugse(b)ue = 7¢(b).
e For every e € E(T), ue = 1.
This C*-algebra will be denoted by P or Pg. We will always view A, C P for all p € V(G) since,

as explain in the following remark, the canonical unital *-homomorphisms from A, to P are all
faithful.

Remark 2.2. The C*-algebra P is not zero and the canonical maps v, : A, — P are injective for
all p € V(G). This follows easily from the Voiculescu’s absorption Theorem since we did assume
all our C*-algebras separable and the graph G countable. Indeed, since A, is separable for all
p € V(G) and since G is at most countable we can representation faithfully all the A, on the same
separable Hilbert space H. Write 7, : A, — L(H) the faithful representation. Replacing H by
H®H and 7, by m,®id if necessary, we may and will assume that m,(A4,)NK(H) = {0} for all p €
V(G). Write C = L(H)/K(H) the Calkin algebra and @ : £(H) — C the canonical surjection.

Fix an orientation of G. For e € F(G) we have two faithful representations 77;(6) 0 s, and W;(e) o0Te

of Be on H, both having trivial intersection with K(H). By Voiculescu’s absorption Theorem
there exists, for all e € ET(G), a unitary V. € C such that QOW;(S) (re(b)) = Ve*Qowg(e)(se(b))Ve
for all b € B, and all e € ET(G). For e € E~(G) define V., := (Vz)* so that the relations
(Ve)* = Ve and Qo 7, y(re(b)) = VEQ o m () (se(b))Ve holds for all b € Be and all e € E(G).
When w = (ey,...e,) is a path in G, we denote by V,, the unitary V,, :=V, ...V, € C (iffw is
the empty path we put V,, = 1). Fix a maximal subtree 7 C G. For p,q € V(G) let gp, be the
unique geodesic path in 7 from p to ¢ (if p = ¢ then g,, is the empty path by convention). Fix
po € V(G) and, for e € E(G), define U, := (Vgs(@po)*v(e,gr(e)po) so that the relations Uz = U} holds
for any e € E(G) and U, = 1 for any e € E(T). Finally, for p € V(G), define the faithful (since
m,(Ap) N K(H) = {0}) unital *-homomorphism 7, : A, — C by m, := (Vg, )*Qom,(-)V, -
Then, it is easy to check that the relation (o) (1e(b)) = U my(e)(5¢(b))Ue holds for all b € B, and
all e € E(G). Hence, P is not zero and we have a unique unital *-homomorphism 7 : P — C
such that m(u.) = Ue and 7o, = m, for all p € V(G). In particular, the canonical map v, from
A, to P is faithful since m, is faithful. Note that, when the C*-algebras A, are not supposed to be
separable and/or the graph G is not countable anymore the result is still true by considering the
universal representation, as in the proof of [Pe99, Theorem 4.2] (which was inspired by [BI7§]).
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Remark 2.3. Let A C P be the *-algebra generated by the A, for ¢ € V(G), and the unitaries
ue, for e € E(G). Then A is a dense unital *-algebra of P. Moreover, since the graph G is
supposed to be connected, for any fixed p € V(G), A is the linear span of A, and elements of
the form ague, ... ue,an where (e1,...,ey,) is a path in G from p to p, ap € A, and a; € Aren)
for1 <i<n.

We now recall the construction of the reduced fundamental C*-algebra, when there is a family
of conditional expectations Ef : Ay.) — Bg, for e € E(G). Set Ef = EZ : A, () — B; and note
that, in contrast with [FE13], we do not assume the conditional expectations ES to be GNS-
faithful. However, as it was already mentioned in [FF13|, all the constructions can be easily
carried out without the non-degeneracy assumption. Let us recall these constructions now. We
shall omit the proofs which are exactly the same as the GNS-faithful case and concentrate only
on the differences with the GNS-faithful case.

For every e € E(G) let (K%, pg,1%) be the GNS construction of the ucp map s; 1o ES : Ay — Be.
This means that K¢ is a right Hilbert Be-module, pf : Age) — Lp,(K¢) and i € K are such
that K7 = p3(Ase))ns - Be and (1, pi(a)ns - b) = s;' o Ef(a)b. In particular, we have the

e
formula p?(a)ns -b = pi(ase(b))ns. Let us notice that the submodule n.B, of K7 is orthogonally
complemented. In fact, its orthogonal complement (KZ5)° is the closure of the set {ps(a)n :
a € Agey, B¢ (a) = 0} which is easily seen to be a Hilbert Be-submodule of K. Similarly, the

orthogonal complement of n..B, in K will be denoted (K7)°. Note that ps(B2)(KZ2)° C (K7)°.
Let n > 1 and w = (ey,...,e,) a path in G. We define Hilbert C*-modules K; for 0 < i < n by

° KO = Kgl

o If ;11 # €, then K; = szrl

o If ;11 =€, then K; = (Kgi+1)o
[} Kn = Ar(en)

For 0 < i < n—1, K; is a right Hilbert B, ,-module and K, will be seen as a right Hilbert
Ap(en)-module. We define, for 1 < ¢ < n — 1, the unital *-homomorphism

Pi = pzi+1 © /r.ei : Bei - EBeH_l (Kz)7
and, p, = La,,, ore, + Be, — EAT(M) (K»). We can now define the right Hilbert A, (. y-module

H,=Ky®...® K,
P1 Pn

endowed with the left action of A given by the unital *-homomorphism defined by

r(en) <Hw) ’

For any two vertices p,q € V(G), we define the Hilbert Ay-module H,, = @, Hy, where the
sum runs over all paths w in G from ¢ to p. By convention, when ¢ = p, the sum also runs over
the empty path, where Hy = A, with its canonical Hilbert A,-module structure. We equip this
Hilbert C*-module with the left action of A, which is given by A, : Ay = La,(Hgp) defined
by Agp = D, A\w, where, when ¢ = p and w = 0 is the empty path, A\j := La,.

s(e1)

Aw = pp, ®@id : Ager) = La

For every e € E(G) and p € V(G), we define an operator u? : Hy(e)p — Hg(e)p in the following

way. Let w be a path in G from r(e) to p and let £ € H,,.
e If p=r(e) and w is the empty path, then ug(&) =1 ® & € Hy,).
e lfn=1w=(e1), &= p(a)n:, ®¢& with a € Ay,,) and &' € A, then
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—Ifer #& ud(§) =n ®E € Hiee,y)-
- _ = D _ "72 ®§ € H(e,el) if Egl (CL) =0,
ffer =2 ue(&) = { re,0s; (@) €4, if ae€B;.
o Ifn>2 w=(e,...,en), § = p (a)n, ®E with a € Age,) and ¢’ € K1 ® ... ® Ky,
p2

Pn
then
—Ifeq 7& e, u@(ﬁ) = 772 ®Ee H(e,e1,...,en)'
. - D o 77: ®§ € H(e,el,...,en) if E; (a’) =0,
Ife; =€, ue(§) = { (p1(s;'(a)) ®id)E" € Hie, ey if  a€BS.

One easily checks that the operators uZ commute with the right actions of A, on H.,(¢)p and

Hy)p and extend to unitary operators (still denoted u?) in La,(Hy(e)ps Hy(e)p) satisfying
(uf)* = uL. Moreover, for every e € E(G) and every b € Be, the definition implies that

UgAs(e)p(Se(D))Uf = Ar(e) p(re(D) € La, (Hie)p):

Let w = (e1,...,e,) beapathin G and let p € V(G), we set uly = ug, ... ue, € La,(Hye,)pr Hs(er)p)-
The p-reduced fundamental C*-algebra is the C*-algebra

Py = ((u8)* A p(Ag)uly|q € V(G), w, z paths from q to p ) C La,(Hpp).
We sometimes write Ppg = P,. Let us now explain how one can canonically view P, as a

quotient of P. Let 7 be a maximal subtree in G. Given a vertex g € V(G), we denote by g4

the unique geodesic path in 7 from ¢ to p. For every e € E(G), we define a unitary operator

D _ (P %, D
We = (ugs(e)p) Uegrior) € P,.

For every q € V(G), we define a unital faithful *-homomorphism m, ), : A; — P, by
Tgpla) = (ug, ) Agp(a)ul ~ forall a € Ag.

It is not difficult to check that the following relations hold:

o wl = (wk)* for every e € E(G),

e wl =1 for every e € E(T),

o W (o) p(Se(D))WE = Tpe) (e (b)) for every e € E(G), b € Be.
Thus, we can apply the universal property of the maximal fundamental C*-algebra P to get a
unique surjective *-homomorphism A, : P — P, such that \,(u.) = wf for all e € E(G) and
Ap(a) = mgp(a) for all a € Ay and all ¢ € V(G). We sometimes write )\g = Ap.

Let po,p,q € V(G) and a = )\pmp(ao)ugl/\3(62)7p(a1)u€2 u Agplan) € La,(Hqp, Hp, p), where
w = (e1,...,e,) is a (non-empty) path in G from pg to q, ap € Ay, and, for 1 <i < n, a; € Ay(e,).-
The operator a is said to be reduced (from pg to q) if for all 1 < ¢ < n — 1 such that ;11 = €&,
we have ES (a;) = 0.

€it1
Let w = (ey,...,ey) be a path from p to p. It is easy to check that any reduced operator of the
form a = Ay, p(ao)ub, ... uk Ay p(an) is in P, and that the linear span A, of A, and the reduced
operators from p to p is a dense x-subalgebra of P,.

Remark 2.4. The notion of reduced operator also makes sense in the maximal fundamental C*-
algebra (if we assume the existence of conditional expectations) and, for any fixed p € V(G), the
linear span of A, and the reduced operators from p to p is the *-algebra A4 introduced in Remark
which is dense in the maximal fundamental C*-algebra. Observe that, by definition, the



THE KK-THEORY OF FUNDAMENTAL C*-ALGEBRAS 7

morphism A, : P — P, is the unique unital *-homomorphism which is formally equal to the
identity on the reduced operators from p to p. More precisely, one has, for any reduced operator
a = aple, - .- Ue,an € P from p to p, A\p(a) = A\pp(ao)ub, ... ul, App(an).

