ON A COCYCLE IN THE ADJOINT REPRESENTATION OF
THE ORTHOGONAL FREE QUANTUM GROUPS

PIERRE FIMA AND ROLAND VERGNIOUX

ABSTRACT. We show that the orthogonal free quantum groups are not inner amenable and
we construct an explicit proper cocycle weakly contained in the regular representation. This
strengthens the result of Vaes and the second author, showing that the associated von Neumann
algebras are full IIi-factors and Brannan’s result showing that the orthogonal free quantum
groups have Haagerup’s approximation property. We also deduce Ozawa-Popa’s property strong
(HH) and give a new proof of Isono’s result about strong solidity.

1. INTRODUCTION

The orthogonal free quantum groups FO,, are given by universal unital C*-algebras A,(n) =
C*(FO,,) which where introduced by Wang [Wan95| as follows:

Ao(n) = C*(vij, 1 <i,j <n vy =v]; and (vi;) unitary).

Equipped with the coproduct defined by the formula A(v;;) = Y vix ® vg;, this algebra becomes
a Woronowicz C*-algebra [Wor98| and hence corresponds to a compact and a discrete quantum
group in duality [Wor98, [PW9(], denoted respectively O; and FO,,.

These C*-algebras have been extensively studied since their introduction, and it has been noticed
that the discrete quantum groups FO,, share many analytical features with the usual free groups
F,, from the operator algebraic point of view. Let us just quote two such results that will be of
interest for this article:

(1) the von Neumann algebras L(FO,,) associated to FO,,, n > 3, are full II; factors [VVOT] ;
(2) the von Neumann algebras £(FO,,) have Haagerup’s approximation property [Bral2].

On the other hand there is one result that yields an operator algebraic distinction between FO,,
and F,: it was shown in [Ver12] that the first L2-cohomology group of FO,, vanishes.

The purpose of this article is to present slight reinforcements and alternate proofs of the results
(1), (2) above. Namely we will:

(1) show that the discrete quantum groups FO,, are not inner amenable (see [MvN43, [Eff75]
for non abelian free groups);
(2) construct an explicit proper cocycle witnessing Haagerup’s property [DESW13].

Moreover, putting these constructions together we will obtain a new result, namely Property
strong (HH) from [OP10b], which is a strengthening of Haagerup’s property and corresponds to
the existence of a proper cocycle in a representation which is weakly contained in the regular
representation. This sheds interesting light on the result from [Ver12] mentioned above, according
to which such a proper cocycle cannot live in a representation strongly contained in the regular
representation (or multiples of it). Note that the cocycle corresponding to the original proof
[Haa79] of Haagerup’s property for F;, does live in (multiples of) the regular representation.

Finally we will mention applications to solidity: indeed the constructions of the article and
Property strong (HH) allow for two new proofs of the strong solidity of L(IFO,,) using the tools of
[OP10al [OP10h]. Notice that strong solidity has already been obtained in [Isol2]| using Property
AO™T from [Ver05, [VVOT7] and the tools of [PVI2].
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2. NOTATION

If ¢, £ are vectors in a Hilbert space H, we denote w¢ ¢ = (¢| - §) the associated linear form on
B(H), and we put we = w¢ ¢ € B(H)Y.

We will use at some places the g-numbers [k], = Up—1(q¢ + ¢~ %) = (¢" — ¢ %) /(¢ — ¢~ 1), where
(Uk)ken are the dilated Chebyshev polynomials of the second kind, defined by Uy = 1, U; = X
and XUk = Uk—l + Uk+1~

Following [KV00], a locally compact quantum group G is given by a Hopf-C*-algebra Cy(G),
with coproduct denoted A, satisfying certain axioms including the existence of left and right
invariant weights ¢, 9 : Co(G)4 — [0, 4+00] :

p((w@id)A(f)) = w(D)e(f) and P((id @w)A(Sf)) = w()y(f),

for all w € Co(G)% and f € Co(G) such that ¢(f) < oo. When there is no risk of confusion,
we will denote ||f]|3 = ¢(f*f) € [0, +oc] the hilbertian norm associated with ¢. Using a GNS
construction (H,A,) for ¢, one defines the fundamental multiplicative unitary V' € B(H ® H),
denoted W in [KV00], by putting V*(A, @ Ay)(f ® 9) = (Ayp ® Ay)(A(g)(f ®1)). Recall that G
is called unimodular, or of Kac type, if ¢ = 1.

Now assume that G is discrete, meaning for instance that there exists a fixed vector £y € H such
that V(& ® ¢) = & ® ¢ for all ¢ € H. In that case one can always identify Cy(G) with its image
by the GNS representation on H, moreover it can be reconstructed from V' as the norm closure of
(id ® B(H)4)(V), and the coproduct is given by the formula A(f) = V*(1® f)V.

From V one can also construct the dual algebra C} ;(G) as the norm closure of (B(H ). ®id)(V),
equipped with the coproduct A(z) = V(x®1)V* (opposite to the dual coproduct of [KV00Q]). Since
(wgo ®id)(V') = 1, this C*-algebra is unital, and it is in fact a Woronowicz C*-algebra [Wor98].
Moreover the restriction of we, is the Haar state h of C ;(G). When there is no risk of confusion,
we will denote ||z||3 = ¢(z*x) the hilbertian norm associated with h. Using Ay, : @ — x&y as a GNS
construction for h we have (A, ® Ap)(A(z)(1 @ y)) = A(z)V (& @ y&o) = V(x€o ®@ y&o), so that V
coincides with the multiplicative unitary associated to (C} 4(G), A) as constructed in [BS93].

The von Neumann algebras associated to G are denoted L>®°(G) = Co(G)” and M = L(G) =
Cr.4(G)", they carry natural extensions of the respective coproducts and Haar weights.

Recall that a corepresentation X of V' is a unitary X € B(H ® Hx) such that V12 X13X03 =
Xo3Via. There exists a so-called maximal C*-algebra C*(G) together with a corepresentation
V € M(Cy(G)®C*(G)) such that any corepresentation X corresponds to a unique *-representation
7 : C*(G) — B(Hx) via the formula X = (id®n)(V). We say that X, 7 are unitary representations
of G. When X =V, we obtain the regular representation = = A : C*(G) — C} ;(G). Moreover
C*(G) admits a unique Woronowicz C*-algebra structure given by (id ® A)(V) = V5V33, and A
is then the GNS representation associated with the Haar state h of C*(G).

