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Abstract

We introduce a class of Hilbert matrices (Asq/, 8,8 € Zd), which are
asymptotically (as |s| + |s'| — oo) close to Hankel-T6plitz matrices. We
prove that this class forms an algebra, and that flow-maps of nonau-
tonomous linear equations with coefficients from the class also belong to
it.

0 Introduction.

In this work we suggest a new algebra of infinite matrices (Asy, 5,5’ € Z4) with
exponential decay of elements off the diagonals. The latter means that

i) |[Ase| < const ey mintls=s'|ls+s'}

(we treat the set {s = —s'} as the second diagonal).

It is not hard to see that matrices, satisfying i) with various v > 0, form an
algebra. The matrices of our class, apart from i), satisfy two more properties.
Namely, they are

ii) asymptotically Téplitz: matrix elements Ags converge to limits when
(ss') — oo along one of the diagonals. That is, the limits

M A+ (taths)

exist for all a,by,by € Z%, a # 0.

iil) Lipschitz at infinity: the matrix elements under the limit-sign in ii) make
a Lipschitz function of the argument ¢~! for ¢ in the vicinity of infinity.

We call the matrices, satisfying i)-iii), the Téplitz—Lipschitz (TL) matrices.

A delicate point, related to this definition, is to introduce a right Lipschitz—
norm to control the convergence in iii), i.e. to find right neighbourhoods of
t = oo, depending on a, by, by, where the Lipschitz constant is to be calculated.
The neighbourhoods, suggested in our work, are complicated sets, depending on
a parameter A > 6. They allow to prove the properties of TL matrices, given
below, and insure that the matrices possess some additional properties, needed
in applications. These sets were found by trials and errors. It may be that our
choice of them is not optimal.

The set of TL matrices is bi-stratified by the exponent 7 in i) and by the pa-
rameter A > 6, characterising the neighbourhoods of infinity in iii). Accordingly
the space of TL matrices is given the family of norms ||| - |||,a, ¥ > 0,A > 6.

We prove that this space is an algebra. Moreover, multiplication of TL matrices
is continuous in the sense that

A B[ly.ar < ClI|Alllyi.a0 1Bl 2.4
for ¥ <y A7, 7Y <y Vy2 and A" > A3 VA +3

(the constant C' explicitly depends on +’s and A’s). See section 2.2.

Second important property of the space of TL matrices is that it is invariant
with respect to taking a non-commutative exponent. Namely, if A(¢) is a TL
matrix, continuous it ¢, then the fundamental matrix of the linear differential
equation

XS = ZA(t)ss’Xs’ (t)

also is TL. Its norms ||| - |||4,a are estimated via norms of the matrix A(t), see
section 3.2.

The basic definition i)-iii) above admits variations. Some of them are dis-
cussed in our paper since they are needed for applications; see section 1.4 + end
of section 2.1, and section 2.4.

The algebra of TL matrices contains
a) matrices {Ass} with finitely many non-zero elements;
b) Téplitz matrices (where a matrix element A,y depends on s — s')

and
¢) Hankel matrices (where an element Agy depends on s + s').
In a number of situations a perturbative infinite-dimensional problem is resolved
by an iterative procedure which starts with a linear operator, satisfying a), b) or
¢), or with a functional whose Hessians are linear operators of this form. Then
in interesting situations the iterative procedure pushes us outside the class a)-
¢) (since this is not an algebra), but still we often stay in the TL algebra.
Controlling iteratively TL norms of the involved linear operators we get better
control for the procedure. This allows to establish its convergence in a number
of important situations which do not yield traditional techniques.

The infinite-dimensional KAM theory gives examples of such iterative pro-
cedures. In [EK05] we crucially use the algebra of TL matrices to prove KAM-
persistence of time—quasiperiodic solutions of the linear Schrédinger equation

—iu=Au+V(@)xu; u=ultz),zeT d>1; Viz)= ZV(a)em‘I,

under small (non-linear) Hamiltonian perturbations of the equation, for a typical
potential V(z).

Notations. By C,(C; etc we denote various constants, independent of the
parameters 7 and A, by a Vb and a A b — maximum and minimum of real
numbers a and b; for any subset F' C Z¢ by 1 we denote the indicator function
of F' (which equals one on F' and vanishes outside F)). By O(1) we denote
various functions, bounded in modulus by one on their domains of definition.



1 Weighted [?>-spaces and infinite matrices with
exponential decay of elements off diagonals.

1.1 Weighted [?-spaces.
Let us take any real number ~ such that
vl <1,
fix any m, > 0 and consider the following weighted I?-space:
Yy =Yy m = {y = (ys,5 € Z) | |yl < o0}

Here

19112 = 19l12 0. = Y lysl?e1el(s)>m= 7 (L.1)
sezd

if v # 0, where (s) = |s| V 1 for any d-vector s. If v = 0, then we consider two
spaces, Y40 and Y_g. The norms in these spaces are defined by the relations
(1.1), where we set sgn+0 =1, sgn —0 = —1.

For any v we have the pairing

Y’y X Y—'y - R, (ya y/) = Zys yl57 (1-2)
which identifies Y_., with the space, dual to Y5:
Y,)"=Y_, V.
Here and below in this subsection ‘for any 7’ means ‘for any v from the set
[-1,0) U (0,1] U {+0,-0}".

By Y7 we denote the complexification of a space Y,. The pairing (1.2)
extends to a complex—bilinear map Yy x Y<, — C.

Lemma 1.1. If m, > %d, then each space Y-, v € (0,1] U {+0}, is a Banach
algebra with respect to the convolution:

Ip*qlly < C(ma, d) lIpllyllglly  Vp.q €Yy, (1.3)

where (p*q)s = Y ,czd Ps—ala-

Proof. For v = 40 the estimate is a classical property of Sobolev spaces. If
v > 0, we note that

1Qll+0 = llglly:  [IPll+o = lIpll5:

where Q; = g8, P, = p,els! for each s. Therefore,

2
o el = 3 (s)2m el ( ijqs_j)
7

S

_ Z<S>2m* <Ze'y(|8|.i|8jlijsj)2
s J
2
< (L nees) = IPeQl
s J

< C%(ma, )| PI30l1Q11% 0 = C*(mu, D)3 1413,
as stated. O

1.2 Matrices with exponential decay off the diagonals.

In R4 and Z? we introduce a quasidistance which (with some abuse of notations)
will be denoted [z — y]:
[z = y] = min{lz —yl, [z +yl}.
Obviously, [z —y] = [y — =], [0—z] = |z|, [z —y] = 0 if and only if z = £y, and
[z—y]=lz—y| iff (x,y)>0.

