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ORBIFOLDS AND ANALYTIC TORSIONS

XIAONAN MA

ABSTRACT. In this paper, we calculate the behavior of the Quillen metric
by orbifold immersions. We thus extend a formula of Bismut-Lebeau to the
orbifold case.

RESUME. Dans cet article, on calcule le comportement de métrique de Quillen
par immersions d’orbifold. On étend ainsi une formule de Bismut-Lebeau au
cas d’orbifold.

0. INTRODUCTION

Let £ be a Hermitian vector bundle on a compact Hermitian complex manifold
X. Let A(§) = @, (det H(X, 5))(’1)7'+1 be the inverse of the determinant of the
cohomology of . Quillen [2§] first defined a metric on A(£) in the case where X is
a Riemann surface. Quillen metric is the product of the Lo metric on A(£) by the
Ray-Singer analytic torsion of the Dolbeault complex. The logarithm of the Ray-
Singer analytic torsion [29] is a linear combination of derivatives at zero of the zeta
function of the Hodge Laplacians acting on smooth forms of various degrees. In
[10], Bismut, Gillet, and Soulé have extended it to complex manifolds. They have
established the anomaly formulas for Quillen metrics, which tell us the variation
of Quillen metrics on the metrics on £ and T X by using some Bott-Chern classes.
Later, Bismut and Kohler [12] (cf. also [A], [IR]) have extended the analytic torsion
of Ray-Singer to the analytic torsion forms T for a holomorphic submersion. In
particular, the equation on %T gives a refinement of the Grothendieck-Riemann-
Roch Theorem to the level of differential forms. They have also established the
corresponding anomaly formulas.

Let i : Y — X be an immersion of compact complex manifolds. Let n be a
holomorphic vector bundle on Y, and let (£, v) be a complex of holomorphic vector
bundles which provides a resolution of i,n. Then by [23], the line A1 (n) ® A(£) has
a nonzero canonical section o. In [[3], Bismut and Lebeau have given a formula
for the Quillen norm of ¢ in terms of Bott-Chern currents on X and of a genus R
introduced by Gillet and Soulé [18]. In [19], the result of [I3] was used by Gillet and
Soulé to obtain an arithmetic Riemann-Roch Theorem in Arakelov geometry. More
recently, in [24] and their later works, Kohler and Roessler proved a Lefschetz fixed
point formula in Arakelov geometry, and the results on the equivariant analytic
torsion (forms) in [7], [14] play also an important role in their proof.

In this paper, we extend some results on analytic torsions to the orbifold case.
Historically, orbifold first appeared as V-manifolds in Satake’s extension [30] of
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the Gauss-Bonnet-Chern Theorem in 1957 and in Kawasaki’s extension [21] of the
Riemann-Roch Theorem in 1978. It turns out that orbifolds appear naturally in
mathematics and physics; for example, the symplectic reduction, the problems on
moduli spaces, and the orbifold string theory. In recent years, orbifolds became
a popular subject. We can find many interesting results and various aspects on
orbifolds in the recent work [1]. The Kawasaki-Riemann-Roch Theorem has also
found many applications, thus it is a natural pursuit to understand “secondary”
spectral invariants such as analytic torsions and 7n-invariants on orbifolds.

We will use the heat kernel methods to solve our problem. Thanks to finite
propagation speed of solutions of hyperbolic equations, we can localize the problem.
Since, locally, we have to meet G-manifolds, to generalize the results to the orbifold
case, we must well understand the situations of G-equivariant complex manifold
cases which were done in [6] and [27]. After localized, we can apply the techniques
of [6] and [27] to our case. We also hope our results have corresponding versions in
Arakelov geometry. In this direction, we establish the analytic part of “arithmetic
Kawasaki-Riemann-Roch Theorem”.

Now we explain our results in more detail. Let £ be a holomorphic orbifold
vector bundle on a complex orbifold X. Let XX be the strata of X which has a
natural orbifold structure. Let m; be the multiplicity of connected component X;
of X UXX (cf. (L2).

In all the following formulas, we must consider the differential forms on X UX X
not on X. For example, TdZ(TX7 g"X) is the Chern-Weil Todd form on X U XX
associated to the holomorphic Hermitian connection on (T'X, g7*), which appears
in Kawasaki’s formulas [2I]. Other Chern-Weil forms will be denoted in a similar
way. In particular, the forms ch™ (€,h%) on X UXX are the Chern character forms
of the maximum proper orbifold sub-bundle of (&, h¢) (cf. Section [2).

At first, we establish the anomaly formula for Quillen metrics on A(§). Let
¢'TX 1€ be another couple of metrics on TX,£. Let || ae) (resp. [ [3e)

be the Quillen metric on A\(§) associated to g7, h¢ (resp. ¢'T™, hlg). In Section

2, we construct the Bott-Chern classes ”I“de (TX, g™, ¢g'TX) and ch® (&, hE, h'6)
on X UXX.

The following result extends the anomaly formulas of [I0, Theorem 1.23] to
orbifolds.

Theorem 0.1. Assume that the metrics g*X and ¢'™X are Kéihler. Then

I 1% 1 [ =%
(0.1) log<m) => (o /X Td (TX, g™, ¢'")ch® (&, k)

+i/ TdE(TX,g’TX)éBE(g,hf,h’ﬁ)).
m; Jx,

Let i : Y — X be an orbifold embedding of compact complex orbifolds. (Locally,
if #: U — V is a G-equivariant holomorphic map of complex manifolds with a
finite group G, then we say 7 : U/G — V/G is an immersion if 7 : U — V is an
immersion.) Let n be a holomorphic orbifold vector bundle on Y and let

(0.2) (§v):0—=&m—- =& —0

be a holomorphic chain complex of orbifold vector bundles on X which, together
with a restriction map, r : |y — 0, provides a orbifold resolution of the sheaf
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Oy (n). Set AM(€) = @i~y M&) Y. Let o be the canonical nonzero element of
the line A71(n) @ A(€).

Assume that TX,TY, &, ,&n,n are equipped with Hermitian metrics. Our
first assumption is that the metric g7 on T'X is Kéhler and that the metric g7
on TY is induced by the metric g?X. Let N be the normal orbifold bundle to Y’
in X, and let ¢g"V be the metric induced by g”’* on N. We assume in addition
that assumption (A) in Bismut [3| Definition 1.5], is verified. i.e. that the metric
ho, ... hém on &, -, &, are in some sense compatible with the metrics g%V, A"
on N,n.

In Section [ we construct a sub-orbifold Y’ of ¥X from the immersion i : Y —
X. Remark that, in general, Y’ # XY, and XY is not a sub-orbifold of ¥X. Let
T*(£,h%) be the Bott-Chern current on X UXX constructed in ([#4)), associated to
the complex (£, v), such that

03) D2 h) = (Ta7) (V. gV)eh (W) oy — (e ).

)

Let Td (TY,TX|y,g"¥) be the Bott-Chern class on Y UY” constructed as in
[8, §1f)], associated to the complex 0 — TY — T'X|y — N — 0, such that
(0.4)

00 ~—
2—Td (TY, TX|y,g"%) = Td*(TX, g7*) — TA*(TY, g"¥)Td*(N, g™).
i

Finally, let R(6, ) be the power series introduced by [5]. We identify R* with
the corresponding additive genus as in (&.8]).

Let m; x be the multiplicity of connected components X; of X U XX. For
any connected component Yj’ of YUY, let m X0,V be the relative multiplicity of
Y] C X; (cf. Definition [L.6). In Section[G, we establish the following extension of
[13, Theorem 0.1].

Theorem 0.2. The following identity holds:

log (Hani_l(mwg)) - Z mix [- /X TaE (X, g™ (€. 1)
(0.5) + Z
- Z

Needless to say, Theorems are direct consequences of [6, Theorems 2.5,
0.1] for quotients of manifolds by finite group actions. More precisely, let G be

i

)
7, (T T (Y X))
mx,,y; Jy/ ! ’

/ , ng(TX)RE(N)chg(n)} .

mX,,Y’

a finite group and let § be a holomorphlc vector bundle on a compact complex
manifold X. If G acts holomorphlcally on X and its action lifts on f , then E=¢ / G
is an orbifold vector bundle on X = X/G Let Gy = Ker{G — Diffeo(X X)}. Then
the group G/ G1 acts effectively on X and the G-invariant part of f forms a vector
bundle fGl on X. Now C®(X, A(T* OV X) @ ¢) is the G-invariant C* sections of
AMT*OVX) @ € on X, ie. the G/Gy-invariant C*° sections of A(T*©DX) @ £&1
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on X. Thus by [6] (2.11)]

I 1% 1 I f(é)
(0.6) log — > log (9)
(II IIX(@) G] Z (II IIA(@)
|| 1N

1 £G1
=ere, 2, e (T, )

Wheasa || ”A(&Gl)

Now by [6, Theorem 2.5] and (0.6)), we get Theorem [0l when X = X /G, and
explain that only the maximum proper sub-bundle of £ plays a role in our formulas
01, @5).

