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?A@CB 8EDGFH<JI BEK D @ LMON'PRQASUTWVYXZQ\[9N�Q^]`_�acbAbZXAacdeTcN�acQGf g\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g iMON�QZ]e[jNkQZSlQnmoQZprq�]sQASut�Q^SUvjSUTcwZprQZSlt�Q^acbZbAXZaUdeTxNkacQyghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z|z} _�aUbZbAXZacd~TxN�aUQ^t�Q^p���TcS�ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z|z} QZSuacbAScQ�_�Nom�t�Q\�JQnTxacd ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{zE�} _�aUbZbAXZacd~TxN�aUQ^t�Q�TxQZaUp�QAS�g\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z��} Q

λ
V�X�_�]eXZN�]Hghg\g\g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z��� ]sdsprds��_�Txde�|��QnTl��_�ScQASut�Qh�^aU�|����QAa�g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{zE�} _�aUbZbAXZacd~TxN�aUQ�Tx�|q��|]s���|ds[9N�Qh��]sQZS�pr�|Nk��QZprQZ�=TxSlt�Q\�uQZdstkQZprQZdsSWTxQAa�ghg\ghg\g\ghg\g^g{z����_�TxbA�|�|aUde��XZ_�Txde�|��QATlacbAbZXAacdeTcN�acQ�g\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z� ��_�TxbA�|�|aUde���|�kS�QZ��XA�|acQ g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g{z�i¡Oac�=_��kdsSx_;Txds��� g\ghg\g\g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢��£

¤ ¥ 6j¦¨§ BEK D @H©«ª¬K¨@ § K 8E6 © D�< ©A­®©AB�¯o° 6 © F®6�8E±9±oI|8 K²B <®8;6�§ ªJ©AB 8E§ K²BE© ³�´z|g~z µ¶bA����deTcds�|��S�ghg\g\g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢���z|g·� �7acds�kXZdsq�_�Nom�XAacd~TxwZaUQZSut�Q�TxQAacprds��_�dsSc����QATlt�Q^XZ���k¸�N�QA��XZQ g\g\g\g\ghg\ghg\g\ghg\g^g¢��iz|gR� �¹�|prq�_�ax_�dsSc����t�Q^SUvjSUTcwZprQZSlt�Q^acbZbAXZaUdeTxNkacQ�ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g��|�z|gº� �lbAbZXAacdeTcN�acQ^_���SUTcax_�d~TxQ�QATl]s_����=_���QOt�QZSlX�_;TxbZ���|acdeQZSlghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g����
³ » 8E± © 6 @CB § BEK D @H© FH6 ° D @ D�¼½F®6 © DC< ©n­®©AB�¯j° 6 © FH6�8;±9±jI|8 K¾B <H8E6/FH6 ° D B�© ´ >�og~z } _�XZ_�TxbA�|�|aUdsQ�t�QASlpr�|����¿�t�QAS�QATl]sQOÀ¾�|�kXATxQAN�aup�������¿�tkQO]sde��acQ g\g\ghg\ghg\g\ghg\g^g��=Á�og·� Â/�jt�N�]sQASZÃ�det�b�_�Nom�QATlaUQZ]`_;Txds����S�t�Q^acbAt�N�XnTxds����SUN�auN���p��|�k��¿�t�Q\g\ghg\ghg\g\ghg\g^gÄ�=£�ogR� �¹�|�=TxQ½moTcQZSlScN�auN���pr�|����¿Åt�QÆg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^gÄ�=��ogº� �7acbZSUQZ�=TÇ_;Txds���/t'PºN���p�������¿�tkQOQATlq�aU�|��]swAp�Q�tkQ\pr��TcS+ghg\g\g\g\g\ghg\ghg\g\ghg\g^gÄ�=��og·� �7ac�|��]ewZprQOt�Q^pr��TxS�QnTÈaUbZbAXZacd~TxN�aUQ g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^gÄ�=i�ogR� ÉJQAacprds��_�dsSc����QATu�|aUt�acQASltkQ\aUbZt�NkXATxde�|� ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢��£�og·Á �¹�|�k¸�NkQZ��XAQhQnTÈq�_�dsaUQZS�XZaUdeTcds[9N�QZS ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢����og·Áogez } _�q�aUbZScQA�=TÇ_�Tcds�|��XZ]s_�ScSUds[9N�QÊg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢����og·ÁogË� Ìl��Q\_�q�q�aU�oXÇÍkQh_�]s�|bA��acde[jNkQ�t�QZSuq�_�deacQAS�XZacd~Txde[jNkQZSÎg\g\g\g\ghg\ghg\g\ghg\g^g¢�� 
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�ogR  �7ac�jXZbZtkN�acQASÈt�Q^XA�|p�qk]sbATcds�|�ÙqC�|Nka�]sQZSuq�aUbZSUQZ�=TÇ_�Tcds�|��t�Q^pr�|����¿Åt�QZS�g\ghg\g\ghg\g^g��kz�ogR kgez } _�q�aU�oXAbZt�N�aUQ^��_�Scde[9N�QÚg\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g��kz�ogR kgË� } dep�d~TÇ_�Tcds�|��SÔt�Q^]`_«qkac�jXZbZtkN�acQ\��_�SUds[9N�QÛg\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g��|��ogR kg·� �7aU�oXAbZt�N�aUQZSlt�Q^XZ�|prq�]ebATxde�|��_��kSUTxac_�deTcQZSuQATuqkacQZNo�|QZS g\g\ghg\ghg\g\ghg\g^g��=�
´ » 8E± © 6 @CB § BEK D @H© FÔÜÝDÞ57±98;§�FH6 © ß�L�kg~z µ¶QZSupr��TxSu_�Nom��|q�bZac_�TxQAN�acSàghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢Á�£�kg~z|gez µÈdsScXAN�ScSUds�|��g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢Á|��kg·� ¡OqCbAax_�t�QASu]sds�kacQZS�QnTu[9N���TxdeQZ�=TxS¢g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¢Á� �kg·�ogez �7aUbZScQA�=TÇ_�Tcds�|��t'PºN���Q^qCQnTxd~TxQ�X�_;TxbZ���|acdeQ�q�_�a��|ac_�q�Í�Q^QATlaUQZ]`_;Txds����S)g\ghg\g^g¢Á� �kg·�ogË� ¡Oq�bZac_�t�Q^]sde��acQAp�QA�9T�QZ���|QA��t�aUbZQ\q�_�a�N���Q^SUds�|��_;TxN�aUQ g\g\ghg\ghg\g\ghg\g^g¢Á�i�kg·�og·� } dep�d~TxQZSØQnT�XZ��]sdsprdeTcQZS7t�_���S¹]eQZS¹XZ_�TxbA�|�|aUdsQZSÔt�QAS�Scde�|��_�TcN�acQAS¹QAT¹t�QZS¹�|qCbAax_�tkQZSá |��kg·�ogR� ¡Oq�bZac_�t�Q^[9N���TxdeQZ�=T�gCghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g� |��kgR� �7acbZSUQZ�=TÇ_;Txds����Sut'PR��qCbAax_�t�QASÎghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g�i=��kgR�kgez Â��ot�Nk]sQZS�SUN�auN���Q\�|q�bZax_�t�Q�g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g�i=��kgR�kgË� ÕYtkb�_�]GQA���|QZ�kt�acb\q�_�a�N��kQ^À¨_�p�de]s]sQlt�Q^acQA]`_�Tcds�|�kSâg\g\g\g\g\ghg\ghg\g\ghg\g^g�i���kgº� �¹�|�=TxQ½moTcQZSlQATlXZ����SUTcacN�XnTxds����_�]~TxQAac��_�Tcde��QOt�Q^]ÅPºdst�bZ_�]ãQA���|QA��t�acb\q�_�aut�QASuacQZ]s_�Txde�|��S�g�i=��kgº��gez Â��ot�Nk]sQ�]sde��acQ¶QZ���|QA��t�aUbhq�_�a�N���Q^Scde�|��_�TcN�acQ¢ghg\g\g\g\g\ghg\ghg\g\ghg\g^g�i|��kgº��gË� �¹���9TcQnmjTxQASÈSUN�auN���Q\�|q�bZax_�t�QÎg^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g�i| �kg·� �lQnTx�|Nkau_�Nom�q�aUbZSUQZ�=TÇ_�Tcds�|�kSltkQ\pr�|����¿�t�QAS ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�£|£�kgR� �7acbZSUQZ�=TÇ_;Txds���/t'PºN���Q^�|q�bZac_�t�Q^QATlq�aU�|��]ewZprQOt�Q^p���TxS�ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�£kz�kg·Á ÉJQAacprds��_�dsSc����t'PRNk��Q^q�acbAScQZ�=Tx_�Txde�|�/tãPR�|q�bZac_�t�Q g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�£=��kg·Áogez ¡OaUt�acQASltkQ\aUbZt�NkXATxde�|��ScN�auN��kQh�|q�bZac_�t�Q ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�£|��kg·ÁogË� Ìl��Q�TxQAXÇÍ���ds[9N�Q\XZ]s_�ScSUds[9N�Q�t'Pºds�=TcQZacqkacbATx_�Txde�|��QZ��acbAbZXZaUdeTcN�acQ^t�Q�TxQAacprQZS¢g^glz�£���kg·Áog·� Ìl��ax_�q�det�Q^_�q�QZaUäZN�t�Q^]`_«TxQAXÇÍ���ds[9N�Qh_�prbZ]eds�|aUbZQ¶g\g\g\g\g\ghg\ghg\g\ghg\g^glz�£=��kg·ÁogR� } Pº�|q�bZax_�t�Q

O(X, Y,M)
g\ghg^g\ghg\ghg\g\ghg\ghg\g^ghg\g\ghg\ghg\g\ghg^guz�£|��kg·ÁogË� Ìl���|act�aUQ^t�Q^acbZtkN�XATcds�|��ScN�a
O(X, Y,M)

ghg\ghg\g^ghg\g\ghg\ghg\g\ghg^guz|z|z�kg·Áog·� } Q�aUbZScNk]eTÇ_;Thg\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�z���kg·ÁogËÁ Ìl��q�acQAp�deQZa�QnmoQAp�q�]eQ���]`_�q�aUbZScQA�=TÇ_�Tcds�|�
L(Z2)

g\g\g\g\ghg\ghg\g\ghg\g^glz�z���kgR  �¹�|�k¸�NkQZ��XAQh]e�oXZ_�]sQOtãPRN��kQ\qkacbZSUQZ�=TÇ_;Txds���/t'Pº�|q�bZac_�t�Q«g\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|��kgR kgez �J_�dsaUQZS�XAacdeTcds[9N�QASltãPRN��kQ\qkacbZSUQZ�=TÇ_;Txds���/t'Pº�|q�bZac_�t�Q�g\g\g\g\ghg\ghg\g\ghg\g^glz��|��kgR kgË� ��_�]sXZNk]'t�QZSlq�_�deacQAS�XZacd~Txde[jNkQZS�g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|��kgRi Ó TxaUN�XATcN�acQASÈtkQ\tk�|����bAQZSlqC�|Nka�]sQZS���qCbAax_�t�QASu]sds�kacQZS�g\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|Á�kgRikgez �7aUQZprdswZaUQ�SUTcacN�XnTxN�aUQ g\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��� �kgRikgË� µÈQZNomodswAp�Q^SWTxacNkXATxNkacQåg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz���i
æ » 8E± © 6 @CB § BEK D @H© FH6 ° D @ D�¼½F®6 © I|D °å° < B § B�K¨çY© D�<38E± © 69§�<GèÎF®6 » 6 B 8 K ¤ ´ >��g~z ÌÈ��Q^t�QAScXAacdsqoTxds����SUN�XZXAds��XnTxQ\t�QZSuaUbZScQZ_�Nom�t�Q\�HQATxaUdåg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��=Á��g·� ÌÈ��ScNkaU�|��]HtkQZSlq�acbAScQZ�=Tx_�Txde�|��Sut�Q^p�������¿�tkQZS�XZ��p�p«NoTÇ_�TcdeÀ¾S�g\g\g\ghg\ghg\g\ghg\g^glzZ�=£��gR� } QZSuacbAScQ�_�Nom�t�Q\�JQnTxacdGSU�|�=T¶tkQZSuq�acbAScQA�9Tx_�Txde�|��Sut�Q^pr�|����¿Åt�QZS�XA�|p�péNkTÇ_�TcdeÀ¾S{g\g^glzZ��z��gº� �7acbZSUQZ�=TÇ_;Txds���/t'Pº�|q�bZac_�t�Q\_�ScSU�oXAdsbAQ^êrN��kQ\qkacbZSUQZ�=TÇ_;Txds���/t�Q^pr�|����¿Åt�QOXA�|p�péNkTÇ_�TcdeÀ�zZ�=�
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��g·� ÌÈ���|aUt�acQ^t�Q^acbAt�N�XnTxds���/q�_�aUTxdeXZN�]edsQAaíg^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glzZ�9�
î ¥ ±9±jI|8 K²B <®8E6�F®6 B 698 ° 6 © 6 B 5H8E± © 6 @CB § BEK D @J© FØÜÝD�57±98E§�F®6 © ¤=æ >�og~z Ó vjSUTcwZprQZSlt�Q^acbZbAXZaUdeTxNkacQ^t�Q�TxQAacprQZS g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glzZ�9Á�og~z|gez ÉHQZaUp�QASuQATlacwA�|]sQAS�t�Q^acbZbAXZaUdeTxNkacQ g\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glzZ�9Á�og~z|gË� �¹���9TcQnmjTxQASZÃÞScNk��SUTcdeTxNoTxds����SuQATlacQA]`_�Tcds�|��S¹t�Q^acbZtkN�XATcds�|� g\ghg\ghg\g\ghg\g^glzZ�= �og~z|g·� ¡OaUt�acQASltkQ\aUbZt�NkXATxde�|��ScN�auN���QZ�kScQZpé��]sQ^t�Q�TxQAacprQZS g\g\ghg\ghg\g\ghg\g^glz���£�og·� ÕY�=TxQZaUq�acbnTÇ_�Tcds�|��_�]e�|bZ�kacds[9N�Q�tkQZS�TxQAacprQZSlghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��oz�og·�ogez ÐÈ]s�|wA��acQ�SUN�auN���Q^�|q�bZac_�t�Q)g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��oz�og·�ogË� } PºQZ��SUQZp«�k]sQ^t�QZS�TcQZacprQZS��jN�XZ�|prp�Q�Nk��Q\_�]s�|wA��acQ g\g\g\ghg\ghg\g\ghg\g^glz�����og·�og·� �uwZ��]sQZS�]eds��bZ_�dsaUQZS�ê��=_�N�XÇÍ�Q^QATlN���d~À¾�|acprdsSc_�Txde�|�ïg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|��ogR� ¡OqCbAax_�t�QASuX�_�aWTxbZSUdsQA����QZSlQATlSUds�|��_;TxN�aUQZSu_�]e�|bZ��aUds[9N�QAS ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|Á�ogR�kgez ¡Oq�bZac_�t�QZSuXZ_�aUTcbZScdeQZ���kQZS\��t�bA����deTcds�|��QATlQ½mkQAp�qk]sQOÀ¾�|��t�_�p�QA�=TÇ_�]%g\ghg\g^glz��|Á�ogR�kgË� ¡Oq�bZac_�t�Q^X�_�aWTxbAScdsQA����Q^]sde��acQ¶QZ���|QA��t�aUbZQ\q�_�auN���Q^Scde�|��_�TcN�acQ^_�]s�|bA��acde[jNkQ glz��|��ogR�kg·� Ìl��Q^q�acbAScQA�9Tx_�Txde�|��XZ�|�=�|QAac�|QA�=TxQétkQ\]ðPR��qCbAax_�t�Q�XZ_�aUTcbZSUdsQZ�k��Q^]sds�kacQ�g\ghg\g^glz��=Á�ogR�kgR� ÉHQZaUp�de��_�deSc�|��t�Q

(Σc, R∆,Σ)
g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz��|i�ogR�kgË� �¹���k¸�N�QA��XZQ\t�Q

(Σc, R∆,Σ)
g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^glz�Á� �ogº� ÌÈ��Q«_�NkTxaUQé�|QAacSUds�|�Ût�Qé]ÅPº�|qCbAax_�tkQ«X�_�aWTxbAScdsQA����Q«]eds��aUQéQA���|QZ�kt�acbAQ�q�_�aON��kQ«Scde�|��_;VTxN�aUQ^_�]s��bZ��aUds[9N�Q g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�jz�i�ogº��gez �¹����SUTcacN�XnTxds����tkQ

TΣ
ghg\ghg\g^ghg\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g^gì�oz�i�ogº��gË� } Pº�|q�bZax_�t�Q�X�_�aWTxbAScdsQA����Q

TΣ
QASUTÈ]sds�kacQZprQZ�=T�QA���|QA��t�acbAQhq�_�a

Σ
ghg\ghg\g^gì�|����og·� } dsQZ�kS�QZ�=TxaUQhN���SUvjSWTxwZprQ^t�Q^acbAbZXZaUdeTcN�acQ^t�Q�TxQAacprQZSuQATlSc_rq�aUbZSUQZ�=TÇ_�Tcds�|�/_�SUSc�jXZdsbAQñg¹���|Á�og·�ogez Ó dsp«N�]s_�Txde�|�ÙtkQZSlbATÇ_�qCQASltkQ\aUbZt�NkXATxde�|� g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���|Á�og·�ogË� ÉHQZaUp�de��_�deSc�|��g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���|£�og·�og·� �¹���k¸�N�QA��XZQ«g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���=Á�ogR� Ò Tu]sQZSuSWvoSWTxwAp�QASÈ�����/]eds��bZ_�dsaUQZS�ê��=_�NkXÇÍ�Q®fÚghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���| �ogR�kgez �ubZbAXZaUdeTxNkacQ�t�Q�TxQAacprQZSupr�ot�Nk]s��XZ��p�p«NoTÇ_�Tcde�jdeTcbïg\g\g\g\ghg\ghg\g\ghg\g^g¹���| �ogR�kgË� } Q�XZ_�SÈtkQZSuSUvjSUTcwZprQZSl���|��]sde��b�_�deacQAS g\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�=£

ß ò 6j8 © < @ 6Ê5H8E± © 6 @CB § BEK D @ F K §�óÞ8E§ °Ú° § BEK¨ô <H6/FH<
λ õ I|§�¦¨I=<J¦jö ³ æ ´�kg~z } Q

λ
V�X�_�]eXZN�]Hghg\g\g\g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�=��kg~z|gez Ò ��SUQZp«�k]sQ^t�QZS

λ
V�TcQZacprQZS�À¾��acprQZ]sS ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�=��kg~z|gË� Ò ��SUQZp«�k]sQ^t�QZS
λ
VYXA�|�=TxQnmjTcQZS g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�9��kg~z|g·� �uQZ]s_�Txde�|��t'P

α
V�XZ�|�=��QZacSUds�|��QAT

λ
V�TcQZacprQZS�g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�=��kg~z|gR� } QASltkQZNom�aUwZ�|]eQZS�t�Q^acbAbZXAacdeTcN�acQ^t�N

λ
VYX�_�]sXZNk]÷ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�= �kg·� } Q�q�acQAp�deQZa�pr�ot�wA]sQ«��]s_«]s�|��ds[9N�QOXA�|p«��de��_�Tx��dsacQ ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�;�=i�kgR� µéPR_�NkTxaUQZS�TxQAacprQZS^��]sQAS�X�_�]eXZN�]eS�t�Q^ScN��kSUTxd~TxNkTcds�|�kS�Qnmoq�]sdeXZd~TxQZS g\g\ghg\ghg\g\ghg\g^g¹���oz�kgº� ÉJaU�|dsSUdswAp�Q¶���|dsQ���tkde�|QAacSuX�_�]sXZNk]sS��|ac_�q�Í�de[jNkQZSåg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹������kgº��gez } Q�XZ_�]sXAN�]Gt�Q } _�p�qkds���ñg\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹������kgº��gË� } QASlaUbZSUQ�_�Nom�tãPRde�9TcQZac_�XATcds�|��g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹������kgº��g·� } QASlaUbZSUQ�_�Nom�tkQ\qkacQZNo�|QZSøghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���|�

ù
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�kg·� ÌÈ��Q^q�aUbZSUQZ�=TÇ_�Tcds�|��t'Pº�|q�bZax_�t�QZSl_�SUSc�jXZdsbAQ\_�N
λ
V�X�_�]eXZN�]Ef3g\g\g\g\g\ghg\ghg\g\ghg\g^g¹������kg·�ogez Ìl��Q^�|q�bZax_�t�Q^Sc�|Nk��QZac_�ds��Q^q��|N�a�]eQ

λ
V�X�_�]eXZN�]']eds��bZ_�dsaUQúg\g\ghg\ghg\g\ghg\g^g¹������kg·�ogË� Ìl��q�acQAp�deQZa�q�aU�|��]swAp�Q��k]sQZS�¸�wAXÇÍ�QZSlds�9NkTcds]eQZSñghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���|£�kg·�og·� } Q�q�aU�|��]ewZprQ�pÙ_EûUQAN�a���]ÅPºQnmjTcQZ��SUds�|��_�N

λ
V�X�_�]eXZN�]rg\g\g\g\ghg\ghg\g\ghg\g^g¹���kz�kgR� üØQZaUSlNk��Q^t�dsprQZ��SUds�|��SUN�q�bZacdeQZN�aUQyghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���=�

4 ý�57±98E§�FH6 © 6 B §�< B 8E6 ©�©nB 8;<JI B <®8E6 © F®6Ê¦×ÜÝ§�¦¾ó ¯9ª 8E6Ê< @JK²þ 6j8 © 6j¦¨¦¨6 ³Þß >Ðég~zÿ¡OqCbAax_�t�QASuQATl�|q�bZax_�t�QZSuXZ]s_�ScSUds[9N�QAS#g\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���=ÁÐég·� ¡OqCbAax_�t�QASZÃÞ�Ø��¡#QnTÈ�Ô��¡^� g\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹���|iÐégR� ¡OqCbAax_�t�QASuQATuTxÍ�bA�|acdeQZSu_�]e�|bZ�kacds[9N�QASÙg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹��Áoz
� » 8E± © 6 @CB § BEK D @ FH<

C õ ° D @ D�¼½F®6 Kð@HK²BEK §�¦l6 B λ õ I|§�¦¨I=<J¦È§ þ 6jI © < ªJ©ABEK²B < BEK D @H© 6=èG5¬¦ K õI K¾B 6 © ³ > îÑ¶g~z } _�SWTxaUN�XATcN�acQ\t�Q
C
V�p�������¿�tkQ\g\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹��Á��Ñ¶g·� } Q�SUvjSUTcwZprQht�Q^aUbZbZXAacd~TxN�aUQ

K
ghg\ghg\g^ghg\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g^gì�|Á��Ñ¶g·�ogez Ó ds�|��_;TxN�aUQ�QATuacwA�|]sQASut�Q^acbZbAXZaUdeTxNkacQ^t�Q

K
ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g^gì�|Á��Ñ¶g·�ogË� } _�acQA]`_�Tcds�|�

K0

TxQZaUp�de��Qâghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹��Á� Ñ¶g·�og·� } _�acQA]`_�Tcds�|�
K
TxQAacprds��Q ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹��Á�iÑ¶g·�ogR� } _�acQA]`_�Tcds�|�

K
QZSWTlXZ�|�k¸�N�QZ�=TxQ�ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹�� |�Ñ¶g·�ogË� } _�acQA]`_�Tcds�|�

KB
QASUTÈXZ�|�o¸�N�QZ�=TcQ g\g\ghg\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g^gì�� | Ñ¶gR� µ¶bA����deTcds�|��t�N�t�bA]sdsQAp�QA�=Tég\ghg\g\ghg\g^ghg\ghg\g\ghg\ghg\g\g\g\g\ghg\ghg\g\ghg\g^g¹��i=�Ñ¶gR�kgez µÈbA����d~Txde�|��t�N�t�bZ]edsQZprQZ�=TuSUN�au]sQZS

λ
V�TcQZaUp�QASuÀ¾��acprQZ]sSÎg\g\ghg\ghg\g\ghg\g^g¹��i=�Ñ¶gR�kgË� µÈbA����d~Txde�|��t�N�t�bZ]edsQZprQZ�=TuSUN�au]sQZS
λ
VYXA�|�=TxQ½moTcQZS+g\g\g\g\g\ghg\ghg\g\ghg\g^g¹��i=ÁÑ¶gº� } Q�SUvjSUTcwZprQht�Q^aUbZbZXAacd~TxN�aUQ

K
��Q^ScdspéN�]sQOq�_�SuXZ�|prq�]swnTxQAp�QA�9Tu]eQ

λ
V�X�_�]eXZN�]Øg\ghg\g^gÔ�|£|£Ñ¶gº��gez } Q�t�bA]sdeQZprQZ�=TuQZSWTÈXA�|prq�_�Txde��]sQO_���QZX\]ÅP

α
V�XZ�|�=�|QAacSUds�|� g\g\ghg\ghg\g\ghg\g^gì��£|£Ñ¶gº��gË� } Q�t�bA]sdeQZprQZ�=Tuq�acbAScQAaU�|Qh]sQAS�bATÇ_�qCQASÈt�Q
β
VYaUbZt�NkXATxde�|� g\g\ghg\ghg\g\ghg\g^gì��£��Ñ¶gº��g·� } Q�t�bA]sdeQZprQZ�=Tuq�acbAScQAaU�|QhScQAN�]sQAp�QA�9Tl]s_

β
V����|aUpÙ_�]edsSc_�Txde�|� ghg\ghg\g\ghg\g^gì�oz�£

��K¾ª ¦ K DÞóÞ8E§�5�� K 6 ´ ¤ ´
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�¹Q�Tcax_���_�ds]�_ñq��|N�a��|�9ûUQZXATcdeÀÈq�acQAp�deQZa�t'Pºds�=Tcac�jt�N�dsaUQ�]`_Û����Tcds�|� tkQ/q�aUbZSUQZ�=TÇ_�Tcds�|�àt'Pº�|q�bZax_�t�QXZ��p�prQhXZ_�t�aUQhÀ¾�|aUp�QA]Jq��|N�al]`_racbZbAXZaUdeTxNkacQéSUN�aOt�QASO�|�jûUQnTxSOtkQét�dep�QA��Scde�|�
2
ÃCX�PRQASUTUVYê;VYtkdsacQ\q��|ScSUbnVt�_��=Tlt�QANom�]s�|deS¹t�Q\XZ��p�q��|Scd~Txde�|�'Ãj]ÅPºN���Q�Í��|aUd�
A�|�=TÇ_�]eQ�Ãk]ðP·_�NkTxaUQO�|QZaWTxdeX�_�]eQ�g

� �|NkS�bATxNkt�ds�|�kSé]`_/X�_�TcbZ�|�|aUdsQ�t�QZS��|q�bZac_�t�QASZÃ¬t�_���S«N��kQ��|QZaUScde�|� �|bZ�kbZax_�]sdsSUbZQ�Ã _�de��ScdÔ[9N�Q�]sQASds�k�|acbAt�dsQA�9TcS�QZSUScQZ�=TcdsQZ]eS�qCQAacprQATcTx_��=T�t�QÛX�_�]sXZNk]sQZa�êy]ðP·_�dst�QÊtkQÊTxQZ]eS��|�jûUQnTxSZg Ò �âq�_�aWTxdsXAN�]sdeQZaAÃì]eQTxÍkbZ�|aUwZprQé�kg~zEÁ�t��|���kQhN��kQhTxQAXÇÍ���de[jNkQét'Pºds�=TxQAacq�aUbATx_�Txde�|�/q��|N�auq�aU�|Nk��QZa¶]s_�TcQZaUp�de��_�dsSU�|��t�Qhq�acb½VScQA�=TÇ_�Tcds�|��S¶t'PR��qCbAax_�t�QASZg'�¹Q«acbAScN�]~TÇ_�T¶���|N�SOq�QZaUp�QnTOt'Pº�|�kTcQZ��dea¶]eQ\TcÍ�bZ�|aUwZprQ��kg~z� �[9N�dJt�bZpr�|�=TxaUQ]`_rXZ�|�EûUQZXATcN�acQét�Q�
Ø�|QAS } _�À¾�|�=TOXA�|��XZQAac��_��9TO]`_rTcQZaUp�de��_�dsSU�|��t�Q«Sx_�q�acbAScQZ�=Tx_�Txde�|�Ût�Q
L(Z2)

g Ò �XZ����ScbA[jNkQZ��XAQ�Ã��|��QZ��t�bZtkN�deT�]eQOTxÍ�bA�|acwAp�Q��ogR�|�kÃ�[9N�dG_�SUScN�aUQ^]`_éXA�|�=�|QZaU�|QZ�kXZQétkQ
L(Z2)

QATut��|�k��Q_�de��ScdÞ]`_^q�aUQZprdswZaUQÈqkacbZSUQZ�=TÇ_;Txds����XZ�|�=��QZac��QZ�=TxQ�t'Pº�|q�bZac_�t�Q¶q��|N�aÔN���QlTxÍ�bA�|acdeQÈbA[9N�_�Txde�|����QA]s]eQÈXA�|p�Vp«NkTx_�Txd~�|Q�g
�¹QZS SWvjSUTxwAp�QAS t�QìX�_�]eXZN�]9q��|ScSUwZt�QA�9TØtkQìÀ¾�|aWTxSH]sdsQA��SJ_���QZX�]eQZSHSUvjSUTcwZprQZS tkQ¹acbAbZXAacdeTcN�acQìq�]sNkSJXA]`_�S×VScde[9N�QZS«��]sQASÈTcÍ�bZ�|aUwZprQZS¶�kgez�zéQAT¶��g·��p����9TcacQA�9T¶[9N�Q«]sQASÈqkacbZSUQZ�=TÇ_;Txds����SOt'Pº�|q�bZax_�t�QZSO��bZ��bAax_�]edsScQA�=T]sQAS�q�acbAScQA�9Tx_�Txde�|��Slt�Q^p�������¿�tkQZSZÃk�|N�SUvjSUTcwZprQZS¶tkQ\aUbZbAXZacd~TxN�aUQ�t�Q^p���TxSZÃkQATl]sQASlqkacbZSUQZ�=TÇ_;Txds����Sut�Qpr�|����¿Åt�QZS�XA�|p�péNkTÇ_�TcdeÀ¾SAÃk�|N�acbAScQ�_�Nom/t�Q\�JQATcacd���]eQOTxÍ�bA�|acwAp�Qh�ogR�|i�q�ac��Nk�|Q\[9N�Q^]ÅPº�|��qCQANkTO_�ScSc�;VXZdeQZaAÃkêhTc�|NkT¹SUvjSUTcwZprQOt�QOaUbZbZXAacd~TxN�aUQ¶t�Q¶TcQZaUp�QAS¹]sde��b�_�dsacQlêé�|_�N�XÇÍ�Q�ÃkN���Q¶q�acbAScQZ�=Tx_�Txde�|��t'Pº�|q�bZax_�t�Q[9N�d7]sQ�SUdsp«Nk]sQ�ÃCX�PºQZSWTUV×êEVYt�deacQ�[9N�d7]sQéXZ�|�=TxdeQZ�=T\QAT\acQA��t Qnmoq�]sdeXZd~TxQZS¶]sQZS���qCbAax_�Tcds�|��S�tkQr��QZSUTcds�|�ñt�QASacQAScSU�|N�acXAQZSAÃìt�Nkq�]sdeX�_�Tcds�|�ÚQnTrQ��ã_�XZQAp�QA�9TZÃ7Sx_��kSrXÇÍ�_����|QAa�SUQZS�q�ac��q�acdebATxbAS�t�Q�TxQZaUp�de��_�deSc�|�ÚQnTrt�QXZ���k¸�N�QA��XZQ�g
Ò �k���'ÃÔ]sQAS�q�aUbZSUQZ�=TÇ_�Tcds�|�kS�t'Pº�|q�bZac_�t�QZS�Sc�|�=T�XZ�|�oÀ¾ac�|�=TxbAQZSÙêáN���Q�]sdep�d~TÇ_�Tcds�|�ãÃH]s_ÛScdspéN�]`_�Tcds�|�t�N
λ
V�X�_�]eXZN�]ðÃ [9N'PRQA]s]eQZS���Q�ScQZpé��]sQA�9T�q�_�Srq��|Nk�|��dsa�acbZ_�]sdeScQAarSc_���Srq�_�SUScQZa�QZ��XA�|acQ�QZ�2t�dsprQZ�kScds���ScNkqCbAacdsQAN�acQ�g

�
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} _OacbZbAXZaUdeTxNkacQ�QZSWTÔê¶]`_lÀ¾�|dsS Nk��Q�p�bnTxÍ��jt�Qìt�Q�X�_�]eXZN�]oQ��CQZXnTxdeÀ�QnT7N���p��jt�wA]sQ¹q��|N�a¬]sQZS¬SUvjSUTcwZprQZSêébn�|�|]eNkTxde�|��SÔt�dsSUXZacwnTxQAS�QAT¹]s�jX�_�]eQZSZgj¡O��q�QZNoT�]`_^�|�|dea¹_�q�q�_�ac_<;sTcacQÈêht�QO�k�|p«��aUQZNom�QZ�kt�ac�|d~TxSAÃop�_�dsS]ÅPR_�aUdeTxÍkp�bnTxds[9N�QÈbZ]ebZprQZ�=TÇ_�deacQ�aUQZSUTcQ^]sQOTxÍkwZprQ\]eQ�q�]sNkS�XZ]`_�ScScde[9N�Q^qC�|Nka�N���Q^ds�=TxaU�otkN�XATcds�|�'g
Ò ��Q��CQAT�Ão]ÅPR_�t�t�d~Txde�|��t'PRQA�=TxdsQAacS���_�TxN�aUQZ]eSìÀ¾�|N�aU��deTìN������|��Q½moQZprq�]sQOtkQ¶]`_\��bZXAQZSUScdeTcb�t�Q¶q�_�ScSUQZat�Q^]ÅPºbZ�|_�]sd~TxbO_�N/XZ_�]sXAN�]Åg��¹�|��Scdet�bZaU�|��S^�

2 + 2 = 4.

Ñ¹dsQA�Ê[9N�Q�XZQnTcTcQ«bZ[9N�_�Tcds�|��Sc�|d~T�ÃÞq�_�aWÀ¾�|dsSÈQZ��XA�|acQ�ÃãXZ���9TcQZSWTxbZQ�q�_�a¶[9N�QA]s[9N�QZS�deXZ�|�k�oXA]`_�SWTxQZSAÃ�TcQZ]eSÐ¶]eq�Í��|�kScQ�Ð¶]e]`_�deSZÃ�=ºÐÈ]s]` �i?>ðÃG�|NA@È��N�SUTc�|� Ò N�]eQZaAÃB= Ò N�]si| C>ðÃGQZ]e]sQ«QASUTZÃGt�Q����|SìûU�|N�aUSZÃG�|bA��bZac_�]sQAp�QA�=T_�t�prdsSUQ�g Ò ��acQn��_���XÇÍ�Q�ÃÞde]ãQZSWT¶pr�|de��S�XZ�����9N/[9N�Qr�
1 + 37 + 152 + 17 + 23 + 65 + 41 + 21 + 87 + 99 + 55 + 875 + 7 + 56 + 102 = 1638.

