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We study a Laplacian operator related to the characteristic cohomology of a smooth
manifold endowed with a distribution. We prove that this Laplacian does not behave
very well: it is not hypoelliptic in general and does not respect the bigrading on forms
in a complex setting. We also discuss the consequences of these negative results for a

conjecture of P. Griffiths, concerning the characteristic cohomology of period domains.

1 Introduction

Let X be a smooth manifold and denote by £2°(X) its differential graded algebra of
smooth differential forms. Given a constant-rank distribution W on X, we consider the
Pfaffian system associated to W, that is the graded differential ideal [7* generated by
the smooth global sections of the annihilator of W in T*X. Pfaffian systems constitute
an important class of exterior differential systems, for which we refer the interested
reader to [2].

For a differential map f from a smooth manifold ¥ to X, it is equivalent for the
differential of f to have its values in the distribution W and for the pullback by f of any
form in 7 to vanish on Y; we call such maps solutions of the Pfaffian system. Hence, it
is reasonable to consider the complex £2°(X)/7*, endowed with the differential induced
by exterior differentiation on £2°(X). This is well defined since 7 is stable by exterior

differentiation. We define the characteristic cohomology of (X, W) to be the cohomology
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of this complex and we denote it by H? (X). More generally, we will attach the adjective
characteristic to the constructions related to the Pfaffian system. In [3, 4], this charac-
teristic cohomology is intensively studied. Remark that if f: Y — X is a solution of 7,

then one has a map in cohomology
f*Hy(X) — H*(Y).

In [12, Section III], the characteristic cohomology of period domains is the object
of an interesting conjecture. Period domains D are homogeneous spaces G/V, where V
is a compact subgroup of a Lie group G, encountered in the study of variations of Hodge
structures. To every variation of Hodge structures over a complex manifold S, one can
construct a holomorphic map from S to a quotient I"\D, where I" is a discrete subgroup
of G, and the well-known Griffiths transversality condition (a.k.a infinitesimal period
relation; see, e.g., [6]) states that the differential of such a map has its values in some
distribution W of I'\D, coming from a G-invariant distribution of D. The conjecture can

be stated as follows.

Conjecture 1.1. Let I" be a cocompact subgroup of G, acting freely on D =G/ V. If the
distribution W is bracket-generating and if m < mg, where my is some integer deter-
mined by the Pfaffian system J associated to W, then H7(I"\D) carries a natural pure

real Hodge structure of weight m. O

A real pure Hodge structure of weight m is a real vector space E whose complex-

ification E ®g C carries a decomposition

E@eC= P EP9,
pt+g=m
where EP? are complex vector spaces satisfying EP9 = E4P, The prototype of real pure
Hodge structure of weight m is the real cohomology in degree m of a compact Kéhler
manifold, as results from Hodge theory (especially the ellipticity of the Hodge Laplacian)
and Kahler identities (see [13] or [15] for instance). One idea to study this conjecture is
to develop an analog of Hodge theory in this characteristic situation. More precisely,
following [11], one defines a Laplacian related to the Pfaffian system and one can try to
prove that there is an isomorphism between its harmonic forms and the characteristic
cohomology. In the complex setting, if the Laplacian respects the bigrading on forms, we
get a Hodge structure on harmonic forms, hence on characteristic cohomology. However,
we will see that the picture is not so bright and that Conjecture 1.1 certainly needs to be

studied in another way.
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In the first part, we construct this characteristic Laplacian.In [11, Section III. A],
it is asserted that this characteristic Laplacian is hypoelliptic and that in this case
we have an isomorphism of the characteristic cohomology with the space of harmonic
forms. However, we explain why there seems to be no reason for the hypoellipticity of
the characteristic Laplacian in general and, in Example 2.10, we give an explicit coun-

terexample to the hypoellipticity in a complex setting.

Proposition 1.2. One can construct compact complex manifolds of dimension 3,
endowed with a contact structure, for which the corresponding characteristic Laplacian

is not hypoelliptic in degree 2. O

In particular, it seems difficult to understand the characteristic cohomology via
harmonic forms. As remarked by one of the referees, this result would be much stronger
if a Hodge-theoretic example was given. Look at Remark 2.13 for a discussion.

In the second part, we nevertheless study the characteristic Laplacian in more

detail and answer the following question, asked in [11, Section III. A].

Question 1.3. Let (X, h) be a Hermitian manifold, endowed with a holomorphic distri-
bution W. Let Wi denote the underlying real distribution in TX and consider the Pfaffian
system associated to Wr. What are the necessary and sufficient conditions for the char-

acteristic Laplacian to respect the bigrading on differential forms on X? O

We give an unexpected answer to this question in Theorem 3.1.

Theorem 1.4. The characteristic Laplacian never respects the bigrading, in any posi-
tive degree, when the distribution W is not involutive (in particular, when it is bracket-

generating, as in Conjecture 1.1). O

This is quite deceptive since it shows that there is nothing like a Kéhler condition
in the characteristic case. Indeed, in the classical case where the distribution W is the

whole space TX, we show in Theorem 3.2:

Theorem 1.5. A complex Hermitian manifold is Kdhler if and only if the Hodge Laplacian

preserves the bigrading on differential forms on X. O

It seems that the necessity part was not written yet in the literature. This result

and its proof are independent of the rest of the article.
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In this paper, if E is a complex vector bundle on a manifold X, we will denote
by Eg its underlying real vector bundle. Moreover, A and i are the exterior and interior
products on £2°(X) and all distributions are assumed to be of constant rank.

If A: E — E is an operator on some vector space endowed with an inner product,
and if F C E is a vector subspace, we can define an operator Ar: F — F by Ar =np o A,
where 75 is the orthogonal projection from E onto F. We will often emphasize that this

operator is defined only on F by writing Ar =nF 0o Ao 7p.

2 The Characteristic Laplacian

This section is organized as follows. In Section 2.1, we define the characteristic Lapla-
cian associated with a distribution for Riemannian manifolds. In Section 2.2, we
explain Taylor’'s counterexample for the hypoellipticity of the characteristic Laplacian.
In Section 2.3, we explain why the hypoellipticity does not seem to hold in general by
computing its principal symbol. In Section 2.4, we give a counterexample for the hypoel-
lipticity of the characteristic Laplacian in the complex setting which is the context of

the original question.

2.1 Definitions and notations

Let (X, g7%) be a smooth compact Riemannian manifold, endowed with a (constant-rank)
distribution W. We denote by F the annihilator of W in T*X; it is a vector subbundle of
T*X. We denote by §2°(X) the graded algebra of differential forms on X and we endow it

with the natural metric g?® induced by g”%. We consider

e 7 the algebraic ideal generated by the smooth sections Iy = ¢ (X, F);
e 7 the differential ideal generated by the smooth sections of F on X, that is
the minimal algebraic ideal containing the smooth sections of F and stable

by exterior differentiation.

Remark that J is the algebraic ideal generated by Ix and dIx. If (9;) is a frame

of F, the forms in 7 can locally be written as
D 0N
J
where ¢; are arbitrary forms on X, and those in J are of the form

Z@j/\(bj‘i‘de/\wj,
J

where ¢;, ¥; are arbitrary forms on X.
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Let Q be the orthogonal complement of 7 in £2(X). Remark that Q is naturally
graded. We define a differential operator for forms in Q by

do:=mgodomg:Q— Q, (2.1)
where 7o is the orthogonal projection from £2(X) onto Q. Since 7 is stable by d, we have
nmgodomg=mgod: 2°(X)— 2°(X). (2.2)

As a direct consequence of (2.2), we know
dQQ:nQodonQodonQ:erodzoer:O. (2.3)

Since Q is the orthogonal complement of 7 and J is stable by d, we know that Q is
stable by the adjoint d* of d and the restriction of d* to Q is d*Q, the adjoint of dy for the
natural L2-structure on Q. Indeed, if (respectively, ) is in Q (respectively, 7), then dS
is in J and this implies

(d'e, B) = (o, dB) =0.