This paper is organized as follows. In Section [Tl we recall some general facts on
orbifolds. In Section [2], we construct the Quillen metrics for an orbifold, and prove
their anomaly formulas. The last four sections are concerned with the extension of
the result of [T3] to an orbifold case. In Section Bl we describe the geometric setting
of the immersion problem. Also, we extend a result of [I3, Theorem 2.1]. In Section
A by using [T1], we construct the Bott-Chern current 7% (&, h¢). In Section [, by
using the results of [5], we establish the corresponding results on the analytic torsion
forms associated to a short exact sequence of holomorphic Hermitian orbifold vector
bundles. In Section [6] we extend the result of [I3] to an orbifold case, i.e. we prove
Theorem L2

In the entire paper we use the superconnection formalism as in [5], [8]. In
particular, Tr, is our notation of the supertrace.

1. ORBIFOLDS AND CHARACTERISTIC CLASSES

This section is organized as follows. In Section [l we recall the definition of an
orbifold [20]. In Section [.2, we explain some characteristic classes on orbifolds.

1.1. Definition of an orbifold ([20]). We define a category M, as follows: The
objects of M are the class of pairs (G, M) where M is a connected smooth manifold
and G is a finite group acting effectively on M. Let (G, M) and (G', M’) be two
objects, then a morphism ® : (G, M) — (G',M’) is a family of open embedding
¢ : M — M’ satisfying:

i) For each ¢ € ®, there is an injective group homomorphism A, : G — G’ that
makes ¢ be A, -equivariant.

ii) For g € G',p € @, we define gp : M — M’ by (g¢)(z) = gp(x) for x € M. If
(99)(M) N (M) # 0, then g € A\y(G).

iii) For ¢ € ®, we have ® = {gp, g € G'}.

Definition 1.1. Let X be a paracompact Hausdorff space and let U be a covering
of X consisting of connected open subsets. We assume U satisfies the condition:

(1.1) For any x € UNU’',U,U’ €U, there is U” € U such that x € U" c UNU".

Then an orbifold structure V on X is the following:

i) For U € U, V(U) = ((Gy,U) 5 U) is a ramified covering U — U giving an
identification U ~ U /Gy.

ii) For U,V € U,U C V, there is a morphism pyy : (Gy,U) — (Gy,V) that
covers the inclusion U C V.

iii) For U, VW e U,U C V C W, we have owy = owv © pyu.
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If U’ is a refinement of U satisfying (LI]), then there is an orbifold structure V'
such that YV UV’ is an orbifold structure. We consider ¥ and V' to be equivalent.
Such an equivalence class is called an orbifold structure over X. So we may choose
U arbitrarily fine.

In the above definition, we can replace My by a category of manifolds with
an additional structure such as orientation, Riemannian metric or complex struc-
ture. We understand that the morphisms (and the groups) preserve the specified
structure. So we can define oriented, Riemannian or complex orbifolds.

Remark 1.2. Let P be a smooth manifold, and let H be a compact Lie group acting
on P. We assume that the action of H is locally free. Then the quotient space
P/H is an orbifold. Reciprocally, any orbifold X can be presented by this way,
with H = O(n)(n = dim X)) [20, p. 76], [22, p. 144].

Let (X, V) be an orbifold. For each x € X, we can choose a small neighborhood
(G, (7;5) — U, such that z € U, is a fixed point of G,. (Such G, is unique up
to isomorphisms for each z € X [30} p. 468]). Let (1), (hl), -+, (k%) be all the
conjugacy classes in G,. Let Zg, (hl) be the centralizer of hJ in G,. One also

denotes by U the fixed points of hi over U,. Then we have a natural bijection

(12) (s Wly € Vs = Lo py) = [ 02/ 2, (8.

Jj=1

So we can globally define

Then Y X has a natural orbifold structure defined by
(1.4) {Zo, W) /KL, U — T2 26,0}
(z,Uz,3)

Here K7 is the kernel of the representation Zg, (h?) — Diffeo ([79?;) The number
m = |KJ| is called the multiplicity of £X in X at (z,h%). Since the multiplicity
is locally constant on XX, we may assign the multiplicity m; to each connected
component X; of X UXX.

Definition 1.3. An orbifold vector bundle & over an orbifold (X, V) is defined as
follows: £ is an orbifold and for U € U, (Gg,ﬁu : EU — (7) isa Gg -equivariant vec-
tor bundle and (G%,ENU) (resp. (Gy = G§ /K U), Kf] = Ker(G5 — Diffeo(U)))
is the orbifold structure of £ (resp. X). If Gg acts effectively on U for U € U, ie.
K 5 = {1}, we call £ a proper orbifold vector bundle.

Remark 1.4. Let £ be an orbifold vector bundle on (X,V). For U € U, let {T‘}r

be the maximum K -invariant sub-bundle of ENU on U. Then (Gu, &) defines a
proper orbifold Vector bundle on (X, V); we denote it by &P*.

Example. The (proper) orbifold tangent bundle TX on an orbifold X is defined
by (Gy,TU — U), for U € U.

Let £ — X be an orbifold bundle. A section s: X — ¢ is called C* (or Ck) if for
each U € U, sy is covered by a G5 -invariant smooth (or C¥) section 3y : U— fU
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If X is oriented, we define the integral [, w for a form w over X (i.e. a section
of A(T*X) over X) by: if supp w C U € U, then

(1.5) /Xw—ﬁ/ﬁam.

Definition 1.5. A Kéhler form on a complex orbifold X with its complex structure
J is a real closed (1,1)-form w on X such that w(J+,-) defines an orbifold metric
onTX.

In the following, if G does not act effectively on the connected manifold M,
we will identify the couple (G, M) as an element (G/K,M) in M,, where K =
Ker(G — Diffeo(M)).

Definition 1.6. Let X,Y be two orbifolds. The map i : Y — X is said to define
an orbifold embedding, if ¢ is injective and there exists U, U’ open coverings of Y,
X such that (GUaﬁ)Ueu, (Gv,f})\/ev are the orbifold structures of Y, X. For
U e U, there is V € V such that U = V NY and i:U—Visa Gy-equivariant
embedding of U into V that covers i : U — V., (Gv,U) = (Gy,U) in M,. If
Uy C Uy, U, Uz € U, there exist V; e V,U; = V;NY (i =1,2), and V4 C Vo. We
will call Y a sub-orbifold of X, and the normal (orbifold) bundle N to Y in X
is well defined. Let Ky = Ker{Gy — Diffeo(U)}. Then mxy = |Ky| is locally
constant on Y'; we call mx y the relative multiplicity on Y.

In particular, if GG is a finite group anc~1 i:Y — Xisan G-equivariant embedding
of complex manifolds, then i : Y/G — X /G is an orbifold embedding.

Definition 1.7. Let M, B be two orbifolds. The map 7 : M — B is said to define
an orbifold submersion if there exists U, U’ open coverings of M, B, such that
m(U) cU’', and (Gy, ﬁ)Ueu, (Gv, V)Vev are the orbifold structures of M, B. For
U €U, there is 7 : U—V an Gy-equivariant submersion of U onto V that covers
7:U —V =na(U), and (Gy,V) = (Gy,V) in M. If Uy C Uy,Uy,Us € U, then
(I)W(Ug)ﬂ'(Ul) is induced by (I)U2U1~

Remark 1.8. If 7 : M — B is an G-equivariant submersion with compact fiber X
(here G is a finite group), then 7 : M /G — B/G is an orbifold submersion. More
generally, if # : M — B is a proper orbifold submersion from M onto B, then
for each b € B, there exists a small neighborhood (Gy, ‘N/b) — Vb, Mb an orbifold,
such that 7 is induced by a Gyp-equivariant orbifold submersion 7y, : Mb — ‘7(, with
compact fiber X.

1.2. Characteristic classes. If A is a (g, ¢) matrix, set

A
_A)a

Td(A) = det(1 —
e(A) = det(A), ch(A)= Trlexp(A)].

Definition 1.9. Let PX be the vector space of smooth forms on a complex orbifold
X, which are sums of forms of type (p, p). Let PX:? be the vector space of thE forms
a € PX such that there exist smooth forms 3, on X for which o = 98 + 9.

Let £ be a holomorphic orbifold vector bundle on a complex orbifgld X . Let
h¢ be a Hermitian metric on £&. Then on each local chart, (G%,]?U &y — U) in
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Definition [[3] A¢ lifts to a G‘E,—invariant Hermitian metric h¢ on EU. This uniquely
defines a holomorphic Hermitian connection V¢ with curvature RE , thus there exists
a unique holomorphic Hermitian connection V¢ on (&, h¢) with curvature RS. The
form ch” (€, h%) is defined as follows: If X;, a connected component of X U XX, is
represented by U" (h € Gy) over U, then ch™ (£, h¢) over U"/Zg, (h) is defined by
3
|I§ g Z Tr [g exp(—%) .
geT~1(h)

Here 7 : Gg — Gy = G‘E,/Kfj is the natural projection.