Moreover, the triangle inequality holds:

[x—y] <[x—z]+[z—y] (1.4)
Indeed, [z — y] equals the Hausdorff distance between the sets {z, —z} and
{y, —y}, so (1.4) follows from the triangle inequality for the Hausdorff distance.

Let A = (Ass, 5,8 € Z%), be an infinite matrix with complex or real entries.
For |y| <1 we set
1Ay = sup{e™* 1| A0 [},
s,s’

and denote
M, ={A] Aisreal and |||A4]], < oo},

MS=M,®C={A] Ais complex and |||A]||, < co}.

Obviously, M, and MY are Banach spaces. They are formed by matrices which
decay exponentially outside the union of the diagonal {s = s’} and the ‘anti-
diagonal’ {s = —s'}. Clearly, ||id|||y = 1 for any 7. So the identity matrix
belongs to all spaces M, .

Let Y,YCO be the set of vectors y € Y7 with finitely many non-zero coefficients.
Then any A € MY, defines a linear map

AiYAfO—’Y% y — Ay, (Ay)s:ZAss’ys’v

The main result of this section is that the map A is bounded in the || - ||y-norm
if 9" > |7]. Accordingly, it extends to a bounded map A : Y — Y



Theorem 1.2. Let 1 >~' > |y|. Then

1Ayl < C(dm)(y = W)= Il lyl+ (1.5)

for any y € Y;O. Hence, A defines a bounded linear operator in Y7 and (1.5)
holds for each y € Y.

Proof. Without lost of generality we assume below that |||A|||, = 1.
For any s € Z¢ let us denote by I the vector

1°={l5 =054, acZ%. (1.6)
Then the vectors
fo=e sy ™5 m, = m,sgny,

form a Hilbert basis of the space Y. In this basis the matrix of the operator A
is

{Bay = (a)™ (b)‘m~e7<‘““|b|>Aa,,}

(see [HST78]). Let us first assume that v > 0 and denote ya =" —~, va € (0, 1].
For any a € Z% we have:

> Bal < 3 (

bezZd

—

@) )" el o,
)

=

(

To bound the r.h.s. we need
Lemma 1.3. For any x,y € Z¢ we have
{y) )’”* —maLaly-
2 < CyxM Al 1.7
( (@) S0U9A € (1.7)

Proof. We may assume that |y| > |z| > 1 since otherwise the estimate is obvious.
Also, it is easy to see that the estimate for 0 < m. < 1 follows from the one for
ms > 1. Below we assume that

Wyl > ol > 1, m.>1,

and prove the estimate with C' = 27+ ™07+ Denoting r = %’m/m* and
taking logarithm of (1.7), we rewrite it as

Inly|—In|z| < —Inr+rly —z] + 1.

By the triangle inequality (1.4) (with y = 0 and z re-denoted as y), [y — x] >
ly| — |z|. So it suffice to check that

lnM < —lnr+r(y| - |z|) + 1,

||
where |y| > |z| > 1and 0 < r < 1. For |z| < |y| < 2|z| the estimate follows from
the inequality In2 < 1. For |y| > 2|z| it follows from the estimate Int < t,
valid for ¢t > 1. O

Due to (1.7),
< ylal =1 —[bl=(v+3va)la—b]
| Bas| < Cre? Iy e .
b beZd
To estimate the sum in the r.h.s. we use the following lemma:

Lemma 1.4. For any a € Z% and any 0 < < 1, ya € (0,1] we have

Z e VIbl=(r+ra)la=b] < Cle—’ﬂ“\,}/;d. (1.8)
bezd
and
Z eNel=Oa)la=bl < ¢, ity d, (1.9)
a€zZd

The lemma is proved in Appendix.
Due to (1.8), we have

> |Bap| < Cyr (1.10)
b
Similar arguments show that

1
Z |Bab| < Ce*ﬂb\fygm* Zeﬂal*(’H»g’m)[a*b] < C’y&d_m*. (1'11)

a

The estimates (1.10), (1.11) and the Schur criterion (see [HS78]) imply (1.5) for
the case when v > 0; these relations with v = 0 imply (1.5) with v = +0.
If v <0, we re-denote v = —¥, ¥ > 0. Now m., = —m,, so the Hilbert basis
is formed by the vectors f* = [%¢71*l(s)™+ and the matrix elements B, are
Bap = (@)™ ()= IPI=lal 4,

Therefore,

o=lal § (02\™ sppl— [
; Bab S ; (<a>)

N - 1 _ g
< CreMely Zéylbli(wﬁ%)[a < Coyx* ™™,
b

where we use (1.9) to get the last inequality. Similar
—d—my
Z Bab S CQ’YA .
a

So (1.5) is also proved for v < 0. O



1.3 Multiplication of the matrices.

The set of all matrices with exponential decay off diagonals Ug<y<1 M, obvi-
ously is a linear space. Here we show that this is an algebra. More precisely ,
the following result holds:

Theorem 1.5. Let |y| <+ < 1. Then

I1ABll, + IIBAlll, < C(v" = WD)~ Ally 111BIl]- (1.12)
for any A€ M3, B € M.
Proof. We start with a lemmas:

Lemma 1.6. If |y| </, then

Z e oS0 oy — |y|)~de o=t
sezZd

for any a,b € 72,
Proof. Noting that

]~ e — _g|l—~le—
ef'y[afs] ~v'[s=0b] < § e ylora—s|—v'|s 021)‘7

o1,02==%1
we get
Z ef’y[afs]f'y/[sfb] < Z Z ef'y\(rlu,fs\f'y/\sfﬂgb\. (113)
sSEZA o1,02=% sc7d

Let us fix any choice of 1,02 and denote a’ = o1a, b’ = g2b. We have
Z e—vla'=s|=7[s=b"| _ Z eI 1= I(a"=b") =" (1.14)
s -
By (1.8) this sum is bounded by C’e~19"=Vl(y/ — |y|)=4. Since |a' — V| > [a—b],

then
(1.14) < C'e Moty — J5)) ¢

for any choice of the signs o1, 02. Now the estimate follows. O
Since
[(AB)as| < ZIAasI |Bool < ANy 1Bl Y e el 1=t
SEZLA

then Lemma 1.6 implies the estimate for the first term in the r.h.s. of (1.12).
To estimate the second term we note that |||A|||s = |||A?|||s for any §, where A*
is the transposed matrix, and that (BA)! = A*B?. |

Remark. The estimate (1.12) remain true if we replace the norm |||A[||, by
the simpler and more tradition norm

sup{e”‘s_sl‘ |Assr|}-
s,s’

Proof remains the same (and even simplifies).