Since this is true for any g in J, d*« is in Q. Moreover, if « and g are in Q, then

(d'a, B) = (a, dB) = (o, dop) (2.4)

and this shows that d*Qoz =d‘a.

Definition 2.1. The characteristic Laplacian Ag on X with respect to W is the differen-
tial operator on Q

Ag =dody +dsdg : Q— Q. (2.5)

O

Remark 2.2. In sub-Riemmanian geometry (where the distribution W is involutive), one
defines a sub-Laplacian on functions (see [16]). This sub-Laplacian is hypoelliptic and
coincides with the characteristic Laplacian in degree 0. In Example 2.5, we will see that

hypoellipticity can fail in positive degrees. O

Remember that we defined the characteristic cohomology of X (associated to the
distribution W) to be
H%(X):=H*(£2*(X)/J*, d), (2.6)

with the differential induced by exterior differentiation on £2°(X).
The characteristic cohomology of an exterior differential system was deeply

studied in [3, 4]. More recently, some aspects of the characteristic cohomology of period
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(or Mumford-Tate) domains have been treated in [17, 18]. In particular, it is explained
in the last reference that, in low dimensions, characteristic and de Rham cohomologies
coincide. Although written in a quite specific setting in [17], this is true in general, as
will be explained in a forthcoming note of the first-named author [9].

By definition of Q and dg, this characteristic cohomology is naturally isomorphic
to the cohomology of the complex (Q°, dp). An analog of Hodge theory would be the

following conjecture.

Conjecture 2.3. We denote by Hg(X) the characteristic harmonic forms, that is the
kernel of Ag. Then

° o(X) is of finite dimension;

e there is an orthogonal decomposition
Q*(X) =Hy(X) ® do(Q° (X)) EBd’é(Q'H(X)); (2.7)
e the natural application Hg, (X) — H%(X) is an isomorphism. O

In classical Hodge theory, one gets these results as consequences of the elliptic-
ity of the Laplacian. In the next section, we show that the characteristic Laplacian in

not even hypoelliptic in general. Hence we cannot really hope this conjecture to be true.

2.2 The question of hypoellipticity

We recall that if E and F are vector bundles over X and P: E — F is a differential oper-
ator, then P is said to be hypoelliptic if the following condition is satisfied: for every
local distribution u with values in E, if Pu is smooth on an open set U C X, then the
restriction of uto U is smooth. Elliptic operators, like the usual Hodge Laplacian, are
hypoelliptic. It is a natural question to ask whether Ag is hypoelliptic since this would
be the first step in order to prove Conjecture 2.3.

The best known sufficient condition for a second-order differential operator to

be hypoelliptic is due to Hormander ([14]).

Theorem 2.4 (Sum of squares condition of hypoellipticity). Let P be a second-order
differential operator from a vector bundle E to itself. Suppose that locally one can find

smooth vector fields Xj, ..., X} and a smooth function ¢ such that in a local frame of E,

k
Pu= (Zx§+xo+c>u

i=1
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(in particular, P acts componentwise). Then P is hypoelliptic if and only if Xy, ..., X

generate T X by brackets. O

In [11], it is suggested that this theorem implies that the characteristic Lapla-
cian is hypoelliptic when the distribution W is bracket-generating. We will first give a
counterexample due to Taylor [19] and then compute the principal symbol of Ag in order

to understand why the hypoellipticity certainly fails in general.

Example 2.5. A contact structure on a 3-manifold M is one of the simplest examples
of Pfaffian systems. It is the datum of a 2-rank distribution W on M which is bracket-
generating. For instance, one can take for W the kernel of the 1-form 6 =du— pdx in
coordinates (x, u, p) in M =R3. A natural example in which M is compact is constructed
as follows: we consider H® the 3D Heisenberg group, that is R® with coordinates (p, q, t)
and group structure (p,q.t) - (p,q,.t)=(p+p.q+q.t+t + %(pq’ — P'@). One checks
that the 1-form 6 =dt — %qdp—i— % pdq is right-invariant and defines a contact structure
on H3. Taking a cocompact discrete subgroup I of G, M= G/I still carries the contact
structure.

Locally, all contact structures on 3-manifolds are the same (however, the charac-
teristic Laplacian also needs a Riemannian metric to be defined; see also Example 2.10
for this important issue). Let M be a 3D Riemannian manifold with a contact form 6 and

the corresponding 2-rank distribution W. Let U be an open set in M. Then

e J°(U)=0,
o JNU)=%*U,RY),
o« JXU)=2*U), J¥U)=2°U),

and

o QUU) =%,
e QUU)=7F>(U,E),
e Q*(U)=0,Q*U)=0,

where E — U is the real vector bundle of rank 2, which is the orthogonal of R6 in T*R3.
In degree 1, the characteristic Laplacian is well defined on forms with compact support.
We have

Ay =dodh : (U, E) > ¢°(U, E)

and one can consider it as a second-order differential operator on E. Let us denote by

(X1, X») a (smooth) orthonormal frame of W over U and by («!, «?) the dual frame of W*.
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Using the metric, W* can be seen as a subbundle of T*M and E can be identified with
W* (see also the following Section 2.3).
A form u € L?(U, E) can thus be written u = e + poa?, with pu; € L2(U, R), and
dsu is given by
dou = Y11 + Yauz, (2.8)

where Vi, ¥, are first-order scalar differential operators on U.

In particular,

dy(uia') = Yip.

We claim that ¥ju; can be smooth (even zero) without u; being smooth. Indeed, as any
first-order scalar differential operator, ¥; can be written ¥; = X + f, with X a nonvanish-
ing vector field and f a smooth function. Let (x1, X2, X3) be some local system of centered

coordinates, star-shaped in 0, such that X = %; then ¥; has the form

0
Yi=—+ f(x, x2, x3).
8X1

Consider the function
X1
v(X1, Xp, X3) = €Xp (J f(t, x2, X3) dt) w1 (X1, X2, X3),
0

which is smooth if and only if ©; is smooth. We compute that

0 X
gv(xls X2, X3) =exp <J’ f(tv X2, XS) dt) Yllu/l(Xls X2, X3)'
1 0

Choosing v independent of x; but not smooth, one has Y, u; =0, proving the claim. O

Remark 2.6. In an analogous example occurring in the complex situation (Example 2.10),

we will need to be more precise. In particular, formula (2.8) can be made explicit:
dou = —div(u1 X1 + u2Xo), (2.9)
where div(X) is the divergence of the vector field X. O

In order to better understand why the hypoellipticity seems to fail, we will com-
pute the principal symbol of Ag. It will not show that Ay is not hypoelliptic but it will
at least show that the sum of squares condition cannot be applied, at least if one only

considers the second-order terms.
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2.3 The principal symbol of the characteristic Laplacian

Recall that we denote by F the annihilator of W in T*X. Let N be the orthogonal

complement of W in (T X, g"¥). Then, as a smooth vector bundle, we have
TX=W®N, and T'X=W"'@ N" (2.10)
We can identify N* and F as € vector bundles, and
I=%¢"(X, N*®A(T*X)). (2.11)

The quotient 2(X)/Z can be identified with the orthogonal complement of Z,
that is,
Quw(X) :=€>(X, AW"). (2.12)

In what follows, we do these identifications without further notice.