On the other hand, a unitary corepresentation of G, or representation of V', is a unitary Y &
M(K(Hy)®C*(G)) such that (id®@ A)(Y) = Y12Y13, corresponding to a #-representation of Cp(G)
as above. We denote Corep(G) the category of finite dimensional unitary corepresentations of G,
and we choose a complete set Irr G of representatives of irreducible ones. In the discrete case, it
is known that any corepresentation decomposes in Irr G. We have in particular a *-isomorphism
Co(G) ~ co— D, crrr g B(H,) such that V' corresponds to @, ¢, 7. We denote p, € Co(G) the
minimal central projection corresponding to B(H,.), and C.(G) C Cy(G) the algebraic direct sum
of the blocks B(H,). The *-algebra C.(G), together with the restriction of A, is a multiplier Hopf
algebra in the sense of [VD94], and we denote its antipode by S,

On the other hand we denote C*(G), C C*(G) the subspace of coefficients (w ® id)(r) of an
irreducible corepresentation r, and C[G] the algebraic direct sum of these subspaces. The coproduct
on C*(G) restricts to an algebraic coproduct on C[G], which becomes then a plain Hopf x-algebra.
Recall also that A restricts to an injective map on C[G], hence we shall sometimes consider C[G]
as a subspace of C¥ ;(G). We will denote by € and S the co-unit and the antipode of C[G], and we
note that e extends to C*(G): it is indeed the *-homomorphism corresponding to X = idy ® idc.

We denote (f,). the Woronowicz characters of C*(G), satisfying in particular h(zy) = h(y(f1 *
x* f1)), where ¢pxx = (Id ® ¢)A(z) and z * ¢ = (¢ ® id)A(z). We put as well F, = (Id® f1)(v) €
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B(H,) for any f.-d. unitary corepresentation v € B(H,) ® C*(G) and qdimv = Tr F,. Denoting
vee = (we,e ®id)(v), the Schur orthogonality relations [Wor87, (5.15)] read, for v, w irreducible:

61] w —_
h(v¢ cwerer) = qTI’M(C’va LO)(€l€).
Note that in Woronowicz’ notation we have vy = ve, ¢, if (e;); is a fixed ONB of H,,. Similarly,
we have the formula ¢(a) = qdim(v) Tr(F,a) for the left Haar weight ¢ and a € B(H,.) C Cy(G)
[PW90, (2.13)] — note that the coproduct on Cy(G) constructed from V' in [PW90] is opposite to
our, so that ¢ = hgyr with their notation.

Finally we will use the following analogue of the Fourier transform:

F 1 Co(G) = Ciy(G), ar (p@id)(V(a®1)).

On can show that it is isometric w.r.t. the scalar products (a|b) = ¢(a*b), (z|y) = h(z*y) for a,
be Ce(G), z, y € Cly(G) — see also Section [3.1]

In this article we will be mainly concerned with orthogonal free quantum groups. For @ €
GL,(C) such that QQ € CIy, we denote A,(Q) the universal unital C*-algebra generated by n?
elements v;; subject to the relations QvQ ™! = v and v*v = vo* = I,, ® 1, where v = (v;;)i; €
My (Ao(n)) and ¥ = (v];)ij. Equipped with the coproduct A given by A(v;;) = 3 vk ® vy, it is
a full Woronowicz C*-algebra, and we denote G = FO(Q) the associated discrete quantum group,
such that C*(FO(Q)) = A,(Q). In the particular case Q = I,, we denote A,(n) = A,(I,) and
FO(n) =FO(I,).

It is known from [Ban96] that the irreducible corepresentations of FO(Q) can be indexed v*,
k € N up to equivalence, in such a way that v* = idc ® 1, v* = v, and the following fusion rules
hold

oF @ ot o gl @ kU2 oy g kL
Moreover the contragredient of v¥ is equivalent to v* for all k. The classical dimensions dim v
satisfy dimv? = 1, dimv' = n and ndimv* = dimv*~! + dimv**!. We denote p > 1 the
greatest root of X2 — nX + 1, so that dimov* = [k + 1],. Similarly we have gdim v? =1 and
qdim v! qdim v*F = qdim v*~! 4+ gdim v**1. Moreover, if @ is normalized in such a way that QQ =
+1,,, we have qdim v = Tr(Q*Q). We denote ¢ € ]0,1] the smallest root of X2 — (qdimv)X + 1, so
that qdimv* = [k + 1],.

k

3. THE ADJOINT REPRESENTATION OF FO,,

The aim of this section is to prove that the non-trivial part ad® of the adjoint representation of
FO,, factors through the regular representation. Equivalently, we will prove that all states of the
form we o ad®, with £ € H, factor through C? ,(FO,). For this we will use the criterion given by
Lemma below, which is analogous to Theorem 3.1 of [Haa79].

3.1. Weak containment in the regular representation. In this section we gather some useful
results which are well-known in the classical case. We say that an element f € L>®(G) is a
(normalized) positive type function if there exists a state ¢ on C*(G) such that f = (id ® ¢)(V).
The associated multiplier is M, = (id ® ¢)A : C[G] — C[G], it extends to a bounded map on
C% 4(G) characterized by the identity (id @ M)(V) =V (f ®1).

Lemma 3.1. Let ¢ be a unital linear form on C[G] and consider M = (id ® ¢)A : C|G] — C[G].
Then M extends to a completely positive map on C} 4(G) iff ¢ extends to a state of C*(G).

Proof. By Fell’s absorption principle V12Vi3 = Vo3Vi5V3., A extends to a *-homomorphism A’ :
Cr4(G) — Cf4(G) @ C*(G). Hence if ¢ extends to a state of C*(G), M extends to a CP map
M = (id® ¢)A’ on C¥ 4(G). For the reverse implication, since C*(G) is the enveloping C*-algebra
of C[G], it suffices to prove that ¢(xz*) > 0 for all z € C[G]

We choose a corepresentation v € B(H,) ® C;(G). Let L be a GNS space for B(H,), with
respect to an arbitrary given state. For a € B(H,), resp. w € B(H,)*, we denote a, @ the
corresponding elements of L = B(C,L) resp. L* = B(L,C), and we identify B(H,) with a
subspace of B(L) via left multiplication. Similarly we denote ¢ the element of B(C, L) ® C 4(G)
corresponding to v. We have then 90* € B(L) ® C}4(G) and (& ® 1)00*(0* ® 1) = za* if
z = (w®id)(v).
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If M is CP, the following element of B(L) ® C} 4(G) is positive:

(id ® M)(99*) = (id ® id ® ¢)(id ® A) (99*)
= (id ® 1d ® ¢)(v120130730]5) = v(X ® 1)v*

where X = (id ® ¢)(09*) € B(L). We conclude that X is positive, hence ¢(zz*) = 0 X0* > 0 for
any = € C[G]. O

We will be particularly interested in the case when ¢ factors through C} ,(G), or equivalently,
when ¢ is a weak limit of states of the form ) ;- | we, oA with & € H. In that case we say that f, ¢
are weakly associated to A, or weakly £2. We have the following classical Lemma [Fel63, Lemma 1]:

Lemma 3.2. Let m : C*(G) — B(K) be a x-representation. Assume that there exists a subset
X C K such that Span 7(C[G])X = K and we o 7 is weakly (> for all £ € X. Then 7 factors
through C? 4(G).