D pr�|de��Su[jNkQhXAQé��Q\Sc�|d~T
1622

f } Qhp�_���[9N�Q\t�QéaUbZq��|��SUQhdep�prbZt�ds_�TxQ¶p��|�=TcacQ\[jNkQ�Ã�t�_���SlXZQX�_�SZÃj�|�ÙQASUTìq�]sNkTFE�TÔQZ��XA]sde�Ùê\t�dsaUQÈ[9N�QÈ]`_�q�_�aWTxdsQlt�aU�|deTcQltkQÈ]ðPRbA[jN�_�Txde�|��QASUT¹]sQHGJILKNMPORQTSUQØt'PRNk��X�_�]eXZN�]Q��CQZXnTxN�bhê�q�_�aWTxdsa¹t�Qh]s_«q�_�aWTxdsQ��|_�N�XÇÍ�Q�g
} Q«À¨_�deT¶QZSUT\[9N�Q�Ã'qC��N�a�]`_ÙqkacQZprdswAacQ«bA[9N�_�Txde�|�'ÃC]sQ«XAQZaU��Q�_�NáÍ9N�pÙ_�ds��À¨_�d~TOdep�prbZt�ds_�TxQAp�QA�=T¶]eQX�_�]sXZNk]��|N'Ã=prdsQZNjm�QZ��XA�|acQ�Ã9acQZXA�|����_C;sTÔN��r�|ax_�qkÍ�dsSUp�Q�XA�|���9N��j_�de��ScdðÃ��|���|N���]edsQ�[9N'Pºds]�q�QZNkTìQnmodeSUTxQAaN��ñX�_�]sXZNk] q�_�aWTÇ_��=T^t�Q

2 + 2
QAT^t��|�k��_��=T

4
g Ò � acQA��_��kXÇÍ�Q�ÃGt�_���S�]sQ«SUQZXA�|��tåXZ_�SZÃã�|�ñQZSUT^����]sde�|bt�Q\acQAXZ�|N�aUdsauê�]ÅPºNkTxde]sdeSx_�Tcds�|��t'PRde��SUTcacN�prQZ�=TcSltkQhXZ_�]sXAN�]sSAÃ�XZ�|prp�Q�Nk�/q�_�q�dsQAalQnTlN��/SWTYvj]s�r�|N'ÃÞq�]sNkSpr�ot�QAac��Q�Ã�N���Q\p�_�XÇÍ�ds�kQ�Ã�[9N'PºQZ]e]sQ�Sc��deTlê�X�_�]eXZN�]eQZa���N/QA��XZ�|aUQ^N��/��act�de��_�TxQAN�aZg

�J�|Nka7N��«TxQA]�_�NkTc�|p�_�TxQ�Ã�]eQZS t�QANom�XZ_�S7Sc���9T Scdsprds]s_�dsaUQZSØ��]eQZSJq�_�aUTcdsQAS �=_�N�XÇÍkQZS7t�QAS7bZ�=_�]edeTcbZS¬SU�|�=TXZQé[jNkQ�]ÅPºNkTxde]sdsSc_�TxQAN�a�]sNkdJt�������Q«XA�|p�prQ^��_�]sQZNkacSOQA�ÛQZ�=TxaUbZQ�ÃC]sQASOq�_�aWTxdsQAS¶t�aU�|deTcQZSAÃCXAQ«[9N�Q�]`_rpÙ_;VXÇÍ�de��QhaUbZq��|��t/XZ�|prp�Q�aUbZSUN�]eTx_�T�gC¡O�/qkacbAÀ¾wAacQé_�]s�|aUS�acQAp�q�]s_�XZQAau]ÅPºbZ�=_�]edeTcbOq�_�auN���_�NkTxaUQhSWvjp«�C��]sQ�Ã���|��SWvoprbATcacde[jNkQ�Ã�q��|N�a�Txac_�t�N�deacQ�XAQATcTcQ^t�dV�CbZaUQZ��XAQ\tkQ\SWTÇ_�TcNkT�g�ÐÈds��SUdÅÃo�|��bZXZaUdeT
2 + 2→ 4

q�]sNoTJE�T[9N�Q
2 + 2 = 4

Ã�qC��N�aÈpr�|�=TxaUQZaÈ]sQ�K?WNXYK«t�N�X�_�]eXZN�]HQATZÃCSU�|Nk�|QA�=T�ÃãSU�|�ÛX�_�ax_�XnTxwZaUQédeacacbn�|QAacScde��]sQ5�C�|�

Z
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q�_�aU]sQ^_�]e�|acS¹t�QfGLIFgUM(hNQjiTkCXYKéqk]sNkTFE�T�[9N�Q\t'PRbA�=_�]edeTxbASZg
} QZSOt�QANomÛq�_�aUTcdsQZSÈt�Q«XAQZSOaUbZt�N�XnTxde�|��SO��QéSc�|�=T�q�_�SOQnmoq�aUdsprbZQZS¶t�_���SO]eQép,lZprQh]s_����=_��|Q��C]sQASt��|�k��bZQAS¹Sc���9TÔt�QASìSU�|prp�QASØÀ¾��acprQZ]s]eQZS tãPRQA�9TcdsQAacSZÃ9X�PRQASUTUVYê;VYtkdsacQut�QASìSUN�deTcQZSØ����deQZSØt'PºQZ�=TxdeQZacSÔScbAq�_�aUbZSq�_�a¶t�QZS�SWvopé�C�|]eQZS

+
ÃC]sQASOacbAScN�]~TÇ_�TcSOSc�|�=T^t�QAS�QZ�=TxdeQZaUSZg } QZS¶Sc�|prp�QAS¶À¾�|aUp�QA]s]sQASÈSU�|�=T^]sQASmQnWNG6opWLKt�NÊXZ_�]sXAN�]ÅÃÞXA�|��SUTcacN�d~TxS¶ê�q�_�aWTxdealtãPRbA]sbZprQZ�=TcS�_�Tx��p�de[jNkQZSl�|NrqsINXtINGuSUQ"WNMPGJKnÃÞ]sQAS¶QZ�=TcdsQZaUSZÃ�ScQA]s�|�ÊNk��QXZQAaUTx_�ds��Q���ax_�prpÙ_�dsacQÈ�|NrKNQvG6M(hNQvMsGJWr��Scd

u
QnT
v
SU�|�=TÈtkQZNom�TcQZacprQZSAÃÞ_�]s��acS

u+ v
QZSUTÈN���TxQAacprQ�g

Ò �àaUb�_�]edeTcb�ÃH]sQ�]s_����=_���QÙt�QASraUbZSUN�]eTx_�TxS«QASUT�XA�|�=TxQZ�9Nàt�_���S�XAQZ]eN�d�t�QAS�QZ�=TxaUbZQZS�� QA�yQ��CQAT�Ã¬�|�q�QZNkT^TxaUwZS\��dsQA�átk�|����QAa
2
XZ��p�prQ�QZ�=TxaUbZQ�ê�]s_�pÙ_�XÇÍkds��Q�g®µO_���S\XZQrt�QZaU��dsQAa^X�_�SAÃHQA]s]eQ�acbZq��|��tkax_t'PR_�ds]e]sQAN�acS

2
�J]s_�p�_�XÇÍ�de��Q���QÙSc_�deT\q�_�ShÀ¨_�deacQ�t'Pº�|qCbAax_�Tcds�|� ScNka

2
Ã®�|�át�deT\[9N�QÙX�PRQASUTéN���Q�wxkCG6opW

XtkCG6o,SUO�W^�|NyizG6GJIFgUM{hNQjij|}O�W\t�N�X�_�]eXZN�]ðg } Q^��NkTut�Q^����TcacQ^p�_�XÇÍ�ds�kQ�QZSUTlt�����X^t�Q�Txax_���SUÀ¾�|aUp�QAa�Tx�|NoTbZ]ebZprQZ�=T«tkQÙSc���Ú]`_��k�=_��|Q�~¾Tc�|NkTxQ�Sc�|prprQrÀ¾�|aUp�QA]s]eQ�t'PRQA�=TxdsQAacSJ�hQZ�ÚNk��QÙÀ¾�|aUp�QrdsaUacbZtkN�XATcds��]eQ�~¾N��QZ�=TcdsQZaJ�nÃGt�QrSc��aUTxQ�[9N�Qr]sQAS\aUwZ�|]eQZS^bZ]ebZprQZ�=TÇ_�dsacQAS^t�Q�]ÅPR_�acd~TxÍ�prbATcds[9N�Q«SU�|dsQA�9T^��bZacd~��bZQASÙ�G�|� t�bAScdsaUQ[9N�Q\]sQOaUbZScNk]eTÇ_;TÈ���kTxQA�jN�Sc��deTuQ��CQZXnTxd~�|QZprQZ�=Tl]`_�SU�|p�prQOt�QASÈQA�=TxdsQAacSu[9N�dG]sNkd'�|�=TlbATxb^t�������bZSAg
�¹QATUTxQÊt�QAac��dewZaUQÊQnmods��QZ��XAQÊt�bZq�QZ�ktÎQZ��SUN�deTcQÊt�Q�]s_áp�_���dewZacQ�t��|�=T�]s_áp�_�XÇÍ�de��Q/QN�ãQAXATcN�QÛ]sQASX�_�]sXZNk]sSZg � Tx_��=Trt��|����b�[9N'Pºds]�SUQZac_�deT�t�bAax_�deSc�|�k��_���]eQ�t'PºQZScq�bZaUQZarQZ�=TxaUQZa�t�_��kSrSc_ prbZpr�|deacQÙ]eQ�acb½VScNk]eTÇ_;TÈtkQhTx��NkTxQASÈ]eQZSÈ_�t�t�d~Txds����S�qC��ScScde��]sQASÈtkQh�'Pºdsprq��|aUTcQ�[jNkQZ]H���|p«��aUQhtãPRQA�9TcdsQAacSZÃ��|�/QZSUTÈ�|��]eds�|bt�QØTxaU�|Nk�|QAa¬t�QASJbnTÇ_�q�QZSJt�_���SH]sQØXZ_�]sXAN�]=[9N�dÅÃEprdsScQAS®�C�|NoT¬êl�C��NkT�Ã�t�������QZaU�|�=T¬]eQìaUbZSUN�]eTx_�THQZScXA�|prqkTxb�g
�¬_�a�Q½moQZprq�]sQ�Ãã�|�Ûq�QZNkTOScN�q�q��|SUQZa�[9N�Q�]`_�pÙ_�XÇÍkds��QhQ��CQZXATcN�Q�Ã'ê�XÇÍ�_�[9N�Q�À¾�|dsSAÃC]s_�SU�|p�prQ«t�QASt�QANom�q�acQAp�deQZacSÔQZ�=TcdsQZaUS¹t�QÈ]`_^]sdeSUTxQ^�

1+37→38
Ã=q�N�deS

38+152→190
Ã=QnTxX�g D XÇÍ�_�[9N�Q¶À¾��dsSZÃ9�|��|�kTcdsQA�9TÔ]eQ�acbZSUN�]eTx_�TÔt�Ql]ÅPº�|qCbAax_�Tcds�|��QA��aUQZprq�]`_�ä�_��=T�Ã=t�_���SØ]sQ�TxQAacprQ�Ã=]eQlprQZpé��acQ�t�Ql�=_�NkXÇÍ�QÈtkQÈ]s_acbAt�N�XnTxds���Ùq�_�aÔ]sQlprQZp«��aUQÈtkQÈt�aU�|deTcQ�Ã9Sx_���S¹pr�otkde��QAaÔ]eQuacQZSWTxQOtkN�TxQAacprQ�g9Ð¶de��ScdðÃ9]sQZSì_�q�qk]sdsXZ_�Txde�|��SScNkXZXZQAScSUde�|QASOt�Q

1 + 37→ 38
q�N�deSltkQ

38 + 152→ 190
t�������QZ�=T\�

1 + 37 + 152 +17 + 23 + 65 + 41 + 21 + 87 + 99 + 55 + 875 + 7 + 56 + 102

→ 38 + 152 +17 + 23 + 65 + 41 + 21 + 87 + 99 + 55 + 875 + 7 + 56 + 102

→ 190 +17 + 23 + 65 + 41 + 21 + 87 + 99 + 55 + 875 + 7 + 56 + 102.

ÐH��QZXÛXAQZS�SUqCbAXZde��X�_�Tcds�|��SAÃì]eQ/�k�|p«��aUQ�t'PºQZ�=TxdeQZaUSÙt�_��kS�]`_ñSc�|prprQ/t�dep�de�9N�Q/tkQ
1
êåXÇÍ�_�[9N�Q�|q�bZac_�Txde�|���Þ�|��QASUT�t�����X«_�SUScN�aUbé[9N'PR_�q�aUwZSON������|p«��aUQh���kdJt�Q\TxQA]s]sQAS¶_�t�t�deTcds�|�kSZÃÞ�|�Ê_�N�ax_r����TxaUQacbAScN�]~TÇ_�T��ã�|�ñt�deT�[9N�Q�]eQ«X�_�]eXZN�]�QnWNG6o�izXtWnÃ'X�PRQASUTUVYê;VYtkdsacQé[jNãPRde] �'PºQnmodsSWTxQr_�N�XAN���Q�Sc�|prprQéÀ¾�|acprQZ]e]sQt'PºQZ�=TxdeQZaUSÈê�q�_�aWTxdea�t�Q^]`_�[9N�QA]s]eQO�|��qCQANkTlQZ��XÇÍ�_<;`��QAauN���Q\ds�k���kdeTxb¶t�Q^X�_�]eXZN�]eS�bZ]sbAp�QA�=TÇ_�deacQZSAg

¡O�Ùq�QZNkTìbA��QZ�=TxN�QA]s]eQZprQZ�=T�lnTxacQÈp���ds��S7t�deacQAXATxd~À'QnT¹t�deacQu[9N�Q¶XÇÍ�_�[9N�QObATx_�q�QÈt�QlX�_�]sXZNk]�XA�|��SUdsSUTcQQZ��]ðP·_�t�t�deTcds�|�rt�QOtkQZNomÙQZ�=TxdeQZaUS�_�t;ûc_�XAQZ�=TxS�tkQO]`_\]sdsSWTxQ�Ão[9N�QA]sS�[9N'Pºds]eSìSU�|dsQA�9TZgkÐÈds��SUdÅÃj]s�|aUSc[9N�Q¶]ðPR����_q�]eN�S¶t�Qht�QZNjmÊQA�9TcdsQAacS�ê�_�t�t�d~Txds������QZaAÃÞ�|�Ê_ÙNk�ÊXÇÍ��|dÝmÊêrÀ¨_�dsaUQr��QZSWTUV�XZQ«[9N�Q«]ðPR����XZ��p�prQZ��XAQéq�_�a
1 + 37→ 38

�|NÙq�_�a
99 + 55→ 154

f��¹QOXÇÍ��|dÝm��'P·_é_�N�XZNk��QOXZ����ScbA[jNkQZ��XAQ\SUN�a�]eQÈaUbZScNk]eTÇ_;T¹����_�]ÅÃ

�?�



� b��C�e�Yb��}�$�L�<�<����� �}�$a��H�n����]n�C������a���^��}�xc�^vd ]Lb�^`�

X�_�al]ðP·_�t�t�deTcds�|��t�QZSlQZ�=TcdsQZaUSuQZSUTÈ_�SUSc�jXZds_�Txd~�|Q��
(m + n) + p = m + (n+ p).¡O�/q�QZNkTl]eQO�|�|dea�Sc�|N�Su]s_éÀ¾�|acprQ�t'PºN���qUGuSN�(�(W�gsW�GJIFgUM(hNQviTkCXå�

1 + 37 + u+ 99 + 55 + v

tthhhhhhhhhhhhhhhhhh

++VVVVVVVVVVVVVVVVVV

38 + u+ 99 + 55 + v

++VVVVVVVVVVVVVVVVVV
1 + 37 + u+ 154 + v

sshhhhhhhhhhhhhhhhhh

38 + u+ 154 + v_��|QZXr�
{

u = 152 + 17 + 23 + 65 + 41 + 21 + 87

v = 875 + 7 + 56 + 102.¡O�Êt�deTÈ[9N�Q«]eQhXZ_�]sXAN�]J[9N�Qh]ÅPº�|�Ê_�Scq�bZXZd~��béQASUTphLkCXx�)M(WNX(Q\��]sQASÈXÇÍk�|d~m/Q��CQZXnTxN�bAS^_�NÊXA�|N�acSÈt�NX�_�]sXZNk]'�'Pº�|�=TÈq�_�Sut'PRde��XZdet�QZ�kXZQ^ScN�au]eQ�acbZSUN�]eTx_�T�����_�]Åg
¡O�Ê_Ù_�ds��SUdGQnmoÍ�ds��b\]sQZSlq�aUds��XAdsq�_�]eQZS�����Txds����Sut�Qé]s_�aUbZbAXZacd~TxN�aUQ�ÃCêrSc_��|�|deaÈ[9N�Qh]ÅPº�|�/SAPRde�=TxbZaUQZSUScQê�tkQZS¶SWvjSUTxwAp�QASOq�QZacprQATUTÇ_��=TÈt�QéXZ_�]sXAN�]sQAaÈtkQZSÈÀ¾��acprQZSl���|acp�_�]eQZSlê�q�_�aUTxdeaut�QhTcQZacprQZSAÃÞScQZ]e�|�Êt�QAS

GJ�TqUO�WLK�t�Q¶X�_�]eXZN�]�]s�jX�_�]Þ�|NÙt�QOacbAbZXAacdeTcN�acQ�g } PºN���QOt�QAS�q�aUds��XAdsq�_�]eQZSì_�XATcde�jdeTcbZSìQZSUT�_�]s�|aUSìtkQOp����9TcacQAa[9N�Q ]sQñX�_�]eXZN�]¶QZSUT	hLkCX(�UWNGvqsWNX(QðÃ¹X�PºQZSUTWV×ê;V�t�dsaUQ êà]s_ À¾��dsS�[9N'Pºds]OTxQAacprds��QÛQnT�[jNãPRde]�QZSUT/XZ���k¸�N�QA�9TZg} QÊXÇÍ�_�qkdeTxaUQåzÛQASUT�t�bAt�dsbÊêåt�QZSÙt�bA���kdeTxde�|��S�QAT�t�QAS�acbAScN�]~TÇ_�TcS�À¾�|��t�_�p�QA�=TÇ_�Nom3XZ����XZQAac��_��=T�]s_acbAbZXAacdeTcN�acQ�Ã�t�_���S�Tc�|NkTxQ^Sc_���bZ��bAax_�]edeTxb�g
���-!3.}*,�-!$#�!��8!$� ��.N!$#� -!/#�¡8#�%£¢$� !$#� �!¤1�232$')1546%7�815!

� �|NkSé_�]e]s�|�kS¶�|�|deaZÃGt�Qrp�_���dswAacQ�SUN�XZXAds��XnTxQ�Ã®[9N�QA]s[9N�QZShQnmoQZprq�]eQZS^t�QrSUvjSUTcwZprQZSétkQraUbZbAXZacd~TxN�aUQXZ]s_�ScSUds[9N�QASZg
¥m¦¨§Y©ª©ª«¬§®­°¯P±²§Y³µ´�³µ¶¨·¸¯P¹

} QZS7SUvjSWTxwZprQZSØt�Q�aUbZbAXZacd~TxN�aUQ�t�Q�pr��TxSJÀ¾�|acprQZ�=T7]ðPRQ½mkQAp�qk]sQ¹]eQ�q�]eN�S Scdep�qk]sQ¹QnT7]sQ¹q�]sN�S¬XZ]`_�ScScde[9N�Qt�Q\SUvjSUTcwZprQZSOtkQhaUbZbZXAacd~TxN�aUQ�g } QASÈ��bZ��bAax_�TcQZN�aUS¶Sc���9T¶]sQASl]eQATUTxacQASÈtãPRN��Ê_�]sq�Í�_��CQnT
X
QnTO]sQAS�TxQZaUp�QASSc���9TÔTx��N�Sì]eQZSØpr��TxSØ[9N�Q¶]ðPR����q�QZNkTØÀ¾�|aUp�QAaÔ_���QZXÈXZQZSì]sQnTcTxaUQZSAg } QAS¹aUwZ�|]eQZSØSc�|�=Tìt�Ql]`_�À¾�|acprQ

u→v
Ã��º

u
QAT
v
Sc���9TutkQZS�pr��TxSAg�ÌÈ�kQOTxQZ]e]sQÈacwZ��]sQOq�QZNkTuSAP·_�q�q�]sde[9N�QZa�ê«Nk��pr��T

a
t�wAS�[jNkQ

a
XA�|�=TxdsQA�=T

uXZ��p�prQ�Sc�|NkSWVYpr��Tª�Þ]eQ�acbZSUN�]eTx_�TÈQZSUTZÃÞt�_���SlXZQ\X�_�SAÃÞ]sQ^p���T
b
ÃÞ�|�oTxQZ�9NÊQA��aUQZprq�]`_�äZ_��=T�Ã�t�_���S

a
Ã�]eQSc��N�SWV�p���T

u
q�_�a

v
g

���
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�¬_�a�Q½mkQAp�qk]sQ�Ã¬Scd
X
XZ���9TcdsQA�9T�tkQZNomy]eQATUTxacQASZÃ

x
QAT
y
ÃJ]sQZS«TcQZaUp�QAS�qCQANk�|QA�9T»lATcacQ

x
Ã
xy
Ã
yy
Ã

xxxxy
Ã
yxyyxx

Ã�QnTxX�g Ó d®]ðPR�|��ScQht��|���kQéN���Q\ScQAN�]sQhacwA�|]sQ�Ã
yx → xy

ÃÞ�|�/�|�kTcdsQZ�=TlN��ÊXZ_�]sXAN�]®[9N�dÅÃt�_��kSOTx�|N�S¶]sQZS�pr��TcSZÃÞ��_�qkac�|�|aUQZSUScde��QZprQZ�=T\ax_��k�|QZa¶Tc�|N�S�]eQZS
x
ê��=_�NkXÇÍ�Q�QAT�]eQZS

y
ê�t�ac��deTxQ�gã�J_�aQnmoQAp�q�]eQ�Ã��|��t�������Q�Tx�|NoTxQZSu]eQZSuacbAt�N�XATcds�|�kSlq��|SUScds�k]sQZSuê�q�_�aUTxdea�t�Q

xxyxyx
�

xxyxyx //

��

xxxyyx

��
xxyxxy // xxxyxy // xxxxyy.

} QlXZ_�]sXAN�]�QASUT�Ã=deXZdðÃ�XZ���9��QZaU�|QZ�=T�Ãjp�_�dsS X�PRQASUTÔ]s��ds��t'P¼lATcacQ�Tx�|NEûU�|N�acS7]eQ�X�_�SAg � �|NkSÔbnTxN�tkdsQZaU�|��SAÃ9_�NXÇÍ�_�qkdeTxaUQ��oÃC]sQZS¶SUvjSUTcwZprQZS^t�Q�acbAbZXAacdeTcN�acQét�Q�p���TxS¶��N��½GLILK?WNX(QTSUQjiTkCXYK,gsW¾opkCXtkC¿jgsWLKng'¡O�Ûq��|N�acac_XZ����ScN�]~TxQAa�=ºÑ�¡�i|��>®qC�|Nka�N���Q^acbnÀ¾bZacQA��XZQ\XZ��p�q�]ewATcQ�g
¥m³ª¹À§Y©ª¹P³ª¦Á±ÃÂÄ´�³ÆÅ�³t¯s§®­

} QZSracbZSUQ�_�Njm3tkQ��HQATxaUduSc�|�=T�]sQ�q�acQAp�deQZa�Q½mkQAp�qk]sQ�t�Q/aUbZbAXZacd~TxN�aUQ��|ax_�qkÍ�ds[9N�Q�g�Ç��½G6iTkCG6i²Ã7ds]sSScQAp«��]eQZ�=TlacQZ]s_�Txd~�|QAp�QA�9TutkdV�CbZacQA�=TxSut�Q^XZQ^[9N�d®_�bATcb\qkacbZSUQZ�=Txb�ûUN�Sc[9N'PR_�]e�|acSAÃ�X�_�a�]eQZS�TxQAacprQZSu�'Pº�|�=Tq�_�S7tkQ�SUTxaUN�XATcN�acQl_�qkq�_�acQA�=TxQ�gjÂ/_�dsS �k�|N�S �|QAacaU�|��SZÃ9_�NrXÇÍ�_�q�deTcacQ��kÃ|[9N'PRde]sS SAPRde��ScwAacQA�9TÔ_�NrXA�|�=Txac_�dsaUQq�_�aWÀ¨_�deTcQZprQZ�=T���deQZ��t�_���SuXAQ\[9N�d®_�bnTxb\QnmoqC��Scb¹ûUN�Sc[9N'PºdsXAdÅg
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S
QZ��QASUTuN��_�NkTcacQ�Ã¬_��|QAX

1
QZ�=TxaUbZQ�ÃJQAT
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QnT
A(x, Z)→x
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Z
t�bZSUds�|��Q¹]ÅPºQZ�=TxdeQZa

0
Ã
S(Z)

]ÅPºQZ�=TxdeQZa
1
Ã
S2(Z) = S(S(Z))]ÅPºQZ�=TcdsQZa

2
ÃHQATcX�g } Q�XA�|��SUTcacN�XnTxQAN�a

A
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A(x, Z)→ x

A(x,A(y, z))→A(A(x, y), z)

A(x, S(y))→ S(A(x, y)).

} _�q�aUQZprdswAacQ�acwA�|]sQ�t�d~T^[jNkQ
n + 0 = n

ÃG]`_�ScQZXA�|��t�Q�[9N�Q
m + (n + p) = (m + n) + p

QAT]`_�t�QZaU��dswAacQ�[9N�Q
m + (n + 1) = (m + n) + 1

g � ��Tc�|��S�[9N�Q�]`_ÙXA�|prp«NkTÇ_;Txde�jd~Txb\t�Q�]ÅPR_�t�t�d~Txde�|�'Ã
m+n = n+m
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A(Sm(Z), Sn(Z))QAT
A(Sn(Z), Sm(Z))

[9N�dGSUQ^acbZtkN�dsSUQZ�=TÈTc�|N�Sut�QANom�QZ�
Sm+n(Z)

g
üObAacde���|��S�Tx�|NoTut�Q^p»lAp�Q�[9N�Q\XZQ^SUvjSWTxwZprQ\t��|����Q

2 + 2 = 4
QATl���|�
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A(S2(Z), S2(Z))→ S(A(S2(Z), S(Z)))

→ S2(A(S2(Z), Z))

→ S2(S2(Z)) = S4(Z).
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V�TcQZaUp�QASÙSc���9T�XZ�|��SWTxaUN�deTcS�t�QÊp�_���dewZacQScdep�de]`_�deacQéê�t�QZS\TxQAacprQZS\XZ]`_�ScScde[9N�QZS��®�|�å_/t�QANomåXZ�|��SWTxaUN�XATcQZN�aUS

λ
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λ
VÅTxQZaUp�Q5�

V�SUd
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QZSWTlN���Q���_�acds_���]sQ¶QAT

f
QZSWTÈNk�

λ
V�TcQZacprQ�Ã�_�]s�|aUS

λ(x, f)
QASUTlN��

λ
VÅTxQAacprQ�Ã�����Txb

λx.f
�

V�SUd
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QnT
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SU�|�=TÈtkQZS

λ
VÅTxQAacprQZSZÃÞ_�]s�|aUS

µ(f, g)
QASUTlN��

λ
VÅTxQZaUp�Q�Ã�����Tcb

fg
g
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tkbZScde�|��Q\]ÅPR_���SWTxax_�XATxde�|��t�Q
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ScQZ]e�|�
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ÃÞX�PRQASUTUVYê;VYtkdsacQ\]`_�À¾�|��X½VTxde�|��[9N�dãêéTx�|NkT�_�ac��N�p�QA�=T

g
_�ScSU�oXAdsQO]eQ

λ
V�TcQZaUp�Q

f [x := g]
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x
QZSWThNk��Q���_�acd`_���]sQh]sdsbAQ«�|NÛp«NkQATcTcQ�t�_���S

λx.f
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q�_�a

~¨qkacQZSU[9N�Q?��Tx�|NkTcQ�_�NkTcacQ���_�acds_���]sQ
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Ã¬Sx_���SrXÇÍ�_��k�|QZa�]sQ�TcQZacprQ¸� ���3_�qkqCQA]s]sQ

α
VYXA�|�=�|QZaUScde�|�2XAQATUTxQ�|q�bZac_�Txde�|�'g

} Q
λ
VYXZ_�]sXAN�]'q��|ScSUwZt�Q\t�QANom�acwA�|]sQASZÃ�_�qkqCQA]sbZQASuacQZSUqCQAXATcde�|QAp�QA�=T

β
VYaUbZt�NkXATxde�|��QAT

η
VYaUbZt�NkXATxde�|�ñ�

(λx.f)g →β f [x := g]

λx.(fx)→η f
Scd
f
��Q^XZ���9TcdsQA�9Tlq�_�S�]`_«��_�acds_���]sQ

x.
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λ
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QZSWT�Nk�2XA�|acq�S�XA�|p�péNkTÇ_�TcdeÀlQAT

X
N���Q�À¨_�prds]e]sQ�����deQ�t'PRde��t�bnTxQZaUp�de��bZQASZÃ7�|�à����TcQ

k[X]]ÅPR_����kQ�_�NÎt�QAS�qC�|]~vj�®E|prQZS�XA�|acaUQZScq��|��t�_��=T�g�ÉH�|NkTxQÛÀ¨_�prds]e]sQ
F = (f1, . . . , fm)
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QZ�k�|QZ��tkacQ\N��/det�b�_�]ÅÃk�k��Txb
(F )

QnTut�bA���kdHXA�|prp�QO]ðPRQA��ScQAp«��]eQ\tkQZSuSc�|prprQZS��
n∑
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λi.pi.fi,

_��|QZXh]sQAS
λi
t�_���S

k
QnT¶]eQZS

pi
t�_���S

k[X]
g Ó dH]ðPR������QZNkTÈacbASc�|N�tkacQé]eQ^q�ac�|�k]swZprQ^t�Q\]ÅPR_�q�q�_�aWTxQ½V��_��kXZQhê

(F )
Ã�X�PºQZSUTWV×ê;V�t�dsaUQ^t�QéSc_����|dsaut�bAXZdet�QZalScdHN���q��|]~vo�YE|p�Q�tk�|����b

f
QASUTÈt�_���S

(F )
�|N/�k�|�'Ã�|��XZaUbZQ�N���XZ_�]sXAN�]Gê«q�_�aWTxdea¹t�Q

F
�oqC��N�a�]ÅPºdst�bAQ�Ão�|��qC��ScQ

f →F g
SUd
g
QZSUTu���kTxQA�jN/ê«q�_�aWTxdea�t�Q

f_�de��ScdðÃkq��|N�a�N���XZQAaUTÇ_�ds�
i
�

V
f = f ′ + λ.p.T (fi)

Ã¬��º
T (fi)

QZSWT�]sQ�q�]sNkSé�|ac_���tÚpr�|�®E|prQrt�Q
fi
qC�|NkaéN��Ú��act�aUQ���dsQA�XÇÍ���dsScdU�

V
g = f − λ.C(fi)

−1.p.fi
Ãk��º

C(fi)
QASUTÈ]sQ�XZ�jQ�ÛrXAdsQZ�=Tlt�Q

T (fi)
t�_��kS
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Ó d
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q�_�ahXAQ�X�_�]eXZN�]ðÃ®�|�åQASUT�Suþ�aé[9N�Q

f ∈ (F )
gJÂ�_�]eÍ�QZN�aUQZN�SUQZprQZ�=T�Ã¬]`_�acbZXAd~Vq�aU�o[9N�Q��'PºQZSWTØq�_�S �jax_�dsQ�QA�r��bZ��bAax_�]��|_�NkTxaUQZprQZ�=T7t�d~T�Ã�]sQ�XZ_�]sXAN�]
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f ∈ (F )
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0
g
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F
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^N�t�SuQATlQZ�=TcacQZ]s_�XZSAg
�È_�q�qCQA]s�|�kS�[jNãPRN��2QZ�=TxaUQZ]s_�XZS�QZSWTrN���Q�À¨_�prds]s]eQ�tkQ����|N�XA]sQASr[9N�d�SAPRQA��XÇÍ�Qn��lATcacQA�9T�bA�|QA�=TxN�QA]s]sQ½VprQZ�=T�ÃG]eQ�Tc�|NkT^�jNåt�_���Sh]ðPRQAScq�_�XZQrQZN�XA]sdstkdsQZ� ê

3
t�dsprQZ��SUds�|�kSZg®¡O�å]eQZS^acQAq�acbAScQA�9TcQÙSU�|Nk�|QA�=T�Ã¬q�_�aXZ��p�pr�otkdeTxb�ÃJXA�|prp�Q�tkQZS��C��N�XZ]eQZS�t�_���S�]eQ�q�]`_��'Ã7_��|QAX�Nk��Q�ds��t�deX�_�Tcds�|�åScN�q�qk]sbZprQZ�=Tx_�dsaUQ�qC�|NkaXÇÍ�_�[9N�Q\XZaU�|dsSUQZprQZ�=Tlt�Q^t�QZNjm���acde��S^��[9N�QZ]®��aUds��q�_�SUScQ\_�NoV�t�QZSUScN�SÈt�Q^]ÅPR_�NkTcacQ�g
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ÌÈ��Q�tkQZS�[9N�QZSWTxde�|��SOÀ¾�|��t�_�p�QA�=TÇ_�]eQZS¶[9N�d¬ScQ«q��|ScQA�=T^QZSUT^tkQ«acbASc�|N�tkacQ�]sQéq�ac�|�k]swZprQéSUN�de��_��=Té�bATx_��=T¶tk�|����bAS¶t�QANom/t�d`_���ax_�prp�QAS
D
QnT
D′

tãPRQA�9TcacQA]`_�XASZÃC_;V�TWVY�|�
D ≡ D′

�|N��k�|�lf��¶PRQASUTWV×ê;V�t�dsaUQQZSWTUV�XZQ^[9N�Q
D
QnT
D′ acQZqkacbZSUQZ�=TxQA�=T�]sQ�p,lZprQOQZ�=TcacQZ]s_�XZSl�|N����|�lf

�¹QATUTxQÊ[9N�QASUTxde�|�Î�'PºQZSWT�[9N�QÊq�_�aWTxdeQZ]s]eQZprQZ�=TracbASc�|]eN�Qå�Ô�|�+Sc_�deTÙXZ�|��SWTxaUN�dsaUQ�t�QAS��|�jûUQnTxS�_�]e�|bnV��aUds[9N�QZS
P (D)

QAT
P (D′)