1.4 Infinite matrices, formed by 2 x 2-blocks

Let X be a Banach algebra over reals, such that its complexification X¢ = X®C,
is a complex Banach algebra. For an infinite matrix A = (4, € X, 5, ' € Z%),
we define its norm ||| A[||, by the same relation as in the section 1.3, and define
the spaces M, = Mi( and M{ = ]Mfc accordingly. Straightforward analysis
of arguments in section 1.3 shows that they apply to matrices from the spaces
MWXC. Therefore the assertion of Theorem 1.5 remains true if A € vac and
Be Me.

Now let X be the algebra of real 2 x 2-matrices, and X° be the algebra of
complex matrices. The matrices from the space MY = MWXc naturally act on
spaces Yy = Y,]YR% = Y$2, formed by vectors y = (ys € C%,s € Z%). An obvious
version of Theorem 1.2 holds for this action. Let us consider the four classical
matrices:

(10 (10 (01 (01
00 = 0 1 , 01 = 0 —1 , 02 = ~1 0 ’ 03 = 1 0 )

and set
XPZROQ+RUQCX, XqZR01+R03CX.

Clearly, X, ® X, = X. We denote by p : X — X, the projection to X, along
X4, and by ¢ : X — X, — the projection to X, along X,,.

Noting that 02 = — id, we introduce in R? a complex structure by means of
the operator o3. With respect to this structure X, is the algebra of complex-
linear operators, while X, is the linear space of complex-antilinear operators.
This observation makes it obvious that the multiplication of matrices defines
the maps

Xpx X, = X, Xgx Xy — X, Xpx Xy — Xy, Xy x X, — X, (1.15)

We define the following norms ||| - |||+ and ||| -
AJXC.
;e

- X
IS on the spaces M3 and

I[AF = sup{lgAss e+ v [pA g fel===T}
8,8’

and ) )
ANl = sup{lpAse [T v [gA s e,
s,s’

Clearly, [||A[[l, < [|A]l|Z and [|[id [||T = 1, [[[id[||; = oo for each 7. We set
£ _ X +
My ={Ae M7 |[[|Allly < oo},

and define the complexified spaces M$C accordingly.

The spaces }QYR2 inherit the complex structure which we have introduced
in R?. Let us take any A € M:X,|y| > 4, and denote by pA and gA the
matrices with the elements pAs and the elements gAg, , respectively. Cledrly,
the matrix pA defines a complex-linear transformation of the space YR , while



qA defines its complex-antilinear transformation. We shall call pA the complez-
linear part of A, and qA — its complex-antilinear part. The space Mj is formed
by matrices such that their complex-linear parts decay exponentially ‘along the
anti-diagonal {s = —s’}’, while their complex-antilinear parts decay ‘along the
diagonal {s = s’}’. The space M can be interpreted similar.

All assertions below are made for the real spaces M,?: Their reformulations
for the complex spaces are straightforward.

The transposition of matrices preserves the norms |||-||| $ So it also preserves
the spaces MAYi

Denoting by Y the matrix of complex conjugation (formed by the 2 x 2 blocks

ds,r 01), we have the following isometries:
MF — MF, A—TA, (1.16)
MF — MF, A— AY. '

Ezample 1.7. For any vectors y',y? € YVX the tensor product y' ® y? is a
2 X 2-matrix with entries in X. If v > 0, then we have

(4" © 9w | < Ny Iyl e 0THD.
Since |s| + |s'| > |s £ §'|, then

Iy @ Il < Iyt lslly?l, it v >0 (1.17)
Soy' ®@y* e MinM; ify',y? € Y. and v > 0. O

Multiplication of matrices from the spaces M$ agrees with Theorem 1.5, as
specifies the following

Theorem 1.8. Multiplication of infinite matrices defines the following contin-
uous maps, where |y| <~ < 1:

+ + + - - +

M x MY — MF, M7 x My — MY, (1.18)
+ - - - + -

M x My — My, M, x Mf — M.

Moreover, [[[AB|||5 < C(y' = W)~ NA[ILNIBIIE, and similar estimates hold
for other multiplications.

Proof. To check the first relation in (1.18) we take any |||A|||;r, =1, [IBlIIF =1
and denote D = AB. Then, due to (1.15) and Lemma 1.6,

pDij| < (IpAis| [PBej| + qAis| gBs;])
S
< Z (6*7'\i*8|*vlsfjl + 6*7’\i+6‘|*7|s+.ﬂ) <O - ‘fYD*de*w\iﬂ'l7

and similar

laDij| <> (IpAisl lgBs;] + 1gAis| [pBss]) < C(y = |y]) %141,

So [IID[Il} < C(y' =)~
The three remaining estimates follow from this one and (1.16). For example,

if A€ M and B € M, then we write AB as T((TA)B). We see that
AB € My and satisfies the desired estimate. O

2 Toplitz—Lipschitz matrices and operators

2.1 Definitions and examples

In this section we study operators A = (Aq) € MS which possess additional
properties TL1 — TL3:
TL1. For any a, by, by € Z%, a # 0, the two limits

4 .
A by = t—>o<1:l,rgz€Zd Altatby)(tathy) (2.1)

exist and are finite.
TL2. There exists A > 6 such that

A(a, by, b2; A) = max (A+(a,b17b2; A), A (a,b1,b2; A) < o0,

where
Ai(‘% by, ba; A) = SUP{t|A(ta+b1):t(m+b2) - Affbil,bQ ‘} )

and the supremum is taken over all ¢ > 0 such that
[ta +b;] > A1+ |a| + |bj|)]al, j=1,2. (2.2)
Let us define
(A), A =supe?=b2l A(q, by, bo; A),

where the supremum is taken over all a, by, by € Z¢, a # 0.
TL3. For some |y| <1 we have

[A[[ly, a = [I[|Allly + (A)y, 4 < o0.
‘We denote
M3y ={Ae MJ|[[|Allly,a <00},  Mya=M\NM,.

