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We consider perturbations of the harmonic map equation in the case where the target
manifold is a closed Riemannian manifold of nonpositive sectional curvature. For any
semilinear and, under some extra conditions, quasilinear perturbation, the space of
classical solutions within a homotopy class is proved to be compact. An important
ingredient for our analysis is a new inequality for maps in a given homotopy class which
can be viewed as a version of the Poincaré inequality for such maps.
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0. Introduction

In this paper we study semilinear and quasilinear perturbations of the harmonic
map equation 7(u) = 0. This is an equation for maps u : M — M’ between closed
Riemannian manifolds, defined as the Euler-Lagrange equation for the energy
functional

E(u) := /M e(u)(x)dvol(z),

where e(u)(z) denotes the energy density,

(@) = 509(0) { s ) -

Here g%/ (z) is the inverse of the (smooth) metric tensor on M, dvol(z) the corre-
sponding volume element, and (-, -) the scalar product in TM’. In local coordinates
for M and M’, the operator 7 can be written as the Laplace—Beltrami operator,
perturbed by terms which are quadratic in the derivatives of u (cf. Sec. 1).
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Our aim is to consider perturbations of the equation 7(u) = 0 by a semilinear
term F'(x,u(z)) with F being a z-dependent vector field on M’, and by terms linear
in the derivatives of u (and of sufficiently small size) of the form

L(z, u(z)) u.(G(z,u(z))),

where L(x,u(z)) is a linear operator on Ty, ;) M’, u, the differential of u, and G a
vector field on M, G(x,u(x)) € T, M. More precisely we want to study the set of
solutions u : M — M’ of

T(u)(z) + F(z,u(z)) + L(z, u(z))u. (G(z,u(z))) =0 (0.1)
in a given homotopy class ¢ of C*-maps u: M — M’,
u€e(. (0.2)

Note that (0.1) is not necessarily of variational form. The main assumption we
impose is that

M’ has nonpositive sectional curvature. (0.3)

Unless otherwise stated this assumption will be made throughout the paper. Given
F,G and L of class C* with k > 2, denote by Srq.1 = SI(TIT)G’L the set of all C*+!
solutions of (0.1). In the case L = 0 and G = 0 we simply write Sr instead of Sg .
We note that by the regularity theory of elliptic equations (cf. Proposition 8.1),
given F' of class C*, any C®-solution v € 51(72) is C**t1-smooth, i.e.

S =85

Similarly, if dim M < 3 and F,G and L are of class C*, one has SI(,Z’)G’L = ng)G,L
(cf. Proof of Proposition 8.2). Our aim is to prove that for any F,G, L of class C*
with k > 2, Sp N ¢ is compact in the C**! topology and, if dim M < 3, Sra,LN¢

is compact in the C**1 topology for G and L of sufficiently small size,

max (|| L(z,y)| - |G(z, y)|]) < e
rzeM
yeM’

where ¢, > 0 is a constant which only depends on ¢ and the manifolds M and M’.
Here ||L(xz,y)|| denotes the operator norm of L(z,y) : TyM' — T,M' and ||G(z,y)||
is the norm of G(x,y) in T, M.

In fact we prove slightly stronger results. To state them we first need to introduce
some more notation. Let us denote by C* the space of C*-maps from M to M’, by
F*) the vector space of z-dependent vector fields F(z,y) on M’ of class C* in x
and y, by G(*) the vector space of y-dependent vector fields G(z,y) on M of class
C* in z and y and by L£*) the vector space of linear operators L(x,y) on T, M’ of
class C* in x and y. Let

MP = {(u, F)| F € FP; ue Spn¢h
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considered as a subset of C**1 x F(¥) and, for any ¢, > 0

NE = {(u, F,G,L)| (F,G,L) € F® x g®) 5 £®). y e Spern(;

max | L(z,y)]| - |Gz, y)]| < e. |

considered as a subset of C*T1 x Fk) x Gg(k) x k), By 7 we denote the natural
projections

i Mék) - F® or x :/\/C(k) — F®B) 5 gk 5 k),

Recall that a continuous map between topological spaces is called proper if the
preimage of any compact set is compact.
The main results of this paper are the following ones:

Theorem 0.1. Let M and M’ be closed Riemannian manifolds with M’ having
nonpositive sectional curvature and ¢ be a homotopy class of C'-maps from M to
M'. Then for any k > 2, the projection T : Mék) — F®) s proper.

Theorem 0.2. Let M and M’ be closed Riemannian manifolds with M’ having
nonpositive sectional curvature and ( be a homotopy class of C*-maps from M
to M'. Assume that k > 2 and dim M < 3. Then there exists ¢, > 0 such that
s :/\/(fc)* — F®) % g % £K) s proper.

In particular, Theorem 0.1 contains the following generalization to solutions
of perturbations of the harmonic map equation of a result due to Schoen—Yau for
harmonic maps [15] (cf. also Hartmann [9]) concerning the compactness of the space
of harmonic maps within a homotopy class.

Corollary 0.1. Let F € F&) with k > 2. Then Sg N ¢ is compact in the Ck+1.
topology.

We note that a corollary of Theorem 0.2 similar to Corollary 0.1 holds.

Simple examples show that the stated result of Corollary 0.1 no longer holds
if M’ is not of nonpositive sectional curvature and the statement of Theorem 0.2
is no longer true if the perturbation is not affine in the differential u, or the part
which is linear in wu, is not sufficiently small.

We remark that no efforts have been made to see if Theorems 0.1 and 0.2 hold
for k smaller than two. Moreover, most likely Theorem 0.2 holds for manifolds M
of arbitrary dimension.

Our results are similar in flavour to the compacity results due to Kuksin [11]
for double periodic solutions of quasilinear Cauchy—Riemann equations which origi-
nated in a compacity result of Gromov [8] for J-holomorphic curves. In future work
we plan to establish similar results for other important nonlinear elliptic equations.

Theorems 0.1 and 0.2 are proven below in Secs. 1-8. To simplify our exposition
we have assumed that in (0.1), L(x,y) is the identity map on T, M’ for any = €
M,y € M'. The main ingredient of the proof is an a priori estimate for the energy
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E(u) for a solution u of (0.1) in a given homotopy class (: As a first step (cf. Sec. 1)
we introduce canonical distance functions N,(u,v)(p > 1) between two C3-maps
u,v: M — M’ in ¢ and prove that the energy F(u) can be bounded by

E(u) < ||F||coNy(u,v) + V2(|Gllco B(w) /> Na(u, v) + E(v) .
Here Np(u,v) is defined by
N, (u,v) := inf{N,(H) | His a C'-homotopy between uand v}

N, (H) = ( /M ( /O 1 ds)pdvol(ac)> Up ,

where we consider throughout this paper only continuous homotopies H : M x
[0,1] — M’ so that for any = € M, the path s — H(x,s) is C'-smooth.

In a second step (cf. Secs. 3—-6) we show that Na(v,u) can be bounded in terms
of E(u) and E(v):

with

d

EHS@)

Theorem 0.3. Let M and M’ be closed Riemannian manifolds with M’ having
nonpositive sectional curvature and ¢ be a homotopy class of Ct-maps from M to
M'. Then there exists a constant C > 0 such that for any u,v €

No(u,v) < C(E(u)? + E(w)Y? +1). (0.4)

Our proof of Theorem 0.3 uses in an essential way that M’ has nonpositive
sectional curvature.

Estimate (0.4) is a new inequality which can be viewed as a version of the
Poincaré inequality for maps between manifolds and is of independent interest. It
has also the flavour of a quadratic isoperimetric inequality. We illustrate this by
considering the case when M = S!. Viewing E(u)l/ 2 as a measure for the length
of u, inequality (0.4) says that there exists a homotopy such that the area of the
cylinder induced by the homotopy can be bounded in terms of the square of the
length of its boundary. Here the area of the cylinder is measured in terms of its
Ly-averaged “length” Ny(u,v) and the length of its boundary by E(u)'/?+ E(v)'/2.
We recall that for a Hadamard space X the following isoperimetric inequality holds:
given any simple, closed curve v in X of length L, there exists a disc D with 0D = ~
so that area (D) < wL2.

Theorems 0.1 and 0.2 form the basis for a more detailed study of the set of
solutions of (0.1) in a given homotopy class ¢ which will be presented in a subsequent
paper using arguments similar to the ones in [11, 12]. In the remainder of this
introduction we state conjectural results of this study in the case G = 0, i.e. for

O(u) :=7(u) + F(z,u(z)) =0 (0.5)
ue( (0.6)

and relate them to the corresponding results for the harmonic map equation.
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One verifies in a straight forward way that Mék) is a C'-manifold modeled by
F &) hence the projection 7 : Mék) — F*) is C'-smooth. Let us denote by fr(ekg)

the set of reqular values of w. As 7 is proper, fr(fg) is an open subset of F(*), By
the Sard-Smale theorem [14], it is dense in F*) and, for any F € frgjg), the inverse
image 7~!(F) is a submanifold of Mék). One can show that this submanifold is of
dimension 0, i.e. that 7= (F) is a discrete set. By associating appropriate signs to
each element of 7~!(F'), one can define an “algebraic” number D¢,

DC = ﬁalgebraic(SF N C) ’

which is constant on fr(,fg) .
If M' has negative sectional curvature we can compute D¢ and obtain

D¢ = £x(So N ()

where Sy is the set of harmonic maps u : M — M’, Sy N ¢ turns out to be a
manifold, and x(So N ¢) denotes its Euler characteristic. Note that in the case
where M’ has negative sectional curvature, the energy functional E(u) is Morse—
Bott and , according to [9], the set of harmonic maps SpN[u] in the homotopy class
[u] of a harmonic map w has the property that either So N [u] = {u} or So N [u]
consists of all constant maps, or u(M) is a closed geodesic v and any other element
in Sy N [u] is obtained by composing u with a translation along ~. The integer D,
is then computed in each of the three cases by considering special regular vector
fields, leading to the claimed identity D = £x(So N ). In particular, it follows
from this identity that for any F' € fr(fg),

1(SFN¢) > [x(SoN Q-

Counter examples show that this inequality is sharp.

Throughout this paper, M = M"™ and M' = M’ " denote closed manifolds with
fixed smooth Riemannian metrics g respectively g’. Moreover, (M’, g') is supposed
to have nonpositive sectional curvature.

Points in M will (often) be denoted by z, z, . . . whereas points in M’ will (often)
be denoted by y. For the inner product ¢'(y) of T,M’, we will use the notation
(-, )g'(y) Or simply (-, -).

We follow mostly the notation established in [7]. For ease of notation we write
V = VM for the Levi-Civita connection on M’ and VM for the one on M.

1. A priori Estimate for the Energy
Let u: M — M’ be a given C'-map.* Recall that the energy E(u) of u is defined by

E(u) = /M e(u)(z) dvol(zx),

aNo efforts have been made to obtain minimal regularity assumptions for our results.