Since Z C J, Q= J"* can be viewed as a subspace of £2,y(X). The orthogonal com-
plement of Q in £2y,(X) will be identified with J/Z. We thus have the following decom-
positions:

X)=7 ® Lw(X) (2.13)

and
QuwX)=J/T & Q. (2.14)

All of these spaces are naturally graded. We define a map ¢ : F — A%(W*) by: for
0 eE>*(X,F),v,weE°X, W), set

PO (v, w) ;= (dF) (v, w) =—0([v, wl). (2.15)

We check that, for any x € X, ¢(0) (v, w)y depends only on 6y, vy, and wy.

The map ¢ : F — A?W* induces a map ¢ : FQA*W* — A¥2W* for any k. We will
assume that the rank of these maps is constant on X for any k. In particular, ¢(F& AXW*)
forms a vector subbundle of A¥*2W* on X for any k. Set F, := p(F®AW*) and let F, | be
the orthogonal complement of F, in AW* over X.

By construction, we thus have an orthogonal decomposition
AW*=F,®F,, (2.16)
and by (2.12) and (2.16), this decomposition induces (2.14), that is
J/IT=¢"(X,F,),

(2.17)
Q=%¢"(X,F, ).
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We denote by nr, and 7, , the orthogonal projections from AW* onto F, and F, . In
order to make computations with the operators on Q, we construct intermediate opera-

tors on AW*. First, we define
dyw =nwodomy: AW — AW*, (2.18)

where 7y is the projection from A(T*X) on AW* in the decomposition (2.13). Beware that
there is no reason for d, to be 0. The adjoint d};, of dy satisfies

dy=nwod omy. (2.19)
From (2.1), (2.18), and (2.19), we have

do=mgodyormg,
(2.20)

déZJTQOd;VOJTQ.

By (2.18) and (2.19), diy and dj;, are first-order differential operators on AW* and
their principal symbols are, for & € T*X,

o1(dw, &) = V=1 &wA,
(2.21)

o1(dy, &) = —\/—_11'5;;,,,

where &y is the orthogonal projection of £ on W* and &}, € W is the metric dual of &y.
By (2.17) and (2.20), dg and d, are first-order differential operators on F,; and

their principal symbols are

o1(dg, &) =~ —1ng, Ew A7,

(2.22)
01(dy, §) = —/—1ng, iz 7, | .
One also gets the adjoint formula of (2.2)
rgodong=domng. (2.23)
Taking the principal symbols of (2.2) and (2.23), we have
7F, §w A TF,  =TF, §wA,
(2.24)

TF,  ;,TF, , =Wy TE, | -
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Proposition 2.7. The characteristic Laplacian is a second-order differential operator on

F, | and its principal symbol is

02(Ag, &) =75, , (1Ewl* — ig; Tr, EWA)TE, , . (2.25)
O

Remark 2.8. The first term in (2.25) is the term suggested in [11] but the second term
was forgotten. Because of this second term, one cannot apply Hérmander's condition of

hypoellipticity; see Example 2.9. O

Proof of Proposition 2.7. By (2.5), (2.22), and (2.24), Ag is a second-order differential

operator on F, | and its principal symbol is

02(Ag, &) =nr, Ew A TE, ler,  + TF, I, 7F, w A TTF, |
=7F, §w N, F, | + TF, U, §w A TF, | — TF, U, T, Ew A TUF,
2 .
=75, (§wl® —ig,7r, SwA)TF, -

In the second equality, we use (2.24) and in the third, we use the identity

I Ew A +HEw A g, = |Ewl?.

The proof of Proposition 2.7 is completed. [ |

Example 2.9. We review Example 2.5 and compute the principal symbol of the charac-
teristic Laplacian in degree 1. With the identifications at the beginning of the paragraph,
Q! is the space of sections of W* and Q? is zero. Let n be in W*. Since, in (2.25), only the
projection &y of & is involved, we can restrict the symbol to the & belonging to W*. We

have

02(Ag, E)n=51>n — g, dx-7r, (€ A )
=[€1%n — i+ (5 A 1)
= [€1*n — (I&1*n — n(EM)E)
=n(EME.

In the second equality, we use that F, | (respectively, F,) equals AW* in degree 1 (respec-

tively, 2).
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If £ = (&1, &)' and n = (1, n2)! in an orthonormal frame for W*, we obtain

n £ E2m +§1-’§2’72>
ho, _ - .
02(Ag 8(’72) (&1m +$2ﬁ2)<gz> (5152771 + &30

Otherwise said, we have the equality

Xim + X1 X
_AQ<771) _ < 1m 1 ;772) +Xo<m),
12 X1 Xom + X5m2 12
where (X3, X7) is a local frame of W and X is a first-order differential operator, which

does not necessarily act componentwise. Since the second-order does not act componen-

twise, one cannot apply Hormander's condition of Theorem 2.4. O

2.4 The complex situation

In the remainder of the article, we will be interested in Pfaffian systems over a com-
plex manifold. More precisely, let (X, J) be a compact complex manifold; J induces a
splitting TX g C=TY0X @ TOV X, where T19 X and T®Y X are the eigenbundles of J
corresponding to the eigenvalues /—1 and —+/—1, respectively. Let T*:0 X and T*@V X
be the corresponding dual bundles.

We still denote by £2%(X) the space of smooth k-forms on X with values in C. Let

APUT*X) = AP(T*0X) @ AUT*OVX), QPUX):=C®(X, APYT*X)). (2.26)

Then 2P9(X) is the space of smooth (p, g)-forms on X, and 2*(X) = B prg=kR2PUX).
Let ® be areal (1, 1)-form such that

gx(, ) =0(,J) (2.27)

defines a Riemannian metric on TX. The triple (X, J, ®) is called a complex Hermitian
manifold. If O is a closed form, then the form © is called a Kdhler form on X.

We denote the holomorphic tangent bundle by 7;,X. Let W C T, X be a (constant-
rank) holomorphic distribution. We consider the Pfaffian system associated to the dis-
tribution Wk. Otherwise said, if we denote by F C T; X the holomorphic annihilator of W,
then the exterior differential system 7 we consider is generated by Fr C T*X. Beware of
the notations that differ from the real case. Remark that 7 is not only d-stable: it is also
9 and d-stable. Indeed, if Iy = ¥ (X, F) is the space of smooth sections of F on X, then
Ix =%¢>(X, F) and d acts on Ix (respectively, Ix) as 8 modulo Ix - 2%!(X) (respectively, 3
modulo Ix - 219(X)).
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Locally, if (6;) is a holomorphic frame of F, the forms in 7 can be written as
29]‘ ANy —i—éj A @i,
J
where v/}, ¢; are arbitrary smooth forms, and those in J are of the form

D 0i Ay 40 A+ dij Awj+dij A X,
J
where v/}, ¢;, wj, x; are arbitrary smooth forms.
We still denote by Q the orthogonal of 7. Besides the operator do, we also define
dg and dg by
dg:=mgodomg, dg:i=mgodoTmg. (2.28)

Moreover, as in (2.4), the adjoints of 9o and 3o (for the natural L2-structure on
Q) are the restrictions to Q of 3*, 8* the adjoints of 8 and 3.

