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HAMILTONIAN PERTURBATIONS OF INFINITE-DIMENSIONAL LINEAR SYSTEMS 

WITH AN IMAGINARY SPECTRUM 

S. B. Kuksin UDC 517.957 

We consider the linear equation in a Hilbert space Q 

~ = J~w, w ~ 0. ( 0 . 1 )  

Here a is an n-dimensional parameter, and J a  ~ is an anti-self-adjoint operator with discrete 
spectrum ±i%j(a), %. ~ Cj d We prove that if d > i, then for most values of the parameter = 3 " __ 

the quasiperiodic solutions of (0.i) with n basic frequencies are preserved under small Hamil- 
tonian perturbations of the form 

@ = J2, (w -~ eVH (w)), 0 <  e ~ ~. ( 0 . 2 )  

E q u a t i o n s  o f  fo rm ( 0 . 2 )  a r i s e  i n  t h e  d e s c r i p t i o n  o f  o n e - d i m e n s i o n a l  c o n s e r v a t i v e  p h y s i c a l  
s y s t e m s  [ 1 ] ,  i n  p a r t i c u l a r ,  t he  n o n l i n e a r  s t r i n g ;  t he  c o r r e s p o n d i n g  e q u a t i o n  i s  s t u d i e d  as  an 
e x a m p l e .  

The t h e o r e m  p r o v e d  i n  t h i s  p a p e r  has  w e l l - k n o w n  f i n i t e - d i m e n s i o n a l  a n a l o g s .  So, i f  Q = 
2N < - and N = n ,  t he  r e s u l t s  o f  o u r  work f o l l o w  from more g e n e r a l  t heo rems  o f  Kolmogorov-- 
A r n o l ' d - M o s e r  ( s e e ,  f o r  i n s t a n c e ,  [2 ,  3 ] ) ,  and i f  N ~ n ,  t h e y  f o l l o w  f rom t h e  works  o f  Mel ' n ikox  
[4 ,  1 2 ] ,  G r a f f  [ 1 3 ] ,  and Moser  [ 5 ] .  

We remark  t h e  c o n n e c t i o n  o f  o u r  r e s u l t s  w i t h  t he  works  o f  N i k o l e n k o  [6 ,  7 ] ,  where  t h e  
e x i s t e n c e  o f  c o n d i t i o n a l l y  p e r i o d i c  s o l u t i o n s  f o r  n o n l i n e a r  p e r t u r b a t i o n s  o f  ( 0 . 1 )  i s  s t u d i e d  
w i t h  no H a m i l t o n i a n  a s s u m p t i o n s  (bu t  u n d e r  o t h e r  f a i r l y  h a r d  r e s t r i c t i o n s ) .  

i. Statement of the Main Results 

Let Q be a real Hilbert space with inner product <<., ->>, and let Wa, a~R n, be a family 
of self-adjoint operators in Q such that Wo = I and K ~W= ~ K-* V ~ (here and further K, Ko, 
K,, ... are positive constants). Let us denote by Q~ the space Q with the inner product <<u~, 
ua>> a = <<Wau*, ua>>. Let J~° be an unbounded anti-self-adjoint operator in Q~ such that for 
some orthonormal basis {wj ± (a) I J ~-n + I}CC Q= we have 

o + (a)~: ~ 0 V~ ~ (1) ]~w 7 (a) = ~ I  (a), (a) ~ ~ - - n  + t .  

Let us assume that locally the n-dimensional family {Wa, Ja °} may be parametrized by the 
vector ~ = (A_n+,, %-n+~, -.., %~), 

~ o  = { ~ R ~  I I ~ - - ~ .  I <  K0}, 0 <  K o <  t/2, I ~ ,  I < K ,  (2) 

and a ( ~ , )  = 0.  Assume t h a t  f o r  ~ a c o n t i n u o u s l y  d i f f e r e n t i a b l e  f u n c t i o n  HA ~ ( . ;  ~ ) :  
~ # R i s  g i v e n ,  and l e t  V~HA ° ( ' ;  ~ ) :  Q~ + ~ be i t s  g r a d i e n t .  L e t  us  c o n s i d e r  t h e  f a m i l y  o f  H a m i l t o n -  
inn  e q u a t i o n s  in  Q~ w i t h  H a m i l t o n i a n s  H0 (u ;  ~) = <<u, u>>~/2 + ¢oHa ~ (u ;  ~ ) ,  0 < ~o < 1: 
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a = ]0~ (~ + ~0V,oH~ (u; ~)). 

L e t  us  make i n  (3)  t h e  s u b s t i t u t i o n  u = Um(w),  w h e r e  U~: Q + Q~ i s  a u n i t a r y  map ,  
wj + = wj+(~,) into wj+(~), j >_--n + i. Then 

= V~H~ (u; ~) U, oV~H°~ ( ~  (@; ~0), u z - ~  H 0 (u; ~) '0 ~ = vv~ Vu AI 

where  ~ = V~*. ~ e r e f o r e  

taking 

(3) 

(4) 

By ( 1 ) ,  

~" = J~V (<<w, w>>/2 + eoH ~ (w; ~o)), 
~,~ * o  

: UoJ,oUo, Ha (w; ~o) - - H I  (Uo (w); o)). 
(5) 

tp-+ - -  -T- . .  d,o v~ = + ~.~ (~o) w~ V ]  ~ - -  n + t ; ~,_,~ (o)) = ¢o~, l = l ,  . ,  n. 

Let us decompose Q into the direct sum Q = Qo~ Z R, where Q~ = R 2n is the linear span of 
the vectors {w~ -+ lJ < 0}, Z R is the closure of the linear span of the vectors {wj -+ lJ > I}o 
Let us denote ~j, = ~j(~,), J(~) = J*(~) IZR, J* = J(~*) and let us assume that -- 

2 I Ej, [ > I ~ (~)[ ~ K -~ V~ ~ e o V]  ~> t .  (6) 

Let <-, -> be the inner product in Z R (induced by the inner product in Q) and let YR s, 
s > 0, be the domain of the operator IJ, I s, endowed with the norm II ~ II~ = <I ~. I~, I Y. Is~>. 
In particular, YR ° = ZR, II • II0 is the norm in Z R and if ~ = ((r,p), ~)~ Q0~ Z~ = Q , then 
I~ I~ = Ir I ~ + I P 12 + II~ II~ • We denote by YR -s the space orthogonal to YR s with respect to 
the inner product <o, o>. Then 

Let 

+ + + 
lJ Y II~ = X ~  I y~  12 VV - -  Y, yFwF (YF ~ n ) ,  V s  ~ R.  (7) 

Y s = Y ~ C ,  ~ S = ( Q o ~ C ) x Y S  ~ ¢ s ~ R ;  Q ~ = Q ~ C .  
R /2 R 

Let us extend <., .> to bilinear pairings ys x y-s ~C, s ~ R over C. 

For go = 0 and all ~ the space Q. is invariant for Eq. (5) and is foliated by the invari- 
ant n-dimensional tori 

-- _ +~ ~ 

T'(I)={a~w~-~+ + + a ~ w ~ _ n + . . .  + a ~ w ~ ] a ~  + a  7 = 2 I i ,  ] = l , . . . , n } .  