The above definition was justified by the discussions after Theorem [0.2]and (0.
In fact h¢ induces a Hermitian metric 8" on the maximum proper orbifold sub-
bundle £P* of £. Let V¢ be the holomorphic Hermitian connection on (£P*, h€™)
with curvature R€”". Then on U"/Zg,, (h),

o

2] = (& h)

(1.6) ch™ (&, hf) = Tr[hexp(—

If € is proper, we also define Td* (€, h%), Td'z(f, h%) on X UXX as follows. Let
Lef ... ¢ (O < 8; < 2m) be the locally constant distinct eigenvalues of h € Gy

acting on 5 on U k. and let {{9 (6o = 0) be the Correspondmg elgenbundles
Then on Uh f sphts holomorphlcally as an orthogonal sum f = 0§9 thus
RE = @7_, RE". We define Td”(¢, h¢), Td'™ (¢, h¢) on U/ Zg, (h) by

(1.7)
—RE™ & 1d —REY

2(& R = & nté 1d .
Td™(§, %) = Tda(&, 17) = Td( m )1:[1 e ( m —HHJ)’
Ta¥(€ ) = Tdj (€ 1) = [Td(‘REBO T g, b
9 = h\S>» - 8[) 2 o e o 1 j _

Then ch® (¢, h€), T (&, h€), Td' (€, h€) € PXYSX are closed on X UXX and their
cohomology classes do not depend on h¢, and we denote their cohomology classes

by ch®(€), Td¥(€), Td'™(¢) € H(X ULX, C).

Let h'S be another couple of metrics on €. Observe that the construction in [8}
Remark 1.28, Theorem 1.29] is local and universal, thus we can at first work on each
~ —~ ~
U", then glue together to get the unique classes Td (£, k%, h'¢) and ch® (¢, hé, h'S)
in PXUEX ) pXUEX.0 gych that

00 ~

(1.8) ST (€ W) = TAP(E 1) - Ta¥ (€, ),
0 ~
577 (€ B, HE) = ch™ (€, 1€) — eh (€, hS).

Let £4(0 < i < m) be complex orbifold vector bundles. We assume there is a
covering U satisfying (IJ__ll) such that for U € U
i) (G%), @ EU) — U defines an orbifold vector bundle structure (¢, V);
ii) G¢ (EU) §U, and (G%,gU) induces the orbifold structure of £°.
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Definition 1.10. We call v : £*' — ¢ is a morphism of orbifold vector bundles if
there is a G‘E,—equivariant morphism o : €t — ¢ inducing the map v : &H — ¢
on U, for each U € U. We call (§*,v) a complex of orbifold bundles if for each 4,
v &L - £ is a morphism ~0f orbifold vector bundles and v? = 0. If for each
Uel, (£;,0) is acyclic over U, we call the complex (£%,v) acyclic.

Let A" be Hermitian metrics on ¢'. Then ht = @ h¢' is a Hermitian metric on
£

If (£,v) is an acyclic complex of orbifold bundles, observe that the construction
n [8 (1.58), Corollary 1,30] is local and universal. Thus we can first work on each

U" to get chy, (¢, h%), which verifies

00

- 5’
(1.9) %chh(f, h) = R

> ()T gexp(~5—)].

211
geT—1(h)

1
K|

Then glue together to get a Bott-Chern form ch® (¢, h%) € PXYEX guch that
k

——ch® (&, h%) = > (~1)7ch (€', ht").

=0

90

(1.10) o

2. QUILLEN METRICS AND THEIR ANOMALY FORMULAS

In this section, we construct the Quillen metrics on the inverse of the deter-
minant of the cohomology of a holomorphic orbifold vector bundle, and establish
corresponding anomaly formulas. We extend some results of [10] to complex orb-
ifolds.

This section is organized as follows. In Section Pl we indicate some properties
of elliptic operators over an orbifold. In Section 22 by [10], we construct the
Quillen metrics. In Section 23, we prove our anomaly formulas.

In this section, we use the notation of Section 11,

2.1. Elliptic operator over an orbifold. Let (X,V) be a compact oriented Rie-
mannian orbifold of real dimension n. For z,y € X, put

dX(z,y) = Infv{ S &)ty - [0,1] — X,4(0) = 2,7(1) = y,such that
thereex1stt0—0<t1<-- <t =1U; eU,v([ti-1,t:]) C U,
and a C* map 7; : [ti—1,t;] — U; that covers o

i—1,t4]

Then (X, d¥) is a metric space.

Let (&, h%), (n,h) be (compleX) Hermitian orbifold vector bundles over X and
for U e U, let (Gy,U) = U, (GU,pU {U — U) (Glpu = — U) be defined in
Definition [33] We assume that for U € U, G%, = GY;. Let

Kf] = Ker(Gg — Diffeo(U)).

We denote by giv(, -) the distance on U with respect to g7 %

Let dvx be the Riemannian volume element on X with respect to the metric
g7 Let pr; and pr, be the projections from X x X onto the first and second factor
X, respectively. We denote by C¥(X,¢) (k € N) the C* sections of £ on X. A CF-
section K (z,y) of prin®@prié* on X x X gives an operator T : C%(X, £) — C*(X,n)
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defined by
(2.1) / K(z,y)o(y)dvx (y).

We call K the kernel of the operator T and we call T a smoothing operator if
k = +o0.

Let D : C®(X,£) — C*(X,n) be a linear map. We call D a differential operator
of order m if for each U € U, D is presented by a G%—invariant differential operator
Dy : C°°((~],g) — C°°(I_'~], 77) of order m. We call D a pseudo-differential operator
of order m if for each U € U, there is a G%—invariant pseudo-differential operator
Dy : Coo(ﬁ,g) — C‘X’(T},m of order m such that: For any smooth partition of
unity {pu} subordinate to U and a family {¢y} of smooth functions satisfying
vuYu = pu and supp{yy} € U, the difference D — EUgon)UwU is a smoothing
operator. If each Dy is elliptic, we call D elliptic. For an elliptic pseudo-differential
operator, we can construct a parametrix [20} p. 82]. If D is also positive and £ = 7,
we can construct Pi(z,y) € C(X x X,pri ® pryé*) (t > 0) as the kernel of the
heat operator e~ P : (X, ¢) — C®(X, ¢) with respect to dvx as in [25, §3.6].

Before we state the asymptotic expansion of the heat kernel as t — 0, we indicate
if D is a pseudo-differential operator of order m (m < —n — k,k € N). Then the
operator D has a C*-kernel. In fact, if DU has a C*-kernel QU(ml, Tg) over U x U
then for z1,z5 € U,

1 ~ i~ ~
(2.2) Qu(zi,z2) = — > (9,1)Qulg "%, 2)
geGy
is the kernel of the operator Dy : C*°(U, &|v) — C*(U,n|v), with 7(z;) = z; (i =
1,2). Indeed, for s € C*° (U, &|y) with compact support, by definition,

(Qus) (1) = @Ua(zl) - / Qo (@1, 72)3(F>)dug (72)
Z / 9,1 QUQ 1T, T2)3(Ta)dv v (Z2).

geGS,

Proposition 2.1. Let H be a second order differential operator on & such that
oo(H)(z,u) = |u? (v € T*X). Let Py(x,y) be the kernel of the heat operator

e tH with respect to dvx. Then for each U € U, there exists a smooth section
P, €C®(U xU pr1€®pr2£ ) such that for every k >n, x,y €U, ast — 0

(2:3)

—dg'ew)? . ~ ~
Py(x,y) = (4nt) "/2 Z Z (9, D)e™ Tty (g 77, 5) + Ot /).
geG§ =0

On {(z,y) € X x X,d(x,y) > ¢ >0}, as t — 0, we have Py(z,y) = O(e=¢"/4),
Proof. By proceeding as in [2, §2.4, §2.5] or proceeding as in [31, IT §7.13], and
using (Z2), we have Proposition 2T O
2.2. Quillen metrics. Let X be a compact complex orbifold of complex dimension
l. Let & be a holomorphic orbifold vector bundle on X.

_ Let Ox be the sheaf over X of local Gy-invariant holomorphic functions over
U, for U € U. Then by [15], (X,Ox) is an analytic space. The local ij -invariant
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holomorphic sections of §~ — U also define a coherent analytic sheaf Ox (£) over X

and as in (L),
(2.4) Ox (&) = Ox(&™).

Let DP(¢) be the sheaf of C* sections of AP(T*(®1)X)®¢ over X. Then we have
the Dolbeault operator " . pr (€) — DPTL(€) and an exact sequence of O x-sheaves

(25) 0—0x(6) =D)L - L Dlg) 0.

Put
OP(X,€) =T(X,DF(€), (X&) =Pr(X,9).

Then we have (2°(X, ¢), 5X), the Dolbeault complex of C* sections of A(T*(%1) X)
® & over X:

% 9
(2.6) O—>QO(X,§)—>---—>QZ(X,§)—>O.
The sheaves DP () are fine [21], so their higher cohomology groups vanish. Thus
. =X

In what follows, we also denote H (X, Ox(§)) by H(X,E).
Let g7, h€ be Hermitian metrics on TX, £. Let dvx be the Riemannian volume
form on X associated to g7X. Let ( >A(T*(0v1>X)®§ be the Hermitian product

induced by ¢7X,h¢ on A(T*ODX) ® . The Hermitian product ( ) on Q°(X,¢)
is defined by: If s,s" € Q*(X, ), set

, 1 \dim X ,
(2.8) (s,8') = (%) . (s,s >A(T*(011)X)®§ (x)dvx ().

—X % —X
Let & be the formal adjoint of &~ with respect to the Hermitian product (2.8)
associated to g7X, hé. Set

(2.9) DX =3 +3%", K*(X,€) = KerDX.

Then DX2 =89 + A preserves Z-grading of Q(X, ).

Proposition 2.2 (The Hodge Decomposition Theorem). There is an La-orthogonal
direct sum decomposition of the &-value (0, p)-forms

(2.10) OP(X,6) = K*(X,&) ®Imd . & Imd .