If we denote by N the orthogonal complement of W in (T X, g¥%),

one obtains
decompositions analogous to those in the previous subsection. In particular, denoting

by 7 the algebraic ideal generated by Fg, one has the analogs of (2.11)-(2.14):
T=%(X, Ni®A(T* X)),
Qu(X) :=C™ (X, AWR),
(2.29)
(X)) =1 2wX),
QuwX)=J/T Q.

All of these spaces carry a natural bigrading. Denoting by ny the orthogonal

projection from A(T*X) onto AW, we define

awizﬂwoaoﬂw, aW:ZﬂWoaOﬂw,

(2.30)
a%:ﬂwoa*oﬂw, 8%:ﬂwo3*0ﬂw.
Then, we have, besides Equations (2.18), (2.19), and (2.20),
3Q=7TQ03W07TQ, 5Q=7ZQO(§WO7TQ,
(2.31)

dg =mg 0 dyy oMy, 5*Q=7TQ05;VO7TQ.

We still define a map ¢: F — A2W* as in (2.15). Since, in the definition (2.15),

we can take 6, v, w to be holomorphic sections, it proves that ¢ is a holomorphic map.

G10T ‘7 Joquada( uo DINJN e /310 s[euinoflpioyxo uwy/:diiy woly papeo[umo(]


http://imrn.oxfordjournals.org/

Characteristic Laplacian in Sub-Riemannian Geometry 13303

We still assume that the induced map ¢: F®AVI{1§ — AWE has constant rank. Set F, :=
P(FOAW*) and F, 1 the orthogonal complement of F, in AW* and let nr,, 7r,, be the
orthogonal projections from AW* onto F,, F, ;.
Then F,® AW* + AW*®F, and F, | ®F, | are vector subbundles of AW} ®g C over
X, and
AWE ®r C = (F,QAW* + AW*®F,) ® (F, | ®F, ). (2.32)

In this decomposition, we have, as in (2.17),

T/ =C>(X, F,Q AW* + AW*QF,).
) (2.33)
Q=%¢*(X,F, 1 ®F, ).

Example 2.10.

Example 2.5 can also be seen in the complex situation but an interesting phe-
nomenon appears in degree 1. Consider the complex manifold M = C® with complex coor-
dinates (x, u, p) and the holomorphic 1-form # = du — pdx. We denote by (-, -) a Hermitian
metric on M and by | - | the corresponding norm. Using the notations of this subsection,
W is a holomorphic vector subbundle of T, X of rank 2. Hence A2W* is of rank 1 and we
have F, = AW*. We thus obtain the following bidegree decomposition of Q over an open
set U:

o QW) =%€>(),

o QW) =F>U, W),

o QUNU)=E>(U, W,

o QLL(U) =€ U, WQW*).

Take (Xi, X;) a holomorphic frame of W on U and («!, @?) its dual frame. We
study the smoothness of harmonic forms for Ag in degrees 0, 1, and 2.
For fe L?(U,C), one has Ag f=0 if and only if dg f =0. Using the frames, one

obtains

do f=X1(fla' + X2(Ha? + Xi(Ha' + X (Ha’.

Since Xi, X», X1, and X, generate by brackets the tangent bundle of U, a function f such
that do f =0 is in fact locally constant. Remark that the same argument works for any
distribution W that is bracket-generating. This proves that the harmonic functions are
smooth.

In degree 1, let u=puia! + uoa? be in L2(U, W*) (here u,, uz € L2(U, C)). Such a
form is killed by AIQ if and only if it is killed by both dg and dj.
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We denote by div(Y) the divergence of a vector field ¥ and by dvyx the Riemannian

volume form on (X, g7%).

Lemma 2.11. The following identities hold:

2
dop=dop=Y Xjupal Ad', (2.34)
ij=1
2 .
dhp = —div (Z(M, al))_(i> . (2.35)
i=1
O

Proof. Since Q?°(U) =0, we know dou = dgu. The 2-form do* satisfies
de® (Y1, V) = Vi (@X(Y2)) — YVa(@*(%1)) — o*([%3, Va)).

Since (a!, @?) is the dual basis of (X;, X;), this simplifies to do*(V;, Vo) = —a*([V1, Y2])
when Y] is either a X; or a )_(j. Since the X; are holomorphic, the brackets [X;, }_{j] vanish
and do*(X;, X;) = 0. This implies that

2 2
dQ,u, = Z 5Q,uio¢l = Z )_(j(,ui)o_ﬂ N
i=1 i,j=1
For the second equality, one has, for every smooth function f,

(dow, f)=@5m, )

= (M’ aQ.f)

2
=ZJ X (P, oduy
i=1 "M

2
= ZJ Fdiv((u, o) X;)dvy.
i=1°M
Hence dju = —div(Z?zl(M, ah) X;). u

Using Lemma 2.11, if Alg,uzo, then }_(j(ui) =0 for all i, j from 1 to 2. Since the
X ; generate by brackets the anti-holomorphic tangent bundle, this is equivalent to u;
being holomorphic in the weak sense. Since 9 is an elliptic operator on functions, the

w; are holomorphic. This shows that the harmonic forms of bidegree (1, 0) (respectively,
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(0, 1)) are holomorphic (respectively, anti-holomorphic) sections of W* (respectively, W*).
In particular, they are smooth, contrary to what happened in the real setting.
In degree 2, consider a form v=>) vij@l Aal in L2(U, W*®W*). It is annihi-

lated by A% if and only if djv = 0.

2
i,j=1

Lemma 2.12. The 2-form v is harmonic if and only if, for k=1, 2,

2
div (Z(u, a A ak)Xl) =0,

=1

2

; S AN

div (Z(v, AN )Xl) =0. 0
1=1

Proof. We just show that the first equation is equivalent to the vanishing of 5*Qv. For

every (1, 0)-form u = u o' + pya?, we obtain

(@5, 1) = (v, dop)

2
= (v, > Xi(uoat A ak> by Equation (2.34) in Lemma 2.11
kl=1

> J Xi() (v, & A a¥) dog

ki=1"M

2
=— Z J frdiv((v, @ A o) X)) dvy.

ki=1'M

This is zero for all  if and only if div(}7_, (v, @ A ) X)) is 0 for k=1, 2. [ ]

It seems difficult to unravel these equations in general. We will only consider
two different choices for the metric.

Standard metric. In the particular case where the metric on C® is the stan-
dard one, one can choose for X;, X, orthogonal holomorphic vectors with zero diver-
gence (take X; = %’ and X, = pL + . Moreover, X; has norm 1. Then the equations of

Lemma 2.12 become

> Xl APy =0,
l

> Xiula® nd?) =0,
l
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UAak. One can take viy =vy; =vy, =0. Then the equations are simply

where v = a
Xiv11 = X,v1; =0. Since X, is holomorphic, [X;, X;]=0 and, by Frobenius theorem, one
can choose v;; constant in the directions of X; and X; but v;; not smooth. This shows
the existence of nonsmooth harmonic 2-forms.