ÃHQZ� �|bA��bZac_�]¹tkQZS«q��|]evj�®E�p�QASZÃGTxQA]sSé[9N�Q�Ã Scd
D
QnT
D′ aUQZq�aUbZSUQZ�=TxQA�9Tr]eQp,lZprQìQA�9TcacQA]`_�XASZÃ�X�PRQASUTWV×ê;V�t�dsaUQìSUd

D ≡ D′ Ã�_�]e�|acS P (D) = P (D′)
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P (D)
QAT
P (D′)

�ãScd
P (D) 6= P (D′)

Ãã�|�ÊQASUT�Suþ�aO[9N�Q
D
QnT
D′ ��QacQAq�acbAScQA�9TcQZ�=TOq�_�Su]sQ�p,lZprQ�QZ�=TxaUQZ]`_�XZS���SUds���|�ãÃ��|����Q^qCQANkTlacdsQA��t�dsaUQ�g
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P (D) = P (D′)

Scd¬QnT^ScQAN�]sQ½VprQZ�=TÙSUd
D ≡ D′
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^N�tkSlQnTlQZ�=TxaUQZ]`_�XZSZg
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ÌÈ��_�NkTcacQOQ½moQZprq�]sQ�ÃkTx�|NEûU�|N�acSìTxdsaUbOt�Qf=ºÑ�µOi| ��Y>ÅÃoQZSWTÈXAQZ]eN�dãt�N�Tcax_���_�ds]�t'P Ò prpév � 
�TxÍkQZa�[9N�dÅÃ��deQZ�y[9N�Q�]`_Ê����Txds��� t�Q�X�_�TcbZ�|��acdsQÙ�'PRQ½modsSUT)#�T�q�_�SrêÊSU�|�ybZq��o[9N�Q�ÃØ_ñpr�|�=TxaUb�[9N�Q�]ÅPº�|� q��|Nk��_�deTacQnTxdeacQZau��deQZ��q�]sNkSltãPRde�kÀ¾�|acp�_�Tcds�|��S¹t�N
n * �|aU�|N�q�Q\tãPRÍ���p��|]e�|�|deQOax_�Tcds�|�k��QZ]e]sQ�ÃoN��»wxkCXthNQ"WNMsG�t�bA���kdScNka�]s_ hFSUQ"ITqskCG6iTW�t�QZS�QZScq�_�XZQASÙTx�|q��|]e�|�|ds[9N�QASZÃ [9N�Q/t�N

n * ���|pé��acQ�t�Q/Ñ¹QATUTxdÅÃ7Nk��QïSN���½ORiThFSUQjiTkCXScNkaÈ]ðPüWNXYK?WNo,|}O�W^tkQZS¶XA]`_�SUScQAS¶t'PºdsSU�|p���acq�Í�deScprQZSut'PºQZSUq�_�XZQAS¶Tx��qC�|]e�|�|de[jNkQ�g Ò ��QN�ãQnT�Ã�]sQ
n * �k�|p«��aUQt�Q�Ñ¹QnTcTcd ��Q�t��|�k��Q�[9N�Q�]`_�t�dep�QA��Scde�|�Êt�Q�Sc_Ù�|QAacScde�|�ñX�_�TcbZ�|��acde��bZQ�Ãã]sQ

n * �|aU�|N�q�Q«t'PºÍ��|pr�|]s���|dsQax_;Txds������QZ]e]sQ�g
�¹Qhqkac�jXZQZSUScN�SÈt�Q^X�_�TcbZ�|��acde��X�_�Tcds�|��QZSWTlSc�|Nk��QZ�=TONoTxds]edsSUbOqC��N�auq�ac�jt�N�deacQ�t�QASÈSWvoSWTxwAp�QAS¶t�Q\acb½VbZXAacd~TxN�aUQ�êÊq�_�aWTxdsa\t�Q�q�aUbZSUQZ�=TÇ_�Tcds�|�kS�bZ[9N�_�Tcds�|���kQZ]s]eQZSAgJÐÈN ]sdsQANÚt�Q�aUQZ�=_�act�QAa«t�QZS�aUQZ]s_�Txde�|��S\���|��|aUdsQZ�=TcbZQZS�QAT�t�Qñ[9N���TcdsQA�9TcQZa�q�_�a�]s_yaUQZ]s_�Txde�|�Ît'PºbZ[9N�de��_�]eQZ��XAQ�Ãut��|�kX SWvjp�bnTxacde[9N�Q�Ã�[9N'PºQZ]e]sQZS�QA�oV�|QA��t�acQA�=T�ÃÔ�|�3aUQZprq�]`_�XAQ�Tc�|NkTcQZSÙ]eQZSrbZ�=_�]sdeTcbZS�q�_�a�t�QASÙ¸�wAXÇÍ�QZSAg�¡O�3NkTcds]edsScQ�_�]s�|aUS�N��kQ/aUQZ]`_;Txds������|�/SUvjprbATxaUds[9N�QhQAT�Ã�t��|�kX�Ã�N���Qh��QZaUScds����X�_;TxbZ���|acd~��bZQ\t�Qé]s_rqkacbZSUQZ�=TÇ_;Txds���Êt�QétkbZq�_�aWT�gÞÐ¶de��ScdðÃÞ�|�

�,+
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�|�kTcdsQA�9T�Nk�2XZ_�]sXAN�]�XZ�|aUacQAScq��|��t�_��=T�êñ]`_ÊacQA]`_�Tcds�|� tãPRbA[jNkde��_�]sQA��XZQ�t�Q�t�bAq�_�aWT/�7XAQZ]eN�d~V�XZd�q�QZaUp�QnTt�Q�p�_���deq�N�]sQAa¶q�]eN�SOÀ¨_�XAds]sQAp�QA�=TO]sQAS�bZ]ebZprQZ�=TxSAÃ'����Tx_�p�prQZ�=T�SUN�a^N���Q�p�_�XÇÍ�de��Q�ÃG_���QZX�]`_�[9N�QA]s]eQéds]QZSWTétkdVÛrXZde]sQ�t'PºNkTxde]sdeScQZa�tkQZSéXA]`_�SUScQASét'PºbZ[9N�d~��_�]sQZ�kXZQ�g®ÕY]Ø��QracQASUTxQ�q�]sNkS\[9N'PRê�Tcac�|No�|QZahN���Q��|QAacScde�|�XZ���9��QZaU�|QZ�=TxQét�QhXAQhXZ_�]sXAN�]®qC��N�auSx_��|�|deaÈtkbATxQAacprds��QAaut�QZSlacQAq�acbAScQZ�=Tx_��=TxS�X�_����|��de[jNkQZSlt�QZSÈXZ]`_�ScScQASt'PºbZ[9N�d~��_�]sQZ�kXZQ^t�Q^]`_«aUQZ]`_;Txds����t�Q^t�bZq�_�aUT�g
� 0H%£2�����1�4��3�4��# !5� '6��1�!

} �|acSU[jNkQh]ðPR�|��X�_;TxbZ���|acd~��Q�N���Q\q�acbAScQA�9Tx_�Txde�|��bZ[9N�_�Tcds�|���kQZ]s]eQ�Ã����/aUQZprq�]`_�XAQ^N��/QA��ScQAp«��]eQhq�_�aN��Ú��ax_�q�ÍkQ��H�|�ÚQZSWT�_�de��ScdÔq�_�SUScb�t'PºN��Ú���jûUQAT«À¾��acprb�t�Q
0
V�XZQZ]e]sN�]eQZS»~¨Nk� QZ��SUQZp«��]eQ?�\ê�N��Ú�|�9ûUQATXZ���9TcQZ��_��9T�êh]s_^À¾�|deSìtkQZS

0
VYXAQZ]s]eN�]sQASØQATìt�QZS

1
VYXAQZ]s]eN�]sQAS²~¨N����|ax_�qkÍ�Q?�½g } QZS

0
V�XZQZ]e]sN�]eQZS7t�QÈ]ÅPºQZ��SUQZp«�k]sQt�QOtkbZq�_�aWTuSc�|�=T�QA����d ûUQAXATcds�|��_���QZX�]sQAS�XZ��p�q��|Sx_��9TcQZS�XA�|����Q½mkQASut�N��|ax_�q�Í�QO�|�oTxQZ�9N�[9N�dãXA�|�=TxdeQZ�=Tt��|�kX\qk]sN�S�t'Pºds�oÀ¾�|acp�_�Txde�|��SAg

�¹�|prp�Q^QnmoQAp�q�]eQét�Q\XZQhq�ac�jXZbAt�bétkQhXZ_�TxbA�|�|acd~��X�_;Txds���'Ã�XZ�|�kScdstkbZac����SÈ]eQh��ac�|N�q�Q\XZ�|prp«NkTx_�Txd~À]sde��acQÙê�t�QANom �|bA��bZac_�TxQAN�acSAÃ ����TcbZS
x
QAT
y
g �¹Q��|aU�|N�q�Q�Ã¬�k��Txb

A(x, y)
ÃJ_�t�prQATé]`_�q�aUbZSUQZ�=TÇ_�Tcds�|�ScNkde��_��=TxQ»~¨QA��Tx_��=Tu[9N�Qh��ac�|N�q�Q?�¶�

A(x, y) ' G(x, y)/ ≡1,��º
G(x, y)

QZSWTé]eQr��ac�|N�q�Q�]sde��acQ�ê�t�QZNjmå��bZ��bAax_�TcQZN�aUSéQAT
≡1

]`_�aUQZ]`_;Txds��� tãPRbA[jNkde��_�]sQA��XZQ�QA�oV�|QA��t�acbAQOq�_�aì]`_\acQZ]s_�Txde�|�
xy = yx

gk¡��ÙqCQANkT�XZ_�TxbA�|�|acd~��QZa
A(x, y)

q��|N�a¹���kTxQA��dsaÔ]sQÈ�|ac�|NkqCQÈ]sds�kacQ
~¨�k�|�/XA�|prp«NkTÇ_;TxdeÀJ�ìê�t�QANom�bZ]ebZprQZ�=TxS

G(x, y)
Ã�péN���dGt�Q^]`_«aUQZ]s_�Txde�|�

yx→ xy
g

Â�_�deSHTc�|NkTH�|ac��N�qCQÔQZSWT _�N�ScSUdoN��hp�������¿�tkQ7QAT�Ã;QZ�hq�_�aWTxdsXAN�]sdeQZaAÃ
G(x, y)

_�tkp�QnT¬]s_uqkacbZSUQZ�=TÇ_;Txds���'ÃQZ��TÇ_��9Tl[9N�Q^pr�|����¿Åt�Q��
G(x, y) = 〈x, x∗, y, y∗〉/ ≡2,��º
〈x, x∗, y, y∗〉

QZSWT�]sQrp�������¿�tkQÙ]sde��acQ�ê�[9N�_�TcacQ���bZ��bAax_�TcQZN�aUSZÃ t����9Té]ÅPºbZ]ebZprQZ�=T«��QANkTxaUQ�QZSWT����Tcb
1
Ã�QnT
≡2

QASUTlQZ�k�|QZ��tkacbZQ\q�_�au]eQZS�acQA]`_�Tcds�|�kSO�
xx∗ = x∗x = yy∗ = y∗y = 1.¡O�/XZ_�TxbA�|�|acd~��Q�QZ�kXZ�|aUQ\q��|N�al_�aUacd~�|QZauê

〈x, x∗, y, y∗〉
Ã�p«Nk��dGt�QZSuÍ9N�d~TuacwZ��]sQZS^�

yx → xy y∗x → xy∗

yx∗ → x∗y y∗x∗ → x∗y∗

xx∗ → 1 x∗x → 1
yy∗ → 1 y∗y → 1.¡O�Ê_�tk�|��XéNk��QZ�kScQZpé��]sQht�QhTcQZacprQZSuÀ¨_�XAds]sQAp�QA�=TÈp�_���deq�N�]s_���]sQASZÃoq�_�aUTcdsXAN�]sdewZacQAp�QA�=TÈq�_�aÈNk��Qp�_�XÇÍ�ds�kQ�Ã�q�NkdsSc[9N�QØ]eQZSGbZ]ebZprQZ�=TxS®t'PºN��\p�������¿�tkQ ]sde��acQ SU�|�=THt�QZS®]sdeSUTcQZSZÃZN���QØt�QZS®SWTxacNkXATxNkacQZSHt�QØt��|�jV��bAQZS�t�QO��_�ScQ¸�o�|��t�deScq��|ScQO_�N�ScSUdãt'PºN���XZ_�]sXAN�]ÅÃ9t��|�=T�����qC��N�acac_�deTìp����9TcacQAa¹[9N'Pºds]�QZSUT�XZ�|�=�|QAac�|QA�=T�Ã

�?Z



[R\?]L^`_PaYbCcN]Jde_P\

q�QZacprQATUTÇ_��=T�tkQ�tk�|����QAa�t�QZS�À¾�|aUp�QAS«���|aUpÙ_�]eQZShqC�|Nka«Tx�|N�S�]eQZS«bA]sbAp�QA�9TcS�QAT�t�����X�t'PR_����|dsa�Nk��QacQAq�acbAScQA�9Tx_�Txde�|����t�wZ]eQ^t�N/��ac�|N�q�Q�t�Q^t�bAq�_�aUTZg
ÌÈ�á_�NkTcacQ�QnmoQZprq�]eQ�t�Q�t��|N���]eQ�X�_�TcbZ�|�|aUde��XZ_�Txde�|�ÊSUQZax_�t��|�k��br_�NáXÇÍ�_�q�deTcacQr�oÃG�Uº ]ðPR���ñ��QZaUax_[9N�Q�Ã;ScdjN��hSUvjSUTcwZprQ¹t�QìacbZbAXZaUdeTxNkacQÔt�QÔTcQZaUp�QAS¬QZSWT¬tkb×ûcêÈNk��Q¹q�aUbZSUQZ�=TÇ_�Tcds�|�hbZ[9N�_�Tcds�|�k��QZ]e]sQØX�_�TcbZ�|��acd~V��bAQ�Ãj]sQZS7TcQZacprQZSìSc�|�=TìQZ��XA�|acQÈt�QZSÔXZ]s_�ScSUQZSìt'PRbA[9N�de��_�]eQZ��XAQÈt�Ql¸�wZXÇÍkQZS�t'PºN���QÈX�_�TcbZ�|��acdsQupr�|����¿Åt�_�]eQ�g} _�acQA]`_�Tcds�|�ÊXAdeTcbZQ�QZSWT^QZ����QZ��t�aUbZQrq�_�aO]eQ«q�aU�ot�NkdeT�XZ_�aUTcbZScdeQZ�ñt�Q�]s_�X�_�TcbZ�|�|aUdsQ«tkQZS^QZ��SUQZp«�k]sQZS�QnT���|NkSu��QZaUac�|��Sl[9N'Pºds]'QASUTÈqC�|SUScde��]sQOtkQh]s_«X�_�TcbZ�|�|aUde��QAa�QZ��XA�|acQ�Ã�t�Q^pÙ_���dswAacQ�XZ���9��QZaU�|QZ�=TxQ�g
�J�|Nka¶����deaZÃÞacQApÙ_�aU[9N��|��SÈ[jNkQ�ÃãSUdJ]ðPR���Ê_ÙN��kQéacQA]`_�Tcds�|��t'PºbZ[9N�d~��_�]sQZ�kXZQéqkacbZSUQZ�=TxbAQ�t�Q«p�_���dewZacQbZ[9N�_;Txds������QZ]e]sQ^ScNkaÈ]eQZSu¸�wZXÇÍ�QASOt'PºN���QhX�_�TcbZ�|�|aUdsQ�Ã�]sQ^X�_�]eXZN�]®[9N�Q\]ÅPº�|���|�kTxdeQZ�=TÈQZ��]ðPR��acdsQA�=TÇ_��=TlScQAax_t��|�k��b^q�_�aut�QZS

2
VÅ¸�wZXÇÍkQZS¾~¨t�QASl¸�wAXÇÍ�QZSlQZ�=TcacQ\t�QZSu¸�wZXÇÍkQZSL�½g Ó dGXZQZSlp,lZprQZS

2
VÅ¸�wZXÇÍ�QASÈSU�|�=T¶QA��XZ��acQp«N��kdsQZS¹t'PRNk��Q^acQZ]s_�Txde�|�ÙtãPRbA[jNkde��_�]sQA��XZQ�Ã��|��XZ���9Tcds�9N�Q^ê«pr�|�=TxQAa�QZ��t�dep�QA��Scde�|�'ÃjQZ��X�_�TcbZ�|��acde��_��=TêÊXÇÍ�_�[9N�Q�À¾��dsSé]eQZSé¸�wZXÇÍ�QASrtkQ�t�dsprQZ�kScds���

n
ÃJXZQ�[9N�d�QA� XZaUbZQ�QZ�yt�dep�QA��Scde�|�

n + 1
g7�¶PºQZSWT�N���Qt�QAS7ûUN�SWTxd~��X�_�Tcds�|�kSÈê�]ÅPºbATcN�t�Q^t�Q\]`_�acbAbZXAacdeTcN�acQ\QZ�/t�dsprQZ�kScds����SUN�q�bZacdeQZN�aUQ�ÃÞX�PºQZSWTUVYê;VYt�deacQ^t�_��kSÈt�QAS

n
V�X�_�TcbZ�|��acdsQASZÃHXZ�|prprQ�ÐÈ]s��QZaUT«Ñ¹N�aUac�|��dÔQAT�
Ø�|QZS } _;À¾�|�=T«]ÅPº�|�=T«de��deTcdsbr_��|QAXy=RÑ¹Nkaxi|��>ÅÃ�= } _�À¨i=�?>¹QnT
= } _;À¨£|�C>ðg

ÕYXZdðÃ'���|N�S\_�]e]s�|�kSO���|N�S^XA�|�=TxQZ�=TcQZa\t�Q�X�_�S^q�_�aWTxdeXZN�]edsQZaUSOt�Q
2
V�X�_�TcbZ�|��acdsQASZÃC]sQZS8kL�(INGuS�gsWLKnÃãt�_���SN���Q���QZacSUds�|���|bA��bZac_�]sdeScbZQ�g

7 18��0���4�#£0H%£4��4�
} Q IC�H§�5 K²B 8E6 ¤ XZ���9TcdsQA�9Tìt�QAS¹ax_�q�qCQA]sSÔScN�aÔ]sQAS²GJWNO SUQjiTkCXYKÍ|}izX½SUizGLWLKÈ�|N�K�9�KNQ"�NopWLKÍgsW²GLILILhNG6izQjMPGJW

S�|NKNQjGFSUizQzKng � �|NkSìv�ax_�q�qCQA]s�|�kSì]eQZSÔq�acde��XZdeq�_�]sQAS7����Tcds�|��SAÃj_�ds��SUdÞ[jNkQ¶]sQASìqkacds�kXZdsq�_�Nom�aUbZScNk]eTÇ_;TxSÔt�Q¶]s_acbAbZXAacdeTcN�acQ\_��kSUTxac_�deTcQ�[9N�dGSc�|�=Tl��bAXZQZSUSx_�deacQASÈq��|N�au]`_«SUN�deTcQ�g
µO_���S\]sQ IC�®§�5 K²B 8E6 ³ ÃG����N�S^t��|��������ShNk��Qr_�q�q�aU�oXÇÍ�Qr_;mobAQ�SUN�a^]sQZS^SWTxacNkXATxNkacQZSh_�]e�|bZ��aUds[9N�QASprdsScQASìQA�^ûUQAN�qC��N�aì]ðPRbnTxN�tkQÈt�QASÃK�9?KNQn�NopWLKÍgsW�GJILILhNGNizQjMsGLW�gsW²opkCQüKnÃ9[9N�QÈ���|N�S¹_�q�q�QZ]s����S¸�½GLILK?WNX(QTS;:

QjiTkCXYK�gsW²opkCXtkC¿jgsWLKng } QAS¹q�aUds��XAdsq�_�]eQZS7����Txds����SØQATì]sQZSÔacbAScN�]~TÇ_�TcSìXA]`_�SUScde[jNkQZSØv�SU�|�=T¹ac_�q�q�QZ]ebZSZÃ9p�_�dsSSc��N�SuXZQATÈbZXA]`_�deax_���QO_�]~TxQZaU��_�TcdeÀ×g
} QZSOq�aUbZSUQZ�=TÇ_�Tcds�|�kS�t'PR��qCbAax_�t�QASZÃCXZ�|prp�Q\X�_�t�acQéÀ¾��acprQZ]HqC�|Nka¶]`_racbAbZXZaUdeTcN�acQ«q��|aWTÇ_��=TOSUN�aOt�QAS¸�wAXÇÍ�QZS tkQÔtkdsprQZ��SUds�|�

2
ÃESU�|�=T¬bnTxN�t�debZQAS¬_�N IC�H§�5 K²B 8E6 ´ g�¡O�\v^t�bAp����9TcacQÔ_�N�SUScdj]sQ7TxÍkbZ�|aUwZprQì�ogez|z�ÃÀ¨_�deSx_��=T�]eQ�]sdsQA��_��|QAXh]eQZS�q�aUbZScQA�=TÇ_�Tcds�|��Sut�Q�pr�|����¿�t�QASZg } QOTxÍkbZ�|aUwZprQ^�kgez�Á�tk�|����Q�N��kQ^TcQZXÇÍ��kds[9N�Qt�Qhq�acQANk�|Q«tkQ\TcQZacprds��_�dsSU�|�/q��|N�al]sQASÈqkacbZSUQZ�=TÇ_;Txds����S¶t'Pº�|q�bZac_�t�QZS¶_�ds�kScd®[9N'PRNk�Êq�acQAp�deQZauQnmoQAp�q�]eQt'PºNkTxde]sdeSx_�Tcds�|�2� ]sQ�TcÍ�bZ�|aUwZprQ��kg~z� Û_�ScSUN�acQ�[9N�Q�]`_Êq�aUbZSUQZ�=TÇ_�Tcds�|�

L(Z2)
TxQAacprds��Q�Ã¬XA�|p�prQ»
Ø��QZS} _�À¾�|�=Tu]ÅPR_���_�deT�XA�|�;ûUQAXATxNkacb^t�_���S�= } _;À¨£|�C>ðg

Ð¶N�XA�|N�acS¹t�N IC�H§�5 K²B 8E6 æ Ão���|N�S¹ax_�q�q�QZ]e�|��SÔ]sQAS�����Tcds�|��SÔt�QmGJILK?WFSUM('pgsW=<$WNQvG6i7QAT�t�QÃ�½GJILK?WNX>:

Ü��
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QTSUQviTkCXYK�gsWÍopkCXtkC¿jgsWLK�hLkCo�o�MsQTSUQvi wJKnÃ9q�N�deSì�k�|N�S�pr�|�=TxaU�|��SÔ[jNãPRQA]s]sQASìSU�|�=T�bA[jNkde��_�]sQA�=TxQZSAg Ò �k���ãÃo]eQTxÍkbZ�|aUwZprQ\�kgË�«���|NkSltkdeTu[9N'Pºds]'SAP·_���deTut�Q^X�_�Slq�_�aUTcdsXZNk]sdsQAacS�tkQ\qkacbZSUQZ�=TÇ_;Txds����Sut'PR��qCbAax_�t�QASZg
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gsW�KNM®|NKNQjizQvMsQjiTkCXYK8WC'��½ORiThNizQnWLKéq��|N�aO]eQ
λ
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S�T1S U 2V�W�-46%£4X�4��#
ÌÈ��Q�GJWNO SUQviTkCX |}izX½SUizGJWuSUN�aØN��rQZ��SUQZp«��]eQ

X
QASUTÔN���Qlq�_�aWTxdsQ

R
t�Q
X×X

g Ó d�Nk��XA�|N�q�]eQ
(x, y)QZSWT�t�_���S

R
Ãì�|�Î����TcQÛSc�|No�|QZ�=T

xRy
g�Ìl�ÿK�9�KNQ"�NopWAgsW�GJILILhNGNizQjMsGLWrS�|NKNQjGFSUizQ¨Ã��|N ÇYH	ZÞÃ¹QASUT�N��XZ��N�q�]sQ

(X,R)
��º

X
QASUTéN��áQA��ScQAp«��]eQ�QnT

R
QZSWT«N���QracQA]`_�Tcds�|�Û�kds��_�deacQ�SUN�a

X
gJ�J_�a^QnmoQZprq�]eQ�Ã]ÅPºQZ�kScQZpé��]sQ

N
t�QAS«QZ�=TxdeQZaUS«��_�TcN�acQA]sS«p«Nk��dìtkQ�]ÅPº�|actkacQ

≤
N�SUN�QZ]�QASUT�Nk� ÐO� Ó �¬t�Q�p,lZprQ�Ã®Tx��NkT�|ac_�q�Í�Q�ds�kt�N�deT^Nk�åÐO� Ó Ã'À¾�|aUp�b�tkQ�]ðPRQA��ScQAp«��]sQ�t�QAShSU�|prp�QnTxS�t�Ná�|ax_�qkÍ�Q�QATht�Q�]`_�acQA]`_�Tcds�|�

Rt�bn����dsQ^q�_�a
xRy

SZPºds]GQ½modsSUTcQ^N���Q�¸�wZXÇÍkQht�Q
x
ê
y
t�_���Su]eQ��|ax_�qkÍ�Q�g
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Ò �ÙacbAbZXAacdeTcN�acQ�Ã=�|������TcQ
→
]eQZSØacQA]`_�Tcds�|��S¬��ds��_�dsacQAS7qC��N�a7ds��SUdsSWTxQZaØSUN�aØ]sQAN�a7X�_�ac_�XATcwZaUQÈt'PºbATx_�q�QZSt�Q�XZ_�]sXAN�] ��_�de��ScdðÃot�_���SuN���ÐO� Ó

(X,→)
Ão]sQAS�bZ]sbAp�QA�=TxS�t�Q

X
acQAq�acbAScQA�9TcQZ�=TÈ]sQZS�bnTÇ_�TcS�t'PºN��/SWvjSWVTxwAp�QlQATì]sQASìXA�|N�q�]eQZS

(x, y)
TxQA]sSÔ[jNkQ
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D XÇÍ�_�[9N�Q�ÐO� Ó
(X,→ )

QASUTÙ_�ScSU�oXAdsb�N��à�|ax_�q�Í�Q�t�deT�gsW-GLIFgUM(hNQjiTkCX��7ScQZSr�|�jûUQnTxS�Sc���9T�]sQASbZ]ebZprQZ�=TxSut�Q
X
QATlds]Gq��|ScSUwZt�Q\N���Qh_�aulATxQ^t�Q

x
ê
y
SUdGQATÈScQZNk]sQZprQZ�=TlScd

x→ y
gÞ�¹Q\Sc�|�=TÈ]sQZSuq�aU��Vq�aUdsbATcbZSHt�QZSJXÇÍ�QZprds�kS¬t�QÔXZQì�|ax_�qkÍ�Qì[9N�dj���|NkS¬ds�=TcbZacQAScSUQZ�=T��EQZ�hQ��CQAT�Ã;XZQAS¬XÇÍ�QAp�de��SHSc�|�=T ]eQZS3hFSUO�hNMPOáKnÃX�PºQZSWTUVYê;VYt�deacQ�]eQZS QA��XÇÍ�_<;s��QZprQZ�=TcSÔtãPR�|q�bZac_�Txde�|��S bA]sbAp�QA�9Tx_�dsaUQZSJp�QA��_��=TØt'PºN���bATÇ_;TØêON��r_�NkTcacQ�bnTÇ_�TZg
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a ±\b @HK¾B�K D @�c¹Ó �|deT

X
N���QZ��SUQZp«�k]sQ�g�¡O�/_�q�q�QZ]e]sQfgUijS?qskCX½SUO�WHgsW

X
]s_«acQA]`_�Tcds�|����de��_�deacQ«�

∆X = {(x, x), x ∈ X}.

Ó d
R
QASUTlN���Q^aUQZ]`_;Txds������ds��_�dsacQ¶ScN�a

X
Ãk]`_-GJWNO SUQviTkCX kL���(k?K?ILW�d

R
QASUT\�

Ro = {(x, y) ∈ X2 : yRx}.

Ò �k���'ÃÞScd
R
QAT
S
Sc�|�=Tlt�QZNjm�acQA]`_�Tcds�|��S¹��ds��_�dsacQAS�ScN�a

X
Ãk]sQZNka�hLkCo��(k?K?ILW

S ◦R
QZSUTh�

S ◦R = {(x, y) ∈ X2 : ∃z ∈ X, xRz, zSy}.

�

� ��TcQ���]sQ�SUvjp«���|]eQ
�
pÙ_�ac[9N�Q�]`_é���/t'PºN���Q\t�bn����deTcds�|�ãg

Ð¶NkTcacQAp�QA�9T¹t�deTZÃ=�|��_
xRoy

SUdCQnT¹SUQZN�]eQZprQZ�=TìScd
yRx

goµÈQÈq�]eN�SZÃ
x(S ◦R)y

ScdÞQATìScQAN�]sQAp�QA�9TìScd�|�/_
xRz

QnT
zSy

qC�|Nka�N��/XAQZaWTÇ_�de�
z
��QZ��q�_�aWTxdsXAN�]sdeQZaAÃkScd

R = S
Ã��|������TcQ

R2 = R ◦R
g��¹QATUTxQ�|q�bZac_�Txde�|��t�QéXZ�|prqC��ScdeTcds�|��bnTÇ_��=T^_�SUSc�jXZds_�Txd~�|QéQnTOt'PºN���d~Txb

∆X

ÃC���Ê����TcQ
Rn

]s_�XA�|p�q��|SUbZQ«t�Q
nXZ��q�dsQASltkQ

R
Ãkt�bA���kdsQ^q�_�a^�

R0 = ∆X , R1 = R, Rn+1 = Rn ◦R = R ◦Rn.
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a ±\b @HK¾B�K D @�c Ìl��Q^acQA]`_�Tcds�|����de��_�deacQ
R
ScN�a

X
QZSWTlt�deTcQ��

V�GJIü�$WC'�iz�UW^Scd
∆X ⊆ R

Ã�X�PRQASUTUVYê;VYtkdsacQ�SUd
xRx

q��|N�a�Tc�|NkT
x ∈ X

�
V�SUX(QjizGJINO�WC'�iz�UW^Scd

∆X ∩R = ∅
Ã�X�PºQZSUTWV×ê;V�t�dsaUQ�SZPºds]'�ãPRQ½mkdeSUTcQ\q�_�Sut�Q

x ∈ X
TxQA]G[jNkQ

xRx
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V�K�9CopINQvG6iBA}M(W\Scd
Ro ⊆ R

Ã�X�PRQASUTUVYê;VYtkdsacQ�SUd
yRx

t�wASu[jNkQ
xRy

�
V�SUX(Qji�K�9<opINQjG6iBA}M{W\SUd

R ∩Ro = ∆X

Ã�X�PRQASUTUVYê;VYtkdsacQ�SUd
x = y

t�wZSu[9N�Q
xRy

QnT
yRx

�
V�QjGuSUXYKNizQviz�UW\SUd

R ◦R ⊆ R
Ã�X�PºQZSWTUV×êEVYt�deacQ�Scd

xRz
t�wASÈ[9N�Q

xRy
QnT
yRz
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�
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X
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a ±\b @HK¾B�K D @�c¹Ó �|deT
(X,R)
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V�]s_�hNOihCQvMsGJW�GLIü�$WC'�iz�UW�gsW

R
QZSWT¶]s_«acQZ]s_�Txde�|�

Rr = R ∪∆X

�
V�]s_�hNOihCQvMsGJW�K�9<opINQjG6iBA}M{W¾gsW

R
QZSWTÈ]s_�acQZ]s_�Txde�|�

Rs = R ∪Ro
�

V�]s_�hNOihCQvMsGJW�QvGuSUXYKNizQjiz�UW¾gsW
R
QASUTl]`_«aUQZ]`_;Txds���

Rt =

+∞⋃

n=1

Rn.

�

�¬_�a�XA�|��SWTxacNkXATxde�|�'Ã ]s_ÊXZ]VE�TxN�aUQ�acbn¸�Qnmod~�|Q ~¨aUQZScqãg SUvjprbATxaUds[9N�Q�Ã7acQZSUq'g¬Tcax_���SUdeTcde�|Qx�ht'PºN���Q�acQA]`_;VTxde�|�
R
QZSUTÔ]s_Oq�]sN�SØq�QATcdeTxQ¹acQZ]s_�Txde�|��acbn¸�Qnmod~�|Q�~¨aUQZScqãg=SUvjprbATxaUds[9N�Q�Ã=acQZSUq'g|Txac_���SUdeTxd~�|Qx�¬XZ�|�=TxQA��_��=T

R
gµ¶Q^q�]eN�SZÃ�]eQZS��|q�bZac_�Txde�|��S�t�Q^XZ]VE�TxNkacQO�|bAacd~��QZ�=Th�

j 6 °å° 6 ¤ c ¤ c Z�kCizQ
R
MPXtW�GJWNO SUQjiTkCXy|}izX½SUizGJWÍKNMsG�MsX WNXYK?WNo,|}O�W

X k I�XySml

(Rr)s = (Rs)r, (Rr)t = (Rt)r, (Rt)s ⊆ (Rs)t.

n INopkCXYKNQjGuSUQviTkCX k ¡O�áaUQZp�_�ac[9N�Q�[9N�Q�Ã®q��|N�a�t�QANom acQA]`_�Tcds�|�kS���ds��_�dsacQAS S QnT
T
[9N�QZ]eXZ�|��[9N�QASéSUN�aN���p»lAp�Q�QA��ScQAp«��]eQ

Y
Ã��|��_��

(S ∪ T )−1 = S−1 ∪ T−1,

_�ds�kScd'[9N�Q�Ã�q��|N�a�Tc�|NkTlQZ�kScQZpé��]sQ
Y
�

∆−1
Y = ∆Y .

Ü ù



�\[^] �<� . ]Jd _Y\��`_�dý\ . dý^��}�3_Yb������n]n�<�²�}�²a��m^`���xc�^vd ]Lb�^�� . _���]L^ . d ]n�

�¬_�auSUN�deTcQr�
(Rr)s = (R ∪∆X) ∪ (R ∪∆X)−1

= R ∪∆X ∪R
−1 ∪∆−1

X

= R ∪ R−1 ∪∆X

= Rs ∪∆X

= (Rs)r.

�J�|NkauTc�|NkTcQ\aUQZ]s_�Txde�|����ds��_�dsaUQ
S
SUN�auN��/QA��ScQAp«��]eQ

Y
QnTÈq��|N�a�Tc�|NkTuQA�9TcdsQAa

n
�

(S ∪∆Y )n =

n⋃

k=0

Sk.

�¬_�auXA�|��ScbA[9N�QZ�=T«�
(Rr)t = (R ∪∆X)t

= ∪+∞
n=1(R ∪∆X)n

= ∪+∞
n=1 ∪

n
k=0 R

k

= ∪+∞
n=0R

n

= (∪+∞
n=1R

n) ∪∆X

= (Rt)r.