Proof. On each local chart U € U, the lifting of Bg on U is elliptic and G%—

—2

invariant, and o(Dg )(u) = |u?2. Thus DX is a self-adjoint elliptic operator. By
[20, p. 82], we can construct a parametrix for DX. Now, we can proceed as
n [25] Theorems 3.5.5-3.5.7], and we know that there is an Ls-orthogonal direct
decomposition

(2.11) Q(X, €) = KerD®? © ImD™2.

In fact KerDX = KerD¥:2, so KerD*:2, Imf_)X, Im(‘_)X* are orthogonal. Clearly,
ImDX2 ¢ Imd" + ma . Using (ZI1)), we have Proposition Z2. O
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From (Z7), (Z1I0), and (2ITI), there is a canonical identification
(2.12) K*(X,¢) ~ H*(X,¢).

Let hH(X:8) be the corresponding metric on H(X,¢) induced by the restriction of
the Lo-metric 28) to K (X, &) via the canonical isomorphism (2.12).
Let A\(€) be the inverse of the determinant of the cohomology of £ on X,

dim X
(213)  det H(X,&) = @) (det H'(X, )7V, A(€) = (det H(X, €)™
i=0
Let | [ be the metric on A(&) induced by RH(X8  The metric | Iace) will be
called the Lo-metric on A(£).
Let P be the orthogonal projection operator from Q°(X,¢{) on K(X,&) with
respect to the Hermitian product ). Set PX = 1 — P. Let N be the number

operator defining the Z-grading of Q°*(X,¢), i.e. N acts by multiplication by &k on
QF(X,€). For s € C,Re(s) > dim X, set

-1

(2:14) 6£(s) = TR IN(D*%)7"P*] = o

+oo
/ 5~ T, {N eXp(—tDX’Q)PL} dt.
0

From (Z3), ZI4), 6°(s) extends to a meromorphic function of s € C which is
holomorphic at s = 0.
Following [28], [10], we now define the Quillen metric on the line A(€).

Definition 2.3. Let || [[5() be the Quillen metric on the line A(£),

1.06%
(2.15) I o =1 e (—55-0):

2.3. Anomaly formulas for Quillen metrics. Let ¢’”X, /¢ be another couple
of metrics on TX,£. We denote with a ’ the objects attached to ¢'7*,h'S. Let
) ~

Td (TX,g"X,¢g'TX) and ch® (&, hS, h'¢) in PXVEX ) pXUEX.0 he defined as in (LX).
Let m; be the multiplicity of each connected component X; of X UXX.

Proof of Theorem . From (L6), (Z4), ([Z6), we only need to prove Theorem

0.1 for a proper orbifold vector bundle. Assume now that £ is a proper orbifold

vector bundle. Let ¢ € [0,1] — (¢7*,h%) be a smooth family of Hermitian met-

rics on TX, ¢ such that for any ¢, g7X is Kihler and also (g™, hg) = (g7, ho),

(gTX 0 = (¢TX, 0. Let || l[x(¢),c be the corresponding Quillen metric on

A(§)

—X % .. =X . =X — X%

Let 0, be the adjoint of 9~ with respect to (g7, hS). Set DX =0~ +0, .
Let *. be the Hodge star operator attached to g7 ~. Set

0% ey_19h8

(216) Qc - >kc 8(3 (hc) 8(3 :

Using (23)), as ¢ — 0, we have an asymptotic expansion

0
(2.17) Tr, [Qe exp(—tDX?)]) = Z M; 7+ O(t).
j=—1
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By proceeding formally as in [10, Theorem 1.18], we get

(2.18) —log ( +—5=—) = Mo,c.
dc ( I ||?\(5) ) ‘

Assume first that h = hé = h'€. Let da,da be two odd Grassmann variables.
In particular, da, da anticommute with the operator DX. Set

(2.19) Ly = —tD%? — \/gdaDX - \/gda[DX, Q| + dadaq.

If o € C(da,da), let [a]?* 9@ € C be the coefficient of da da in the expansion of a.
Proceeding formally as in [I0], Theorem 1.20], when ¢ — 0, we get

(2.20) Try[exp(L:)]4*% = My + O(t).

Let Pi(z,2')(z,2’ € X) be the smooth kernel associated to exp(L;) with respect
to dvx /(2m)4™ X, Then

(2.21) Trs[exp(Lt)]:/XTrs[Pt(x,x)]de/(Zw)dimX.

By Section [T, for each z € X, we choose a small neighborhood (G, ﬁx) — Uy,
such that & = 7~ (z) is a fixed point of G,. For o > 0, we denote B(Z,a) C U,
as the ball with the center  and radius a.. For o small enough, there exist z; € X
(i€l ={1,---,k}) such that B(Z;,a) C U,, and (G,,, B(Z;,/2)) is a covering
of X. Let p,, be a partition of unity subordinate to this covering.

Now, near z; € X, we replace X by Cl/GIi, with 0 € TI)A(: representing ;,
and the extended fibrations over C! coincide with given fibration on B(0,a/2).

Let dv, %(y) be the Riemannian volume form on (Tr s, X, hTr2X) ~ R2. For

y e C ly| < /2, set
dvg(y) = k(y)dvy, 5(y).

Let P, (z,y) (x,y € TRX = C™) be the kernel of exp(L;) with respect to dvy, )/

(2r)dim X By (2:2), and using finite propagation speed as in [7, §11b)] (cf. (6.34)),
we get

(222) lim [ py, Tas[Pu(y, y)ldvx (y)/(2m) ™™+
X

uU—

: 1 D (.~ im
=l [ o 3 TloPule ke, <)/

Ti 9€Gy,

Let 1,1, ... ¢ (0 < 8; < 2m) be the locally constant distinct eigenvalues of
g acting on T'X over T, X9. Let N % be the corresponding eigenbundles. Let
RTX’ RN" be their curvatures as in Section[[2 By [27, (2.56)] or [6, (2.63)], we



ORBIFOLDS AND ANALYTIC TORSIONS 2217

have
(2.23) lim | peTrlPuly, )] dvx (y)/(2m) X
1 0 ~R™X* %, 1 07X
|Gy, Z/~ px’(‘)b[Td( 2im — b dc )

9€Gy,;

q _ pNY% <o, NY
HT?( LA S 131:9 +1i6; )L}zochg(f,hg).

20T

By using Section[I.2] we finish the proof of Theorem [0.1]
Assume now that gZX = g7* = ¢’TX. Then since g7 is Kihler, we may use
the local index technique as above, and find that we have the analogue of [6, (2.41),

(2.42)], so we get (Q.TJ). O

Let w¥X be the Kihler form on X associated to ¢7X as in Definition [CH. Set

1 X
220 =Y / “;—WTdWTx,gTX)chE(e,hﬁ),

Co = Z — / S(7X, g7X) + dim X Td*(T X, gTX))chZ(f he).

Theorem 2.4. Asu — 0,
1
(2.25) Try[N exp(—uDX?)] = Ec_l + Co + O(u).

Proof. For ¢ > 0, set gI* = g"X/c, h§ = h¢ in the proof of Theorem [l Let
. be the star operators associated to the metrics gZX. Clearly, when acting on
AT*OVXY @ €, %, = ¢~ X 5 ¢V and so

(2.26) (ko)1 88*:

Now, by [6l (2.44)], 223) and ([2.26)) for ¢ = 1, we get ([2.25). O

= (N —dim X)/e.

3. COMPLEX ORBIFOLD IMMERSION, ORBIFOLD RESOLUTION
AND QUILLEN METRICS

In this section, we introduce our basic setting. This section extends [13] §1]
to the orbifold case.

This section is organized as follows. In Section [B1], we introduce our basic
geometric setting. In Section B2, we construct a Quillen metric on an intermediate
object A(€). In Section B3] we state an extension of [I3, Theorem 2.1]. In Section
B4, we make various assumptions on the metrics on T X, &, TY, 7.

3.1. Complex orbifold immersions and resolutions. Let (X,V) be a compact
connected complex orbifold of complex dimension I. Let (Y,U) = U?Zl Y7 be a
finite union of compact connected sub-orbifolds of X such that for 1 < j < 5/ <
d,YINYJ = 0. Let i be the embedding ¥ — X. For 1 < j < d, let I be the
complex dimension of Y.
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Let n be a holomorphic orbifold vector bundle on Y. For 1 < j < d, let i/ be
the restriction of 1 to Y. Let

(3.1) (§v):0—=&m—- =& —0

be a holomorphic chain complex of orbifold vector bundles on X (cf. Section [L2)).
In what follows, we identify & with @,—,&. Let r be a holomorphic orbifold
restriction map &ly — 7.

Definition 3.1. The complex (£, v) is said to be an orbifold resolution of the sheaf
1xOy (n), if for each U € U, there exists V € V such that U = V NY and over V,
we have a G%—equivariant exact sequence of sheaves

(3.2) 0— Op(En) =+ 5 0p(&) = iOx(7) — 0.

Let (£,v) be an orbifold resolution of the sheaf i, Oy (n). Let H(X,¢) be the
hypercohomology of (Ox (§),v). Set (cf. (213))

(3.3) A&) = (detH(X, €)™Y, AE) = @my(A(&) Y,
M) = [etH(X, €)1, An) = (detH (Y, 7))

Now, we recall the construction of the canonical nonzero section of the line
A7) @ A(€) 23]. Let F(-) = I'(X,-) be the global section functor over Ox-
sheaves on X. From [I7, pp. 146-147], we can construct two derived spectral
functors of F' on the category of complexes of O x-sheaves on X.