On t h e  c o r u s  T m ( I )  t h e r e  o c c u r s  t h e  q u a s i p e r i o d i c  m o t i o n  ~j  = ~ j ,  ~j = O, j = 1~ . . . ,  n ,  w h e r e  

q~ = Arg (=7 + ~e7), ~ = (=~' + =7=)/2 -- f~. (8) 

Let us consider the family of tori T = (f), f~$ (Sis a measurable set in R n). Let us asset 
that the set ~ {T n (f) [ f ~ $7} ~ Q together with its complex neighborhood of radius K-* is 
contained in a bounded domain 0 ~ QC and that 

Kx>I~>K7 ~ V~=I ..... n, VI=(I~ ..... l~)~J. (9) 

For a set M = {~}~R ~ , a Banach space B and a map h: M + B we write 

VHA: 

I h ( . ) l ~ ' =  sup ] h ( ~ ) - - h ( 9 ~ ) l , / l ~ x ~ - - i x ~ l  + s u p ] h ( ~ ) [ , .  
~tt~B~ ~ 

THEOREM i. Assume that conditions (6) and~ (9) hold and that: 

i) the maps H A and VH A may be extended to Frechet complex-analytic maps HA: 
0 ÷ QC, and 

I ~ (~, ")1 ~ < K, I V ~  (~, ")1~ < K V ~  ~ 0 (~ ~ ~o); 

2) 
K - 9  a <  ~i+ ~.< K] d, I ~.~ ( ' )  - -  Xi+ I ~ ~ K V ]  ~ 1, 

K -1 I ka - -  ]d I ~  I Xj+ - ~+ I W ,  k ~ 1, 

where d > i, and if d = i, in addition there exist K2 > 0, 
-- 

R such that 

O÷C, 

(I0) 

(ll) 

(12) 

dx~ (0, I] and a function ~: N ÷ 
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I ~,~ ( . )  - K d  - ~ (])I °' < K]-~, W ~ i ,  

Ig(k+g)- -~(~) l~K~-~g W , ~ .  (13) 

Then there exist natural numbers j, and M, depending on K, K,, d and n (or on K, K,, K~, 
n and d,, if d = I) such that if 

3) I 8"(0. "]- '~1~,],~ + ' ~ . ~ .  ] ~ 3Ks>0, (14) 

I s -~ ,  + y~i~ I ~ 3Ks (15) 

for every s~ Z n, I s] 5 M,, 1 i J < k i J * ,  V*, Y, = 21; 

4) Ko < min (K~/(Mt + 2K), K-~/4), (~6) 

t h e n  f o r  eo ~ (0. e,].  where  e .  ) 0 i s  s u f f i c i e n t l y  s m a l l ,  t h e r e  e x i s t  a m e a s u r a b l e  
s u b s e t  @e~ ~ @o = ~ X ~ and smooth  imbedd ings  

E = E o :  T n - - ~ Q , E ( T n ) ( - ~  ~, 0----(o),I)~@~o, (17) 

with the following properties: 

a) rues {o) ~ flo I(o), I) @ 0~o} ~ 0 

as ~o + 0 uniformly with respect to I ~ 3"; 

b) dist (Z0 (Tn), T" (I)) ---- o (e0 °) ~'0 ~ O%, ~¢p < i/3; 

c) f o r  to ~ no and f o r  e v e r y  I such  t h a t  0 = (0), I )  ~ 0e0 ,  t h e  t o r i  Z(T m) a r e  i n v a r i a n t  
w i t h  r e s p e c t  to  t he  f l o w  o f  Eq. (5) and a r e  f i l l e d  w i t h  i t s  q u a s i - p e r i o d i c  s o l u t i o n s .  Under 
t h e  imbedd ing  7. t h e  t r a j e c t o r i e s  o f  (5) a r e  c a r r i e d  on T m i n t o  t r a j e c t o r i e s  o f  t he  e q u a t i o n  
0 = ~ ( 0 )  , where  ~ : O~o---~R n i s  a L i p s c h i t z i a n  map c l o s e  to  t he  p r o j e c t i o n  (¢0, I ) ~  :,.~. 

Remark. Assume t h a t  t h e  domain Qt Ci QC c o n t a i n s  ~3 { Uo (O) [ o) ~ Qo} • By Eq. ( 4 ) ,  c o n d i -  
t i o n  i) of the Theorem is fulfilled (for some large K), if HA°: O, ÷ C, 7HA°: O, ÷ QC are 
Frechet complex-analytic maps; for all ~ ~ O, the estimates (10) hold with replacement of HA 
by HA ° and moreover 

[ --1 ~} W : I  ~ u .  I ~ ,~÷  I I '~ ,~÷ IU.  IQ, Q-..<K. (18) 

The proof of the Theorem is carried out by the following scheme. We construct a sequence 
of domains O ~ O~ ~ O~ R ~ .... ~ O~ = T" (1) and canonic maps Sm: Om+,R ÷ OmR taking (5) into 
an equation of the same form but with a smaller co. After this we set the map Z equal to the 
restriction of the composition S, o S, .... to Tn(1). The proof is given in Sec. 2. It is 
based on lemmas from Secs. 3 and 4. In Sec. 5 we give an application of Theorem I to the non- 
linear string equation. 

We use the following notation: C, C,, ... are positive constants, independent of e~ and 
m (m is the iteration index); C(m), C,(m), ... are functions of m of the form C,mC~; C,(m), 
C**(m), ... are fixed functions of the form C(m); e(m) = (i -~ + ... + m-~)/y~, y~ = 2(i -~ + 
2 -a + ...). The space of continuous linear maps ya_+ y~, a, b ~ Z is denoted by ~a,~, and 
the norm in ~a,~ is denoted by • ~ ~h~ we denote by ~oa, a~ 0, the symmetric maps with re- . , ~ $ ~  ~ 

spect to the pairing <., .>. If P, and Pa are complex Banach spaces with real elements P,R, 
P~R, if O is a domain in P~, O ~ P,~= ~,; and M = {~}~ R ~ , then we denote by AR~ (0, P~) 
the set of maps F: O x M ÷ Pa that are analytic in the first variable, map (O ~ P,~) X M into 
P=R and are such that IF (p, ")I~, < C = C (F) for every pC O. By the real elements of ~,,b 
we mean the maps taking YR a into YR b. 

The references to formulas from a different paragraph are made as follows: (2.3) means 
Sec. 2, formula (3). 

. 

Let us set 

Proof of Theorem 1 

Let us write the Hamiltonian of Eq. (1.5) in the variables q, {, y [see (1.8)] : 

H o (q, [j, y; I ,  ¢o) = I I w l[~/2 H-/L,  (w; o~), 

" ~ 
= = (cos q~u,~_, + s,n q.~u'z~_n) + y. w w (q, ~, y; I) (2 (~ + 1i))'/, "+ " 

j::t 

(1) 
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By (1.9) 
subdomain of 0 and has a Lipschitzian dependence on I ~ ~. 

Let 0 < p < 1/3. Let us define sequences {~m} and (~m } and numbers ~m j, 

( l+p)  m 
~m~-~o( l  e(m)), rn ~ ~; ~ n =  ---~--'~.m +'-~" em ~ ~o • - -  5 -- / / ~m+~. 

Let us denote 

U(~) ~- { q ~ C n / ( 2 ~ Z  n) I I In lq  l <  fi}, 
(2) 

0 ( ~ , ~ ) =  U(6) x { ~ C " l l ~  I < g / ' } x { v ~ r °  I I lv l l0<g/~}. 
fo r  s u f f i c i e n t i y  small eo and ~o the func t ion  (1) maps a n a l y t i c a l l y  O(eo~ ~o) onto a 

i_< j_< 4: 

(3) 

u==u(~,.), o,.=o(~,~=), u ~ = u ( ~ ) ,  o~=o(2-~ ,~ . ) .  (4) 

Le t  us assume t h a t  @mC£ ~ i s  a Lebesgue m e a s u r a b l e  s e t  such t h a t  f o r  e v e r y  I ~ ~ 

rues ~ [i] ~ Ka (1 --  ? .e  (m)), ? .  ~ (0, i], K~ = rues ~ ,  (5) 

e~  [~1 = {~ ~ ~o I(~, 0 ~ e~}. ( 5 ' )  

Let us consider in the domain ~ the Ha~itonian 

H,, =Hom(~,  y; O) + emHam (q, ~,y; O), (6) 
Ho. , - -  ~. ( i .  + em (0)) + <A= (0) g, y>/2, 

where I .  = ( I  . . . . .  1)  ~ R~, Am = I + A~= (0) , ~ =  : O~ + ~", I ~ =  (')l  ° < e~e (m), 

A , , , . u , ~ = ~ ( O ) ~ ,  1~(.)10<~,(~)~72 v]>~ .  (7) 
Assume that (HAm, VvHAm ) ~ A~ (Ore, C X Y~) (0 ~ Ore), and that for every ~ ~ Om 

i~(O; .)]0 + d,#j~ v,a~(~; .)~<c,, " K ~+~ [m)~ ~ . (8) 

For m = 0 and sufficiently small eo and ~o the Hamiltonian H 0 has the form (6) with ~o ~ 0 
and A,o E 0. Condition (8) holds by condition i) of ~eorem 1 and the analyticity of the map 
(i). 