Heisenberg metric. Consider the case where we see C® as the complex Heisen-
berg group (see Example 2.5), endowed with a right-invariant Hermitian metric and
with a right-invariant contact form. Choose a basis (X}, X,) of W at the identity e of
H3. Consider the corresponding right-invariant vector fields on H3, denoted by X’; and
X'5. Since these vector fields and the volume form are right-invariant, the divergences
of X', and X', are constant. Hence, to certain linear combination X; of X, and X} cor-
responds a right-invariant vector field with zero divergence. We can moreover assume
that X, is a unit vector and complete it to an orthonormal basis (X, X5) of W,. Thus, we
get a holomorphic orthonormal frame (X;, X;) of W and X; has zero divergence. Then,

the same argument as above shows the existence of nonsmooth harmonic 2-forms. [

Remark 2.13. Still considering a contact system on a 3D complex manifold, there is
another natural example to study. For more precisions, one can look at [5] or at the
general reference [7] on period domains of (real) Hodge structures.

This example is one of the simplest situations encountered in Hodge theory. Let
h be the nondegenerate Hermitian form of signature (2, 1) on the complex vector space
C3, given by the diagonal matrix with diagonal entries 1, —1, 1. We define a complex

Hodge structure (of type (1, 1, 1)) to be an h-orthogonal decomposition
C?) — H2,0 @ Hl,]. @ HO,Z

such that H?"! is a complex line on which h is (—1)! positive definite.

Writing (e;, e, e3) for the canonical basis of C3, then H2%°=Ce, H'! =
Cey, H%? = Ce; is such a complex Hodge structure that we call the standard one. Around
the standard one, the complex Hodge structures can be parameterized by three com-
plex coordinates (x, u, p) in the following way: let F2(x, u, p) be the line generated
by the vector with coordinates (1, x, u) and let F!(x, u, p) be the plane generated by
F?(x, u, p) and the vector with coordinates (0, 1, p). Then, if x, u, p are sufficiently small,
H2%(x, u, p):= F%(x,u, p), H"' 1= F%(x, u, p)*F' ®%P and H*?:=F!(x,u, p)*C define a
complex Hodge structure, the orthogonals being taken with respect to h. In this way,
the period domain D, that is the set of all complex Hodge structures, is endowed with

the structure of a complex manifold of dimension 3.
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Moreover, the real Lie group U(h) ZU(2,1) naturally acts on D and it can be
shown that this action is transitive, with stabilizer V = U(1)*® at the standard complex
Hodge structure. Hence, D = U (2, 1)/U(1)*®. Since U(1)*® is compact, one can endow D
with a U(2, 1)-invariant structure of Hermitian manifold.

Finally, we can also define a holomorphic distribution in the (holomorphic) tan-
gent space of D. Geometrically, this distribution gives constraints to the line H%°: more
precisely, we want the so-called infinitesimal period relation dH*° c H>*° @ H! =F! to
be satisfied. By this, we mean that the derivative v of a vector belonging to H%° has to
be contained in F!. In the coordinates (x, u, p), this simply means that the values of the
1-form (0, dx, du) have to be in the vector space generated by (1, x, u) and (0, 1, p), which
is equivalent to the vanishing of the 1-form pdx — du. Hence, we find again a contact
system, which is U(2, 1)-invariant.

In conclusion, we have defined a 3D complex manifold, with a Hermitian struc-
ture and a contact distribution. As before, we can ask whether the characteristic Lapla-
cian is hypoelliptic in degree 2 in this situation. But the computations seem difficult to
handle and we are not able to perform them at this moment. Our intuition is that there
is no reason for the characteristic Laplacian to be hypoelliptic; but if it were, it would
be very interesting to understand whether this is a general phenomenon coming from

the Hodge-theoretic setting. O

3 Answer to Question 1.3

The aim of this section is to prove the following theorem, which is an answer to ques-
tion 1.3.

Theorem 3.1. In the notations of Question 1.3 and Section 2, the characteristic Lapla-

cian never respects the bigrading on Q°® when the distribution W is not involutive. O

This section is organized as follows. In Section 3.1, we show that a complex
Hermitian manifold is Kahler if and only if the Hodge Laplacian preserves the bigrading
on £2(X). In Section 3.2, we establish a generalized sub-Kéahler identity. In Section 3.3,

we establish Theorem 3.1.

3.1 The classical case

First, we study the case where the distribution W is the whole tangent space T'X, which

is interesting for itself. We thus have Q = 2(X) and the characteristic Laplacian is the
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usual Hodge Laplacian, which we simply denote by A. Remark that Theorem 3.1 says
nothing in this case.

It is well known that, for a Kdhler manifold, its Hodge Laplacian preserves the
bigrading of the differential forms (cf. [13, Section 0.7; 15, Corollary 1.4.13]). This implies
the decomposition of the complex-valued de Rham cohomology in bidegree type for a
compact Kahler manifold; this was in fact the initial interest of the authors for the gen-
eral question 1.3. In [11, Section III. A], Green, Griffiths, and Kerr claimed that Chern [8]
proved that, for Hermitian manifolds, if its Hodge Laplacian preserves the bigrading of
the differential forms, then the Hermitian metric is Kdhler. After communications with
Professors Bryant and Griffiths, we realized that Chern did not claim this result in his

paper [8], and it seems that one could not find a proof in the literature.

Theorem 3.2. The complex Hermitian manifold (X, J, ®) is Kahler if and only if A pre-
serves the bigrading on 2(X), that is, A sends (p, g)-forms to (p, q)-forms. O

We first introduce some notations from [15].
For any Z,-graded vector space V=V* & V-, the natural Z,-grading on End(V)
is defined by

End(V)" =End(V") @ End(V"), End(V)" =Hom(V", V") @ Hom(V~, V1),

and we define deg B=0 for Be€End(V)", and degB=1 for BeEnd(V)". For B,C €

End(V), we define their supercommutator (or graded Lie bracket) by
[B,C]=BC — (—1)%8BdeeCcp (3.1)
Then, for B, B/, C € End(V), the Jacobi identity holds:
(—1)de8CdegB B’ (B C]] + (—1)%8B ¢ 8B[B [C. B']]
+ (—1)%8P 48 C [B', Bl =0. (3.2)

We will apply the above notation for §£2°(X) with natural Z,-grading induced by the
parity of the degree (cf. [15, (1.3.31)]).

We define the Lefschetz operator L =0 A on A**(T*X) and its adjoint A =i(O)
with respect to the Hermitian product (-,-)s.. induced by g7*. For {w;}7, a local

orthonormal frame of 709 X, we have

m m
L=v=1) w/anw/n, A=—V=1) i, (3.3)

j=1 j=1
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where A and i denote the exterior and interior product, respectively. The Hermitian

torsion operator is defined by

T:=[A,00]=[i(©),00]. (3.4)

Proof of Theorem 3.2. If (X, J, ®) is Kahler, then it is a classical result that A preserves
the bigrading on 2°(X); cf., for example, [15, Corollary 1.4.13] for a proof.

We assume now that A preserves the bigrading on £2°(X).