These are a complex and a real Banach spaces. The norm |||A[||,, » grows when
v increases or A decreases. So

MZ A, CMS, A, if 292, A< Ag

Remark. For infinite matrices whose entries are elements of a Banach algebra,
the spaces M oA are defined by the same relations. All properties of the spaces

10



M\ which we discuss below, remain true under this generalisation, with the
same proof.

Clearly, if A € MY , and s; = ta + b; satisfies (2.2) for j =1, 2, then

Agrsy = AT 4 +1TO(1)A(a, by, by; A). (2.3)
Here and below O(1) stands for a function of ¢, a, b; and by, bounded by one in
modulus if (2.2) holds. The first term in the r.h.s. may be bounded in terms of
Il Al o. Indeed, since for t > 1 we have [(ta +b1) & (ta +b2)] = |by — b2|, then

A ol = 1 [Arain)beasen] < €A, YO £ a, b0y € 2.
(2.4)
For a € Z*\ {0}, A > 6 and t > 0 we set
Of(A) = |J{(ta+b) | [ta+b > A1+ |a| + [b])|al}.
bez?
Note that sets Of , Of, with t; # t2 may intersect each other.
We have
(ta+b) € OF(A) = t>(A—1)(1+]|al +1b]) (2.5)
and
Ota(Al) C O?(Az) if Ay > As. (26)
If s=ta+bec Of(A), then |b] < A‘\gf‘z\ < % Therefore,
b < (27)
“A-1 '
Let ta +bj € O¢(A), j =1, 2. Then
[ta| = A(1+ |a| + |bs[)|al — [bj| > |bj|(A — 1),
and 2[tal > (A — 1)(]b1| + |b2|. Hence,
|2ta + b1 + ba| > (A — 2)(|b1]| + |b2])- (2.8)

Since |by —ba| < |bi|+ |b2] and A > 3, then |2ta+ by + ba| > |by — ba|. Therefore,

[(ta + bl) - (ta + 62)} = [(ta + bl) - (—ta - bg)] = |b1 - b2|
V(ta+ by), (ta+ by) € OX(A). (2.9)

Similar,

((ta + b), ta) > |tal([ta| — [B]) > 0 (2.10)
if ta+b e O¢(A).

11

Lemma 2.1. Let Ay —3> Ay > 6 and s; =ta+ by € Of(A1), so =ta+be &
O (A2). Then

(2.11)

1 1 A — Ay —2
|81*82\Zt( ) — 2 .

Ay+1 A —1 A2

Proof. Let us denote A] = A; —1 and A, = Ay + 1. Since s; € Of(A1) and
Aqlal — 1 > Aflal, then

tla| — Aqla|(1+1al) _ t—Ai(1+]a]) t
< < < — —(1+ .
bul = Ailal =1 - A} Y (1 la)
Since s ¢ Of(A2) and Aglal + 1 < Ab|a|, then
tla| — Asla|(1+al) _ t —A5(1+ |a) t
bo| > > >——(1 .
b2 = Aslal +1 - Al — A (L+1aD
As |s1 + s2| > |ba| — |b1], then (2.11) follows. d

Lemma 2.2. If under the assumptions of Lemma 2.1 (a, s2) > 0, then
[s1— s2] > tAT2 (2.12)

Proof. Due to (2.11), |s1 — s2| > r.h.s. of (2.12), so we only have to estimate
from below |s; + s2|. Let us set m = [|bi]|a|~!], where [z] stands for the
smallest integer > . We rewrite s; as

s1=@E—m)a+by, b =b+ma.
Clearly,
{a,b}) > 0. (2.13)
Due to (2.7), |b1] < 555. Therefore

2t
(A-1)

t
< < -
" a] !

= [|a|(/\tf1)w

(we use (2.5) to get the second inequality and use that A > A"+ Aa > 9 to get
the third one). Hence, t —m > 3t. We have

|51+ s2|* = [s2|* + [(t = m)al* + [B1[* + 2t(a, s2) + 2(b], 52) + 2t(b}, a).
Since (a, s2) > 0 by assumption, then using (2.13) we get that
|s1 4 s2|* > [so|* + [(t = m)af® + [by|* + 2(b], s2) = (t —m)?[a|* + [s2 + Y|

Using that t —m > 3t we get (2.12). |

12



Elements of the space

c _ c
Mip= ) M,
[vI<1,A>6

1

are called Téplitz—Lipschitz matrices.© The linear operators which they define

are called Toplitz—Lipschitz operators.

Ezample 2.3. (T6plitz matrices, see [HS78].) Let A : Z¢ — R be a function
with compact support, and

Asl sg — A(Sl — 82).

Then A(tayb,)—(tatby) = A(2ta-+by+b2) vanishes if t > 1, and Azats,) (t atbs) =
A(by — b2). So TL1 holds and

A, =0, A;‘fl:’b,z = A(b1 — b2).
The properties TL2 and TL3 obviously hold, so T6plitz matrices belong to all
spaces My z.

In particular, the identity matrix is Téplitz with A = 1;0y. In this case
A(tatbr) (tatbs) — AZ‘?J,@ = 140} (2ta + by + ba) = 0 since [2ta + b — 14 ba| > 0.
This inequality is obvious if by = bs = 0, otherwise it follows from (2.8). So,
(id)y,a =1 for any |y| <1,A > 6. O
Ezample 2.4. (Hankel matrices, see [HS78].) Let Ay, s, = A(s1 + s2), where A
is a function on Z% with compact support. Now

A‘T;;A,bQ = O’ Zj;ﬂu = A(bl - b2)
Again, relations TL1-TL3 hold for all (admissible) v and A, so the Hankel
matrices also belong to all spaces My 4. O

Ezample 2.5. (Compactly supported matrices). Let Ag, 5, be a matrix such
that Ag, 5, = 01if [s1]|+|s2] > C4 for a suitable constant C4. This is a Toplitz—
Lipschitz matrix such that (4), A = 0, if A is sufficiently large. O