Let us denote 

- 7% • Q~ = T~ ~ R~ ~ x Y~, i ~ z ;  o~=o ,~ ( )~ .  (9) 

We i d e m t l f y  t he  t a n g e n t  space  ~o QvO w i t h  Q and i n t r o d u c e  i n  Q ~  the  m e t r i c  o f  Q. To the  
H a m i l t o n i a n  H m the~e  c o r r e s p o n d s  ~he sy s t em o f  e q u a t i o n s  i n  ~ (we omi~ ~he pa~ame~e~ 9) 

~ ~ ~ (i + ~ + s~O/O~fl~),  ~ ~ _ ~ . ~ # / ~ O H ~ ,  (10)  

~ ~ J (Amy + smV~H~) .  ( l l )  

This  sy s t em i s  a L i p s c h i t z i a n  p e r t u r b a t i o n  o f  ~he e q u a t i o n  (~, ~ ~) = (0~ O, Jy)~  whose 
o p e r a t o r  has  domain Qv~ and d e f i n e s  a g~oup of  i s o m e t r i c  t r a n s f o ~ a t i o n s  o f  t he  space  Qu ~. 
Hence f o r  ~ (0) ~ O~ ~ Q~ and s u f f i c i e n t l y  s m a l l  T Eqs.  (10) ~nd (1~) have  a un ique  s o l u t i o n :  

~ ( t ) = ( q ( t ) , ~ ( t ) , y ( t ) ) ~ O ~ Q ~ ,  0 ~ t ~ T ;  ~ L ~ ( 0 ,  T;~)  (12) 

(see [14] and [8, pp. 105, 106]). 
estimate (8), we obtain 

Let us assume that II Y (0) If0 < e~/2 
obtain from Eqs. (i0) : 

Taking the inner product in Z R of Eq. (ii) by y(t) and using 

d/dt II ~ (t) I10 < c (m) ev,. (13) 

and T C ( m )  e / m < ~ / 2  . Then llY(t) II0 <~',{~ and by (8) we 

,, 

] d/dt~(t)  l - F e ~ I d / d t  (q(t) - -  q(O) - -  (o"t) l < C(m)em, o) i : ( o i ( l  + ®~). ( i4)  

From e s t i m a t e s  (13) and (14) we have the  f o l l o w i n g  a s s e r t i o n .  

e2/3/~ LEPMA i '  I f  co << 1 ( i . e . ,  i f  eo > 0 i s  s u f f i c i e n t l y  s m a l l ) ,  ~ ( 0 ) ~  Q~ and I ~ ( 0 ) l < . m . ~ ,  
II y (0) IIo ~ e~4*2m., t h e n  f o r  T = 1 t h e r e  e x i s t s  a un ique  s o l u t i o n  of  t h e  sy s t em of  Eqs. 
(10) ,  ( l l )  o f  the  form (12) .  I t  s a t i s f i e s  the  f o l l o w i n g  e s t i m a t e s :  
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I q (t) - q (0) - o"t I < c (m)a~, I ~ (t)l < d/~12, 11 v (t)]io < ~ .  (15)  

Let us single out from HAm the linear terms in ~, as well as the linear and quadratic 
terms in y: 

H6~ = g (q; O) + ~.h~ (q; O) + <V, ~ (q; 0)) + <B 1 (q; 0) V, V> + Ham (q, ~, Y; O); 
B~ ~ A ~ (o~, ~ .  o). 

Changing if necessary HAm by a constant we may assume that ~(0) = 0 (the bar above the symbol 
means averaging with respect to q~Tn). 

Let us define a linear operator Bo: Y~ + Yo: 

B o (0) w~ = ~ (0) w-?/2, b~ (q, O) ~- <B~w'f, u,~> + <B~w 7, w7> ~t]. (16) 

We set 

B ~ B1 --  Bo, h ~ h I --  ~1, ~m+l ~ ~m + Emil, A~+~ = A~ + 2emB o 

and rewrite H m as follows: 

g m  ~ Ho m+~ (~, Y; O) + 8mHlm (q, ~, y; 0); Him == Hu~z + Ham, 

H ~  = g (q; 0) + ~.h (q; 0) + <y, ~ (q; o)> + <B (q; O)y, y> 

[the functional Hom+~ is the same as in (6)]. 

LE~ 2. If eo << i, then: a) for q ~ Um 

I g (q; ') I ° < c ,  (~), II ~ (q; ") II~ < c ,  (~) ~%/", 
I Z~ (q; • )I ° < 2C, (m) e~/', l ~  (.)I ° < C, (m) e~/~, 

----~ --~/~ 

I B (q;.) I~,= < 2 c ,  (~) ~%/~, I~ (-) I ° < ~ c (,~) v];  

(17) 

(18) 

b) if 9 ~ Om+* and Ks in (8) is sufficiently large, then 

I H3.~ (9; ") I ° + ~%% II Vfl3m (9;") II~ < C.  (.~ + t) ~ / 2 ;  (19) 

c) f o r  t he  map A,m+, = A,m + 2emBo c o n d i t i o n s  (7) h o l d  w i t h  t h e  r e p l a c e m e n t  o f  m by m + 1; 

d) [~+~( . ) lO<~o°e (m÷  t), O ~ O ~ .  (20) 

Proof. The assertions of part a) follow from inequalities (8) and Cauchy estimates ap- 
plied to the following functions of the argument t~ C, Itl _< i: HAm (q, tq; 0), VyHAm (q, 
tq; 0), where (q, ~)~ O m and ~ = (~, 0) or ~ = (0, y). 

Let 9=(q, ~,~)~Om+~ and v = em 0/~. Then (q, (t/~)~, (t/~)y)~ Om for Itl < i. Let 
us consider the function 

Ha.~ (q, ( t /v )~ ,  (t/v)y; O) = 1o + / ~ t  + l~t ~ ÷ . . . .  

By (8) we have fk < C,(m) for all k. Since Hsm (9; 0) = /3 v3 -~ 14 %~4 -~ • • • , then [ Ham (9; 0) I < 
C, (m)~/(I -- ~) < C, (m + ~)e~,/8 . We estimate similarly the Lipschitz constant for the func- 
tion Ham. The estimate for VHam is obtained analogously. Assertions c) and d) of the lemma 
follow from a). ~ 

Let us define the auxiliary Hamiltonian emE: 

E = ~-% (q; 0) + u (q; 0) + <y,~ (q; 0)> + <G (q; 0)y, y>. (21) 

To (21) there corresponds a canonical transformation Sm, which is a time one shift along the 
trajectories of the system of equations 

(~=emF~(q;O), $~-=~mF~(q,~,Y;O), ] = 1  . . . . .  n; (22) 

I) = ~,n F~ (q, ~, Y; 0); (23 )  

F~ = o#~j, 
F~ ----- - -  ~o~ (~. Ox/Oq ~ + Ox/Oql .-b <Y, O~/Oq¢> ~- <(OG/Oq~) y, y>), 

F '~ = J (0 (q) + 2G (q) y). 

Let us write S m as 
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q ~ - q  + emq ~, ~,-~-q-Sm~ a, y ~ g  T s,,.gL (24)  

~qaen qX = Fq + em - . * ,  ~x = F + ~m " ' ' ,  y t  __ FY + em . . . .  O m i t t i n g  t h e  p a r a m e t e r  ~ and  d e -  
n o t i n g  (q, ~, y) = ~, (q~, ~a, y~) = ~ , we w r i t e  t h e  t r a n s f o r m e d  t t a m i l t o n i a n  a s  f o l l o w s ,  

~ (,%. (~; 0); 0) = ~qo ~+~ (~, u) + ~%'.  (~. + e~+~) + 
g 1 "q- Era < Am+aY, yl> ~. 8m < Am+ay , y~> /2 + am (g (q) + ~'h (q) + 

+ <y, ~ (q)> + <B (q) y, y>) + e m (Ham (~) + Hxm (~ + sO ~) --  H~m (~)). 

We set (oj = ~ (I + ~+~ (~, I)) and denote ~' .Tq : ~/~' Then the transfo~ed Hamiltonian 
equals 

Ho~+~ (L ~) + ~ [-~-axm~' -- ~/a0/-- @, aD/~'> -- <~G/~'~, ~> + 

+ <A~+~, ~D> + ~ <A ~+~, ~@> + ~ (q) + ~'~ (q) + @, ~ (q)> + <~ (q)~ ~>] + ~+~ S~ • • • . 