�¬_�aut�bn����d~Txds���'Ã��|��_��
(Rt)s = (∪+∞

n=1R
n) ∪ (∪+∞

n=1R
−n),

QZ������Tx_��=T
R−n ]`_�acQA]`_�Tcds�|� (R−1)n

g�ÉH�|N;ûU�|N�aUSuq�_�a�t�bn����deTcds�|�ñ�
(Rs)t = ∪+∞

n=1(R ∪R
−1)n.

¡OaZÃØqC��N�arTc�|NkTrQZ�=TcdsQZa
n
���|�3�9N�]ðÃ

Rn
QnT
R−n SU�|�=TÙXA�|�=TxQZ�9N�QAS�t�_��kS (R ∪ R−1)n

ÃØt�����Xt�_��kS
(Rs)t

gCµ¶�|��X
Rt

QnT
(R−1)t

Sc�|�=T�QA]s]eQZSO_�N�ScSUd XZ�|�=TcQZ�9N�QZS^t�_���S
(Rs)t

gã�¹Q�[9N�d¬tk�|����Q���deQZ�'Ã_�N�����_�]7�
(Rt)s ⊆ (Rs)t.

♦

� ��TcQ���]sQAS�bZ���|�kXZbZSlSc���9Tl�9N�prbZaU��TxbAS
m.n

ÃÞ��º
m
QZSUTl]eQO�9N�p�bAac�rt�N�XÇÍ�_�q�d~TxaUQ\QA�/XA�|N�aUSlQnT

n]sQ�ac_�����t�Q^]ÅPºbZ�k�|��XZb^t�_���Su]sQ�XÇÍ�_�qkdeTxaUQ¸��]sQ�SWvjp«�C��]sQ
♦
p�_�ac[9N�Q�]s_«���/tãPRN��kQ\tkbZpr�|��SUTcax_�Tcds�|�ãg

Ü��



�\[ �e[/f �X2½\�d ]Jde_P\��

¡O�/QA�/t�bAt�N�d~T^�
ohDÞ8;D�¦¨¦¨§ K 8E6 ¤ ce³^c <$kCMsG�QnkCMsQnW�GJWNO SUQjiTkCXr|}izX½SUizGJW

R
KNMPG�MsX WNXYK?WNo,|}O�W

X
%BO S,GLWNO SUQjiTkCX

Rrst
WLKNQÁO S

�½ORM�K3�(WNQvizQ"W�GJWNO SUQviTkCXygGFeI$A}Msiz�CSUO�WNXthLW�KNMsG
X
hLkCX(Q"WNX½SUX(Q

R k�¬_�auSUN�deTcQ�Ã�]`_«aUQZ]s_�Txde�|�
Rrst

QASUT¶_�q�q�QZ]sbAQpI$A}MPiz�CSUO�WNXthLW¾WNXsqsWNX½gUGLILW)�YSUG
R
g

p D B § BEK D @�cuÓ d
R
QZSUTh����TcbZQ

→
Ãã�|�áNoTxds]edsSUQ«]sQAS\bAXZaUdeTxNkacQZS\_�]~TxQAac��_�Tcde��QZS^QAT\q�]eN�S^dsp�_��|bZQAS��

�+q��|N�a
→t
Ã
�
qC�|Nka

→rt
QAT
≡
q��|N�a

→rst
g�¡O�«bZXAacd~T7_�N�SUScd

←
_�N«]edsQANét�Q

(→)o
Ã
�
_�N«]edsQANét�Q

(�)oQAT
�+ qC�|Nka

(�+)o
g Ò �o���'Ãã]s_rXA�|prqC�|SUbZQht�Qét�QANom�acQZ]s_�Txde�|��S

→1

QAT
→2

QZSWTO����TxbZQ
→1 →2

_�N]sdeQZN�t�Q
→2◦ →1

g
Ó dG]ÅPº�|��acQA�=_�aUt�Q^]sQO�|ac_�q�Í�Q^t�Q^aUbZt�N�XnTxde�|��_�ScSc�jXZdeb^ê�N��/Ð¶� Ó

(X,R)
Ã��|�/_��

V
x→ y

SZPºds]ãQnmodsSWTxQ^N���Q^¸�wZXÇÍkQht�Q
x
ê
y
�

V
x �+ y

SZPºds]'Q½modsSUTcQ^N��/XÇÍkQZprds� ~¨�|aUdsQA�9Tcb?��t�Q^]e�|���|N�QAN�a����|���9N�]e]sQ�t�Q
x
ê
y
�

V
x � y

SZPºds]ãQnmodsSWTxQ^N���XÇÍ�QZprds� ~¨�|aUdsQA�9Tcb?�¹t�Q
x
ê
y
�

V
x ≡ y

SAPRde]CQ½modsSUTcQ�N���QOqkac�|prQZ��_�t�QOt�Q
x
ê
y
ÃjX�PºQZSUTWV×ê;V�t�dsaUQ¶SUd']ÅPº�|��q�QZNkT�q�_�ScSUQZa�t�Q

x
ê
y
QZ�q�_�acXZ��N�ax_��=TlN������|p«�kacQO����dGtkQ^¸�wZXÇÍ�QAS¶Sx_���S�À¾�|acXAbZprQZ�=TlacQZSUqCQAXATcQZal]sQZNka��|acdeQZ�=TÇ_�Tcds�|�ãg

üØQZ������SWV�QZ�Êê�]s_«q�acQAp�dewZacQ�qkac�|q�aUdsbnTxb^�|bZ��p�bnTxacde[9N�Q�QZSUScQZ�=TcdsQZ]e]sQ�t'PºN���ÐO� Ó �
a ±\b @HK¾B�K D @�c ¡O�Ùt�d~TØ[9N'PRNk��ÐO� Ó

(X,R)
Q"WNG6o�izXtW¶��N�[9N'Pºds]ÞQZSWT�Xrq�Qz�(ING6iTWNX�SZPºds]��'PºQnmodeSUTxQ¶_�N�XAN���QScNkdeTxQ

(xn)n∈N

t'PRbA]sbAp�QA�9TcSut�Q
X
�|bAacd~�Þ_��=T

xn → xn+1

q��|N�a�Tx��NkT
n
g�¡O�/tkdeTl_�N�SUScdðÃ�ds��t�d �ãbAacQAp�VprQZ�=T�Ã�[9N�Q^]`_«aUQZ]s_�Txde�|����ds��_�dsaUQ

→
TxQZaUp�de��Q��|N�[9N'PºQZ]s]eQ�QZSWTÈ�&
^TcÍ�bZaUdsQA����Q�g

�µ¶QOp�_���dewZacQubA[jNkde��_�]sQA�=TxQ�ÃjN���Ð¶� Ó
(X,R)

TcQZaUp�de��QÈSUdCQnT�SUQZN�]eQZprQZ�=T�SUdC]eQÈ�|ac_�q�Í�QÈt�Q¶aUbZt�NkXnVTxde�|��t�Q
(X,→)

�kQ\XA�|�=TxdeQZ�=Tlq�_�Sut�Q^XÇÍ�QZprds��de�k����dðg
g èG6 ° 5J¦¾6 ©(c ¡O�ÛacQApÙ_�aU[9N�Q�_�deScbZprQZ�=T�[9N�Q�SUd

(X,→)
QZSUTON��ñÐO� Ó TxQZ]J[9N'PRde]¬Q½mkdeSUTcQ«N��

x ∈ X_��|QAX
x→x

Ão_�]e�|acSÔds]���QÈTxQZaUp�de��Quq�_�SAg Ò ��q�_�aWTxdeXZN�]edsQZaAÃ�Tx��NkT�Ð¶� Ó t��|�=T�]s_hacQA]`_�Tcds�|�rQZSWT�aUbA¸�Q½mkd~�|Q��Q�TxQAacprds��Q�q�_�S^��X�PºQZSWT¶]eQ�X�_�Sut�Q
(N,≥)

g Ò ��acQn��_���XÇÍ�Q�ÃÞ]ðPRÐ¶� Ó
(N, >)

TxQZaUp�de��Q�g
¥ 6 ° §�8 ô <®6 cìÓ �|deT

X
N���QZ�kScQZpé��]sQOpéN���dãtãPRN��kQ�acQZ]s_�Txde�|�ÙtãPR�|aUt�acQ

≥
t��|�=T���������TxQ

>
]s_��YSUG6QviTW

KNQjGNiThNQ"WnÃ7t��|�k��bZQ�q�_�a
x > y

Scd
x ≥ y

QAT
x 6= y

g¬ÐÈ]s�|aUS
(X,>)

TcQZaUp�de��Q�Scd�QnTrScQZNk]sQZprQZ�=TrScdTx��NkTxQ^ScNkdeTxQ^t�bAXZaU�|dsSUSx_��=TxQp~¨q��|N�a
≥
��t'PºbZ]sbAp�QA�=TxSut�Q

X
QASUTÈSUTx_�Txde�|����_�deacQ�g�¡OaZÃ�N����|aUt�acQ

≥
qC��N�a]sQA[9N�QZ]GTx��NkTxQ\ScN�d~TxQ\XZaU�|dsSUSx_��=TxQ8~¨aUQZScqãgCt�bAXZaU�|dsSUSx_��=TxQx�lQASUTÈSUTÇ_;Txds������_�deacQ�QZSWTOt�d~T�Xrq�Qü�(ING6iTWNX ~¨aUQZScqãg

SUG6QvizX(iTWNXt�ngJÕY]ìvå_Êt��|��XÙN���Q�_�p«�kds�|Nk¿ðTxbrt�_���S�]s_/TxQAacprds����]s�|�|deQ��¬]ðPR�|aUt�acQ
≥
QASUT�_�aWTxde��dsQA�ÚScdìQATScQAN�]sQAp�QA�=T«ScdÔSx_/q�_�aUTcdsQrSUTcacdsXnTxQ

>
QZSUTé��
�TxÍ�bAacdeQZ����Q�g7�¶PºQZSWT�qC��N�ahbn�jdeTxQAahTc�|NkTxQ�XZ�|�oÀ¾N�Scde�|�Ú[9N�Q���|NkSlQAp�qk]s��v|�|�kSldeXZd� éTcQZacprds��_�dsSU�|�O"�QnTu���|�s ��&
^TcÍ�bZaUd`_��kdeTxbt"=g

Ó d�N��yÐO� Ó TxQZaUp�de��Q�ÃJXZQA]`_ÛScde�|��de��Q�[9N'PRde]�QZSWTrdsprqC�|SUScde��]sQ�ÃJq�_�aUTÇ_��9T�tãPRN��àXZQAaUTx_�ds�ybZ]ebZprQZ�=T�Ãt'PºQ��CQZXnTxN�QAaON���Qhds�k���kdeTxb\t'Pº�|q�bZax_;Txds����Sh��[9N�QZ]H[9N�Q«SU�|deTl]sQ\q��|ds�=TÈt�Qét�bAq�_�aWT�Ã��|�Û_�aUacde��QZac_kÃ�_�q�acwASN������|pé��acQO���kd't'Pº�|qCbAax_�Tcds�|�kSZÃ�ê«Nk��bA]sbAp�QA�9TuSUN�a�]sQA[9N�QZ]'�����kQ�qCQANkTuq�]sNkSu_��|dsaAÃoX�PRQASUTWV×ê;V�t�dsaUQON��bZ]ebZprQZ�=T
x ∈ X

TcQZ]G[9N'Pºds]'�'PºQnmodeSUTxQ\q�_�S�tkQ
y ∈ X

�|bZaUde�Þ_��9T
x→ y

g
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a ±\b @HK¾B�K D @�cOÓ ��deT
(X,→ )

N��+ÐO� Ó gì¡O�Î_�q�q�QZ]e]sQ
R
:ýwxkCG6opW XtkCG6o,SUO�Wï~¾�|N2ScQZNk]sQZprQZ�=T�wxkCGNopW

XtkCG6o,SUO�W��¶Tc�|NkT\bZ]ebZprQZ�=T
x
t�Q

X
q��|N�a^]eQZ[9N�QZ]Øde]7�'PRQ½modsSUTcQÙ_�N�XZN��

y
t�_���S

X
�|bAacd~�Þ_��=T

x → y
gÓ d

x
QAT
y
SU�|�=T¶tkQZNom�bA]sbAp�QA�9TcSut�Q

X
Ã��|��t�deTu[9N�Q

y
QASUTÈN���QOu

R
:ivnwxkCG6opWHXtkCG6o,SUO�W�gsW

x
Scd
y
QASUTN���Q»~

R
V��×À¾��acprQO���|aUpÙ_�]eQOQATlSUd

x � y
g

�} _�TxQAacprds��_�deSc�|��dep�q�]eds[9N�Q�[9N�QéTc�|NkTÈbZ]ebZprQZ�=TOq��|ScSUwZt�Q-SUM�opkCizXYKéN���QhÀ¾��acprQh����acp�_�]sQ����|�t�d~Th[9N�Q
(X,R)

QZSWT8XtkCG6o,SUORi�K}SUX(QO�|N'ÃGde��t�deSUTxde��XATcQZprQZ�=T�ÃG[9N�Q
R
XtkCG6o,SUORi�K?Wng } _����|acp�_�]edsSx_;Txds���QZSWT\N���Q�q�ac��q�acdebATxb�qk]sN�S�À¨_�de��]sQh[jNkQ�]s_ÙTxQZaUp�de��_�deSc�|�'ÃCp»lAp�Qét�_���S^]sQ�XZ_�S^��ºñ]`_�À¾�|aUp�Q«�k�|acp�_�]sQt�Q\XÇÍ�_�[9N�Q«bA]sbAp�QA�9TlQASUTONk��ds[9N�Qr�ÞXZ�|��SUdst�bAac�|�kSÈN��/QZ��SUQZp«�k]sQéaUbZt�NkdeTÈê�t�QANom/bZ]ebZprQZ�=TxSAÃ��k��TxbAS

xQAT
y
Ã�[9N�Q^]ÅPº�|��p«N���d~T�t�Q^]`_�aUQZ]`_;Txde�|�
R = {(x, x), (x, y)}.

Ð¶]e�|acS
y
QZSWTu]ÅPºN���de[jNkQ¶À¾�|acprQO����acp�_�]sQlt�Q

x
QAT�tkQ

y
��XAQZq�QZ��t�_��=T�Ã�XZ��p�prQ¶����N�S�]ÅPR_��|�|��S¹t�b×ûcêacQApÙ_�ac[9N�b�Ã�]eQOÀ¨_�deT�[jNkQ

x
�|bAacde��Q

xRx
QZprq¬lAXÇÍ�Q

R
t�Q�TcQZacprds�kQZaZg

µ¶Qlq�]sN�SAÃ|ds]k�'Pºvr_�N�XZN��kQlac_�dsSU�|��qC��N�aØ[jNkQl]ðPR����_�deTØN���deXZd~Txb�t�QASÔÀ¾��acprQZS7���|aUpÙ_�]sQZSAg=µéPºN��rqC�|de�=Tt�Ql�oNkQ¶�|q�bZac_�Txde�|����QA]ÅÃ|XAQZ]`_^�|QANkT�t�deacQl[9N�Q�Ãjq�_�aWTÇ_��=Tìt'PRNk��Q¶p,lZprQl��_�]eQZN�aØde��deTcd`_�]eQ�Ã�de]�QZSWT�q��|ScSUds��]eQt'PR_�acaUde��QZauê«t�QAS�acbZSUN�]eTx_�TxS�tkdV�CbZacQA�=TxS�ScNkde��_��=T�XZQAaUTx_�ds��S�XÇÍk�|d~m�Q��CQZXATcN�bZSAg�¡OaZÃk]eQZS�SUQZN�]eS�XÇÍ��|d~m�[9N�Q]ÅPº�|��qCQANkT¶À¨_�dsacQ^SU�|�=TOQZ�=TcacQétkQZNom/�|q�bZac_�Txde�|��Suq�_�aWTÇ_��=TOtãPRN��/p»lAp�Q\bZ]ebZprQZ�=T�gC¡O�Ê_�acacd~�|Qh_�ds�kScdHê]`_«�k��Txde�|��t�Q^��ax_��kXÇÍ�QZprQZ�=Th�
a ±\b @HK¾B�K D @�cOÓ ��deT

(X,→ )
N��3Ð¶� Ó g¹Ìl�µ|}GuSUXthL�(WNopWNX(Q�t�Q

(X,→ )
QZSUTÙN��2Tcacdeq�]sQnT

(x, y, z)t'PºbZ]ebZprQZ�=TxSOtkQ
X
TcQZ]sS¶[jNkQ

x � y
QAT
x � z

�
x
QZSWT^_�q�q�QZ]ebh]s_�K?kCMsGJhLW�t'PºN��ÊTxQA]J�kax_���XÇÍkQZprQZ�=T�g¡O�/tkdeTu[9N'PºN�����ac_���XÇÍ�QAp�QA�=T

(x, y, z)
QZSWT¾O�k?hFSUOHScd

x→ y
QnT
x→ z

gÞÌÈ�/��ax_��kXÇÍ�QZprQZ�=T
(x, y, z)QZSWT¶tkdeTmhLkCXx�)M{WNX(Q�SAPRde]GQnmodsSWTxQ^N��

t ∈ X
TxQA]G[jNkQ

y � t
QAT
z � t

���|��t�deTut'PºN���TxQZ]
t
[9N'PRde]®wxWNG6opW]sQ��kax_���XÇÍkQZprQZ�=T

(x, y, z)
g

�} _r����Txds����t�Q^XZ�|�k¸�N�QZ��XAQhtãPRN��/ÐO� Ó qC�|aWTxQ�SUN�aÈXAQZ]e]sQOt�Q^SUQZSl��ax_��kXÇÍ�QZprQZ�=TxS\�
a ±\b @HK¾B�K D @�c ¡O��t�d~Tu[jNãPRN���ÐO� Ó

(X,→)
QASUT�hLkCXx��M(WNX(QH~¾acQZSUq'gªO�k?hFSUO�WNopWNX(Q�hLkCXx��M(WNX(Qu�¹Scd'Tc�|N�SScQAS7��ax_���XÇÍ�QZprQZ�=TcS�~¾acQAScq'g{|}GuSUXthL�(WNopWNX(QzK3O�k?hFSUM('t�®Sc�|�=TØXA�|�k¸�N�QA�=TxSZgj¡O��t�d~T7_�NkScScdk[jNkQ�]`_¶aUQZ]`_;Txds�����de��_�dsaUQ

→
QZSWTm~¾]s�jX�_�]eQZprQZ�=T6�ÔXZ�|�k¸�N�QZ�=TxQ�g

�Ð¶]~TxQZaU��_�Tcde�|QAp�QA�=T�Ã�N���TxQA]GÐO� Ó QASUTlXZ���k¸�N�QA�9TÈScdGQnTlScQZNk]sQZprQZ�=TlScd
� � ⊆� �

QATl]s�jX�_�]sQZprQZ�=T�XA�|�k¸�NkQZ�=T¶SUdGQATuSUQZN�]eQZprQZ�=TlScd
←→⊆� �.

Ð¶de��ScdðÃkt�_��kS�N���ÐO� Ó XZ�|�k¸�N�QZ�=T�Ã�]eQZS�XÇÍk�|d~m�Q��CQZXATcN�bZSu�'Pº�|�=Tuq�_�S�tãPRdep�q��|aUTx_���XAQ�gk�¹QZ]`_�_�ScScNkacQ[9N�Q�Ã�q�_�aUTx_��=T t'PºN���Q�SUdeTcN�_�Txde�|�\t��|����bAQ�Ã|���«��Q�q�QZNkT q�_�S7_�aUacd~�|QZa¬êOt�QZS¬acbZSUN�]eTx_�TxS¬t�dV�CbZaUQZ�=TxSAÃ�[9N�QZ]eS

Üe+



�\[¼Ü�[/w ^vdý\Cc?dý� . b}�fc�^vd ]n�<^`���Ãa��H]n�C^T�Hdý\ . de��_Y\m�N]3a���c�_P\,x¬b��C\Cc��

[9N�QlSc�|deQZ�=TÔ]sQZS7XÇÍkQZprds��SØt�QlacbAt�N�XATcds�|��QAp�q�aUN��=TxbASÈ�|Tc�|NkTÔbZ]ebZprQZ�=TÔt'PRNk��Ð¶� Ó XZ�|�o¸�N�QZ�=TìqC��ScScwAt�Q
SUMA�½ORM�K�N���Q/À¾��acprQ��k�|acp�_�]sQ�gÔ¡O�+XZ�|prq�aUQZ��t3_�]s�|aUS�qC�|Nkac[9N��|dl]`_ñacbAbZXZaUdeTcN�acQ�_�XZXA�|act�Q/_�NkTx_��=Tt'PºdsprqC��aUTÇ_���XZQr_�Nom Ð¶� Ó [9N�dìq��|SUScwZtkQZ�=T«XA�|�;ûU�|de�9TcQZprQZ�=Th]sQZS\t�QANomáq�ac�|qkacdsbnTxbASht�QrTxQAacprds��_�deSc�|�QATlt�Q^XA�|�k¸�N�QA��XZQr�
a ±\b @HK¾B�K D @�c ÌÈ�áÐO� Ó QASUTht�deT-hLkCX(�UWNGvqsWNX(QO�|N qUG)yU|}XtWNGNiTWNX SAPRde] TxQAacprds��Q�QnTéSAPRde]7QZSUThXZ���k¸�N�QA�9TZg¡O�/tkdeTu_�NkScScd®[9N�Q^]`_�aUQZ]`_;Txds������ds��_�dsaUQOt�Q^]ÅPºÐO� Ó QZSUTlXA�|�=�|QZaU�|QZ�=TcQ�g

�¥ 6 ° §�8 ô <®6 c µO_���Sh]`_/]edeTUTxbZac_�TxNkacQ�Ãã�|�åTxaU�|Nk��QÙt'PR_�NkTcacQZSé_�t;ûUQAXATxd~À¾SZÃHXZ�|prprQrhLkCo��½O�WNQ���N hFSUXtkz:
X(iBA}M(WnÃGNkTxde]sdsSUbZS^t�d �ãbAacQZprprQZ�=T\ScQZ]e�|� ]sQZSh_�NkTcQZN�aUS��®de]7SZPR_��|deTZÃGt�_���S\XZQAaUTx_�ds��S^Txac_���_�NomCÃHtkQ�SWvo�k��V�=vjp�QAS�t�Q»hLkCX(�UWNGvqsWNX(Q¨Ão_�]s�|aUSì[9N�Q�Ãkt�_��kS�t'PR_�NkTxaUQZSAÃkds]eSØt�bZSUds�|��QA�=T�t�QZS¹q�ac�|qkacdsbnTxbAS¹q�]eN�SìÀ¾�|aWTxQAS�[9N�Q]`_«XA�|�=�|QAac�|QA��XZQ�g

¡O� qCQANkT�_�NkScScd¹t�bA���kdsaé]eQZSh����Txde�|��Sht�Q�TcQZacprds��_�dsSU�|�åQnT«t�Q�XA�|�k¸�NkQZ��XAQ�QZ� N�� q��|ds�=T��¬q�_�aQnmoQAp�q�]eQ�Ã;Scd
(X,→)

QASUT7Nk�«ÐO� Ó QAT¬Scd
x ∈ X

Ã��|�«t�d~T¬[9N�Q
(X,→)

Q"WNG6o�izXtW�WNX
x
SAPRde]o�kQ�XZ�|�=TcdsQZ�=Tq�_�Sìt�QOXÇÍ�QAp�de��t�QÈacbZtkN�XATcds�|��de�k����d�q�_�aWTÇ_��=T¹t�Q

x
g�¡���_«_�]s��acSl�oN��ÙÐO� Ó

(X,→)
TxQZaUp�de��QlScd�QATScQAN�]sQAp�QA�=TÈSAPRde]ãTxQAacprds��Q�QA��Tc�|NkT

x ∈ X
g

S�T){ | 1�41��'�4N� 0��p� ')1�46%£¢�15!$#  -!�%£!�15� 4X� 0H4�#}�4� !�%ÿ �! '~�4�����-!5��'�!
� �|NkSá_�]s]s����S�q�aUbZSUQZ�=TxQAaádeXZdétkQZNom�XAacd~TxwZaUQZSÛXA]`_�SUScds[9N�QASñXZ�|��XAQZaU��_��=T ]`_3TxQAacprds��_�dsSc��� QATñ]s_XZ���k¸�N�QA��XZQut�QASÔÐ¶� Ó g|ÐH��_��=TØt'PR_����|actkQZa7]sQ¹XZacd~TxwAacQ�t�Q�TcQZaUp�de��_�dsSU�|�'Ã;t�bA����dsSUSc�|��SØ]eQZS7pr�|acq�ÍkdsScprQZSt'PºÐO� Ó �

a ±\b @HK¾B�K D @�c�Ó �|deQZ�=T
(X,→X)

QAT
(Y,→Y )

t�QZNomÛÐO� Ó g'Ìl� opkCG°�(�si�KNopW�gGF Ç`H	ZïgsW
X
�UWNGLK

YQZSWT�N���Qñ_�q�q�]sdeX�_�Tcds�|�
ϕ : X −→ Y

[9N�dOQASUT�À¨_�ds��]eQZprQZ�=TÙXA�|prq�_�Txde��]sQ/_��|QAXÛ]sQZSÙacQZ]s_�Txde�|��Srt�QacbAt�N�XnTxds���'ÃGX�PºQZSWTUV×êEVYt�deacQ�TxQA]s]sQé[jNkQ
ϕ(→X) ⊆�Y

ÃG��NáQA��XZ�|aUQrTcQZ]e]sQ�[9N�Q�Ã®q��|N�a�Tx��N�S
x, x′ ∈ X�|bAacd~�Þ_��=T

x→X x
′
Ã����/_

ϕ(x) �Y ϕ(x′)
gÞÌÈ��TxQA]'pr�|acq�ÍkdsScprQOQASUTÈt�deT��

V�XtkCX hLkCX(QjGuSshNQ°SUX(Q¹Scd
ϕ(→X) ⊆�+

Y

Ã�X�PºQZSUTWV×ê;V�t�dsaUQ�Scd
ϕ(x) �+

Y
ϕ(x′)

tkwZSl[jNkQ
x→X x

′ �V�KNQjG6iThNQ�Scd
ϕ(→X) ⊆→Y

Ã�X�PºQZSWTUVYê;VYt�deacQ�SUd
ϕ(x)→Y ϕ(x′)

t�wZSu[9N�Q
x→X x

′
g

�} Q\aUbZSUN�]eTx_�TuScN�d~��_��=TÈQASUT�WLKLK?WNX(QjiTWNOJq��|N�a�q�aU�|Nk��QZal]`_éTxQAacprds��_�dsSc����t'PRNk�/Ð¶� Ó �
� �®±9DÞ8 ¯j° 6 ¤ cs´^c Z�kCizQ

(X,→)
MsX Ç`H	Z k D£WLK�SCKLK?WNG6QjiTkCXYKÍKNMPiz�CSUX(Q"WLKÍK?kCX(Q3I$A}MPiz�CSUO�WNX(Q"WLK4l� k D!F ÇYH=Z (X,→)

Q"WNG6o�izXtW k� k`� OéWC'�i�KNQ"WfMPX kCGFgUGJWmKNQjG6iThNQ > KNMPG X QnWNO�A}M(W
(X,>)

QnWNG6o�izXtW8WNQ$Q"WNO�A}M(W
x > x′

gs�LK�A}M(W
x→ x′ k� k`� O{WC'�i�KNQ"W�MsX�ÇYH	Z (Y,→Y )

A}MsitQ"WNGNo�izXtW3SUizXYKNi�A}M�F MsX»opkCG°�(�si�KNopW�gGF ÇYH=ZpXtkCX�hLkCX(QjGuSshNQ°SUX(Q
f : (X,→) −→ (Y,→Y ) k

Ü�Z



�\[^] �<� . ]Jd _Y\��`_�dý\ . dý^��}�3_Yb������n]n�<�²�}�²a��m^`���xc�^vd ]Lb�^�� . _���]L^ . d ]n�

n INopkCXYKNQjGuSUQviTkCX k
1⇒ 2

g¶¡O����_rpr�|�=TxaUQZa�[9N�Q
�+

QZSUTlN����|aUt�acQ^SUTcacdeXATu[9N�d'TxQAacprds��Q�SUN�a
X
g

�H�|N�a�]ðP·_��=Tcdsacbn¸�Qnmod~�od~Txb�Ão�|��SUN�q�q��|ScQ�[9N'Pºds]CQnmodsSWTxQ
x ∈ X

TxQA]ã[9N�Q
x �+ x

�kq�_�aìt�bA����deTcds�|�'Ãde]HQ½modsSUTcQéN���XÇÍ�QZprds�ÊtkQé]s�����|N�QAN�aÈ�k�|�Ê�9N�]¬tkQ
x
ê
x
t�_���S

(X,→)
�CQZ�ÊprQATUTÇ_��=TÈ�C�|NoT�ê���|NkTlN���Q\ds�o����deTcb^t�QhXA�|q�deQZSut�Q\XZQéXÇÍkQZprds�'Ã��|���|�kTcdsQA�9TlN��/XÇÍ�QZprds��ds�o����d®t�_���S

(X,→)
ÃXAQ\[9N�dGXA�|�=TxaUQZt�d~TÈ]ðPRÍ=vjq���TxÍ�wAScQ�g

�H�|N�a®]`_¹Tcax_���SUdeTcde�jdeTcb�Ãn�|�^ScN�q�q��|SUQì[9N�Q
x
Ã
y
ÃZQnT

z
Sc���9TGTcac�|deSGbZ]ebZprQZ�=TxSGt�Q

X
TxQA]sSG[9N�Q

x �+yQnT
y �+ z

�Cds]JQnmodsSWTxQ�t��|�kX�N��ñXÇÍ�QZprds�Ût�Q�]e�|���|NkQZN�aO�k�|�Û�9N�]s]eQ«t�_���S
(X,→)

t�Q
x
ê
yQnTON��ñ_�NoTxacQht�Q

y
ê
z
��QZ�Û]eQZSÈacQZXA�|]s]s_��=T�Ã��|���|�kTxdeQZ�=TONk�ÛXÇÍ�QZprds�/t�Q«]s�����|N�QAN�aÈ�k�|�Ê�9N�]s]eQt�Q

x
ê
z
t�_��kS

(X,→)
Ã�XAQ^[jNkdHtk�|����Q

x �+ z
g

Ò �k���ãÃ�q��|N�a®]`_�TcQZacprds��_�dsSU�|�'Ã��|�hScN�qkqC�|SUQ¹[9N'Pºds]=Q½mkdeSUTcQ¹N���QÔScNkdeTxQ
(xn)n∈N

tãPRbA]sbZprQZ�=TcS¬t�Q
XTcQZ]sS7[9N�Q

xn �+xn+1

qC�|Nka Tx�|NkT
n
��ds]kQ½modsSUTcQ�t��|��X�Ã=qC��N�a Tx�|NoT

n
Ã=N���XÇÍ�QAp�de��t�Q�]s�|�k�|N�QZNka�������9N�]s]eQÈt�Q

xn
ê
xn+1

t�_��kS
(X,→)

�9prdsSÔ�C��NkT�êé���|NkTZÃjTc�|N�SìXZQZS¹XÇÍ�QZprds��Sìt��|���kQZ�=T�N��XÇÍ�QAp�de��ds�k���kd'q�_�aWTÇ_��=Tlt�Q
x0

t�_���S
(X,→)

Ã�XZQ^[9N�d®XZ�|�=TcacQZtkdeTuQZ�kXZ�|aUQ\]ðPRÍ=vjq���TxÍ�wAScQ�g
ÕY]G��Q^aUQZSUTcQhqk]sN�S�[9N'PRê�pr�|�=TxaUQZa�[9N�Q

x �+ x′
t�wZSl[9N�Q

x→ x′
Ã�XZQ^[9N�dGQZSWT�ÃÞq�_�aut�bn����d~Txds���t�Q^]s_«XZ]�E�TxN�aUQOTxax_���Scd~Txde��Q

�+ t�Q
→
Ã�]sQ�XZ_�SZg

2⇒ 3
g¶¡O�/q�acQA��t

Y = X
Ã
→Y = >

QAT
f = idX

g��J_�a¶Í=vjqC��TxÍ�wAScQ�Ã
(X,>)

TcQZaUp�de��QhQnT
f
QZSWTON��pr�|acqkÍ�dsSUp�QOSWTxaUdsXATZÃ�t��|�kX\�k�|�/XA�|�=Txac_�XATx_��=T�Ã�t�Q

(X,→)
��QZaUS

(X,>)
g

3⇒ 1
g Ó N�q�q��|Sc�|�kS¶[9N'Pºds]®QnmodsSWTxQhN���QéSUN�deTcQ

(xn)n∈N

tãPRbA]sbZprQZ�=TcS¶t�Q
X
TcQZ]sSl[9N�Q

xn → xn+1

qC�|NkaTc�|NkT
n
g9Ð¶]e�|acSAÃ|]sQupr�|acqkÍ�dsSUp�Q

f
���|NkSÔtk�|����QlN���QlScN�d~TxQ

(f(xn))n∈N

t'PºbZ]ebZprQZ�=TxSØt�Q
Y
TcQZ]eS[9N�Q

f(xn) �+
Y
f(xn+1)

q��|N�a®Tx��NkT
n
g|¡OaZÃEXA�|p�prQ

(Y,→)
TxQAacprds��Q�ÃEQZ��_�qkq�]sde[jN�_��=T

1⇒ 2
Ã�|��_�]`_éTcQZacprds��_�dsSU�|��t�Q

(Y,�+
Y
)
Ã�XZQ^[9N�dGXA�|�=TxacQAt�deTl]ðPRQ½mkdeSUTcQZ��XAQ\tãPRN��kQ^TcQZ]e]sQ�ScNkdeTxQ�g

♦

¥ 6 ° §�8 ô <®6 c ¡O��acQATcdsQA��t�ax_oÃ�QZ��q�_�aUTcdsXZNk]sdsQAaZÃo[jNkQ�ÃÞScd
(X,→)

TxQAacprds��Q�Ã�_�]e�|acS
�+

QASUTÈN����|act�aUQSUTcacdeXATr[9N�d�TxQZaUp�de��Q�g Ò �2q�ax_;Txds[9N�Q�Ã7XZQ�acbAScN�]~TÇ_�TrQZSWTÙSU�|Nk��QZ�=T�NkTcds]edsScb�t�_���S�]sQ�ScQA��S
3 ⇒ 1