We will need the following purely combinatorial lemma which gives an explicit decomposition of
the product of two reduced operators in P from p to p as a sum of reduced operators from p to
p plus an element in A,. For e € E(G) and x € A,y we write P, (z) := v — Ef ().

Lemma 2.5. [FF13| Lemma 3.17] Let w = (ep,...,e1) and p= (f1,..., fm) be paths from p to
p. Set ng = max{1l < k < min(n,m)|e; = f;,Vi < k}. If the above set is empty, set ng = 0. Let
a = Aple, ... Ue,ap € P and b = bouy, ... uy, by, € P be reduced operators. Set xg = apby and,
Jor 1 <k <ng, a = ap(se, orgt o EL (x-1))bi and y, = PL (zx—1). The following holds :

(1) If ng =0, then ab = apue, . . . Ue, ToUy, . .. Uf,, by

(2) If no =n=m, then ab=">3 ;| aple, ... Ue, YkUf, - - - Uf,bp + Tp.

(3) If no =n < m, then ab =3} Gple, - - - Ue, YkUf, - - Ufy b + Tptp, . Uf,, b

(4) If no =m < n, then ab="3 ;" | anle, - .. Ue, YUy - - - Uf, D + Aplc,, - . . Ue,, 1 Trn-

(5) If 1 < ng < min{n, m}, then

n
ab = E Anle, -+ Ue, YEUS, - - - Uf,, by + anle,, - . e 11 TnoUfp 41 - - Uf, b
k=1

Note that the preceding Lemma also holds in P, for all p € V(G), simply by applying the unital
*-homomorphism A, which is formally the identity on the reduced operators from p to p, as
explained in Remark [2.4]

In the following Proposition we completely characterize the p-reduced fundamental C*-algebra:
it is the unique quotient of P for which there exists a GNS-faithful ucp map P, — A, which is
zero on the reduced operators and "the identity on A,". The proof of this result is contained in
[FE13] in the GNS-faithful case but it is not explicitly stated. Since the proof is the same as the
one of [FG15, Proposition 2.4] and all the necessary arguments are contained in [FEF13|, we will
only sketch the proof of the next Proposition.

Proposition 2.6. For all p € V(G) the following holds.
(1) The morphism Xy is faithful on A,,.
(2) There exists a unique ucp map E, : P, = A, such that E,o\,(a) = a for alla € A, and
E,(Ap(aote, . .. Ue,an)) =0 for all a = ague, . .. Ue,an € P a reduced operator from p to p.

Moreover, E,, is GNS-faithful.
(8) For any unital C*-algebra with a surjective unital x-homomorphism © : P — C and a

GNS-faithful ucp map E : C — Ay such that E o A(a) = a for alla € A, and
E(m(ague, - .- Ue,an)) =0 for all a = ague, ... Ue,an € P a reduced operator from p to p
there exists a unique unital *-isomorphism v : B, — C such that v o A\, = w. Moreover,

v satisfies Eov =E,.

Proof. Assertion (1) follows from assertion (2), since E, o \,(a) = a for all a € A,. Let us sketch
the proof of assertion (2). Define §, = 14, € Ay C Hy, p and E,(x) = (&, 2&p) for all 2 € P,. Then
E, : P, — Ay is a ucp map and, for all a € Ay, Ey(A\y(a)) = (14,,La,(a)la,) = a. Repeating
the proof of [FF13|, Proposition 3.18|, we see that P,¢, - A, = Hp, and, for any reduced operator
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a € A,, one has (§,,a,) = 0. It follows that the triple (Hp p,id, &) is a GNS-construction of E,,
(in particular E, is GNS-faithful) and E,(A,(z)) = 0 for any reduced operator € P from p to
p, since the map A, sends reduced operators in P from p to p to reduced operators in P,.

The proof of (3) is a routine. Since F is GNS-faithful on C' we may and will assume that
C C L4, (K), where (K,id,n) is a GNS-construction of E. By the properties of E and E,, the
operator U : Hp, — K defined by U(\,(x)&,) = m(x)n for all x € P reduced operator from p
topor x € A, C P extends to a unitary operator U € L4,(Hpyp, K). By the definition of U, the
map v(z) = UzU*, for z € P, does the job. The uniqueness is obvious. O

Notation. We sometimes write Eg =[E,.

For a connected subgraph G’ C G with a maximal subtree 7/ C G’ such that 7’ C T we denote
by Pg: the maximal fundamental C*-algebra of our graph of C*-algebras restricted to G’ with
respect to the maximal subtree 7’. By the universal property there exists a unique unital x-
homomorphism mg: : Pgr — P such that Ag/(a) = a for all a € Ay, p € V(G') and mg (ue) = ue
for all e € E(G"). The following Corollary says that we have a canonical identification of Ppg " with
the sub-C*-algebra of P, generated by A, and the reduced operators from p to p with associated
path in G'.

Proposition 2.7. For all p € V(G'), there exists unique faithful x-homomorphism Wg, : Ppg/ —
P, such that Trg/ o )\g/ = A\pomgr. The morphism Wg/ satisfies |y o ng, = Eg,, Moreover, there
exists a unique ucp map Egl N Pgl such that Eg' o Trgl = id and Eg/()\p(a)) = 0 for all
a € P a reduced operator from p to p with associated path containing at least one vertexr which is
not in G'.

Proof. The uniqueness of Wg/ being obvious, let us show the existence. Define P’ = 71'5/ o

)\gl(Pg/) C P, and let E : P' — A, be the ucp map defined by E = E,|p,. By the universal
property of Proposition assertion 3, it suffices to check that E is GNS-faithul. Let z € P’
such that E(y*z*zy) = Ey(y*z*zy) = 0 for all y € P’. In particular E,(z*z) = 0 and we may
and will assume that z*x is the image under )\, of a sum of reduced operators from p to p with
associated vertices in G'. Let us show that z = 0. Since E, is GNS-faitful and since P’ contains
the image under A, of A, and of the reduced operators from p to p in P whose associated path
from is in G’ it suffices to show that E,(y*z*zy) = 0 for all y = \y(a), where a € P is a reduced
operator from p to p whose associated path contains at least one vertex which is not in G’. It
follows easily from Lemma [2.5] since this Lemma implies that, for all z € P a reduced operator
from p to p with all edges in G’ or z € A, and for all a € P a reduced operator from p to p with
at least one vertex which is not in G’, the product a*za is equal to a sum of reduced operators
from p to p with at least one vertex which is not in G’. In particular, E,(A,(a*za)) = 0 for all

such a and z. Hence, E,(yz*zy) = 0 for all y € P,. By construction, Wg, satisfies [E,, o ng/ = Eg/.

Let us now construct the ucp map Eg, (the uniqueness is obvious).

Let Hzlvp = &b H, C Hp,. By convention the sum also contains the empty
’ w a path in G’ from p to p
path for which Hy = A,. Observe that H, , is a complemented Hilbert sub-A,-module of

Hypo Let Q € La,(Hpyp) be the orthogonal projection onto Hzlxp and define the ucp map
EY : P, — La,(H),,) by EY (z) = QzQ.
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Since :EHI'W C HI’MI7 for all x € Ppg,, the projection Q commutes with every x € Ppg,. Hence, after
the identification Ppg, C P, we have ]Eg/ (r) =z for all x € Ppg/.

Let a = ague, .. Ue,an € P be a reduced operator with w = (ej,...e,) a path in G from p
to p such that e, ¢ E(G’) for some 1 < k < n. Observe that, by Lemma 2.5 for all b € P a
reduced operator from p to p with associated path in G’ or for b € A, the product ab is a sum
of reduced operators from p to p whose associated path has at least one edge from G’. Hence,
Ap(ab)éy € Hyp © Hy, ) (Where §, = 14, € Hp, ). It follows now easily from this observation that
QNp(a)QAp(b)Ep = 0 for all b € P a reduced operator from p to p or b € A,. Hence, Q\p(a)Q =0
and this concludes the proof. (I

The following definition is not contained in [FF13]. It is the correct version of the reduced
fundamental C*-algebra in the case of non GNS-faithful conditional expectations in order to
obtain the K-equivalence with the full fundamental C*-algebra. It is the main contribution of
this preliminary section to the general theory of fundamental C*-algebras developed in [FF13].

Definition 2.8. The vertez-reduced fundamental C*-algebra Pyey is the C*-algebra obtained by
separation completion of P for the C*-semi-norm ||z, = Sup{||A,(z)| : p € V(G)} on P.

We sometimes write PvgCrt = Pyert- We will denote by A : P — Pyt (or Ag) the canonical
surjection. Note that, by construction of Py, for all p € V(G), there exists a unique unital
(surjective) *-homomorphism A, , : Pyert — P, such that A, , o A = X\, We sometimes write
/\gp = Ay,p.- We describe the fundamental properties of Pyt in the following Proposition. We call
a family of ucp maps {¢;}icr, @i : A — B; GNS-faithful if N;cKer(m;) = {0}, where (H;, m;,&;)
is a GNS-construction for ¢;.
Proposition 2.9. The following holds.
(1) The morphism X is faithful on A, for all p € V(G).
(2) Forallp € V(G), there exists a unique ucp map Ea, : Peert — Ap such that Eq,o\(a) = a
for alla € A, and all p € V(G) and,
Ea,(As(agte, - . . te,an)) = 0 for all a = agute, . .. te,an € P a reduced operator from p to p.
Moreover, the family {Ea, : p € V(G)} is GNS-faithful.