Let 0:=99* 4+ 9*3; 0:=30*+ 90 be the usual d-Laplacian and 9-Laplacian.
Then, as d=9 + 3 and d? =0, we have (cf. [15, 1.4.50)])

A=I[d d1=[0+3,0*+0*1=0+0+10, "1 + [, 8"]. (3.5)

As [, O preserve the bigrading on £2°(X), and [d, 8*]: 2°*(X) — 2°*T1*~1(X), we know
that A preserves the bigrading on 2°(X) if and only if

[9,9*]=0. (3.6)

By the generalized Kahler identities [15, (1.4.38d)] (cf. [10]) for E = C therein, we

obtain
[A, 0] =v/—1(3" +T%). (3.7)
From (3.7), we obtain
[0, 8*] = —/—110, [A, 811 — [9, T*]. (3.8)
But by (3.2), we obtain
[0, [A,0ll=1[A, [0, 311 + [0, [0, All (3.9)

As [0,0]1=208%=0and [9, Al = —[A, 3], we get from (3.9) that
[0, [A, d]]=0. (3.10)
From (3.8) and (3.10), we know that (3.6) is equivalent to
[0*, 71=0. (3.11)

By [15, (1.4.9)], the operator 9* has the form 9* = — > i,,;jﬁlfj" + 0-order terms; here VI¥

is a certain connection on A(T*X), thus [0%, 7] is a first-order differential operator, and
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its principal symbol o is as follows: for & € T*X,

o(&)=—=1) (& w) - lig, T]. (3.12)
J

By [15, Lemma 1.4.10, (1.2.48), (1.2.54)],

J=1

T=-Y""
2

> (00) (wy, wi, w)[2wF A DA Gy, — 28 w5 — wl Awk AT (3.13)
jK

From (3.13), we obtain

lis, T1=~=1 Y _(00)(wj, we, w)w* A li,, w'] A s,
jkl

=V=1 ) _(00)(w;, wg, m)w* Ai,. (3.14)
jk

By (3.12) and (3.14), Equation (3.11) implies that
90 =0. (3.15)

Thus, 3@ =90 =0 and dO® = 0. This means that if A preserves the bigrading on £2°(X),
then (X, J, ®) is Kéhler. [ |

Remark 3.3. After we sent our preliminary version to Professor Bryant, he sent us an
easier proof which works also in the almost complex case. Here is the argument:

Let (X, J, ®) be an almost complex manifold with almost complex structure J
and ® be areal (1, 1)-form as in (2.27). We suppose that the Hodge Laplacian A preserves
the bigrading. In fact, we may only suppose that A sends (0, 1)-forms to (0, 1)-forms. In
particular, A commutes with J: TX — TX. Using the following lemma, this implies that
J is parallel with respect to the Levi-Civita connection VI¥ on (T X, gT%). It is well known

(cf. [15]) that this condition is equivalent to the metric being Kdhler. O

Lemma 3.4. Let (X, g7¥) be a Riemannian manifold and L € ¥*°(X, End(T*X)). If L com-
mutes with the Hodge Laplacian A on 1-forms, then L is parallel with respect to the

Levi-Civita connection VT¥X. O

Proof. Let VAT'X (respectively, VE?4(T"X) be the connection on A(T*X) (respectively,
End(T*X)) induced by the Levi-Civita connection V¥ on (T X, g7%).
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For V¥ a connection on a vector bundle F, let A¥ be the Bochner Laplacian on F

TX)
’

associated to V¥. By definition, for {e;}; an orthonormal frame of (TX, g we have

A == 3 "UVEY? = Vi, 1. (3.16)
j J

As VAT'X preserves the Z-grading on A(T*X), we know that the Bochner Lapla-
cian AYTX on A(T*X) associated to VAT'% also preserves the Z-grading on £2(X). One
can relate A and AAT™0 by the Weitzenbock formula (cf. [1, Section 3.6]). In particular,
if « € 21(X), one has the equality

Aa=AT*q + Rica, (3.17)

where the Ricci curvature Ric is identified with a section of the bundle End(T*X) by
means of g7¥.

By (3.16) and (3.17), the principal symbol 02(A) of A is 02(A)(&) = |&|21dArx)
for £ € T*X. Thus, 02(AL — LA)=0 and AL — LA is a first-order differential operator.
We now compute the principal symbol o, (AL — LA) by computing lim;_, ., t ' e (AL —
LA)eY when t— +oo for any fe%>(X). By (3.16) and (3.17), we know, for any se
¢ (X, T*X),

01(AL — LA)(df)s = im t e WAL —LA) e s= —2i(v§jnd<T*)0L)ej(f)s. (3.18)
— 00

By assumption, one has
AL — LA =0. (3.19)

This implies 0;(AL — LA) = 0. Thus from (3.18), we know (3.19) implies
vEdT' X, — 0, (3.20)
The proof of Lemma 3.4 is completed. ]

Remark 3.5. In the first proof of Theorem 3.2, we use the generalized Kéhler identity.
When we began to clarify the situation of question 1.3, when there is a distribution, we
computed an analog of the generalized Kéhler identity in this case. This is the object of

the following subsection, which is independent from Section 3.3. ]

3.2 A generalized sub-Kahler identity

The Chern connection VX on T,X induces a connection on TX and on the bundle
A**(T*X) ([15, §1.2.2]). This connection is denoted by VTX In what follows, we identify
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T,X with T®9X and thus we denote by V"% the connection V%¥ on T®9X. For
veF®(X, TOVX), we define VI Xy =vT""X5, Then VX =vT""X ¢ vI"X Moreover,
we denote by

Te AX(T*X)Q TX

the torsion of V7¥,

By identifying N in (2.10) to T, X/ W, N gets a holomorphic structure from T, X/ W.
Let my be the orthogonal projection from 7,X onto N. We denote by (,) the C-bilinear
form on TX ®z C induced by g7%.

Let h", h¥ be the Hermitian metrics on W, N induced by h™X. Let V¥, V¥ be the

Chern connections on (W, k%), (N, h"). Then we have
VW = awVi ¥y, VY =gy VI, (3.21)
As W is a holomorphic subbundle, we know
A=VEX _ (V" ¢ vV e 7OV x @ Hom(N, W), (3.22)

where V' denotes the (0, 1)-part of a connection V. The adjoint A* of A takes values in
T*1.0 X @ Hom(W, N). Note that, for we W,ve N, U € TX ®g C, we have

(A" (U)w, ) = (w, AU)(v)). (3.23)

Then, under the decomposition T,X = W & N, we have

vwoo A
VI — . (3.24)
—A* VN

Let VW, V¥ be the connections on Wk, Ni induced by V¥, V¥ as above or as in [15,
(1.2.35)], respectively. Set
=VWq V¥, (3.25)

Let VW, ®VTX be the connections on A(WE), A(T*X) induced by V%, ®VTX as in [15,
Section 1.2.2], respectively.
Let {w;}", be an orthonormal frame of T39O X such that {w;}}_, is an orthonor-
mal frame of W. Then, by [15, Lemma 1.4.4], we have
m m

X - 1 _ : .
a=> w Av§f+§ D (T Wy, wi), wyw! A wk Ay, (3.26)
Jj=1 jkl=1
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and
m m
0 == i, VX = D (T(wj, wy), bx)is,
j=1 Jok=1
1 m
+ 5 ‘§1<T(wj, we), W)W A g, A g,
jki=

Note that, for any 1 < j,k<m, U € TX, we have
(VE*wk, wy) = —(w*, Vi¥w;) = — (e, VE%w;) = (V5%e, wj),
(VEX @k, ;) = (VEXwy, w;).

From (3.24), for1 <k<m, n+ 1<y <m, we obtain

n
~7x - TX - —_— -
VXD, =V, Wy, + E (AW w,, wiw;.

W
Jj=1

From (3.24), (3.28), and (3.29), we know that, on A**(T*X),

m n
~ ~TX _ _ . — i .
VIX=9V, =+ § : § [—(A*(wpwj, We) WP Al + (A(wg, wj)w! Aly,l

B=n+1 j=1

X m n
=0V, + D> D (Awgs, wi)(—bf Ay, +w! Aly,).

p=n+1 j=1

By (2.30), (3.25), (3.26), and (3.30), we know that

n n

. ~ 1 _ .

Ay = E wl A (VUV)? + 57;1 (T(wj, w), wl)wk/\lwl> .
j=1 =1

From (3.30), we obtain, forn+1<a <m,

n
. STX — Y\
T[Wlli)avwa Tw = — § (w]’ A(wa)wot>’“11)j-
=1

From (2.30), (3.27), (3.30), and (3.32), we obtain

n m
3 = Z (—i@jvﬁz - Z(T(wj, Wk), u_)k>iuv,-)
=1

k=1
1 n m n
+ o D (TCwj we), d)i Ad A, + 3 Y (w), Alibe)wa)ia,
Jkl=1 a=n+1 j=1

13313

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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n n
. ~ 1 _ . _
= E U, {—VUVZ + 2 E (T(wj, wg), wy)ly, A w!
j=1 kil=1

+ Y (wj, A wa) — (T (wj, wy), u‘)a»} :

a=n+1

(3.33)

We also generalize the definition of the operators L = ® A and A its adjoint, by defining
Ow € AV (W) as the restriction to AV (W) of ©. We thus get operators Ly and Ay on

A** (). By (3.3), we have

n n
Lw=+—1 wa ADIA, Aw=—+v—1 Zi@jiwj.

j=1 j=1

The Hermitian torsion operator is defined as in (3.4) and [15, (1.4.34)] by
Tw =[Aw, dwOwl.
We have the analog of [15, Theorem 1.4.11].
Proposition 3.6 (Generalized sub-Kéhler identity).

[Aw, dwl = V=135, + Tpp)

— V=1 YD (wj, Al we) — (T(wj, we), Ba) )i, Tw-

a=n+l j=1

Proof. Set my, =Id — 7. By (3.7), we have
JTwlA, 8]JTW = —1(5% + JTW,]_'*JTw).

Note that

7TwA7TW = Aﬂw.
From (3.38), we know

awlA, a]JTW:JTm/AJTWaJ'Ew—i-JTwA?TW,J_aJTW — Twomw ATy

=[Aw, owl + TwATw, L 0TW.

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)
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By (3.26) and (3.30), we have

m
ﬂwAﬂWLajTWZ —'\/—lﬂw E i@yiwyﬂwj_aﬂw
y=n+l

=V=1 )Y (wy A(De)wa)is, Tw-

a=n+1 j=1

13315

(3.40)

By (3.3), (3.26), and (3.30), we have dyw Oy = 7yyd @ my. Thus, similarly to (3.39), we

have
awlA, 30Olnw = [Aw, IwOwl + twArw, 10O TY.

By [15, (1.2.48), (1.2.54)], we have
/[Z1 & . .
00 == " (T(w;, wy), we)w' A w! ADF.
2 i,j,k=1

From (3.3) and (3.42), we know

m n
ﬁwAT[W’LHQJTW:— Z Z(T(wa, w])a u_)ot>w]7TW-

a=n+l j=1
Taking the adjoint of (3.41), from (3.35) and (3.43), we know
m n
ﬂWT*ﬂWZTm*/ - Z Z(T(lbou lb]), woz)iwjnw-
a=n+l j=1
Thus
B _ m n
ww T w =Ty — Y > (T(Wa, w)), Ba)ia,mw.

a=n+l j=1

Finally, from (3.37), (3.39), (3.40), and (3.45), we obtain

[Aw, owl =—1(3% + T3

— V=1 YD (. A wa) + (T (W, w)), Wa))ia, Tw.

a=n+1 j=1

From (3.46), we get (3.36).

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

Remark 3.7. Because of the presence of the double sum in (3.36), we do not know if

there is a nice geometric interpretation for the vanishing of 7y, except in the case where

W= TX, when the vanishing is equivalent to the metric being Kéhler, as explained in

Section 3.1.

O

G10T ‘7 Joquada( uo DINJN e /310 s[euinoflpioyxo uwy/:diiy woly papeo[umo(]


http://imrn.oxfordjournals.org/

13316 J. Daniel and X. Ma
3.3 The proof of Theorem 3.1

Remember the construction of the holomorphic map ¢:FRA*W* — A*T2W* in
Section 2.4. There, we assumed for simplicity that this map has constant rank. For the
purpose of Theorem 3.1, one can easily reduce to this case. Indeed, there exists an ana-
lytic subset V of X such that ¢ : F®A*W* — A¥2W* has maximum rank on X\ V for
any k. In particular, ¢(F&A*W*) forms a vector subbundle of A¥*2W* on X\ V for any k.
We can define the vector bundles F, and F, , on X\ V as before. On X\ V, we have the

decompositions (2.32) and (2.33) for forms with compact support; in particular
QNRUX\V)=C7(X\ V. Fy 1 ®F, 1). (3.47)

As X\ V is an open connected dense subset of X, the characteristic Laplacian Ag
preserves the bigrading on Q if and only if it preserves the bigrading on 9 N 22(X \ V).
Thus, we can work on X \ V instead of X.

From the above discussion, in the rest, we will assume that ¢(F®A*W*) forms a
vector subbundle of A¥"2W* on X for any k. Then we can use the formalism developed in
Section 2.4.

By (2.1), (2.28), as in (3.5), we have

Ag =[0g + ég, B*Q + S*Q] =0o + |i|Q + [90, é*Q] + [éQ, 3*Q] (3.48)

As g, ElQ preserve the bigrading on Q, and [dg, E_)*Q] 1 0% — 0*tl*~l we know that Ao

preserves the bigrading on Q if and only if
[0g. 051 =0. (3.49)

We would like to understand the operator [dg, E_)*Q].
For f e ¢*(X), by (2.30), we have

n

wf=Y wi(Hw ew, (3.50)

j=1
where {w;}7L, is an orthonormal frame of T"?X such that {w;}"_, is an orthonormal
frame of W. For £ € T3 X, let £* € Tr X be the metric dual of £. In particular, if £ e W*, then

E e W.
Since J is stable by d, 9, 9, as in (2.2), we have, as maps on £2(X),
ﬂQO@OT[Q:TL’QOB,

(3.51)
Tgodomg=mgod, TWgodomg=20"omg.
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Let hfv, hfe+ be, respectively, the Hermitian metrics on F,, F, | induced by h*"'

on AW*, which is induced by h". We recall that F, is a holomorphic vector subbundle
of AW*. As in (3.21), let VF+, VFer be the Chern connections on (F,, hfv), (F, |, hf«*). Let
VA" be the connection on AW* induced by VY%; then VA™" is the Chern connection on
(AW*, hAV"). Set

B=v"W'" _ (vl @ VvFii) e T"OV X @ Hom(F, |, F,). (3.52)

The adjoint B* of B takes values in T*1:0 X ® Hom(F,, F, ;). Then, under the decomposi-
tion AW*=F, ® F, |, we have

\vads B
VAW — ( ) . (3.53)
—B* V¥

We also denote by 7o the orthogonal projection from AW*® AW* onto F¢,L®F‘¢,l, and
75 =1d g a1 — 7o Then
TQ =TF, | Y ﬁFw.w
(3.54)

L_ - - -
ng =7nF, ®nF,, +7F,, ®nF, +7F, ® TF,.