July 14, 2003 14:41 WSPC/152-CCM 00108

6 T. Kappeler, V. Schroeder € S. Kuksin

where e(u)(x) is the energy density,

(o) = 507(0) (5 5 )

Let ¢ be a homotopy class of C'-maps from M to M’'. By embedding M’ isomet-
rically into some Euclidean space R and using a mollifier argument one verifies
that for C3-smooth maps u,v € ¢, there exists a C3-homotopy H : M x [0,1] —
M, (z,s) — Hs(z) between v = Hy(-) and u = Hy(-).

A homotopy H is said to be geodesic if

(GH1) s~ Hy(x) is a geodesic in M' V& € M,
(GH2) the parameter s € [0, 1] is proportional to arc length.

As M’ is assumed to have nonpositive sectional curvature, a C'-homotopy de-
termines a geodesic homotopy, obtained by replacing, for any = € M, the curve
s — H,(z) by the unique geodesic in its homotopy class. If the homotopy is chosen
to be C3-smooth, then the corresponding geodesic homotopy H is again C>.

For arbitrary maps u,v € ¢ and any 1 < p < 0o, introduce the distance function

Ny(v,u) :=inf{N,(H) | H is a homotopy between v and u}

N, (H) = ( /M ( /O 1 ds)p dvol(m)) " .

By Holder’s inequality we have for any 1 < p; < ps < 00

where

d

EHS(.I)

Ny (H) < Ny, (H)(vol M)®2-pi)/ip2. (L1)

For an z-dependent C?-vector field F on M', F(z,y) € T,M’, denote by || F|co
the sup-norm,

[Fllco := sup [|[F(z,y)|.

zeM
yeM’

Below we study (0.1). To simplify our exposition we restrict ourselves to the
case when the operator L is the identity,

7(u) + F(z,u(z)) + us (G(z,u(z)) =0.

Denote by ¢ an arbitrary homotopy class of C'-maps from M to M’ and by Sr g
the set of all C3-solutions of the above equation. In case G = 0, we write S instead
of SF7O.

Proposition 1.1. For any u € Sp N,

E(w) < | Flleo Ni(v,u) + E(v).
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Note that by the same proof, one can obtain similar estimates for the energy
density e(u)(x) of u € SpNC.

To prove Proposition 1.1 we need to establish several auxilary results and some
more notation.

Givena C'-mapu: M — M',a C%map Y : M — TM' with Y (z) € Ty»)M' is
said to be a vector field along u. The covariant derivative defined by the Levi—-Civita
connection V = VM’ on M’ can be extended to such vectorfields: VxY denotes
a vector field along u defined for a C®-vector field X on M and a C'-vector field
Y along u (cf. [7, Sec, 2.5]). Let x',... 2" be coordinates on an open set U of M,
H:M x[0,1] = M"a C3- homotopy and X

i = ax,.

Lemma 1.1. (i) Forx € U and 0 < s <1,

Srel)@) =) (Vx

(ii) If the homotopy H is geodesic, then

T e(t)(@) = 4 (@) <vxi%H Vi, 8H> g9 (z) <R’(8H. 8—H) on 8—H>

oH OH
Os’ Oxi /"

79 Oxt’ Os ) Os’ Oz’

where R' denotes the Riemannian curvature tensor on M'.

Proof. (i) Since the Levi-Civita connection V is Riemannian, one has
0 y 0H O0H
= = ¢ = =
Seeltt)(@) =g (v 55 55 (12)

where V 2 gg is a vectorfield along H. As the torsion of the Levi—Civita connection
vanishes and

0
—, X;| =0, 1.
e | =0 (13)
we conclude that
OH OH
Vigw ~Vrgs )

and hence (1.2) leads to (i). To show (ii), use (i) to obtain

0? ii O0H OH 0H 0H
@G(HS)(x):gj(x) <<V VX ' B J>+<VX"E’V66.98$J'>>' (1.5)

Applying again (1.4) one sees that

OH OH OH OH
(02,5, 08 _ (v, 00 g ), 0

and, by the definition of the Riemannian curvature and (1.3), one has

OH O0H OH O0H
<V Vi ’aa>‘<VXiVa% a—a—>

OH O0H\ 0H OH
— / —_ —_ —_
<R <8aci’ 85) ds’ 8xj>' (1.7)
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Further, as s — Hy(x) is a geodesic in M’, one has \ 9H () = 0 and the first
term on the right side of (1.7) vanishes. Substituting (1.6)—(1.7) into (1.5) leads
to (ii). m|

Given any map u : M — M’, —7(u) denotes the variational derivative of the
energy functional. It is a vector field along u and for any C3-homotopy H : M x
[0,1] = M we have for any 0 < s < 1,

0 0H
8sE(H) —/M <T(HS)(:1:), E(m)>dvol(x). (1.8)
In local coordinates, 7(u) is given by

B uB Ou?
()" () = Aau®(2) + g% (@)1 (u(2)) 2 O

where Ajy; denotes the Laplace—Beltrami operator on M.
Corollary 1.1. For any x € M,the function s — e(H,)(x) is convez

82

5z H)(@) 20 VO<s<1. (1.9)

Proof. M’ having nonpositive sectional curvature, one has

i OH O0H\ 0H O0H
ij / el Wttt B WP
g (a:)<R (8301" 85) 83’8xj>_0

and (1.9) follows from Lemma 1.1(ii). O

Proof of Proposition 1.1. Let H be a geodesic C3-homotopy between Hy = v
and Hy; = u. By Corollary 1.1, the function E(H,) is convex

0°’E 0%e

W( s) = M@(Hs)(x)dvol(x) >0,

hence
OF
E(u / s)ds < E(v) + P —(Hs)|s=1- (1.10)
As u e Spn{, one has 7(u)(x) = —F(z,u(x)) and, in view of (1.8)

oOF OH
O (H)mr = /M <F o

Recall that, for any € M, the geodesic s — H,(x) is parametrized proportional

to arclength, and thus, for any x € M,

0H ()
0s

> dvol(z) . (1.11)

s=1

= EH(w),
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where £p(z) is the length of the curve s — H(z) with 0 < s < 1. It follows that

‘ / < > dvol(z)

Combining (1.10)—(1.12) leads to
E(u) < E(v) + [[FllooN1(H) .

< |Flloo Ni(H). (1.12)

As H is an arbitrary geodesic C3-homotopy with Hy = v and H; = u, the claimed
statement follows. O

Proposition 1.1 can be generalized to hold for solutions u € Sp,¢ N ¢ where
G is a y-dependent C2-vector field on M, G(z,y) € T, M. Denote by ||G|/co the
sup-norm

|Gllco := sup [|G(z,y)-
xeM
yeM’

Proposition 1.2. For any u € Sp.¢ N,
E(u) < |[FllcoN1(v,u) + V2| Gllco E(u)'/*Na(v,u) + E(v).

Proof. For u € Sp ¢ N (¢ we have 7(u) = —F — u,.G. Therefore

0H
‘/M <F—|—u*G, D5 s=1>dvol(:1:)

< | Flloo Ny (H) + /M V2e(@)|Glleo Lr(x) dvol(z)

< | Fllco Ni(H) + V2| Gllco E(w)'/2N2(H)

hence the assertion follows in view of (1.8) and (1.10). O

2. A priori Estimate for the Energy Density

In this section we obtain a C°-bound of the energy density in terms of the energy
of a solution v in Sp. In the case F' = 0, these estimates are due to Eells—Sampson
[6, p. 142] and it turns out that they can be extended to the case F' ¢ 0. At the
end of this section we prove an a priori estimate for |Vdu||r2 for u € Sp g in the
case where dim M < 3.

First we recall a Bochner type formula due to [6] (cf. [4]). Throughout this
section it is convenient to work with Riemannian normal coordinates in M. Choose
xo € M. Then, at 2o, Riemannian normal coordinates ', ..., z", defined in a chart
U C M containing xg, have the following properties

09i; ..
gij(To) = 0i5; %}Z(l‘o) =0 (Vi,j, k). (2.1)
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In particular, the Christoffel symbols I‘fj of the Levi—Civita connection vanish at
xo. The following result is well known (cf. [10]).

Lemma 2.1. Let u : M — M’ be a C3-map. Then, Apre(u)(x) at x = mo takes
the form

0 0 0
Awe(w(en) = 3 (Vxr(w, 75 )+ (T V)
ik

%

4 ZRICM(Xian) <%’ %>

%,
Oou Ou\ Ou OJu
- R(—, =)=, =), 2.2
%:< <8ac¢ 8xk> dzk 8x1> (2:2)
where Ricy; denotes the Ricci curvature on M, R' = Ry the Riemannian curvature
on M’ and X; = %(1 <i<n).

Given two Hilbert spaces V, V' and a linear map S : V — V’, denote by ||S||us
the Hilbert—Schmidt norm of S. With respect to an orthonormal basis (f;) of V,
the norm ||S||gs can be computed as

1/2
[S]lms = (Z(Sfi, Sfi>vl> ,

(3

Given a C3-map u, let V.7(u)(z) be the linear map obtained from the vector field
7(u) along u

Vor(u)(x) : T,M — Ty M', X — Vx7(u)

and denote its Hilbert—Schmidt norm by [|V.7(u)(x)||ms. If (€;)i<i<n is any
orthonormal basis of T, M, then

1/2
IV.7(u)(@)|as = (Z IIVeiT(U)(x)II2> : (2.3)

Identifying the space of linear operators from T, M to T, M’ with the Hilbert
space Ty M ® Ty(zyM' (with norm given by the Hilbert-Schmidt norm), the differ-
ential u.(x) = dyu : ToM — Ty ;yM' can be viewed as a map

du: x> dou € TyM @ Ty M.
The covariant derivative of du then defines a map

Vdow: TyM — TiM @ TywyM', X 5 Vxdgu.
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Given any orthonormal basis (e;)1<i<n of TpM, the Hilbert—Schmidt norm
|V.deu||ms can be computed as

1/2

IV deullzs = | S IVeidenXy 2] (2.4)
2
Further, ||Ricas(z)| s denotes the Hilbert—Schmidt norm of the Ricci curvature
Ricps(z) viewed as a linear map Ricy(x) : Tp,M — T M.