(3) Suppose that C is a unital C*-algebra with a surjective unital *-homomorphism m : P —
C and with ucp maps Ea, : C — Ay, for p € V(G), such that Ea, o w(a) = a for all
ac Ay, allp e V(G) and,

Ea,(m(aoe; - - - Ue,an)) = 0 for all a = ague, . .. Ue,an € P a reduced operator from p to p

and the family {E4, : p € V(G)} is GNS-faithful. Then, there exists a unique unital
x-isomorphism v : Py — C such that v o A = w. Moreover, v satisfies 2 ov =K, for

allp € V(G).
Proof. (1). Tt follows from (2) since E4, o A(a) = a for all a € A, and all p € V(G).

(2). By Proposition , the maps Ea, = [E, o A\, ;, satisfy the desired properties and it suffices
to check that the family {E4, : p € V(G)} is GNS-faithful. This is done exactly as in the proof
of assertion (2) of [FG15, Proposition 2.8|.

(3). The proof is the same as the proof of assertion (3) of [FG15, Proposition 2.8|, by using the
universal property stated in Proposition [2.6 and the definition of Pyey. O
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Notation. We sometimes write Eip =Ea,.

Proposition 2.10. Let G’ C G be a connected subgmph with mazimal subtree T' C T. There
exists a unique faithful x-homomorphism errt P\,e]rt — Pyert such that 9. o \g: = Aomgr. The
morphism Wgort satzsﬁes Ey, o ﬂ-gcrt = Egp for allp € V(G). Moreover, there exists a unique ucp

map Egr @ Pyery — PY > ot such that )\ poEg = Eg/ o A\yp forallp e V(G').

vert

Proof. Define P’ = X o mg/(Pgr) C Pyert and consider, for p € V(G), the ucp map Ea, = Ey |pr.
Using the universal property of Proposition [2.9] assertion 3, it suffices to check that the family
{Ea, : p € V(G)} is GNS-faithful. Let x € P’ such that E4 (y*z*zy) = 0 for all y € P’
and all p € V(G). Arguing as in the proof of Proposition we find that Eq,(y*z*zy) = 0
for all y € Pyt and all p € V(G). Since the family {E4, : p € V(G)} is GNS faithful,
the family {E4, : p € V(G)} is also GNS-faithful. The construction of the canonical ucp map
Eg' : Peert — pPY eert 18 similar to the construction made in the proof of Proposmon Indeed, let
A = B,ev(g) Ap and consider the Hilbert A-module ¢y (g) Hp,p with the (faithful) left action
of Pyert glven by v = @pe\/(g) Avp- As in the proof of Proposition given any p € V(G'), we
identify the Hilbert module of path in G’ from p to p, with the canonical Hilbert A,-submodule
H},, C Hpp and we also view @ ,cy(g/ ) Hy,, C Dpevig pr as a Hilbert A-submodule. Note

that the left action €

view P9, C LA(Bpev (g p7p). Let Q € LA(D,ev(g) Hp,p) be the orthogonal projection onto
EBpEV(g ) Hp7p. Then it is not difficult to check that the ucp map = — Qv (x)Q has the desired
properties. O

eV (G )\Up of PY et OIL ®pEV(g’) is faithful so that we may and will

Example 2.11. When the graph contains two edges: e and its opposite € then either s(e) # r(e)
and the construction considered above is the vertex-reduced amalgamated free product studied
in [FGI5, Section 2| or s(e) = r(e) and the construction above is the vertex-reduced HNN-
extension. Let us reformulate in details below our construction in that specific case. Note that
the edge-reduced HNN-extension has been described in details in [Fil3].

Let A, B be unital C*-algebras and, for ¢ € {—1,1}, let 7. : B — A be a unital faithful *-
homomorphism and E, : A — B a ucp map such that E. on, =idg. The full HNN-extension is
the universal unital C*-algebra generated by A and a unitary u such that ur_; (b)u* = w1 (b) for all
b € B. We denote this C*-algebra by HNN(A, B, 71, m_1). The (vertex) reduced HNN-extension
C' is the unique, up to isomorphism, unital C*-algebra satisfying the following properties:

(1) There exists a unital *-homomorphism p : A — C and a unitary u € C such that
up(m_1(b))u* = p(m1(b)) for all b € B and C'is generated by p(A) and u.
(2) There exists a GNS-faithful ucp map E : C — A such that Eop =idg and E(x) =0
for all x € C of the form = = p(ag)u ... ue,p(ay) where n > 1, ap € A and ¢, € {—1,1}
are such that, forall 1 <k <n—1, ey = —¢p = E_, (ar) = 0.
(3) If D is a unital C*-algebra with a unital x-homomorphism v : A — D, a unitary v € D
and a GNS-faithful ucp map E’ : D — A such that
o vv(m_1(b))v* = v(m(b)) for all b € B and D is generated by v(A) and v.
e F'ov =idy and E'(z) = 0 for all z € D of the form x = v(ag)v...v"v(ay)
with n > 1, ¢ € {—1,1}, ap € A such that, for all 1 < k < n — 1 one has
€ktr] = —€ —> E—ek (ak) =0.
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Then there exists a unique unital *-homomorphism v : C' — D such that v o p = v and
v(u) = v. Moreover, E' o v = E. We denote this C*-algebra by HNNy (A, B, 71, 7—1)

We now describe the Serre’s devissage process for our vertex-reduced fundamental C*-algebras.

For e € E(G), let G. be the graph obtained from G by removing the edges e and € i.e., V(G,) =
V(G) and E(G.) = E(G) \ {e,e}. The source range and inverse maps are the restrictions of
the one for G. The Serre’s devissage shows that, when G, is not connected, the vertex-reduced
fundamental C*-algebra is a vertex-reduced amalgamated free product and, when G, is connected,
the vertex-reduced fundamental C*-algebra is a vertex-reduced HNN-extension. We shall use
freely the notations and results of [FGI5, Section 2| about vertex-reduced amalgamated free
products.

Case 1: G, is not connected. Let Gg) (respectively G,()) the connected component of s(e)
(resp. r(e)) in Ge. Since Ge is not connected e € F(T) and the graphs Ty := T N Gy and
Tre) == T NGy () are maximal subtrees of G,y and G, () respectively. Let Fg, ., and Fg, . be
the maximal fundamental C*-algebras of our graph of C*-algebras restricted to Gy() and G, ()
respectively and with respect to the maximal subtrees 7 and 7, respectively. Recall that
we have canonical maps ng, . : Fg,, — Pand g,  : Fg — P

r(e

Let Fg, ., x Fg, ., be the full free product of Py, and Pg, . amalgamated over B, relative

to the maps s, : Be — Pg,,, and 7. : Be — Pg . Observe that, since e € E(T), we have
ue = 1 € P. Hence, we have s.(b) = r.(b) in P, for all b € B,. By the universal property of the full

amalgamated free product there exists a unique unital *-homomorphism v : Fg, ., X Fg. ., —P
such that v|p, © = TGue) and v|p, o = TG Moreover, by the universal property of P, there
exists also a unital *-homomorphism P — Fg_ X Fg, ., which is the inverse of v. Hence, v is

a *-isomorphism. Actually, this is also true at the vertex-reduced level.

Note that we have injective unital *-homomorphisms ty) = Ag,,, © se : Be — P\%’r(te> and

Ls(e) = AGye) OTe @ Be = P and conditional expectations Ege) = Ag,,, © E¢ o Eiss(:)) from

vert e
JRT Ls(e)(Be) and E, (o) = Ag, ., © E¢ oEitF(i)) from P2 to Lr(e)(Be) so that we can perform

vert vert

the vertex-reduced amalgamated free product. Following [FG15, Section 2|, we write

. pYste) Gr(e) Gste) U pYre)
™ - Pvert g Pvert _>Pvert ék Pvert

the canonical surjection for the full amalgamated free product to the vertex-reduced amalgamated
free product and E; (resp. Ez) the canonical ucp map from poer § pire to o (resp. to

vert B. vert vert

Py,

vert

. . . . gS e v g’l‘ e
Lemma 2.12. There exists a unique *-isomorphism v, : P, o X P79 — Pyery such that:
€

VeOTOAG, =AOTg, and VeomoAg,  =Aomg .

Moreover we have Egs(e) ove, =Eq and EgT@ o v, = Es.

Proof. The proof is the same as the proof of [FF13, Lemma 3.26], it suffices to prove that Pyert
Gr(e)
P :

vert

Pgs(e)

satisfies the universal property of P, the canonical ucp maps from Plye to P‘i;(f) and

v
*
Be
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P are the ones constructed in Proposition [2.10|i.e. Eg, and Eg . By [FGI15, Proposition

vert
2.8, assertion 3|, the resulting isomorphism v, intertwines the canonical ucp maps. O

Case 2: G, is connected.

Let e € E(G) and suppose that G, is connected. Up to a canonical isomorphism of P we
may and will assume that 7 C G.. So that we have the canonical unital *-homomorphism
g, : Pg. — P. We consider the two unital faithful *-homomorphisms s.,r. : B, — Fg,.
By definition, we have u.re(b)u; = s.(b) for all b € B, and P is generated, as a C*-algebra, by
7g. (Pg.) and ue. By the universal property of the maximal HNN-extension, there exists a unique
unital (surjective) *-homomorphism v : HNN(Fg,, Be, s¢,7e) — P such that v|p, = mg, and
v(u) = ue. Observe that, by the universal property of P, there exists a unital *-homomorphism
P — HNN(Pg,, Be, ¢, re) which is the inverse of v. Hence v is a *-isomorphism. Actually this
is also true at the vertex-reduced level.