Let K = (K;,v) be a bounded complex of Ox-sheaves on X. Let H!(K) be the

h cohomology group of (K,v). Let H(X, K) be the hypercohomology of K. The
two spectral sequence functors 'E,.(K) and ”E,.(K) (r > 2) associated to K abuts
to H(X, K) (associated to filtration of H(X, K)), and

(3.4)  EPUK)=HP(H'(X,K.),v), "EY(K)=H"(X,H(K)).

Definition 3.2 ([16, Chap. XVII]). An (injective) resolution of a complex K =
(K;,v) is a double complex L = (LP?) defined in degrees > 0, together with
a morphism ¢ : K — L*° such that LPY is an (injective) Ox-sheave for each
p,q > 0, and for p fixed, if we take the cycles ZP¢ (resp. boundaries BP9, resp.
cohomologies HP9) of LP* with respect to the first differential operator, we find
(injective) resolution of the cycle (resp. boundary, resp. cohomology) in KP.

Let L = (L™7) be an injective resolution of K. Then the first (resp. second)
spectral sequence of the double complex F'(L) calculates the spectral sequence
'Er(K) (resp. "E.(K)) (r > 2). By [17, p. 147], to calculate the spectral sequence
'Er(K) (resp. "E.(K)) (r > 2), we can take L7 such that ZP? BP? HP'? are
F,-acyclic.

Let K = (K;,v)o<i<m be a complex of coherent Ox-sheaves on X. Set

(3.5) ME;) = (detH (X, K;) ™, MK) = é(,\([(i))(—l)"',
=0
MK) = (detH (X, K))™%,

= R)(detH (X, HI(K)) D™

=0
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By [23] p. 46], the spectral sequence 'E,.(K) (resp. " E,(K)) induces the canonical
functorial isomorphism:

(3.6) AK) ~ NK) (resp. A(H(K)) ~ A(K)).
In our situation, £ = (&, v) is an orbifold resolution of the sheaf i, Oy (n).

Let D% be the sheaf of Dolbeault complex on X. For each p > 0, D% is the

sheaf of C* sections of the vector bundle A(T*(®VX). The differential operator
7" is Ox-linear. By using arguments as in [10] §3a)], [20], IT §2a)], we find that the

double complex D% (§) = (Ox(§) ®o, D%, 8X, v) is an Fi-acyclic resolution of the
complex (Ox(§),v).

Let Ny be the number operator of £, i.e. Ny acts on & by multiplication by k.
Let N¥,NY, be the operators defining the Z-grading on A(T*®Y X)), A(T*:VY).

Definition 3.3. Let E (resp. F) be the set of smooth sections of A(T*(%1) X)®¢
on X (resp. A(T*OVDY)®nonY). E is Z-graded by the operator N — Np, and
F is Z-graded by the operator NY,. We also denote E = Ey ® E_, F = F, ® F_
as the corresponding Z,-gradings of E, F.

Ifae A(T*(O’l)X”y, f € &kly, set
~ . [0 if E#0O0,

In this case.
(3.8) VEPUE) =0 it ¢>0; "EPOE) = QP(X,n).
So " E,.(€) degenerates for r = 2, and " E5 () is isomorphic to the hypercohomology
of (Ox(§),v). By (B3), we have
(3.9) "ES(€) = HP(X,n).
Thus we extend a result of [T3, Theorem 1.7] to the orbifold case.

Theorem 3.4. The map r : (E,EX +v) — (F, EY) is a quasi-isomorphism of
Z-graded complexes. It induces the canonical identification H(X,&) ~ H(Y,n).

Let p,7 be the canonical nonzero sections of the lines A=1(n) @ A(€), A71(£) ®
A(€) associated with the canonical isomorphism (&). Then the canonical nonzero
section o of the line A™1(n) ® A(€) constructed as in [23, p. 46] is

(3.10) c=pRT.

3.2. A Quillen metric on A(¢). Let g7, he = € he, be smooth Hermitian met-
rics on TX, ¢ = @¢&. Let g7¥,h" be metrics on TY,n. By Section 22 these
metrics induce Quillen metrics || [|x,), || [[xa) on A(&), A(n).

Let v* be the adjoint of v with respect to h%. Let EX* be the formal adjoint of
7" with respect to the Hermitian product ( ) on E (ZJ). Set
DX :5X+5X*, V =v+0v*,
(3.11) 3
K={ecE,(D* +V)e=0}.
By Hodge theory, we have a canonical identification of Z-graded vector spaces
K ~ H(E,EX +v). Let [ |5, be the metric on A(¢) induced by the restriction
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of the Ly metric { ) on K ~ H(E,EX +v). Let P be the orthogonal projection
operator from F on K. Set P =1— P. For s € C,Re(s) > dim X, set

(3.12) 05 (s) = —Tu (N — Np)((D¥ +V)?)~*P1].

By 23), 67? (s) extends to a meromorphic function of s € C, which is holomorphic
near s = 0. Set

3.13 1 : 1 2 2% 0

( : ) Og” ||X(£)_ Ogl X(g)_g( )
Tautologically, by (BI0), we get

(3.14) ||J||>\’1(n)®>\(€) = ||P||>\—1(n)®i(g)||7—||X—1(5)®)\(5)~

By Theorem (L], to get a formula for (814 for arbitrary metrics g7*, h%, ..,
hem gTY W7 with 7%, gTY Kihler, it is enough to calculate (3I4)) for one choice
of metrics.

3.3. The norm of the section .

Theorem 3.5. The following identity holds:

2 _
(3.15) log ||’7’||X71(€)®)\(5) =0.
Proof. The proof of ([B.I5) follows the same lines as the proof of [13] Theorem
2.1]. O

3.4. Assumption on the metrics on TX,TY, &, n. Our first basic assumption is
that the metric g7% is Kéhler. Also we assume that ¢7" is the metric induced by
g™ on TY. Let w™,wY be the Kihler forms of (X, g7%), (Y, ¢7Y). Let N be the
normal bundle to Y in X.
In the following, we assume that the metrics k%, --- | hém verify assumption (A)
of [Bl §1b)], with respect to g™, h". We describe this assumption in more detail.
On Y, we have the exact sequence of holomorphic orbifold vector bundles

(3.16) O—>TY—>TX|y—>N—>O.

We identify N to the orthogonal orbifold bundle to 7Y in TX|y. Let g" be the
metric induced by ¢7X!¥ on N.

By the argument as in [[7} §3d)], [3, §1b)], we have:

Fory € Y, let Hy(&, v) be the homology of the complex (§,v),. If y € Y,u € T, X,
let 9, v(y) be the derivative of v at y in the direction w in any given holomorphic
trivialization of (£, v) near y. Then

a) The H,({,v) are the fibers of a holomorphic Z-graded vector orbifold
bundle H(¢,v) on Y. The map J,v(y) acts on H(&,v), as a chain map. This
action does not depend on the trivialization of (£,v), but only depends on the
image z of u in N,. From now on, we will write 0,v(y) instead of 9,v(y).

b) Let m be the projection N — Y. Then over N, we have a canonical
identification of Z-graded chain complexes of orbifold bundles

(3.17) (7" H (€, v),0:v0(y)) = (7" (A(N™) @ n), v/~ 1i).

By finite dimensional Hodge theory, we know that for V € V, V C X, there is a
canonical isomorphism of Z-graded vector spaces over V'

(3.18) H(Ev)~{fe& wvf=0, vf=0}
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Let h(&?) be the induced metric on H (£, v) by the identification (BI8).
Let hA(N)®1 be the metric induced by ¢¥ and h" on A(N*) @ 7.

Definition 3.6. We say that the metrics h%,--- , h® verify assumption (A) with
respect to g™, h", if the identification (B-17) also identifies the metrics.

Proposition 3.7. There exist metrics h%°,--- ,hém on &, -+ , &y which verify as-
sumption (A) with respect to g™, h".

Proof. We first choose arbitrary smooth Hermitian metrics h’ Sy on &ily. Then
on each local chart (G%7 U), we will choose a ij—invariant metric in the procedure

of the proof of [3, Proposition 1.6]. Lastly, we get the result. O

4. A SINGULAR BOTT-CHERN CURRENT

In this section, we construct Bott-Chern currents associated to the Hermitian
chain complex ((&,v), h%). We extend [L1] to the orbifold setting.
In this section, we use the same assumption and the same notation as in Section

B4
Let U CY,V C X,U = VNY, be open subsets as in Definition For g € Gy,

let K, = Ker{Zg, (9) — Diffeo(V9)}, K5, = Ker{Zg,, (g9) — Diffeo(U?)}.
Let dy be the current on X defined by: If ¢ is a form on X, suppy C V, then

1 1
41 Sy = —/ . 7/ .
(4.1) /X YY =Gy 0<P|U |Gy /Kuy| yw|Y

Let X; be a connected component of XX . If X; is represented by Ve (g € Gy)
over V, then

(ZGV (g)/Kﬁga [79) = ﬁg/ZGv (g)

also defines an orbifold structure. We denote it by Y. Then YUY is a sub-orbifold
of X UXX. Set

(42) mx,y = [Kg,|/| Ky,
Then mx,y is a local constant on Y UY’. The number mx y is the relative multi-
plicity of Y UY” in X U XX in Definition [LAl

Let V¢ = @]~, V% be the holomorphic Hermitian connection on (¢, h%) =

D, (&, h%). Clearly V = v+ v* is a self-adjoint section of End®%(€). For u > 0,
set

(4.3) Cy = V& +VuV.
Then C,, is a Gy-invariant superconnection on the Z- graded vector bundle § on
V.