Lemma 3.8. The operator [8Q,5*Q] is a first-order differential operator acting on

F, 1 ®F, . Its principal symbol, evaluated on £ € T*X, is +/—1 times

7o Y Lo wb A lEw. T(wj, w) — &, walw), wilro

k=1
n n ) -
+ Y (B (wj)mr,Ew)®is, — 1o Y w! R, B(;), (3.55)
j=1 j=1
where &y is the orthogonal projection of & on W* O

Remark 3.9. Theorem 3.1 is an easy corollary of (3.55). Indeed, if we take & a holomor-
phic 1-form that is orthogonal to W*, the principal symbol is

n
—A/ —17TQ Z iu-)jwk VAN (f, nN[wj, wk])fl’g.
jk=1
Evaluating at w’, which belongs to F, |, one obtains

V=LY 6 mwlwy, wd)w®,

k=1
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This term vanishes for any j and & if and only if the distribution is involutive, which

shows Theorem 3.1. O

Proof of Lemma 3.8. Note that, for & e W*, ¢ € F, | ®F, |; by (2.16), (2.24), and (3.54),
we know that 75 (¢ A ) € F,®F, .. Thus, by (2.24), i¢-75(5 AY) € F,®F, 1, as §* € W, and
this implies

molpsE Amg=0 forany & € W*. (3.56)

We compute now the principal symbol of [dg, 5*Q] by computing the asymptotics
of e [dg, 351 e/ when ¢t — +oo for fe €>(X). By (2.31), (3.31), and (3.33), we have first
eiitfag eltf = itmodw f Ao + 99,

S ) (3.57)
e—lth*Q eltf — —1t QI fTQ + 05-

Thus, from (2.24), (3.57), the principal symbol of [dg, S*Q] as a second-order dif-

ferential operator is lim,_.o, t 2 e [3g, 951 e, that is
[in’gawf/\ T, —iJTQi(;;Wf)*JTQ] = Ngawf/\ l'(;)wf)*n'g —+ ﬂgi(gwf)*n'gawf/\ Y
= —70l(, pr 50w f Ao =0; (3.58)

here we use (3.56) in the last equality. Equation (3.58) means that [9o, Z_)*Q] is a first-order
differential operator.

By (3.57), the principal symbol of [3g, 5*Q] as a first-order differential operator is
lim; o t' e dg, 93] €'/, that is

ilmQdw f A g, 051 — ildg, maim, prmal- (3.59)
By (2.24) and (2.31), we obtain
[modw f Ao, 051 =modw f A djymo + modyymadw f A mg
=m0y (dw o — mQdymSow f A mo. (3.60)
Again by (2.24) and (2.31), we obtain

—[0g, moi@y r A ol = =7 Qi@ fr TQdwTo — MWl H*To

I—Ngaw(i(gwf)*) /\7TQ+7TQi(3Wf‘)*7T$3Wn'Q. (3.61)
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By (3.33) and (3.50), we obtain

n
Iy Ow ) =05y, dw fl1=— Z iu’)jﬁﬂj, ow f
j=1

== 3 gl ()W + ()T 0

k=1

== > dpww;jwp(N)) — @w £ Vi wi)l. (3.62)
Jk=1

By (3.31) and (3.50), we obtain

n
— 0w oy ) = —[0w. Loy prl = — [Z wkV I i, ﬂ*}
k=1

== 2 WAl (D), + wi(Pivy o)

k=1

= > ia,wMwrw;(N)) — @w f. Virw))l. (3.63)

Jik=1

By (3.24), (3.62), and (3.63), we obtain

n
Oy Ow ) — dw(oy pr) = Y, b, w @ f, —[wj, wal) + @w £, Vil w — Vrw))]
jk=1

=Y ia,wMOw £ Tw), we) — @Ff mulwj, wiD]. (3.64)
jk=1

From (3.59)-(3.64), we know that the principal symbol of the first-order differential oper-
ator [dg, 05] is +/—1 times

7o Y Lo wHl@w f T(wj, wp) — Of, malw;j, wi)lrg
jk=1

— ngé%néawf/\ 7o+ nQi(awﬂ*néaan. (3.65)
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Now, by (3.54), néawf/\ 1o CF,® FW,L. By (2.24), (3.33), and (3.53), we know that

n
nQ8§Vn$8Wf ATg=Tg Z(—iwjvl%)néawf ATTQ
j=1

n n
=7 Y (n;B*(w)) @ Vrsdwf Amg=—Y (B*(w))ms,dwfA)®in,.
j=1 j=1

(3.66)

Let P be the orthogonal projection from A**(Wg) onto F, | ® I:'(/,. Note that néawng C
F,@ AW*®F, | ®F,, as i, F, ® AW* C F, ® AW*; from (3.31), (3.53), and (3.54), we
have also

. J_ .
ngl(gwﬂ*nQBWnQ = JTQl(aWﬁ*PaijQ

n n
. i d W i A . 7 -
=0l P Z w!/ AV, Tg=-Tg Z w’ ®ig,, £ B(Wj). (3.67)
j=1 j=1
The proof of Lemma 3.8 is completed. [ |

We finally give an explicit computation of this phenomenon, in the setting of
Example 2.10, for the choice of the standard metric on C?, described after Lemma 2.12.
We start with a form u = 0! + pea? in €U, W) = QL.0(U).

Lemma 3.10. The 1-form [0, 3}]u is given by

2 — —_ . — . _
_ X:((X:.uq J L i _ _ . , .
ij=1 (@, o)
O
Proof. By Equation (2.34), we have
- 2 - . . 2 . .
dou= Yy (Xjupal na'=:)" pyal na'=8. (3.69)

i.j=1 i,j=1

Let us compute 3}58. Let v=v1a! 4+ 1,a% be in €U, W*) = Q> (U). Then, as
in (2.34),

(3gB,v) = (B, daV)

2
=, Z (X;val Ad!

ij=1
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2
=y J (X;.0)(B, a7 A @by duy
ij=1"M

=— Z J 5 Xj.(B, &l Aab) dok. (3.70)

i,j=1

In the last equality, we use that the X, have zero divergence, as explained after

Lemma 2.12. This shows that 358 = y1a! + y,a?, where y; satisfies

Y Xp(Bad A&
(@i, ab)

Vi=—

(3.71)

B 22: X;.(Bji(@l A@l, ol A&l)
= (af, at) '

Here, we use that the «; are orthogonal, since we consider the standard metric.

Hence,
X X; I A I A )
8% dam = Z (Kip)@l n& ol AGD) (3.72)
(af, ab)
i,j=1
On the other hand, since the X; have zero divergence and by Equation (2.35), one
has
2 - . .
dpu=—Y_ Xj.(uj, a’)). (3.73)
j=1
Hence,
2 - - . . .
dadgn=— Y Xi(X;.(ujle! al))a'. (3.74)
i, j=1
|

In order to simplify the notations, we write N; := (¢!, o') and N;j := (¢/ A &', @/ A
&'). In particular, N;; = N;.N;. Then,

i 2 R Rem N o -
[9q, HE]U«Z Z (% — Xi.Xj.(/Lij)) ot

1,j=1
) -
- - - X;.Nj; -
=Y ([Xj, Xdj x Nj+ (X)) = XN
ij=1 v

—()_(j.uj)()_(i.Nj) —Mj)_(i.)_(j.Nj) al. (3.75)
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Now, we take u; =0 and consider the term before a!. We consider a function
w2 that, at some fixed point z, € U satisfies: pz(20) =0, (X1.12)(20) = (X2.102)(2) =0 and
([X2, X11.;42)(20) # 0. Such a function exists since the bracket [X;, X,] is not contained in
the vector subspace generated by X; and X;.

Then [30, 05l does not vanish at z,, which proves that in this particular example

the characteristic Laplacian cannot respect the bigrading.
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