Equating to zero the contents of the square brackets, we obtain the following homological 
equations for m, X, G, and ~: 

0~/~' = ~ (q; O), 0X/0o/ = A (q; 0); 

0~/#~' + G~ (~)A~+~ (0) -- A~+~ (~)~ (~)G = ~ (q: O) ~ ~',,a~ (q~ 0): 

a p / a ( o '  - A.,+, (0) J (+) 9 = ~(q; 0) + %,a~ (q: 0), 

(25) 

(26) 

(27) 

where we denoted by emAB and emA~ admissible small discrepancies. 

LEMMA 3. If eo << i, then in @m there exists a measurable subset Om+, such that mes (@m\ 
@m+z) [I] ! yK4 (m + l)-2/yo for every I ~ [see (5')]. For 0~@m+~: 

a) equation (26) has a solution ×~A~ (U,~, C), %~A~ (U~, C~); everywhere in Um ~ the fol- 
lowing estimate is valid: 

l×  (q; .) I ° + g l  ° I ~ (q; ") I ° < c (m); (28) 

b) e q u a t i o n  (26)  h a s  a s o l u t i o n  G, A B ~ A ~  (U,~, ~ . Z~,,~) For some c > 0 independent of to, 
60 and m, for every q~Um* the following estimates hold: 

c) 
hold: 

] AB (q; .) Io°,z < C (ra) e~/3, (29)  

I G (q; .)l°o,z < C (m) e~/3 h, e e~ 1, (30)  

I (Am+~JG GJA ~+1) (q;)1~,~ < C (~) ~;~" ]1, c ,-1. 
- -  • e.m, (31)  

equation (27) has a solution 9, A~ ~ A~ (U~, Y~) . For q ~ Um* the following estimates 

II zx~ (q; .) i1~ ° < c (m) ~T2/~, (32) 
--I II ~ (~; .) II~ ° -.< c (m) ~72/~ ).~ ~ .  ( ~ )  

Lena 3 is proven below in See. 3. Assume, as before, that S m is the time one shift 
operator along the trajectories of Eqs. (22) and (23). 

LE~ 4. If 0 ~ @m+~ and g~ << ~, then: 

a) Sm ~ A~ (Om+~, Q~) and the restriction of S m to Om+~ R [see (9)] is the canonical map 
Sm~ Om+~R + Om R satisfying 

id~ (S~ o -- I)  lQ~...~Q,q< Cr(m)e~ ~ ln~e~ ~, r ~ 0 ,  (34)  

-~. l q'l  + e~l: l~ ~ I + e%/" II ~1 [~1 < c (1~) ~ / s  ijlc ~,~, (35)  

b)  u n d e r  t h e  map Sm t h e  e q u a t k o n  on ~ R  w~th  H a m £ 1 t o n k a n  Hm i s  e a r r k e d  ~ n t o  an  e q u a t i o n  
on  Om+x R w i t h  a H a m ~ l t o n ~ a n  Hm+x s a t £ s f y ~ n g  c o n d i t i o n s  ( 5 ) - ( 8 )  w~ th  t h e  r e p l a c e m e n g  o f  m by  
r e + l .  

Lemma 4 is proved in Sec. 4. 
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Let us set 

For 0 ~ (9~. 

LEMMA 5. 

converge to a smooth limit map 

a) ~'~ ~ (0) (r~) ~ q~; 

b) for every 0 < m < m' ~ -- 

(9~o -- ~ (9,, . Then @e0 is a measurable subset of 80 and 

rues Oeo [I] ~ (~1 - -  ~?,/2)mes Qo ~ I  ~ LT. 

and m ~ 0, N ~ 0 we consider the maps 

~m R R 
m+N+l (0) = S m (0) . . . . .  Sm+N (0) : Om+N+l --> Ore. 

I f  e O  < <  1 ,  t h e n  a s  N + ~ t h e  maps 
m n n Zm+~+x (0) : To = T ~ {0} ~ {0} --> 0,~ 

Z~(O) : T ~ O ~  s u c h  t h a t :  

m m I m 
E~,oE~ = E~; 

(36) 

c) the norm in Q~O of the difference z~m(0) -- I and its Lipschitz constant do not exceed 
em 0. The same is true for (E~m(o)) -* -- I. 

The lemma follows from estimates (34) and 

By the recurrent formula for ~ m+* [see 
to 8~0 converge to the Lipschitzian map 

e~.:O~o - > ~ ,  l ~ o ( ' ) - - ~ l ° < ~  • (37) 
~ ~ ~ 

We fix 00 ~ (ge., and denote o)m ~ ~m (00), o) =: ~0 (0o) . By (17), we have I ~ -- o)~+~ I < C (m)e,,, 
j ~ I. Let us consider on the torus To n the curve t~+ ~. (t) = (q~-to), O, 0), O<t<~ . Under 
the map z~m(oo) it is carried into the curve ~m (t) = (qm (t), ~m (t), Ym (t)) , and by part c) of 
Lemma 5 and (35) we have 

(35). 

(17)] as m + ~, the restrictions of the maps ~m 

I q~ (t) - -  qT~ (0) - -  to) l <  3e°~, (38)  
1,' a 

I ~,~(t) t + e~ I ym(t)II1 " ~ C ( m ) e m l n e e ~  • (39)  

Hence if ~o << i, then by Lena I the system of Eqs. (i0)and (ii) has a unique solution ~(t), 
0 ~ t ! i, with the initial condition ~m(0). From (15), (38), and (39) it follows that 
~ ~m (~) -- ~ (~)~ < C~ 0 < ~ < ~. Carrying out the transfo~ation Em ~, we find that the distance 
from the cu~e ~(t), 0 < t < 1 to the solution of the initial system with initial condition 
E~ ~ (q, 0, 0) is no larger t~an C,emO. Letting m tend to ~, we obtain that ~ (~) = E% (~ (~)) 
is a solution of the original Hamiltonian system of equations. Assertions b) and c) of the 
theorem are proved by setting Es(q) = Z~(8) (q, O, 0). 

In order to prove assertion a), we set in (5) y~ = ~ (~) ~ 0 , where M is a natural para- 
meter tending to infinity. Assertions b) and c) of the theorem are valid for e, = e,(M) > 0, 
and we may asset that e,(M) ~ 0. ~en by (36) for e, ~ (~. (M + ~), ~, (M)] rues (Q0 ~ ~. [I]) 
< y, (M)/2 ~ 0 . The theorem is proved. 

3. Proof of Le=~a 3 

Everywhere in Secs. 3 and 4 we write e, ~ instead of em, 6m and sometimes we omit the 
argument 8 for functions and maps. In the deduction of estimates, we use systematically the 
condition ~o << i. 

The assertions of the lemma will be proven for (gm+, = (gm~ ((91 [J • • • U (94), where 8 r 
are measurable sets, and for r = i, ..., 4 

mes e ~ (I) -~ ~?,Ka (m + i)-~/(4~2o) ~ ' I  ~ .~7. ( ! )  

By Lemma 2 t h e  map 

(O ~"  O)', O)j = O)] ( i  -~  ~ r a + i  j (O), I ) )  ( 2 )  

is a Lipsehitzian homeomorphism for all I, changing the volume by a factor no greater than 
two. Therefore, if 
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O~={O~O,~ l l  k - - ~ o ' l ~ ( m + l ) - 2 1 k l - = - a C  -~ V k ~ Z " ,  k:#=O}, (3) 
then O x is a measurable set satisfying condition (i) (see [2, Sec. 4.1]). For 0 ~ (gm ~ 0~, 
q ~ U,~, ~he s o l u t i o n s  o f  Eqs .  ( 2 . 2 5 )  a r e  g~ven  by c o n v e r g e n ~  ~ r i g o a o m e C r ~ c  s e r ~ e s  and s a ~ s f y  
~he e s t i m a t e  ( 2 . 2 8 )  ( s e e  [2 ,  Sec .  6 . 2 ] ) .  

We t u r n  t o  Eq. ( 2 . 2 6 ) .  We s e t  W ~  --  (w~ ~ i w T ) / V ~ .  Then JA,,~+~W~ --  ~ iki  ((o)(t + 
D+ ~+~ ( 0 ) ) w ? ,  II w~ II0 = ~. 