Let ® be the homomorphism of A®V*" (T} X) into itself: a — (2im)~9%8/2q,

We define the forms ch®(n, h7), (Td*)~Y(N,g") over Y UY’ by chy(n, h"),
(Td,)~"(N,g") on U9/Za,(g). Then we construct forms ®Tr>[exp(—C2?)],
OTr¥ [Ny exp(—C2)] and T=(&,hé) on X U XX: over V9/Zg, (g), they are de-
fined by ®Trs[gexp(—C2)], ®Trs[Nyg exp(—C2)] and Ty (&, h¢) (cf. [6) Definition
6.6]). Then by [6l Theorem 6.7], T=(¢, k%) € PXYEX such that

00

(44) ST ) = (Td)TH(N, g™)eh™ (n, A")dyy: = ch™ (€, h).
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5. THE ANALYTIC TORSION FORMS OF A SHORT EXACT ORBIFOLD BUNDLE

In this section, using the construction in [5] of analytic torsion forms, we
extend the construction of [4] to an orbifold situation.

This section is organized as follows. In Section 5.1l we extend the analytic torsion
forms in [5, §6] to orbifolds. In Section 5.2}, using the result of [5], we evaluate these
forms in terms of Bott-Chern classes.

In this section, we use the notation of Section [1.1].

5.1. Generalized analytic torsion forms. Let (B,U) be a compact complex
orbifold. Let

(5.1) E:0—=L—-M-—=N=0

be a short exact sequence of holomorphic orbifold vector bundles on B (cf. Defini-
tion [CT0). Let h™ be a Hermitian metric on M. Let h”, hY be the induced metrics
on L, N.

For a local chart (Gy,U) — U, let vy : GE — Gy = GE/KE be the natural
map. In the sequence, we will work on (7, and we will omit the subscript U.

Let dvg;,dvy be the Riemannian volume forms on the fibers MR, NR. The

smooth kernels on the fibers of Mg will be calculated with respect to dvgz /[ (2m)dim M,

Let B2 be the differential operator on MU, defined by [4, Theorem 3.10], [6]
Definition 7.4]. For y € U,u > 0, let Q¥(z,2)(z,2' € MR,y) be the smooth kernel
associated to exp(—B2). For the existence and the uniqueness of Q¥(z, ), we refer
to Ml §4a)].

Tautologically for each g € GE, g is an isometric of M on U9 , which is parallel
with respect to VM. Let ¢i19, ... eifas (0 < 6;4 < 27m) be the locally constant
distinct eigenvalues of g € Gg acting on Z, M , N on U9. Then E splits holomor-
phically as an orthogonal sum of complexes

(52) Eejv-‘l 0 — Eejvg — Mej,g — Nej,g — 0,

and g acts on E%s by multiplication by e*%s. Set Lo+ = @97, 40 Eem, etc.
=0,L,9,%« __ —*  __ ~ o
Clearly g acts on A(L JRA(N Y®A(N*) and so g acts on

~ . =0,L,g,x _  —=x __ ~
AT B)SA(L JOA(N YBA(N™).

=0,1,9,*

Also Q¥(z,2') acts on the same bundle (it acts trivially on A(L )). Therefore

=0,1,9,* e

~

9Quo™' 2.7 € (MIRB)SEnd(AL T )BAN )BAN))

Let Tr,[gQY (9712, 2)] € A(T;B) denote the corresponding supertrace. Let Ny be

,-Log,*

~ ~ . =0
the number operator of A(N*). Then Ny acts like I®Ng on A(TB)® A(L )
& A(N YRA(N*). N
Let B’ be the orbifold defined by: for g € GE, the local chart is (Zge(9),U%) —
Ug/ch (9)-
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Definition 5.1. For u > 0,9 € G, over U?/ZgE(g), set

(5.3)

dv— s (z)
> _B2 — y(,—1 MO, L,.9@dNO,g
TI'S |:eXp( Bu)i| /M&Lyg@ﬁ%g T]f's [gQu(g zZ, Z)] (27r)dim MO L9 +dim N9’

dv “0.4(2)
> _Rr2 _ y —1 MO, L.gpNO.g
T‘rs |:NH eXp( Bu)i| - /M%L’g@ﬁgvg TrS[NHgQu(g Z’ Z)] (27r)dim MO’LM‘?«Fdim NO,g :

The objects constructed in (3]) are smooth forms on B U B'.
Now we reproduce the construction given in [5l §6] of analytic torsion forms.

Definition 5.2. For s € C,0 < Re(s) < 1, let A(s) be the form on BU B/,

(5.4) A(s) = diI;N

1 [ree
)/ usfl{@TrE[NHexp(—Bi) -
0

Ol TdZ(L,hL)}du.

By [6, Theorem 7.6], one verifies that s — A(s) extends to a function which is
holomorphic near s = 0. Set

5.5 B(L, M, h™) = ——=(0).
(55) ) = 2 0)

As in Section [2, we define the form Td*, ch® on B U B’. By proceeding as in
[5, Theorem 6.3], we have
Theorem 5.3. The form B(L, M, h™) lies in PBYB". Moreover

90 Td* (M, hM)

5.6 — B(L,M,h™) =Td*(L,h*) - ———~.
(56) Si B M) = T (1) — ot

5.2. Evaluation of the generalized analytic torsion forms. Recall that the

Hirzebruch polynomial A\(x) is given by g(m) = % Set

(z) if 6€?2rZ,

etd) if e R-2rZ.

A
(5.7) alf,z) = { 2
Let D(0,z) (0 € R, and x € C) be the function defined in [5] Definition 6.5]. For
6 € R, we identify D(6, ) with the corresponding additive genus. Let D (N, hY)
be the form on B U B’ associated to Dy in [5], Definition 6.7].

Definition 5.4. For § € R,z € C, |z| < 27 if § € 27Z; |z| < infrez |0 + 2kn| if
0 € R — 277, set
OafOx

(5.8) R(9,2) = D(0,2) ~T'(1) =~

0, z).

As above, we denote by R> the corresponding additive genus.
—~ ’ ’
Let Td (L, M,hM) € pBYB" /pBUB’.0 he the Bott-Chern class constructed as
in Section 2] [8, §1f)], such that
00

2im

%
(5.9) Td™ (L, M, h™) = Td® (M, h™) — Td® (L, h*)Td= (N, h™).

Now the computation in [5 Theorem 6.8] is local and universal, thus we can
work on each U and we get the following extension of [5] Theorem 6.8].
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Theorem 5.5. The following identity holds in PBYB’ /pBUB’0;
(5.10)

B(L, M, /M) = —(Td=)" (N, hN)Td" (L, M, k™) + Td=(L, hY)D(N, ).

6. IMMERSIONS AND QUILLEN METRICS

In this section, we prove Theorem which calculates the Quillen norm of
the canonical section o of A=1(n) ® A(£). This extends the result of [I3, Theorem
0.1] to the orbifold case. Let Y’ be the sub-orbifold of X constructed as in Section
Bl If we compare it with the formula [13] (6.2)], we guess naturally that Theorem
will contain some integral on Y U XY. In fact, we use the integral over Y UY".

This section is organized as follows. In Section[G.1], we introduce a closed 1-form.
In Section B2, we state seven intermediate results which we need for the proof of
Theorem[(.2] whose proofs are delayed to Sections In Section B3] we prove
Theorem [I.2. In Section [6.4] we prove Theorems[6.3], [6.41 In Section [6.0], we prove
Theorem [B8 In Section B8, we prove Theorem BH. In Section [677, we prove
Theorem B.6. In Section 6.8 we prove Theorem 6.7

In this section, we use the same assumption as in Section 3. We use also the
notation of Sections [I] BHE

6.1. A closed 1-form on R%} x R%. Let ¢ : Y — X be a holomorphic orbifold
immersion of compact complex orbifolds. Let 1 be a holomorphic orbifold vector
bundle on Y. Let (£,v) be an orbifold resolution of holomorphic vector bundles of
the sheaf i, Oy (n). By (3I0), there is a nonzero canonical section o of A= (n)@A(€).
The operators DX, V were defined in (BIT). For u > 0,T > 0, set

(6.1) Bur =u(DX +TV), Ap=DX +TV.
By proceeding as in [13| Theorem 3.5], we have
Theorem 6.1. Let 3, 7 be the 1-form on R, x R,

du ar
(62)  fur = "2 Tr |(NF = Ny)exp(=B2 )| — =T, [Ny exp(—B2 7).

Then By, 1 1s closed.

Take €, A,T(0 < e <1< A < 400, 1 < Ty < +00). Let T' = [J/_, I; be the
oriented contour in R} x R} :

u
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For 1 <k <4, set I = fl‘k Bu, 1. From Theorem B.1], we get

4
(6.3) d R =o.

k=1
6.2. Seven intermediate results. Let EY* be the formal adjoint of 5Y. Set
DY =9 +3 "

Let Y’ be the sub-orbifold of ¥X constructed in Section @l Let m; x be the
multiplicity of the connected component X; of X UXX. The relative multiplicity
mx,,y; on Yj C X; is defined by [@2); then mx, y is constant on Y}.