Define the faithful unital #-homomorphism 7y, 7_1 : B, — Pvert by 7_1 = )\ge o s and

or.. Note that the ucp maps F. : P, — B, defined by E; = s, ! 0 ES o Eg(ee)
and E_; = 1,10 El o Eg(ee) satisfy F. ome = idp, for € € {—1,1}. Hence we may consider
the vertex-reduced HNN-extension and the canonical surjection A, HNN(P‘%H, Be, SeyTe) —
HNN,ero (P9, Be,m1,m_1). Write v = A(u), where u € HNN(Pvert,Be,se,re) is the "stable
letter". Recall that, by Proposition , we have the canonical faithful unital *-homomorphism
7 Pgrt — Pyert. Let E : HNNvert(P B.,m,m-1) — Pgrt the canonical GNS-faithful

vert vert?
ucp map.

e

Lemma 2.13. There is a unique *-isomorphism v, : HNNvert(P

vert?
that ve o e ]Pge = 79
ert

B677T177T—1) — Pyert such
. and ve(u) = u.. Moreover Eg, o v, =E.

Proof. Since we have uem9e, (n_1(b))ut = 79, (71 (D)) for all b € B,, it suffices, by the universal

property of the vertex-reduced HNN extension explained in Example[2.T1] to check that we have
a GNS-faithful ucp map Pyt — pYe e satisfying the conditions described in Example . This
ucp map is the one constructed in Proposition 2.10} it is the map Eg, and the conditions can
be checked as in the proof of [FF13| Lemma 3.27|. The fact that the resulting isomorphism v,
intertwines the ucp maps follows from the universal property. O

We end this preliminary section with an easy Lemma.
Lemma 2.14. If x = ague, . . - Ue, an € P is a reduced operator from p to p and a, € B then
B 0y(e"2) = B, o By0ola's)).

Proof. Define xg = agag and for 1 < k < n, zp = aj(re, o 5., o Ef ($k—1))ak~ We apply
Lemma to the pair a = z* and b = z in case (2). It follows that z*x = y + =z, where y
is a sum of reduced operators from p to p. Hence E,(A,(y)) = 0 and, since a,, € B , we have
Tn = a}(re, 0551 0 ES (zn-1))an € B . O

3. BOUNDARY MAPS

Define the ucp map E. = E] o EAT@ : Pyt — B.. Note that the GNS construction of E.
is given by (Hy(e) re) @ Be, Apr(e) @ 1,&re) ® 1). To simplify the notations, we will denote by
ET
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(K¢, pe,ne) the GNS construction of E.. We define R, C K, as the Hilbert Bl-submodule of K.
of the “words ending with e". More precisely,

Re := Span{pe(A(2))ne | * = ague, . - . Ue, an € P reduced from r(e) to r(e)

with e, = e and a,, € B]} C K..

It is easy to see from the definition that R. is a Hilbert B[-submodule of K.. Moreover, it is
complemented in K, with orthogonal complement given by:

Le := Span{pe(A(x))ne | x € Apie) OF T = agie, - - - Ue, @ € P reduced from r(e) to r(e) with
en # e or e, = e and a, € Ay) © BL}.
Let Q. € Lpr(K.) be the orthogonal projection onto R, and define
Xe = {x = ague, - .. Ue, an, € P reduced from r(e) to r(e) with e ¢ {€,e} for all 1 <k < n},

Lemma 3.1. The following holds.

(1) For all reduced operator a = apue,, - ..Ue, a0 € P from r(e) to r(e) we have

Im(Qepe(Ma)) — pe(Aa))Qe) C X4, where:

Y, := ay, pe(Aante, ... Ue,))Ne - By, if e is not a loop,
X i ke{17 ,TL} €p=¢€
W=
Y, ® &b pe(Mante, - .- Ue,, ak))MNe - Bg) if e is a loop.
ke{l,...,n}ep=¢€

(by convention, the term in the last direct sum is pe()\(an)) Ne - BY, when e, = € is a loop)
(2) Qe commutes with p.(A(a)) for all a € Span (A, ) U X,).

(3) QupelAa)) — pe(A(@)Qs € Ky () for alla € P
Proof. During the proof we will use the notation P¢(x) = x — Ef(z) for x € A, ().

(1). Let n > 1 and a = anUe, . .. ue,ap € P a reduced operator from r(e) to r(e).
Suppose that b € A,). We have Qcpe(A(b))ne = 0 and ab = ane,, - - . ue,apb € P is reduced.
Hence, if e; # e, we have Qe¢pe(A(ab))n. = 0 and, if e; = e, we have

ab = anple, ... U EL(x0) + ap ... ueP,(xg) where zy = apb.
It follows that Qepe(A(ab))ne = pe(Aante, - - - ucEE(70)))ne. To conclude we have, Vb € A,.(),

(QuaeN@) = pe @@ = { DT ex i e

Suppose that b = bouy, ...uy, by € P is a reduced operator from 7(e) to r(e). Let 0 < ng <
min{n, m} be the integer associated to the couple (a,b) in Lemma This Lemma implies
that, when ngp = 0 or ng = n < m or 1 < ng < min{n,m}, ab is a reduced word or a sum
of reduced words that end by wuy, by,. Hence, in this cases, we have p.(A(b))n. € Re =
pe(Aab))me € Re and pe(A(b))ne € Lo © Apey = pe(Aab))me € Le © Apey. It follows that

(Qepe(A(@)) = pe(Ma))Qe)pe(A(b))1e = 0 € X,



14 PIERRE FIMA AND EMMANUEL GERMAIN

Suppose now that ng = m < n. Lemma [2.5| implies that ab = y + z where y is a sum of reduced
words that end by uy,, by and z = anue, .. Ue,, ., Tm- Hence we have po(A(b))n. € Re =
p€<)‘(y))776 € Re and Pe()\(b»ne €L.OS Ar(e) = Pe()\@))??e €LS Ar(e)- It follows that

@) = @00 = { GG e it N <

We have pe(A(2))1e = pe(Aante, - - Ue,, .1 Tm))ne hence,
0e X, if emy1 #eorenr =eand zy, € Ay © B,

Qepe(M2))ne = { pe(Aante, - . Uep i ))Ne-Tm € Xq if epmq1 =e and xp, € BY.

Hence (Qcpe(A(a)) — pe(A(a))Qe)pe(A(D))ne € Xq if pe(A(D))ne € Le and, if Pe(A(D))ne € Re, we
have f,, = e and b,, € B]. Since ng = m we conclude that e,, = f,, = € and x,, is equal to
am(reos; Lo B2 (2,-1))bm. Note that, since r(f,,) = r(e) and f,,, = € we find that s(e) = r(f,n) =
r(e). Hence e must be a loop. Moreover, pe(A(2))ne = pe(Aante, - - - Uep 1 Gm))Ne - Thy € Xa,
where 2/, = (re0s. o ES(2-1))bm € BL. Tt follows that (Qepe(A(a)) — pe(A(@))Qe)pe(A(D))ne €
X, also when pe(A(D))ne € Re.

Suppose that ng = n = m. Lemma implies that ab = y + x,,, where y is a sum of reduced
words that end by wuy, by,. As before, we deduce that:
Qepe(A(@m))ne = 0 if pe(Ab))ne € Le,
ePe(A(a)) — pe(A(a))Qe)pe(A(b))Ne. = .
(QupelA@) = pe NI = G T i e < R
And, if pe(A(b))ne € Re then fy, = e and by, € By. Since ng = m = n, we deduce that
en = fm =€ (hence e is a loop) and z,,, = ap(re 0 ;1 0 ES(x,-1))by € a, BY. Hence,

Qepe(Mm)) e = pe(Mxm))ne = —pe(M&m))ne = —pe(Man))ne - ), € Xa,

where 2/, = (ro 0 s;! o E5(2,-1))b, € BY. This concludes the proof of the Lemma.
(2). It is obvious that p.(A(a)) commutes with Q. for all @ € A, (). Hence, (2) follows from (1).

(3). Again, it directly follows from the computations made in (1) but we write the details for
the convenience of the reader. Since any reduced operator in P from r(e) to r(e) may be written
as a product of reduced operators a € P from r(e) to r(e) of the form (I): the edges in a are all
different from e or €; (I1): a = ugz, where x is a reduced operator from s(e) to r(e) whose edges
are all different from e or e; (II1): a = zue, where = is a reduced operator from r(e) to s(e)
whose edges are all different from e or €. By (2) pe(A(a)) commutes with Q. for a of type (I)
and, since any element of type (I1) is the adjoint of an element of type(I/I1), it suffices to show
that the commutator of Q. and p.(A(a)) is compact for all a of type (III). First assume that e
is a loop. In that case, it suffices to show that Qcpe(A(ue)) — pe(A(ue))Qe is compact. Let b € P.
From the computations made in (1), we see that (Qepe(A(ue)) — pe(A(ue))Qe)pe(A(b))ne = 0 for
any b € P reduced operator from r(e) to 7(e) and, for b € A, one has

(Qepe(Aue)) = pe(Mue))Qe) pe(A(D))ne = pe(A(ue)ne - Ee (D) = pe(A(te))ne - (Mes pe(A(D))Ne)-

Hence, the equality (Qepe(A(te)) — pe(Aue))Qe)é = pe(A(te))ne - (e, &) holds for any & =
Pe(A(b))ne with b in the span of A, .y and the reduced operators in P from 7(e) to r(e). Hence, it

holds for any ¢ € K,. It follows that the commutator of Q. and p.(A(ue)) is a rank one operator,
hence compact. Let us now assume that e is not a loop. Write a = anue,, - - - Ue, GoUe, Where
n>1, e ¢ {e,e} for all k. For b € P we write X (b) = (Qepe(Na)) — pe(A(a))Qe)pe(A(b))Ne.
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As before, following the computations made in (1) we see that, since e; ¢ {e,e}, we have
X (b) = 0 whenever b is a reduced operator from r(e) to r(e). Moreover, when b € A, () we
have X (b) = pe(A(a))ne - (e, pe(A(D))ne). As before, it follows that the commutator of Q. and
pe(A(a)) is a rank one operator.

O

Define Ve = 2Q. — 1 € Lpr(K.). We have V2 =1,V, =V and, for all # € Py, Lemma
implies that Vepe(x) — ( )WVe € Kpr(K.). Hence we get an element y¢ € KK (Pyey, BY).
Deﬁne 29 = o9 ® [ro1] € KKY(Pyert, Be).