Corollary 2.1. For any C3-map u: M — M’ and any x € M,
—Apre(u)(z) + |V.doulFg
< V2| V.r(u)(@) ] s ve(u)(@) + 2| Ricar (2)| s - e(u)(z) .- (2.5)

Proof. To verify this inequality at an arbitrary point zg € M, choose Riemannian
normal coordinates at xg. Using that M’ has nonpositive sectional curvature, one
obtains from Lemma 2.1 and (2.4)

—Ane(u)(zo) + | V.dagul7rs
ou . Ou Ou
< —Zi:<VXiT(’LL), %> —;RICM(Xi,Xj)<@, @> . (26)

Further, as X; = %(1 < i < n) is an orthonormal base of T,,, M, one has

hence in view of (2.3)

> <VXiT(U)7 %>

i

ou
ozt

1/2 o\ 1/2
< (Z ||vxn<u>|2> (Z | )
< 19 7(w)(e0) s V2T o) @

and

. Ou Ou
ZRICM(X“XJ) <%, @>

i)j
1/2 , ,\ 12
. 9 ou ou
< | D IRiear(Xi, X;)] > a7 | 227
iJ 0,J
< Riear(zo) s - 26(w) (zo) - (28)

Substituting (2.7) and (2.8) into (2.6) leads to the claimed estimate at x = zo. O
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Given finite atlases (U;);cr of M and (U]);er of M’, define the norm || F'||c1 of
the z-dependent vectorfield F' on M’ as follows:

Proposition 2.1. There exists a constant C; > 1 so that for any u € Sgp and any
x e M,

or
oxk

or
oy®

)

|Flics = sup sup  sup (|F||,
jel zeU; 1<k<n
el yeU! 1<a<n/

—Ame(u)(z) < CL(1+ [[Fllen) (1 + e(u)(x)) .-

Proof. We apply the inequality (2.5). To estimate |V.7(u)(z)| ms in (2.5) notice
that for u € S, we have 7(u)(z) = —F(z,u(z)). In local coordinates of M and M’
introduced above,
OF*  OF“ ouP ou”
FY = 4 TP
v, oz " 0uP 0w T o
and thus

ou
IV, F (@, u(@)) (@) < C|Fllen <1 " Hf)w @

).

where C' > 0 depends on M and M’ and the atlases (Uj);cr, (U/)icr. Hence we
obtain for C' > 0 sufficiently large

IV.F(z,u(@))llas < C|Fllcr (1 + Ve(u)(2)),
which in turn leads to
|V.F(z,u(z))|msve(u)(z) < C|[F|cr(1+ e(u)(z)). (2.9)

As M is compact, |[Ricps(z)||ms is bounded and the claimed estimate follows. O

Theorem 2.1. There exists a constant Cy > 0 so that for any u € Sp,
e(u)(z) < Co(1 + ||Fller)"(E(u) +1) Vze M.

In the case F' = 0 (i.e. in the case of harmonic maps), this theorem is due to
Eells-Sampson ([6, p. 142]). Their proof can be generalized to the situation at hand.

Let us first make a few preliminary considerations. Following Eells—Sampson
([6, p. 141]) denote by P(z, z) the kernel of a parametrix of the Laplacian —Ajy,
defined as

(2, 2)) /2 =3,
Plaz) = { —5- 08 Vo@@ ) n=2,

1
se(@@ )2 +1 n=1,



July 14, 2003 14:41 WSPC/152-CCM 00108

Perturbations of the Harmonic Map Equation 13

where 1/k, = (n — 2)vol(S™~1),d(x, z) denotes the distance between x and z and

for A > 0, () is a non decreasing C* function satisfying
0 A 0<x<a,
SD =
2a9 A >2a,

with 0 < @ < ap < 1/2 chosen in such a way that d?(z,z) is C°°-smooth for
d*(z,z) < 3a.
Then, for any € M, P(z,-) is C*™ on M\{z} and

P(z,z) >Cy Vze M\{z}, (2.10)

where Cy > 0 can be chosen independently of z € M. Denoting by B the parametrix
of —Ajs given by the kernel P(z, z), one has

B(-Apy)=Id+ S,

where S is a smoothing operator with kernel Q(z,y). Therefore
Id = B(—Aym) = S.

Applied to a function f in L?(M), this identity reads

f(z) = /M<P<x,z><—AM>f<z> Q2. 2)f(2)) dvol(z). (2.11)

As the kernel Q(z, z) is smooth and thus bounded and since P(z,z) > Cy > 0
(cf. (2.10)), there exists a constant C3 > 0 such that for any x € M,

|Q(z,2)] < CsP(x,2) Vze M\{z}.
Thus (2.11) leads to the inequality

fz) < /M(P(xvz)(—AM)f(Z) + CsP(z,2)| f(2)]) dvol(2) . (2.12)

Proof of Theorem 2.1. The inequality (2.12) is applied to f(z) = e(u)(z) + 1
with w € Sp. By Proposition 2.1, as P(z,z) > 0,

Pz, 2)(=Am) f(2) < Pz, 2)Ci(1 + [|[Fllcr) f(2) - (2.13)
As f(z) > 1 we then obtain from (2.12) the inequality

) < C/ (z,2)f(z)dvol(z) (2.14)

with C := Cl(l + HF”CI) + Cs.
Estimate (2.14) can be iterated to get

f@) < C* [ Puef@) dvol(e), (2.15)
M
where P is defined inductively by P, := P and, for k > 2,

Py(z,2) = /M Py_1(z,2")P(7,z) dvol(2').
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Py (z, 2) is the kernel of a parametrix for (—Aj7)* and thus continuous for k > n/2.
Hence, as M is compact, Py (x, z) is bounded on M for k = n,

Py(x,z) <C’
and (2.15) leads to

e(u)(z) +1 < C'C"/ (e(u)(2z) + 1) dvol(z)

M
< C'C™(E(u) + vol(M)).

This establishes the claimed estimate. O

The Bochner type formula stated in Lemma 2.1 can also be used to obtain an
a priori estimate for a solution v in Sg,¢ when G # 0. For this purpose define the
norm ||G||¢1, similarly as ||[F||c1, as follows: Given finite atlases (U;) er (of M)
and (U])ier (of M'), define the norm ||G||c: as follows

8G oG
Gllcr :=su G — Il ¢,
Gl = sup {161, =
z,Y

where the supremum is taken over any k,«a and any (z,y) € U; x U] with (j,7) €
Ix1TI.

Proposition 2.2. There exists a constant C{ > 1 so that for any u € Sp,g¢ and
any x € M,

~Bare(u)(@) + IV deulls
< CL+Fllos + [GI2)( + (e(w)(@)*?). (2.10)

Proof. By (2.5),
—Awe(u)(z) + ||V~dzull?qs

< | Vor(u)(@)|ns v e(u)(@) + [[Ricy (@) | mse(uw)(z) - (2.17)
For u € Sp,q,
V.7 (u)(@)||as < [|V.-F(z,u(@))|ns + |[V.uG(z,u(z))||ms - (2.18)
By (2.9)

IV.F(z, u(z))|asve(u)(z) < C|[Fllor (1 + e(u)(z)). (2.19)

To estimate ||V.u.G(z,u(x))| ms, write in local coordinates of a chart U; of the
atlas chosen above

Vi u.Glou(o) = Vi, (5564w u(e) )

ou ou 0G*  Ou 0G* ouP
_ B e i
= G (@, u(x)) (vX Ox €> + Oxt Ozt + Ozt OuP Ozt
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Thus

IV.4.Gla, u(@)) s < ClIGex (Z Hvag—(?
4

o))

u(x
Ozt

~—

+0)Glls (Z

/4

o))

u(x

Ozt

~—

+C|Gllen (Z

/4

Hence, using ab < %aQ + %bQ, one gets
IV.u.G(z, u(@))| s ve(u)(x)
1 1
< IV daulifs + 5C2G 2 e(w)(2)

+C|Glcre(u)(x) + CllGller (e(u)(x)*. (2.20)
Combining (2.17)—(2.20) leads to the claimed estimate. m|

If dim M < 3, estimate (2.16) can be used as follows: integrate (2.16) to get

1
: /M IV dul|s dvol(z)

< C(1+||Fller + ||G|\g1)/ (1+ e(w)(@)*?) dvol(z).  (2.21)
M
By the Gagliardo—Nirenberg inequality and dim M < 3,
1/4
dul| s < C|ldul| 15 </ |V.du||§qsdvol(a:)> + C||dul| > .
M
Thus, using (a + b)? < 23(a® + b%), one gets for C' > 0 sufficiently large
3/4
/ e(u)(z)*? dvol(z) < CE(u)** < / |V.du|%s dvol(x)) + CE(u)**.
M M
Hence, there exists C > 0 so that for any € > 0

elu .']33/2 vollx M 2 'LL2 vVollx ¥
[ etw@avoiw) < = e ([ 19 dulfs dvolta) )

and we deduce from (2.21) the following

Theorem 2.2. Assume that dim M < 3. Then there exists a constant Cy > 0 so
that for any v € Sk

/ IV.dull3;s dvol(z) < Ca(1+ |[Fller + IGIIE) (B(u)* +1) . (2.22)
M
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3. Estimates for the Diameter of a Homotopy Class

In this section we start with the proof of the estimate of the distance Na(v,u)
between maps v,u : M — M’ in a given homotopy class of C'-maps from M to M’
stated in Theorem 0.3. In this section, we do not assume that M’ has nonpositive
sectional curvature but only require that M’ has no conjugate points. In that case,
there is a unique geodesic in any homotopy class of curves on M’ connecting two
given points. Note that a geodesic homotopy H from v to u is completely determined
by the geodesic ¢ : [0,1] = M’, s — H(z) from v(z) to u(z) for an arbitrary given
point z € M. For any other point x € M, the curve s — Hy(x) is the unique
geodesic in the homotopy class of the curve obtained by composing the three curves
vy; 4, ¢, and uy, , where 7, , is some C'-curve in M from z to z and 'y;}c denotes
its inverse. In order to estimate the length of the geodesic curve s — Hg(z) it
is therefore sufficient to estimate L(uv, z), L(vYz,4), and L(c) where L denotes the
length functional.

In this section we make a choice of C'-paths 7, . for an open, nonempty set of
pairs of points (z, x) of the form B,.(z¢) x M, B,.(z¢) being the open ball with center
xo and radius r = /2 where 7 is the convexity radius of M (cf. Appendix A) and
give for any z in an open set of B,(x¢) and any u € ( an L*-estimate for L(uy, )
in terms of the energy of u. This leads naturally to a hypothesis (Z) defined below
which implies an estimate of Na(v,u) in terms of the energies of v and u as claimed
in Theorem 0.3. In Sec. 6 we show that (Z) holds in our situation.

Choose an arbitrary base point zo € M. Given any unit vector v € T, M, let
t — ¢,(t) be the geodesic with ¢,(0) = zo and ¢,(0) := %|t:ocv(t) = v, defined
for 0 < t < m, where [0,m,] is the interval of maximal length so that ¢, is a
minimal geodesic. Denote by ¢., : (=r,m, + r) X B.(0) = M the corresponding
Fermi coordinates (cf. Appendix A) and by V,, € M the image of ¢.,. Here B,(0)
denotes the open ball in R®~! with center 0 and radius r. As any two points in M
can be joined by a geodesic of minimal length and M is compact, there are finitely
many vectors vy, ...,V so that V; := ij(l < j < k) is an open cover of M. Note
that B,.(z9) C V; for any j. For z € By.(x9) and z € Vj, let v, : [0,1] — M be
the path, parametrized proportionally to arclength, such that 7;;2 corresponds to a
straight line in the Fermi coordinates defined by ¢; := ¢,; and for any z € B,(xo)
and x € M define ~, , := 7J , where j := min{i | z € V;}. Note that 7., depends
continuously on (z,z) in By(z¢) x (V;\ UZ;11 Vi).