Recall that wX,wY are the Kéhler forms of X,Y. Since these forms are closed,
they can be paired with characteristic classes of vector bundles on XX, ¥Y | respec-
tively. 4

Let m; y; be the multiplicity of the connected component Y}’ of Y7 UXY7. For
0<i<m1<j<d,letx(&),x(n’) be the Euler characteristics of &, 7. By
Kawasaki-Riemann-Roch Theorem [21],

mj,x

(64) (&) =Y —— [ T

iy 1 b b
=3 |, T =,

myys

In what follows, we will often use the notation

(6.5) ch®(€) = Y (~1)ich¥(&), (€)= Y (~1)lich® (&),
i=0 =0

dim Nx(n) = Y dim N;x(n’).
J

We now state seven intermediate results contained in Theorems B2 16.8

Theorem 6.2. Asu — 0,

9 S (T X )k
S TR (©

T (NF — N exp(—u(DX + 1)) = 3 — /X

3 UMmq, x

T / [((dim XTd™(TX) - Td™(TX))eh™(€)
i Xi

mi x

(6.6) —Td*(TX)ch'™(€)| + O(u),

1 1 w . .
Tr, INY exp(—uDY2)] = [—/ Y T (TY)ehE (1
N eo(-up )= 0 [ [ S

+ /Y j (dimyide(TYj) - Td’E(TYi))chE(nj)} +O(u).

Proof. We get the second identity from (Z25). The proof of the first identity follows
the same line. O
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Theorem 6.3. For any ug > 0, there exists C' > 0 such that for u > ug, T > 1,

C

‘Trs [(Ng/( — Ny )exp(—u(D* + TV)2)} — Tr [NV, exp(—uDY’Q)]‘ < \/—T,

(6.7)

‘Trs [NH exp(—u(D* + TV)Q)] - %dim Nx(n)‘ < %

Theorem 6.4. There exist ¢ > 0,C > 0 such that foru>1,T > 1,

(6.8) ‘m [(N§ ~ Np) exp(—u(DX + TV)Q)} ~ T (N - NH)JBT]‘ < ce~Cu,

Here ]5T is the orthogonal projection form E on Ker(DX +TV) with respect to the
Hermitian product on E induced by g7, h¢ (cf. 2ZX)).

Theorem 6.5. There exist C > 0,7 €]0, 1] such that for u €]0,1],0 < T < 1/u,

(6.9) ‘ﬂs [NH exp ( — (uD¥ 4 TV)Q)}

1
-3 / Td*(TX, g7 *)dTrY [Ny eXp(—C%g)]‘ < Clu(1+1T)).
o Mix Jx;

There exists C' > 0 such that for v €]0,1],0 < T <1,
(6.10) ‘Trs [NH exp(—(uD™ + TV)Q)} — T [NH exp(—(uDX)Q)} ‘ <C'T.

In the following, we use the notation of SectionBlapplied to the exact sequence of
holomorphic Hermitian orbifold vector bundlesonY : 0 = TY — TX|y — N — 0.
In particular, for v > 0, we consider the operator B2 in Section B.1L

Theorem 6.6. For any T > 0, the following identity holds:
lim,, 0 Tr {NH exp(—(uDX + %V)Q)}
1
(6.11) _ Z - - /Y/ (I)TrSZ[NH exp(—l’j'gﬂ)]ChZ (n, ).

igviex, X TXLY]
Theorem 6.7. There exist C > 0,8 € [0,1], such that for u €]0,1],T > 1,

T 1
(6.12) ‘Trs [NH exp(—(uD™ + EV)Q)} ~3 dim Nx(n)| < 78"
Let | |§(5) ,» be the metric on M(¢) inherited from the metrics g7, @™ T2 pSi
as in Section 32

Theorem 6.8. AsT — +oo,

| B o 1
(6.13) log (%) = dim Nx(n)logT — log <|p|i71(n)®x(5)) + O(?)

NG
6.3. Proof of Theorem At a formal level, Theorems [B.206.8] can be obtained
from [I3] Theorems 6.3-6.9], [6, Theorems 8.3-8.9]. This permits us to transfer the

discussion in [I3], §6] to our situation. Using Theorem BH] as in [I3] §6], we get
Theorem 0.2 ([
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Remark 6.9. By (&) and (&4),

6.14) > _ / TdE(TX)(RE(N)+RE(TY))chE(77)
y;

m;, xmx. vy’
igvrex, XY
i

Thus we have a similar formula as in [13} (6.17)].

! / Td*(TX)R®(TX)ch™(¢).
mix Jx,

6.4. Proof of Theorems [6.3] and [6.4. In this part, we give a proof of Theorems
and 64l This proof relies essentially on the results of [13] §8 and §9], where the
corresponding results were established when X, Y are manifolds. We will use the
same notation as in [13] §8 and §9].

Recall that the orbifold normal bundle N on Y is identified with the orthogonal
bundle to 7Y in TX|y. We have the identification of C* orbifold vector bundles
onY,TX|y =TY & N. Thus we deduce the identification of C* orbifold vector
bundles on Y

(6.15) AT OV X))y = AT*OVYV)RANT).

By (I7) and (BIH), we find that AN )@A(N*) ® 5 is now an orbifold vector
sub-bundle of (A(T*(VX)&¢)|y.

For y € Y, let 6, denote the Kéhler form of the fiber Ng,,; then § € AY N
AY(N*). Let ¢ denote the linear map

aexp(h)

. %(0,1) — N7
(6.16) p:ae AT Y)®n— 9(dim N)/2

e (MT*OVX)SE) |y

As in [13, (7.14)], we find that ¢ is norm preserving. Let g be the orthogonal
projection from (A(T*D X)&¢)|y on the image of .

By Definition [[L8, over every local coordinate system (GV,‘~/) XV c X,
Gy, U) = U CY,U=VnY,ifjelUZe Ny jpp let t € R — @ =
expg(tg) € V be the geodesic in V which is such that zo = 7,dz/dt|i—o = Z.
Then for g € Gy,

(6.17) g expg(tg) = eXp;%(th).

So if (y,Z) € Nr and |Z| is very small, the map (y,Z) € Ng — expff(Z) e X is
well defined. For 0 < € < 400, set B. = {Z € Ngr;|Z] < €}. Since X and Y are
compact, there exists €9 > 0 such that for 0 < & < g, the map (y,Z) € Ng —
expff (Z) € X is a diffeomorphism from B. on a tubular neighborhood U, of ¥
in X. From now on, we will identify B, with U.. Also we will use the notation
x = (y,Z) instead of expff(Z). Finally, we identify y € Y with (y,0) € Nr. Let
k(y, Z) be the smooth positive function defined on B. by the equation

(6.18) dvx(y, Z) = k(y, Z)dvy (y)dvn, (Z).

For y € Y, we denote y € 1% corresponding to y € V. C Y. Let u(y) be the
smallest nonzero eigenvalue of the self-adjoint nonnegative operator V?2(3). Since
KerV is a smooth vector bundle on Y, the function y € ¥ — pu(y) € R} is
continuous. Since Y is compact, the function p has a positive lower bound 2b on
Y. We may and will assume that €9 > 0 is small enough so that if x € U, b is not
an eigenvalue of V2(7) (7 € 7y, ' (z)).
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For 0 < k < m, z € U, § 5 (resp. §,‘:9~6) denotes the direct sum of the
eigenspaces of the restriction of V2(Z) to & z corresponding to eigenvalues which
are smaller (resp. larger) than b. Then T f,ji define orbifold vector bundles
S f,jm on U, .

If v = (y,2) € Usy, (MT*OVX)RE), is identified with (A(T*ODX)R¢), as in
[13, §8g)], and this identification preserves the metrics and the Z-gradings associ-
ated to the operators N{f and Ng.

Let ET, E be the set of smooth sections of

T AT OVX)RE )y, AT OVX)REly

on the total space of Ngr. Let E* (resp. E*, F") be the set of sections of
AT OV X)RE (resp.  of T ((A(T*OVX)®€)|y) on the total space of Ng, of
AT*OVY) @ n over Y), which lie in the u** Sobolev space.

IfyeY,Z € Nry, set

(6.19) By = eXp( y — @)

Let ¢ be the linear map ¥ : 0 € F* — o8 € E°. Let E " be the image of FY by
¢ in E'. Then E*° ¢ E™%. Let p be the orthogonal projection operator from E°
on E %, One then easily finds that if s € E?,

2"

m Z|?
(6200 ps(y.2) = oy exp(—%)q / exp(——=)s(y, Z)dun (Z').
NR,y

1
mx,y fﬁRﬁ

Here the integral [ P is considered in the sense of the integral on
Y

orbifolds.
We now take € €]0,e0/2]. In the following the constants in our estimates will

depend on e. Let v be a smooth function on R with values in [0, 1] such that
v(a) =1 for |a| < %, y(a) =0 for |a| > 1. If Z € Nr, set

12]

(6.21) p(2) =~(=

).
For T >0,y €Y, set

(6.22) ar(y) = /N exp(—TIZIQ)ﬂQ(Z)%-
Ry

Clearly, for 1 < j < d, ar takes the constant value ar ; on YJ. For p>0,T >0,
let I be the linear map

. T|Z|?
(6.23) o€ Fr = Iro(y, Z) = (ar28™N)=1/25(Z) exp(h — Tizi*

Jo € EF.