Remark 3.2. Note that we also have an element 29 = [\] ® 29 € KK(P,B.).

Pvert
Recall that for a subgraph G’ C G with a maxnnal subtree T' C G’ such that 7' C T we have
the canonical unital faithful x-homomorphism 7 P9 P vert defined in Proposition .

vert vert
Proposition 3.3. For all connected subgraphs G' C G with mazimal subtree T' C T, we have
(1) ife € E(G) then [79.,] © 29 =219 € KKY(PY ., B.),

vert, vert’
vert

(2) if e ¢ E(G') then [rie] © 2 =06 KK (P, Be),

(3) 2or(e)=p z9 g@ [re] =0 € KK (Pyert, Ap) for all p € V(G),
(4) For all e € E(G) we have 2 = —29.

e

Proof. Let G’ C G be a connected subgraph with maximal subtree 7/ C T and e € E(G).

(1). Suppose that e € E(G") (hence e € E(G")). Recall that we have the canonical ucp map Eg/ :
Poort — pY et from Proposition Moreover, by definition of errt of we have Eg =FE.o0 79
where Eg =FE]o IE%/( -

vert»

Let (K, pe,ne) be the GNS construction of E, and define K. = p. o w9 (P9,
that K is complemented. Indeed, we have K. & L. = K, where

L. = Span{pe(x)ne - b : b € Bl and © € Pyeyt such that Eg (z) = 0}.

)ne - BL. Observe

Let R, € Lpr(K.) be the orthogonal projection onto K. Since p o 7rvert( VK. C K for all
z e PY It is also easy to check that R,

vert?
commutes with ). hence with V..

R, commutes with p. o ﬂgert( ) for all z € PVert

Since E" = E. o 79, the triple (K%,p’e,né), where pl.(z) = pe o 7%, (2)R, for z € PY . and
1l = Ne, is a GNS construction of EY'. Let Q. € Lpy(K.) be the associated operator such that

29 = [(K, ,pe,V’)], with V] = 2Q. — 1. By definition we have Q. = Q.R, hence, V! = V. R,.
It follows that [ ® 29 =29 @y, where y € KKl(Pg

vert?

B.) is represented by the triple

vert]
vert

(Le, e, Ve(1 — Re)), where me = pe 0 ﬂvert( )(1 — R.). To conclude the proof of (1) it suffices to
check that this triple is degenerated. Since V. and (1 — R.) commute, V(1 Re) is self-adjoint
and (V,(1 - R.))?> =1— R, =idy,. Hence, it suffices to check that, for all a € PY

vert»
(Qepe o 7Tgert( ) = Pe© ﬂ-vert( )Qe)(1 — Re) = 0.
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We already know from assertion (2) of Lemmathat Qepe(N(a)) = pe(Ma))Qe for all a € A,
(and all @ € X,). Let a = apue, ... ue, a0 € Pgr and b = bouy, ... uy, by, € P be reduced operators
from 7(e) to r(e) and suppose that Eg/(\(b)) = 0. Hence, there exists k € {1,...m} such that
fr ¢ E(G") and it follows that the integer ng associated to the pair (7g/(a),b) in Lemma
satisfies ng < k since ¢; € E(G’) for all [ € {1,...n}. Applying Lemma in case (5), we see
that mg/(a)b is a sum of reduced operators that end with wy, b,,. Hence, pe(A(b))ne € Re =
pe(A(mgr(a)b))ne € Re and pe(A(D))ne € Lo = pe(A(mgr(a)b))ne € Le. It follows that

[Qepe(ier (Mg (@))) = pe(miese (Mg () Qelpe (AB))me

= [Qepe(Mmgr () — pe(Mmg (a)))Qelpe(A(b))ne = 0.
This concludes the proof of (1).

(2). Suppose that e ¢ E(G’) (hence € §§ E(G")). The element [« vért] ® 29 is represented by the

Since V2 = 1 and V} = V,, it suffices to show that Q.
commutes with pe(79. () for all z € PY.,. It follows from assertion (2) of Lemma since
e,e ¢ E(G') implies 79 (PY.,) C Span (MAe) UAXe)).

(3). For p € V(G) we use the notation (Hp,mp,&p) = (Hpp, Ao p,&p) for the GNS construction

of the canonical ucp map E4, : Pyert — Ap. Observe that &, - A, is orthogonally complemented

in Hy and set H, = H, ©§, - Ay. Define K, = @eEE(Q) r(e)=p Ke ® Ap and observe that, by
) Bg

Lemma we have an isometry F), € L4,(H,, K;) defined by

triple (Keaﬂ-ey ‘/:3) Where e = pe © ﬂ—

vert®

Fy(mp(Magte, - . - Ue,an))ép) = Pe, (Aaole, - . - Ue, ) )Ne, @ Gn,

for all ague, ... ue,an € P reduced operator from p to p. We extend F), to partial isometry, still
denoted Fy, € La,(Hp, Kp) by Fple,.a, = 0. Then FJF, =1 — Q¢,, where Q¢, € L4,(Hp) is the
orthogonal projection onto &, - A,. Moreover, F},F; = @eeE(g),r(e):p Qe ® 1.

Define p, = @eGE(g),T(e):p Pe @1 1 Poery — La,(Kp).
Lemma 3.4. For any a € P we have (Fpmp(A(a)) — pp(Ma))Fp) € Ka,(Hp, Kp).

Proof. It suffices to prove the lemma for any a = apue, ... ue, a9 € P reduced operator from p
to p since, for a € A, one has F,m,(A(a)) = pp(A(a))F,. We may and will assume that r(ey) # p
for all k # 1 since reduced operator from p to p may be written as the product of such operators.
Fix such an operator a and, for b € P write X (b) = (Fpmp(A(a)) — pp(A(a))Fp)(mp(A(D))Ep). If
b € A, then F,m,(A(b))§, = 0 and ab = apue, ... Uue, apb € P is reduced from p to p. Hence,
Fomp(A(ab))ép = pey (Aante, - - . e, ))Ne, ® agb and we have

X(b) = (pe;(Mante, - .- ue;))Ne, @ 1) - aob
(Per (Aantie, - - Uey))Ney @ 1) - (mp(A(ag))Ep, Tp(A(D))Ep)-
Suppose that b = bouy, ... uf, by, € P is a reduced operator from p to p and write b = b'by,,

where 0" = bouy, ... uy, . Let 0 < ng < min{n,m} and, for 1 < k < ng, 1 € Ag,) be the data
associated to the couple (a,d’) in Lemma . By Lemma we can write ab’ = y + z, where y
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is either reduced and ends with uy, or is a sum of reduced operators that end with uy,, and:
Aple, - - - Uep T if ng =m <mn,
z=< I if ng=n=m,
0 ifng=0o0rmny=n<mor1<ng<min{n,m}.

Since y is a sum of reduced operators ending with uy,, we have Fpm,(A(y))Ep = pr,, (A Y))nf, ©1
and,

X(b) = FpmpAab)& b — pr, (Mab))ny,, @ by
= FpmpAW)&p - b = £ AW 010 ® b+ Fpmp(A(2))8p - om — P (M(2))111, © b
= Fpmp(A2))& - b — g, (M(2))10f,, @ b
Hence, if ng = 0, np =n < m or 1 < ng < min{n, m} then X (b) = 0.
Note that if ng = m < n then f,, = e,, which implies that r(e;+1) = s(em) = r(fm) = p which

does not happen with our hypothesis on a.
Finally, if ng = n = m then 2z = x,, = apse, org, Lo BT (n-1) € a, B and, since fy, = fn = €y,

we have py,, (A(2 ))nfm®b P (M) )1, Db € (m(k(an))n@n@)-x‘lp and Fymp(A(2))&p-bm =
Fomp(AM2n))&p - b = 0. Hence
X() = —pe,(Mxn))0e, @b = —pe, (ANan))e, @ e, 07" 0 EL (2p—1)by,

= —(pe,(Aan))1e, ® 1) - (mp(A(@')")&p, mp(A(D ))Sp%

where a’ = ue, an_1 ... ue ap. It follows that, for any reduced operator b € P from p to p and for
any b € A, the element X (b) is equal to

(Per (Mantte,, - - - tte; )7y @1)-(mp(A(a5))&p, p (A(B)) &) = (e, (Man) e, ®1)-(mp(A(a) )&, p(A(D))&p)-
Hence, Fpmp(A(a)) — pp(A(a))F) is a finite rank operator. O

Since F), is a partial isometry satisfying FpFy —1 = —Q¢, € K4, (Hp), it follows from Lemma

4| that we can apply Lemma [2.1] . to conclude that [(Kp, pp, Vp)] =0 € KKl(Pvert, A,), where
Vp =2FFy—1= @eeE(g) r(e)=p Ve ® 1 and V, has been defined previously by V, = 2Q. — 1. It

g®[ l-

follows from the definitions that ( s Pps Vp) is a triple representing the element ZT e)=p T

This concludes the proof of (3).

(4). Note that, for all e € E(G) and all z € P, we have Ez(A(z)) = ( e)Ee(Auizue))A(ul). It
follows from this formula that the operator W, : Kz ® Be — K, ® . defined by

Se
We(pe(A(x))ne @ b) = pe(A(wue))ne @b for z € P and b € B,
is a unitary operator in Lp, (K& ® B, K, ® B.). Moreover, it is clear that W, intertwines the

st
representations pe(-) ® 1 and pg(-) ® 1 and we have W (Q. @ )W, =101 - Qe ® 1.
]

Remark 3.5. Assertions (2) and (3) of the preceding Proposition obviously hold for the elements
29 = [)\] ® 29 € KK'(P,B.) and also assertions (1) and (2) with g/ instead of ﬂge,rt since we
vert

have 7., 0 A\gs = A o g for any connected subgraph G’ C G, with maximal subtree 7' C T.