Ezample 2.6. (Tensor product of vectors). Let y*,y* € Y, = Y, ., where y > 0
and m, > 1. We define A = y! ® 42, i.e. As¢ =yly%. Then

[ Assr| < Nyl lly? e 0D ) =me (') e

So A%E b, = 0. Due to (2.2), (2.5) and (2.9), for any ta +b; € Of(A), j = 1,2,

a,bi,

A > 6, we have

1 1

11t would be more consistent to call these matrices Hankel-T6plitz—Lipschitz (see below
Examples 2.3, 2.4), reserving the name Toplitz—Lipschitz for the matrices, defined below in
Section 2.3. Unfortunately, the former name is hardly acceptable.
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So we get the estimate

| Atatbn)e(tatn | < 1yt 1412, 4t—2e =y (HathltltateaD

< Ny I g2l 2(A = 1)~ el

That is,
(A)ya <20 =17 Yy lIy*l,. O (2.14)

For matrices, formed by 2 x 2—blocks, the right definition of T6plitz—Lipschitz
matrices in the spaces M$ (see section 1.4) is the following. Take any A € Mj
Then

(PA) 5 =0, (A, =0.

Accordingly, for A € M we define

(A)7 4 = max ( 0 ZUE’ . =2 l(pA)T(a, by, bo; A),
a70,b1,b2€

sup e’Ylblibzl(qA)i(a? bla 627 A)) )
a#0,b1,b2€Z4

and
IAIZ o = AN + (A7 4

Finally, we set
MEG = (A€ M AN, < ooh, My = M50 M.
More on the spaces M j ‘% see in [EKO05], section on the Téplitz—Lipschitz natri-
ces.
2.2 Multiplication of the To6plitz—Lipschitz matrices

The space M7 is linear. In this section we show that M7, also is an algebra.
The corresponding result follows from

Theorem 2.7. Let A € M5, ,, and B € M5, \ for some~' >0, v € [-1,1] and
AN >6. Then

I1ABIlly, & < ClllAllyar [1Bllly,ava® A%, (2.15)
I1BAIlly, & < Clll Al [1Bllly.aa® A%, (2.16)
provided that
Y >+ 298, A> A +3, (2.17)
where ya > 0. Moreover,
(AB)2 0, = D (AT B, + AT B0 e ) (218)

C

and the elements (AB);°, . are given by similar formulas.
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Remark. Note that in difference with Theorem 1.5, now we estimate the
product AB in a norm, which is strictly weaker than both the norm, used for
A and the norm, used for B.

Proof. We may assume that
Al ar = [1Bllly.ar =1, (2.19)

We have to estimate the matrix elements (AB)s, +,, where

s;=ta+b; € OF(N), j=1,2. (2.20)
Since the cases s1 + s2 and s1 — so are similar, we restrict ourselves to the sign
plus.
‘We have

(AB)sysy = Y Doy Do=Aq B,
s€Z4

Let us denote by ¥} and X the half-spaces

S5 ={s||s —ta| <[s+tal} = {s | (s,a) > 0}, (2.21)
X, ={s]|s—ta] > |s+ta|l} = {s| (s,a) <0}, (2.22)
By (2.10)
08 = OF(N) C£F, 07" = 0;%(\) C £
Then

(AB)sysy = 3 Ds+ > Di+ Y D, (2.23)

s€0y s€0;“ SEX:

where 3, = Z4\ (Of UO;*) = (X5 \ OF) U (27 \ O; *). Writing s € Of as
s = at 4 ¢ and using (2.3), (2.19) we get
— AZF BT, +3t710(1)e Y Irmelletal

a,bi,c"a,c, by

(note that ¢ > 1 due to (2.5)). Hence,

S Do= Y AT BED, 4 CpTO@e L (24
s€O0y {clat+c€Oy}

Let ¢ € Z¢ be such that at + ¢ € Of. Then, by Lemma 2.1,
le—bj| >tA™2, j=1,2. (2.25)
Therefore, using (2.4) and Lemma 1.4 we get

AooJr oo+

a, by, c a c, ba

< o vatAT? § e~ (I[+7a)[br—c|=yle—ba|

{c|at+cgO¢}
< Ot Iy A2y e Imbal o (2.26)
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So we can replace in (2.24) the summation over {c | at + ¢ € O¢} by the
summation over Z%:

Z D, = Z Agoz_l CB;)O:—b2 + C1t71O(l)’yzd_lAze*’Y“ﬁ*bﬂ. (2.27)
sc€Oy cezd
Similar,
Yo D= AT By, + Ot O AR (2.28)
s€O0; c€Z?

It remains to estimate the third sum in (2.23). Let us consider a term Dy
with s € ¥;. We assume first that s € £} \ Of and write it as s = at + ¢. By
Lemma 2.2, [s — s1] > tA%. This estimate and (2.19), (2.17) imply that

|D,| < e~V [s1—s]—7[s—s2] < e—7atAT? o—(I7[+7a) [s1—s]—y[s—s2]

Estimating similar the terms Dy with s € ¥ \ O; ¢ and using Lemma 1.6 we
get that

! Z Ds! < e YatAT? Z e~ ([H+7a)[s1—s]—7[s—s2] (2.29)
SEX: s€zd
— Ot~ 10( ) —d— 1 [51*52]A2.

Due to (2.27), (2.28) and (2.29) the limit (AB)>°}
formulas (2.18). Moreover,

a by, by EXists and is given by the

(AB)sysy = (AB))  + CitHO(1)ya 4 A2l tl

So
(AB)y,a < Cll|Allly,ar [1Bll]y,ar 72" A%

This estimate and (1.12) imply (2.15).