S£nce  t h e  o p e r a t o r  B ~ A~ (0~, ~ ~ Zo,~+ s a t i s f i e s  ~he es~£maCes o~ L e n a  2, t h e n  

B (q) = ~.a e~q's~ (s), [ ~ (s) 1°o.~ < C (m) e-V~e-~lsl ( 4 ) 

(see [2, Sec. 4.2]). Therefore, if M = C(m)in~ -~ and 

t A B ( q ) =  ~ c~q'~(s), 
Islam 

. D ? , ? ~  ?z t h e n  f o r  q ~ U m  ~, AB s a t i s f i e s  ( 2 . 2 9 )  Lee us s e t  --~ i ( q ) =  ( B W ~  , W ~ ' ) ,  k ,  ] = l ,  2 . . . .  ; 
y t ,  y~ = 21 (~ f  y = ~1 f ~ g u r e s  as  an  u p p e r  £ndex ,  t h e n  i n s t e a d  o f  $ we t a k e  ~ t s  s ~ g n ) .  ~e 
d e f i n e  57~, 0~ i (s) and ~,e:  ~ (q) a n a l o g o u s l y .  Be d e f i n S t ~ o n  o f  t h e  o p e r a t o r  ~ [ s e e  ( 2 . ~ 6 ) ] ~  we 
have ~v-v .~ ~. (0) ~ O. 

We l o o k  f o r  ~v,w ~ ~ in  t h e  fo rm 

Cr¥~Y~ ~ ~ (q) ~, , , ~ . , ~ v n ' ~  ^v-v 
~ ~ ~ (s), = (5) ---- G~ ~. (0) O. 

Islam 

~hen (2 .26 )  i s  e q u i v a l e n t  t o :  

~v~Y~ ~ ~ _ _  .B~w ~ ~ ~st - -  , ~  ~ (s) /D (k, ]), D (k, ]) = i @' .  s + ?xL~ + V~%~), (6) 

where  Xp' = Xp(~) (1 + 8pm+x (0 ) )  and Yx = Ya, i f  k = j and s = 0.  

L E ~  6.  ~ e r e  e x i s t  m e a s u r a b l e  s e t s  O~, ~aCL ~m s a t i s f y i n g  (1) and a c o n s t a n t  c > 0 
such  ~ ~  0 ~ @ ~ ( O  ~ ~ 0~) and f o r  e v e r y  k ,  j ,  s ( ] s l  ~ M), ~x ,  ~a 

I D - ~ ( k , ] ; . ) ] ° . . ~ C  (m)(l + I s l ) = ~ + * ( l n ~ e - D / ( l  + l ~ - - ~ i ) .  

P r o o f .  I f  s = 0 t h e n  y~ ~ ?~ f o r  k = j ,  and by  c o n d i t i o n s  ( 1 . ! l )  and (1o12)  

(7) 

l D I ~ I Xu* - -  ~i* l/2 + K-~/2 - -  2 K K o  - -  I ~,~ ~+~ l - l ~ ~+~ I. 

Consequently, if s = 0 then from conditions (1.16) and (2.7) for ~o << i, the inequality 
IDI ~ (1 + IXk,-- Xj,I)/C follows, which implies (7). If 21~'.s I ~ Iyt% k' + y~%j'), then for 
small ¢o inequality (7) clearly holds. Hence we assume below that s # 0 and 

2 I ~ " s  I ~  I ?1~ + y2%jl. (8) 

I f  d > 1, t h e n  f r o m  (8) i t  f o l l o w s  t h a t  e i t h e r k = j  o r k , j  ! 1 + (CM) X / ( d - z ) ,  which  s i m -  
p l i f i e s  f u r t h e r  r e a s o n i n g s .  T h e r e f o r e  we r e s t r l c t  o u r s e l v e s  t o  t h e  c o n s i d e r a t i o n  o f  the  more 
c o m p l i c a t e d  c a s e  d = 1. From ( 1 . 6 ) ,  ( 1 . 1 1 )  and ( 1 . 1 3 )  we o b t a i n  t h a t  f o r  e v e r y  ~ > 1 

IX~--X~,[...<gl-a,(Ko + % o ) ,  iN; ( .  ) _ Xl. [o ....< ( t  + K) l - a , .  (9 )  

From (8) and (9) it follows that 

I ~+, - -  ~,  I ~ CM. (i0) 

To fix the ideas, assume that k < j. Depending on the relation between k and s, we con- 
sider three cases. 

l) Let Isl < 4 (K + 1)k-dl + i/2. Then k < (8 (K+ l))i/d~, Isl < 4K + 5. From (8) it 
follows that IXj-"I _< I%k'] + 2 l~'osl. Hence -- -- 

I Z ~ , I ~ K ( 8 ( K + ~ ) ) ~ / ' + 2 ( ~ + K ) + 2 N K + ~ ) ( t ~ , , , I + 0 .  

Let us choose j, in the assumptions of Theorem 1 such that from (i.ii) and this inequality it 
follows that j < j x. Then by (9), (1.14) and (1.16), 
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I D I / ~  I (0¢ "$ ~-  VlZh.$ -V ~2~j$ I - (1 s I + 2K)(K0 q- e~) ~ K z ,  

f rom h e r e  and from (10) ,  ese~mate  (7) f o l l o w s .  

2) Lot Isl > 4 (K + l)k -dx + 1/2, k < C,x(m) In n' e -t, n' = (n + l)/dt (we choose below 
the f~ction C,~. By (I0) there are no ~ore than CC,~ (m) in ~' g-x such pairs k, j, and by 
(9) 

Is I >  2 I 71E~. ( ') + 72Xj (-) -- 7]Xs. -- 7~Xj. I 0 + t:2. (11) 

L e t  us s e t  T = (C.e (m) Is 1~ In x+,~' e-1)-1 and O' : O' (k, ], s, ~'t, Y~) : {0 ~ Om [ [ D  [ ~ T}, 
~ ' [ I ] : ~ ' ( k , . . . ,  ~,~)lI] : {(o'(~, 1) l ( . ) ~ O ' ( k , . . . , y ~ ) [ I ] }  . L e t  O ~ = ~ O  ' ,  where the  un ion  i s  
t a k e n  ove r  a l l  k ,  j ,  s ,  ~ ,  ~ such t h a t  i / 2 + 4 ( K - ~ l ) k - a , ~  [ s ] ~ M ,  k ~ ] ,  k ~ C . ~ ( m )  ln~'e -~, 
I ~:* - -  ~* ~ ~ CM. 

~ e  map (2) i s  i n v e r t i b l e ,  and f o r  a l l  I t he  L i p s e h ~ t z . e o n s t a n t  o f  t he  map ~ '  ~ ~ does 
n o t  exceed  4 / 3 .  ~ e  s e t  o f  v a l u e s  t ~ R ,  sueh t h a t  ~' ( t ) ~  ~ o ~ t s /  Is I ~ '  [•], i s  c o n t a i n e d  i n  
t he  s e t  

{t I I t I~ I + (wz~ + wz~)(~' (t)) + ~ . ~  I <  ~}. (~2) 

By (1~) t h e ) L i p s c h i t z  c o n s t a n t  w i t h  r e s p e c t  to  t o f  t he  f u n c t i o n  ($xhk '  + ~ X j ' ) ( ~ ' ( t ) )  does 
n o t  exceed  (2 Is -- 1 ) / 3 .  C o n s e q u e n t l y ,  the  s e t  (12) does n o t  c o n t a i n  p o i n t s  t t ,  ta  such  t h a t  
I ~  - ~ l  > 6T / ( I~ I  + ~)" s in=~ the  v e c t o r  ~0'  may be chosen  a r b i t r a r i l y ,  we have f i ' [~ ]  < CT/ 
( I s ]  + 1) . - -  ~ e r e f o r e ,  unde r  a s u i t a b l e  c h o i c e  o f  the  f u n c c i o n  C,~(m) we have  rues ~ £~ [ 1 ~  
~.Ka (m ~ 1)-~/(8~0). S ince  t he  map (2) changes  t h e  measure  o f  the  s e t s  by a f a c t o r  no g r e a t e r  
t han  ~ o ,  t h e  s e t  ~ s a t i s f i e s  (1 ) .  I f  0 ~ 0 ~  0~, t h e n l D  I ~  T, and from h e r e  and  ( 1 0 ) ,  
e s t i m a t e  (7)  f o l l o w s .  