Vert
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We study now in details the behavior of our elements 9 under the Serre’s devissage process.

The case of an amalgamated free product. Let A, A and B be C*-algebras with unital
faithful x-homomorphisms ¢, : B — Ay and conditional expectations Ey : Ay — 1x(B) for k =

1,2. Let A, = Ay % Aj be the associated vertex-reduced amalgamated free product, Ay = A; E As

the full amalgamated free product and 7 : Ay — A, the canonical surjection. Let (K, p,7n) be
the GNS construction of the canonical ucp map E : A, — B (which is the composition of the
canonical surjection from A to the edge-reduced amalgamated free product with the canonical ucp
map from the edge-reduced amalgamated free product to B) and Kj, for i = 1,2, be the closed
subspace of K generated by {p(7(x))n : = a1...a, € Ay reduced and ends with 4; © B}.
Observe that K; is a complemented Hilbert submodule of K. Actually we have K = K1 ® Ko &
n-B. Let Q; € Lp(K) be the orthogonal projection onto K;. The following Proposition is
actually a special case of Lemma [3.1] In this special case the proof is very easy and left to the
reader.

Proposition 3.6. (K, p, V), where V = 2Q1—1 defines an element x4 = [(K,p,V)] € KK'(A,, B).

Let e € E(G) and suppose that G, is not connected. We keep the same notations as the one
used in the Serre’s devissage process explained in the previous Section. In particular we have

. . s(e g =
the *-isomorphism v, : Ag, := Pver(t) éli P9 — Py from Lemma [2.12, We now have two

e

canonical elements in KK (Pyert, Be): 29 and zg, := [v7] ® yg., where yg, is the element

associated to the vertex-reduced amalgamated free product Age constructed in Proposition [3.6]
These two elements are actually equal.

Lemma 3.7. We have zg, = azg € KK (Pyert, Be).

Proof. The proof is a simple identification: there is not a single homotopy to write, only an
isomorphism of Kasparov’s triples. The key of the proof is to realize that the two ucp maps
Pyery — Be defined by ¢ = re_l oE, and ¥ = E o l/e_l are equal, where E : Ag, — B, is the
canonical ucp map and it directly follows from the fact that v, intertwines the canonical ucp
maps. Having this observation in mind, one construct an isomorphism of Kasparov’s triples.
Recall that (K, pe,ne) denotes the GNS construction of the ucp map E, : Pyy — Bl and
(K, p,n) denotes the GNS of the ucp map F : Ag, — Be.

Since K = po ue_l(Pvert)n -Be, K, (2?1 Be = pe(Pyert)ne ® 1+ Be and
Te

(n,pov (@) k = () = p() = (Ne ® 1, pe(T)ne ® 1)k, ® Be for all © € Pert,

're

it follows that the map U : K — K, ® Be, U(pov; (z))n-b) = pe(x)ne ®1-b for & € Py and

b € B., defines a unitary U € L Be(K K. ® ¢). Moreover, U intertwines the representations
re!

pov;l and p.(-) ® 1. Observe that xg, is represented by the triple (K,p o ygl,V), where

V =2Q — 1 and Q is the orthogonal projection on the closed linear span of the p(m(zy mn))
where z1...2, € Pveslf) X PveTr(te is a reduced operator in the free product sense and x,, € Pves(e).

Moreover, xg is represented by the triple (K. ® Be,pe(:) ® 1,Ve), where Ve = Q. ® 1 and Q.
1
T
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is the orthogonal projection onto the closed linear span of the pe(A(ague - . - Ue, an))ne, where
aple, - . - Ue, Gy, € P is reduced from r(e) to r(e) with e, = e and a,, € BY.

To conclude the proof, it suffices to observe that UVU* = V. U
We study now the case of an HNN-extension.

The case of an HNN extension. For e € {—1,1}, let 7. : B — A be a unital faithful
*-homomorphism F. : A — B be a ucp map such that F. o7, = idg. Let Cy be the full HNN-
extension with stable letter v € U(C'), C, the vertex-reduced HNN-extension and 7 : Cy — C,
the canonical surjection. Let (K, p,n) be the GNS construction of the ucp map E = Ey 0 Ey4 :
Cy, — B, where E4 : C, — A is the canonical GNS-faithful ucp map. Define the sub B-module

K, = Span{p(m(z))n : © = apu® ...u"ay, € Cf is a reduced operator with €, =1 and a,, € m1(B)}.

Observe that K is complemented and let Q4+ € Lp(K) be the orthogonal projection onto K .
The following proposition, which is a special case of Lemma is very easy to check.

Proposition 3.8. (K,p,V), where V = 2Q — 1, defines an element zc € KK'(C,, B).

Let e € E(G) and suppose that G, is connected. Up to a canonical isomorphism of P we may
and will assume that 7 C G.. Recall that we have a canonical *-isomorphism v, : Cg, =

HNNvert(Pvert, Be,m,Tr_l) — Pvert defined in Lemma - As before, we get two canonical
elements in K K'(Pyert, Be): #9 and zg, = [v7] ® yg., where yg, € KK'(Cg,, B.) is the

element associated to the vertex-reduced HNN- extenmon Cg, constructed in Proposition 3.8 As
before, these two elements are actually equal.

Lemma 3.9. We have xg, = 29 € KK (Pyert, Be).

Proof. Recall that (K, p,n) denotes the GNS construction of the canonical ucp map F : Cg, —
Be. The proof is similar to the proof of Lemma [3.7] and is just a simple identification. Since v,
intertwines the canonical ucp maps, the two ucp maps ¢, : Pyery — Be defined by ¢ = E, and
Y = Eov; ! are equal. As before, one can deduce easily from this equality an isomorphism of
Kasparov’s triples. Since the arguments are the same, we leave the details to the reader. O

Remark 3.10. The analogue of Lemmas [3.7] ., m are obviously still valid for the elements 29
KKY(P, B.) defined in Remark (3.2 .

4. THE EXACT SEQUENCE

For any separable C*-algebra C, let F*(—) be KK*(C,—). It is a Zy-graded covariant functor.
If f is a morphism of C*-algebras, we will denote by f* the induced morphism.

In the sequel Pg or simply P denotes either the full or the vertex reduced fundamental C*-algebra.
We deﬁne the boundary maps 9 from F*(Pg) = KK*(D, Pg) to KK**'(D,B.) = F*T(B,)
by 79 (y) = y ®p 2¢ when P is the full fundamental C*-algebra or 79(y) = y ®p 7 when P is
the vertex reduced one. In the sequel we simply write z, = mg and z. = z¢.

If G is a graph, then ET is the set of positive edges, V the set of vertices and for any v € V, the
map from A, to Pg is 7, or sometimes 7¥ if it is necessary to indicate which graph we consider.
If one removes an edge ey (and its opposite) to G, the new graph is called Gy, Py is the algebra
associated to it and 773 is the embedding of A, in . We also have for G; C G a morphism 7g,
from Pg, to Pg.
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Theorem 4.1. In the presence of conditional expectations (not necessarily GNS -faithful), we
have, for P the full or vertex reduced fundamental C*-algebra, a long exact sequence

* Ze 5:_7‘: * Zv 7r:j * De g *
— P Fr(B.) =5 P FH(A) = FH(P) =S P FrY(B) —
ecE+ veV ecE+

Proof. First note that it is indeed a chain complex. Because s, and r. are conjugated in the full
or reduced fundamental C*-algebra, we only have to check that 7. o 7} = 0 (which is point 2 of
prop and (for Pyert), D cept Te @ [re] — Te ® [s¢] = 0. As x, = —x¢ (point 4 of and
Sg = Te, this is the same as point 3 of Because of remark 3.5, this is also true for the full
fundamental C*-algebra.

Also if the graph contains only one geometric edge (i.e. two opposite oriented edges), we are in
the case of the amalgamated free product or the HNN extension and the complex is known to
be exact because of the results of [FG15|. For convenience we will briefly recall why and also
we will identify the boundary map. Let’s do the full amalgamated free product Ay first. Recall
that in theorem 4.1 of [FGI5|, we proved that the suspension of A; g Ay is KK-equivalent to D

the cone of the inclusion of B in A7 and Ay. Obviously D fits into a short exact sequence :

ev

0410545 —D—B—0.
Therefore there is a long exact sequence for our functor F™* :
F*(A1®@S®A;®8) = F*(D) - F*(B) » FF'H (41 S® A, ® 9).

But F*(A), ® S) identifies with F*T1(Ay) and F*(D) with F*T1(Af). Via these identifications,
the map from F*(B) to F*(A;) becomes i} or its opposite (this is seen using the mapping
cone exact sequence) and the map from F*(Ay) to F*(Ay) is j;. The only thing left is the
identification of the boundary map from F*(Ay) to F**1(B). It is obviously the Kasparov
product by x ® [evg] where x is the element in KK'(Ay, D) that implements the K-equivalence.
The element z® [evg] € KK'(Ay, B) has been described in lemma 4.9 of [FGI5] and it is equal to
[7] ® x4, where x4 € KK1(A,, B) is exactly the element of [3.6/and 7 is the canonical surjection
from the full amalgamated free product Ay to the vertex-reduced amalgamated free product A,.
Therefore the boundary map is exactly given by the corresponding 7¢ for the graph of the free
product. Moreover, since z actually factorizes as [r] ®4, z where 2 € KK!(A,, D), the same
identifications and the same exact sequence hold for the vertex reduced free product A, and
theorem [41] is true for free products.