Proof. As noted in the original paper of Fell, the proof for groups applies in fact to general C*-
algebras, and in particular to discrete quantum groups. More precisely, take A = C*(G), T =7
and S = {\} in [Fel63, Rk 1]. O

On the other hand we say that ¢ € C[G]* is an £>-form if it is continuous with respect to the
??-norm on C[G], i.e. there exists K € R such that |¢(x)|? < Kh(z*z) for all z € C[G]. In that
case we denote ||¢||2 the corresponding norm. Clearly, if ¢ is £ then it is weakly £2.

Although we will not need this in the remainder of this article, the following lemma shows that
(2-forms can also be characterized in terms of the associated “functions” in Cy(G) by mean of the
left Haar weight. Note that in the unimodular case we have simply o(ff*) = o(f*f) = || fII3-

Lemma 3.3. Let ¢ € C[G]* be a linear form and put f = (id ® ¢)(V). Then ¢ is an £>-form iff
p(ff7) <o

Proof. We put pg = (id ® h)(V) € C.(G), which is also the central support of ¢, and we note the
following identity (see the Remark after the proof) in the multiplier Hopf algebra C.(G) :

(1) Ve € Ce(G) (S 2 ¢)(Apo)(1® f)) = f.

From this we can deduce that the scalar product in H implements, via the Fourier transform,
the natural duality between C.(G) and C[G] which is given, for x = (w ® id)(V) € C[G] and
f=({d®¢)(V) € C(G), by (f,z) = (w® ¢)(V) = ¢(x) = w(f). Indeed we have, using the
identities (S ®id)(V) = V* and VisVas = (A ®id)(V):

(@€ F(f)Eo) = h(z"F(f)) = (¢ @ W) (1@ 2")V(f ® 1))
= @S ®pah)(VisVis(1® f©1)) = (@5 ¢)(Ap)(1® f)) = a(f).
This yields, for x € C[G] and ¢ such that f = (id ® ¢)(V) € C.(G), the formula ¢(z) =

$)(V)
w(f) = (F(f*)&o|z&o), which holds in fact for any « € C},;(G) by continuity. We get in particular

1@l = IF(F)ll2 = 1F*ll2 = Vo (£ 7).
Now for a general ¢ and r € Irr G, denote ¢, the restriction of ¢ to C[G],. We have ||¢|3 =

ZTGIrrG H¢r||§» (id® ¢ )(V) = p.f and o(ff*) = ZrelrrG o(f f*pr), so that the identity ||¢H% =
o(ff*) still holds in [0, +o00]. -

Remark 3.4. The identity is equivalent to the fact that the Fourier transform F is isometric.
Indeed a simple computation yields

h(F(a)*F(b)) = la*(5 @ 0)(A(po) (1 @ b))].

Note that can be easily proved by standard computations in C.(G), and this is one convenient
way of establishing the fact that F is isometric.

Now we consider the case of the discrete quantum group FO,,, whose irreducible corepre-
sentations v* € B(Hjy) ® A,(n) are labeled, up to equivalence, by integers k. Recall that we
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denote C[G]r = C}4(G)x the corresponding coefficient subspaces, and (Uy)r the series of di-
lated Chebyshev polynomials of the second kind. In [Bral2], Brannan shows that the multiplier
Ts : Cry(FO,) — CF 4 (FO,,) associated with the functional

Uk(S)
Uk (n)

is a completely positive as above, for every s € ]2, n] — see also Section

Besides it is known that FO,, satisfies the Property of Rapid Decay. More precisely, for any
k € N and any = € C} (G)x we have ||z|| < C(1+ k)|z||2, where C is constant depending only on
n [?]. On the other hand we denote by [ : C[G] — C the length form on FO,, which coincides with
ke on C[G]y, and we recall that the convolution of two linear forms ¢, ¢ € C[G]* is defined by
dx1p = (p@1)A. Tt is well-known that the convolution exponential e = 3" ¢*"/n! is well-defined
on C[G], and in the case of I (or any other central form) we have simply e *(x) = e *e(z) if
S (C[G]k

7s : C[FO,] = C, =z € C[FO,); —

e(x)

Lemma 3.5. A state ¢ € C*(FO,,)* factors through C%,,(FO,,) iff e=* x ¢ is (2 for all X > 0.

Proof. We denote by ¢y, the restriction of ¢ to the f.-d. subspace of C[G]s. Since these subspaces
are pairwise orthogonal, we have ||¢]|2 = > ||¢x||?>. Now for every s < n there is a A > 0 such that
Uk(s)/Uk(n) < e** for all k. We can then write

Uk(S)Q
Uk(n)2

Now if e"* % ¢ is £2 for all A > 0, we conclude that this is also the case of 74 x ¢ for all s € |2, n].
In particular 74 x ¢ is weakly ¢2 for all s. We have (7, * ¢)(z) — ¢(z) as s — n for all z € C[G],
and T * ¢ is a state for all s, hence 7, * ¢ — ¢ weakly and it follows that ¢ is weakly £2.

Conversely, if ¢ factors through ¥ 4(G), using Property RD we can write for any x € C};(G)y:

7 * 113 = D 11(s * $)ull” = loxl® <D e gell> = le™™ * 113

()] < [lz]| < C(1+ E)|]l2,

hence ||¢y|l2 < C(1+ k). This clearly implies that ||e=*! x || is finite for every A > 0. O

3.2. The adjoint representation. Recall that we denote by A : C*(G) — B(H) the GNS
representation of the Haar state h, and consider the corresponding right regular representation
p:C*(G) = B(H), z — UXx)U given by the unitary U(Ap(z)) = Ap(f1*S(x)) = Ap(S(z*f_1)).
We have in particular p(vi;)An(x) = Ap(z(f1 *v};)), if vij = v, ¢, are the coefficients of a unitary
corepresentation in an ONB. Recall that [UC}. (G)U, C; 4(G)] = 0.

The adjoint representation of G is ad : C*(G) — B(H), x = > Mxa))p(x2)). Here A :
T Y w1y ® 22y is the coproduct from C*(G) to Cfy(G) ®max Creq(G), which is well-defined
because a product of two commuting corepresentations of V' is again a corepresentation. We have
(id®ad)(v) = (id® A)(v)(id ® p)(v) if v is a corepresentation of G. Here are two explicit formulae,
for « € C|G] and v;; coefficient of a unitary corepresentation in an ONB:

ZAh )y (f1+S(22))),
ad(v” VALY ZAh viky(f1 * v]k))
The corepresentation of V associated to pis W = (1@ U)V(1® U), and the one associated to
ad is A = VIW. Note that we have, in the notation of [BS93], W = XVX. In particular [BS93|

Prop. 6.8] shows that W (1 ® f)W* = o A(f) for f € Cy(G). This means that the multiplicative
unitary W* is associated to the discrete quantum group G°°°P.