Proposition 3.1. Let 0 < A < 1 and zg € M be given. Then there ezists a
constant Cs > 0 with the following property: for any C*-map u : M — M’ into an
arbitrary Riemannian manifold M', there exists an open subset A, C B.(xg) with
vol(A,) > Avol(By(xg)) such that for any z € Ay,

(/M LA uyea)d Vol(x)) R CsB(u)'/2.

Note that Proposition 3.1 is valid for any target manifold M.
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Before proving the proposition above we introduce hypothesis (Z) and show
(cf. Proposition 3.2) that our desired estimate of Na(v,u) is an immediate conse-
quence of (Z) and Proposition 3.1.

Let ¢ be a homotopy class of C'-maps v : M — M’ where M’ is an arbitrary
closed Riemannian manifold and xg € M a given base point.

We say that (¢, zo) satisfies hypothesis (Z) if the following holds:

(Z) There exist constants Cg > 0 and 0 < p < 1, so that for any C'-maps v,u € ,
there exists an open subset Ay, C By(xo) with vol(A,,) > pvol(By(zg)) so
that for any z € A,, there exists a geodesic homotopy H = H? from v to u
satisfying

lr(z) < Co(E(w)Y? + E(w)Y/? +1).

We will show that hypothesis (Z) holds for any (¢, z¢) if M’ has nonpositive
sectional curvature (cf. Sec. 6). First we want to prove the following application of
Proposition 3.1:

Proposition 3.2. Assume (¢, o) satisfies (Z). Then there exists C7 > 0, so that
for any C*-maps u,v € C,

No(v,u) < Cr(B(u)/? + BE(w)Y? +1).
Proof. Let 0 < pu < 1 and A,, C B,(zo) be the open set with vol(A,,) > u -
vol B-(zo) given by (Z). Choose A with

w1
I1>A>1—=>—. 3.1
>\ > 525 (3.1)

By Proposition 3.1 there exists C5 > 0 so that there are open subsets A,, A, of
B»,« (xo) with

vol(A,), vol(Ay) > Avol(B,(x0))

with the property that for any z € A,,
1/2
(/ LQ(Uvz,x)dvol(x)) < CsE(v)Y/? (3.2)
M
and for any z € A,,
1/2
( / L2(u»yz,w)dvol(x)> < CsE(u)'/2. (3.3)
M
By a simple volume computation one has

vol(A, N A,) > vol(A,) — vol(B,(x0)\ Ay)

> (2 — 1)vol(B,(x0))
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and hence
vol(A, N A, N Ayy) > vol(Ay, N A,) — vol( By (x0)\ Avw)
> (2A 4+ p — 2)vol(By(z9)) > 0

by the choice of (3.1) of A. Therefore A,, N A, N A, is an open nonempty set. In
view of hypothesis (Z) there exists for any z € A,, N A, N A4, a geodesic homotopy
H = H? from v to u so that

ly(z) < Cs(E(w)? + E(w)Y/? +1).
As H is a geodesic homotopy one has for any x € M,
L(s = Hs(x)) < L(vYz0) + €u(2) + L(uyz,2)

we then conclude from (3.2)—(3.3) that
/ L2(s s H,(x))dvol(x)
M

< / (BL2(07s.0) + 3% (2) + 3L (ur..0) )dvol ()
M

< 3C2(E(v) + E(u)) 4+ 3C2(E(u)Y? + E(v)*/? +1)2 - vol(M)
< CHEw'? + B@)'? +1)?,
where

Cy7 == (3(C% + C? - vol(M)))*/2. O

The remainder of this section is devoted to the proof of Proposition 3.1. First
we need to establish an auxilary result. Let U C R™ be open and convex and
¢ : U — M a coordinate chart with ||p.|co < co where ¢« co denotes the C°-
norm of the differential o, of ¢ for ¢ in the space of C'-maps from U into M. For
a,b € U, the straight line t — (1 —t)a +tb(0 < ¢t < 1) between a and b is in U and
hence the following curve v, well defined,

[0,1)] = M,t — va5(t) := o((1 — t)a + tb) .
Lemma 3.1. For any C'-map u: M — M’,
/ L*(uyap)d vol(a)d vol(b) < CsE(u),
UxU
where Cs = (20)"]|¢x]|Zo(diam(U))*vol(M), dvol(a) and dvol(b) denote the

volume elements of U with respect to the pull back g, of the metric g on M by
¢ and C > 1 is a bound for the metric tensor g, and its inverse on U.
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Proof. For any C'-map v : M — M’ one has by Cauchy’s inequality
/ L*(uq,p)d vol(a)dvol(b)
UxU

2

:/UXU </0 |u*(7a,b(t))-w*((l—t)a—i—tb)-(b—a)||dt> dvol(a)d vol(b)

1
< (diam(U))QHgo*H%o/ / 2e(u(7yq,b(t)))dt d vol(a)d vol(b) .

Since Yq,5(t) = Vp,a(1 — t), we have

/UxU/ u(Ya,p(t)))dt dvol(a)d vol(b)

= 2/U><U (/1/2 e(u(’ya,b(t)))dt> dvol(a)dvol(b) .

For a and % < t <1 fixed, consider the transformation
VYot :U—Usy, bbi=(1—t)a+th
where Uy :={(1 —t)a+1tb|bec U}. As U is convex, U, C U and

| etutett=ta+mavoir) = [ etule®)wat) @
< (C/"E(w) < (20)"E(u),
where (1, H)*(dvol)(b) denotes the pull back of the volume element d vol(b) by Ve '
and C > 1 is a bound for the metric tensor g, (the pullback of g by ¢) and its
inverse on the coordinate chart U,

lgellco,  llgg leo < C.
@

Thus
1
/ / u(Va,p(t)))dtd vol(a)d vol(b) < 2 - (20)”E(u)/ dtdvol(a)
UxU UJ1/2
< (20)" E(u)vol(M),
and the claimed inequality follows. O

Proof of Proposition 3.1. For any 1 < j <k, let
wj(—r,mj+7r)x B.(0) > V; C M

be the Fermi coordinate chart ¢; = Pe., with m; = m,; as introduced above.
Since B;-(zg) C V; V1 < j <k, Lemma 3.1 implies that there exists a constant
C > 0 independent of u such that V1 < j <k

/ L*(uy? ,)dvol(z)dvol(z) < CE(u).
B, (z0) XV, ’
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Forany 1 < j <k andn €N, let

Al = {z € B, (zo)

/ L*(uy? )dvol(z) > nE(u) ¢ .
VAUV ’
Notice that A7 is closed and
CE(u) > / - L*(uyl,)dvol(z)dvol(z) > nvol(A})E(u) .
Al XV

Hence for any given 0 < A < 1, there exists m € N, so that

. 1—
vol(Al) < )\vol(BT(:co)), V1<j<k.

Then A := B, (mO)\(U§:1 AJ ) is open and satisfies
vol(A) > vol(B,(zg)) — (1 — A)vol(B,(xg)) > Avol(B,(zo))

and
/ L*(uy? )dvol(z) <mE(u) VzeA.
VAUV ’

As a consequence one gets for any z € A,

k
/ L*(uy, .)dvol(z) < Z/ L*(uy? )dvol(z) < kmE(u),
M —Jvi\uiT v ’

which implies Proposition 3.1 with A, := A and C5 := Vkm. |

4. Closed Manifolds of Nonpositive Curvature

In this section we collect some material about closed Riemannian manifolds M’ of
nonpositive sectional curvature (cf. [2]) which we need to prove property (Z).

The manifold M’ can be represented as X’/T", where X’ — M’ is the universal
covering of M’ and I' 2 71 (M) is the discrete and cocompact group of isometries on
X'. The universal covering is a Hadamard manifold, i.e. a complete and contractible
Riemannian manifold of nonpositive sectional curvature. In particular, 7 (M') =
{1} for any k > 2. Any isometry v € T'\ {id} acts freely on X', i.e. has no fixed
points.

To an isometry v € I' we associate the displacement function d, : X' —
[0,00),d~(x) := d(x,yx) where here d is the distance function on X’. The function
d is convex, i.e. d,(z(t)) is convex in ¢ for any geodesic, parametrized proportional
to arclength, and 2-Lipschitz continuous, i.e.

4y (@) — dy ()] < 2d(z, 2) (2,2 € X).
Thus the set
MIN(y) :={z € X' | dy(z) = inf d,}
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is a closed, convex subset of X'. If @ € I' commutes with v, then d, is « invariant
since

dy(az) = d(az, yax) = d(az, ayz) = d(z,yz) = dy(z) .

Hence the centralizer Z(v) leaves MIN(v) invariant. Corollary 4.1 below shows that
MIN(v) is not empty and Z(y) operates with compact quotient on MIN(~).

More generally, consider finitely many elements v1,...,7, in I' and introduce
the function f : X' — [0,00), f := > i~ d,,. As each d,, is convex as well and
2-Lipschitz continuous it follows that f is convex and 2m-Lipschitz continuous. Let

Z(Y1y e yYm) i={a €l |ay;=vaforalli=1,...,m}

be the centralizer of y1, ..., Ym. Then fis Z(y1,...,¥m) invariant and hence induces

a convex 2m-Lipschitz continuous function f on X'/ Z(V1yeeym) -

Lemma 4.1. f is a proper function on X'/ 70y, . 4.)-

Proof. (cf. [5]) Let a > inf(f) be given. We have to show that the sublevel {f < a}
is compact. Let (F7);>1 be a sequence of points in {f < a} and let 2; € X' be such
that 7(z;) = T; where 7 : X' — X'/ 7(4,,....4,,) is the canonical projection. Since T’
operates cocompactly on X', there are elements «; € I' such that «; - x; € D where
D c X' is a fixed compact fundamental domain for I". Hence there is a subsequence
of a; - x; converging to g € D. For any j € {1,...,m} and any ¢ € N we have

Ay ot (@i @) = dy (2:) < f(2:) = f(@) < a
and thus, using the 2-Lipschitz continuity of d., one obtains that for any 1 < j <m
—1(:20) < |d —1(:20) —d —1(0@ .'131)| +d

QiYjy QiYjy iy, ! (ai ) xi)

iy
< 2d(xzo,0;-x;)+a<l+a
for ¢ large enough. It then follows from the discreteness of the group I', that there
are only finitely many elements in the set {afyja;l:co | ¢ € N} and thus, as I" acts
freely on X', the set {ayyjafl | « € N} is finite. Hence passing to a subsequence
of (z;)i>1 if necessary, we can assume that there are elements d1,...,d, € I' such
that
ai'yjozi_l = (Sj foralli e N

and hence chyjai_l = ak’yjagl for all 1,k € N,j € {1,...,m} which im-
plies a,;lai € Z(v,...,7). Thus, with d denoting the distance function on
X'/Z(y1,...,Ym) we have

d(77,Tx) < d(a;lai ~xi, xr) = d(oy - 2y 0 - xy) < diam(D)

and hence there exists a subsequence of (Z;);>1 which converges. O

As f is continuous, the above lemma implies that f and hence f assumes its in-
fimum. Therefore MIN(f) := {z € X’ | f(z) = inf(f)} has the following properties:
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Corollary 4.1. MIN(f) is nonempty and closed. Further it is conver and MIN(f)/
Z(Y1y---yYm) is compact.