3) L e t  k ~ C,x(m) i n n '  e - x .  ~ e n  by (8) we have Yx = ~ .  From ( 1 . 1 3 ) ,  (9)~ and (10) 
i t  f o l l o w s  t h a t  

' d -d~ I z, - xj - K~ (~ -- ])1 < 2Kk-~, + I ;  (k) - - ;  (])1 < 2Kk-~, + Kk- ,C~M < CC.~ ~.-~-~. (~3) 

L e t  us s e t  

~ a = { 0 ~ O ~ [ ~ ' ( 0 ) ~  ~ " ( s ,  N) s ~ Z L  ~ < l s l ~ M ;  g ~ z ,  
I N  I <  CM}~ 

~" (s, N) = {~' I ] ~' - -  ~ .  [ ~ l, I ~ " s  --  NK= I ~ C:~ (m) ln-~e-~}. 

Since  mes ~" < C/ (C,~(m)  Isl in  n ~-z ,  t h e n  mes ~ a [ I ]  ~ C C , ~ - ~ ( m ) ~  l n - n ~ - z  
(1) f o r  O ~ h o l d s  i f  C~a(m) i s  s u f f i c i e n t l y  l a r g e .  I f  0 ~ 0  a,  t hen  by (~3) 

I Ol ~ C~(~)~-~ ~-~ -- CC~ ~ (m) ~-~ ~-~ ~ C -~ (m) h~-'e -~, 

i f  C,x(m) i s  s u f f i c i e n t l y  l a r g e .  Hence f rom (10) we o b t a i n  (7 ) .  
2 + S~nce the  c o l l e c t i o n  o f  v e c t o r s  {%~.W~} f o ~ s  an o r t h o n o ~ a l  b a s i s  i n  Y_a [ see  ( 1 . 7 ) ] ,  

t h e n  by (4) 
2 ~Y~Y~ 0 

1~.(~, %) (m) (14) I ~B~ ; (s) ~ C s-'/,e-'~ ~ V], v. 

[we deno t e  by Z~(k,  ~ l )  t he  space  o f  ~ a - s e q u e n c e s  i n  k ,  y x ] . B y  (6 ) ,  (14) and Lemma 6, f o r  0 ~  
O~ ~ (O z ~ O a) we have  

=~"~ I~<,,, Y,) < I)-=)v=~ T~C, (ZS) I z,,~,~ ~ (~) Tx ( ~  ( i  + [X~,  - -  x~,  
1~ 

where T~ : C (m)e-lsl~e~A (h~ ~ e-~)(l ~ I s l) ~n+a and ~n the  d e d u c t i o n  o f  t h e  ~aae ~ n e q u a ~ t y  we used  
c o n d i t i o n  ( 1 . ~ 2 ) .  

S~nee ~ (s) ~ Z~,~ , t hen  by (4) ] ~ (s)]~,0 ~ C (m)e~Ae-I ~l~ . ~ e r e f o r e ,  by the  ~ g e r p o ~ a t ~ o n  
theorem ( s e e ,  f o r  ~ n s t a n c e ,  [ 9 ] ) ,  I ~  (s)l~L~ ~ C~ (m)e-V,e-ls.6 . Hence 

and consequently 

~YI¥~ 9 [ ~%iB~ ~ (s) C 1 (m) e-'Ae-51sl Ilk(j, '~,) ~ V k, "~1 

Z 8 -~ )ii~ 
~ ̂ V,V.~ O %~%5 I ~G~ ~ (s) I~'u, '~:) < CT~ . < C~T~. . Ct + I ~ ,  - ~ j ,  I) ~ 

3 

Therefore condition 

(16) 
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From (15) and (16) by Schur's criterion (see [i0, p. 33]) we obtain that I~ @)l~,~-~<Cr, 
whence for q~Um * follow estimate (2.30) and an analogous estimate for ~G/~'. Estimate 
(2.31) follows from the form of Eq. (2.26). The inclusion 6~A~ (U~, ~.~) follows from an 
analogous fact for the operator B. Part b) of the lemma is proved. 

The existence of a measurable set O ~ satisfying (i) and the assertions of part c) are 
proved analogously. 

. Proof of Lemma 4 

Let us denote by E s the space c$,% x r~ with the norm 
~-'/' II Y Ill ], and by Es* the space conjugate to E s with respect to the pairing <<., .>> 
the norm (q, ~, Y) I(~*,~) = l q ]~ @ e;l. I ~ ]~ @ s'/, I] Y II~-~ • If eo << i, then for j = i, 2, 3, 

diS~E. (O~*, 0 m ~ 0~) ~ C -1 (~) 

[see  ( 2 . 4 ) ] .  By ( 1 ) ,  L e n a  3 and the  Cauehy e s t i m a t e s  

Y ~ A~ (O~, Eo), s IF (~) ~o) ~ C (m) s'/, In ~ s -~, 

s l F (~)  - F (~)l~o> < C (m)[ O~ - -  ~ I(o) s'/". In~ s-~ 

I ( q , i , u )  l(~) = l q i  : + ~ - ' / ' 1 ~ 1  ' +  
with 

for every ~, ~,. ~ ~ 0% 
as follows : 

We denote (q(t), E(t), y(t)) = ~(t) and rewrite Eqs. 

(l) 

(2) 

(3) 

(2.22), (2.23) 

~ = ~F (~ (t)). (4) 

By (i) and (2), for 0 < t < 1 and ~o << 1 the solution of (4) depends analytically on ~(0)~--_ 
O3m and does not leave--Om=~ Let St: Om 3 + Om ~, 0 ! t ! 1 be the shift by time t along the 
trajectories of (4). From (2) and (3) it follows that 

1 ~ - s '  (~))[~0)< c (m) t¢/~ ~,~ ~-~, (5)  

[ St (D) --  D --  taF (~)I~o) ~ C (m) tzg h In 20 s-L (6) 

S~nce the  map F 28 ~ n ~ a r  Sn ~ and q u a d r a t i c  ~n y ,  ehen by L e n a  3 a=d Gauchy S n e q u a ~ t y  
f o r  ~ ~ and r = 0, 1, 2, . . .  

~ ~ F  ( ~ ) ~ . . . ~ , ~  ~ c~ (m)s-v~ In ~ ~-~, 

whence estimate (2.34) follows. 

Since G(q)~ , then ~G(q)~_~.o = G~(q)~o.~. ~erefore, by the estimates of Le=a 3 
for ~ ~ 0~ ~edF (~) ](_~),o (-~) ~ tC (m)e ~/~ In ~ ~-~; and for ~ ~ 0 ~ 

I [ - -  dS~ (0) I~-~), <-=) < tc  (,,0 ~'/' ~n~ ~-', 
~I - -  dS ~ (~) + t~ dF (~)I~-~), (-~> ~ t~C (m)  e*,', In  ~ 8 -~. 

L e t  ~ ( t )  be a s o l u t i o n  o f  (4) and ~ (0) = (q0, ~o, ~0) ~ O~ . Then y ( t )  
v e r g e n t  s e r i e s  i n  powers o f  ¢: y ( t )  = yo + c y * ( t ) ,  cy 

(7) 

(8) 

is expanded in a con- 
*(t) = eyx(t) + e2y2(t) + ..., where 

t 

ul (t) = J ~ p (q (r)) + 2a  (q (r)) Uo dr, 
0 

t 

g~'+l (t) = 2J f G (q (r)) g~ (r) dr, k ~ 1. 
D 

Using Lemma 3 and estimates (5)-(8), we conclude from these formulas that for yX = y~(1), yj = 
yj(1), j = i, 2, ... 

8'h I! Y~ Ii~ O @ ~,'~ (I d,~/110°,~ @ [d~ ~ I°-~-, -~) -~ C (rrt) ~n e E -~, 

II ~ - ~ II~ + sv:(I d ( ~  - ~)Io°,~ + I d (u ~ - -  ~)I-%,o) ~ C (m) ~ °  s-~, 

(9) 

(lO) 
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]] Vu < Am+~y, ~ ( ~  - -  Fv) ) !]~ < C (m) e In ~ e-L (11) 

From (5) and (9), the estimate (2.35) of Lemma 4 follows. 
t R O R By ( 2 ) ,  S (Om+x)~ m ; t h e  t r a n s f o r m a t i o n  S t i s  c a n o n i c a l  a s  a s h i f t  a l o n g  t h e  t r a -  

j e c t o r i e s  of a Hamiltonian flow [3, 14]. Assertion a) of the lemma is proved. 

Let ~Om+~, Sm (~) ~ ~ ~ e~ . We write the transformed Hamiltonian as follows: 

Hm (Sin (~; 0); 0 ) =  Ho m+:t (~, g; 0) + e [ ( ~ - - F ~ ) - ( 1  n + ~m+l)ll + 
+ e.[<A~+~g, g~ - -  F~>]~ + (e~/2) [(Am+~g ~, g~)h + e [--  Ou/O~' + gh  + 
+ e [(--  0~/0o)' + h).~]~ - -  e [<0~/0~' - -  A ~ + : ~  - -  ~, y>]~ - -  

- -  e [<(OG/O~' - -  2A~+~JG - -  B) y, y]~ + < [ H ~  (~ + e~ ~) - -  H .~  (~)]s + e [H~(~) I , .  

(12) 

We denote by AjH the functional in the brackets [.]j (together with the preceding factor). 

LEMMA 72 For ~Om+~ and j = I, ..., 8 the following estimates hold: 

I ~ I ° ~ C (m)~% In ~¢ 8-1, 

II v , ,as~  I1~ ~< c (m)~ ~n ~° ,-~. 

Proof. Estimates (13) for j = i, ..., 7 follow easily from inequalities 
for j = 8 they follow from (i), (5), (2.8) and the Cauchy estimate. 

(13) 

(14) 

(5), (6), and 

Let us prove inequalities (14). Let Hy: E_=~ + y2 be the natural projection. Then 
I Hy I ( _ ~ , . ) , ~ e - ' h .  Since 

V~ (e ( ~  - -  f~ ) .  ( i  n + ~+~))  = H~ o d (Sin - -  I - -  eF)* (~) (0, l~ + ~+~ ,  0), 

then for j = 1 estimate (14)follows from (8). Since 

Vua~H = V u (A.+~y,  e (y~ - -  FU)> + eA~÷~ (y~ - -  YO + sd (y~ - -  y~)* A~÷~y, 

then for j = 2 estimate (14) follows from (I0) and (ii). By the equality VAaH = sad(~y~) *- 
Am+~ey ~, estimate (14) for j = 3 follows from (9). 

By Lemma 3, A~H E A~H = 0 and 

!1V~.H ti~ ---- e~ II A* IJ~ ---< C (~) ~'/., 1! W ~ H  !!~ ---- 2e~ ]] ABy I]~ < C (m) e%, 

which proves (14) for j = 4-7. 

It remains to verify (14) for j = 8. Let us write VyA~H as follows: 

V~sH = e [V,H~ (~ + ~) -- V~H~ (~)l + eH~ (de~)* V,~ (~) I~=~+~. 

From (i), (5), (2.8) and the Cauchy estimate it follows that the first term in the right hand 
side of the inequality satisfies (14). Since IV~H~m (~)I(-~,.)~C (m), the estimate (14) for 
the second term follows from (7). 

Assertion b) of Lemma 4 follows from~inequality (12), Lermmas 2 and 7, and the fact that 
~0 << 1 .  

5. Equation of Oscillations of a Nonlinear String 

Let V(a,x)~ C ~ (R ~ × [0, ~]), --~/~ V(a,x)<K~ . The Sturm--Liouvilleoperator --82/~x = + 
V(~, x) defines a self-adjoint positiveo~ ~perator ~ in L~, D (~) = ~ ~oH~---~---o~ (here and 
everywhere further L~ = L= (0, ~), H = H ~ (0, ~), ...). Let us set Q = H ~ x H , M a = 
~= X ~, l w I~ = I M~ l'w i~,~×~ • Let us define in Q the following families of operators: W, = 
M~o ~ o M~, J~ (w ~, w ~) = ( ~ / ~ w  ~, - -  ~ ' w  ~) • L e t  { ~ ( a ,  -) [ ] ~  - -  n + ~} be  an  L ~ - o r t h o n o r m a l i z e d  
s y s t e m  o f  e i g e n f u n c t i o n s  o f  ~ w i t h  e i g e n v a l u e s  ~ j ( a ) .  j ~ - n  + 1 d e p e n d i n g  s m o o t h l y  on  a 
s u c h  t h a t  

~l÷l (a) ~ ~l (a) Va,  V l  ~ 11. (1)  

Since V > --1/2, then ~j(a) > 1/2 for all j. Let us set wf = (~s, 0)l~j, w~= (0, ~s)IXi, ~s = ~'- 
The family {wj + lJ > --n + IT forms an orthonormal basis in Q~ satisfying (i.i). 
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Let f(u, x)~ C' 

for real u. We denote /~= sup {I/(u,x)IIlu] < z, x ~ [0, ~]} and define the functional 

/ ~  (w ~ (x), w s (x)) = I f  (w ~ (x), x ) d x .  Then 

VaH~ (w', w =) = (~;~;~ (w ~ (x), x), O) 

and in the case under consideration Eq. (1.3) becomes 

-- ~ a  -I ' ~ = ~ / ' ~ ,  e~ = ~'/' (~ '  + ~ ~ (w ~ (x), z)). 

Hence 

(C* x [0, ~]), f(0, x) ~ 0 be a function holomorphic in u that is real 

(2) 

(3) 

~ = (SSlOx= - -  V (a, x)) w ~ - -  sT ;  ( ~  (x), x). (4) 

Equation (4) is the equation of oscillations of a string in a nonlinear-elastic medium. 

By (i) and the asymptotics of the spectrum of the Sturm-Liouville operator, we have 

I s]  (a) - -  (i ÷ n) s l < c  Vi ,  Va.  (5) 

Moreove r ,  pj  # p l  f o r  j # Z. T h e r e f o r e ,  a p p l y i n g  t h e  p e r t u r b a t i o n  t h e o r y  to  t h e  s i m p l e  e i g e n -  
v a l u e  Uj ( s e e  [11] )  we o b t a i n  t h a t  ~ j  and pj  a r e  d i f f e r e n t i a b l e  f u n c t i o n s  o f  t he  p a r a m e t e r  a 
and t h a t  f o r  a l l  j 

~ / ~  = l (ov/~.~) ~ & ,  
I ~ (a~,x) - -  ~ ( a s ,  x) I G ~  C l a z - -  a~ [~;  la~ i ,  la~ I ~  2. 

From (5) and (7) f o r  e v e r y  j Z 1 and ~ L 0 by i n d u c t i o n  on ~ we o b t a i n  f o r  l a ~ [ ,  
inequalities 

I ~ (a~, x) - ~ (a,, x) I.~ < C~ I a~ - a~ I,i u~. 

(6) 

(7) 

[a~ I < 2 the 

Assume that the following general position condition is fulfilled for the family V(=, x)~ 

K~ ----Idet (A~) [ ~= 0, Ai~ = (4~) -~/~ f (OV(O, x)/Oa~) (p~ (0, x) dx. 

Then by (6) t he  map 

(8)  

(9) 

a ~+ o) = ()~l-n, ~s-n . . . . . .  ~0) (10) 

d e f i n e s  a d i f f e o m o r p h i s m  o f  a c l o s e d  n e i g h b o r h o o d  o f  z e ro  o n t o  a b a l l  ~o [ s e e  ( 1 . 2 ) ] ,  ~ ,  = 
~ ( 0 ) .  The r a d i u s  Ko o f  t h e  b a l l  may be chosen  depend ing  o n l y  on KT, Ks,  n ,  and l~ .  

E q u a t i o n s  (3) f o r  e = 0 and ~ ~ flo have  i n v a r i a n t  t o r t  UaT '~ (I), I ~ 3 ~ R n, d e t e r m i n e d  
as  i n  Sec .  1. L e t  us v e r i f y  t h a t  f o r  Eqs .  (3) and t he  f a m i l i e s  T n ( I )  c o n d i t i o n s  1) and 2) o f  
Theorem 1 a r e  f u l f i l l e d .  L e t  0 ~ Q  C be bounded domain c o n t a i n i n g  [ j  {UaT ~ (I) i I ~ 3 ,  [a I ~  2). 
S i n c e  f ( u ,  x) i s  a n a l y t i c  i n  u,  t he  map 0 ÷ H z,  (w x, w ~) ~+~0~ w (w~(x ) ,  x) i s  bounded and an -  
a l y t i c .  Therefore, by (2) and the remark following Theorem i, in order to verify condition I) 
it suffices to show that (1.18) is valid. 