Lemma 3.6. The canonical line C§y C H is invariant for the adjoint representation ad : C*(G) —
B(H) iff G is unimodular. In that case, & is a fized vector for ad.

Proof. For x € C[G] one can compute ad(x)§o = > 2)(f1 * S(x(2)))&, which equals in the
unimodular case ) x(1)S(x(2))80 = €(x)&. So in that case & is fixed.
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Furthermore, for v € Irr G the previous computation together with Woronowicz’ orthogonality
relations lead to

(&o] ad(vs5)&0) = Zh (vik (f1 * vy, Zh (Vj * f-1)vik)

5ji6kk dim v
= Z = ——€(vy5).
qdimv  qdimwv

In particular, denoting ¢ : x — (&o] ad(z)&y), we see that (id ® ¢)(v) = (dimv/qdimv)id. Now if
the line C¢ is invariant, ¢ is a character and since v is unitary we must have dimv = qdimwv for
all v € Irr G. This happens exactly when G is unimodular. |

Definition 3.7. If G is a unimodular discrete quantum group, we denote ad® the restriction of
the adjoint representation of C*(G) to the subspace H° = ¢35 C H.

Our aim in the remainder of the section is to show that ad® factors through X in the case of
G = FO,, n > 3 — or more generally for unimodular orthogonal free quantum groups. We will
need some estimates involving coefficients of irreducible corepresentations of G.

In order to carry on the computations, we will need to be more precise about the irreducible
corepresentations of FO(Q). We denote by v = v! € B(C") ® A,(Q) the fundamental corepre-
sentation. Then we introduce recursively the irreducible corepresentation v* € B(Hy) ® A,(Q)
as the unique subcorepresentation of v®* not equivalent to any v', I < k. In this way we have
Hy C H1®k, with Hy = C and H; = C". We denote by Py € B(H®k) the orthogonal projection
onto Hy. Recall that each irreducible corepresentation of A4,(Q) is equivalent to exactly one v*,

and that we have the equivalence of corepresentations
Hy @ Hy~ Hj_)) © Hp—jj42® - © Hpyr1—2 D Hiqy.

It is known that dim Hy = [k + 1], = (p**1 — p=*71)/(p — p~1). Note in particular that we have
Dlpk < dim H;, < Dgpk with constants 0 < D; < Dy depending only on n.

Let us also denote by QF € L(H 1®k ) the orthogonal projection onto the sum of all subspaces
equivalent to H,, so that P, = Q’,g. If p, is the minimal central projection of Cy(FO,,) associated
with v", then Q¥ also corresponds to A*~!(p,) via the natural action of Cy(FO,,) on H;.

Note that the subspace Im Q+*+¢(P,,, ® P.) (resp. Im Q4+**+¢(P, ® Py, .)) corresponds to the
unique subcorepresentation of v4t? ® v¢ (resp. v® ® v?T¢) equivalent to v”, when it is non-zero.
When r = a+ b+ ¢ both spaces coincide with H,4py.. On the other hand one can show that these
subspaces of H ?‘”b“ are pairwise “far from each other” when r < a 4+ b+ ¢ and b is big. More
precisely, Lemma A.4 of [VV07] shows that

| (Pats ® PC)Q?+b+C(Pa ® Pote)| < Clqb

for some constant C7 > 0 depending only on ¢. Indeed when r varies up to a + b + ¢ — 2 the
maps on the left-hand side live in pairwise orthogonal subspaces of H1®a+b+C and sum up to
(Pa+b & Pc)(Pa & Pb+c) - Pa+b+c~

Since we are interested in ad®, we assume in the remainder of this section that FO(Q) is uni-
modular : equivalently, @ is a scalar multiple of a unitary matrix, or gp = 1.

In the following lemma we give an upper estimate for |(we ® Try)((P, ® Pp)QF+'S;)|, where
¢ is any vector in Hj, Try is the trace on B(Hy), and Xy, : H; ® Hr — Hj ® H; is the flip map.
Note that ||(P ® P,)QF Y| < 1 so that (dim Hy)|[¢]|? is a trivial upper bound, which grows
exponentially with k. In the lemma we derive an upper bound which is linear in k (and even
constant for r < k +1).

Note that it is quite natural to consider maps like (P, ® Py)Q*+'3;;, when studying the adjoint
representation of A,(n). A non-trivial upper bound for the norm ||(Py ® Py)QT1%1,|| was given
in [VV07, Lemma 7.11], but it does not imply our tracial estimate below.
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Lemma 3.8. Let (e’;)p be an ONB of Hy,. There exists a constant C > 1, depending only on n,
such that we have, for any 0 <1<k, (€ H o andr=k—-0Lk—1+2,....,k+1—2:

D@ ehlQi ek @ €)| < Cal ¢ and | S (C@ bl Peraleh @ €)| < Cha ¢

Proof. In this proof C' denotes a generic constant depending only on n. Let us denote by S¥, S_]T_’l

the sums in the statement as well as S¥! = Si’l + Y, SHL We first prove the estimate for SF!:
using the Lemma A.4 from [VV07] recalled above, with a = ¢ =1 and b = k — [, we can write

SE = | Yo (¢ bl eh @ )| < 3D IC® ehl(P @ POQE (P @ (e @ 0))]

< (P @ POQY (e @ P Y ISP llepll* < Crg*~ (dim Hy )] < CLD2g™"[IC]*.
p

On the other hand, we can compute S*! using scalar products in H; ® Hy_; ® H; to obtain the
following induction relation:

gkl — Z (@eplet@ei " @el) x (el @k @eller ® ()

P3q5%,J
=2 (gl @O x (€@l =D (o) x (egley ™ @ )
p,q 2.4

=Y (CoeIPuley @¢) = S
q

As a result we have |S_lf_’l =Skt Skl < |S_lfl’l| +Clg7Y||¢||?. For k = 0 we have Sf_’l = |I<]I2.
For k =1,...,] — 1 we use the trivial estimate |S_]f_’l| < (dim Hy)|[<]|? < Cq7Y|¢||?, and an easy
induction on k for fixed [ finally yields the result. O

From Lemma one can deduce a similar estimate concerning coefficients of corepresentations.
Given ONB’s (e});, (eh)a of Hy, Hy, we denote by v}, v}, the associated coefficients of v*, v!.
Lemma 3.9. There exists numbers Cj, depending only on n and l, such that for all k > 1> 0 we
have

DIPICHEZRINEER) ey

Proof. Let us recall some facts from the Woronowicz-Peter-Weyl theory in the Kac case. Since
P @ ol ~ vlhlg . @ ok t=2 @ ok H the product of coefficients vjp !, decomposes as a sum of
coefficients of v", r = |k — 1|, ..., k+1—2, k+1. More precisely the decomposition corresponds to
projecting e? ® el and e’; ® eé onto the subspace equivalent to H,. Besides, the scalar product of
two coefficients (w;,, ®id)(w), (W @id)(w) of an irreducible corepresentation w corresponds to
the scalar product (2’ ® y|r ® ') up to a factor (qdimw)~!.