Ã7QZ�q�aUQZ��_��=T
Y = N

QnT
→Y

]s_«acQA]`_�Tcds�|��t'Pº�|aUt�acQ^SUTcacdeXAT
>
g

� �|NkS�_��|�|��Su_�ds��SUdCN���XAacd~TxwZaUQOt�Q¶TcQZaUp�de��_�dsSU�|�rNkTxde]sdsSc_���]eQ�g Ò ��acQn��_���XÇÍ�Q�ÃkQZ��XZQO[9N�dCXZ�|�kXZQZaU��Q]`_ XZ�|�o¸�N�QZ�kXZQ�Ã¹QZ]s]eQ/QASUTÙq�acQASc[9N�QÛds�=��bZacd~�Þ_���]eQÊ_��|QAXÊ]`_ t�bA����deTcds�|�2t��|����bAQÚ�ÔQZ�+QN�ãQnT�Ã¹t�_���S�]s_q�]eN�q�_�aWTìtkQZSÔX�_�SAÃjNk��Ð¶� Ó qC�|SUScwAt�QÈNk��QÈde�k����d~Txbut�Qu��ac_���XÇÍ�QAp�QA�9TcSZgk�¹QZq�QZ��t�_��=T�Ãj]s�|aU[jNãPRN��rÐO� ÓTxQAacprds��Q�Ã�]sQ7]eQZprp�Q¬t�Q � QX�up�_��\Scdep�q�]ede��QJ]`_�T�#�XÇÍ�Q�g�Ð®��_��=T¬t�QØ]ðPRbA���|��XAQZaZÃ�ac_�q�q�QZ]e�|��SG]`_�t�bn����d~Txds���t�N�q�acde��XZdeqCQ¶t�Q^acbZXAN�acaUQZ��XAQÙ�

Ï��



�\[¼Ü�[/w ^vdý\Cc?dý� . b}�fc�^vd ]n�<^`���Ãa��H]n�C^T�Hdý\ . de��_Y\m�N]3a���c�_P\,x¬b��C\Cc��

a ±\b @HK¾B�K D @�c®Ó �|d~T
(X,R)

N��^ÐO� Ó g;¡O�htkdeTG[9N�QÔ]sQ5�½G6izXthNiá�(W)gsW)GJILhNMPG6GJWNXthLWØQASUT®�jax_�d=t�_���S
(X,→)ScdðÃ�q��|N�a�Tx��NkTxQ^q�aU�|q�acdebATcb

P
qC��aUTÇ_��9TuSUN�au]sQASlbA]sbAp�QA�9TcSut�Q

x
Ã��|��_��

SUd¶q��|N�aÙTc�|NkT
x ∈ X

Ã¹]eQ/À¨_�d~T�[9N�Q
P (y)

Sc�|d~TÙ�jax_�deQÊq��|N�a�Tc�|N�S�]eQZS
y ∈ X

TxQZ]eS[9N�Q
x �+ y

dep�qk]sds[9N�Qì[9N�Q
P (x)

QZSUTØ�jax_�dsQ�Ã|_�]s�|aUS
P (x)

QZSWTì�jac_�dsQ�q��|N�a Tc�|NkT
x ∈ X

g
�

¥ 6 ° §�8 ô <®6 c µO_���SÈ]eQ�X�_�Slt�Q
(N, >)

Ã�ds]GSAP·_���deTut�N�q�acde��XZdeqCQ�tkQhaUbZXZNkacacQA��XZQ\N�SUN�QZ]Ô��q��|N�a�Tx��NkTxQq�aU�|q�acdebATcb
P
qC�|aWTÇ_��=TrScNka�]eQZS�QZ�=TxdeQZaUSZÃ7Scdu�|�2_

P (0)
QAT
P (k) ⇒ P (n + 1)

q��|N�a�Tx��NkT
n
QnTTx��NkT

k ≤ n
ÃÞ_�]e�|acS

P (n)
QZSWTl�jac_�dsQ�q��|N�a�Tc�|NkT

n
g

¡O��_�]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=TÈ[9N�dGaUQZ]edsQOXAQ\qkacds�kXZdsq�Q^ê�]`_«TxQAacprds��_�dsSc���Ê�
� �®±9DÞ8 ¯j° 6 ¤ c æ�� » 8 Kð@ I K 576�F®6�8;±jI=<®8E8;6 @ I|6�� c�� XpÇYH=Z

(X,→)
Q"WNG6o�izXtW$KNiÁWNQ�K?WNMsO�WNopWNX(Q�KNi

O�W3�½G6izXthNiá�(W�gsW�GJILhNMsGNGJWNXthLWmWLKNQé�?GuSUiég�SUXYK
(X,→) k

n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��SO[9N�Q (X,→)
TxQZaUp�de��Q\pÙ_�deSÈ[9N�Qé]sQ\q�acde��XZdeqCQ\t�Q«aUbZXZNkacacQA��XZQ��ãPRQASUTq�_�S��jax_�dGt�_���S

(X,→)
g�Ð¶]e�|acS¹ds]'Q½mkdeSUTcQ\Nk��Qhqkac�|q�aUdsbnTxb

P
TcQZ]s]eQO[9N�Q��

V�q��|N�a¶Tc�|NkT
x ∈ X

Ãã]sQhÀ¨_�deT¶[jNkQ
P (y)

Sc��deT¶�jac_�dsQ«q��|N�aÈTx�|N�S�]eQZS
y ∈ X

TcQZ]sS¶[jNkQ
x �+ ydep�q�]eds[9N�QÈ[jNkQ

P (x)
QASUTu�jax_�deQ¸�

V�de]'QnmodsSWTxQ
x0

t�_���S
X
TxQZ]ã[jNkQ

P (x0)
QASUTuÀ¨_�N�SUScQ�g

Ð¶]e�|acSAÃÈde]�QnmodsSWTxQÚN��
x1

t�_���S
X
TxQA]h[9N�Q

x0 � + x1

QAT
P (x1)

QASUT/À¨_�N�ScSUQ+�lScds�k�|�'Ãl�|�_�N�ac_�deT
P (x0)

gl¡O�øacQAXZ�|prprQZ��XAQåêyq�_�aWTxdsa�t�Q
x1

�uds]¶QnmodsSWTxQáÀ¾��acXZbAp�QA�=T�N��
x2

t�_���S
X
TxQA][9N�Q

x1 �+ x2

QnT
P (x2)

QASUT�À¨_�N�SUScQ�g�¡���q�QZNkTutk�|��XOXA�|��SUTcacN�deacQ�N���XÇÍ�QAp�de��t�Q�acbAt�N�XnTxds����de�k����dt�_��kS
(X,�+)

[jNkdG��Q�TxQZaUp�de��Q�q�_�SAÃ�XZQ^[9N�dGXZ���9TcacQAt�deTl]sQÈÀ¨_�deTu[9N�Q
(X,→)

TcQZaUp�de��Q�g
�lbAXZdeq�ac�j[9N�QZprQZ�=T�ÃHScNkq�qC��Sc�|��Sh[9N�Q�]sQ�q�aUds��XAdsq�Q�t�QÙaUbZXZNkacacQA��XZQÙQZSUTh�jax_�dÔt�_���S

(X,→)
gH¡O�����TcQ

P (x)
]`_éÀ¾�|aUp�Q�qkac�|q��|Scd~Txde�|����QA]s]sQh�

P (x) �  �ÕY]|�'PºQnmodeSUTxQØq�_�SHtkQÔXÇÍkQZprds�^t�QØacbAt�N�XATcds�|�^de�k����d|q�_�aUTx_��=T®t�Q
x
t�_��kS

(X,→)
"|g

Ó �|d~T
x ∈ X

QATlScN�qkqC�|SU�|��Sl[9N�Q
P (y)

QZSUTu�jax_�dsQ^qC��N�a�Tx�|NkSl]eQZS
y ∈ X

TxQA]sSu[9N�Q
x �+ y

��QZ�q�_�aWTxdeXZN�]edsQZaAÃ�ds]G�ãPRQ½mkdeSUTcQ«_�N�XAN���XÇÍkQZprds��de�k����d®q�_�aUTÇ_��9TÈt'PºN��
y
TxQZ]H[9N�Q

x → y
Ã�XAQé[9N�d®QnmoXA]sNkT¶]`_q��|ScSUds��de]sdeTcb¶t'PR_��|�|dea�N���XÇÍ�QZprds��ds�o����dGq�_�aWTÇ_��=Tut�Q

x
gÞµ¶����X

(X,→)
TxQAacprds��Q�g

♦

¡O�/q�QZNkTÈê�q�aUbZScQA�=T¶t�bAp����9TcacQAal]eQ�acbAScN�]~TÇ_�TuSUN�de��_��=T�= � QX�u�=�<>Ø�
� �®±9DÞ8 ¯j° 6 ¤ c î���� j 6 °å° 6�� FH6 p 6�� ° § @ � c�� X Ç`H	ZòWLKNQHhLkCX(�UWNGTqsWNX(Q�KNi�WNQ3K?WNMPO�WNopWNX(Q
K>F izO�Q"WNG6o�izXtW�WNQÁK>F izO�WLKNQéO�k?hFSUO�WNopWNX(Q�hLkCXx��M(WNX(Q k

ÏY�
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n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��S¹[9N�Q (X,→)
QZSWT�N���ÐO� Ó XA�|�=�|QZaU�|QZ�=T��9q�_�aìt�bn����d~Txds���'Ã|ds]�TcQZaUp�de��QQAT�QZSUTuXA�|�k¸�NkQZ�=T�gÞ¡OaAÃkds]�QZSWTubA�jdstkQZ�=T�[9N�Q�]`_hXZ�|�k¸�N�QZ��XAQ^dsprq�]sde[jNkQl]s_éXZ���k¸�N�QA��XZQ^]s�jX�_�]sQlq�N�dsSU[9N�Q]sQAS���ax_���XÇÍ�QZprQZ�=TcS¶]s�jX�_�Nom�SU�|�=TO_�N�ScSUdGt�QZSl��ax_���XÇÍ�QZprQZ�=TcSZg

�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ã�SUN�q�q��|Sc����S�[jNkQ
(X,→ )

TxQAacprds��QÛQnT�[9N'PRde]OQZSWT�]s�jX�_�]eQZprQZ�=T�XA�|�k¸�N�QA�=T�g�¹�|prp�Q
(X,→)

TxQAacprds��Q�Ão�|��q�QZNoT�NkTxde]sdeScQZaØ]eQ¶q�aUds��XAdsq�Q¶t�QOaUbZXAN�acaUQZ��XAQ\q��|N�aìp����9TcacQAa¹[9N�QOTx��NkT��ac_���XÇÍ�QAp�QA�9TÈQZSWTlXZ�|�k¸�N�QZ�=T�g��7]sNkSlqkacbZXAdsSUbZprQZ�=T�Ã��|��q��|ScQ
P (x)

]s_éÀ¾�|acprQ�q�ac��qC�|SUdeTcds�|���kQZ]s]eQh�
P (x) �  �ÉH�|NkTl��ac_���XÇÍ�QAp�QA�=T¶t�Q^SU�|N�acXAQ

x
QZSWTlXZ�|�k¸�N�QZ�=T`"=g

Ó d
x
QZSUTlN��kQ^À¾��acprQO���|aUpÙ_�]eQ�Ão_�]s��acS�]eQ�ScQZNk]G��ax_��kXÇÍ�QZprQZ�=Tlt�Q^Sc�|NkacXZQ

x
QZSUT

(x, x, x)
[9N�dGQASUTTx��N;ûU�|N�aUSlXA�|�k¸�NkQZ�=T\���|��_

x � x
q��|N�a�Tc�|NkT

x
g

D q�acbAScQA�9TZÃEXZ�|��SUdst�bAac�|�kSGN��
x
t�_���S

X
QAT®ScNkq�qC��Sc�|��S®[9N�Q

P (y)
QASUTG�jax_�deQ7qC��N�aãTx��N�SG]sQAS

y ∈ XTxQA]sS�[9N�Q
x �+ y

g Ó �|d~T
(x, y, z)

N�����ax_���XÇÍ�QZprQZ�=TZgCµÈdsSUTcds����N��|��S�t�QANom�X�_�S\�
z|g Ó d

x = y
~¨�|N

x = z
�nÃ�]eQ���ax_���XÇÍ�QZprQZ�=TÈQZSWTÈXA�|�k¸�NkQZ�=T¶XZ_�a

y = x � z
QAT
z � z

g
�og Ó de���|�'ÃØde]�QnmodsSWTxQ

y′
QAT
z′
t�_���S

X
TcQZ]sSr[9N�Q

x → y′ � y
QAT
x → z′ � z

�Ô�|�3_áN����ac_���XÇÍ�QAp�QA�=Tu]s�jX�_�]
(x, y′, z′)

t�����X�Ã�XA�|prp�Q
(X,→)

QASUTu]e�oXZ_�]sQAp�QA�9T¹XZ�|�o¸�N�QZ�=TZÃ�ds]CQnmodsSWTxQ
t
TxQZ]ã[jNkQ

y′ � t
QnT
z′ � t

g
¡O���|�oTxdsQA�=T¹N��Ù��ax_��kXÇÍ�QZprQZ�=T

(y′, y, t)
�oXA�|p�prQ

x→ y′
Ãj�|�Ùq�QZNkT�_�q�q�]eds[9N�QAaì]ðPRÍ=vjqC��TxÍ�wAScQt�Q^aUbZXZNkacacQA��XZQéê

y′
QnTÈQA��t�bAt�N�deacQ^[9N'PRde]'QnmodeSUTxQ

u ∈ X
TcQZ]®[9N�Q

y � u
QAT
t � u

g��ØNkdsSc[9N�Q
x→ z′

Ã�����_�q�q�]eds[9N�Q�t�Q�����Nk�|QZ_�N/]ðPRÍ=vjq���TxÍ�wAScQ^t�Q�aUbZXZNkacacQA��XZQhê
z′
q��|N�a�XA�|��XZ]eN�acQ�[9N�Q^]eQ��ac_���XÇÍ�QAp�QA�=T

(z′, u, z)
QZSUTÈXZ���k¸�N�QA�9TZÃÞX�PºQZSUTWV×ê;V�t�dsaUQ^[jNãPRde]'QnmodsSWTxQ

v ∈ X
TxQA]G[9N�Q

u � v
QAT

z � v
g

¡O��_rtk�|��X^]sQ��|ac_�q�Í�Q�tkQ\aUbZt�NkXATxde�|��ScN�d~��_��9T^�
x //

��

z′ // //

����

z

����

y′ // //

����

t

����
y // // u // // v.

} Q^��ax_���XÇÍ�QZprQZ�=T
(x, y, z)

QZSUTlt�����X^XZ�|�k¸�N�QZ�=TÈQAT
P (x)

QZSWTu�|bZaUde��bAQ�g
♦

Ï�Ü
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} QZSuÐO� Ó SUQZaU�|�=TÈNoTxds]edsSUbZS�t�_���Su]`_«ScNkdeTxQ�q��|N�a�XA�|prq�_�acQAa�t�QZSuSWvoSWTxwAp�QASÈt�Q^aUbZbZXAacd~TxN�aUQ�g � ��N�S_�SUSc�jXZdsQAac�|�kSìê�XÇÍ�_�[jNkQÈSWvoSWTxwAp�Qut�QuacbAbZXAacdeTcN�acQuaUQZ��XA�|�=TxacblN���ÐO� Ó QATÔXZQuSc���9TÔXAQZSØÐO� Ó [9N�Qu����N�SXZ��p�q�_�acQZaU�|��SAg � �|NkS�p��|�=TcacQZaU�|��S�����TÇ_�prp�QA�=T�[9N'PRde]¬Q½mkdeSUTcQrtkQZNomÛTYvjq�QZS^t�Q�]edsQZ�kS«�']sQéq�acQAp�deQZaZÃ]ÅPºdsSU�|pr�|acq�ÍkdsScprQ�ÃjQZSWTlNkTxde]sdsSUbOq��|N�a�pr�|�=TxacQAa�[9N�Q^t�QZNom�Ð¶� Ó Sc���9TlQAScScQA�=TxdsQA]s]eQZprQZ�=Tudst�QA�=Txds[9N�QASZg
a ±\b @HK¾B�K D @�c ÌÈ��i�K?kCopkCG°�(�si�KNopWÍWNX(QvGJWÍgsWNM('HÇ`H	Z

(A,R)
WNQ

(B, S)
QASUTìN���Q¶_�q�q�]edsX�_;Txds���«��d ûUQAXnVTxd~�|Q

f : A −→ B
TcQZ]s]eQ�[9N�Q

f
QAT
f−1

Sc���9Tlt�QASup��|aUq�Í�deScprQZS�SUTcacdeXATxSut'PºÐO� Ó g
�

�J�|Nka�t�bn����dea�]s_ñ�k��Txde�|�yt�Q�SUdsp«N�]s_�Txde�|�'ÃH���|N�Srt�Qn�|�|��SÙq�_�ac]eQZa�t�Q�[9N���TcdsQZ�=T/�ØScd
X
QASUT�N��QZ�kScQZpé��]sQ�QAT

'
N���Q�acQA]`_�Tcds�|��t'PRbA[9N�de��_�]eQZ��XAQrSUN�a

X
Ã'��� tkbA����d~T

X/'
XA�|prp�Q«]ðPRQA��ScQAp«��]eQ�t�QZSXZ]s_�ScSUQZS�t'PºbZ[9N�d~��_�]sQA��XZQAS�t'PRbA]sbAp�QA�9TcS�t�Q

X
q��|N�aì]`_éaUQZ]`_;Txds���

'
g��¬_�a�QnmoQZprq�]eQ�ÃkSUd

X = Z
QATuScd

't�bAScds����QO]`_\acQA]`_�Tcds�|�
≡2

tkQOXZ�|�k�|acN�QA��XZQ�pr�jt�N�]s�
2
Ãk_�]s��acS

Z/≡2

QZSWT�]ÅPºQZ��SUQZp«�k]sQ
Z/2Z

XZ�|��SWTxd~TxN�bt�Q�t�QANomÛbA]sbAp�QA�9TcS��ã]ðPRN��ÛQASUT^]ðPRQA��ScQAp«��]sQét�QZS�QA�9TcdsQAacS�q�_�deacSAÃC����Txb
0
ÃCQAT�]ðP·_�NkTxaUQ«QZSWT^]ÅPºQZ��SUQZp«��]eQt�QASÈQA�9TcdsQAacSudsprq�_�deacSZÃj����Tcb

1
g

Ó d
X
QZSUTØNk��QZ��SUQZp«��]eQ�QAT

R
N���Q�aUQZ]`_;Txds���h��de��_�deacQ�ÃE�|���k��TxQ

X/R
]sQ¹[9N���TxdsQA�=T t�Q

X
q�_�a

Rrst
Ã]`_racQA]`_�Tcds�|��t'PºbZ[9N�de��_�]eQZ��XAQéQA���|QZ�kt�acbAQ�q�_�a

R
g Ó d

S
QZSWT�N���Q�_�NkTxaUQéacQA]`_�Tcds�|����de��_�dsaUQ�ÃÞ�|�ÊtkbA����d~T]`_ñacQA]`_�Tcds�|�à[9N���TcdsQZ�=T�t�Q

S
q�_�a

R
XZ�|prp�Q�]`_ñacQA]`_�Tcds�|�y��de��_�deacQ

S/R
SUN�a

X/R
_�ds��SUd^�ÔtkQZNombZ]ebZprQZ�=TxS

a
QAT
b
t�Q
X/R

�|bZaUde��QA�=T
a(S/R)b

SZPºds]�QnmodeSUTxQ
x ∈ a ⊆ X

QAT
y ∈ b ⊆ X

TxQZ]eS7[9N�Q
xSy

g¡O�/tkbA����d~Tl_�]s��acSO�
a ±\b @HK¾B�K D @�cHÓ �|deT

(A,R)
N��«Ð¶� Ó g�Ìl��QÃKNizo�MsO SUQjiTkCX8gsW

(A,R)
QZSWT N���Qìt��|���kbZQ

(B, S,Φ)
À¾�|aUp�bt'PºN�� ÐO� Ó

(B, S)
QnT«t'PºN�� pr�|acqkÍ�dsSUp�Qr���|�ÚXA�|�=Txac_�XATx_��=T�t'PºÐO� Ó

Φ : (A,R) −→ (B, S)
TxQA][9N�Qr�

z|gu]eQ�p��|aUq�Í�deScprQ
Φ
de��t�N�d~T�N���p��|aUq�Í�deScprQOSUTcacdsXnTut'PºÐO� Ó �

(A,R) −→ (B/Φ(R), S/Φ(R)) ;

�ogu]eQZS�bZ]ebZprQZ�=TxSut�Q
Φ(A)

Sc���9Tlt�QASlÀ¾��acprQZS����|aUpÙ_�]sQZS¹qC�|Nka
S0 = St \ Φ(R)

�
�kgu]ðPRÐ¶� Ó

(B, S0)
QZSWT¶XA�|�=�|QAac�|QA�9TZg

¡O�/tkdeT�[9N'PºN���Q^TxQA]s]sQ�SUdsp«Nk]`_�Tcds�|��QZSUT�hLkCo��½O��NQ"W^ScdðÃ�t�Q^q�]sNkS��
��gu]ðPRÐ¶� Ó

(A,R)
TcQZacprds�kQ�ScdGQATuSUQZN�]eQZprQZ�=TlScd

(B, S)
TcQZacprds�kQ¸�

�ogu]ðPRÐ¶� Ó
(A,R)

QASUTlXZ�|�o¸�N�QZ�=TÈScdGQnTÈSUQZN�]eQZprQZ�=TlScd
(B, S)

QASUTlXZ�|�o¸�N�QZ�=TZg
�

Ï|Ï
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} QhÀ¨_�d~TÈ[9N'Pºds]HQnmodeSUTxQhN���QhScdspéN�]`_�Tcds�|�
(B, S,Φ)

t�Q
(A,R)

SUds�|�kde��Q\[9N�Q
(B, S)

QZSUTON���Qh��QZa×VScde�|� X�_�TcbZ�|�|aUde��bAQ�ÃH_�NáScQZ�kS«t�Q�=RÑ�µ¶i| ��®>ðÃHtkQ
(A,R)

g Ò �åt'P·_�NkTxaUQZS^TxQZaUp�QASZÃH]sQAShbA]sbZprQZ�=TcSht�Q
ASc���9T^���kTxQA�jNkS�q�_�aO[9N���TcdsQA�9TOt�Q

B
q�_�aONk��Q�Sc�|NkSWVYaUQZ]s_�Txde�|�

S0

t�Q
S
QAT
R
QASUT^]eQ«[9N���TxdeQZ�=T�t�Q

Sq�_�a
S0

g�µ¶Q�qk]sN�SAÃ
S0

QZSWTuXZ�|�=�|QAac�|QA�=TxQ^QAT�]ðPR����XZ�|�k��_<;sT�N���Q�ScQAXATcds�|�
Φ
t�N�[9N���TcdsQZ�=TZÃk[9N�dG_�SUSc�jXZdeQêOTx�|NoTxQuXZ]s_�ScSUQltãPRbA[jNkde��_�]sQA��XZQ

a ∈ A
Sc�|�rN���de[jNkQlaUQZq�aUbZSUQZ�=TÇ_��=T

Φ(a) ∈ B
[9N�dÞQZSUTÔN��kQ

S0

V�À¾�|aUp�Q���|aUpÙ_�]sQ�g
Ð¶de��ScdðÃJ_�Nå]sdeQZN t�Q�Txax_���_�de]s]sQAa�p��jt�N�]e��XZQZaWTÇ_�de��QZShacQA]`_�Tcds�|��S�t�_���S

A
~¨q�_�ahQ½mkQAp�qk]sQr]sQAShaUQZ]`_EVTxde�|��SÈt�Q«�|QASUTxde�|�Êt�QASOacQAScSU�|N�acXAQZS^�|NÊtkQ«ScN��kSUTxd~TxNkTcds�|��t�Qé��_�acds_���]eQZSL�½ÃÞXZQ«[9N�dJ�|��]sde�|Qhê�À¨_�dsaUQét�QAS�|q�bZac_�Txde�|��S^QnmjTxQAac��QAS�_�N X�_�]eXZN�]²~²TxQZSWTétãPRbA�=_�]sd~Txb�Ã� �XZ��]s]sQAXATcQrtkQZSétkbZXÇÍ�QnTxS�"|Ã

α
V�XZ�|�=��QZacSUds�|�(�nÃH�|�]sQAS¹�|aUdsQA�9TcQOt�QOp�_���dewZaUQÈXA�|�=�|QZaU�|QZ�=TcQ�Ã�XZQ¶[jNkdãq�QZacprQAT¹t�QO]eQZS�de��XZ]eN�acQlt�_���S¹]sQ¶XZ_�]sXAN�]Ågjµ¶Q�qk]sN�SAÃoSUd]`_«SUdsp«Nk]`_�Tcds�|��QZSUTlXA�|p�qk]swATcQ�Ã�XAQZSu���|No�|QZ]e]sQASl��qCbAax_�Tcds�|��S¹SZPºds�=TxwA�|acQA�9TÈ_�N�XZ_�]sXAN�]'Sx_���SuQZ��XÇÍ�_����|QAa]sQAS�q�ac��q�acdebATxbASut�Q^XZ�|�k¸�N�QZ��XAQhQnTlt�Q�TxQZaUp�de��_�deSc�|�'g

�¹deTc�|��SZÃjq�_�aìQnmoQZprq�]eQ�Ãk]eQÈqkac�|��]ewZprQ¶ � ét�Q� } deSUTxQÈt�QOq�aU�|��]ewZprQZSÔ�|Nk�|QAaUTcS	"=Ãjp�_�ds�=TxQA�9N�Q¶SUN�a]`_«q�_��|Q�t�Q\�¬ÉHÐéÃk���|dsaÍ=R�¬ÉHÐ²>Ø�kds]ãq��|SUQ�]`_«[9N�QZSWTxde�|�/tkQ�]ÅPºQnmodsSWTxQZ�kXZQ^t'PºN���Q^Scdep«N�]`_;Txds���ÙXZ��p�q�]ewATcQt�N
λ
V�X�_�]eXZN�]ã���|��TYvjqCb\q�_�a�N���SUvjSWTxwZprQ\t�Q^acbZbAXZaUdeTxNkacQ^t�Q�TxQAacprQZSZg
ÌÈ��Q�_�NkTcacQ��jdsSUds�|�Ût�Qr]`_�SUdsp«Nk]`_�Tcds�|�ÊQASUTh[9N�Q�]ÅPºÐO� Ó

A
SUQ��Aqk]s�|����Q\�ét�_��kSh]ðPRÐ¶� Ó

B
QAT\XZQ�Ãt'PºN���qC�|de�=T�t�QO�jN�Q�Tx�|q��|]e�|�|ds[9N�Qh�

B
QZSWTÈNk��Q�Sc�|prprQ�_�p�_�]s�|_�p�prbZQlt�Q�]ðPRÐ¶� Ó

A
QATutãPRN���Ð¶� ÓXZ��acacQAScq��|��t�_��9T¹_�N�[9N���TcdsQZ�=TZg=ÕY]�ScQZpé��]sQu[9N'Pºds]�QnmodeSUTxQuN��kQlSWTxaUN�XATcN�acQlt�Qlp��jt�wZ]eQZS SUN�aÔ]`_OX�_;TxbZ���|acdeQt�QASÈÐ¶� Ó ~¨�|N�N���Q\X�_�TcbZ�|��acdsQ^[9N�d®]`_�XA�|�=TxdsQA�=T6�¹TxQA]s]sQ^[9N�Q\]sQASlSUdsp«Nk]`_�Tcds�|��S¹XZ�|prq�]swnTxQASlSU�|dsQA�=T¶t�QASXZ������ax_;Txds����S�~¾Tcacde�jds_�]sQASL�nÃopÙ_�dsS�XAQZXZdGaUQZSWTxQhê�Q½moq�]s�|aUQZaAg

S�T�� � 232$'é1546%7�815!+0�� #�%ª1¸0H46%£! !�%�.�04�m��0���!  -!$#�'�0H%£2�����1�4N!$#

} �|acSU[jNkQ�]ÅPº�|��bATcN�t�dsQ¹t�QZS7SWvoSWTxwAp�QASÔtkQ�acbAbZXZaUdeTcN�acQ�q�]eN�S XA�|p�qk]sQnmoQASZÃ�XA�|prp�QìXZQZNjm�t�Q�pr��TxS¬�|Nt�Q^TxQAacprQZSZÃÞ]eQZSlÐO� Ó ScQAp«��]eQZ�=TOêrq�_�aWT�Ã�XZ��p�prQ^���|N�Sl]ÅPR_��|�|��SÈt�b×ûcê�acQApÙ_�ac[9N�bÙ��XAQé��Q\Sc���9T¶[9N�Qt�QASÔ���jûUQATcS¹_�SUSc�jXZdebZSÔê�XZQZSÔSUvjSWTxwZprQZSÔt�QuacbAbZXAacdeTcN�acQuq��|N�a7t�bn����dea7]sQZNkacSØq�ac��q�acdebATxbASØ�|bZ�|prbATcacde[jNkQZSZg�J��N�aUTx_��=T�Ã=ds]eS t�bAXZacd~�|QA�9TÔQANomr_�N�SUScd�N��kQlaUbZbAXZacd~TxN�aUQut�_���S7N��kQlXAQZaWTÇ_�de��Q�SUTcacN�XnTxN�aUQ¶_�]e�|bZ�kacds[9N�Q�g Ò �Q��CQATZÃã]s_�acQA]`_�Tcds�|��t�Q«aUbZt�NkXATxde�|�Êt'PºN��ÛÐ¶� Ó QASUT��kbZXZQAScSc_�dsaUQZprQZ�=T�XZ��p�q�_;Txds�k]sQh_���QZX«]s_�SWTxacNkXATxNkacQ_�]e�|bZ��aUds[9N�Q�t�QASubATÇ_;TxSut�N�SUvjSUTcwZprQ�ÃÞXZQA]s]sQ½VYXAd'bATx_��=TlTcacd~�ods_�]sQ�g
ÕY]JSUQZp«�k]sQ«_�ds��SUdH[9N'Pºds]HQnmodeSUTxQ�ÃãQ½mkqkacdsprbZQ\t�_��kSO]sQ\]`_��k�=_��|Q^t�QASOX�_�TcbZ�|��acdsQASZÃ�N���QhSUTxaUN�XATcN�acQét�Q

K�9?KNQn�NopW�gsWÃGJILILhNG6izQvMsGJWnÃ|t�_��kSÔ]eQ�ScQA��SìSUN�de��_��=Tu�=de]�q�_�ac_<;sT7QA�=�odeSx_���Q�_���]eQ�t�Qut�bA����dsa7N��rSUvjSWTxwZprQlt�QacbAbZXAacdeTcN�acQéqC�|Nka
(C,D,L,U)

_��|QAX
C
QnT
D
t�QANomÊXZ_�TxbA�|�|aUdsQZSAÃ

(L,U)
Nk��Q�_�t;ûU����XATcds�|�	~¾t�QéTYvjq�Q]sde��acQ½VY�|Nk��]sd`�Øt�Q

C
ê
D
g

Ï ë
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ÐH��QZXhXZQZSut�������bZQASZÃÞ]sQAS
(C,D,L,U)

VFK�9?KNQn�NopWLK�gsW�GJILILhNGNizQjMsGLW\SUQZac_�dsQA�9TÈ_�]e�|acS¶�
z|g } QZS¹SUvjSUTcwZprQZS�t�QOaUbZbAXZacd~TxN�aUQO_��kSUTxac_�deTcSZÃjScd

C = D = ENS

~¨]s_hX�_;TxbZ���|acdeQ¶t�QAS�QZ��SUQZp«�k]sQZSJ�ìQAT
L = U = id

g
�og } QZS�SUvjSWTxwZprQZS/t�Q acbZbAXZaUdeTxNkacQ t�Qápr��TcS���Nøq�aUbZScQA�=TÇ_�Tcds�|��S�t�Q p�������¿�tkQZSZÃ�SUd

C = ENS

Ã
D = MON

~¨]`_\X�_�TcbZ�|��acdsQÈt�QZS¹p��|�k��¿�t�QASL�½Ã
L
]eQlÀ¾�|�kXATxQAN�a�pr�|����¿Åt�Q¶]eds��aUQÈQA���|QA��t�acb�q�_�a¹N��QA��ScQAp«��]sQ^QnT

U
]sQOÀ¾�|��XnTxQAN�au�|N���]edCVØ�|�|dea�]sQ�XÇÍ�_�q�deTcacQh�og

�kg } QZS^aUbZScQZ_�Nom t�Q��HQATcacdØ�|Nñq�acbAScQA�9Tx_�Txde�|��S^t�Q�pr�|����¿Åt�QZS�XA�|p�péNkTÇ_�TcdeÀ¾SAÃCSUd
C = ENS

Ã
D =

COM

~¾]`_�X�_�TcbZ�|��acdsQ�t�QASépr�|����¿Åt�QZS^XA�|p�péNkTÇ_�TcdeÀ¾SJ�nÃ
L
]sQ�À¾�|��XnTxQZNkahpr�|����¿Åt�Q�XZ�|prp«NkTx_�Txd~À]eds��aUQOQZ����QZ��t�aUbhq�_�a�N���QZ��SUQZp«��]eQ^QAT

U
]sQOÀ¾�|�kXATxQAN�au�|N���]ed�VØ���|dsa�]eQ�XÇÍ�_�q�d~TxacQ^��g

��g } QZS¶q�acbAScQZ�=Tx_�Txde�|��SOt'Pº�|q�bZac_�t�QZSAÃ'Scd
C = SGN

~¾]`_�XZ_�TxbA�|�|aUdsQétkQZS�Scde�|��_�TcN�acQASL�½Ã
D = OP

~¨]`_XZ_�TxbA�|�|acdeQOt�QASl��qCbAax_�t�QASL�½Ã
L
]eQ¶À¾�|��XnTxQAN�au�|qCbAax_�tkQ�]sds�kacQOQA���|QZ�kt�acbAQhq�_�a�N���Q^Scde�|��_�TcN�acQOQnT