Now let’s tackle the HNN extension case. Let’s call Cy, the full HNN extension of (A4, B,#) and
E and Ej the conditional expectations from A to B and 8(B). We also denote by C, the vertex-
reduced HNN-extension and 7 : C,, — C, the canonical surjection. An explicit isomorphism
is known to exist between C), and the full amalgamated free product e;; Ma(A) B$B Ms(B)e1y

where B @ B imbeds diagonally in My(A) via the canonical inclusion and 6, eq; is the matrix

unit ((1) 8) and the conditional expectations are F; <Zl Z2> = FE(a1) ® Ep(as) from Ms(A)
3 04

b1 b

bs by

extension is then deduced from this isomorphism of C*-algebras (cf. [Ue08] for example).

to B® B and Fy ( > = b1 @ by from Ms(B) to B @ B. The exact sequence for the HNN
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If we call j4 and jp the inclusions of Ms(A) respectively Ma(B) in the free product then the
unitary u in C), that implements 6 is mapped to j4 <8 (1) iB (1) 8 .
It is then clear that a reduced word in C), that ends with u times b with b in B is mapped into

/
a reduced word in the free product that ends with jg <(1) 8> <8 8) =B (2 %) e11 1.e. that

ends in jp(Ma(B)) © (B @ B). Therefore, in this situation and after a Kasparov product by [r]
on the left, the element described in [3.8]is the same as the element described in [3.6] and we have
identified the correct boundary map.

Let’s have a look now at the vertex reduced situation. Observe that the conditional expectation

E, from My (B) to B® B is GNS faithful. It follows from the constructions of [FGI5, Section 2|

that My(A) : Mj(B) is isomorphic to My(A) % My(B) and as a consequence Ma(A) :
BoB B®B B®B

Mj5(B) is isomorphic to My(A) BiB M>(B). Using the universal properties it is now obvious

52}
that the vertex reduced HNN extension of (A, B, #) is e;1 Ma(A) BiB M>s(B)ey1. Therefore the
®

identification described earlier for the full free product and HNN extension is again true for the

vertex reduced free product and corresponding vertex reduced HNN extension. Hence theorem

is again valid for HNN extensions.

We now prove exactness at each place by induction on the cardinal of edges and devissage. Note
that 3.7 and [3.9] allow us to decompose our fundamental algebra in HNN or free product while
using the same boundary maps ~e.

e seTe 20

Lemma 4.2. We have the exactness of @ cp+ F*(Be) DBy F(Ay) —o By F*(P).

Proof. Choose a positive edge eg. Then without this edge (and its opposite), the graph Gy is
either connected (Case I) or has two connected components G; and G (Case II).

Case I. P is the HNN extension of Fg, and B,,. The set of vertices of G is the same as the
set of vertices of Gy and we may and will assume that vy = s(eg) = r(ep). Let x = &z, be in
Dpev F*(Ay) such that 3, 7 (x,) = 0. If y = 3, 70" (2,), then clearly mg,(y) = 0. Then, the
long exact sequence for P seen as an HNN extension implies then that there exists yo € F*(Be,)
such that (mu, 0 se)*(Yo) — (Twe 0 Tep)*(y0) =y = >, 778*(330)- Hence,
Zﬂg*(@v#voxv ® (g, — SZO (o) + 7":0 (y0)) = 0.
v
Using the exactness for Py as Gy has one less edge, we get that there exists for any e # eg a ye

such that .o s¢(Ye) = 72 (Ye) = Sutvg@o & (2o — %, (y0) + 72, (v0)). Thus,

Y silye) = ri(ye) + 58 (yo) — i (yo) = 2.

e#ep
Case II. P is the amalgamated free product of P = FPg, and P» = Pg, over Bg,. For i = 1,2,
denote by V; the vertices of G;. We know that V' is the disjoint union of V7 and V5. The map 71',2
will be the embedding of A, in P;. We also write v; = s(eg) and ve = 7(eg). Let x = @z, be in
Dvey F*(A,) such that >, 74 (x,) = 0. Let ; = @pey;m (2,). Clearly g, (x1) + 75, (22) = 0.
Then, the long exact sequence for P seen as an amalgamated free product gives a yp € F*(Be,)
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such that (m} Ty, © Seo)*(Yo) — (7712,2 0 7Tey) (Y0) = w1 @ xo. Define 1 = Gpevyzy — SZO(:UO) and

Ty = @uery®y + 14, (Y0). We have, for i = 1,2, >° 7" (z;) = 0. Therefore by induction
as G; has strictly less edges than G, there exists for any e # ey a yo € F*(B.) such that
T1B T2 =D s, Se(Ye) = T2(Ye) Hence, x =37, si(ye) — 10 (Ye) + 85, (Y0) — 73 (Y0)- O
Lemma 4.3. The following chain complex is exact in the middle
g

DA = ) 2 @ i)

veV ecE+
Proof. As in the previous Lemma, we separate in the proof in Case I and Case II.
Case I. Let  be in F*(P) such that for any e, 7¢(z) = 0. In particular for the edge eg. Using
the long exact sequence for P seen as an HHN extension, and since 'yego () = 0 we get that
there exists o in F*(F) such that 7§ (z9) = x. For any edges e # eg, one has 790 (xg) =
e (7@0 (mo)) = 0. Hence by induction there exists for any v € V(Gy) = V(G) a y, € F*(4,) such
that Y-, 79" (o) = zo. Hence z =3, (mg, 0 1)) *(y0) = X2, 5 (yu)-
Case II. Using that P is the free product of P; and P», we get an x; € F*(F;) for i = 1,2 such
that = = 7§ (z1) + 75, (v2). Now for i = 1,2, and for any edge e of G;, we have

e (@) = 7 (75, (1)) = 7 (2) =7 (wg,, () for j # i

But e is not an edge of G;, so 77 o Wéj = 0. Hence 7Zi(z;) = 0. By induction we get for any
vertex of V1 UVy = V(G) a y, € F*(Ay) such that z; = 3 7 (yy) for i = 1,2. Therefore
T = Z’U W: (y'U)

O
Lemma 4.4. The following chain complex is exact in the middle
Fi(p) &% K@D FB) TS @A)
ecEt veV
Proof. Case 1. Let = @.cp+x, such that > s} (z.) — 75(x.) = 0. Then for the distinguished
vertex vg, one has 79, (5% (Tey)) — 1" (1% (Teo)) = — Lo seg 7" (52 () — 70, (17 (). Bt
as e is an edge of Gy, s, and r. are conjugated by a unitary of Py. Therefore there difference are 0

in any KK-groups. Thus 73 (s (ze,)) =79, (1%, (ze,)) = 0. Using the long exact sequence for P

as an HHN extension, we get a yo in F*~!(P) such that 'yego (Y0) = Zey- Set now T = e — 79 (y0)
for any e # ey and compute

Yosi(@e) —ri(@e) = Y silwe) — 7 ZS 78 (y0)) — 7 (¢ (y0))
e#eo eFeg

by the third property of 7.. Hence, 26#60 s5(ze) — ri(z.) = 0. By induction there exists 71 in
F*~1(Py) such that for all e # eq, 7, (yl) Te. Set at last y; = 7 (1) which is an element of
o (U

F*=1(P). Now ¢ (yo + y1) = 2o —|— 79 o w5, (71). But eg is not an edge of Go so 7§ o T, = 0.
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Hence 7 (yo+y1) = zo. On the other end, for e # eg, 7 (yo+y1) = ¢ (yo) +Ze as 770 = 'yegowa).
It follows that 79 (yo + y1) = e.

Case II. Call E; the edges of G; for i« = 1,2. Note that for any positive edge e, if s(e) € V;
then either e € Ey or e = ¢p and if r(e) € V, then e € Ey. Let = @ cp+z. such that
Y e Se(xe) — ri(ze) = 0. The equality can be rewritten as ZeeEff sp(xe) —ri(xe) + 85 (Tep) =0
in @yey; F*(Ay) and ZeeE; s5(xe) —ri(xe) — 15, (Tey) = 0 in @y, F*(Ay). Let’s compute now

7T11)1 (xeo)' It is — ZeEEf (W;(e) o 86)*(x6) - (WT(e)l
and r, are conjugated in P because e is an edge of Gj, this is 0. In the same way 7r12}2 (Tey) = 0.
Therefore using the long exact sequence for P as a free product of P; and Ps, there is a gy in
F*~1(P) such that 7 (yo) = xe,. For all e # eg set Z. = xc — 77 (yo). Then,

ore)*(ze) by the preceding remark. But as s,

Y si(@) —ri(@) = Y silwe) —rilae) = | D st o (yo) i ovd (o)
eEEf' eEEf eEEI"
But the third property of the ¢ implies that 0 = ZeEE‘fL sto~d + Sg, © ’yego — ZeeEj r*onY
using the remark made at the begining of this proof. Hence,
Z Se(Ze) — e (Ze) = Z Se(@e) —1re(@e) + 560 (Tey) = 0.
ecEf ecEf
Similarly, ZeeE;” s5(Ze)—rE(Ze) = 0. Therefore by induction, there exists for i = 1,2, an element

y; in F*~1(P;) such that for all e in E;", 49 (y;) = Te. Set now y = yo + 7g, (1) + 7g, (y2) in
F*=1(P). Then v (y) = ¢, + 75, © g, (Y1) + 79 o 75, (Y2) = ¢, as 7§ omg, = 0 since e is not
an edge of G; nor Go. On the other end, for e € E1, 79 (y) = 79 (y0) + 79 (y1) + 0 as e is not an
edge of Go. Hence 79 (y) = 79 (yo) + Ze = x.. The same is of course true for an edge in Es. So
we are done. O

The proof of Theorem is now complete. O

Let’s treat now the case F*(—) = KK(—,C). Again if f is a morphism of C*-algebras we
will adopt the same notation f* for the induced morphism. Now the map 19 from F(B.) to
F(P) is defined as 79(a) = 29 ®p, a if P is the vertex reduced fundamental C*-algebra or
79(a) = 29 ®p, a if P is the full fundamental C*-algebra.

Theorem 4.5. In the presence of conditional expectations, we have, for P the full or reduced
fundamental C*-algebra, a long exact sequence

* ok * g
— @ B T @D F(A) 2T ) T @D P(BL) —
ecEt veV ecE+

Proof. As before this is a chain complex and the same identifications proves it for free products
and HNN extension. We will now show exactness with the three following lemmas.