The estimate (2.16) follows from (2.15) since (C*),, a = (C),, a and |||C||],
=|||C|l|y for any matrix C' and its transposed matrix C*, and since (AB)! =
Bt At O

Relations (2.18) (and their analogy for the limits (AB)S°
imply the following corollaries:

o by, by) immediately

Corollary 2.8. If A%t b, aNd B;”Obil’bz are independent of a, then (AB)gf’?fhbz

a, by,
are independent of a as well.
Corollary 2 9. If Af b, and Ba by.b, depend on by, by only through by — bs,

then (AB)>°+ b, IS0 possesses this property.

a, by,

Theorem 2.7'. Assertions of Theorem 2.7 remain true if the spaces Mz, are
replaced by M'jf\ and the norms ||| - |||y,a — by the norms ||| - HWA
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Proof. Let us write A and B as A = pA + qA and B = pB + ¢B. To estimate,
say, the norm of (pA)(pB) we repeat the proof of Theorem 2.7, simplifying it a
bit. Namely, we write

(pApB)), ., = 3 Do+ 3 D,

scOg s¢Og

Any s = at + ¢ ¢ Of satisfies the estimate (2.25). So we can replace the second
sum by (2.27) and proceed as in the proof of Theorem 2.7 (omitting the sum
(2.28)). Other three terms in AB can be estimates similar. a

2.3 A version of the construction.

Let M¢, be the set of complex matrices with exponential decay of elements off
the diagonal. Le., A € M if

| Al == sup e”ls*sll\Assﬂ < 00.
s,8’

Clearly, MS C MS. If A € M, then A7, =0. For any A > 6 we define the

a,bi,
spaces M'LyA as in TL1-TL3, but removing the ‘-’ case. That is, now

A(a, b1, ba; A) = SUP{t‘A(taerl) (tatb2) — Aif’,,f,b2 ‘}7

etc. We define the norm in M¢ , as |- [y + (-)5,a, where the quasi-norm (-), s
is defined as in TL3 with the case ‘-’ being dropped.

Straightforward analysis of the proof of Theorem 2.7 shows that its asser-
tions remain true for matrices from the spaces M ,. Evoking the Remark in
Section 1.3 we get that

‘AB|%A + ‘BA|%A < C’ygdilA2|A‘y‘A/|B|%A/, (230)

provided that (2.17) holds.
Similar, the assertions of Theorem 3.4 below remains true if we replace the
spaces M€ by M¢ | and the norms ||| - ||| by |- |

2.4 Double Toplitz—Lipschitz spaces.

We define the space M (M5 ,) as the set of all matrices A € MY , such that the
limiting matrices AT and A~ with the elements Aiobjl[ », belong to the space
Mgy for all a # 0, and

[11AN ] = [1Alll.a + maxsup(AZ%F), 4 < co. (2.31)
+ a#0

Elements of the space M (M%) = U}y <1456 M (M5 ) are called double Téplitz—
Lipschitz matrices.
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Ezample 2.10. Let y*,y? € Y, and A = y! ® y? (see Example 2.6). Then
A€ M(M;5 ,) for each A since A%t = . |
Remark. A natural generalisation of the construction above allows to define
the spaces M7 4 (Mg ). Theorems 2.11 and 3.8, dealing with the double
Toplitz—Lipschitz matrices, admit obvious reformulations for the matrices from
these new spaces.

Theorem 2.11. If A€ M(MS ,/), B € M(MS ,/) and (2.17) holds, then

'v
[ HABIy.a| + [ 11BAlllya] < Covg® A2 ANy | < [IIBl |- (2:32)
Proof. The assertion follows from Theorem 2.7 and (2.18), (2.30). |

Finally, we note that we can define in a similar way the spaces of n-times
Toplitz—Lipschitz matrices. As for the cases n = 1 and n = 2, these spaces
are invariant with respect to multiplication of matrices as well as with respect
to taking the flow-maps of the nonautonomous linear systems with coefficients
from these spaces.

3 Differential equations with
the Toplitz—Lipschitz coefficients

3.1 Equations with coefficients in M.

For some 0 < 7 < 1, let A(t) € M, t > 0, be a linear operator which
continuously depends on ¢, and

MA@ < p Vi, (3.1)
where 0 < ¢ < 1. We consider the linear equation

y(t) = A@®)y(t), (3-2)

and denote by Sff the corresponding flow-maps:

Sizy(ty) = yl(ta),

where y(t) is a solution of (3.2). If t; = 0, we abbreviate S§ = S°.

By Theorem 1.2, A(¢) is a bounded linear operator in any space Ye, 0<
~v < v/, continuous in t. So Sfl is a bounded linear operator in each space Y7 as
above, C'-smooth in t. Let us denote S(t) = Si —id. The operator S satisfies
the operator equation

%5‘(75) = A)(S(t) +id), S(t;) =0. (3.3)

18



By Theorem 1.5, the map S — A(t)S defines a bounded linear operator in the
space MS. Accordingly, we will view (3.3) as a linear differential equation in
this matrix space.

The function ¢ + [|S(t)]||, is Lipschitz as a composition of two Lipschitz
maps. So it is differentiable at almost every point. At such a point ¢, by the
triangle inequality we have

15 +)llly = IS@Ill] < 15t +€) =SBl

Dividing this relation by € and sending ¢ to zero we get that

d, = d -~
— < |||— .e.
NSO < LSO, e
Due to (3.1), (3.3), the last inequality and Theorem 1.5 we have
d = & . —d|| &
| IISONL| < 1A (SE) +id) Iy < p+ Crx SOOIl va=7"—7-
Since S (t1) = 0, then the Granwall inequality implies the estimate

181y < €9 (exp (Crztt —tl) — 1).

Assuming that Cpuyx® < 1 and |t —t;] < 1, we have [||S(t)|||, < Cipult —t].
We have got the following result:

Theorem 3.1. Let a linear operator A(t) € My, be continuous int and satisfies
(3.1), and let v € [0,7') satisfies

Cu(y' —y)~ " <1, (3.4)

where C is a sufficiently large constant. Then for any ti,ta > 0 such that
[t —t1] <1 we have
1Sz —id|lly < Culta — ta.