Denote by C;; the sums over p on the left-hand side of the statement. We compute now, using
Lemma

1
Ol = |2 e 2(ch @ el1QE (e} © ) (e @ cf|Qh (e} @ ¢f)|
T p

1
: Z qdimor | e @ 1 (e @ ) x |, ® Qe @ eh))|

Ckq™ k| Akt Lok
<qu1mv’" a®ei‘Qr Elk(ea®ej))|’
where Xy, : H; ® H, — Hy ® H; is the flip map. Note that the sum over  contains at most (I + 1)
terms. Using Cauchy-Schwarz’ inequality and summing |C;;|? over 4, j we recognize the squares of
the Hilbert-Schmidt norms of A, = (we ® id)(Q%*!%;;), which are dominated by dim Hy because
the operator norm of A, is less than 1:

IR C’“QWZ AP < 040 S LS i

(qdim qdim v")?
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In our case dim = qdim and p = ¢!

Ck 2 < I+1 2Md H <C2D2D 1+1 2/{32 —21 k-2l
Z| ’Lj‘ —( + ) (dimHk_l)Q lm( ]C)— 1 2( + ) q q )

ij

. Since r > k — [, we obtain

where C, D1, Dy are constants depending only on n. O

Theorem 3.10. Consider an orthogonal free quantum group FO(Q) which is unimodular. Then
the representation ad® of C*(FO(Q)) factors through .

Proof. By Lemma[3.2]it suffices to prove that the states ¢ = weoad : # — (¢|ad(x)€) on Ag(n) are
weakly associated to the regular representation, for a set of vectors £ spanning a dense subspace of
H°. In particular, we can assume that £ is a coefficient of some irreducible corepresentation, and
we will take in fact & = Ay (v%).

We already saw that ||¢[|3 = Y ||¢x||3, where ¢ is the restriction of ¢ to the subspace C[G]), =
Span{vfj}. Moreover in the unimodular case (v/dim Hkvfj)” is an ONB of C[G]; with respect to
the ¢ norm, and hence ||¢x||3 = dim Hy, Y |¢)(vfj)|2 Using the fact that h is a trace, we have

o(vi) = Y (An(vh)lAn(Whveiviy)) = > (An(vlyve) [ An(veivy)

p p

=D (An(wf,ve)[An(vhoh,).
P
Now we can use Lemma and we obtain |¢x[|3 < dim(Hy)C1k%¢* < DoCik?. In particular it is
clear now that [[e M x ¢[|3 < DoC; Y- e 2 k2 < oo for all A > 0, and so ¢ is weakly associated to
A by Lemma (3.5 |

3.3. Inner amenability. The notion of inner amenability for locally compact quantum groups
has been defined in [GNI13]. We will only consider this notion for discrete quantum groups. Recall
that, when G is a discrete quantum group, we denote by py € L (G) the minimal central projection
corresponding to the trivial corepresentation. Following Effros [Eff75] we define inner amenability
as follows.

Definition 3.11. A discrete quantum group G is called inner amenable if there exists a state
m € L*(G)* such that m(pg) = 0 and,

m((id @ w)A(f)) = m((w @ 1d)A(f)) for all w e L*®(G)., f e L=(G).

Remark 3.12. Our terminology is different from |[GNI13] where they call strictly inner amenable
a discrete quantum group satisfying Definition Note however that, according to [GNI13|
Remark 3.1(c)], all discrete quantum groups are inner amenable in the sense of [GNII3| Def. 3.1].

Theorem 3.13. Let G be a unimodular discrete quantum group. The following are equivalent.

(1) G is inner amenable.
(2) The trivial representation € : C*(G) — C is weakly contained in ad®.

Moreover, if G is countable and L(G) has property Gamma then G is inner amenable.

Proof. 1 = 2. The proof of this implication is similar to the one of the implication 1 = 2 in
[Tom16l Theorem 3.8], and moreover we are in the unimodular case. Let us give a sketch of the
proof. Denoting A = (id ® ad)(V) = VW, it is known that € is weakly contained in ad® iff there
exists a net of unit vectors &, € H° = &5 such that |[|[A(n® &,) —n®&,|| — 0 for all np € H.

Let J, and Jj, be the modular conjugations of ¢ and h respectively, with respect to the GNS
constructions as in Section It is known that (J, ® J,)V(Jp ® J,) = V*, and since U =
JoJn = JnJ, in the discrete case we also have (J, ® J,)W(J, ® J,) = W*. Moreover W =
1U)VARU) = (Jy& Jy,)V*(J, ® Jp), and [?, Prop. 2.15] yields the second formula below:

@) Vi (Ae(9) © Ap(f)) = (Ap @ Ap)(A(f)(g © 1)) and
W(Ay(9) @ Ap(f)) = (Ap @ Ap)(0A(f)(g @ 1)),

for all f,g € Ny, and o the flip map on L>(G) ® L>(G). Note that for the second formula to
hold in the non-unimodular case one has to replace A, by a GNS construction for the right Haar
weight .
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We use also the identification Co(G) = @, B(H,), where a runs over Irr G, and we recall that
¢ = >, dim(H,) Tr, in this identification. We denote (ef;);; the matrix units of B(H,) associated
to a chosen orthonormal basis (e$'); of H,. Recall finally the notation w¢ ¢ € B(H), for ¢, £ € H.
In what follows we restrict these linear forms to L°°(G) and we convolve them according to A.
Now we have:

Claim 1. Let f = f* € N, C L*=(G) and put X = o A(f?) — A(f?) = Deij €5 ® X(a)i;. For
all a € Irr(G) we have:

wn, (£) * WA (e2) Tn A (e3) — WanAu(ed) Tnhg (e2y) * W, (0] = w(el1) (| X (@)ij]).
Proof of Claim[1. Let z be the adjoint of the phase of X («);; and write
WAL (f) * WJhAw(efl),J;LA¢(e?1)(Z) T WA (e§)), InAy (e5y) * wa,()(2) =
= (thAw(e?I),JhAw(G?I) ® WA@(f)) (0A(z) — A(2)).