The fact that MIN(f) is closed and convex allows to introduce the metric
projection myn(sy : X' — MIN(f) defined by

d(e, M () (@) = min{d(, ) | y € MIN(f)} .

Lemma 4.2. There is a constant ¢ > 0 such that for any x € X' with d(z,
MIN(f)) = 1

f(z) > o d(z, MmNy () -
Hence for any v € X',

d(z, mvmn( ) (2) < = f(z) + 1.

SN

Proof. Let ag := inf(f). If ap = 0, then every z € MIN(f) is a common fixed
point of the isometries v; (1 < j < m). As v = id is the only element in T'
with a fixed point m = 1 and 71 = id, hence MIN(f) = X’ and the claimed
statement clearly holds. Now consider the case ag > 0. Given any x € X"\MIN(f)
denote by ¢ : [0,00) — X’ the geodesic ray starting from ¢(0) = mvn(s)(z) and
passing through x, parametrized by arclength. As ¢ is a geodesic we then have
d(e(t), MIN(f)) = t. Modulo the operation of the group Z(vy1,...,vm) the set of
these rays is compact by Lemma 4.1. Thus there exists a constant a; > ag with
f(e(1)) > aq for all such rays. As f is convex and c¢(t) is a geodesic, f o ¢ is convex
and hence for any t > 1

fle(t)) = a0 +t(ar — ao) = ao + (a1 — ao)d(c(t), MIN(f)). O

5. Short Homotopies Between Graphs

Let M’ = X'/T' be a compact Riemannian manifold with nonpositive sectional
curvature. In this section we show that two homotopic maps from a graph into M’
can be joined by a short homotopy.

Let G be a finite metric graph, i.e. a finite graph, where every edge has some
positive length (cf. [3, 1.1.9]). We also assume for simplicity that G has no terminals,
i.e. that every edge is incident to at least two edges. A map u : G — M’ is called
differentiable, if the restriction of u to every edge is differentiable. In an obvious
way one defines the length L(u) of a differentiable map u : G — M’ by summing
up the lengths of the restriction of v to any of the edges of G.

Theorem 5.1. Let ¢ be a homotopy class of C'-maps from G to M'. Then there is
a constant Cg > 0 such that for any u,v € ¢ there exists a homotopy H : Gx[0,1] —
M' from v to u, such that for any point z € G,

lr(z) < Co(L(u)+ L(v) +1).

The constant Cg does not depend on the choice of the metric on G.
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For the convenience of the reader we first outline the proof in the special case
where G is a circle with a given metric, the homotopy class ( is nontrivial, and
the sectional curvature of M’ is strictly negative. Denote by T C R an interval
of the same length as G and by p™,p~ its two endpoints. Let ¢ : T — G be
the canonical map identifying p*™ and p~, choose tg = pt € T as a basepoint
and let H% : G x [0,1] — M’ be a given homotopy from v to u. Consider the map
HT : Tx[0,1] — M’ defined by HT (t,s) = H(¢(t), s) which can be lifted to a map
HT : T x[0,1] = X'. Since HT(p*,s) = H (p~,s) for any 0 < s < 1 and I acts
discretely, there is a deck transformation v € T so that yHT (p*,s) = HT (p~, s)
for any 0 < s < 1. Furthermore + is not the trivial element, since ( is nontrivial.
As, by assumption, the curvature is strictly negative, v translates a unique geodesic
which coincides as a set with MIN(y) (cf. [2, Sec. 6]). Note that by Lemma 4.2

_ 1. - 1
d(H" (tg,1), MIN(v)) < Edv(HT(to, N)+1< EL(u) +1, (5.1)
and, similarly,

d(HT (t9,0), MIN(y)) < %L(v) +1. (5.2)

As above let myn(,) : X' — MIN(y) be the metric projection onto MIN(y).
The cyclic group () operates with compact quotient on the geodesic MIN(v) (cf.
Corollary 4.1). Thus there exists m € Z such that for a = 4™

d(amvn)HT (to, 1), ) H (t0,0)) < C, (5.3)

where C' is the minimum of d, which depends only on the homotopy class of (. With
the help of a we define a new homotopy H” : T x [0,1] — X’ by HT(t,s) = c;(s)
where for any ¢t € T, ¢; : [0,1] — X’ is the geodesic from HT(¢,0) to aHT (¢,1).
Since @ commutes with -y it is easily checked that for any 0 < s <1, vfIT(p"’, s) =
HT(p~,s). Hence HT induces a homotopy H from v to u. By (5.1), (5.2) and (5.3),
we estimate

d(H" (to, 1), H" (to,0)) < d(H" (to, 1), amyn( H (to, 1))
+ d(aﬂ'MIN('y)HT(tOv 1), 7TMIN(y)lL_fT(to, 0))

+ d(ﬂ'MIN(,Y)HT(tQ, 0), HT(to, O))

1 1
< <EL(U) + 1) +C+ (EL(U) + 1> . (5.4)
Let H : G x [0,1] — M’ be defined by composing H” with the projection
X’ — M'. Then the above inequality implies
lr(z0) < C'(L(u) + L(v) + 1)

for z9 = ¢(tp) and C’ is given by C’ := C + 2 + 1/ which is independent of the
metric on G. Using the triangle inequality we obtain

i (z) < (C"+ 1)(L(u) + L(v) +1)
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for an arbitrary point z € G. The argument in the general case is essentially the
same. The interval T has to be replaced by a suitable metric tree, MIN(y) by
MIN(f) for a suitable function f = >"I", d,, and the group (y) by the centralizer
Z(’Yl:' . Vm)

To be precise, let G be an arbitrary finite metric graph assumed to be connected.
Recall that the Euler characteristic x(G) of a graph G is defined by

X(G) := { vertices — §f edges.

By a straight forward inductive argument one sees that x(G) < 1 as G is connected.
Further we recall that a connected graph is said to be a tree if it does not contain any
loop. Again by a straight forward inductive argument one verifies that a connected
graph G is a tree if and only if x(G) = 1. Let 71 C G be a maximal connected
subgraph of G such that 73 is in addition a tree. T3 is obtained from G by removing
m edges, denoted by e1,...,e,. It then follows from the above characterization
of trees that m = 1 — x(G). Let pi,...,pm be the midpoints of eq,..., e, and
consider the abstract metric tree 7" which is obtained from G by removing the
points p; and then completing the metric tree. A point p; then gives rise to two
points, p;." and p; , in T'. Thus 7' is a metric tree whose terminals are the vertices
pj‘,p;,i =1,...,m, and G is obtained from T by identifying p;." with p; for any
1 < i < m. Let us denote by ¢ : T — G this identification map. We choose a
base point ¢y in the interior of the tree T'. For every terminal pj‘, p; of T thereis a
unique path O':_ ,o; +]0,1] = T parametrized proportionally to arclength from %,
to p;-",pi_. By our assumption there exists a homotopy H® : G x [0,1] — M’ with
H§ =vand HE = u. Let HT : T x [0,1] — M’ be the map

HY(t,s) = H(p(t),5) -
Since T is contractible, we can lift H” to a map
HT . T x[0,1] —» X’

where 7 : X’ — M’ is the universal covering of M’. Since HT (p;",s) = HT (p; , s)
for any i = 1,...,m and s € [0, 1], the points HT (p;",s) and HT (p;,s) are iden-
tified by deck transformations. Hence there are isometries v1,...,%, in the deck
transformation group I' so that for any 0 < s <1,

'Yi(HT(pj_7 5)) = I:IT(pi_7 5) .
Introduce

L(oE

7 )

s) := length(r — HT (6 (1), 5)),
and note that

and
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It then follows by the triangle inequality that
dy, (H (pf,0)) = d(HT (pf, 0), v:H" (p],0))
< d(H" (pf,0), H (t0,0)) + d(H" (t0,0), H™ (p; ,0))
< L(077,0) + L(o;,0) < 2L(v),
and hence, for any 1 < j <m,
dy, (HT (pf,0)) < d(HT (pf,0), H (9] ,0)) + dy, (HT (p],0))
+d(v;H" (pf,0),7HT (pf,0))
< 2. d(A (p},0), A (p},0)) + 2L(v) < AL(v).
Summing up these inequalities then leads to
FHT (pf,0)) < 4mL(v),

where

Since f is 2m-Lipschitz continuous we have
[f(HT (t0,0)) = fF(HT (9] ,0)] < 2m-d(H" (to), H" (pf,0)) < 2m - L(f,0),
and hence
F(H (t0,0)) < 2m - L(o77,0) + f(H (p,0)) < 6m - L(v).
Similarly one obtains
f(HT (tg,1)) < 6m - L(u).

Together with Lemma 4.2 one then gets

d(A" (t0,0), myau (B (10, 0)) <~ F(AT (t0,0)) + 1

IA
Q
=
<
+
=
=
Z

where C := 14 6m/p. Similarly,
d(ﬂT(to, 1),7TMIN(f)ﬂT(t0, 1)) < C- (L(’LL) + ].) . (56)

By Corollary 4.1, Z(v1,...,7m) operates with compact quotient on MIN(f) and
thus for some constant C' > 0

diam(MIN(£)/Z (31, .., m)) < C.



July 14, 2003 14:41 WSPC/152-CCM 00108

26 T. Kappeler, V. Schroeder & S. Kuksin

Hence there is an element o € Z(7y1,...,%Vm) with
d(OzTFMIN(f)HT(tQ, 1), WMIN(f)HT(tQ, 0)) <C. (5.7)

Combining the inequalities (5.5)—(5.7), we obtain for some constant C' > 0, inde-
pendent of the metric on G,

d(HT (t,0),aHT (t5,1)) < C - (L(u) + L(v) + 1). (5.8)
We now define a new map
HT T x[0,1] = X', (t,s)— HT (t,5) := cs(s),

where ¢; : [0,1] — X is the geodesic from H7 (¢,0) to aHT (¢, 1) with a € Z (71, ...,
~Ym) given as above. We claim that

WHT (pF,5) = HT (7 ,5) (i € {1,....m}, s €[0,1]). (5.9)
To see it, note that as Cpf is the geodesic from H” (p;,0) to aHT (p], 1), it follows
that ViCpt is the geodesic from v, HT (pf,0) = HT (p; ,0) to

yieHT (pf 1) = av, BT (pf 1) = «HT (p; 1)

as a is an element in the centralizer Z(v1,...,¥m). Thus y;c,+ is the geodesic ¢, -
and hence (5.9) established. By (5.9), H” induces a homotopy H : G x [0,1] — M’.

For zp := ¢(to) we have by (5.8)
Ly (20) = d(HT (to,0),aH (to,1)) < C(L(u) + L(v) +1).
By the triangle inequality we then obtain again that
lr(z) < (C+1)(L(u)+ L(v) + 1)

for any z € G with Cg := C + 1 independent of the metric on G.