Set Jp = k~'/2Ip. For p >0, T > 0, let EY. (resp. EY) be the image of F* in E*
by It (resp. E* by Jr). Let pr be the orthogonal projection operators from E°
on EY..
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Proposition 6.10. Ifs € E°, and ify € Y, Z € NR,y, then

p(Z)

620 (ro),2) = 22 exp(- L

)
2
) AL ~ don (2
<af e G

Y

Proof. The proof is elementary and is left to the reader. O

Thus we have extended all constructions of [13] §8,9] in our case. By proceeding
as in [13], §8,9], we get Theorems 6.3, [6.4]

6.5. Proof of Theorem B.8. We use the notation in [I3] §10]. Let Sp(DY), Sp(Azr)
be the spectrum of DY, A7. Let ¢z €]0, 1] be a constant fixed once and for all such
that

(6.25) Sp(DY)N{X e R, |\ < 2¢} C {0}.
Theorem 6.11. There exists Ty > 1 such that for T > Ty,
(6.26) Sp(Ar) N{|\| < e} C {0}.

Proof. By using Theorem B4 and proceeding as in the proof of [I3, Theorem 9.25],
we have Theorem [G.IT] O

As in Section 64, we identify B;. o = {Z € Nrj;|Z| < €0/2} with a tubular
neighborhood Uj ., /2 of Y7 in X. Since U, is a tubular neighborhood of ¥ =
U?Zl Y7 in X, we deduce that if j # j, then U; . jo NUjs /2 = 0.

Let Q be the orthogonal projection operator from F° on Ker(DY). We fix
e €]0,e0/4].

To prove Theorem [6.8, from the proof of [13] Theorem 10.1], the crucial point
is to show that for any o € Ker(DYj), A € C,|A = c2/2,m € N, there exists
sm(A\, T) € Et such that (cf. [13, (10.8)])

(6.27) smNT)=0 on  X\Uj.o /2
H(/\ ~ Ar)smAT) — JTUH —O(T~™).

To prove (627), we will treat in the local card (Gy, V) — V C X. We easily ver-
ify that on V, the construction of s,, (A, T) in [13, (10.9)-(10.15)] is Gy -equivariant.
Thus we have constructed s,,(\,T) in our case.

By proceeding as in [I3], §10], we have Theorem O

6.6. Proof of Theorem [6.5].

Proposition 6.12. Let Ty € [0,4oc0[. There exists C > 0 such that for u €
]07 1]7T S [07T0];

‘Trs [NH exp(—(uD¥ + TV)Q)}

1
(6.28) - o [ TP T [Nu exp(-C)] | < O

‘m [NH exp(—(uDX + TV)Q)} T, [NH eXp(—U,2DX’2)} ‘ < CT.
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Proof. By proceeding as in [I3, Proof of Proposition 11.1] and Section [Z3] we easily
find that for T > 0, asu — 0

(6.29) Tr, [NH exp(—(uD™ + TV)Q)]

1

= Z / Td*(TX, g7 )T [NH exp(—C22)| + O(u).
o Mix Jx;

Since T only plays the role of a parameter, one obtains the existence of C > 0

such that the first inequality in (G28]) holds. By [13, (11.13)] and the technique of

Section 2] one finds that the second inequality in (G.28) follows. O

In the following, « is a positive constant and the precise value of a should be
determinate as in [I3, §13e)]. Let f be a smooth even function defined on R with
values in [0, 1], such that f(a) =1 for |a| < «/2, and f(a) = 0 for |a| > . Set
g9(t) =1 - f(1).

Definition 6.13. For u €]0,1],a € C, set

“+oo ) —t2 dt
(6.30) F,(a) = /_OO exp(itav/2) eXp(T)f(ut)\/—Z_ﬂ,
oo . —t2 dt
Gul) = [ explitav3) exp(—-)g(ut) Z=.
+oo _ 42
)= [ eplitaV?) expl5z)a()—=.
Clearly
(63)  Gula)=Hu(),

F,(uDX +uTV) + G, (uDX 4+ uTV) = exp(—u*(DX + TV)?).
Theorem 6.14. There exist ¢ > 0,C > 0 such that for u €]0,1],T > 0,

(6.32) ‘Trs [NHGu(uDX + uTV)} ‘ < cexp (;—QC)

Proof. Let A’ be the contour in C: From +o0o + 4 to —1 + ¢, then from —1 + ¢ to
—1 — 4, and then from —1 — 4 to +o00 — 1.

Let H,, (p € N) be the function defined in [I3} (11.22)] which verifies that for
any m € N, there exist ¢, , Cpp, > 0 such that sup,c - |a|m|ﬁu,p(a)| < exp(— 22 ),
and

1 Hyp(N)
6.33 H, (A7) = — P A,
(6.33) “r) =35 /A (A — AZ)p
Now in our case, [7, Theorems 9.14, 9.17] still holds. Then by proceeding as in the
proof of [13] (9.114)], we get (6.32]). O

From the proof of the finite propagation speed of solutions of hyperbolic equa-
tions on smooth manifolds [31l T §2.8], we know the proof can be extended to
orbifolds. Thus the wave operator exp(ity/2|uDX + uTV|) is well defined on X.

Now by (6.30),
a/u 2 dt

(6.34)  Fu(uDX +uTV) = /_ / exp(it\/i|uDX+uTV|)exp(%) flut) o=
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Let F,(uDX +uTV)(x,2')(z,2’ € X) be the smooth kernel of F,(uD* + uTV)
with respect to dvx (z')/(27)4™ X, Then
(6.35)
X X dUX ({E)
Trs {NHFu(uD + uTV)} = /X Trs {NHFu(uD + uTV)(:c,x)} 2m)Tm X

Using (6-34), we see that if v € X, F,,(uDX +uTV)(z, 2") vanishes for dX (z,z') > «
and only depends on the restriction of DX + TV to BX(z,a). By Theorem [6.14]
we find that the proof of Theorem [E.H has been reduced to a local problem on X.

Let (G, vm)ig (here ‘7}5 is a neighborhood of 0 € C"™ and G, acts linearly on
C™) be a covering of X such that (Gy,, %vmi)ie[ is also a covering of X. Let p; be
a partition of unity subordinate to (G, %in)ig, the covering of X. Let k() be
such that for |z] < 5,

(6.36) dvg, (&) = k(@)dvy, g, -

We replace X by TX/G,, = C"/G,, (n = dimX), such that 0 € (TX),,
representing 7;, and that the extended fibration over C" coincides with the given
fibration over B(0,¢) C C™.

Let

F,(uDX +uTV)(z,7) (7,7 €TV,
be the smooth kernel of F, (uDX +uTV) with respect to dvpy (@) /(2m)4m X, By

(Z2) and the above discussion, for z € B(x;, 5), we get

1 g~
(6.37)  Fu(uDX +uTV)(w,2) = —& > gF.(uD +ulV)(g™'%, T)k(Z).
Kol o
By [6, Theorem 11.7], Section @] (£.35), ([6.37)), we get Theorem 6.5. O

6.7. Proof of Theorem[6.6] By (6.31)), (6.32)), we know that to establish Theorem
.6, we just need to show that as u — 0,

(6.38) Tr, [NHFu(uDX + %V)}

1
= Z m/y PTr¥ [Ny exp(—B22)]ch®(n, h").
igviex, XX Y

By the argument in Section 6.5 the proof of Theorem has been reduced to a
local problem on X, and we replace X by TX /Gy, = C"/G,, as in Section
By (6.31), for x € B(x;, §), we get

(6.39)  Fu(D¥ + %V)(x,x) - % S gR.(DX + %V)(g—lz, Fk(E).
Ul geas,
By [6, Theorem 12.3], (£4)), (635), (€39), we get (E1T). O

6.8. Proof of Theorem [6.7. We use the notation of Section [6.5]
Theorem 6.15. There exist ¢ > 0,C > 0, such that for u €]0,1],T > 1,

C exp(=Y

(6.40) ‘Trs[NHGu(uDX—l-%V) —%dime(n)Gu(O) < el p)
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Proof. The proof of our theorem is essentially the same as the proof of [13, Theorem
13.4], [6l Theorem 13.4]. Of course, we use the argument of Section 65 In fact,
we find that

x T o V]| < v -C
(6.41) ‘Trs [NHGu(uD +ZV)} ~ T, [NHGu(uD )H < T en(r)

By [13] Proposition 8.4], N, = 1dim N. Recall that Gy(a) is a holomorphic
function of a?. By an analogue of the Mckean-Singer formula, we find that for
1<j<d,

(6'42) Trs[Gu(UD}/)] = X(nj)Gu(O)'
Using (6.4T)), [6.42), we get (6.40). O

In view of Theorem and (@.31), we see that to prove Theorem [6.7, we only
need to show there exist C' > 0, €]0, 1] such that for u €]0,1], T > 1,

T 1
(6.43) Trs [Ny Fy (uD™ + —V)] = 5 dim Nx(m)F.(0)] < 7.
As in Section B8, we replace X by TX/G,, = C"/G,, (n = dimX). By [6]
Theorem 13.6, Remark 13.7], (635) and (639), we have (6.43).
By (641), (6.43), we get Theorem 6.7, O
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