Using the formulas cA(z) = W1 ® 2)W*, A(z) = V(1 ® 2)V, (Jo ® J,)V(Jp ® J,) = V¥,
(Jn ® Jo)W(J, ® J,) = W* and Equations , one obtains, as in the proof of [Tom16, Lemma
3.14], the formula:

WAL (f) * WA (e8) Inhp () (2) = Wa AL (e2).Tn A (e3) * Wa, () (2) = @(eT1)p(| X ()ij])-

Claim 2. Let f € N,NL>®(G)4. Then, for all o € Irr(G), one has:
IA(AG(e5) ® Ap(f)) — Ap(el) @ Ap()II* < 20(F2)2 (¢ @ @) (| X ()]

Proof of Claim[4 The proof is the same as the proof of [Tom16, Lemma 3.16] without modular
factors, by using Equation , the Cauchy-Schwarz inequality and the Powers-Stgrmer inequality.
|

We can now finish the proof of 1 = 2. Let m € L*>(G)* be a state such that m(py) = 0 and
m((id@w)A(f)) = m((w@id)A(f)) for all w € L>®(G)., f € L(G). By the weak* density of the
normal states w € L (G), such that w(pg) = 0 in the set of states p € L>°(G)* such that u(pg) = 0,
there exists a net of normal states (wy,), such that wy,(po) = 0 for all n and wy, *w —wW* w, — 0
weak* for all w € L®°(G)..

By the standard convexity argument, we may and will assume that ||w, * w — w * w,|| — 0.
Now, since L>°(G) is standardly represented on H, and by a straightforward cut-off argument, we
can assume that w, = wy_(s,) with f, € L*(G)1 N Cu(G), pofn = 0 and | full2 = 1. Applying
Claim [I] (instead of [Tom16}, Lemma 3.14]), [Tom16, Lemma 3.15] and Claim 2] (instead of [Tom16,
Lemma 3.16]), we obtain

||A(A¢(ef‘j) ® Ay (fn)) — A@(e?j) @ Ay (fn)ll =0

for all o, 7, j. Putting &, = A, (fn) € H®, this easily implies that ||A(n®&,) —n®&,|| — 0 for all
n € H, hence € factors through ad”®.

2 = 1. Take a net of unit vectors &, € H® = £ such that ||[A(n®&,) —n®&,|| — 0 foralln € H,
and put &, = Jy&,. Then &, has norm one, it is orthogonal to &y for all n and we have for all
n e H:
[W*(n@ &) = V@ &)l = W (Jan ® &) = V*(Jan ® &)
= ||A(Jh77 ®§n) — Jun ®§n‘| — 0.

Let m € L*(G)" be a weak® accumulation point of the net of states (wg )n. One has:

n

m((wy @A) =lim((1® HHV(n© &), V(n @ &) = lim((1 @ /YW (n @ &), W* (0 © &)
=m((w, ®id)oA(f)) = m((id @ w,)A(f)) forall ne H, feL>*G).
Moreover, m(pg) = lim(po&, &) = 0.

Finally, suppose that G is a countable unimodular discrete quantum group such that £(G) has
property Gamma. To show that the co-unit is weakly contained in ad® we follow the proof of Effros
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[Eff75]. Write Irr(G) = {u* | k € N} where u* € B(Hy) ® C*(G). Given n € N, choose a unitary
un, € L(G) such that h(u,) =0 and

1
nmax{dim(u*) | k < n}
forall k =1,...,n and 1 < i,j < dimu¥. From this inequality, it is easy to check that, for all
k <n and all n € Hy, one has

160 @ N(R) (1@ un) (1@ ) ~ (1@ u) (i @ )W) (1@ &)1 < ol

[lunA(usy) = Mg )2 <

Recall that & is a fixed vector for ad. Hence, for all € Hy, one has (id®ad)(u*)(n®&) = n® &.
Moreover, since the representations A and p commute we find, with &, = u,&y, £k <n and n € Hy,

1(d ® ad) (u*) (1 © &) — (n @ &)|| =
= [|(id @ ad) (u") (1 ® un) (id ® ad)(u*)"(n @ &) — (N ® &) |
= [1(d ® A)(u") (1 @ u) (id @ A) (u*)*(n @ &) — (1 @ un) (1 @ &)

1
< =[lll
n
Since &, € H° = &7, it follows that the co-unit is weakly contained in ad®. (Il

Corollary 3.14 (cf [VV0T]). For n > 3 the discrete quantum group FO,, is not inner amenable,
and in particular the von Neumann algebra L(FO,,) is a full factor.

Proof. For n > 3 it is known that FO,, is not amenable, hence A does not weakly contain €. On the
other hand by Theorem the representation ad® is weakly contained in A\. Consequently ¢ is not
weakly contained in ad®, hence FO,, is not inner amenable and £(FO,,) is full by Theorem O

4. ProrPERTY (HH) FOR L(FO,,)

4.1. A Deformation. Recall that A : A,(n) = A,(n) ® A.(n) factors to A’ : C(FO,) —
Cr4(FO,) ® Ay(n) by Fell’s absorption principle. On the other hand, for any element g € O,, we
have a character wy : A,(n) — C defined by putting wy(v;;) = ¢i; and using the universal property
of A,(n). It is easy to check that (wy ® wp)A = wy, and that we = €, where e is the unit of O,
and € is the co-unit of A,(n).

Combining these objects we get *-homomorphisms oy = (id®wg)o A" : C} 4 (FO,) — C} 4(FO,,)
such that ay o ap, = agpn, . = id and h o oy = h. In particular each o4 is an automorphism of
Cq(FO,) and we have got an action of O, on C} ;(FO,) by trace preserving automorphisms.
Note that there is also an action o/ of O on C7(FO,) given by ay = (wy ® id) o A", where
A" Cr L (FO,) — Ag(n) ® Cry(FO,,) is the homomorphism analogous to A'.

Let n > 2. Denote M = L(FO,) the von Neumann algebra of FO,, and M = M ® M. We
identify M inside M via the unital normal faithful trace preserving x-homomorphism ¢ := A.
Denote by E the canonical conditional expectation from M to (M). We let O,, act on M by
putting A, = (ay ®id) : M — M.

Proposition 4.1 (cf [Bral2]). Denote (Uy)x the dilated Chebyshev polynomials of the second kind
and consider, for each s € R, the densely defined map T, : C4(FO,,) — CL4(FO,,) with domain

C[FO,] such that T, = 4id on C[FO, ]y, for all k € N.

Then for each g € O,, we have E o Ay 01 =T, where s = Tr(g). In particular, for such s the
map Ts extends to a trace preserving completely positive map on C 4 (FO,,).

Proof. For r € N, denote v;; the coefficients of the r* irreducible corepresentation v” of FO,,
with respect to a given ONB of the corresponding space. It is easy to check that E(vfj Q) =
0rs0,05/Up(n), where U, (n) = dimo".

On the other hand, denoting u” the image of v" as a representation of O,,, we have by definition
wy(v};) = uf;(g). The character x, = Trou” of u" is given by x,(g9) = Uy(Trg), since u® = 1,
u' =id and v' ® v ~ "1 @ u L. Now it suffices to compute as follows:

T T, r T uy, g r UT Trg
EoAyoAv;) = Z E(vjjup(9) ®vj;) = Zvii Ukk((n)) - UijU((n))'
el k " i
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Example 4.2. Define g; = id,,_2 & R; € O,, where

R, - < cgs(t) —sin(t) >

sin(t)  cos(t)

Denoting A; = A,,, we get in this way a l-parameter group of automorphisms of M such that
EoAiot=T, withs=n—242cost € [n—4,n].

Fix 0 < o < §. For all 0 < t < o one has 2 < 1 + 2cos(tg) < Tr(g;) < n. By [Bral2,
Proposition 4.4.1], there exists a constant C' > 0 such that

Uk(Te(g) _ o, (Telon)"
Ug(n) — n
for all 0 <t <o and all £ € N. Hence, for 0 <t < to, the map Ts = Eo Az o is L2-compact.
Flnally, consider S = (1 0) h=id,—o® S € O, and B = a;, ® o), € Aut(M). We clearly have
=id, BA; = A_;B, and one can check on the generators v;; that BoA = A so that B restricts
to the identity on «(M).

Remark 4.3. The constructions and results of this Sectiondlremain valid for the other unimodular
orthogonal free quantum groups FO(Q). Up to isomorphism, the only missing cases are FO(Q2,,)
with Qq, = diag(Qa,...,Q2) and Q2 = (_? (1)) But these discrete quantum groups all admit the
dual of SU(2) as a commutative quotient, and one can build a deformation using the same matrices
R; as in Example

On the other hand, in the non unimodular case there is no trace preserving conditional expecta-
tion E: M @ M — A(M), so that the arguments of Proposition do not apply anymore. Recall
however that Haagerup’s Property still holds in that case, as shown in [?].

Let us give some applications of the preceding construction. It is known that Haagerup’s
property is equivalent to the existence of a “proper conditionally negative type function” and/or
of a proper cocycle in some representation. Denoting 75 the linear form on C[FO,] given by
Ts (V7. ) (5”5 (s )) it follows from the proposition above and Lemmathat T, extends to a state
of C* (FOy,). leferentiating at s = n we obtain a conditionally negative form v : C[FO,] — C
given by ¥(v];) = 6”5 EZ) this was also observed in [CEK12| Crl. 10.3], where all ad-invariant
conditionally negative forms on C[FO,,] are classified. It is clear that ¢(z*z) < 0 for all z € Kere.

Moreover the following lemma shows that 1 is indeed proper, and more precisely that the
associated function ¥ = (id ® ¢)(V) behaves like the “naive” length function L = > rp, at
infinity:

U, (n)
Uotm) = Var—d
Proof. We have the well-known formula U,.(n) = (q“’l - q—r—l)/(q - q—l)’ where ¢ — %(n _
v/n? — 4). Differentiating first with respect to ¢, we get

Up(n) _r(1—q%) =2¢"°+ (r+2)g> 2 —rg”>"" dg

X —.
Ur(n) (@a—q¢ "X —qg22) dn
Noticing that dg/dn = g/v/n? — 4, we obtain finally

= e (- g o).

Lemma 4.4. We have

+0(1) as r — oo.

O

4.2. Property (HH). It is then natural to ask also for the explicit construction of a proper
cocycle establishing Haagerup’s property. Notice that by [Verl2] such a cocycle cannot live in the
regular representation or a finite multiple of it. Now an explicit cocycle can easily be obtained
by differentiating the 1-parameter group above. More precisely, for any X € o, we define ix =
dxAg ot :C[FO,] — M. Denoting u" € B(H) ® C(O,,) the image of v", we have explicitly

E UzkdX uk:l ® Ulj
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Here dxuy, is the differential of uy; : O,, — C, evaluated on the tangent vector X at e. Since A40¢
is a *-homomorphism, we get indeed derivations with respect to the C[FO,,]-bimodule structure
coming from the embedding ¢« = A, and in fact we get a Lie algebra map (X — dx) from o, to
the space of derivations Der(C[FO,,], M).

We moreover denote fy = (id ® dx)(V), which is an unbounded multiplier of the Hilbert
Co(FO,,)-module Co(FO,)) ® M. Then f% fx is an unbounded multiplier of Cy(FO,,), the “con-
ditionally negative” type function associated to dx. The following Lemma shows in particular
that f% fx corresponds to the cond. negative form 1) obtained by differentiating the deformation
T, = (id® 75)A.

Lemma 4.5. The derivation x takes its values in the orthogonal complement M° of (M) with
respect to h ® h. Moreover we have

fefx =2Te(X*X) x (id@¥)(V).

In particular for any X € 0,,, X # 0, the derivation dx is proper in the sense that p, fx fx > crpr
for any r, with ¢, — oo.

Proof. The beginning of the proof is quite general and probably well-known to experts.

We choose a 1-parameter subgroup (g:); of O, such that g = X, we put 4, = A,,, s(t) =
Tr(g;) and we differentiate the identity £/ o A; o1 = Ty(;) between linear maps on C[FO,] from
Proposition We obtain Tr(g;) x T;(t) = Eo Ao, where T! is the derivative with respect to s,
and the other derivatives are relative to ¢. In particular for ¢ = 0 this yields Eodx = FodxAgjor =
Tr(X) x T!. Since Tr X = 0 for X € 0,, we obtain E o dx = 0, hence dx (C[FO,]) C M°.

Now we differentiate once more at ¢t = 0, obtaining Tr(gj) x T,, = E o A o ¢ as linear maps
on C[FO,]. Since (g;); is a l-parameter group and X* + X = 0, we have gj = gi> = —X*X in
M, (R). Similarly, since (A;); is a 1-parameter group of trace-preserving automorphisms we have
Ay = A = — Ay Af), where Ajf denotes the adjoint of Aj, with respect to the hilbertian structure
of M. Moreover we have F = 1* at the hilbertian level, so that 6% dx = (Aje)*(Ajt) = —EoAjor =
Tr(X*X) x T.