Ze 52*7"; * Zv ”;
— "D,y Fr(A) T
Proof. Let x = ®x, € ®,F(Ay) such that ) si(Pxy) — r}(@z,) = 0.

Lemma 4.6. We have the exactness of @, cp+ F*(Be) F*(P).
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Case I. We have >, s e(@%) — 1} (®x,) = 0 hence, there is a yo in F'(Pp) such that for all v,
WS*(yD) = z,. But 57 o vo (yo) =53, (T0y) = oo (Tyy) = T Oﬂgo*(y()). Using the exact sequence
for P as an HNN extension of Py and the two copies of B,, we get that there is y € F/(P) such
that 7g,*(y) = yo. Now for all v, 7}(y) = 70 (yo) = @y.

Case II. We have, for k = 1,2, EeeE: s5(@®xy) — ri(®xy) = 0 hence there is y, € F(Pg) such

that 75" (yx) = x, for any v € V;. As S5 0me (Y1) = sk (To,) =15 (20,) =15 02, (y2). Using
the exact sequence for P as a free product, we have a y € F(P) such that ng, *(y) = yi for
k=1,2. Then for k = 1,2 and all v € Vi, 7(y) = 7% (yx) = z,. O

Lemma 4.7. The following chain complex is exact in the middle
G
P F*(4.) 2T pr(py T P FiB
veV ecE+
Proof. Let y be in F(P) such that 7 (y) = 0 for all v.

Case I. Let yo = m§; (y). Then for all v, 7} (o) = *( ) = 0. Therefor there exists z =3~ . .
such that > . 790 () = yo. Put z =y — > erteo 79" (). Then,

7Tg0 = %Yo — Z Ve
eteo
Hence there is a z, € F'(Be,) such that v, (z¢,) =z and y =3 .. Y9(e) + Veo (Tep)-
Case II. Let yp = 75, (y) for k = 1,2. For all v € V4, 75 (yr) = 7 (y) = 0, hence there exists
Tk = Deepte such that ZeeE,j 9% (ze) = yp. Let 2 =y — > eten 79" (x,). Then for k = 1,2,

75, (2) =y — ZeeE,j 79k (x.) = 0 as g, O 791 = 0 because of Hence z = 7, (¢, ) for some
Te, in F(Be,) and we are done.
(I

Lemma 4.8. The following chain complex is exact in the middle

g S*—T*
FUP) @D (B P @D FH(AL)

ecE+ veV
Proof. Let © = @z, in F(®Be) such that >, p+ 79 (ze) = 0.

Case I. We have 0 = 7g,* (> cp+ 77 (2e)) = > erteo 790 (z.) as mg,* © Ve, = 0. Hence by
induction, there is a z = @z, in @, F(A,) such that for all e # eg, e = 57 (24(e)) — 75 (2r(e)). Put
To = Tey — Sy (2v9) — 7o, (200)- By 5.5 we have ) pv Ve 0 55 — e orf = 0 hence,

Yeq © (—s2 (Zvo) + Teo Z'UO Z Ye(56(D2v)) o (Dzy)) Z Ve(e).
e#eo eFeo

It follows that ve, (20) = Yeo (Teo) + D¢ e, Ve(e) = 0. Using the long exact sequence for P as an
HNN extension of Py and Be,, we get a zg € F(Py) such that z¢ = s¥ (), (%)) — re (mh “(20)).

V0 V0
S0 Tey = 85, (200 + ™0, (20)) — 1%, (20 + 70 (20)) and we are done.
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Case I. 0 = g, * (3 .cpr 75 (2e)) = Ze;éE,j 79k (z,) for k = 1,2. Hence there is a z = ®z, such
that for all e € B, ze = s} (25()) — 75 (20(e)). Write 20 = Tey — 8%, (20,) — 75, (20,). As before
we have that 7., (xzo) = 0 and by exactness of the exact sequence for the free product of P; and
Py there is 21 € F(Py) and zp € F(P,) such that zg = s}, (m},"(21)) — 75 (72, (22)). Finally

vl v2
'rEO = SZO(ZUI + Trll)l*(zl)) - 7’:0(21)2 + 7['12]2*(2'2)). U

The proof of Theorem [4.5] is now complete. O

5. APPLICATIONS

In this section we collect some applications of our results to K-equivalence and K-amenability
of quantum groups.

Let (G, Ap, Be) and (G, A}, B;) be two graphs of unital C*-algebras with maps s and s, and
conditional expectations Ef and (E?). Suppose that we have unital *-homomorphisms v, :
A, — A;, and ve : Be — B, such that v, = vg and vg) 0 se = s, o v, for all e € E(G). Let
P and P’ be the associated full fundamental C*-algebras with canonical unitaries u. and u,
respectively. By the relations v, = v and vy 0s. = s. ov, and the universal property of the full
fundamental C*-algebra, there exists a unique unital *-homomorphism v : P — P’ such that

via, =vp and v(u.) =u, forallpeV(G), ee E(G).
Theorem 5.1. If (E) ovge) = vs(e)o B and vy, ve are K -equivalences for allp € V(G),e € E(G)
then v is a K -equivalence.

Proof. Consider the following diagrams with exact rows
@ KK(D,B.) — @KKD,A) — KKD,P) — @ KK'(D,B.) — @KK'(D,A),)

ecET peEV ecE+ peV

L@ @ LD ® ) Lgl] O @ v LD ® )
® KK(D,B,) — @KK(D,A,) — KKD,P) — @ KK'(D,B)) —» @KK'(D,A),)
e€cEt peV ecEt peEV

® KK(B.,D) — @KK(A,, D) — KK(P.,D) — @ KK'(B.,D) — @KK'(A,D)

ecE+ peEV ecET peV

LBl @ LB @ - e Bl ® - LB ® -
@D KK(Be,D) + @KK(A,,D) « KK(P,D) <+ &b KKI(BQ,D) — @KKI(AP,D)
ecET peEV ecET peV

By the Five Lemma and the hypothesis, it suffices to check that, for each D, every square of
the two diagrams is commutative. We check that for the first diagram. The verification for
the second diagram is similar. For a unital inclusion X C Y of unital C*-algebras, we write
txcy the inclusion map. The first square on the left and the last square on the right of the first
diagram are obviously commutative since, by hypothesis, v(c) 0 se = sl ov, and Vp(e)OTe = LoV,
for all e € E*. The second square on the left is commutative since, by definition of v, we have
VOLA,CP = LAl CP/OVp for all p € V. Hence, it suffices to check that the third square, starting from
the left, is commutative. Note that the commutativity of this square is equivalent to the equality
zeg@ [ve] = [V] gzé € KK'(P,B.), where z. € KK'(P,B,) and z., € KK!(P', B.) are the KK

elements constructed in Remark 3.7 associated with the graphs of C*-algebras (G, Ay, B.) and
(G, A, By) respectively. This equality follows easily from the assumption (E7) ovy(ey = V()0 Ef
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since it gives a canonical isomorphism of Hilbert modules K, ®,, B., ~ K. which is easily seen to
implement an isomorphisms between the Kasparov triples representing z, g@ [Ve] and [v] %{3 2. O
We write Pyery the vertex reduced fundamental C*-algebra of (G, Ay, Be) and A : P — Pyert
the canonical surjective unital x-homomorphism. The following Theorem is an immediate conse-
quence of the two 6 terms exact sequences we proved in this paper: one for the full fundamental
C*-algebra P and one for the vertex-reduced fundamental C*-algebra P+ and the Five Lemma.

Theorem 5.2. Suppose that G is a finite graph then the class of the canonical surjection [A] €
KK (P, Pyert) is tnvertible.

Remark 5.3. The previous result is actually true without assuming the graph G to be finite.
Indeed the inverse of [A] and the homotopy showing that it is an inverse can be constructed
directly, without using induction. Since such a proof requires more work and does not bring any
new ideas, we chose to not include it.

Corollary 5.4. The following holds.

(1) If G be the fundamental compact quantum group of a ﬁmte graph of compact quantum
groups (Gp, Ge,G) then G is K-amenable if and only if Gp is K-amenable for all p.

(2) If G is the compact quantum group obtained from the (finite) graph product of the family
of compact quantum groups Gp, p € V(G) (see |CE14]) then G is K-amenable if and only
if @p is K-amenable for all p € V(G).

Proof. Using induction, (2) is a consequence of (1) since, as observed in [CEF14], a graph product
maybe written as an amalgamated free product using a kind of devissage strategy.

Let us prove (1). Consider the two graphs of C*-algebras (G, Craz(Gp), Cmaz(Ge)) and
(G, Cred(Gp), Crea(Ge)) with full fundamental C*-algebra Pp,q, and P respectively. Note that
both graphs have natural families of conditional expectations by only the conditional expec-
tations on (G, Cred(Gp), Cred(Ge)) are GNS faithful (expect in the presence of co-amenability)
L.et P,eq be the vertex reduced fundamental C*-algebra of (G, Cred(Gp), Cred(Ge)). We recall
that Cpaz(G) = Pz and Creqg(G) = Preg (see [FF13]). Let A : P — P,.q the canonical
surjection, which is a K-equivalence by Theorem and let v : Ppha: — P be the canoni-
cal surjection obtained from the canonical surjections v, := Aq, : Chaze(Gp) — Cred(Gp) and
= A¢.  Chnaz(Ge) = Creda(Ge) as explained in the discussion before Thereom [5 Since
the hypothesis on the conditional expectations of thls Theorem are obviously satisfied, 1t follows
that, whenever G is K-amenable for all p (hence G is also K-amenable for all e as a quantum

subgroup of Gs(e)), G is K-amenable. The proof of the converse is obvious. O

Remark 5.5. The first assertion of the previous Corollary strengthens the results of [Pi86l, Corol-
lary 19] and also [FF13, [Fil3] [Ve04] and unify all the proofs.
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