Repeating the arguments above and using the remark to Theorem 1.5, we
get the following result which we will need later:

Theorem 3.2. Let us assume that |Agy (t)| < pe=15=5l for all s and s, where
v >~ >0 and (3.4) holds. Then for |ty —t1| <1 we have

[(S12)ssr — 05,00 < Cpalts —tale™ =1 v o,

Let X be the algebra of m x m real matrices (m > 2), and X° be the algebra
of complex matrices. Let A(t) € Mf"' be a linear operator which continuously
depends on ¢. Then it defines the linear differential equation (3.2), where y(t)
is an element of the space of sequences (y, € C™, s € Z%). Again, it is easy to
see that the arguments above apply to prove that the assertions of Theorem 3.1
remain true if A(t) € M,fc, and Sttf is an operator in Mfc. If A(t) is a matrix,
formed by 2 x 2-blocks (see section 1.4), we can specify the result:
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Theorem 3.3. Let in equation (3.1) the operator A(t) is such that || \A(t)HH/', <

w for all t, for some 0 < ~' < 1. Lety € [0,7") satisfies Cu(y —v)~¢ < 1, for a
sufficiently large constant C'. Then for t1,ta > 0 such that |t1 — t2| < 1 we have

1572 —id |||+ < Cyplta — tal.
Proof. 1t is sufficient to repeat the proof of Theorem 3.1, using Theorem 1.8
instead the Theorem 1.5. O

3.2 Equations with the To6plitz—Lipschitz coefficients

Let A(t) € M, ,/, where 7' € (0, 1], A” > 3, be a linear operator, continuous
in ¢ and such that
Ay 4 < i VE (3.5)

We continue the study of equation (3.2). Due to Theorem 1.4 the flow-maps S¢,
corresponding to this equation, are bounded linear operators in any space My,
0 < v < ~'. Now we show that they also are bounded in the T6plitz—Lipschitz
norms ||| - |||y, A, where A > A’:

Theorem 3.4. Let the operator A(t) satisfies (3.5), and
¥>0,9% >0, Y =y+2ya; A >6,A>AN+6. (3.6)
Then for t1,ta such that |t; — ta] < 1 we have

1552 —id |||y, a < Cults — ta]yx 'A%,

provided that
Ciyp® <1 (3.7)

for a sufficiently large constant Cy.

Proof. To simplify notations we assume that ¢; = 0 and re-denote 3 by ¢, |t| < 1.
Now we cannot repeat the simple proof of Theorem 3.1 since the assertion of
Theorem 2.7 on multiplication of T6plitz—Lipschitz matrices is weaker than that
of Theorem 1.5 (see the remark to the former theorem). Instead we estimate
directly the quasinorm (S’ —id), a. To do this we have to study the matrix
elements

(8" —id)ws, 55, 85 = Ta+b; € O%(A), 7> 1.

Let us consider a solution y(t) of (3.2) such that

y(0) = yo =172,
(the vectors {® are defined in (1.6)). Then
y(t) = (us(t), 5 € Z%), ya(t) = (S")sss- (3.8)
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As |t| <1, then by Theorem 3.1 we have |ys(t) — 05, s,| < Cpe~(tra)ls—s2] 1y
particular, since s1,s2 € O%(A), then

Z ‘A(t)islsys <Cu Z e~ [Es1—s]—(v+7a)[s—s2]
sEO(AUO- (A7 5208 (A)LOF* (A)
< C,u,e_T’YAAfz Z 6—(7+7A)([S1—s]+[s—52])
s€Z

< C,Lw;defT'mA_ze*"lb‘*bz‘ =: ®(7,b1,b2).(3.9)

Here we used Lemmas 2.2 and 1.6 to get, respectively, the second and the third
inequality, and used (2.9) to replace [s; — s2] by |b1 — ba].

We define sets ¥ and X~ by relations (2.21) and (2.22) with ¢ replaced by
7, and represent any s € Z% in the form

Ta+b if se¥T,
—Ta—b if seX.

Noting that X7 = —X~ U X% where X0 = {s | (s,a) = 0}, we define y(t) =
{ys(t) € R% s € T} as follows:

_ (ys(t),y_s(y))t, s€ =X,
ys“)‘{@s(t), Y, sesn.

We denote by A = {As,s,, S1,52 € X7} the matrix, formed by the 2 x 2-
blocks
A Ag -
A, . = 51582 51 —5o
5182 ( A—sls2 A_51_S2 ) 5
and re-write the equation for y(t) as

ysl = Z A313y87 s1 € E+'

sext

By the assumptions TL2 and TL3 there exist block-matrices, formed by 2 x 2-
blocks, A% (a) = {A%®(a)p,p,} and A2 (7,a) = {A®(7,a)p,s, }, such that

A5y = Aoo(a’)blbz + T_IAA(Tv a)b1b27
and

’A“’(anlbz < (A)yy pre” Y Il < e I=bel - (30)

) ’AA (T7 a)blbz

if 51,80 € O%(A') (cf. (2.3)).

Let us set
Zs, = Z AsleS~
sEXF\02 (A7)
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By (3.9) we have
|25, (1)] < (7,01, b2). (3.11)

Using the introduced notations we write the equation for y as

. . _ W1
D D i M O G ]
s=Ta+ccO2(A)

Let us seek the solution y of this equation as an ansatz

Yratn () = ¥p, (8) + 771y, (1), (3.12)

where y) = y%(a),, yi, =y (a,7)s,, and y° = {y}(t),b € Z} satisfies

¥ = A%y, yO(0) = I ( : ) . (3.13)

Due to (3.10), (3.5) and Theorem 3.2,

y2(t) = dcp, < (1) ) ‘ < Cpltle™emb2l ¢ by € 77 (3.14)

(as before, |t| < 1).
For y! we get the equation

}.’lgl = Z (AOO (a)blc + TﬁlAA (Ta a)bw) 102 (A’)(Ta’ + C)Yi

+ZAA(7'» a)pclosay(ta+c)ye + 725, y'(0)=0. (3.15)

c

Due to (3.10), (3.14) and (1.9),
’ Z AA(Ta a)blclOg(A’)(Ta + C)y(c) < C/'Le_“/lbl_le'yZdv

and due to (3.11),
720, (1) < Cpya" A% 100l

So denoting by 3p, () the sum of the last two terms in the r.h.s. of equation
(3.15), we have from the last two estimates that

3, (1) < CuA2’y_d_lef'7|blfb2‘. 3.16
A

We re-write (3.15) as

Vb= ((Aoo(a)bC + 77 AR (7, a)be) Lo (any (Ta + C))Yi +3u, ¥'(0)=0.