The last identity can also be written (dx (a)|dx (b)) = Tr(X*X)h(a*T}, (b)) for all a, b € C[FO,,].
As a result we obtain

fifx = (1d®ix)(V)"(id®dx)(V) = Tr(X"X) x (id® h)(V*(id @ T,)(V))
as unbounded multipliers — in other words, the identity above makes sense in the f.-d. algebra
prCo(FO,,) ~ B(H,) for any r. But by definition of ¢ we have T, = (id ® ¢)) o A, and using the
identity (id ® A)(V) = V13Vi3 we can write
fxfx=Tr(X*"X) x ld® h @) (V5V12Vi3) = Tr(X*X) x (id @ ¢) (V).
Finally we have (p, ® ¥)(V) = ¢p, with ¢, = U/ (n)/U,(n) by the computation of v before

Lemma [£4] and the properness results from that lemma. O

Recall the construction of the bimodule K associated to a x-representation 7 : C*(G) — B(H).
We put K, = H® H, where H is the GNS space of the Haar state h. The space K is endowed with
two representations, T = (AQm)A’ : C* (FO,,) — B(K,) and p = A°?®1 : C¥ (FO,,)°? — B(K.),
where we put \°P(2)Ax(y) = Ap(yx).

Lemma 4.6. The space LQ(M), viewed as an M, M —bimodule via the left and right actions of
(M) = A(M), is isomorphic to the M, M—bimodule K, naturally associated with the adjoint
representation m = ad of G. The trivial part C&y of the adjoint representation corresponds to the
trivial sub-bimodule (M) C M.

Proof. We consider the unitary V(1@U) : L>(M) = H® H — H® H. Recall that V(A, ®@Ap)(z®
y) = (Ap @ Ap)(A(z)(1 ®@y)) and UAL(y) = An(f1 % S(y)) for z, y € C[G], so that

VARU)(Ar © Ap)(z @ y) = (An @ Ap)(A(z)(1® f1 % S5(y))).
Recall that ad(z)An(y) = An(zyy(f1 * S(z2)))). Then we have:
VAR U)(Ar @ Ap)(AR)(z ®@y)) = (An @ An)((201) @ 2(2)A(2) (1@ fr % (S(Y)S(23)))))
=A@ad)A()VAQU)(AL @ Ap)(z @ y).
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Moreover in the Kac case we can write:
VAR U)(An @A) (2 @ y)A(2)) = (An @ An)(A(2)(2(1) @ 2(2)) (1 ® S(2(3))S()))
= (An @ An)(A(2) (2 ® S(y)))
= (AP(2) Q1) V(I U)(ArL @ Ap)(z ®y).

This shows that V(1 ® U) yields an isomorphism L?(M) ~ K,q as M, M —bimodules. Moreover,
putting z =y = 1 we see that V(1@ U)(Ap, @ Ap)e(M) = Ap(M) ® &. O

Recall now from [OP10b] that a discrete group G has Property strong (HH) if it admits a proper
cocycle with values in a representation weakly contained in the regular representation. These
notions make sense in the quantum case, and combining the lemma above with Theorem [3.10] and
Lemma .5 we obtain:

Corollary 4.7. The discrete quantum groups FO,, satisfy the Property strong (HH).

Remark 4.8. Lemma @ works also at the level of the derivations dx and yields a formula for
the associated cocycles with values in the adjoint representation m = ad. More precisely, a simple
computation shows that V(1 ® U)dx is of the form (Ap ® c¢x)A, with ¢x : C[FO,,] — H given by
cx = Apm(dxay ® S)A, or in other terms:

ex(vfy) =3 (dxup;) x Ap(vjvl).

The fact that V(1®U)dx is a derivation implies that cx is a cocycle, i.e. cx(xy) = w(x)ex (y)+
cx(z)e(y) for x, y € C[FO,]. Denoting gx = (id® cx)(V') the unbounded multiplier of the Hilbert
module Cy(FO,,) ® H associated with cx, we have f% fx = g% gx. Hence Lemma also shows
that the cocycle cx is proper.

For the generators v;; of C[FO,,] we have cx (v;;) = > XpAn(virvj). For a particular choice of
X one gets e.g. c(vi;) = Ap(vi1vj2 — vi2v41), and the other values of ¢ can be deduced recursively
using the cocycle relation.

4.3. Strong solidity. We first recall the following result due to Ozawa and Popa [OP10a].

Theorem 4.9. Let M be a tracial von Neumann algebra which is weakly amenable and admits the
Jollowing deformation property: there exists a tracial von Neumann algebra M, a trace preserving
inclusion M C M and a one-parameter group (aq)ier of trace-preserving automorphism of M such
that

o lim; g ||a¢(z) — || =0 for all z € M.
o (BP0 6 L2()) <, (BA(M) @ L2(M)) .
o Eyoay is compact on L?(M) for all t small enough.

Then for any diffuse amenable von Neumann subalgebra P C M we have that Ny (P)" is amenable
— in other words M is strongly solid.

Proof. If K = L2(M) & L*(M) is (strongly) contained in an amplification of the coarse bimodule,
this is a particular case of [OPT10a, Thm. 4.9], with k =1, Q@ = @1 = C and G = N/ (P). Indeed
in that case “compactness over Q" for Ej o a; means that its extension to L?(M) is compact,
L*(M, eq,) is the coarse bimodule L?(M)®L?*(M), and P £»; Q means that P is diffuse. Moreover
if M is weakly amenable and P is amenable, then the action of G = N/ (P) on P is weakly compact
by [Ozal2l Thm. B]. Hence the hypotheses of [OP10al Thm. 4.9] are satisfied, and we can conclude
that N = N/(P)” is amenable relative to Q inside M, which just means that N is amenable in
our case.

Note that the proof of [OP10al, Thm. 4.9] shows the existence, for all non-zero central projection
p € M, all F C Ny (P) finite and all € > 0 the existence of a vector ¢ € K ® L?(M) such that
lpCllz > lIpll2/8, ||[u @ @, (]|l2 < €/2 for all w € F and ||z(||2 < ||z||2 for all € M. In particular
one can then show as in [SinIl Thm. 3.1] that K is left amenable over N (P)” C M. Now, if
K is only weakly contained in the coarse bimodule, [Sinlll Thm. 3.2] still allows to conclude that
Ny (P)" is amenable. O

Now by Proposition [.1] Lemma [£.6]and Theorem [3.10]one can apply the preceding Theorem to
the deformation of L£(FO,,) presented in Section Moreover the weak amenability assumption
is satisfied by [Frel3, Thm. 6.1]. As a result we obtain:
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Theorem 4.10. For all n > 3, the 11y factor L(FO,,) is strongly solid.

Note that this result was already proved in [[so12] using the more recent approach from [PV12]
to strong solidity, and the Akemann-Ostrand Property, established in [Ver05, Thm. 8.3] for free
quantum groups. Finally, it seems likely that strong solidity can also be deduced from Property
strong (HH) as in [OP10Db, Crl. B], by adapting Peterson’s techniques to the proper derivation
dx : C[FO,] — M in the quantum setting. Notice in particular that Ax = §%d0x is a “central
multiplier” of C[FO,] by the proof of Lemma so that the passage from the classical to the
quantum setting is probably straightforward.
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