U
]eQOÀ¾�|��XATcQZN�au�|Nk��]sdÞVØ�|�|dea�]sQ�XÇÍ�_�qkdeTxaUQ\�kg

�¹QZXAdJaUQZSUTcQéQA��XZ�|aUQ«ê�À¾�|acp�_�]sdeScQAaZÃkp�_�deSlX�PRQASUT¶t�_���SÈXZQATÈQZSUq�acd~T¶[9N�Qh���|N�SlbATcN�t�deQZac����S¶]eQZSlq�acb½VScQA�=TÇ_�Tcds�|��S^t�Q�pr�|����¿Åt�QZSAÃGt�Q�p�������¿�tkQZS�XZ��p�p«NoTÇ_�TcdeÀ¾SOQnThtãPR�|q�bZac_�t�QASht�_���S^XZQr[jNkd7ScN�d~T�g � ��N�Sq��|N�acaU�|��S�_�ds��SUdãX�_�]s[9N�QZa¹]sQZS¹����Txde�|��SìQATuacbAScN�]~TÇ_�TcS�ds�=TcQZaU��QZ��_��9Tut�_���S�]sQÈXÇÍ�_�q�d~TxaUQ��«ScN�a¹XZQZ]e]sQAS�t�NXÇÍ�_�qkdeTxaUQ^�oÃ�QA��ScN���SWTxd~TxN�_��=TuSUQZN�]eQZprQZ�=Tu]ÅPR_�t;ûU�|�kXATxde�|�r~¾p�������¿�tkQ¶]sde��acQlV7�|N��k]sdz�Øq�_�a�]ðP·_�t;ûU�|��XnTxds���
~¨��qCbAax_�t�Q^]eds��aUQÈVÔ�|N���]edz�½g
ÕY]¬À¨_�NkT¶Tx�|NkTcQAÀ¾�|deSOprQZ�=Txde�|����QAaO[9N'PRde]¬Q½mkdeSUTcQ�t'P·_�NkTxaUQZSOTxac_���_�NomÛQ½mkqkacdsp�_��=T�]eQZSO����Txds����SOt�Q�]s_acbAbZXAacdeTcN�acQ^t�_���Su]sQ�]`_����=_��|Q¶t�QZSlX�_�TcbZ�|��acdsQASZg��J_�acprd'XAQZSlbATxNkt�QZSAÃ�XAdeTc�|��S�XZQA]s]eQZSWV�XZd �
V�ÐÈ]s��QZaUT�Ñ¹N�aUac�|��dÈXZ�|�kScdstkwZacQ�Ã¹t�_���Sr=ºÑ¹N�axi��<>ÅÃì]`_åaUbZbAXZacd~TxN�aUQÊt�_��kS�t�QZS

n
VYXZ_�TxbA�|�|acdeQZSAg¹Ìl��Qq�_�aUTxdeQÙt�N Tcax_���_�ds]Ô[9N'PRde]�_�de��deTcdsbrt�_���S�XAQATr_�aWTxdeXZ]sQrQZSWT�qC��N�acSUN�de�jdsQÙdsXZdðÃ®t�_���S�]eQÙXÇÍ�_�qkdeTxaUQ���C�|�ÊvÊpr�|�=TxaUQ«[9N'PRNk� SWvjSUTxwAp�Q�t�Q�aUbZbAXZacd~TxN�aUQ«t�Q«TcQZacprQZS¶]sds�kb�_�deacQhê��=_�N�XÇÍ�Q�q�QZNoTHlATxaUQSUdsp«N�]eb�XZ�|prq�]ewATxQAp�QA�=Tìq�_�aØN���Qlq�acbAScQZ�=Tx_�Txde�|�Ùt'Pº�|q�bZac_�t�Q�Ã9[9N�d��'PºQZSUT¹_�NkTcacQl[9N'PRNk�ÙSUvjSWTxwZprQt�Q^aUbZbZXAacd~TxN�aUQ\t�_���SuN���Q

2
V�X�_�TcbZ�|��acdsQ¶q�_�aUTcdsXAN�]sdewZacQ�g

V�Â�_�acXZQA]s�¡ ¬de�|acQ�Ã7���|act����2�7]e��T)¢9ds� QnT�µO_���deQZ]sQ�ÉHN�aUd��|�=T�t�bA��QZ]s��q�qCb�ÃØt�_���S =£  �7Éui|i<>ðÃ N��pr�otkwZ]sQut�QAS�SUvjSWTxwZprQZS¹t�QOacbAbZXAacdeTcN�acQ¶_��|QZX¶�|N�Sx_���S¹]edsQZNkacSZÃ9QA��bATcN�t�d`_��9T¹]`_\SUTxaUN�XATcN�acQÈt�QO]s_XZ_�TxbA�|�|acdeQ�t�QZSuq�aUbAÀ¨_�deScXAQ�_�Nom�XZ����_�acds_��=TxSuScN�au]s_«X�_�TcbZ�|�|aUdsQ
F
t�QZSlQZ��SUQZp«�k]sQZS����kdsSZg

VÙ�J_�N�]~V�Ð¶��tkacbéÂ/QZ]e]sdswASl_�t�bn�|QZ]e�|q�q�b�Ã�t�_���SlN���QhScbAacdsQ\t'PR_�aUTcdsXA]sQZSAÃÞN���QhTcÍ�bZ��acdsQ\_;mode�|pÙ_;Txds[9N�Qt�Q¶]`_éaUbZbZXAacd~TxN�aUQ�Ã�QA��QnmjTxac_�v|_��=Tl]sQZS¹q�ac�|qkacdsbnTxbAS¹�|bAacde��bZQZSuq�_�a�]sQAS�QZSUq�_�XZQAS�t�Q�acbAt�N�XnTxds����t�Q����p«��acQANomáTYvoq�QZS�tkQ�SUvjSUTcwZprQZS�t�Q�aUbZbAXZacd~TxN�aUQ�g �¹QATcTcQÙTxÍkbZ�|aUdsQ�ÃJq�acbAScQA�9TcbZQ�t�_��kS-=·Â�QZ]`£|��>ðÃXA�|��Scdet�wZaUQOt�QAS�X�_�TcbZ�|�|aUdsQAS¹q��|ScSUbZt�_��=Tut�QÈTxQZ]e]sQAS¹q�aU�|q�acdebATcbZS�QnT�ds]�QZ��t�bAXZ�|Nk]sQOt�Q¶���|p«��aUQZNomaUbZScNk]eTÇ_;TxSØXZ�|�kXZQZaU��_��=T�Ã=q�_�aØQnmoQZprq�]sQ�Ã=]`_OSWTÇ_���t�_�act�deSx_�Tcds�|��QnTÔ]`_¶À¨_�XnTx�|aUdsSx_;Txds����t�QZSØXÇÍ�QAp�de��St�Q^aUbZt�N�XnTxde�|�'g
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gsWHopkCXtkC¿jgsWLK�_�N�]sdsQAN�t�Q¾K�9?KNQn�NopWLK�gsW�GLILILhNG6izQjMPGJW�gsW�opkCQüK^TcbZpr�|ds�|�kQ¶t�Q�XAQATcTcQ��|�|]e�|�=Txb�g } Q��kNkTQZSWTrdsXZd¹t'PRQ½moÍ�ds��QZa�]sQAS�ds����acbZtkdsQZ�=TcSrQAScSUQZ�=TxdeQZ]sS�t�Q�Tc�|NkT�SUvjSWTxwZprQ�t�Q�acbZbAXZaUdeTxNkacQ�Ã �jNàXZ�|prprQ�N���|�jûUQnTl_�]s��bZ��aUds[9N�Q�ÃjQATuXAQ�Ã�ê«tkQZNomÙ����S���]s_éq�acQAp�dewZaUQ�Ã�ê«XA�|N�aWT�TxQAacprQ�ÃkQASUTut�Q�q��|Nk���|dsa¹ds�=TxaU�ot�NkdsacQ]sQASØq�acbAScQZ�=Tx_�Txde�|��S¹tãPR�|q�bZac_�t�QAS¹_�NrXÇÍ�_�qkdeTxaUQ¶�oÃ=QZ�ÙXZ_�]s[9N�_��9TÔXAQÈ[9N�d�_�N�ac_\bnTxbuÀ¨_�deTØdeXZd��=]s_�ScQZXA�|��t�Q�Ãêhqk]sN�Sì]s�|���^TxQAacprQ�Ã9QZSWT�t�QÈp�deQZNom�_�qkq�acbAÍ�QZ��tkQZa�XAQ¶[9N�Q¶q�QZNoT�lATcacQÈN���SUvjSWTxwZprQOt�QÈacbAbZXZaUdeTcN�acQÈQZ�TxÍkbZ�|aUdsQ�t�QASÈXZ_�TxbA�|�|acdeQZSAg
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.N4���1�!
�¹�|prp�QA��äZ�|�kSlq�_�a�]`_�SUTcacN�XnTxN�aUQ^t�Q^p��|�k��¿�t�Q��

a ±\b @HK¾B�K D @�c ÌÈ�	opkCXtkC¿jgsW�QASUT\N���Q�t�������bZQ
(M, ·, ∗)

À¾�|aUp�bAQ«t'PºN��áQA��ScQAp«��]eQ
M

péN���d7t'PºN���Q]s��d't�Q^XZ�|prq��|Scd~Txds����ds�=TxQAac��Q
·
_�de��ScdG[9N�Q^t'PºN���bA]sbAp�QA�9TutkdsSUTcds����N�b

∗
tkQ

M
Ã�]eQOTx�|NoTÈSU�|N�prdsSu_�NjmacQA]`_�Tcds�|�kS�ScN�d~��_��=TxQZS^�

z|g } _�]s�|d
·
QZSUT¾SCKLK?k?hNijSUQjiz�UW���q��|N�a�Tc�|N�S

x, y, z ∈M
Ã
(x · y) · z = x · (y · z)

g
�og } PºbZ]sbAp�QA�=T

∗
QASUT�XtWNMPQjGJW�dmq�SUM(hL�(W\qC�|Nka

·
��qC�|Nka�Tx�|NkT

x ∈M
Ã
∗ · x = x

g
�kg } PºbZ]sbAp�QA�=T

∗
QASUT�XtWNMPQjGJW�d8gUGJkCizQnW\q��|N�a

·
��q��|N�a�Tc�|NkT

x ∈M
Ã
x · ∗ = x

g
} PR�|q�bZac_�Txde�|�

·
QZSWT¶�|bA��bZac_�]sQAp�QA�=Tl_�q�q�QZ]sbAQÍ�½GLk}gUMsizQ�t�N�p�������¿�tkQ�QATl]ÅPºbZ]ebZprQZ�=T

∗
Sc�|�AXtWNMPQjGJWng} PRQA��ScQAp«��]eQ

M
QZSWT¶t�d~T�K?kCMæK�:ª©�SshLWNX(Q¹_�N/pr�|����¿�t�Q¸��]e�|acSU[9N'PRde]'��Q^q�QZNkTlv�_��|�|deaut�QhXA�|�kÀ¾N�SUds�|�ãÃ��|�t�bAScds����Q\_���N�SUde�|QAp�QA�=TÈNk�/pr�|����¿Åt�Q�QATuSU�|��QZ��SUQZp«��]eQ^Sc�|N�S×Veûc_�XAQZ�=TÈt�Q^]`_«p,lZprQOÀ¨_�äZ�|�ãg

�
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¡O�«qCQANkTJXZdeTcQZaAÃ;q�_�a¬Q½mkQAp�qk]sQ�ÃE]ðPRQA��ScQAp«��]sQ
N
t�QZS¬QZ�=TxdeQZacSJ��_�TcN�acQA]sSHp«N���d9t�Qì]ÅPR_�t�t�d~Txds���'Ã�_��|QAX

0XZ��p�prQ���QZNoTxacQ5����N/QA��XZ�|aUQ�Ã�]ðPRQA��ScQAp«��]sQ^t�QASÈ�k�|p«��aUQZSuXZ�|prq�]eQnmoQZSut�Q^pr�ot�Nk]sQ
1
Ãkp«N���dGt�N�q�aU��Vt�N�d~T�t�QAS����|pé��acQAS�XZ�|prq�]eQnmoQZSAÃ�_��|QAX

1
q��|N�a¹�kQZNkTcacQ�gkµ¶QOp,lZprQ�Ãj]ÅPºQZ��SUQZp«�k]sQ¶tkQZS�p�_�TxaUdsXAQZS

2× 2q��|ScSUwZt�Q�N���Q�SWTxaUN�XATcN�acQ�t�Q�pr�|����¿�t�Q�q��|N�aé]sQ�q�aU�otkN�deTét�QZS�p�_�TxaUdsXAQZSZÃ¬_��|QZX�]ðPRdet�QZ�=Txd~Txb�XZ�|prp�Q��QANkTxaUQ�g
Ò ����bZ��bAax_�]ðÃk�|���|prQAT�]s_é����Tx_�Txde�|��t�N�q�aU�otkN�deT¶��_�ds�kScdÅÃ

x · y
QZSWTuSc�|No�|QZ�=Tl����Tcb

xy
g��¹�|prp�Q�Ãq��|N�aìTc�|N�S

x, y, z
Ãj�|��_

(xy)z = x(yz)
Ãk�|�Ù����TxQÈXZQOtk�|N���]eQÈq�aU�otkN�deT

xyz
�jt�QOp,lZprQl]sQ¶qkac�jt�N�deTt�Q

n
bZ]ebZprQZ�=TxS

x1, . . . , xn
QASUTl����Tcb

x1 . . . xn
g

a ±\b @HK¾B�K D @�cuÓ �|deQZ�=T
M

QAT
N
t�QANom p�������¿�tkQZSZg®Ìl� opkCG°�(�si�KNopWfgsW,opkCXtkC¿jgsWLK,gsW

M
�UWNGJK

NQZSWTlN���Q\_�q�q�]edsXZ_�Txde�|�
ϕ : M −→ N

[9N�dG�|bZaUde��Q^]eQZS�bZ�|_�]sd~TxbZS�SUN�de��_��=TcQZS^�
z|gl�H�|N�a�Tx�|NkS

x, y ∈M
Ã
ϕ(xy) = ϕ(x)ϕ(y)

g
�og
ϕ(∗) = ∗

g
Ð�TcTcQZ�=Txde�|�'ÃÞt�_���Sl]`_�q�aUQZprdswAacQ^acQA]`_�Tcds�|�'Ão]sQ^q�aU�ot�NkdeTut�N/p�QAp«��acQ^t�Q^�=_�N�XÇÍ�QéQASUTÈXZQA]sN�dGt�Q

MQATìXZQA]sN�d�t�N�p�QAp«��acQlt�QÈt�ac�|d~TxQuQZSWT�XAQZ]sNkdCt�Q
N
gkµ¶QÈp»lAp�Q�Ã9t�_���Sì]`_^ScQZXA�|��t�Q¶acQZ]s_�Txde�|�'Ã|]eQÈ�kQZNkTcacQt�Náp�QAp«��acQ�tkQ��=_�N�XÇÍ�QrQZSUThXZQA]sN�d7tkQ

M
QAT\XZQA]sN�dØt�N p�QAp«��aUQrtkQ�t�aU�|deTcQ�QZSWTéXAQZ]sNkd7t�Q

N
g } QZSpr�|����¿Åt�QZS�QnTÈ]eQZN�aUS�p���acq�Í�deScprQZS�SAPR�|aU�=_���deScQA�9TlQA�/N��kQ\XZ_�TxbA�|�|aUdsQ�����TcbZQ

MON

g
��J�|NkaJ]s_uSUN�deTcQ�Ã�]ðPRQ½mkQAp�qk]sQ7QZSUScQA�9TcdsQA]ot�QÔpr�|����¿Åt�Q7QZSWT¬XAQZ]sNkd=t�N»opkCXtkC¿jgsWéORij|}GJW$WNXsqsWNX½gUGJIª�YSUGÁMPX

WNXYK?WNo,|}O�WngÞ¡O���k��TxQ
U : MON −→ ENS

]eQ�À¾�|��XATcQZN�al�|N��k]sdÅÃkX�PºQZSUTWV×ê;V�t�dsaUQ^]sQ�À¾�|��XnTxQZNkaÈ[9N�dJ_�ScSU�oXAdsQê«Tx�|NoTÈpr�|����¿�t�QOSU�|��QZ��SUQZp«��]eQ^Sc�|N�S×Veûc_�XAQZ�=TÈQATlê�Tx�|NkTupr�|aUq�Í�dsSUp�Q¶]ÅPR_�q�q�]edsX�_;Txds���ÙSc��N�SWV~ûc_�XZQA�9TcQ�g
a ±\b @HK¾B�K D @�cÙÓ �|deT

X
N��¢QZ�kScQZpé��]sQ�g�¡��¢_�qkqCQA]s]sQ�opkCXtkC¿jgsWÿORij|}GJW WNXsqsWNX½gUGJI	�YSUG

X
Tx�|NoTXZ��N�q�]sQ

(M, i)
XZ�|prqC��ScbÙtãPRN�� pr�|����¿�t�Q

M
QATét'PRNk��Q�_�q�qk]sdsXZ_�Txde�|�

i : X −→ UM
TcQZ]eSé[9N�QÊ�q��|N�a�Tx��NkT�pr�|����¿Åt�Q

N
QAT�Tc�|NkTcQ^_�q�q�]edsX�_;Txds���

ϕ : X −→ UN
Ã�de]ãQnmodeSUTxQ�Nk�/N��kds[9N�Q�pr�|acq�ÍkdsScprQt�Q^pr�|����¿Åt�QZS

ψ : M −→ N
TcQZ]G[9N�Q\]sQOtkd`_��|ac_�prp�Q

X
i //

ϕ
""D

D
D

D
D

D
D

D
UM

ψ
��

¬©
UNXZ�|prp«NkTcQ�g

��¹�|prp�Q�t�_���S Tx��NkT7q�aU�|��]swAp�Q¹N���de��QZaUScQZ]ðÃ�Tx��NkTxQ�SU�|]sNoTxds���«bA��QZ�=TxN�QA]s]eQlQASUTØN��kds[9N�QuêON���N���de[9N�QdsSU�|pr�|acq�ÍkdsScprQ\q�acwAS«�ã]ðP·_��kN�S¶XA�|��ScdeSUTx_��=T\êÙ]`_ÙXA�|��SUdst�bAacQZa¶N���ds[9N�Qé�'PRQA�ñQZSUTOt��|��X«q�_�S¶�jax_�dep�QA�=TN��'g � �|N�S�_�]s]s����S�XZ�|�kSUTxaUN�dsaUQ/Nk��Q�SU�|]sNkTcds�|�yQnT�ÃÔQZ�3XA�|��SUbZ[9N�QZ�kXZQ�Ã¹]ÅPR_�q�q�QZ]sQAa�O�W�pr�|����¿�t�Q�]sde��acQQZ�k�|QZ��tkacb\q�_�a�]ÅPºQZ�kScQZpé��]sQ�XA�|��Scdet�bZaUb�g
Ó dk]ðPR���é�kmoQ�N���QA��ScQAp«��]sQ

X
Ã����«XZ�|�kSUTxaUN�deT¬XZQ�pr�|����¿Åt�Q�ÃE����Txb�deXZd

〈X〉
ÃEt�Q¹]`_lÀ¨_�äZ�|��SUN�de��_��=TxQÈ�]ÅPºQZ�kScQZpé��]sQ�SU�|N�SWV~ûc_�XZQA�=TÙQASUT�XZ�|prqC��Scb�t'PºN��3bA]sbAp�QA�9T��k��Txb

∗
QATrt�Q�Tx�|NoTxQZS�]eQZS�À¨_�prds]s]eQZS^����deQZS

Ïe+
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���|�à�jdst�QASÙt'PºbZ]ebZprQZ�=TxSrt�Q
X
ÃÔX�PRQASUTWV×ê;V�t�dsaUQ�tkQ/Tx��N�S�]eQZS

(x1, . . . , xn)
qC�|Nka

n
QZ�=TxdeQZar���|�2�jNk]QAT

x1, . . . , xn
q�_�aUXZ�|Nkax_��=T

X
gÞ¡O��t�bn����deT�]sQOq�aU�otkN�deT�tkQ�t�QZNom�bZ]sbAp�QA�=TxS�t�Q

〈X〉
t�Q�]`_«p�_���dewZaUQScNkde��_��=TxQ��







∗ · ∗ = ∗

∗ · (x1, . . . , xn) = (x1, . . . , xn)

(x1, . . . , xn) · ∗ = (x1, . . . , xn)

(x1, . . . , xn) · (y1, . . . , yp) = (x1, . . . , xn, y1, . . . , yp).

» 8;DÞ57D ©�K²BEK D @å³^c ¤ c D£W²QvG6iá�½O�WNQ
(〈X〉, ·, ∗)

WLKNQ5MsX opkCXtkC¿jgsW k n WB�½ORMæK�%ÁWNX XtkCQ°SUX(Q i : X −→ 〈X〉O$F SN���½ORiThFSUQjiTkCXsA}Msi3SCKLK?k?hNiTWEd-QnkCMsQÍINO�INopWNX(Q
x
gsW
X
O SHw�SUo�izOzO�WEd-MPX	INO�INopWNX(QtwxkCG6opILW²�YSUG

x
%3O�W

hLkCM?�½O�W
(〈X〉, i)

WLKNQBK?kCORMPQjiTkCXAgUM��½GLkU|}O��NopWÍMPX(iz�UWNGJK?WNO£gsW�opkCXtkC¿jgsWÍORij|}GJW�WNXsqsWNX½gUGLI)�YSUG
X k

n INopkCXYKNQjGuSUQviTkCX k �¬_�a%XA�|��SUTcacN�XnTxde�|�'Ã
〈X〉

QASUTÿN�� pr�|����¿�t�Q�g Ó �|deQZ�=T
M

N�� p�������¿�tkQQAT
ϕ : X −→ UM

N���QÛ_�q�q�]sdeX�_�Tcds�|�ãgÔ¡��ÎtkbA����d~T
ψ : 〈X〉 −→ M

QZ�Îq��|Sx_��=T
ψ(∗) = ∗QATZÃ�Scd

x1, . . . , xn ∈ X
�

ψ(x1 . . . xn) = ϕ(x1) . . . ϕ(xn).�¹QATUTxQàt�bA���kdeTxde�|�����|NkSá_�ScScNkacQà[jNkQ
ψ
QASUT N�� p���acq�Í�deScprQÚt�Qypr�|����¿Åt�QZS

〈X〉 −→ M[9N�d XZ��¿Å��XZdet�Q�_���QZX
ϕ
SUN�aø]eQZSâbZ]ebZprQZ�=TxSút�Q

X
g��ubZXAdsq�aU�o[9N�QAp�QA�9TZÃ�Tc�|NkTúp���acq�Í�deScprQ�t�Qpr�|����¿Åt�QZS

ω : 〈X〉 −→ M
[9N�dlXZ��¿���XAdst�Q�_��|QAX

ϕ
SUN�aÙ]eQZS�bZ]ebZprQZ�=TxS�t�Q

X
�|bAacd~��Q/�kbZXZQAScSc_�d~VacQAp�QA�=Th�

ω(∗) = ∗
QnT

ω(x1 . . . xn) = ϕ(x1) . . . ϕ(xn).} Qrpr�|aUq�Í�dsSUp�Q
ψ
QZSWThtk�|��X���dsQA�ñ]ÅPºN���ds[9N�Q�pr�|aUq�Í�dsSUp�Qé[jNkd À¨_�deT�XA�|prp«NkTxQAaO]sQ�tkd`_��|ac_�prp�Qt�Q^]ÅPºbZ�k�|��XZb�g

♦¡O�2q�QZNkT�À¾�|aUp«N�]eQZa�XZQ�aUbZScNk]eTÇ_;Tr_�NkTxaUQZprQZ�=T��7]ÅPR_�q�q�]edsXZ_�Txde�|�
〈·〉 : X 7−→ 〈X〉

SAPRbnTxQZ�kt3QZ�N��ñÀ¾�|��XnTxQZNka
ENS −→ MON

[9N�d7QASUTh_�t;ûU�|de�=T\ê��|_�N�XÇÍ�Q�t�NñÀ¾�|��XnTxQZNka��|N���]ed
U : MON −→ ENS

g} QZS^À¾�|��XnTxQZNkacS� ��|Nk��]sd�"ÛqCQAacprQATUTxQZ�=Tht�Q�À¾�|acpéN�]sQAa�]sQZS^q�aU�|��]ewZprQZS^N���d~�|QZaUScQA]sS\t'PR���jûUQATcSh]eds��aUQZSZg�¹QZq�QZ�kt�_��=T�Ãk_�����t'PR_�]e]sbZ��QZaØ]sQAS¹����Tx_�Txde�|��SÔQAT¹Sx_�NkÀ'acdsSU[9N�QOt�QÈXZ�|�kÀ¾NkScds���'Ã9ds]sSÔScQAac�|�=T¹q�_�aUÀ¾��dsSÔ�|p�deSZÃN���Q�À¾�|deS�]ÅPº�|�jûUQnTÈ]eds��aUQOXZ����SUTcacN�d~T�gÞµ¶Q^q�]eN�SZÃ��|������TcQZac_�Tc�|N;ûU�|N�aUS
U
]sQASuÀ¾����XATcQZN�aUSÈ]eds��aUQZSZÃkp»lAp�QASSZPºds]eS�Sc�|�=TuTx��N�Sut�dsSWTxds�kXATxSAg

a ±\b @HK¾B�K D @�c ¡��\t�d~TJ[9N'PºN��«pr�|����¿�t�Q
M
QASUT¬]sds�kacQ7SZPºds]9Q½mkdeSUTcQìN��hQZ��SUQZp«�k]sQ

X
TxQA]9[jNkQ

M = 〈X〉
g} QZS«bA]sbAp�QA�9TcSét�Q

〈X〉
SU�|�=T�Sc��Nk�|QA�9Tr_�q�qCQA]sbASpopkCQzK�ScNka«]ÅP�SUO �(�YS�|NWNQ

X
�¬]eQ�pr��T

∗
QZSUT«[jN�_�]sd~��bt�Q»�?ijgsW«QnTO]sQ\q�aU�ot�NkdeTÈt�Q

〈X〉
_�q�q�QZ]eb�hLkCXthFSUQ"INX½SUQjiTkCX¾��]sQZSlbZ]ebZprQZ�=TxSÈt�Q

X
Sc�|�=T�]eQZS¾O�WNQjQjGLWLK«t�Q]ÅPR_�]eq�Í�_���QATZg

�

g èG6 ° 5J¦¾6 ©(clÓ d
X = {x}

ÃH�|�Ú_
〈X〉 = {xn|n ∈ N}

g Ó d
X = {a, b}

ÃJ]eQZS\bZ]ebZprQZ�=TxSht�Q
〈X〉ScQAac�|�=T

∗
_�ds��SUd'[9N�Q�Tx�|NoTxQZSu]eQZSuScN�d~TxQASu����dsQASltkQ

a
QATlt�Q

b
Ã�XZ�|prprQ

a
Ã
ba
Ã
abba

Ã
bababb

Ã�QATxX�g

Ï�Z
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�¹Qéq�_�ax_��|ac_�q�Í�Q\t�bA��NkTxQéq�_�al]`_�t�bA���kdeTxde�|��XZ]`_�ScScde[9N�Qét�Q»GJWNO SUQviTkCX gsW�GJIFgUM{hNQjiTkCX�KNMPG�MPXyopkz:
XtkC¿jgsWng9�7N�dsSÔ���|NkSÔ��QZacaU�|��SìXZ�|prp�QA�=T¹XZ_�ax_�XnTxbAacdsSUQZaÔt�dV�CbZaUQZprp�QA�=TØXZQZSìacQA]`_�Tcds�|��SAÃ=QATìXZ�|prprQZ�=TÔQZ�XZ����SUTcacN�deacQ\ê�q�_�aUTcdsa�tkQ,GJ�TqUO�WLK�gsW�GJILILhNG6izQjMPGJWng
a ±\b @HK¾B�K D @�clÓ �|dsQA�=T

M
N��åp��|�k��¿�t�QrQAT

R
N���QÙacQZ]s_�Txde�|� ��ds��_�dsacQ�SUN�a

M
g ¡O�Út�deTh[9N�Q

R
QASUT

hLkCo��YSUQjij|}O�W SU�UWLh-O SrKNQvG6M(hNQvMsGJW�gsW-opkCXtkC¿jgsW gsW
M

�|Ny[9N�Q
R
QZSUT�N���QyGJWNO SUQjiTkCX gsW�GJIFgUM(hNQviTkCX

KNMsG
M
ScdGQA]s]eQO�|bZaUde��Q�Ã�qC��N�a�Tx�|NkS

x, y, z
tkQ

M
�

xRy =⇒

{

(zx)R(zy)

(xz)R(yz).

�ÕY]�QnmodsSWTxQ�t�Q����|p«�kacQZNjmyQnmoQZprq�]eQZS�t�Q�acQA]`_�Tcds�|��Sét�Q�acbZtkN�XATcds�|�â�7]`_ÊaUQZ]`_;Txds���
≤
ScN�a

N
QASUTXZ��p�q�_;Txds�k]sQO_���QZX^]ÅPR_�t�t�d~Txde�|�'Ã9]`_éaUQZ]s_�Txde�|��t�Q�t�d~�jdsScde��ds]edeTcblSUN�a�]ÅPºQZ�kScQZpé��]sQ

Z∗ t�QASlQA�=TxdsQAacS�aUQZ]`_;TxdeÀ¾S���|�3�jNk]sSÙQASUTÙXZ�|prq�_�Tcds��]eQ�_���QZXÛ]eQ/q�aU�otkN�deTZÃ7]`_áXA�|���|aUN�QZ�kXZQÊpr�otkN�]s�
n
QASUTÙXZ�|prq�_�Tcds��]eQ/_���QZX]ÅPR_�t�tkdeTxde�|��QnTÈ]eQ�q�ac�jt�N�d~T�ScNka

Z
Ã�QnTxX�g

Ò � acbZbAXZaUdeTxNkacQ�ÃH�|�ÚSAPRde�=TxbZaUQZSUScQ�ê�]s_ GJWNO SUQviTkCX gsW»GJIFgUM{hNQjiTkCX WNXsqsWNX½gUGLILW��YSUG»MPXtWÃw�SUo�izOzO�W8gsW
GJ�TqUO�WLK�gsWéGJILILhNGNizQjMsGLWng;Â/_�dsSAÃ�_���_��9THt'PR_����|actkQZa®XZQA]`_kÃ��k�|N�SH_�]s]e�|��S'tk�|����QAaHNk��QÔ_�NkTxaUQØds�=TxQAacq�aUbATÇ_;Txds���t�QASÈaUQZ]`_;Txds����S�t�Q^acbAt�N�XnTxds����SUN�auN���p��|�k��¿�t�Q�Ã��|a$#�XZQ^ê�]`_«����Txds����t�Q^p��jt�N�]eQ«�
a ±\b @HK¾B�K D @�c�Ó �|deT

(M, ·, ∗)
N��ípr�|����¿Åt�Q�gñÌl�

M
:"opk}gUMsO�W���N opk}gUMsO�W�KNMsG

M
QZSWT÷N��TxaUdsq�]eQAT

(X, ·g, ·d)
XZ����SUTcdeTxNkbÎt'PRNk� QA��ScQAp«��]eQ

X
QATyt'PR_�q�qk]sdsXZ_�Txde�|��S

·g : M × X −→ XQAT
·d : X ×M −→ X

ÃC_�q�qCQA]sbAQZS¶aUQZSUqCQAXATxd~�|QAp�QA�9T�SshNQviTkCXYKEdfq�SUM(hL�(WéQnT²d�gUGJkCizQ"W«t�Q
M

SUN�a
XQATu��bZacd~�Þ_��=T\�

z|g } PR_�XATcds�|�
·g
QASUT�hLkCo��YSUQvij|}O�W^_���QZX

·
�
a ·g (b ·g x) = (a · b) ·g x

Ã�q��|N�a�Tc�|N�S
a
QnT
b
t�_���S

MQnT
x
t�_���S

X
g

�og } PR_�XATcds�|�
·d
QZSWT�hLkCo��YSUQvij|}O�W�_���QZX

·
�
(x ·d a) ·d b = x ·d (a · b)

Ã�q��|N�a�Tc�|N�S
a
QnT
b
t�_��kS

MQnT
x
t�_���S

X
g

�kg } QZSé_�XATcds�|�kS
·g
QAT
·d
Sc�|�=T«XA�|prq�_�Txde��]sQAS��

(a ·g x) ·d b = a ·g (x ·d b)
ÃHqC�|Nka^Tc�|N�S

a
QAT
bt�_���S

M
QnT
x
t�_���S

X
g

��g } PºbZ]sbAp�QA�=T
∗
QASUT�XtWNMPQjGJW�dmq�SUM(hL�(W\qC�|Nka

·g
�
∗ ·g x = x

Ã�qC��N�a�Tx�|NoT
x
t�_��kS

X
g

�og } PºbZ]sbAp�QA�=T
∗
QASUT�XtWNMPQjGJW�d8gUGJkCizQnW\q��|N�a

·d
�
x ·d ∗ = x

Ã�q��|N�a�Tc�|NkT
x
t�_���S

X
g

�¹�|prp�Q�q��|N�a�]eQZS�pr�|����¿Åt�QZSAÃ��|��dst�QA�=Txde��Q�]sQ
M
V�p��jt�N�]eQOQATuSU�|�/QA��ScQAp«��]eQ\SU�|N�S×Veûc_�XAQZ�=Tª�Þ]sQASacQA]`_�Tcds�|�kS����|N�Sl_�NoTx�|aUdsScQA�=T¶ê��|prQATUTxaUQ�]sQZS

·g
QnT
·d
ÃÞ_�de��Scd'[9N�Q\]sQAS�q�_�aUQZ�=TxÍ�wAScQASZg

�

ë �
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M
VYpr�otkN�]sQl]sQÈq�]sN�SìScdep�q�]eQÈQASUT

(M, ·, ·)
�o]eQZS¹aUQZ]s_�Txde�|��SÔSc�|�=Tu_�]e�|acSìt��|���kbZQZS�q�_�a]ÅPR_�SUSc�jXZd`_;Txde�jd~Txbf~¾]sQZSuTxaU�|dsS�qkacQZprdswAacQASZÃÞdsXAdGdst�QA�9Tcds[9N�QASL��QATÈq�_�al]sQ�À¨_�deTu[9N�Q

∗
QASUT¶��QZNkTcacQhê��=_�N�XÇÍ�QQATÈê�t�aU�|deTcQ�qC�|Nka�]sQ�q�aU�ot�NkdeT�~¾]sQZSut�QANom�t�QAac��dewZacQASZÃ�aUQZScq�QZXnTxd~�|QZprQZ�=TL�ngÌÈ�r_�NoTxacQuQ½mkQAp�qk]sQ�Ã�q�]sN�S7dep�q��|aWTÇ_��=T deXZdðÃ�QZSWTÔt��|����buq�_�a

M×M
p«N���d�tkQZS�SshNQviTkCXYK²gUijS?qskCX½SUO�WLKO��|�rqC��ScQ

x ·g (y, z) = (x ·y, x ·z)
QAT�Ã=SUdsprds]s_�dsaUQZprQZ�=T�Ã

(x, y) ·d z = (x ·z, y ·z)
�j]sQZSØXAds��[«aUQZ]s_�Txde�|��St�Q�]s_�t�bA����deTcds�|� t�Q

M
VYpr�ot�Nk]sQÙSU�|�=T���dsQA�Ú�|bAacde��bZQZS��J]sQZS«Tcac�|deSéq�aUQZprdswAacQZS�SU�|�=T�t��|���kbZQZS�q�_�a]ÅPR_�SUSc�jXZd`_;Txde�jd~Txb^t�Q

·
QnT�]sQASOt�QANomÊtkQZac�kdswZaUQZS�q�_�aO]sQ\À¨_�deTÈ[9N�Q

∗
QZSWT^��QZNoTxacQ�ê��=_�N�XÇÍ�Q�QnT^êÙt�aU�|deTcQq��|N�a

∗
g��¹Q

M
V�p��jt�N�]eQ�Ãk�k��Txb

M2
Ã�QZSWTÈ_�q�q�QZ]sb�]eQ

M
VYpr�jt�N�]sQ,gUijS?qskCX½SUO g

a ±\b @HK¾B�K D @�cØÓ �|deQZ�=T
M
N��Ùp��|�k��¿�t�QlQAT

X
N��

M
VYpr�ot�Nk]sQ�gjÌl��K?kCMæK�:

M
:"opk}gUMPO�W�gsW

X
QZSUT�N���Qq�_�aWTxdeQ\tkQ

X
SUTÇ_���]sQ\qC��N�au]sQZSÈ_�XnTxds����S¶ê��=_�NkXÇÍ�QéQnTOêrt�ac�|d~TxQ^t�Q

M
ScNka

X
g�Ìl� ijgsIFSUO7gsW

M
QASUTN���Sc�|NkSWV

M
VYpr�ot�Nk]sQ�t�N

M
V�p��jt�N�]eQ�t�d`_��|�|��_�]

M2
g

�¡O�áaUQZp�_�ac[9N�Qr[9N�QrTc�|NkT\Sc��N�SWV
M
VYpr�otkN�]sQ�Ã'QAT\t��|�kXrTc�|NkT^dstkb�_�]7t�Q

M
ÃGQASUThN��

M
VYpr�ot�Nk]sQ�g¡O��_�N��kQ\�k�|Nk�|QA]s]eQ�ds�=TxQAacq�aUbATÇ_;Txds����tkQZSuacQA]`_�Tcds�|��S¹t�Q^acbZtkN�XATcds�|��ScN�auN���pr�|����¿Åt�Q«�

» 8;DÞ57D ©�K²BEK D @å³^cs³^c Z�kCizQ
M
MsX�opkCXtkC¿jgsW k D£WLK�GJWNO SUQviTkCXYKÍgsW²GJIFgUM{hNQjiTkCXYK$KNMPG M K?kCX(Q¸O�WLK²ijgsIFSUM;'

gsW
M k

n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T R N���Q�aUQZ]`_;Txds���åt�Q�aUbZt�N�XnTxde�|� ScNka
M
gØÂ/���9Tcac�|�kS�[jNkQ

R
QASUT�N�� det�b�_�]t�Q

M
ÃCX�PRQASUTWV×ê;V�t�dsaUQh[9N�Q

R
QZSWTON���Qhq�_�aWTxdsQ\t�Q

M2 [9N�dJQASUT�SWTÇ_��k]sQ\qC�|NkaÈ]eQZSÈ_�XATcds�|��Slt�ds_��|�|��_�]sQZSt�Q
M

ScNka
M2

g Ó �|deQZ�=T
x, y, z ∈ M

TxQA]sS^[9N�Q
yRz

�H_�]e�|acS
x(y, z) = (xy, xz)

�J�|a
R
QZSUTéN���QacQA]`_�Tcds�|�ÛtkQraUbZt�NkXATxde�|� ScN�a

M
Ã®QAT\t�����X

xyRxz
gHµ¶Q�p�_���dewZaUQ�Scdsprds]s_�dsaUQ�Ã

yxRzx
g®µ¶�|�kX

R
QZSWT��deQZ��N���dst�bZ_�]'t�Q

M
g

�lbAXZdeq�ac�j[9N�QZprQZ�=T�ÃJSc�|d~T
I
N��ådst�bZ_�]ìtkQ

M
g �¹�|p�prQ

I
QASUT�SWTÇ_��k]sQrq�_�a«_�XATxde�|��Sht�d`_����|��_�]eQZSZÃ�|� _oÃJq��|N�a^Tx�|NkS

x ∈ M
QAT

(y, z) ∈ I
Ã
(xy, xz) = x(y, z) ∈ I

QnT
(yx, zx) = (y, z)x ∈ I

gµ¶�|�kX
I
QZSUTlN��kQ\aUQZ]s_�Txde�|��t�Q^acbAt�N�XATcds�|��SUN�a

M
g

♦�¹QATUTxQ\bZ[9N�de��_�]eQZ��XAQh�k�|N�SuqCQAacprQATUTxax_�t�Q¹ûU�|����]sQZau_���QZXé]eQZSut�QANom�����Tcds�|��Suq��|N�a�q�_�ac]sQAa�TÇ_��=TJE�Tt�Q�aUQZ]`_;Txds���Ùt�Q�aUbZt�N�XnTxde�|��QAT�Tx_��=TJE�T�tãPRdet�b�_�]ðg�¡O����_é�|��dsa�p�_�ds�=TcQZ��_��=T�[9N�Q�]s_ét��|�k��bZQ�t'PºN���QOÀ¨_EVprds]s]eQØt�QÍGJWNO SUQviTkCXYK��|N�t�Q�GJ�TqUO�WLKÃgsW�GLILILhNG6izQjMPGJWuSUN�a7N���pr�|����¿Åt�Q¹]eds��aUQ
〈X〉

q�QZacprQAT t�Q�XZ����SUTcacN�deacQN���QhacQA]`_�Tcds�|��t�Q\acbAt�N�XATcds�|�/ScN�a
〈X〉

g�ÐH��_��=T¶Tc�|NkTZÃ�Nk��QpGJWNO SUQjiTkCX ��N ITq�SUORizQ"I\�|N GJ�TqUO�WmgsW�GLILILhNG6iµ:
QjMPGJW�ScN�a^N�� pr�|����¿Åt�Q

M
QASUT\N�� bZ]sbAp�QA�=ThtkN

M
VYpr�ot�Nk]sQ«t�ds_��|�|��_�]

M ×M
gH�J�|N�a^N��kQrTcQZ]s]eQacQA]`_�Tcds�|�

α = (x, y)
Ã��|�/_�q�q�QZ]e]sQ

x
]`_»K?kCMsGLhLW\tkQ

α
Ã�����TcbZQ

s(α)
Ã�QnT

y
Sc���À|}MsQðÃ��k��Txb

t(α)
g

� TÇ_��=TÔt��|���kbZQlN���Quq�_�aWTxdsQ
R
t�Q
M2

Ã|�|�rq�QZNkTÔXZ����SUTcacN�deacQ�N��rdst�bZ_�]�����Txb
(R)

��N
→R

XZ�|prp�QScNkdeT��HScd
a
QAT
b
SU�|�=T�t�QZSébZ]sbAp�QA�=TxS«t�Q

M
Ã¬��� _

a →R b
ScdÔQAT«ScQZNk]sQZprQZ�=TéSZPºds]ÔQnmodsSWTxQ

α ∈ RQAT
u, v ∈ M

TcQZ]sS^[9N�Q
(a, b) = uαv

gG�¬_�a\XZ����SUTcacN�XnTxds���'Ã
(R)

QZSWTé�kdsQZ� N��ádst�bZ_�]7t�Q
M
gJ¡��å__�]e�|acS��

» 8;DÞ57D ©�K²BEK D @2³^ce´/c Z{i
M
WLKNQ)MsX�opkCXtkC¿jgsW¾WNQ

R
MPXtW��YSUG6QjiTW�gsW

M2 %ÁO$F ijgsIFSUO (R)
gsW
M2 WLKNQÁO�W�½ORM�K3�(WNQvizQéijgsIFSUO£gsW

M
hLkCX(Q"WNX½SUX(Q

R k
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Ü�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�3_Yb��n����]n�C�����²a���^��}�xc�^vd ]Lb�^`�ma��m�²_U]n�

n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��S�[9N�Q I QASUT�N�� det�b�_�]lt�Q M XA�|�=TxQZ��_��=T
R
QnT�[9N�Q

a → R b
�¹ds]QnmodeSUTxQ

u, v ∈ M
QnT
α ∈ R

TcQZ]sSl[9N�Q
(a, b) = uαv

��XA�|prp�Q
α ∈ R ⊆ I

QATÈ[jNkQ
I
QZSWT¶Nk��dstkb�_�]ðÃ�|��_���dsQA�

(a, b) ∈ I
g

♦�J�|Nka¹N���Qlq�_�aWTxdeQ
R
t�NÙpr�otkN�]sQut�ds_��|�|��_�]ÅÃ�����_�q�q�QA]s]sQ

(R)
]ðPVijgsIFSUO{gsW

M
WNXsqsWNX½gUGJIB�YSUG²O$FeWNX>:

K?WNo,|}O�W
R
gsW�GJWNO SUQviTkCXYKh�|N/]`_-GJWNO SUQviTkCXAgsW�GJIFgUM(hNQviTkCX WNXsqsWNX½gUGJILW3�YSUGHO S�w�SUo�izOzO�W

R
gsW¾GJ�TqUO�WLK¾gsW

GJILILhNG6izQvMsGJWng
¡O�/q�QZNkTÈê�q�aUbZScQA�=T¶t�������QZau]eQZSut�bA����deTcds�|��S�SUN�de��_��=TcQZS^�

a ±\b @HK¾B�K D @�c Ìl��Q �½GJILK?WNX(QTSUQviTkCX gsW opkCXtkC¿jgsWLK �|N�K�9?KNQ"�NopWïgsW GJILILhNG6izQvMsGJWïgsW opkCQzKyQZSWTÛN��XZ��N�q�]sQ
(X,R)

XA�|p�q��|SUbÔtãPRN��\QZ�kScQZpé��]sQ
X
QATJt'PRNk��Qìq�_�aUTcdsQ

R
t�Nhpr�jt�N�]sQ7tkd`_��|����_�]�tkNépr�|����¿Åt�Q]sde��acQ

〈X〉
QZ����QZ��t�aUbÈq�_�a

X
~¾X�PºQZSUTWV×ê;V�t�dsaUQ�[9N�Q

R
QZSWT¹N��kQlÀ¨_�prds]e]sQÔt�QlacQZ]s_�Txde�|��S7SUN�a

〈X〉
�½g } PRÐ¶� Ó

SCKLK?k?hNiTI�ê
(X,R)

QZSWT
(〈X〉, (R))

��º
(R)

QZSWTÙ]ðPRdet�b�_�]¹t�Q
〈X〉

QZ����QZ��t�aUb/q�_�a
R
~¨X�PRQASUTWV×ê;V�t�dsaUQ[9N�Q

→R

QASUTÈ]`_«aUQZ]`_;Txds����t�Q^acbZtkN�XATcds�|��ScNka
〈X〉

QZ����QZ��t�aUbZQ\q�_�a
R
�½g

�Ò �ÊÀ¨_�deTZÃ��|�Êt�Qn�oac_�deT¶q�]sNoTJE�TÈt�dsaUQh[9N�Qé]ÅPºÐO� Ó _�SUSc�jXZdsbéêÙN��ÊSWvjSUTxwAp�Qét�QéaUbZbZXAacd~TxN�aUQ«t�Qépr��TcSQZSWT
(U〈X〉,U(R))

�H�|�Ú��QÙacQZ�|_�act�Q�[9N�Q�]sQASéQA��ScQAp«��]sQAS«Sc��N�SWV~ûc_�XZQA�9TcS�QATé�|�:kCMY|}ORiTW�]eQZShSUTxaUN�XnVTxNkacQZS¶t�Qépr�|����¿Åt�Q\QATOtãPRdet�b�_�]ðg��J�|N�a¶_�]s]ebZ�|QAau]sQZSÈ����Tx_�Txde�|��SZÃÞ�|�/XÇÍ��|deScdsac_�XAQZq�QZ��t�_��9TOXZQZ]e]sQ\t�Q«]s_t�bn����deTcds�|�ãg } PºÐO� Ó _�SUSc�jXZdsb�qCQAacprQATét�QÙac_�q�_�TcacdsQAah]eQZSh����Txde�|��S\t�Q�TcQZaUp�de��_�dsSU�|�'ÃGXA�|�k¸�N�QA��XZQ�QnTXZ���9��QZaU�|QZ��XAQÙ�
a ±\b @HK¾B�K D @�c ¡O�Ît�deTÙ[9N'PRNk�âSWvjSUTxwAp�QÛtkQÊacbAbZXZaUdeTcN�acQÛt�Q�p���TcS�Q"WNG6o�izXtWÛScdÈSc�|� Ð¶� Ó _�SUSc�jXZdebTxQAacprds��Q�g ¡O� q�aU�oXAwZt�Q�tkQ�]`_�p,lZprQ�À¨_�äZ�|� q��|N�ah]sQZS«_�NkTxaUQZS�����Txds����Sét�bn����deQZS�ScNka«]sQAS«ÐO� Ó ÃJvXZ��p�q�aUdsSì]sQZSÔÀ¾�|acprQZSì���|aUpÙ_�]eQZSAgoµ¶_���S�]sQÈX�_�S¹��º

(X,R)
QASUT�XA�|�=�|QAac�|QA�9TZÃ��|������TxQ

R(x)
]ðPVMsX(iBA}M{WÀ¾�|aUp�Q�����acp�_�]sQÈt�Q

x ∈ 〈X〉
g

�¥ 6 ° §�8 ô <®6 c¹} _�TxQAacprds���|]e�|�|deQÈQAp�q�]e��v|bZQ^prbZaUdeTxQ¶[jNkQZ]s[9N�QASÈQ½moq�]sdeX�_�Tcds�|��SAg
z|g } _�����Txds���åt�Q�pr�jt�N�]sQrNkTcds]sdeScbAQ�QASUT�q�]eN�SéSU�|Nk��QZ�=T�[9N�_�]sd~��bZQ�t�Q���dep��jt�N�]eQ�ÃGq�NkdsSc[9N�QÙ]ÅPº�|�_ N���QÊ�|q�bZac_�Txde�|�2êå�=_�N�XÇÍkQ�QATÙN���QÛê t�ac��deTxQ5�ÔXAQZq�QZ��t�_��=T�Ã�XAQATcTcQ�t�QAac��dewZaUQÊ_�q�q�QZ]e]`_�Tcds�|�t�bAqCQA��tåÀ¾�|aWTxQAp�QA�9T\t�Q�]`_�SUTcacN�XnTxN�aUQ�_�]e�|bZ��aUds[9N�Q�bATcN�t�debZQ�~¨dsXAd7XZQA]s]sQ�t�Q�p�������¿�tkQ?�ngãÐ¶ds�kScdÅÃt�_���S^]sQ«XÇÍ�_�q�deTcacQr�kÃ'����N�S^bATxNkt�dsQAac�|��S�Nk��Q�SUTxaUN�XATcN�acQ�Ã®XZQZ]e]sQ«tãPR�|q�bZac_�t�Q�Ã®_�v|_��=TpgsWNM;'å]e�|dsS��de��_�deacQZSt��XZQ7[9N�d=t�������QZac_�deTZÃ�q��|N�aG]ÅPºbZ[9N�d~��_�]sQA�9T't�QZS�|}iYp��jt�N�]eQZSAÃZt�QAS~A}MYS�gUG6iYp��jt�N�]eQZSAg � ��N�Sq�aUbAÀ¾bAac�|��SrQZprq�]e�Ev�QZar]sQ�TxQAacprQ�t�Q/pr�jt�N�]sQ�q��|N�a�N��2�|�jûUQnTÙSUN�a�]eQZ[9N�QA]lNk�3pr�|����¿Åt�Q��|NN��kQ��|qCbAax_�tkQf~¨�|N��ãPRdep�q��|aUTcQ¶[9N�QA]G_�NkTcacQO�|�9ûUQATl_�]e�|bZ��aUds[9N�Qx�ì_��|d~T�Ãjt�QmQ"kCMPQ"WLK\]sQAS�p�_���dswAacQASq��|ScSUds��]eQZS®QAT¬_��|QAX�Q"kCMPQ"Wì]`_uXZ�|prq�_�Tcds��de]sdeTcbJQA�=�odeSx_���Q�_���]eQ¸�EXZQÔXÇÍ��|dÝm\QZSUTJq�aUbAÀ¾bZac_���]eQìt�_���SJNk��Q�|qoTxds[9N�Qut'PºN���d~��X�_;Txds����QA���jN�Qlt�QÈaUbZNkTcds]edsScQAaZÃ|qk]sN�SÔ]s�|de�'Ã|]eQZSØt�bA����deTcds�|��SÔ_��|QAX¶N���p�de��dspéN�pt�QÙXÇÍ�_����|QAp�QA�=TxS«q�NkdsSZÃJê/TcQZacprQ�ÃJt�QÙtkbZ�=_���QZa«N��kQÙSUTcacN�XnTxN�aUQ�XZ�|prp«N��kQÙt�Q�SUvjSUTcwZprQ�t�QaUbZbZXAacd~TxN�aUQ�g
�og � �|N�S�_��|�|�kS/q�_�ac]sb�t'PRdet�b�_�]OqC��N�a�N��âp�������¿�tkQ�g } �|aUSc[9N�Qñ]ÅPº�|�Îq�_�ac]sQ�t'PRNk�ø_��k��Q�_�NãÃ�N��det�b�_�]�~¨��de]`_�TcwZacQx�rQASUT�N���Qñq�_�aWTxdeQÛt�QÛ]ÅPR_�����QZ_�N'Ã�_�]s�|aUS�[9N'PRdeXZd��|� XA�|��Scdet�wZaUQñt�QZS�XZ��N�q�]sQASt'PºbZ]ebZprQZ�=TxSØt�Nrpr�|����¿Åt�Q�g=�H�|N�aWTÇ_��=T�Ã9]s_�TcQZaUp�de���|]s���|dsQÔXÇÍ��|deScdsQ�QASUTìXZ�|ÍkbZacQA�=TxQ\�=]`_�q�acQAp�dewZaUQ

ë Ü
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bnTÇ_�q�Q¶q��|N�aìSZPºQZ��_�q�QZaUXZQA���|dsaìQZSWT�t�QOXA�|��Scdet�bZaUQZaì[jNãPRN���bA]sbAp�QA�9T
x
t'PRNk��_�����QZ_�N�q�QZNkT�lATxaUQ�jN�XA�|prp�Q�N���XZ��N�q�]sQ

(x, 0)
QATZÃ�acbAXZdsqkac�j[jNkQZprQZ�=T�Ã�ê�N��/XA�|N�q�]eQ

(x, y)
Ãk�|�/q�QZNoTO_�SUSc�jXZdeQZa]ðPRbA]sbZprQZ�=T

x − y
��ScdH�|�����|deTÈ]sQAS¶XA�|N�q�]eQZSOXA�|p�prQ^t�QZS¶bZ�=_�]edeTcbZSZÃÞde]HQASUT�bA[9N�de��_�]eQZ�=TOt�Qht�dsaUQ[9N�Q

x = y
�|NÊ[9N�Q

x − y = 0
gã�¹QAXZd prwZ�kQ«ê�]s_�SUQZXZ����t�Q«�|�kScQZaW��_�Txde�|�Ú���|�/��QZNkT^t�bn����deaZÃ_�NoTÇ_��=T q��|N�a¬N���_�����QZ_�N�[9N�Q�q��|N�a Nk��p��|�k��¿�t�Q�ÃEN����|�jûUQnT7q�_�a ]eQZ[9N�QA]k�|�«q�QZNoT7[9N���TxdeQZ�=TxQAaXAQZ]sNkd¬t�Q«tkbZq�_�aWT�Ã�Tx�|NkTOQZ�ÛXZ����ScQAaU��_��=T^Sx_�SWTxacNkXATxNkacQ¸�'t�_���S�]sQhX�_�S¶t�QZS^_��k��Q�_�NjmãÃCds]HSZPR_��|d~Tt'PºN��ñdstkb�_�]�~¨��de]`_�TcwZacQx�nÃCXZQ�[9N�d prwZ��Q�ê�_�qkqCQA]sQZaO_�N�ScSUd7dst�bZ_�]¬]ðPR���jûUQAT�XA�|acaUQZSUqC�|�kt�_��=T\qC�|NkaN���pr�|����¿Åt�Q�g

�kg � �|N�S¬XA�|�kÀ¾�|�kt��|��S ]eQZSHTxQZaUp�QASÃITq�SUORizQ"InÃæGLWNO SUQjiTkCXrQAT�GJ�TqUO�W$gsW�GJILILhNG6izQvMsGJWng } QAS t�QZNjm«q�aUQZprdsQAacSZÃq�]eNkTJE�TÙNkTcds]edsScbASÙQA� _�]s�|wA��acQ�ÃìtkbZScde�|��QA�9T�t�QZS����jûUQATcS�t�QÊ]`_ñÀ¾�|acprQ
x = y

ÃÔNkTxde]sdsSUbZSrqC��N�aQA���|QZ�kt�acQAa¹t�QAS¹acQA]`_�Tcds�|�kS7t'PRbA[9N�de��_�]eQZ��XAQ¸�o]eQ�Txac��dsScdewZprQ�[9N�_�]sd~��Qut�QZSì�|�jûUQnTxS
x→y

Ã=NkTcds]sdeScbASq��|N�auQZ�k�|QZ��tkacQZaÈt�QZSlacQA]`_�Tcds�|�kS�t�QhaUbZt�NkXATxde�|�'g��¹QAqCQA��t�_��=T�ÃCt�N�qC�|de�=TÈtkQ\�jN�Qh_�]s��bZ��aUds[9N�Q�Ãde]¹�'P vy_ñ_�N�XAN���Q�t�dV�CbZaUQZ��XAQÛ�7XZQ�SU�|�=TrTc�|N�S�t�QAS�XA�|N�q�]eQZS
(x, y)

Ã¬[9N'Pº�|�à]sQAS�����TxQ
x = y�|N

x→y
g } _�t�d �ãbAacQZ�kXZQ\t�Q^����TÇ_;Txds����_rq��|N�auScQAN�]®��NkTlt�Q^ax_�q�qCQA]sQAal[9N�Q\]sQAN�a�NkTcds]sdeSx_�Tcds�|�QASUTht�dV�CbZaUQZ�=TxQ��Gt�_���S\]sQ�q�aUQZprdsQAa\XZ_�SZÃ®�|� XZ����Scdet�wZaUQ�t�QAShaUQZ]s_�Txde�|��S�t'PºbZ[9N�d~��_�]sQZ�kXZQ�Ã®t�����XSWvoprbATcacde[jNkQZSZÃ¬XZQ�[9N�d�QASUTrpÙ_;TxbZaUd`_�]edsSUbrq�_�a«]sQ�À¨_�deTé[jNkQ

x = y
QAT
y = x

QZ���|QA��t�aUQZ�=Tr]`_p,lZprQ/aUQZ]s_�Txde�|�'g Ò �+aUQA��_���XÇÍ�Q�Ã¹QA�+acbAbZXZaUdeTcN�acQ�Ãì�|�3����TxQ�q�]eNkTJE�T
x → y

qC�|Nka�ac_�q�q�QZ]sQAa[9N'Pº�|��SZPºds�=TcbZacQAScSUQ^êh]`_\XZ]VE�TxN�aUQ¶aUbA¸�Q½mkd~�|Q½V�Txac_���SUdeTxd~�|QÈQAT��k�|��SUvjprbATxaUds[9N�Qh�
x→ y

QnT
y →x�'PºQZ�k�|QZ��tkacQZ�=TÈq�_�Su]`_�p,lZprQOacQA]`_�Tcds�|�

�
g

{�TC� ���4�f%£!��»%£!$# #£�81 ��� � �4�m�!§® -!

} QZS�XZ�|�=TcQnmjTxQAS/À¾�|N�aU��dsSUScQA�9T�Nk��Q _�NkTxaUQñds�=TxQAacq�aUbATÇ_;Txds���Ît�QZS�acQA]`_�Tcds�|�kS�t�QÛacbAt�N�XnTxds���'Ã�q�]sNkSXZ]s_�ScSUds[9N�Q�QA�/aUbZbZXAacd~TxN�aUQ�g�µ¶Q^p�_���dewZacQ¶ds�kÀ¾�|aUp�QA]s]eQ�Ã9ds]eS�Sc�|�=TuXA�|��SUTcacN�d~TxSuXZ��p�prQO]sQAS�bZ]ebZprQZ�=TxS�SUN�a]sQASc[9N�QA]sSlqC�|aWTxQA�9TÈ]`_�aUbZbZXAacd~TxN�aUQ�ÃÞpÙ_�dsS�QZ�/acQAp�q�]s_�ä�_��9TuNk���|bA��bZac_�TxQAN�aÈq�_�aÈNk�/SWvopé�C�|]eQ^Scq�bZXZds_�]ÅÃQZ�Ù�|bZ��bAax_�]�����Tcb
�
QAT¹acQAq�acbAScQZ�=Tx_��=TuN���QZprq�]s_�XZQAp�QA�9Tì]sde��acQ�g9ÌÈ��XA�|�=TxQ½moTcQ�_��|d~T¹SUN�a¹Nk��bZ]ebZprQZ�=TQZ��acQAp�qk]`_�äZ_��=T

�
q�_�a�]ðPRbA]sbZprQZ�=TuQA�/[9N�QASUTxde�|�'g

� ��Tc�|��Sr[9N�Q�XAQZ]`_ñacQAScSUQZp«��]eQÊê N���Q�����Txde�|�àt'P·_�q�q�]sdeX�_�Tcds�|� ORizXtIFSUizGJWnÃ7X�PRQASUTUVYê;VYtkdsacQ�NkTcds]sdeSx_��=TQnmk_�XnTxQAp�QA�9T�N���Q�XA�|q�deQ�t�Q/Sc�|�Î_�ac�|N�prQZ�=TZg Ò �+QN�ãQnT�Ã¹Nk��QÊ_�qkq�]sdeX�_�Tcds�|�y]sde��b�_�dsacQ�t'PºN��+QAScq�_�XZQ�|QAXATc�|acdeQZ]¹t�_���S«N��y_�NkTxaUQ�QZSWT�t�Q�]`_�À¾�|acprQ
x 7−→ ax

Ã¬��º
a
QASUT�N�� SUX�_�]s_�dsaUQ/�JQZ]s]eQ�tk�|deTéNkTxde]sd~VScQAa«N���QrÀ¾�|dsS\Sc���y_�ac�|Nkp�QA�9Thq��|N�aéqkac�jt�N�dsaUQ�]eQ�aUbZSUN�]eTx_�T«QnT«��Q�qCQANkT«q�_�S«t�dsSUqC��ScQZaht�QÙqk]sN�Sht�QXZ��q�dsQASZÃ¬XA�|�=Txac_�dsaUQZprQZ�=T�ÃJq�_�a«Q½mkQAp�qk]sQ�Ã¬êÊN���Q�_�qkq�]sdeX�_�Tcds�|� [9N�_�t�ac_�Txde[jNkQ�[9N�d�NkTcds]sdeScQrt�QZNjmÚÀ¾�|deSSc���/_�ac�|N�prQZ�=TZg�µ¶Q^p»lAp�Q�Ã�]ÅPºdsprq�]edsX�_;Txds���r]eds��bZ_�dsaUQ¶QASUTuN���Q^dep�q�]edsXZ_�Txde�|��]e�|�|de[jNkQO[9N�dGNkTxde]sdeScQ¶Nk��QÀ¾�|deSÔQnT¹Nk��Q¶SUQZN�]eQÈSU�|�ÙÍ=vjqC��TxÍ�wAScQOq��|N�aÔq�ac�jt�N�deacQuSx_\XZ�|�kXZ]sNkScds���'Ã=XZ�|�=Tcax_�deacQZprQZ�=T¹êh]ðPRdep�q�]edsXZ_�Txde�|�XZ]s_�ScSUds[9N�Q^[9N�dGq�QZNkTlt�deScq��|ScQAa�t'PRNk��Qhde�k����d~TxbOtkQhXA�|q�dsQAS�t�Q^XZQnTcTxQ\Í=vjqC��TcÍ�wZSUQ�g
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} PRde�9TcbZaulATOqkacds�kXZdsq�_�]®t�Qé]ðPRde�9Tcac�jt�N�XnTxds���/t�QASOXZ���9TcQnmjTxQAS�QZSWTOt'PºbZ]edsprds��QAalQA��XZ��acQéqk]sN�SÈ]ÅPºNkTxde]sdsSc_;VTxde�|��t�Q^]`_«SWTxaUN�XATcN�acQ^t�Q^pr�|����¿Åt�QOt�_��kSl]eQZS�XA�|��SUTcacN�XnTxde�|��Su[9N�Q^���|N�S�À¨_�deSc�|��S��kds]'SUQZax_�t'PR_�NkTx_��=Tq�]eN�SrÀ¨_�XZds]eQ�t�Q�aUQZprq�]`_�XZQZa�]ðP·_�tEûU�|��XATcds�|�ÿ~¨pr�|����¿�t�Q�]sde��acQÙVé�|N��k]sdz�éq�_�a�]ðP·_�t;ûU�|��XnTxds���ÿ~¾�|q�bZax_�t�Q]sde��acQlVÔ�|N���]edz�ng
ÐH��_��=T�tkQ�t��|����QAa�N���Q¶t�bA���kdeTxde�|��q�]eN�SìÀ¾��acprQZ]s]eQÈtkQZS�XA�|�=TxQnmjTcQZSuScN�a¹N���p�������¿�tkQ�Ã9�|��v|�|�kSlXAQ[9N�Q\Sc�|�=Tl]sQAS�p��|aUq�Í�deScprQZS�t�Q

M
V�p��jt�N�]eQZSO�

a ±\b @HK¾B�K D @�clÓ �|dsQA�=T
M

N��åp��|�k��¿�t�Q�_�de��ScdØ[9N�Q
X
QAT
Y
t�QZNjm

M
VYpr�ot�Nk]sQZSAgHÌÈ�òopkCG°�(�si�KNopW

gsW
M
:"opk}gUMPO�WLKµgsW

X
�UWNGJK

Y
QZSUTâN��kQ#_�q�q�]sdeX�_�Tcds�|�

ϕ : X −→ Y
TxQA]s]eQ [9N�Q�Ã�q��|N�aTx��N�S

a ∈ M
QAT

x ∈ X
Ã
ϕ(ax) = aϕ(x)

QAT
ϕ(xa) = ϕ(x)a

g } QAS
M
VYpr�otkN�]sQAS�QAT�]sQAN�acSpr�|acq�ÍkdsScprQZS¹SZPº�|ac�=_���dsSUQZ�=TlQZ��N���Q\X�_�TcbZ�|�|aUdsQO�k��TxbAQ

M
V
MOD

g
�

� �|NkSì_����|��SØ�CQASc�|de��t�Qu]`_O����Tcds�|��tkQlpr�jt�N�]sQ¹]sds�kacQ�SUN�a7N��rp��|�k��¿�t�Q�g=¡O�r����TxQ
U
]sQ�À¾�|��XnTxQAN�a�|N��k]sd'[9N�dðÃ�ê«Tx�|NkT

M
V�p��jt�N�]eQ�Ãk_�ScSU�oXAdsQ^Sc�|��QZ�kScQZpé��]sQ^Sc��N�SWV~ûc_�XZQA�9TZg

a ±\b @HK¾B�K D @�c®Ó �|deQZ�=T
M
N��\pr�|����¿Åt�Q7QAT

X
N��hQA��ScQAp«��]eQ�g;¡O�é_�q�qCQA]s]eQ

M
:"opk}gUMsO�W)ORij|}GLW$WNXsqsWNX½gUGJI

�YSUG
X
Tx��NkT^XZ�|Nkq�]sQ

(L, i)
XA�|p�q��|SUb�t'PRNk�

M
V�p��jt�N�]eQ

L
QAT^t'PºN���Qr_�q�qk]sdsXZ_�Txde�|�

i : X −→ UL�|bAacd~�Þ_��=T��ãq��|N�a¶Tc�|NkT
M
VYpr�ot�Nk]sQ

A
QATOTc�|NkTcQ�_�q�q�]edsX�_;Txds���

f : X −→ A
Ããde]¬QnmodeSUTxQ�Nk�ÛN���ds[9N�Qpr�|acq�ÍkdsScprQOt�Q

M
V�p��jt�N�]eQZS

f̄ : L −→ L
TcQZ]G[9N�Q\]sQOt�ds_��|ac_�p�prQ

X
i //

f !!C
C

C
C

C
C

C
C

UL

U f̄
��

¬©
ULXZ�|prp«NkTcQ�g

��J�|Nka\Tc�|NkT\QZ��SUQZp«�k]sQ
X
ÃG]sQ�pr�ot�Nk]sQ�]sde��acQ�[9N'Pºds]7QA���|QA��t�acQ�QnmodsSWTxQ¸�®����N�Sé_�]s]s����S�QZ�át��|����QAaN���Q^XA�|��SUTcacN�XnTxde�|�'g

¡O� tkbA����d~T Sc����QZ��SUQZp«��]eQÎSc�|NkSWVeûc_�XZQZ�=T
MX

XA�|p�prQ3]ðPRQA��ScQAp«��]eQ+t�QZSÚTcacdeq�]sQnTxS
(a, x, b)_��|QAX

x ∈ X
QAT
a, b ∈ M

ÃHq�N�deSé]sQASé_�XATxde�|��Shê/�=_�N�XÇÍ�QÙQnT�ê�t�ac�|d~TxQrq�_�a
a(b, x, c) = (ab, x, c)QAT

(a, x, b)c = (a, x, bc)
g'µO_���S�]sQhX�_�SO�Uº

M = 〈Y 〉
ÃC�|�Ûq�QZNoT^_�N�SUScd¬de�=TxQZaUq�acbnTxQAa

MX
XZ�|prprQ]ÅPºQZ�kScQZpé��]sQ�t�QAS�bA]sbZprQZ�=TcS�t�Q

〈X q Y 〉
XZ���9TcQZ��_��9T�t�_��kS�]eQZN�a�t�bAXZ�|prqC��ScdeTcds�|� Nk�2QnTÙN��àScQAN�]bZ]ebZprQZ�=Tut�Q

X
g

} P·_�qkq�]sdeX�_�Tcds�|�
i : X −→ UMX

QZSUT\t�������bZQ�q�_�a
i(x) = (∗, x, ∗)

g Ò �á��bZ��bAax_�]ðÃã�|�ÛQA��]swn�|Q]sQAS�q�_�aUQZ�=TxÍ�wAScQASZÃ�t�Q^Sc�|aWTxQ^[9N�Q
(a, x, b)

QZSWTÈ�k��Txb
axb

QnT
(∗, x, ∗)

ÃkTc�|NkTuScdep�qk]sQZprQZ�=T
x
g

» 8;DÞ57D ©�K²BEK D @3³^c æ c Z�kCiTWNX(Q
M
MsXropkCXtkC¿jgsWmWNQ

X
MPXÀWNXYK?WNo,|}O�W k Ç�O�kCGJK�O�W�hLkCM?�½O�W (MX, i)

WLKNQ
K?kCORMsQviTkCXAgUMm�½GJkU|}O��NopW�gsW

M
:"opk}gUMsO�WHORij|}GJW�WNXsqsWNX½gUGJI��YSUG

X k
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n INopkCXYKNQjGuSUQviTkCX k ¡O�Ê�|bZaUde��Q�[9N�Q MX
QASUT^N��

M
VYpr�ot�Nk]sQÙ�C]sQASOt�QZNjmñq�acQAp�dewZaUQZSOQnT�t�QZNjmñt�QZa×V��dewZacQAS�acQA]`_�Tcds�|�kSÔqkac���jdsQZ�k��QZ�=Tut�QAS�acQA]`_�Tcds�|��SÔt'PR_�ScSU�oXAd`_�Tcde�jdeTcbuQAT�t'PºN���d~TxbÈt�Q

M
�o]s_\Tcac�|deScdswAp�QlQZSWT�|bAacd~��bZQlq�_�aØ]sQASØt�QZNom�_�XATxde�|��SØt�bn����dsQASìSUN�a