6. Validity of (Z2)

In this section we prove that condition (Z), introduced in Sec. 3, always holds in
the case where M’ has nonpositive sectional curvature. In fact, we prove that a
stronger version of (Z) holds.

Denote by 7 = 7#(M) the convexity radius of M, let r := 7/2 and denote by
B, (z9) C M the ball of radius r centered at a point g in M.

Theorem 6.1. Let 0 < X\ < 1, a homotopy class { of C'-maps v : M — M’', and
xg € M be given and assume that M' has nonpositive sectional curvature. Then
there exists a constant Cig > 0 so that for any Cl-maps u,v: M — M’ in ¢ there
is an open subset A, C B,(xo) with vol(Ayu,) > AB(zo) so that for any z € Ay,
one can find a homotopy H from v to u satisfying

(i (z) < Cro(B(u)Y? + E(w)Y/2 4+1).



July 14, 2003 14:41 WSPC/152-CCM 00108

Perturbations of the Harmonic Map Equation 27

The idea of the proof is to construct homotopies between maps v and u by using
short homotopies between graphs (cf. Sec. 5). Throughout this section we assume
that M’ has nonpositive sectional curvature.

First we need to establish an auxilary result. Let G be a finite graph and ) :
G — M a contiuous map such that v, is surjective where here ¢, : (G, g) —
m1(M,1(g)) is the induced map on the fundamental groups with g € G an arbitrary
base point. As above let v,u : M — M’ be homotopic C'-maps.

Lemma 6.1. Let H : ¢(G) x [0,1] = M’ be a continuous map such that for every
p € Y(G),s — H(p,s) is a geodesic from v(p) to u(p). Then H can be extended in
a unique way to a geodesic homotopy, again denoted by H, on all of M,

H:Mx|[0,1] - M'.

Proof. Choose z := 1(g) as base point of M and let ¢ be the geodesic s — H(z, s)
from v(z) to u(z). Introduce a map H : M x [0,1] — M’ as follows: choose for any
point x € M a continuous path v, , in M from z to z. The path v, , is arbitrary
except in the case where z € ¥(G). For such a point, 7, , is chosen so that it lies
entirely in ¥ (G). Let s — }NI(x, s) = fIs(ac) be the unique geodesic, parametrized
proportional to arclength, from v(z) to u(x) in the homotopy class of the curve
obtained by composing v(y; 1), ¢, and then u(y.,,). Clearly H is an extension of
H since for any point z € ¥(G), s — H;(x) is a geodesic from v(z) to u(z) which
is homotopic to the composition v (7, 1), ¢, and u(7,,,). For simplicity, denote the
extension H again by H. To show that H is a C'-map we first prove that H does
not depend on the choice of the family of pathes (7, 4)zenm. Indeed, assume that
(Y2, )we M is any other choice of such a family and denote by H:Mx[0,1] = M
the corresponding extension of H|y)x(o,1)- It is to show that for any point z €
M,s — Hs(z) and s — H, (x) are homotopic. As both are geodesics parametrized
proportional to arclength it then folllows that Hs(z) = H, (x) for any 0 < s < 1.
To see that s — H,(z) and s — H,(x) are homotopic note that Y20 Ve I8 2
closed curve in M passing through z. By assumption v, : m1 (G, g) = 71(M, z) is
onto, hence ¥; 1 0., is homotopic to a curve which is entirely contained in 1(G).
It follows that there are continuous maps = : [0,1] x [0,1] — M, (t,7) — = (t) =
7 (t, 7) with the following properties

) '7;_ =Yz Y1 = Va2

(ii) vF(0) =~7(0) =2, VO<T <1,
) x(1) ==t (1) =7 (1), VO< 7 <1,
)

Denote by s +— HZF (z(7)) the geodesic from v(z(7)) to u(z(7)) in the homotopy
class of the composition v(y) " ocouyF. Hence for 7 = 0,5 — HJ (z(7)) and s
H_ (z(1)) are in the same homotopy class, thus by continuity, they are homotopic

for any 0 < 7 < 1. In particular (7 = 1), the pathes s — HJ (z(1)) = Hs(z) and
s+ H_ (z(1)) = Hs(z) are homotopic as claimed. The regularity of H : M x[0,1] —
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M’ is now easily established: Given any zo € M, choose in a (sufficiently small)
neighborhood U of zy a family of pathes (7..).cv depending smoothly on z. By
construction, H is a C'-map on U x [0,1] as both u and v are C'-maps. The
uniqueness of the extension follows from the observation made at the beginning of
Sec. 3 that the homotopy H is completely determined by the geodesic c. |

Proof of Theorem 6.1. We want to apply Lemma 6.1. For the graph G and the
continuous map ¥ : G — M we choose a parametrization of a graph in M as follows:
Let g € M be our chosen base point and {zg, z1, ..., T, } be a maximal system of
points in M such that d(x;,z;) > 7 for all i # j where 7 is the convexity radius of
M. The graph G’ C M is then defined as follows: The vertices of G’ are the points
Zo,. .., Tm. We join two different vertices z; and z; by an edge iff d(z;,z;) < 27
where the edge, denoted by c;;, is given by the unique minimal geodesic between
z; and z;. We first claim that the canonical map m1(G’, zo) — m1 (M, ), induced
by the inclusion G’ — M, is onto. In order to prove this we have to show that a
continuous curve 7 : [0,1] — M with 1(0) = n(1) = zo is homotopic to a curve in
G'. As the set {xo, ..., %} is maximal with the property that d(x;,x;) > 7 Vi # j
and M is compact there exists € > 0 so that

sup d(z,{zo,...,&m}) <7 —2¢.

zeM
Subdivide the interval [0,1] by 0 = ¢9 < --- < ¢, = 1 such that for any ¢ € {0,...,
k},n([ti, tiv1]) C B:(n(t:)). Choose for any i € {0,...,k — 1} a point x,(; with

d(n(ti)v xl/(i)) = d(n(ti)v {:Eo, cee 7'737774}) .

As 1(0) = n(1) = 2o one has () = =,(0) = Zo. Then d(n(t;),z,;)) <7 —¢ by the
maximality of the set {zo,...,zmn}. Let §; be the unique (in M) minimal geodesic
from n(t;) to x,(; and define n; := 7|y, s, ) for i = 0,...,k — 1. Then n can be
considered as the composition of curves, n = 7g,...,nx—1, the latter being clearly
homotopic to

n0B1By ' m Bz Bt k-1 -

Note that the segments [3; lniﬁi_l,_l are curves connecting z, ;) and x,(;11) which are
contained in Bz(n(t;)). Thus this segment is either homotopic (with fixed boundary
points) to the constant map x,(;) in the case x,(;) = 2, (i+1) or to the geodesic from
Ty(i) 10 @, (i+1) and the claim follows.

We use (4, j) as a mark for ¢; ; and introduce

J :={(i,7) | (i,7) is a mark for an edge of G’}

which is a subset of {(7,5) | 0 < 4,5 < m}. The graph G is now defined as a graph
on the standard simplex in R™ whose vertices v, ..., v, are the vertices of the
simplex and whose edges are the edges e;; of the simplex with (¢,j) € J. Clearly
e;; denotes the straight line joining v; with v;. The metric is chosen to be the
uniform metric normalized in such a way that each edge has length 1. The map
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¥ : G — M is now defined by setting 1(v;) := z;(0 < j < m) and by defining
P as the parametrization of the minimal geodesic ¢;; from x; to x; which is
proportional to arclength. We need to introduce variations of the map 1 of the
following type: For a point z := (zo, ..., 2m) € Br(x9) X + -+ X B.(x,,) define a map

’(/)Z:G—)M

€ij

by setting v¥z(v;) := z; for any 0 < j < m and defining 1z|,; as being the curve
Yz:z;- Let us recall from Appendix A how the curves 7;; = 7., are defined. Denote
by ¢ij = ¢c;; the Fermi coordinates associated to the minimal geodesic c;; (ct.
Appendix A), ¢;; @ (—r,m;; + 1) x Br(0) = M where m;; is the length of ¢;; and
B.,(0) is the ball in R"~! with center 0 and radius r. Let a; and a; be the points

a; == @fjl(zi) ,aj = @fjl(zj).
Then +;; is the image of the straight line (1 — t)a; + ta;(0 < ¢t < 1) by the Fermi
coordinates (;;.

We can identify G via the map ¥z with a metric graph Gz C M, with metric
induced from M, for any z in B(xg,...,Zm) = Br(x9) X -+ X B.(xy,). For any z
€ B(xo,...,Tm), the restrictions vz and uyz of v and u to Gz are homotopic maps
from Gz into M'. By Theorem 5.1, there is a constant Cy > 0, independent of z,
such that there is a geodesic homotopy

HIsz [0,1]—>M,
from vy to uz with the property that
L (z0) < Co(L(ug) + L(vz) +1). (6.1)

By Lemma 6.1, the homotopy H can be extended to a geodesic homotopy H :
M x [0,1] — M’. The claimed statement then follows immediately from (6.1) and
the proposition below. O

The following result is a version of Proposition 3.1 for graphs. For its statement
and proof we use the notation introduced in the proof of Theorem 6.1.

Proposition 6.1. Let 0 < A < 1 and x9 € M be given. Then there exists a
constant C11; > 1, with the following property: for any homotopic C'-maps u,v :
M — M’ into an arbitrary Riemannian manifold M’, there exists an open subset
Auy € B (o) with vol(Ay,) > Avol(B,(zo)) so that for any zg € Ay, one can find
(#1,+-+,2m) € Br(x1) X -+ X Bp(xm,) with

L(uz) < CiE(w)?;  L(vg) < C11E(v)"/?

where z = (20,...,2m), . denotes the restriction of u to G,, and L(uz) denotes
the length of the graph ugz,

L(uz) == Y L(uvs:,)-

(i,)eT
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Proof. Let B; := B,(z;) for convenience. As B; and B; are in the image of the
Fermi coordinate map ¢;; one concludes from Lemma 3.1, that for any 0 <¢,5 <m

/ L?(wyz,z, )dvol(z;)d vol(z;) < CE(u)
BiXBj
and
/ L?(v7z,2,)d vol(z;)d vol(z;) < CE(v)
BixBj

where C' := max; ; C;; with C;; denoting the constant Cs = Cs(p;;) given by
Lemma 3.1 for the chart given by ¢;;. Introduce the following open subset Wi(jn) C
B'i X Bj

Wi = Bi x BAUS u v
where Ui(jn) and Vlgn) are closed subsets of B; x B; given by
UG = {(z0:%) € Bix By | L(wrs,z,) = nE(w)')
and
Vi) = {(z1:2)) € Bi x By | L(vy.s,) 2 nE(v)'/?}
Then

nQE(u)vol(Ui(j”)) < /B . L*(wys, 2, )dvol(z;)dvol(z;) < CE(u),
i XDj

and it follows that

Vol(Ui(]m) <

3w| Q

Similarly one has that

vol(V§") <

3w| Q

Hence there exists a sequence v(™ with 0 < (") < 1, only depending on M and
the combinatorial structure of G so that for any 0 <i,j5 <m

v < Vol(W'i(jn))/vol(Bi x Bj); lim v =1.

n—0o0

As a consequence,
W™ = {z=(20,...,2m) € B(0,...,2m) | (zi,25) € WS ¥ (i,§) € T}

is an open subset of By x - - - X B,,, with the property that there exists 0 < A(™ < 1,
so that

A" < vol(W™) /vol(Bg X « -+ X By);  lim A™ =1,

n—0o0
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Finally let A := HQ(W(”)) where Iy : By X - -+ X B,, — By denotes the canonical
projection on the first factor. Then A(™ is an open subset of By and there exists
0< )\(()n) < 1 so that

)\(()n) < vol(A™) /vol(By) ; nh_}rr;o )\(()n) =1.
For any given 0 < A < 1 choose ng > 1 so large that )\(()n‘)) > X and set Ay i= Ap,-
Then A,, C B,(z¢) is open with
A < vol(Ayy)/vol(Br(xg)),

and for any zg € A, there exists (z1,...,2m) € By X -+ X By, so that for z :=
(20,21, -+, 2m) and 0 < 4,5 < m,

L(uyz,z;) < nE(u)1/2; L(vyz2,) < nE(v)l/Q.
Hence by choosing Cy1 :=n - |J|, the claimed statement follows. O

The proof of Theorem 0.3 stated in the introduction is an immediate conse-
quence of Proposition 3.2 and Theorem 6.1:

Proof of Theorem 0.3. By Theorem 6.1, for any g € M and any homotopy
class ¢ of C*-maps v : M — M’, the pair ((,zo) satisfies hypothesis (Z). Hence by
Proposition 3.2, there exists C7 so that for any C'-maps u,v € ¢

No(v,u) < Cr(BE(u)? + E(v)Y/? 4+1). |

7. Summary of a priori Estimates

Let us summarize the results of Secs. 1-6 as follows:

Theorem 7.1. Assume that ¢ is a homotopy class of C'-maps from M to M'.
Then for any K > 0 there exists a constant C' > 0 so that for any u € Sp N { with
F of class C? and satisfying ||F|lc: < K,

(i) E(u) <C.

(i) e(u)(z) <C Vz e M.

Proof. (i) follows from Proposition 1.1, combined with Proposition 3.2 and
Theorem 6.1 and (ii) follows from Theorem 2.1 and (i). m|

Theorem 7.2. Assume that ¢ is a homotopy class of C'-maps from M to M' and
dim M < 3. Then there exist c, > 0 and, given K > 0, a constant C > 0 so that
for any u € Sp,g N ¢ with F and G C*-smooth and satisfying

1Gllco < ey [[Fllor +[[Gller < K

one has
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(i) E(u) < C;
(i) [y |V.daul|%g dvol(z) < C.

Remark 7.1. No effort was made to extend Theorem 7.2 to manifolds M of higher
dimension. Most likely, Theorem 7.2 holds without any restriction on the dimension
of M.

Proof of Theorem 7.2. (i) follows from Proposition 1.2, combined with Propo-
sition 3.2 and Theorem 6.1 and (ii) follows from Theorem 2.2 and (i). m|

8. On the Compactness of the Set of Solutions Within a
Homotopy Class

In this section we prove the two theorems stated in the introduction. Concerning
Theorem 0.1, it is an immediate consequence of the proposition below. To state
it, let ¢ be a homotopy class of C*-maps from M to M’, k > 2 and (F,,)m>1 an
arbitrary sequence of 2 dependent C*-vector fields on M’ with

F:= lim F,, in C*.

m— 00

Introduce the corresponding sequence of equations ®p, (u) = 0 where
®r,, (u)(2) = 7(u)(2) + Fn(z,u(z)) . (8.1)

Proposition 8.1. Let k > 2. Given any sequence (Um)m>1 of C¥T1-maps with
Um € Sg,, N ¢, the solution u,, is C3-smooth for any m > 1 and there exists
a subsequence (um;)j>1 which converges to a CFlomap uw : M — M’ in CF+1-
topology so that u € ( is a solution of the limiting equation

Proof. By Theorem 7.1(i) and (ii) there exists C' > 0 so that for any m > 1
E(un) <C, (8.2)
e(um)(z) <C, VezeM. (8.3)

By the Arzela—Ascoli theorem and the compactness of M, (8.3) implies that there
exists a subsequence (m;);>1 so that lim; o Um,; = u in C°(M, M’). Hence there
exist an atlas @Q,(1 < r < R) of M and coordinate charts @.(1 < r < R) of M’ so
that

Um, (Qr) CQ, V1<r<R, Vj>1.

The restriction of u,,; to @, can be viewed as a map with values in R™ . Choose an
open, finite covering (U,)1<,<r of M with U, C @, and smooth cutoff functions
(¢r)1<r<r with ¢, € C§°(Q,) and 0 < ¢, < 1 so that U, C {¢, = 1}. Then, for
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any 1 <7 < R, v, := Uy, vanishes on 9Q), and satisfies, on @), an equation of
the form

—Apmvr; =& j (8.4)

with & ; = (§;)1<a<n’ given by

) ul  ouy
2= (g’ef’a“vﬁ T+ Fm> N (55)
K3

where 1), j = ©r Aptm; — A (Prtm; ) is linear in u,,; and its first derivatives and
does not contain higher order derivatives of w,,. Hence by (8.3), for any 1 < p < oo,
there exists a constant Ky , with

sup [|§rjllr < Kop,

7T

where LP = LP(Q; Q;.). Hence we conclude from (8.4) that K3 , > 0,

sup [[vy, jllwzr < Kj o, (8.6)
2,7
where W2? = W2P(Q,; Q") denote the usual Sobolev spaces. By the Sovolev
embedding theorem, WP = W*P(Q,,Q") continuously embeds into C*~! =
C*~Y(Q,Q.) for any £ > 1 and p > n. Thus by (8.6) and the definition (8.5),
it then follows that for any p > n,

sup & illwrr < Kip

7T

and, by (8.4),

sup [or,jllws.r < K3, -

J,r

This procedure can be iterated to conclude that for any p > n,

sup [|&rjllwer < Kiyp s
o (8.7)
sup lvrjllwes2p < Lito,p-
7T
As the Sobolev embedding WP < C*~1 is compact for any ¢ > 1 and p > n
it follows from (8.7) that (v, ;);>1 is relatively compact in C**1(Q,;Q.) for any
1 <r < R. It follows that for any m > 1 u,, is C**'-smooth and that there exists
a subsequence, again denoted by (um,);>1, so that, for any 1 <r < R, (¢rtm;)j>1
converges in C**ltopology. As (U,)1<,<r is a covering of M, we can define a
limiting map u € C*¥*1(M, M') by setting

u(x) == lim () <: lim v, (z) Ve UT) .

j—o0 j—o0
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Hence u is C*T1-smooth and by the C**!-convergence of (Um;)j>1 and k > 2, u
satisfies the limiting equation ® p(u) = 0. m|

Similarly, Theorem 0.2 is an immediate consequence of the proposition stated
below. Let ¢, k, and (Fy,)m>1 be as above and assume that (G, )m>1 is a sequence
of y-dependent C*-vector fields on M with

G:= lim G,, in C*.

m—r oo

The corresponding sequence of equations ®r ¢, (u) = 0 are now given by

Or,.q,(u) =7+ Fp(z,u(x)) + uiGn (x, u(z)) .
Proposition 8.2. Assume that dim M < 3,k > 2, and

sup ||Gmllco < ex  (cx given in Theorem 7.2).
m>1

Then, for any sequence (um)m>1 of C3-maps satisfying um, € Sg,, ., NC, it follows
that for any m > 1, u,, is C**t1-smooth and that there exists a subsequence (Um; )j>1
which converges to a C*Tt-map v : M — M’ in C*+1-topology so that u €  is a
solution of the limiting equation

@F,G(u) =0.

Remark 8.1. Most likely the hypothesis dim M < 3 can be removed. However no
efforts were made to extend Theorem 0.2 in this way.

Proof of Proposition 8.2. By Theorem 7.2, there exists C' > 0, so that for any
m>1,

E(un) < C, (88)

/ V. dypti || 35 dvol(z) < C'. (8.9)
M

As dim M < 3 the Sobolev space H? = H?(M,M’) is embedded compactly in
CO(M, M'). Tt then follows from the Azeld—Ascoli theorem that there exists a sub-
sequence (my;);>1 so that lim; . um, = u in C°(M, M’). Hence there exist an
atlas Q,(1 <r < R) of M and coordinate charts Q.(1 < r < R) of M’ so that

Um,;(Qr) €Q, V1I<r<R, Vj>1.

The restriction of um,; to @, can be viewed as a map with values in R™". Choose
an open covering (U,)1<,<gr of M with U, C @, and smooth cut-off functions
(¢r)1<r<r with @, € C§°(Q,) and 0 < ¢, < 1 so that U, C {¢, = 1}. Then, for
any 1 <r < R, v, := prum; vanishes on 0Q, and satisfies, on Q;, an equation of
the form

—AM’UTJ‘ = ST,j (810)
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with gr,j = (Sy?ij)lﬁaﬁn’ given by

oY Ul 8’&5” 8114%” o * a «
&ji=er |y Fﬁva—xi Oy +Fn, + (uijmj) RN (8.11)

where 7, j = ©rApMUm; — AMPriny; is linear in u,,; and its first derivatives and
does not contain higher order derivatives of u,,;. By (8.10) and the Sobolev em-
bedding H? = W?? — W15 we conclude from (8.11) that

sup [|&r 5] sz < Ko (8.12)
g
Hence by (8.10),
sup [[vy, jllwzs/2 < Kj. (8.13)
g

We need to improve estimate (8.12). To this aim, use (8.13) and the Sobolev em-
bedding W25/2 < W8 to conclude from (8.11) that

sup [|& ;)4 < Ko (8.14)
7,7
hence by (8.10),
sup [|vyj[ln2a < K. (8.15)
2,7

For dim M < 3, the space W**(Q,, Q") is continuously embedded into C**
(Qr; Q). This is used to iterate the procedure above and prove the claimed state-

ment with arguments similar to the ones used in the proof of Theorem 8.1. O

Appendix A. Fermi Coordinates

In this appendix we recall the notion of Fermi coordinates along geodesics in a
Riemannian manifold. For the convenience of the reader we provide proofs for those
statements which are not completely standard. Let M be a closed Riemannian
manifold of dimension n with distance function d : M x M — [0,00) and denote
by T its convexity radius (cf. [7, §5.2]), i.e. 7 is the maximal number so that for
any ¢ < 7 and p € M the ball B,(p) := {z € M | d(p,z) < o} has the following
convexity property: for any two points z, z € Bg(p),

(i) there exists a unique geodesic ¢ = ¢, : [0,1] — B,(p) from z to z, parametrized
proportional to arclength;
(ii) the geodesic ¢, , is the unique minimal geodesic in M from z to z.

In particular, such a geodesic does not intersect itself and its length L(c) is given
by L(c) = d(z, z). Clearly ¢, , depends smoothly on the endpoints = and z. In fact,
the restriction of the exponential map exp, at p to the ball Bz(0) C T, M of radius
7 at 0 is a diffeomorphism onto the ball Bz(p) and satisfies

epr(ép,x 0)) = cp2(1),

where ¢,.,(0) = 2 |,—ocp,o(s).
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First we need to establish some auxilary results. Given p € M and a nonconstant
geodesic ¢ : [0,1] — Br(p) parametrized proportional to arclength, introduce

f:00,1] = R, t—d(p,c(t)).

Lemma A.l. There exists a point tg € [0,1] so that f is strictly decreasing on
[0,to] and strictly increasing on [to, 1].

Proof. As f is continuous one can choose g € [0,1] so that

F(to) = inf{f(t)| 0 <t <1}.

It remains to show that for any s € R,

() 4/~ () N [to, 1)) < 1,

and

(i) #(f~H(s) N [0,%0]) < 1.

Statement (i) and (ii) are proved in the same way, so let us concentrate on (i). To
prove (i), assume the contrary. Then there are two points tg < ¢; < t2 < 1 so that
f(t1) = f(t2) and f(t) > f(t1) for any t; <t < ty. Given any 0 <t <1,

ct = Ce(t),p : 0,1] = Br(p)

denotes the unique geodesic from c(t) to p parametrized proportional to arclength.
Then t — ¢(1) := %|8:1ct(s) is a smooth curve in T, M with ||é:,(1)|| > a where
ts = —“;rtz and

a:= ||é, (DI (= lléz, (D) -

As ¢ is nonconstant (by assumption) and parametrized proportional to arclength,
the map ¢ — c(t) is injective. In view of the identity c(t) = exp,(—¢¢(1)) this implies
that ¢ — ¢;(1) is injective as well. In particular, ¢, (1) is distinct from ¢;(1) for any
t € [0,1]\{t3}. Define q := exp,(7¢;;(1)) with 0 < 7 < 1 chosen so small that c(t)
lies in By(q) for any 0 < ¢t < 1. Clearly,

d(q,c(t3)) = d(q,p) + d(p,c(t3)) > d(q,p) +a.

On the other hand, the curve obtained by composing the geodesic from ¢ to p with
the one from p to ¢(t) is a broken geodesic for any ¢ € [0, 1]\{t3} as ¢, (1) # ¢:(1)
for such t’s and hence for j = 1,2

d(g; ¢(t;)) < d(g,p) + d(p, c(t;)) = d(g,p) +a.

As a consequence one can choose 0 < § < d(gq, c(t3)) so that c(¢1) and c(t2) are in
B;(q) but c(ts) ¢ Bs(q). But as 6 < d(g,c(ts)) < 7 this contradicts the convexity
of Bs(g), hence statement (i) holds. m|
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We will need a simple application of Lemma A.1 later. Let ¢ : [0,1] — Bz(p) be
again a nonconstant geodesic parametrized proportional to arclength and set
d d
~(0) := — t); ¢p(0) :=— .
&(0) = — t:OC( )i ¢o(0) = — S:OCcm),p(S)
Corollary A.1. If ¢(0) and ¢o(0) are orthogonal, then t — f(t) is strictly increas-
ing on [0,1].

Proof. Approximate ¢o(0) by a smooth 1-parameter family of tangent vectors w, €
TeqoyM, ™ > 0, with lwrl| = ||éo(0)|], limy—o wr = é0(0), and

(wr, ¢(0)) <0 for7>0.

Denote by ¢; : [0,1] — M the geodesic, parametrized proportional to arclength so
that ¢-(0) = ¢(0) and ¢,(0) = w, and let p; := ¢,;(1). Then lim,_,qp, = p. Notice
that for 7 sufficiently small, ¢, lies entirely in the ball Bz(p). Moreover, for any
7 > 0, the function f.(t) = d(p-,c(t)) satisfies

¢-(0)

9 o\ /O
tzoff(t)<%w=6m)d(p“”’ C(O)>< o 40) > o

As ¢ is nonconstant and contained in the ball Br(p;) for 7 sufficiently small it then
follows from Lemma A.1 that f, is strictly increasing on [0, 1] for 7 > 0 sufficiently
small. By continuity it then follows that f is nondecreasing on [0, 1]. Invoking once
more Lemma A.1 it then follows that f is strictly increasing on [0,1] as well. O

d

Given a minimal geodesic ¢ : [0,a] — M, parametrized by arclength, and an
orthonormal basis € in T, M, given by éy,...,8, 1,8, = %hzoc(t), we Now
construct Fermi coordinates as follows: Let B,.(0) = B*~1(0) denote the open ball
in R"~1, centered at the origin 0 with radius r := 7/2. Then we define

Ye = e (—ra+71) X B(0) = M
as follows:

(i) the curve (—r,a +r) = M, t — @.(¢,0) is the arclength parametrization of
the geodesic coinciding with ¢ on [0, a].

(ii) For any unit vector v = Z?_l vier € R"1 the curve s — ¢.(0, sv) is the
arclength parametrization of the geodesic with

0

n—1
o5 szogoc(O,sv) = 21: V€L -

(iii) For any unit vector v € R and any t € (—r,a + r)\{0}, the curve s —
©e(t, sv) is the arclength parametrization of the geodesic with %|8:0goc(t, sv)
obtained by parallel transport of %h:o@c(o,tv) along c. Here the parallel
transport is the one induced by the Levi-Civita connection on M.
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Clearly, ¢. is well defined and smooth. We claim that it is a coordinate map.
Proposition A.1. The map ¢. is injective and of maximal rank.

Remark A.1. The coordinates (¢,v) € (—r,a+7) x B,(0) are referred to as Fermi
coordinates.

Remark A.2. The construction above also works for the limit case where ¢
shrinks to a point p. In this case the coordinate map ¢ is parametrized by a
unit tangent vector w instead of the geodesic ¢. Given an orthonormal basis é
of T,M,éi,...,6,_1,€&, :=w, the map

Pp = ppe i (=11) X Br(0) = M

is defined similarly as above except that t — ¢, (¢,0) is chosen to be the arclength
parametrization of the minimal geodesic uniquely determined by ¢,(0,0) = p and

Srli=0pp(t, €) = w.

Remark A.3. For any 0 < a < diam(M), denote by F, the set of all Fermi
coordinate maps @,z : (—r,a+r)xB,(0) — M where cis the arclength parametriza-
tion of an arbitrary minimal geodesic of length a and € is an arbitrary orthonormal
basis of T,)M of the type as above. Similarly, we define F, for a = 0. As
M is compact, F, is, in particular, relatively compact in the space of C'-maps
CY((—=r,a+7r)xB,(0); M) for any 0 < a < diam(M). Hence it follows that ||dpc || co
is universally bounded for any ¢. ¢ in UO<aniam<M) Fa-

Proof of Proposition A.1. Let us first show that ¢, is 1 — 1. Assume that there
exist t1,ts € (—r,a + ), unit vectors vy,ve € R"~! and 0 < 51,83 < 7 so that
P = @e(ti, s1v1) = pe(ta, s2v2) -

Without loss of generality, we assume that ¢; < t5. Notice that

d(p, ¢c(t1,0)) = d(pc(t1, s1v1), @e(t1,0)) <7,

and

d(p, SOC(th 0)) = d(%(t% 52”2)7 ‘pc(t27 0)) <r.

Thus ¢.(t1,0) and @.(t2,0) are elements in B,.(p) and as B,(p) is convex it follows
that the (in M) minimal geodesic between ¢.(t1,0) and ¢.(t2,0) is contained in
B,.(p). However, we do not know yet that this minimal geodesic coincides with
we(t), t1 < t < ta, as . might not be contained in Br(p). To see that this cannot
happen, introduce

p1i=@c(t1,0);  p2 = e(t3,0),
where

t7 == max(0,t1); t3:= min(a,ts).
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In case t; < 0 we have

d(p,pl) < d(p, ‘Pc(tla 0)) + d(@c(tla 0), @0(07 O)) <2r,

whereas for ¢; > 0,p = p1 and thus d(p,p1) = 0. Hence in both cases

d(papl) <r.

Similarly, one sees that

d(pap2) <7r.

By the convexity of Br(p), it then follows that there is a unique geodesic in Br(p)
from p; to po and that this geodesic is minimal in M. By definition, ¢.(¢) is the
(in M) minimal geodesic from ¢.(t7) to ¢.(t5) and thus the two geodesics coincide.
Hence ¢.(t) € Br(p) for t7 <t <t5. As ¢.(t) € B,(p) C Br(p) for t1 <t <t} and
for 5 <t < ty we conclude that ¢.(t) € Br(p) for any ¢t with t; < ¢ < to and we
have proved that . (t)(t1 <t < t2) is in M the minimal geodesic from ¢.(¢1,0) to
©e(t2,0). As @.(t1,0) and ¢.(t2,0) are in B,.(p), and B,(p) is convex we have that
©e(t) € By(p) for any t1 < t < ty. In particular, as t — ¢.(¢,0) is parametrized
proportional to arclength, it follows that ¢ — ¢.(t,0) is injective for t; < t < to.
Hence in case either of the two numbers s; or sy is 0, it follows that t; = ¢t5 and
hence s; = s2 = 0. Now let us consider the case where s; # 0 and so # 0. By the
definition of (., %h:tjapc(t,O) and %|s:0<pc(tj,svj) are orthogonal for j = 1,2.
Hence by Lemma A.1 and Corollary A.1, it follows from p = ¢.(t1,s1v1) that
d(p, c(t,0)) attains its unique minimum at ¢ = t; where as from p = @ (t2, s2v2),
one concludes that d(p, ¢.(t,0)) attains its unique minimum at ¢ = t5. Thus we
conclude that ¢t; = t5. As the exponential map is a diffeomorphism it then follows
from ¢.(t1,51v1) = @c(t1, S2v2) that s; = sg and v1 = vg. It remains to prove that
. has maximal rank at any point. Assume to the contrary that ¢. does not have
maximal rank at a point (to, sovo) € (—r,a + r) x B,(0) where vg is assumed to
be of unit length and 0 < sg < r. From the definition of . it follows that sq > 0.
Since (. is the normal exponential map of the geodesic ¢ = p.((—r,a +r) x {0})
this implies that the geodesic s — ¢.(to, svo) has a focal point at s¢ and it follows
that beyond sg, the geodesic s — ¢.(to, svo) is no longer a minimizing geodesic to
¢ (cf. [13]). This means that for a point p1 := @.(to, s1v0) Wwith sg < s1 < 7, the
distance function ¢ — d(p1, ¢c(t,0)) does not assume the minimum in ty. But this
contradicts Lemma A.1 and Corollary A.1. O
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