(3.17)
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Let Sﬁf be the flow-maps of the homogeneous version of this equation (i.e., of
equation (3.17) with 3 = 0). Then due to (3.10), (3.7) and Theorem 3.2,

(st -1a),

Since by (3.17) y'(t) = fot S}3(0) db, then due to (3.16), the remark to Theo-
rem 1.5 and (3.7) we have

< Cu|t|e*(7+va)|brb2\_

lys, ()] < Cplt|(1 + pya®)ya A2e 10 =bel < Cypft|y T AZe 71002l
(3.18)
By (3.8), (S'—id)4s,s5 = Yts, (t) — dxs,.5,. Using (3.12), (3.14) and (3.18)
we get that

(& ) =¥ @m0 =6 )+ ¥ @m0, G1)

where

1 —d— by —
)yo(a)bl(t) — by by ( 0 ) ’, ‘yl(a77)bl(t)| < Cu\thAd 17257101 bz\7

if 51,52 € O%(A’). So the quasinorm (S* — id),, o is bounded by Cpult|yx* *A2.
This estimate and Theorem 3.1 imply the desired upper bound for [[|S}? —
id||], a-

O

The relation (3.19), satisfied by the matrix S*, implies

Proposition 3.5. The limit (St — id)gf’;;bz is given by the first component of
the vector y°(a)y, (t) minus 8y, b,, while the limit (S* —id):%,", is given by the
second component of y°(a)y, (t), provided that we replace a,by and by by —a, —by
and —by, respectively.

Since y°(a)(t) is a solution of linear equation (3.13), then we have the fol-
lowing corollaries:
Corollary 3.6. If A(t)gogtl b, 18 independent of a, then for any t1,ts the limits

(S,ff);obil.b2 are independent of a as well.

Corollary 3.7. If A(t)C>Oi depends on by, by only through by — by, then

a, by,ba

(S,ff);oi b, OISO possesses this property.

For Toplitz—Lipschitz matrices, formed by 2 x 2-blocks, we have
Theorem 3.4'. The assertion of Theorem 3.4 remain true if we replace the
norms || - . by the norms || - | 5.

Proof. Let us write A(t) = pA(t) + gA(t), and denote by {SF**} (by {S{"*}) the
flow—maps, corresponding to the operator pA(t) (¢A(t)). Repeating the proof
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of Theorem 3.4 (cf. the proof of Theorem 2.7’), we see that the maps Sfth and
S{' satisfy the desired estimate. Writing S;? in terms of the maps SP* and S
using the Trotter formula, e.g.

N-1
1_ g p(+DONT' | e (GHNT!
So = Jim_ 11 (S],N,l eh >
j=0

we see that the maps Sttf also satisfy the estimate. O

Now let us consider equation (3.2) with a double T6plitz—Lipschitz operator.

Theorem 3.8. Let the operator A(t) € M (M) is continuous in t and satis-
fies [1|A@)||ly.ar| < . Then for ty, ta such that [t1 — t2| <1 we have

1182 = id [[ly.a] < Cults — talyz9~1A2,
provided that (3.6) and (3.7) hold.

Proof. Due to Theorem 3.4, we only have to estimate the limiting matrices
(S{? —id)°*. By Proposition 3.5 the matrices (S§)3°* are submatrices of the
matrix of flow-maps of the limiting equation (3.13). So the needed estimate
follows from Theorem 3.2. O

4 Appendix: Estimates for certain Laplace
transforms.

In this appendix we prove inequalities (1.8) and (1.9) by majorasing their 1.h.s.’s
by some Laplace integrals and next estimating these integrals. We start with
the first inequality.

Since 0 < v,7a < 1, then

S eltl—rmle=t] < 0/ el —(rra)la—z] g
b o e

Denoting K = ”’Jr% > 1 and arguing as in (1.13) (with a = 0), we estimate the
r.h.s. by

20 [ e rla=stKIED g — 900 (y).
R4

Next, denoting by ®(z) the function ®(z) = |a — z| + K|z|, and denoting by
®,(dz) the push-forward of the Lebesgue measure dz under the mapping @ :
R? — R, we see that

o) = [ et (@utan) @),
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Le., ¢ is the Laplace transform of the measure ®,(dz). Considering the distri-
bution function F',

F(r) =mesQ-, Qr={z|2(z) <7},

we write this measure as ®,(dz) = dF(-). So

oly) = /000 e "TdF(T) = 7/000 e VTF(r)dr. (4.1)

Let us first assume that a # 0 and v > 0. Then L := |a|] > 1. Introducing
in R? a coordinate system such that the first orth is parallel to a, for any
z = (z,y) € R? = R x R?"! we have

(2)=Klz|+|z—al=Kr+|(x — L,y)| = Kr+r>+ L?>—-2Lx, r=|z|

Now let us write the set @), as

Q-=|J 0, Oi={z]0(z) =1}

0<t<rt

A hypersurface O; is formed by points z = (z,y), satisfying v/r2 + L? — 2Lz
=1t — Kr. For any such a point z we have

t>Kr, (4.2)

and
2Lz =r? + L? — (t — Kr)?.

Since —r < x <7, then
—2Lr <r?> + L* — (t — Kr)? < 2Lr.
The second inequality implies (r — L)? < (¢t — Kr)2, and using (4.2) we get that
—(t—Kr)<r—L<t—Kr.
By the first of these inequalities, Kr —r <t — L. Or

t—L
r< =T (4.3)
since K > 1. Therefore O; = if t < L. Accordingly,
F(r)y=0 if 7<L.
If 7 > L, then (4.3) implies that Q. C {|z| < (r—L)/(K —1)}. So

F(1) =mes Q, < 54 (K —1)"%7 — L)?,
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where 7 is the volume of a 1-ball in R?. Due to this estimate and (4.1) we
have

fo o]

o) < sear (K — 1) / e (r — L)t dr

o0
= sqv(K — 1)7d€77L/ e 7%z da
0

o0
= gy UK — 1)_de_7L/ e Yyddy.
0

That is
o(v) < Caypte el

This estimate was proved for a # 0 and v > 0. By continuity it also holds for
v =0. So (1.8) is proved if a # 0.
If a = 0, then the Lh.s. in (1.8) is bounded by

o [ el-trisiel g, —c, /Oo =1 = (2yr8)r gy
Rd 0

oo
=Cl(2'y+'yA)_d/ 2% le® da,
0

and (1.8) also holds.
To prove (1.9) we first estimate the Lh.s. by the integral

o /evlz—b\—(w-“/A)IZI do = C) /e—w(ma—\z—b\)dz — Cro(y).

Denoting
D(z)=Klz|—|z—=b], F(r)=mes{z|P(z) <7},

we see that ® > —|b| and that

vy = [ e,

— [0l

Analysis of this Laplace integral is similar to that of (4.1) an we omit it.
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