MX
Ã=q�N�deSc[9N'PºQZ]e]sQZSÔ�'PR_��|deScScQA�=Tìq�_�S¹_�N�p,lZprQ�QZ��tkac�|d~Tt�N�TxaUdsq�]eQAT�g

Â�_�de�9TcQZ��_��9TZÃìSU�|dsQA�=T
A
N��

M
VYpr�jt�N�]sQ�QnT

f : X −→ UA
N��kQ�_�qkq�]sdeX�_�Tcds�|�'g7¡��2t�bA����deT

f̄ : MX −→ A
q�_�a

f̄(a, x, b) = af(x)b
Ã�XZQh[9N�dJtk�|����Qh��dsQA��N��Êpr�|aUq�Í�dsSUp�Q^t�Q

M
V�p��jt�N�]eQZSZgµ¶Q�q�]eN�SZÃ'Tc�|NkT^pr�|acq�ÍkdsScprQ«t�Q

M
V�p��jt�N�]eQZS

g : MX −→ A
t��|deT¶�|bZaUde��QAa

g(a, x, b) = ag(x)bX�_�a
(a, x, b) = a(∗, x, ∗)b

Ã�de]oQASUT7t�����X�QZ�=TxdewZaUQZprQZ�=T7t�bnTxQZaUp�de��b¹q�_�a ScQAS ��_�]sQAN�acS SUN�a ]eQZS bA]sbZprQZ�=TcSt�Q
X
Ã�tãPR��º�]ÅPºN���deXZd~TxbOt�Q

f̄
g

♦a ±\b @HK¾B�K D @�c�Ó ��deT
M

Nk��pr�|����¿Åt�Q�g�Ìl� hLkCX(Q"WC'�QnW�KNMsG
M

QASUTÈN���bA]sbZprQZ�=Tlt�N
M
VYpr�otkN�]sQ�]eds��aUQQZ�k�|QZ��tkacbñq�_�a

{�}
Ã�Nk�âQA��ScQAp«��]eQ aUbZt�NkdeT�ê N�� ScQAN�]�bZ]ebZprQZ�=T�Ã¹����Txb

�
g } Q

M
VYpr�jt�N�]sQ�t�QZSXZ���9TcQnmjTxQAS¶SUN�a

M
QASUTl����Tcb

CM
g

�µéPR_�q�acwAS�]`_rXZ�|��SWTxaUN�XATcds�|�Ût�NÛpr�jt�N�]sQ\]sde��acQ\QZ�k�|QZ��tkacb«q�_�a
{�}

ÃC]eQZSObA]sbAp�QA�9TcS¶t�Q
CM

Sc���9TTx��N�SÈtkQ\]s_«À¾�|acprQ
x�y

ÃÞ_��|QAX
x, y ∈ M

g } QZSlXZ���9TcQnmjTxQASO_���dsScSUQZ�=TÈScN�au]sQASÈbA]sbAp�QA�9TcSut�Q
M

t�Q\]`_p�_���dswAacQOSUN�de��_��=TcQr��SUd
C ∈ CM

QnT
a ∈M

Ã����/����TxQ
C[a]

]ðPRbA]sbZprQZ�=T
xay

Ã�Scd
C = x�y

g
¡O�+qCQANkT�Ãìt�QÊ]s_ p,lZprQ/À¨_�äA�|�'ÃÔt�bA����dsa�]ÅPR_�XATcds�|�àt'PºN��ÎXZ�|�=TcQnmjTxQÊSUN�a�N�� _�NkTxaUQ�XZ���9TcQnmjTxQå�q��|N�a
C,D ∈ CM

Ãl�|�â����TxQ
C ◦ D = xz�ty

ÃuScd
C = x�y

QAT
D = z�t

gÈÐÈds��SUdÅÃ�q��|N�aTx��N�S
C,D ∈ CM

QnT
a ∈M

Ãj�|��_r�
(C ◦D)[a] = C[D[a]]

gkµ¶Qlq�]eN�SZÃ9]ÅPº�|q�bZac_�Txde�|�
◦
QZSWT�_�SUSc�jXZds_;VTxd~�|Q^QATÈ_�tkp�QnT

� = ∗�∗
XA�|p�prQ�bZ]ebZprQZ�=Tl��QZNoTxacQhê��=_�N�XÇÍkQhQnT¶ê�t�aU�|deTcQ¶VØTx�|NkTlXAQZ]`_�QASUTÈt��|����bq�_�a�]s_�SUTxaUN�XATcN�acQ^t�Q\pr�|����¿Åt�QOt�Q

M
g

} QZS�XZ�|�=TcQnmjTxQAS�À¾�|aUp�QA�9T�tk�|��X�N��yp�������¿�tkQ
CM

[9N�du_��|d~T�êÛ�=_�N�XÇÍ�Q�SUN�a�]ÅPºQZ��SUQZp«��]eQ
UMSc��N�SWV~ûc_�XZQA�9T�ê

M
gu�¹QÛp�������¿�tkQÊQZSWT�dsSc��p��|aUq�Í�Q�_�NÎp�������¿�tkQ

M × M op
Ãìt'PRQA��ScQAp«��]eQÛSc�|N�S×Vûc_�XAQZ�=T

M ×M
QATlt�Q^q�aU�otkN�deT

(x, y).(z, t) = (xz, ty)
g

¥ 6 ° §�8 ô <®6 c �lQA�=_�actk�|��S\]sQZS\XÇÍ��|SUQZS«tãPRN��áqC��ds�=TétkQr�jN�Q�N��Úq�QZNåqk]sN�S\�|]s����_�]Åg } QAShXA�|�=TxQ½moTcQZSSc���9T�t�QAS�bZ]sbAp�QA�=TxS�t�Q
M

_��|QZXñN��âSUvjp«���|]eQ
�
�����âq�QZNoT�dsp�_��|ds�kQZaÙtkQZS

2
VYXA�|�=TxQ½moTcQZSAÃu_���QZXt�QANomrSUvjp«���|]sQAS

�
Ã=q�NkdsSØt�QZS

n
V�XZ�|�=TxQ½mjTxQZSìqC��N�a Tx�|NoT

n ≥ 1
g } QASÔbA]sbAp�QA�9TcSìtkQ

M
�|�=T�Ã9QZNjmãÃæ
AbZac�SUvjp«���|]eQ

�
��XZQ¹Sc�|�=TØt�QAS

0
VYXA�|�=TxQ½moTcQZSAg Ò �raUQZp�_�ac[9N�_��9T¬[9N�Q�]ÅPº�|�«q�QZNkT XZ�|prqC��ScQZaJN��

n
V�XZ�|�=TcQnmjTxQ_��|QAX�N��

m
VYXA�|�=TxQnmjTcQ�t�Q

n
À¨_�äZ�|��S¬t�dV�CbZaUQZ�=TxQAS$~¨SUQZ]s���«]sQ

�
t�N

n
VYXA�|�=TxQ½moTcQ�[9N�Q�]ÅPº�|�éaUQZprq�]`_�XZQ¹q�_�a]sQ

m
VYXA�|�=TxQnmjTcQ?�hQnT�[9N�QÙTx��NkTxQASéXZQAS�XZ�|prq��|Scd~Txds����S��|bZaUde��QA�=T�t�QZSéq�ac�|qkacdsbnTxbAS«t'PR_�ScSU�oXAd`_�Tcde�jdeTcbrQnTt'PºN���d~Txb�Ã=����_�aUacde��Ql_�N�XA�|��SWTÇ_�TìScN�d~��_��=TÈ�(O SmGJINMsX(iTkCX gsW�Q"kCM�K�O�WLK

n
:FhLkCX(QnWC'�Q"WLK�%(�(kCMPGÃQ"kCMPQ

n ∈ N
%

�(k?KLK?�FgsW-MsXtW8KNQjG6M{hNQjMPGJW�gGFekL�(INGuS�gsW�hNO SCKLKNiBA}M(WOA}Msi�GuSN���(WNOzO�WÍwxkCG6Q"WNopWNopWNX(Q¾hLWNOzO�W�gUizQnW gsWLK¾�(WNQjizQüK
hNMY|NWLKngÞ�¹QATUTxQh_�q�q�aU�oXÇÍ�Q^QASUTlN���t�QZSlX�_��kt�dst�_;TxS�q��|N�a�t�bAXZacdeacQ^]ÅPzWLKLK?WNXthLW�tkQ\]s_«acbAbZXZaUdeTcN�acQ�g
Ó d=XZQnTcTcQ7acQZp�_�aU[jNkQÔ�ãP·_�q�_�SGQA��XZ��acQØt�Q7XZ����ScbA[jNkQZ��XAQ�Ã;QZ�\acQA��_��kXÇÍ�Q�Ã�]eQZSé~

1
V��×XZ�|�=TxQ½mjTxQZS®t�������QZ�=TN���Qé���|Nk��QZ]s]eQhde�=TxQZaUq�acbnTÇ_�Tcds�|�/t�QZS¶dst�bZ_�Nom/t�Q

M
g � ��Tc�|��SÈ[jNkQ«]ÅPR_�XATcds�|��t�Q

CM
ScNka

M
SAPRbnTxQZ�ktê

M2
QA�/Nk��Q\_�XATcds�|��t�ds_��|�|��_�]sQé�

C[(a, b)] = (C[a], C[b])
g
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M
MsXropkCXtkC¿jgsW¾WNQ

R
MsXtW3�YSUGNQjiTW�gsW

M2 k D£WLK�INO�INopWNX(QzK�gsW�O$F ijgsIFSUOgsW
M
WNXsqsWNX½gUGJI��YSUG

R
K?kCX(QÃWC'æSshNQ"WNopWNX(Q)O�WLK�INO�INopWNX(QzK¾gsW

M2
gsW�O SÍwxkCG6opW

C[α]
�(kCMPG

α ∈ RWNQ
C ∈ CM k

n INopkCXYKNQjGuSUQviTkCX k Ó �|deQZ�=T a, b ∈ M
TxQZ]eSñ[9N�Q

a → R b
g^Ð¶]s��acSZÃ¶q�_�añt�bA����deTcds�|��t�Q

→ R

Ã�ds]QnmodeSUTxQ
α ∈ R

QnT
u, v ∈ M

TcQZ]sS�[9N�Q
(a, b) = uαv

g Ò ��q��|Sx_��=T
C = u�v

Ãu�|��_3��deQZ�
(a, b) = C[α]

gG�ubZXZdeq�ac�j[9N�QZprQZ�=TZÃ'Sc�|deQZ�=T
α ∈ R

QAT
C ∈ CM

gH�¹��p�prQ
C
QASUT\N��ñbZ]ebZprQZ�=T^t�N

M
V�p��jt�N�]eQ¹]sde��acQìQZ����QZ��t�aUb�q�_�a

{�}
Ã�ds]jQnmodsSWTxQ

u, v ∈M
TxQZ]eS [9N�Q

C = u�v
g=µ¶����X

C[α] = uαvQATlX�PRQASUTlt��|��X^N���bZ]ebZprQZ�=Tlt�Q^]ÅPºdst�bZ_�]
→R

g
♦

{�T�� | 1�2$#ª!5�f%70�%£4X�4�   �n��� � ���m�t§( -!¤!�%��-1¶�4��.N¢$� !  -! � ��%7#
� �|NkSh_�]s]s����S�_����|actkQZa^dsXAd ]ÅPºN��ñt�QZS^q�aUds��XAdsq�_�NomÛXÇÍ�_�p�q�S^t'PR_�q�qk]sdsXZ_�Txde�|�Ût�Q�]`_�aUbZbAXZacd~TxN�aUQ�t�Qpr��TxSAg � �|N�Sr�|QZaUac�|�kSÙQZ�kScN�d~TxQ�XA�|prp�QA�9T�]`_ñacbAbZXAacdeTcN�acQ�À¾�|N�aU��deTrN���Q/acbAqC�|�kScQï~¾q�_�aWTxdsQA]s]eQ?�«êáXAQq�aU�|��]swAp�Q�g
� �|NkSh_����|��S��jNá]s_�����Txde�|�Ût�Q�pr�|����¿Åt�QZS�]eds��aUQZSZg'�¹QZq�QZ��t�_��=T�Ã®ds]eSO��Q�]sQ�SU�|�=T\q�_�SOTx��N�S��'N���|aU�|N�q�Q�ÃØp»lAp�Q�]eds��aUQ�Ã7��Q�]ÅPºQZSWTÙq�_�S�QA�3TÇ_��=T�[9N�Q�pr�|����¿Åt�Q�Ã7Sc_�NkÀ�SAPRde]uQZSUT�TxaUde�jd`_�]ðg7�¹QAqCQA��t�_��=T]sQASépr�|����¿Åt�QZS\]sde��acQAS\À¾��N�ac��deScSUQZ�=T«N��kQÙp�_���dswAacQrq�ax_;Txds[9N�Q�t�QÙtkbZXZaUdsaUQ�Tx��N�Sé]eQZSh_�NkTxaUQZSAÃ¬QZ�å]sQZNka_�t;ûU��ds�|��_��9T�t�QZS�GJWNO SUQviTkCXYKng
¡O�á�kmoQrN��åpr�|����¿Åt�Q�]sde��acQ

M
QAT
R
N���Q�À¨_�prds]e]sQétkQ�aUQZ]`_;Txds����S�ScN�a

M
ÃHX�PºQZSWTUV×êEVYt�deacQ�t'PºbZ]sb½VprQZ�=TxSlt�Q

M2
g��¹QATUTxQ^À¨_�prds]s]eQ¶de��t�N�d~TuN���Q8hLkCXsqUG6M{WNXthLW

≡R

ScNka
M
Ã�[9N�d®�'PºQZSWTO_�NkTxaUQ\[9N�Q

(R)rst
gÒ �«Q��CQATZÃ�ac_�q�q�QZ]e�|��S®[9N'PRNk��Q�XZ�����|acNkQZ��XAQ�ScN�a

M
QASUT Nk��Q¹aUQZ]`_;Txds���\�kds��_�deacQØacbn¸�Qnmod~�|Q�Ã�SUvjprbATxaUds[9N�Q�ÃTxac_���SUdeTxd~�|Q\QATÈ[9N�dJQASUT¶XZ�|prq�_�Tcds��]eQ^_���QZX«]s_rSWTxaUN�XATcN�acQht�Qépr�|����¿Åt�Q^t�Q

M
�CX�PRQASUT¶t��|��XhN���det�b�_�]t�Q

M
[jNkdHQASUTÈ_�N�SUScdGN��kQhaUQZ]`_;Txds����t'PºbZ[9N�de��_�]eQZ��XAQ�g

µ¶�|���k�|��S«N��kQ��|QAacSUds�|� Q½mkqk]sdsXAdeTcQrtkQÙXZQnTcTcQ�XZ�|�k�|acN�QA��XZQ�g7¡O�ÚSc_�deTht�b×ûcê�[9N�Q
(R) =→R

QZSWT]ÅPºdstkb�_�] tkQ
M

QA���|QA��t�acb�q�_�a
R
gHµ¶Q�q�]sN�SAÃ

(R)rt = �R

QZSWTé]s_�XA]�E�TcN�acQ�acbn¸�Qnmod~�|QnVÅTxac_���Scd~Txd~�|Qrt�Q
(R) =→R

g=ÕY]kÀ¨_�NkTì_�]e�|acS¬q�acQA��t�acQl]sQAS7XZ]VE�TxN�aUQZSØSUvjprbATcacds[9N�Quq�NkdsS7Txac_���Scd~Txd~�|Q�t�Q
(R)rt =�R

qC�|Nka�|�kTcQZ��dea
(R)rtst = (R)rst =≡R

gkÐ¶de��ScdðÃk�|��_
a ≡R b

SUd'QATuSUQZN�]eQZprQZ�=TuSZPºds]CQnmodsSWTxQ
c1, . . . , cn ∈MTxQA]sS�[9N�Qr�

a �Rc1 �Rc2 �R · · ·�Rcn �Rb.} QZSlXZ�|����acN�QA��XZQASÈ�|�=TlN���Q^q�aU�|q�aUdsbATcb�q�_�aWTxdsXAN�]sdewZaUQO[9N�Q^]ÅPº�|��qCQANkTlq�acbAScQZ�=TcQZalt�Q^pÙ_��kdswZaUQ�ds�oVÀ¾�|aUp�QA]s]sQ�XZ�|prprQ�ScN�d~T�� bnTÇ_��=Trt��|���kb�Nk�à���jûUQAT
X
q��|ScSUbZt�_��=TrN���Q�SWTxacNkXATxNkacQ�_�]s��bZ��aUds[9N�Q�Ã¬�|�q�QZNkTlQ��CQZXnTxN�QAaÈSU�|�sA}M{kCQjiTWNX(Q�q�_�a�Nk��Q^XZ�|����acN�QA��XZQ�Ã�Sc_���SlqCQAact�aUQ^]`_«SUTcacN�XnTxN�aUQ�g

�7]sN�S«À¾�|aUp�QA]s]eQZprQZ�=T�ÃHt�_���S�]eQ�X�_�SrtkQZS�pr�|����¿Åt�QZS��¬bATÇ_��9Trt�������bZS�Nk�2pr�|����¿Åt�Q
M

QAT�Nk��QXZ�����|acNkQZ��XAQ
≡
SUN�a

M
Ã��|��qCQANkTlXZ�|��SWTxaUN�dsaUQ\Nk� opkCXtkC¿jgsWnÃ�_�q�qCQA]sbMA}M(kCQviTWNX(Q¹t�Q

M
q�_�a
≡
Ã�t��|�=T

ë �
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]sQAShbA]sbAp�QA�9TcS^Sc�|�=T«Q½mk_�XATcQZprQZ�=T«XAQZNomát�Q
M
opk}gUMsO�k�]`_�acQA]`_�Tcds�|�

≡
ÃH�|N QZ��XA�|acQ�]sQZS^XA]`_�SUScQZSht�Q

≡
VYbA[jNkde��_�]sQA��XZQ\t�QAS¶bZ]ebZprQZ�=TxSÈt�Q

M
gã�J_�a¶Q½moQZprq�]sQ�Ã�SUN�a¶]eQ^p��|�k��¿�t�Q

N
p«N��kdJt�Q\]ÅPR_�t�tkdeTxde�|�'Ã�]s_acQA]`_�Tcds�|�

≡
ÃEt��|���kbZQÔq�_�a

x ≡ y
SUdjQnT¬SUQZN�]eQZprQZ�=TJScd

x
QAT
y
�|�=THp»lAp�QØq�_�acdeTcb�Ã�QASUT Nk��QìXA�|���|aUN�QZ�kXZQ¸�]sQl[9N���TcdsQZ�=T�tkQ

N
q�_�a¹XAQATUTxQOaUQZ]`_;Txds����t�������QON��Ùp��|�k��¿�t�QlXZ��p�q�aUQZ��_��9T¹t�QZNjm�bZ]ebZprQZ�=TxSAÃo�k��TxbAS

0QAT
1
QnTÈXA�|acaUQZSUqC�|�kt�_��=TlacQZSUqCQAXATcde�|QAp�QA�=TO_�Njm�QZ�=TxdeQZaUSlq�_�dsaUS�QATldsprq�_�deacSZg
µ¶�|���k�|��SuTx�|NkTutkQ\p,lZprQ�N���Q^t�bn����d~Txds����tkQ\pr�|����¿�t�QO[9N���TxdsQA�=Th�

a ±\b @HK¾B�K D @�c�Ó �|deQZ�=T
M

N�� p�������¿�tkQÊQAT
≡
N���QÛXZ�����|acNkQZ��XAQ SUN�a

M
gu¡O�â_�q�q�QZ]e]sQ¸A}M{kCQjiTWNX(Q

gsW
M
�YSUG
≡
Tc�|NkTØXZ��N�q�]sQ

(N, π)
XZ�|prq��|Scb�t'PºN��rp�������¿�tkQ

N
QATÔt'PºN���p���acq�Í�deScprQ�t�Qupr�|����¿Åt�QZS

π : M −→ N
�|bZaUde�Þ_��9T

π(x) = π(y)
q��|N�a«Tx��N�S

x, y ∈ M
TcQZ]eS�[jNkQ

x ≡ y
QATrN���d~�|QZaUScQA]sSq��|N�a¹XAQATUTxQOq�aU�|q�aUdsbATcb�ÃjX�PºQZSWTUV×êEVYt�deacQé�jq��|N�aìTc�|NkT¹p��|�k��¿�t�Q

N ′
QnT¹Tc�|NkT�pr�|aUq�Í�dsSUp�Qlt�QOpr�|����¿�t�QAS

π′ : M −→ N ′
TcQZ]Ø[9N�Q

π′(x) = π′(y)
t�wZSh[9N�Q

x ≡ y
ÃHde]7QnmodsSWTxQ�N��ÚN���de[9N�QÙpr�|acqkÍ�dsSUp�Q�t�Qpr�|����¿Åt�QZS

ϕ : N −→ N ′ TcQZ]G[9N�Q^]sQ�t�ds_��|ac_�p�prQ

M
π //

π′

!!B
B

B
B

B
B

B
B

N

ϕ

��

¬©
N ′

XZ�|prp«NkTcQ�g
�

¡O�+Txac��Nk�|QÊNk��QÊSc��]sNkTcds�|�'ÃØ����TxbZQ
M/ ≡

_�de��Scd\�ìXA�|prp�Q/]`_áaUQZ]s_�Txde�|�
≡
QZSWT�N���Q�acQZ]s_�Txde�|�t'PºbZ[9N�d~��_�]sQZ�kXZQ�Ãk�|��qCQANkTuXZ����Scdet�bZaUQZa�]sQ¶[jNk��TxdeQZ�=T�t�Q

M
q�_�a
≡
Ã�]eQÈTc�|NkTut�_��kS

ENS

�o�|������TxQ
π
]`_ScNka¾ûUQZXnTxde�|�/XZ_����|�kds[9N�Q�g

} QrÀ¨_�d~T\[jNkQ
≡
SU�|deTh_�N�SUScdÔN��ådet�b�_�]Ã~¨X�PºQZSWTUVYê;VYt�deacQrN���QracQA]`_�Tcds�|�ñXZ��p�q�_;Txds�k]sQ�_��|QAX�]`_�SWTxacNkXnVTxNkacQ?��_�ScScNkacQ^[9N�Q^]ÅPº�|��qCQANkT�Txac_���SUqC�|aWTxQAa�q�_�a

π
ê«]ÅPºQZ�kScQZpé��]sQ

M/ ≡
tkQZS�XZ]s_�ScSUQZSut'PºbZ[9N�d~��_�]sQZ�kXZQ]`_«SWTxaUN�XATcN�acQ^t�Q^pr�|����¿Åt�QOt�Q

M
��]ÅPR_�q�qk]sdsXZ_�Txde�|�

π
QASUTÈ_�]e�|acS�_�NkTx�|p�_�Tcds[9N�QZprQZ�=T�Nk��pr�|aUq�Í�dsSUp�Qt�Q^pr�|����¿Åt�QZSAg

µ¶Q¶qk]sN�SAÃjTc�|NkTìp��|aUq�Í�deScprQltkQ¶pr�|����¿Åt�QZS
π′ : M −→ N

[9N�dãdet�QZ�=Txd~��Qut�QZNjm�bA]sbZprQZ�=TcS¹t'PºN���Qp,lZprQrXA]`_�SUScQ�t'PRbA[9N�de��_�]eQZ��XAQÙScQrÀ¨_�XATc�|acdeScQ�t�Q�pÙ_��kdswZaUQ�N���ds[9N�Q�q�_�a
π
�®ScdðÃ®qC�|Nka\Tc�|NkThbZ]sbAp�QA�=T

a ∈ M/ ≡
Ã®�|�áqC�|SUQ

ϕ(a) = π′(x)
ÃH_��|QAX

x
N��áacQAq�acbAScQZ�=Tx_��=T�[9N�QZ]eXZ�|��[9N�Qrt�Q

a
t�_���S

M
ÃH�|��|�kTcdsQA�9T

π′ = ϕ◦π
��QZ�k���ãÃ=q�_�a XA�|��SUTcacN�XnTxde�|�'Ã|]ðP·_�qkq�]sdeX�_�Tcds�|�

ϕ
QZSWTØN���p��|aUq�Í�deScprQ¹t�Q�pr�|����¿Åt�QZSAg

g èG6 ° 5J¦¾6 c � TÇ_��=TÈt��|���kbZQ\N���Q\q�acbAScQZ�=Tx_�Txde�|�
(X,R)

t�Q\p�������¿�tkQ�Ã��|��]sNkd®_�ScSU�oXAdsQ\]sQ^p�������¿�tkQ[9N���TcdsQZ�=Tlt�Q
〈X〉

q�_�a
≡R

Ã�����Txb^_�N�SUScd
〈X〉/R

g

ë��
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¡O��_�aUacd~�|Q^_�de��ScdGê�]`_«�k��Txde�|��QZSUScQZ�=TcdsQZ]e]sQ^t�N�q�_�ac_��|ax_�q�Í�Q��
a ±\b @HK¾B�K D @�c Ìl�«pr�|����¿Åt�Q

M
S�gUopWNQ�MsXtW5�½GJILK?WNX(QTSUQviTkCX

(X,R)
SAPRde]oQASUT7deSc�|pr�|aUq�Í�Qì_�N�p�������¿�tkQ_�SUSc�jXZdsb^ê

(X,R)
�

M ' 〈X〉/R.

¡O��tkdeTl_�N�SUScdG[9N�Q
(X,R)

QASUTlN���Q^q�aUbZScQA�=TÇ_�Tcds�|��t�Q
M
gÞÌl��Q^q�acbAScQZ�=Tx_�Txde�|�

(X,R)
QZSWT��ÁX(iTWScd

X
QAT
R
Sc���9TutkQZS�QZ�kScQAp«��]sQAS�����deSZg�µÈQZNom�qkacbZSUQZ�=TÇ_;Txds����S�t�QOpr�|����¿Åt�QZS

(X,R)
QAT

(Y, S)
Sc�|�=T

I$A}Msiz�CSUO�WNX(QnWLK\SUdGQZ]s]eQZS�q�aUbZSUQZ�=TxQA�9T¶]sQ�p,lZprQOpr�|����¿Åt�Q�Ã�X�PRQASUTWV×ê;V�t�dsaUQ�Scd7�
〈X〉/R ' 〈Y 〉/S.

�} Q\aUbZSUN�]eTx_�TuScN�d~��_��=TÈQASUTlQZSUScQA�9TcdsQA]Ô�
» 8;DÞ57D ©�K²BEK D @2³^ceß/cM¹ kCMsQ)opkCXtkC¿jgsWHS�gUopWNQ)MsXtW��½GJILK?WNX(QTSUQviTkCX k
n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T M N��àp�������¿�tkQ¸�7�|�à����TxQ

UM
SU�|�3QA��ScQAp«��]eQ�SU�|N�S×Veûc_�XAQZ�=T�gØÐ¶]e�|acS

MQZSWT¶deSc�|pr�|aUq�Í�Q^_�N/p��|�k��¿�t�Q^_�t�p�QnTcTx_��=TÈ]s_�q�acbAScQZ�=Tx_�Txde�|�
(〈UM〉, R)

��º
R
QASUTÈ]ÅPºQZ��SUQZp«�k]sQ^t�QZSacQA]`_�Tcds�|�kSO�

{

(a · b, a ·M b)
qC��N�a�Tx�|NkS

a
QAT
b
t�_���S

M ;

(∗, ∗M).

¡O��_«����Txb
·M

QAT
∗M

]`_épéN�]eTcdsq�]edsX�_;Txds����QAT�]ðPRN��kdeTxbÈt�Q
M
QAT
·
QAT
∗
XAQZ]e]sQZSìt�Q

〈UM〉
g � ��Tc�|��S[9N�Q�]`_hq�acQAp�dewZacQÈÀ¨_�p�de]s]eQ�t�Q�acQA]`_�Tcds�|��SìQZSWTu]`_hTx_���]sQÈt�Q�p«N�]~Txdeq�]sdeX�_�Tcds�|��t�Q

M
�o]`_éq�_�aUTxdeQO�=_�NkXÇÍ�Qt�N�XZ�|N�qk]sQuQZSWT¹]eQ�opkCQ À¾��acprblq�_�aØ]sQZS$O�WNQjQvGJWLK

a
QAT
b
~¨tk�|��XlN���pr��TÔt�Qlt�QZNjmÙ]eQATUTxacQASØt�_���S

〈UM〉
�QATr]s_Êq�_�aUTcdsQ�t�aU�|deTcQ�QZSWT�]eQ�acbAScN�]~TÇ_�T�t�Nàq�aU�ot�NkdeT�t�_���S

M
t�QASrbA]sbAp�QA�9TcS

a
QAT
b
tkQ

M
~¾t��|��XN��ÚbA]sbAp�QA�9Tht�Q

M
�jNÚXZ�|prprQrpr��Tht�QÙNk��QÙ]eQATcTcacQrt�_���S

〈UM〉
�½g¬�H�|N�aéXA�|��XA]sN�aUQ�Ã®ds]ØScNPÛrTét�Qpr�|�=TxacQAau[jNkQ

M
QZSUTÈSc��]sNkTcds�|��t�N/q�ac�|�k]swZprQ�N���d~�|QAacScQA]JtkQ\[9N���TxdsQA�=T¶t�N�pr�|����¿Åt�Q

〈UM〉
q�_�al]s_XZ�����|acNkQZ��XAQhQA���|QZ�kt�acbAQhq�_�a�]`_�q�_�aWTxdsQ

R
t�Q
〈UM〉2

Ã�XAQ\[9N�dG�kQ\q��|SUQh_�N�XZN��kQht�d ÛrXZN�]~Txb�g
♦

g èG6 ° 5J¦¾6 c Ó �|d~T
{a, b}

N���QZ��SUQZp«�k]sQÈê\t�QANomrbZ]ebZprQZ�=TxSAgj¡O�ÙXZ����SUTcacN�d~TìNk��pr�|����¿Åt�Q�Ã�����Txb
[a, b]

Ã_�de��Scd^�ØScQAS�bZ]ebZprQZ�=TxSrSc�|�=T�Tx�|N�Sr]sQAS
ambn

q��|N�a
m
QAT
n
QA�=TxdsQAacS��Ô]sQ�q�aU�ot�NkdeTrQZSWT�t��|�k��b�q�_�a

(ambn)(apbq) = am+pbn+q
gO¡O��p��|�=TcacQ _�deScbAp�QA�9T�[9N�Q

[a, b]
_�t�prQATÛ]s_2q�aUbZScQA�=TÇ_�Tcds�|������deQ

〈a, b〉/(ab, ba)
gØÐ�TUTxQZ�=Tcds�|�àXZQAqCQA��t�_��=TÊ�Øt�_���S�]sQ�X�_�Sr�|bA��bZac_�]ÅÃ7N��àpr�|����¿Åt�Q�_�t�prQATrq�]sNkScdsQAN�acSq�aUbZScQA�=TÇ_�Tcds�|��SuQnTÈde]'�'P v�_�_�N�XAN���Q\ax_�deSc�|��q��|N�a�[9N�Q^]ÅPºN���Q^t'PºQZ�=TxaUQhQA]s]eQZS�SU�|deT����kdsQ�g

�J�|SUScbAt�_��=T^N���Qhq�acbAScQZ�=Tx_�Txde�|�
(X,R)

t�Q
M
ÃC�|�/Sx_�d~T¶[9N�Qh]ÅPº�|��q�QZNoTObZXAacdeacQ^Tx�|NkTÈbZ]ebZprQZ�=T

at�Q
M

XA�|p�prQÙNk�àpr��TéScN�a«]ðP·_�]sq�Í�_��CQnT
X
ÃHX�PºQZSWTUV×êEVYt�deacQ�N�� bA]sbAp�QA�9T«t�N p�������¿�tkQ�]sde��acQ

〈X〉
g�¹QZq�QZ�kt�_��=T�Ã9N���Q�TcQZ]s]eQ�bZXAacd~TxN�aUQ��'PRQASUTìq�_�SØN���de[9N�Q��=QZ�rQ��CQATZÃ9_���QZXuXZQuq��|ds�=TØt�Q��jN�Q�Ã=]sQZS7bA]sbAp�QA�9TcSt�Q

M
Sc�|�=T\t�QZS^XA]`_�SUScQZS^t'PºbZ[9N�d~��_�]sQA��XZQ�t�Q�pr��TxSAg'Ð¶de��ScdðÃãQA�áXÇÍ���dsScdeScSc_��=ThNk� pr��T^t�Q

〈X〉
qC��N�a
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bZXAacdeacQ\N���bA]sbZprQZ�=T
a
t�Q

M
Ã��|��_rScQAN�]sQAp�QA�9TÈScbA]sQAXATxde�|����b\N��/acQZqkacbZSUQZ�=TÇ_��9TOq�_�acprdGt'PR_�NkTcacQZSÈt�Q]`_«XA]`_�SUScQ^t'PºbZ[9N�d~��_�]sQZ�kXZQ

a
g

} Qhq�aU�|��]ewZprQ\[9N�dHScQ\q��|ScQé_�]s�|aUS�QZSWTO]sdeb^ê�XAQhXÇÍ���d~m �Þds]GSAP·_���deTlt�QpgsILhNijgsWNG�Scd®t�QZNjm�bA]sbAp�QA�9TcSt�Q
〈X〉

acQAq�acbAScQA�9TcQZ�=Tu]sQup,lZprQubZ]sbAp�QA�=T¹t�Q
M
gk�¶PRQASUT¹XZQl[jNkQ¶]ÅPº�|��_�q�q�QZ]e]sQ�]sQ3�½GJkU|}O��NopW�gsW²opkCQüK

gsW
M
gÞ¡O��t�deT¹[jNkQ

M
_«N���q�ac����]swAp�QÈt�Q�p���TxS�gsILhNijg�S�|}O�W¶SZPºds]CQnmodsSWTxQONk��Q�q�acbAScQA�9Tx_�Txde�|�

(X,R)t�Q
M

_�ds��SUdJ[9N'PºN�� _�]s���|acd~TxÍ�prQ�[9N�d¬t�deScQ«SUd¬t�QANom�bZ]sbAp�QA�=TxSO[9N�QA]sXZ����[9N�QZS�t�Q
〈X〉

aUQZq�aUbZSUQZ�=TxQA�9T�|N����|��]sQ�p,lZprQ�bZ]ebZprQZ�=Tut�Q
M
g

{�T)º | 1¶�4��.N¢$� !+ -! � ��%7# !�%�15232$')1�46%7�-1�!
} _\aUbZbZXAacd~TxN�aUQlq�QZNoT¹_�q�qC��aUTxQAaØN���QuacbAqC�|�kScQlq�_�aUTcdsQA]s]sQ¹_�Nrq�ac�|�k]swZprQ�t�Qupr��TxS7t'PºN���p��|�k��¿�t�Q¶��|��NkTxde]sdsSUQ�dsXAd�]sQ�À¨_�deTÔ[9N�QÈ]`_�acbAbZXZaUdeTcN�acQlQZSWT�N���X�_�]eXZN�]Þt�QuÀ¾�|acprQZSