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PERTURBATION THEORY FOR QUASIPERIODIC SOLUTIONS
OF INFINITE-DIMENSIONAL HAMILTONIAN SYSTEMS,
AND ITS APPLICATION TO THE KORTEWEG-DE VRIES EQUATION
UDC 517.957

S. B. KUKSIN

ABSTRACT. A perturbation theory is constructed for quasiperiodic solutions of non-
linear conservative systems of large and of infinite dimension.
Bibliography: 17 titles.

Introduction

Let Z be a real Hilbert space with inner product {((-,-)), let JZ and A% be anti-
selfadjoint and selfadjoint operators on Z, and let HZ and HZ be analytic functions
on Z. Give Z a symplectic structure using the 2-form w#[&, n] = —(((J%)71&, n)).
Consider Hamilton’s equation on Z with Hamiltonian

AL = ((4%u,u))/2 + Hf (u),

namely,
u=J*(A*u+ VHju)), ueZz; (0.1)
and small Hamiltonian perturbations of it:
u=J*(Au+ VH(u) + eVH{(u)), O<ex 1. (0.2)

Suppose that the operator J# A% has purely imaginary spectrum {+ii?|j > 1},
and that
A=Cjh+o(j47Y,  di> 1 (0.3)

Equations of the form (0.1) and (0.2) arise in the description of conservative
physical systems. As a rule, (0.3) is satisfied if the system is spatially 1-dimensional
(see [1] and [2]).

Up to now there have been rather a lot of examples of equations (0.1) and (0.3) that
are integrable Hamiltonian systems (see [2]-[5]). For such systems it is typical for
there to exist finite-dimensional invariant manifolds .7 = %, filled with quasiperiodic
solutions with » basic frequencies (n = 1,2, ...). There are well-known averaging pro-
cedures that enable asymptotic solutions for perturbed equations to be constructed,
starting from these quasiperiodic solutions (see the survey [4], and [6]). In this paper
we study the following question: under what conditions does the perturbed equation
(0.2) have exact quasiperiodic solutions close to those belonging to .7 ?
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The main result of the paper is Theorem 2 of §2. It is proved there that if dim.7 =
2n, if the variational equation for (0.1) along 7" is integrable, and if on .7 there is a
nonresonant solution (a solution for which a certain finite set of resonance relations
are not zero) then most nearby solutions on .7 are preserved under the perturbation
(0.2).

In §4 we consider the Korteweg-de Vries (KdV) equation, for which .7 may be
taken to be the manifold of n-gap potentials (see [3] and [5], for example). Analy-
sis of the explicit formulas in [6] shows that the variational equation for the KdV
equation along .7 is integrable in the sense of Theorem 2. Thus most nonresonant
quasiperiodic solutions of the KdV equation are preserved under small Hamiltonian
perturbation.

The proof of Theorem 2 is based on previous work [7], [8] of the author, in
which a theory of perturbations of quasiperiodic solutions of linear equations (0.1),
(0.3) that depend on a vector parameter is constructed using an infinite-dimensional
Kolmogorov-Arnol’d-Moser (KAM) method (see [9] and [10], for example).

The author is indebted to B. A. Dubrovin and 1. M. Krichever for numerous
discussions on the properties of KdV-type equations.

We use the following notation. C,C’, C;,... are various positive constants that
do not depend on &; §,0’,5,... are small positive constants independent of ¢ and
representing radii of analyticity. For Hilbert spaces Z; and Z, the space of continuous
linear operators from Z; to Z, is denoted by L(Z,,Z;) and is given the operator
norm || - ||z,,z,- Analyticity of mappings defined on subdomains of Hilbert space is
understood in the sense of Fréchet.

References to formulas from another section are given as (2.3) (formula (3) from
§2), for example.

§1. Perturbation of quasiperiodic solutions
of completely integrable systems

Let Y be a Hilbert space with inner product (-, -), and let {Y;|t € R} be a family
of Hilbert spaces such that ¥y = Y and Y, C Y, when ¢, > ¢, and such that the
spaces Y; and Y_, are dual with respect to {-,-): Y_, = Y;*. Denote the norm on Y,
by || - |l;. Let AY:Y;,,, — Y, and JY:Y;,,, — Y;,j € R, be linear isomorphisms,
where d 4, d; > 0, such that AY and JY define selfadjoint and antiselfadjoint (possibly
unbounded) operators on Y. Suppose that 4¥ and J! commute, and that Y admits
an orthonormal basis {(ﬂjitj > 1} with the following properties:

1) A"(a;.t = AjAg/;f and Jygoji = Fs9] forall j.

2) {j"¢ji|j > 1} is an orthonormal basis in Y, for all € R.

Let # be a bounded domain in R", and #C (J > 0) its d-neighborhood in C".
Let A(]) be a family of selfadjoint operators on Y, analytic with respect to { € .7,
such that for all j

A(I)f,”,j-E = Af(l)ﬂl’f, A1) =AM < ClL - 6| YILILLesS, (1)

where the inequality assumes that /1;‘ (1) is analytically continued into .%¢. Fix a
point Ioo € #, and write 44 = A/(Ioo) and A9(J) = A7(I) — 4,4. Let

Yy=T"xF xY,;, T"=R"22Z", % =%,

2
Gu(8) = BY(6,.7) = T" x 7 x {y € ¥lllla < 0. @
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We identify the tangent space to % at an arbitrary point with E > Y,;, E = R*", and
give %, a symplectic structure using the 2-form «,, where

=% SH=TxFY:E+Y-ExY, (3)
in which (-, )¢ is the inner product on E x Y, #¥ = —(J¥)"Vand Y(q,1) = (I,—q),
(g,1) e E=R" x R".
Consider the Hamiltonian

Z(q,Ly) = h(I) + $(A1)y,y) + Hy(q,1,y), (4)
[Ha(q, Ly)| = O(I¥l3,),  do>da/2,

and perturbations of it having the form Z;, = # + £8H3(q, 1,y). To the Hamiltonian
#4 there corresponds the following Hamiltonian system (see [10] and [11]):

G=Vi, I=-V %4, y=J"VZh=JY(A)y+V,H, +&V,Hz), (5)

where V, is the gradient with respect to y relative to (-, -). When ¢, = 0 system (5)
has invariant tori 7"(ly) = T" x {Iy} x {0} filled with quasiperiodic orbits.
On making the following substitutions into (5) (see [9], p. 171)

a=9, I=I+ep, y=¢e), (6)
we find from (4) that in the new variables the Hamiltonian for system (5) becomes
A = ey h(lo) + (A(Io)y', ¥} /2 + Vh(Io) - p + g0 Ha.

The analytic function Hy = H,(@,p,)’; Iy) and its gradients with respect to ¢, p, and
y’ are uniformly bounded for 0 < g3 < 1. We regard the vector I as a parameter.
Suppose that
|det(0?h/01,01,)(I.)] > Ko > 0. (7)

Then on some neighborhood A € .7 of the point Iy = I, the substitution Iy — w =
Vh(ly) is analytically invertible. Subtracting the constant term &, 2h(Iy) from 7, we
obtain that in terms of the variables (6) system (5) has the following form:

9=V, b, Pp=-VNub, y=J'V,5, (8)
A =w-p+ (Aw)y,y)/2+eHi(p,p,y; 0).

The vector w 1s a parameter of the problem, and changes at the boundary of the
region Q = VA(A) C R".

The torus 7 = T" x {0} x {0} is invariant for system (8) when ¢, = 0 and for
all w. From the author’s earlier work [7], [8] it follows that for most values of the
parameter w = VA(ly) and for sufficiently small ¢y > O system (8) has an invariant
torus close to T in %, . In terms of (5) the results can be stated as follows:

THEOREM 1. Suppose that the nondegeneracy condition (1) is satisfied as well as
the following conditions 1)-3):

1) (Analvticity). For some 6 > 0,dy > d4/2, and d, € R with dy +d4 > 2 and
2d>, +d 4 > dj, and for all d > dy the maps

HjZ é’d(é) — R, V_VHJ'I ﬁd(é) — Yd+d25 ] = 2, 3, (9)

are analytic.
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2) (Spectral asymptotics).

W< Cr<C V), VI e 7S (10)
Aia =K j% +o(j%), Ais =K j¥ +o(j¥),
A= Ajahis = K3 j% + Ky + o(j4 175, (11)

whered =ds+d; > 1andk > 0. Hereifd, = 1 thenx >0 and C; < Cj~* in (10).

3) (Local regularity). If dy < d; then for all 0 < ey < 1 solutions to (5) with initial
conditions in @y (6) with dy = dy + dy + d 4 exist for all time up to some time T > 0
and remain uniformly bounded in T" x % x Yy,.

Then with these assumptions there exist natural numbers j, and M such that if the
Jollowing condition is satisfied.

4) (Nonresonance).

s - VA(L) £ A1 (1)A;] 2 Ks >0 VseZ", |s| <M, Vj, 1 <j<ji; (12)
|s - Vh(L) j:ij‘(l*)/ljj + 2 (L)) > Ks Vs eZ, |s| < M,
Vj:ka ISJ<k§]13
then for sufficiently small &g > 0 there exist in a neighborhood
F(01) ={lo€ Fl|lo; — Lj| <61V}
of the point I. (where 8; > 0 is sufficiently small and independent of &) a measur-
able set ©,, and a smooth embedding Z;,: T" — G, (), Iy € Oy, with the following
properties:
a) meas(.Z (01)\0,,) — 0 (&o — 0).
b) dist(Z;,(T7), T"(Ip)) < Ce3.
¢) The map
Z: T" x Oy — Gy (9), (g,1) — Z;(q)
is Lipschitz, and if 3(q,I) = (q,1,0) € ¥ then the norm of the difference L — 3 and
its Lipschitz constant are bounded above by C(p\)el' for all p; < 1/3.
d) The tori Z;,(T") are invariant with respect to the flow of (5) and are filled with
quasiperiodic orbits.
e) The number o, and the speed of convergence in a) are independent of I, (but
depend on the constants Ky and Ks in (7) and (12)).

REMARK 1. In the case when d; = d» = 0 (that is, when the unboundedness of
the linear part of the system is due to the unboundedness of the Hamiltonian), the
theorem is proved in [8]. When d, = 0 (that is, when the unboundedness is due
to the unboundedness of the operator JY of the Poisson structure), it is proved in
[7]. The proof in the general case goes by repetition of the arguments of [7], taking
account of two observations: 1) In Lemma 3 of [7] the fact that B{g) € ,Sfif) do+d,
implies that G(q) € oi’jjf) dotdyrd—1° 2) It is enough to prove the estimates of Lemma
1 of [7] with the a priori assumption [|y(1)||s, < C, with T = C["', and for initial

conditions (g(0),&(0), y(0)) such that |(0)| < 2/*/3 and |y(0)la, < &m /3.
REMARK 2. Assertion c¢) of the theorem follows from intermediate lemmas of {7]
and [8] (which were not included in the statement of the theorem). To obtain the
estimates b), note that the first few open sets #,, that appear in the definition of the
subsequent changes of variables S, of [7] can be chosen independently of . For the
corresponding changes S, in the variables (g, I, y) we have ||S,, —Id|l4, < Ce} = Ce.
For changes with high enough numbers in the list the estimate of Lemma 4 of [7]

suffices.
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CoRrOLLARY 1. Suppose conditions 1)-3) of Theorem 1 are satisfied, and Ko > 0.
Then there exist natural numbers j, and M, depending on K, such that if 7° € 9 is
an open set with smooth frontier, then, for all the points I. that satisfy (7) and (12), for
sufficiently small ey there exist a measurable subset @80 C 7% and smooth embeddings
L, T — G4 (0), Iy € ©0, with the property that

meas(J N\OY) —0 (g — 0) (13)
and assertions b)-d) of Theorem 1 hold (with ©;, replaced by @QO).

To deduce the corollary from Theorem 1 it is sufficient to approximate the region
70 from the inside by a union of nonintersecting cubes .% (J;). The convergence
(13) follows from assertions a) and e) of the theorem.

ExaMPLE 1. Analytic sequences of equations of the form

X7 =0H/0x;, X7 =-0H/0x], =12, (14)
H=H(,L,...), Ii=x>+x%)/2

(where H is an analytic function of its arguments) reduce to systems of the form (5).
The tort

:_x+

T"’(Io)z{x|xj+2+xj_2=210j, j=1,...,m O:x;+1 =X n+2=-~~}

n+l
are invariant for (14).
Close to the torus 77(/y), system (14) has the form (5) with g; = O after trans-
forming to coordinates (g,/,y), where € ¥ e R", g T", y = (yli,yzi, ...),and

qj:Arg(x;F—i—ixj_), 1<j<m y,i:xni[, I=1,2,.... (15)

Here A;; =1 and Aj‘([) =(0/01,+;,)H(I,,...,1,,0,0,...).
Theorem 1 can thus be applied to Hamiltonian perturbations of (14) if condition
(9) is satisfied (with dp = d4/2 and d; = 0) and

(001, )H(I,,...,1,,0,0,...) = Cj? + o(j* ), d>2. (16)
J

It is known that some equations of form (0.1) are completely integrable and by a
canonical change of variables they reduce to chains of equations as in (14) (see [2],
[5], and {12]). Roughly speaking, condition (16) indicates I1-dimensionality of the
system and is easily verifiable. Condition (9) is pretty restrictive. It is satisfied if the
change of variables taking (0.1) to (14) has the form

linear operator + smoothing.

For equations of Korteweg-de Vries type the integrating change of variables obvi-
ously does not have the necessary smoothing properties. _
In §2 below we describe an approach that is applicable to a wider class of nonlinear
systems.

§2. Integrable variational equations

Include the space Z in a family of Hilbert spaces {Z;|t € R} where Zy =Z,Z, C
Z, fort; > t,, and Z, = Z*,, and suppose that the antiselfadjoint operator J ZonZ
defines an isomorphism JZ: Z,,,, — Z,,t € R, while the selfadjoint operator 4% on
Z is a Fredholm mapping 4%: Z,,,;, — Z;, t € R. Write % = —(J4)~ .

Assume the equation (0.1) has an invariant 2n-dimensional surface .7 which is
foliated into invariant n-tori, so that 7 = @y(7T" x ) where . is a bounded open
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set in R” and ®y: T" x ¥ — Z, is an analytic mapping for each ¢ € R and the tori
@y (T" x {I}) are invariant for (0.1) forall /7 € 7.

Suppose @} (w5 ) = dI Adq, where w5 = (((FZ-,")), and the system (0.1) induces a
Hamiltonian vector field on 7" x ¥ with analytic Hamiltonian 4(I) = ZZ(®y(q,1)):

¢g=Vh), I=0. (1)
Then uy(t) = Pglqo + tVA(Iy), Iy) is a solution to (0.1). Consider the variational
equation for (0.1) along uo(¢):
0 = JZ(A%v + dVHE (ug(1))v). (2)
We continue with the notation used in §1. Also, let

U(d)={qeC"/2rnZ"||Img| < 5},
G5 (0) =0F (8,5°) = U(d) x T3 x {y € Y |l|lylla < 63,

where Y§ = ¥, @g C is the complexification of Y,. Let Z{ = Z; ®x C and EC =
E®rC= C2n,

DEeFINITION 1. The variational equation for (0.1) on 7 is said to be integrable if
there is a mapping

O :T"x FxY > Z, (g,1,y) — ®i(q, 1)y,

linear in y such that the following conditions 1)-3) hold.

1) Foreach (¢q,1) € T" x_¥ the mapping y — ®,(q, I)y is a canonical isomorphism
between Y and the skew-orthogonal completion (relative to w5 ) of 7, ;(7 ) in Z. The
symplectic structure on Y comes from the form wl = (77, ), #F¥ = —(J¥V)~L.

2) For ¢t > 0 the mapping

Y, = Z,n(®(q,1)Y), y—®i(q, 1)y
is an isomorphism. For some §; > 0 the mapping ®; defines a complex-analytic
mapping ®;: 7 (5;) — ZF.
3) The mapping y(t) — ®;(qo + tVA(1y), 1y)y(t) takes solutions of the equation

y(t) = TV A(Lo)y(2) (3)
to solutions of the variational equation (2) (here the operators A(/) are the same as
in §1). ’

Write ®(q,1,y) = Polq, ) + Pi(q,I)y.

ExaMPLE 2. Let dimZ = 2N, < oo, n = 1. Then equation (2) is linear with
periodic coeflicients. Since the surface .7 is 2-dimensional, the zero characteristic
exponent of (2) has multiplicity no less than 2. Suppose its multiplicity is exactly 2
and the nonzero characteristic exponents are purely imaginary and each of multiplic-
ity 1. Then, by the Floquet-Lyapunov theorem, equation (2) has complex solutions

exp(£id;(Io))wF (qo + th'(I); Ly),  0# (o) €R, j=1,...,Nz — L,

where wji(-;lo): T' — Z¢ is analytic and w; = w_j* Let Wj* = pjRew] and
Wj' = u;Im wf By suitable choice of the real numbers f; it is possible to arrange
that

(FAWP W) = 6(j,1)8(a, =B) Vil Vo, ==,
Let Y, ; be the linear span of the vectors {Wji(q,1)|j > 1}, Y = Y, and let
®,(q, ) be the linear mapping taking (I)f = Wji(qo,lo) to Wji(q,l). It satisfies all
the conditions of Definition 1.
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ExAaMPLE 3. Under the conditions of Example 1 the mapping ® = ®, + ®, can be
expressed using (1.15) as (g, 7,y) — x. The variational equation for the chain (1.14)
along the surface {77 (Iy)|l, € . € R"} is integrable in the sense of Definition 1.

Lemma 1. Under the conditions of Definition 1, for all (q,I) € T" x %, for some
d1 > 0 and u = Oy(q,I) we have

FZP(q,1TY A(I) + A7 Dy (q,1)

4

=2%(g, 1) = —dVHE (w)®y(g, 1) = F*(dg®1(q, ) VA(I)); @
—A(I) + ®}(q, A7 D\(q,1) = D} (q,)A(q, I); (5)
11 (g, Dl < C(t) V1ERV(g,T) € Ud1) x HE. (6)

Prook. It follows from clause 3) of Definition 1 that the function u(¢) = ug(zt) +
eD(g(t), In)y(t), where g(t) = go + tVAh(Il;) and y(¢) is a solution of (3), satisfies
equation (0.1) up to terms of order ¢2. Therefore

to + e(dy®1(q (1), Io)Vh(I))y + e®i(q(1), Io)y = i
mod & 720470, + VHE (uy))
wod € 17 (A7 g+ V HE (1))
+eJ 7 (A7 D(q(1), o)y + dVH{ (uo)(@1(q(1), To)y))-
Hence for all ¢, 1, and u = ®y(g, ) we obtain
d,®@1(q, [)Vh(I) + ®(q, )T A(I) = JZ A% D (q,1) + J?dVHF (u)®D\(q, ).

Thus (4) holds and
DIF D IV A+ DT AZD, = D7A°.
But dbffzdh = _#7Y, and so (5) follows since ®, is a canonical transformation.
The estimate (6) holds for 1 > 0 by clause 2) of Definition 1. Since &7 =
—/YCIJFIJZ and @, is canonical, we have ||®}|;; < C for / > d;, and so (6) holds
also for t < —d;. For t € (—d,,0) it now follows by an interpolation theorem (see
[13], for example). B

LeMMA 2. Under the conditions for Definition 1, for arbitrary t > 0 and 7' € %
there is 6 > 0 such that @ defines a complex-analytic isomorphism between G (8, %' €)
and an open set in ZC containing ®o(T" x 7).

This lemma follows from 1), 2), and the inverse mapping theorem.

THEOREM 2. Suppose eguation (0.1) has an analytic invariant surface .7~ =
Oy (T" x 7)) and the variational equation for (0.1) on .7 is integrable. Suppose that
for d > dy the maps Hjj: Z; — Rand VHJ-Z: Zy— Zyiq, J = 1,2, are analytic, and
that C; < Cyj ~4 jn (1.10); suppose also condition 2) of Theorem | is satisfied, as well
as the analog of condition 3):

3 Ifdy, < dj, then for all 0 < gg < 1 there exist solutions to (0.2) with initial
conditions in an arbitrary ball in Z,, defined for all time up to some T > 0 and
remaining uniformly bounded in Z,.

Let Ky > 0. Then there are natural numbers j| and M/, depending on Ky, such that
if 0 € 7 is an open set with smooth frontier then for all points I. for which conditions
(1.7) and (1.12) are satisfied, for all sufficiently small ¢ there exist a measurable subset
0?0 ¢ 70 and smooth embeddings Z;: T" — Z,, I € ©%, with the following properties:
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a) meas(.¥\8Y%) — 0 (¢ — 0).
b) dist(S;(T™), Do(T" x {I})) < Ck.

c) The map X: T" x 8% — Z,, (g,I) — Z;(q) is Lipschitz, and the norm of the
difference (2—®g)(q, I) and its Lipschitz constant in both variables is at most C(p;)e?!
SJorall py < 1/9.

d) The tori £;(T") are invariant with respect to the flow of (0.2) and are filled with
quasiperiodic orbits.

ProoOF. We restrict ourselves to the case d; = 0,d; = 0,d, = 2,dy = 1. The proof
in the general case differs from this only in that the notation is more cumbersome.

Let w, = d)*(w2) By condition 1) of Definition 1, w,(g,7,0) = a; for all g € T"
and I € F' (see (1.3)). Letw =(q, 1) e T" x 7' and Awr(w,y) = wa(w,y) = —as.

For operators from a family of spaces {¥;'} to a family of spaces { Y2}, write ||-||;, .,
for the norm of the operator regarded as a map from Y,} to Y,f. In Lemma 3 below
we have V! = Y2 = E€ x Y. '

LEMMA 3. For all (w,y) € @4(d) and 0 < 6 < 1 we have Awy(w,y) = (Z) ),

wy »
where F': 0p(6) — L(E x Y_g,E x Yy) is an analytic map. If &' is small enough,
then for (w,y) € G (8') the following estimates hold:

1 Z a5y l-66 < Cllylls V6 € [0, 1]; (7)
IdyFy (3)ll-0.6 < ClI3llo(1 + [I¥ll-g) V3 €Yy, V6] < 1. (8)

The map 7,,: ExY — E x Y is given by the operator matrix

[j;,y j;fy}
21 O >

.]wy

where

i % — L(E,E), 6>0,
P ofod)
G Z —_—
(]u;y(éw))k - <</ ow 5'11), a'wky>>

(i)
{7 o))
J2 %% - L(Y_g,E) VO,  (ji6y) = <<9*Zq> 5y, >> (10)
P Fe s LEY) V8, 3 0w) = 0} w)F (3‘1’15 w)y.

The maps (9)-(11) are arnalytic.
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ProOOF. It follows from the form of the map @ that

wr(w, y)[(dwy, dy1), (Swy, 6y2)]
= wr(w, 0)[(dwy, 0yy), (0w, 6y2)]

(7 (Ftow ) (S5 eu) )
<< 2(a‘g";w)awl+q>1(w)5yl),(aq;‘( )5w) >>
<< Z( w)d ) aq;%fjw)éw2+d)l(w)§y2>>.

Since w,(w, 0) = a», these equations give expressions for the elements of the operator
matrix, and together with (6) they give estimates (7) and (8) and the analyticity of
the maps (9)-(11). ®

Let {-, ) be the euclidean inner product on F, and denote the inner product on
E xY by (-, )o.

LemMMA 4 (Relative Poincaré lemma; see [14]). The form Aw; is exact:

A(l)2 = d(l)], Cl)]('lU,y)[é] = (Q(way)36>0:

where
Q:G(8) »Ex{0}CExY, (w,y)— 3(jl2y,0) (12)
is an analytic map. Moreover,
Quw,0)=0, dQ(w,0)=0. (13)

PRrROOF. Since Aw;(w,0) = 0, there exists a form w,; such that dw,; = Aw; on the
open set @y(J), where ¢ > 0 is sufficiently small, and ) is obtained from Aw, by a
cone retraction process ([10], §36; [15], Chapter 4):

1
w1 (w, P)[E] = /O A (w, 13)[(0, ), &1 dt,

where for £ = (£,,,¢,) € E x Y we have &' = (&, t&,). Lemma 3 gives

1 1
(W ) = [ y(0).E0de = [ 1By Eedr

which implies (12) and all the assertions of the lemma. B

LetJo = TxJY: ExY — ExY (see(1.3)). Then Jy = — %' Let %! = A+15,,
for 0 <t < 1. In view of estimate (7) the operator %/, is invertible for small y (recall
that d; = 0).

LEMMA 5. If 8 is sufficiently small, 0 < 6 < 1, and (w,y) € Gf (8), then (7)™ ":
Y — Y§ is a bounded operator, depending analytically on (w,y) € 75 (5). We have

o0

( my) b= _(1 - ZJO‘%J’y) lJO = _Z(tJOZ;y)nJO' (14)
n=0
Consider the nonautonomous vector field on g5 (6), 0 < 6 < 1:

[ee}

! )
= (Zu)” ‘Q<w,y>=—5§_%<uo%n (Tfiiyy-0). (15)
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By Lemmas 4 and 5 the equation
&=V,  E=(wy), 0<1<1, (16)
defines an analytic flow
St () - OF (8), SUG)) CGyd); 0<H<1,0<t<1,
for some ¢’ > 0. By (13) we have
S (w,0) = (w,0), dS'(w,0) =1d. (17)

LEMMA 6 (Relative Darboux lemma; see [14] and [15]). The map S' takes w; to
a; that is, S™ s = as.

Let II, be the natural projection from % = 7" x R" x ¥ to Y, and write
HAMNy S (w, y), HyS'(w,p)) = B (w, ).
LeMMA 7. There is 6; > 0 such that the maps B' — B°: 7,(6,) — R and
V(B! —8%): &(8)) — Y| are analytic, and for (w,y) € OF ()
(8" — 8w, )|l < CIyIIE, (18)
[Vy(B' = B°)(w, »)lli < CIIiE- (19)

The lemma clearly holds in the finite-dimensional case. In the infinite-dimensional
case it is a consequence of Lemma 1. We give the proof in §3.

By Lemma 6, the transformation ® o S! is a canonical diffeomorphism between
(41(8), a2) and an open set in (Z;, w% ). Under this transformation equation (0.1) is
taken to an equation on ¢ () with Hamiltonian # = #4(® o S'(w,y)). We shall
find # in two stages.

LemMA 8. For (w,y) € &,(d)
H(w,y) = Z%(@(w,y)) = 1{AU)y,y) + Hs(w, y), (20)

where the maps
H5:ﬁ1(5)—>R, Vstlﬁl(é‘)——* Y;

are analytic.
PROOF. Since # 4 (®y(q,1)) = h(I), we have
H(w,y) = h(I) + (@] A7 D1y, y) + ((P1y, A7 @y)) + HE (g + P1y) — Hf (Po).

By Lemma 1 the right-hand side of this equation is equal to the right-hand side of
(20) if we put

Hs = Hf (®o + @1y) — Hi (o) + ((@1y, A7 Do) + F( DAy, y) + h(1).
The analyticity of Hs and V,H;s follows from the form of H;. W
From (20) we obtain
#(w,y) = A(S'(w,y)) = 3(4)y,y) + Hs(w, y),
Hy(w,y) = B'(w,y) — B (w, ) + Hs(S' (w, ).
By the analyticity of the flow S’ and Lemmas 7 and 8 the maps
Hg: 71(5) = R, V,Hs: @(0) = T (21)
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are analytic. Write

Ho(w,y) = h%(w) + (h' (w),y) + 1 {4,(w)y,y) + Hy(w, ),
Hy(w,y) = O(Iy[}).

Since the surface .7 is invariant with respect to (0.1), it follows that the surface
7" x F' x {0} is invariant with respect to the equation with Hamiltonian /#. Thus
h'(w) = 0. As the transformation S' is the identity when y = 0, the curves ¢() =
qo + tVh(Ly), I(t) = Iy, are orbits of the equation with Hamiltonian /#°. Therefore
h%w) = h(I). Hence

Z(w,y) = () + 5((AU) + An(w))y, y) + Hi(w, y).
To the Hamiltonian # corresponds the following Hamiltonian system:

G =Vih+ XV(AT) + Ay)y,y) + ViH, (22)
j: —%<Vthy’y> _VqH7a (23)
¥ =TV ((AI) + Ap)y + V, Hy). (24)

Let 3.(¢) = (qo + tVh(ly), Iy, ey(1)), where p(1) = J¥ A(Iy)y. From Definition 1,
the curve ®(3.(¢)) satisfies (0.1) up to terms of order 2. By (17)
(SH™'3,(t) = 3.(r) mod &
Thus 3,(¢) satisfies (22)-(24) up to terms of order ¢2. From (24) we obtain
TY ALp)y = TV (A(I) + A3 (w))y ~ mod e,

where w = w(t) = (qo + tVh(lp), Ip).
Consequently, A(ly) + A,(w) = A(ly), and the canonical transformation ® o S!
takes (0.1) to an equation with Hamiltonian

Z(q,1,y) = h(I)+ $(A(Dy,y) + Hy(q, Ly),  |H(a,1,)| = O(|yIl}).

that has the form (1.3), (1.4). In view of the analyticity of (21) and clause 3) of
Definition 1 the Hamiltonian /7 satisfies conditions 1) and 2} of Theorem 1. Since
®oS'! is analytic, it takes (0.2) to an equation with Hamiltonian % +¢Hg(q, ,y), and
for Hy the analogs of the maps (21) are analytic. Therefore with gy = &'/3 Corollary
1 can be applied to the equation with Hamiltonian /Z + ¢Hg, and this gives Theo-
rem 2.

§3. Proof of Lemma 7

LetIlz: ExY — EandIly: ExY — Y be the natural projections; let g (e,y) =
ej,1<j<2n, and

Iyp: E—-ExY, e~ (e,0) y: Y —-ExY, y~(0,p).
Then,; if &(¢) = (w(t), y(¢)) is the solution to (2.16), we have

. 1 & .
)=y V} = -3 >ty (o, ) "R Y2 y. (1)
m=1
Therefore
d .
E‘B’(wo,yo) = (A(D)y(1), y(1))

I = . .
= =3 2 LI A (@), (W F, ) YT v(D)e.
m=0
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Let ¢™s,, denote the mth term under the summation sign. Then
(%,y']on* ( )y(t) ( Zlfy)mnET]myy(l»

= (I} jul TY AU (1), (JoF )" T X Ju v (D)o
<]waYA(I)y(Z), HE( gﬂ )mnETjwyy( )>

From (2.10) we find that

2n
=3 (720117 a0, 25520 ) g (07 "I 000
j=1

By Lemma 1

(o arn gy =~({om G+ (2w 55r))

From (2.5) of Lemma 1

a0 (w) \\ 1 o
(@i, TGy ) ) = 550 (47w @ i)
10
= 35w,
(using the fact that (8/0w;)A(I) = (8/0w;)(A(I) — AY)). Hence

w
[({20(w)y, @y (w)y)) + {{(A(T) — A )y, y))]

2n
i1 a2
Sm= Y Shisiz, =g, (JF,,)"TILTji2y,
=1

st = (20w ov)) - %-6%] (2w, @y (w)y) + AT - A7), 9]

From clause 2) of Definition 1 and the Cauchy estimate for the derivatives of an
analytic function, for w € U(d’) x % and 0 < § < 1 we have

[[(0/0w;)®(w)llgs < C, J=1,...,2n. (3)
It follows from (3) and (2.7) that
sil < Ivlles Isiel < Iwllg™? (4)

for (w,y) € G (8). The estimates (4) and equation (2) give us (2.18). Turning now
to the estimate for the gradient of s,,:
Vysm=Z' + 22, E' =) "(V,sihsh, =) s)V,s);
J J
we find from (3) and Lemma 3 that
IZ'h < Clyihvllg . (3)

To estimate X2, consider the map 72 @y(6) — R. Write 1ts differential with respect
to y in the following form:

m—1
dysi2(w,y)3 = Dy(3) + D2(3 +ZD
=0
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where
D\(3) =g, (JoFy, )" Y123, Dy(3) = g, (JoF, )" TIE Y (dy j12.(3)y,
Di(3) = Hg, (JoFo,) (Jody Ty (3N (Jo T, )" I o I3 Y L2 0.

wy wy
From (2.10) and (2.7) with 6 = 1 and the Cauchy estimate we have

D13l < Gy I 130 -1
From (2.10) with § = —1, (2.7) with 6 = 1, and the Cauchy estimate we have

ID2(3)1 < Gyl 1311
From (2.10), (2.7) with 8 = 1, (2.8) with § = —1, and the Cauchy estimate we have

ID4(3)Ih < Gyl 113l -1

Therefore ||V, sh ||, < Cam||y||7+". This inequality together with (4) and (5) gives us
Vysmlli < Csml|y||7*!. Hence (2) implies (2.19) if §; is sufficiently small.

84. Perturbation of quasiperiodic solutions
of the Korteweg-de Vries equation

Equations of the form (0.1) which are integrable in terms of theta-functions (see [2]
and [16]) possess a large supply of quasiperiodic solutions. The variational equations
along manifolds filled with such solutions are integrable, and Theorem 2 can be
applied to the study of perturbed equations. We illustrate this using the example
of the Korteweg-de Vries equation in the space of 2z-periodic functions with zero
mean:

U(t,X) = —Usxx + OUU, (H
2n
u(t,x) = u(t,x +2mn), / u(t,x)dx =0. (2)
0

Problem (1), (2) is an equation of the form (0.1), where Z is the Ly-space of functions
on [0,2x] with zero mean; JZ = 9/9x; —f% = (J4)"': Z — Z is the operator
of integration with zero mean; Hf = [uldx; A% = —-8?/9x% D(4A?) = {u €
H2(0,27) N Z} (where HX(0, 27) is the Sobolev space of 2z-periodic functions).

We may take as the 2n-dimensional invariant manifold 7 the family of z-gap
potentials #(x) € Z the spectrum of whose Sturm-Liouville operator L, = —92/9x?+
u in Ly(R) has n prohibited gaps (lacunae) [E;;, Eyj,1], j =0,...,n (Ey = —o0) and
a double periodic spectrum {e;|j € N\#'}, |#| = n (see [3] and [5]). Let uy, ta, ...
be the spectrum of the operator L, on the space of functions with zero Dirichlet data
at the ends of the interval [0, 2x] and u; € [Ey;, Ey;1], 1 £ j < n. The invariant
tori T"(I) consist of n-gap potentials with fixed gap boundaries (depending on 7) and
with eigenvalues u,,..., 4, varying within the corresponding gaps.

By the It-s-Matveev formula (see [3]) the map ®y: 7" x .F — 9, ¥ € R”, has
the following form:

Do(g, I)(x) = =2(8%/0xH0(U;x + iq + 7).

Here 0 is the theta-function on C” having periods 2nifi,...,2nif, and quasiperi-
ods &,..., &, (fi,..., [, are unit vectors in R" ¢ C”, while &,,...,¢, is a basis in R”
that depends on I (see [16]). The vectors U; and Z; depend on I and are purely
imaginary, with U; € i/Z”. Solutions to problem (1), (2) lying on .7 are

—2(8%/ax)0(Uix + Fit + Z;), % = iVh(I) € iR", (3)
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where A(I) is the Hamiltonian of the restriction of (1), (2) to 7, expressed in terms
of the variables (g, 7).

In [6] the following explicit formulas were given for solutions for the variational
equation along the solution (3):

s 1 02 sy WUIX + Z1t + Z, £ 2A(es))
ns? Hx? O(Urx + #it + Z;)

wE(x,t)=e

- %ei’”’ei"”‘(—l + AwE(x Zit + Z1),

o 07 o OUrx + 2 + 2A4(e5)) — O(Urx + 2)
+ /. _ ,Fisx Fisx

AwFxz) = et gs [e s20(Urx + 2) } '
Here s € N\//, V0 € R, and A(e;) € iR™.

The restriction of # to iR” c C" defines an analytic function on the torus i7" =
iR"/2miZ", analytically depending on I and admitting an analytic extension to some
open set £C, § > 0. Since U; € iZ" we have Awi (-, q) € HX(0,2n) for all k.

The vector A(e;) has the following form:

€s
Ailes) = | Qi
E

where {Q;} is a normalized basis of the holomorphic differentials on the Riemann
surface corresponding to the torus 7"(7). Therefore 24(oc) = L € I where T’ is the
lattice in C” generated by the period and quasiperiod vectors of the function 4. Since
e; = 5% + C, where the C; are uniformly bounded, we have

2

(e n o)
24i(e) ~ Li~ [ Q=3 [ B Par(B) P aE
s I=1 N
(Psp41 18 a polynomial of degree 2n + 1). Therefore
|24;(es) — Lil < Cs™1. (5)
For g € T” and s € N\/" let
Wi (x,q) = n~ ' Ree™ (=1 + Awy (x, iq)),
W (x,q) = 2~ Ime™ (-1 + Aw] (x, iq)).

LEMMA 9. For all q and s

(FEWEC, @, WE(,q) =0 Vrs, (6)
(FEWF(,q), Wy () = ¢ £0, (7)
(FEWE(,q),8) =0 W eT,T. (8)

PROOF. Let .772"** be the manifold of finite-gap potentials which in addition
have open gaps corresponding to eigenvalues e, and e; with r,s € N\/" and r < s.
Let (91, 11,..., 00, In, 0., 1), 9., 1)), where ¢; € R/2nZ and I; > 0, be action-angle
variables for the system induced on .7 2*+4 (see [10] and [12]). Choose these in such
a way that {(¢,)|I! = Il = 0} = . Let h***4(I},...,I,,I',I') be the Hamiltonian
system in these variables. Then solutions of the variational equation along .7~ that
are obtained by varying the sth gap take the form

o0p,(t) = const, J1,(t) = const, w=1,...,n,

9
SIl(1) =0, &1I.(t) =const, Jpl(t) =0d9.(0)+t(@h* /01 (I),...,I,,0,0). ®)
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However, the solutions (4) also correspond to varying the sth gap. Therefore their
real and imaginary parts are as in (9). This means that the linear span of the vectors
W2 forms the tangent space at the point (¢, I1,..., ¢, I,) €T to the surface

{1, 11, ., 00, 1,,0,0, 0L, I)|p; € R/27Z, I] > 0}.

This implies (6) and (8), since in the action-angle variables the symplectic form is
dInde.

Next we turn to (7). First we show that the left-hand side of (7) is independent
of g. Translation along the orbits of the variational equation from ¢ to the point
qo + tVh is a canonical transformation. By (4) it can be split into the composition
of the transformation

Wi (o) = Wi (- qo + tVh) (10)
with rotation through an angle of £V,%;. The rotation transformation is canonical,
and therefore (10) is also canonical. Hence the left-hand side of (7) does not depend
on ¢. It is not equal to zero because of (6) and the nondegeneracy of #%. B

Let %4 (q) be the closure in Z of the linear span of the vectors Wt (q) = W*(-, q),
s € N7, and let #{(g) be the skew-orthogonal complement (relative to the form
(FZ2, N of T, ) in Z.

LEMMA 10. For all (¢,1) € T" x T we have £(q) = £ (q).

PrOOF. Lemma 9 gives A4 (q) C -#(g). Since the codimension of Z{(g) in Z is
2n it suffices to verify that codim.%(g) < 2n.

Let the functional H be the highest KAV equation whose critical point set is 77(7).
By Theorem 2 of [6] the splitting

L, = 1,(0,2n) =KerD*H o Im D?H
has the form

L, =KerD*H o (% +.%5),
Z =span{y? (- Ey_)li=1,...,n+ 1}, (11)

where L,y (x,E;) = Ejy(x,E)) and w(x + 27, E)) = w(x,E), [ =1,...,2n+ 1.
LetI1,: L, — Z be orthogonal projection. Since I1z.% = .4, it follows from (11)
that Z = %4 + I1; Ker D’H + I1,.%. There are real numbers ¢, ..., &, for which

e W, E) + e29(x, E3) + -+ + en W2 (X, Eapsy) = 1

(see [5], §6, for example). Hence dimI1;.% < n.

From Theorem 1 of [6] it follows that D? H(5u) = 0 only if the variation in the du
direction does not change the periodic spectrum of L,. Thus Ker D?H = T,(T"(I)).
Hence dim Ker D2H < n. This implies codim.%) < 2n, and the lemma is proved.

LemMMa 11. For all s e N\
Vi=534C(s)s, |C(s)| <C. (12)

ProoF. The V2 have the form
€5
VO= | w;, w3=K(z"%+9(z)dz, z=E"1/2
E,
(see [3]). Since e; = s? + ¢'(s), we have V¥ = K's® + O(s). Substituting wi into
the variational equation and considering only the terms of order s°, we find that
K'=1 R
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LEMMA 12. Forallqe T", s € N\, and m € N,
IAWE(:, g)llm < C"(m)s™ !,

where | - (|m is the norm on the space HJ"(0,2).

The estimate follows from (5), the Cauchy inequality and the fact that the theta-
function is bounded away from zero on the imaginary torus /R*/2niZ".
Let

Z;=ZnH;0,2m), Y= P (Ce**oCe ) c 2,
keN\Y

Y, =Y‘nZzZ, J=J%y.
For s > 0 define the following maps:

®,: FE(6,5) = Zs,  (q,1,c08lx) — (n/ /)W (x,q,1),

(g.1,sinlx)w (n//c)W, (x,q,1);
A): YE =Y, MXWWWW

By Lemmas 9 and 10 the map ®; satisfies condition 1) of Definition 1, by Lemma
12 it satisfies condition 2), and by Lemma 11 and (4) it satisfies condition 3). There-
fore the variational equation for problem (1), (2) along the manifold of n-gap poten-
tials is integrable in the sense of Definition 1.

We consider a perturbation of problem (1) (2), namely the problem (13), (2):

Ut X) = —thxex + 5 (3u +eg(u)), (13)

where ¢ is a real-analytic function. This problem is locally regular in the sense of
condition 3’) of Theorem 2 (see [17], for example).

As above, let .7 be the manifold of n-gap potentials (more precisely, its compact
part, which is invariant under the flow of problem (1), (2)). As a corollary of Theorem
2withd,;=2,dy=1,d; =1, and d; = 0 we obtain

THEOREM 3. Let Ky > 0. There are natural numbers j, and M, depending on K,
such that if 70 € .7 is an open set with smooth frontier, for all points for which

|detd?h/a1,01,| = |detd; /01| > Ky (14)
and the nonresonance condition {1.12) holds, where Vh(I.) = # (1) and ,V‘( DAy =
VJ-O (see (4)), there exist for sufficiently small ¢ > 0 a measurable subset @0 c 70
and a smooth embedding L;: T" — H!(0,2n),1 € ©Y, such that the tori Z;(T") are

invariant under the flow of problem (13), (2), are filled with quasiperiodic orbits, and
are such that assertions a)—c) of Theorem 2 hold (with Z,; = H}(0,2n)).
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