Let us consider the linear operator Ua ~ in ~ carrying ~j(0, x) into _~j(~, x). Let us 
introduce in .7{ the inner product <~, ~s>~ = (~0~, ~0~s)~ • The family of functions {~ (0, x) I~ 
~5~-- e ÷ ~}, ~]s = ~/~ (0), is anorthonormalbasis in ~ . By (8), for ~ = 2 we have I ~(~,z) -- 

fl~s (as, x) 1~ < C ] al - -  a s [/~ . Hence 
U 0 a l u .  l~-, w < C l . . ,  .~...< c .  ( n )  

Since U~ = I, then for sufficiently small K~ the estimate for the first term in (1.18) follows 
from (ii). The estimate for the third term follows from (7). 

For la l  < 2, we have I~ I~,L~ ÷ I -~ ~ -- a ~40 [L,,|,r{ ~ C Therefore ]~4~ ~ o vg.l~.~ < C~ , whence 
the estimate for the second term in (1.18) follows. 

Condition 2) of Theorem 1 for d = d~ = l,ka = I, ~(j) -- n follows from (5) and (6). We 
observe that the constant K in (1.10)-(1.14) and the constant K~ in (1.2) depend only on .~', n, 
Ks, Ky, Z, and the function ft that characterizes the growth of f(u, x) as [u[ -> m. 

Let 
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m~ = {V, (a, x) ~ C ~ I I V, (a, x) --.V (a, x) Ic, < Ks} (12) 

be  a n e i g h b o r h o o d  o f  t h e  f a m i l y  V(a ,  x ) .  I f  K s i s  s u f f i c i e n t l y  s m a l l ,  t h e n  f o r  e v e r y  V , ( a ,  x) 
f r o m  ~/~ we h a v e  [ d e t ( A ~ )  I > K T / 2  . T h e r e f o r e ,  f o r  V----- V , ~ ( ~  t h e  numbers  M~ and j t  i n  
p a r t  3) o f  Theorem 1 may be  c h o s e n  to  be  i n d e p e n d e n t  o f  Y , .  L e t  us  s e t  l ~ (V) = H (s .~ .  -~ ~EI* 
+ ?~E~.), where  t h e  p r o d u c t  i s  t a k e n  o v e r  a l l  s ,  $~ ,  y~ ,  k ,  j as  i n  p a r t  3) o f  t h e  t h e o r e m .  The 
f u n c t i o n a l  T(V) i s  a n a l y t i c  and n o t  i d e n t i c a l l y  z e r o .  

TttEOREH 2. Assume t h a t  c o n d i t i o n s  ( 1 . 9 )  and (9) h o l d  and l e t  t h e  f u n c t i o n  f ( u ,  x) and 
t h e  s e t  ~ be t h e  same as  a b o v e .  L e t  Ks > 0 be  s u f f i c i e n t l y  s m a l l ,  V.  ~ 9/~ and F (V.)=/= 0. 
Then t h e r e  e x i s t  an ¢¢~ > 0 and a s u f f i c i e n t l y  s m a l l  n e i g h b o r h o o d  9~ o f  a = 0 in  R n s u c h  t h a t  
f o r  Y = V, and ¢ ~ [0 ,  ¢ , ]  t h e r e  e x i s t  a m e a s u r a b l e  s u b s e t  Os ~ O 0 = ~[~ × ~ smooth  i m b e d d i n g  
~. - -  ~'0: T~-+  Q, 0 ~ ~ and l i n e a r  maps Ua: Q--+ Q, a ~ 91~, w±~h t h e  f o l l o w Y n g  p r o p e r t i e s :  

a) 2 0 ( T ~ ) ~ : ~  × ~ ,  U a ( ~ × 5 ~ ) = ~  × g/; 

b) for a ~  and all I such that 0 = (a, I)~ ~ , the tori UaY.o(T ~) are invariant with 
respect to the flow of Eqs. (3). Under the imbedding UaE 0 the trajectories of (3) are carried 
on T m into the curves of ~ = ~ (0) , where $~: O~--~I~ ~ is a Lipschitzian map; 

c) rues {a~ l(a,l)~ ~}-+0 as ~ ÷ 0 uniformly with respect to I~ :~ 

6. Change of the Symplectic Structure in Equation (0.i) 

In the notations of Sec. i let us assume that W a --- I, Q~ -- Q and that jao __ JsA~O, where 
A= ° = I J~°l and the operator Js does not depend on a. Then 

~ (~) = ~ ~ :  (~), A ° ~  (~) = ~(~) ~]: (~). (1) 
Let us consider a perturbation of (0.i) that is Hamiltonian with respect to the symplectic 

structure given by the 2-form <<Js', ">> (see [3, 14]): 

~ = z~ (A°~w + ~v~°~ (w, a)). (2) 

As in See. I, let us pass from the parameter a to the parameter ~ ~ flo, ~j = lj-n(a). By 
conditions (i), the map Um: Q ÷ Q is canonical. It takes Eq. (2) into 

~b = J, (A~ow A- a7Ht~ (w, ~o)) s 
(3) 

a,o ,~  = ~ <,o),o{, ,~? = ~ :  (~) la=o, ~ ~> - ,, + ~; ~v~, = H~ (uo (w),_,o). 

Let us define the tori T n ~I} (I ~ 3) , the domain 0 and the spaces ~r as in See. i. Let 
us denote Or = © ~ ' / ' .  

THEOREM 3. Assume that for d > 2 conditions (1.6), (1.9)-(1.11) of Theorem 1 are ful- 
filled and the,maps H A and VH A may ~e extended to Frechet complex-analytic maps H~: Or-+C, 
VH~: Oy-÷?~'/~ , and 

I H~ (w; .)I o, + I VwH,, (w; .)I~,'/~ ~< K Vw ~ or.  

Then there exist natural numbers Jl, MI and a real number Ka > 0 depending on K, K~, d, 
and n such that if for every Is[ < MI, i < j < k <_ jl and ~,, Ya = +l conditions (1.14) and 
(1.15) hold and K 0 < Ko', where Ko' > 0 depends only on K, KI, d, n, and KS, then for 0 < 
¢o < ~*, where ¢, • 0 is sufficiently small, there exist a measurable subset O~0 ~ ~0 = fl0 × ~ 
and--smooth imbeddings 

E = E o : T ' ~ - - ~ Q ,  Y , ( T ~ ) ~  ~, 0-~-(¢o, I ) ~ O ~ ,  

satisfying assertions a)-c) of Theorem i [with the obvious replacement of Eq. (1.15) by (3)]. 

The proof of Theorem 3 is based on the same ideas as the proof of Theorem i. It will be 
published in an author's paper in the journal "Izv. Akad. Nauk SSSR (Ser. Mat.)." 

As an example of application of Theorem 3 let us consider the boundary-value problem for 
the one-dimensional nonlinear Schrodinger equation with real potential V(x, a) (a ~ R n is a 
parameter) : 

t~ ---- i ( - -u"  A- V (x, a) u -f- 2eq~b ( I u ]~, x) u), 

u = u ( t , x ) , : ~ ( O , u ) ,  u ( t , O ) = u ( t , = ) = O .  
(4) 
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The potential V(x, a) and the function ~(w, x) are as in Seco 5. Problem (4) is a par- 
ticular case of Eq. (2) for Q = L2 (0, ~; C) with the inner product ~u,v>> = He! (z) (~)a~ 
and 

4 u  = iu, A~ = --O~/Ox ~ + V (x, a), H~ = l ~ ( I u ]~ (x), x) dx. 

Assume t h a t  c o n d i t i o n s  (1.9) and (5.9) hold~ and the s e t  ~ i s  as in  (5 .12) .  

~HEOREM 4. Assume that the number K s defining the set ~ is sufficiently small. Then 
there is a nontrivial analytic function r: ~--~R such that if r (v.)~=o, then there exist ~, > 0 
and a neighborhood ~ of a = 0 with the following property. For V = V~ and 0 < g ~ s, there 
are a measurable subset ~e~O 0 = ~ × $, satisfying assertion c) of Theorem 2, and smooth imbed- 
dings 

Zo : T ~ ~ Q, Xo ( ~ )  ~ ( ~  ~ HD (0, ~; C), 0 = (a, I) ~ 0~, 

such that the tori Z0(T n) are invariant for the problem (4). 

Theorem 4 is deduced from Theorem 3 in the same way as Theorem 2 is deduced from Theorem 
I. 
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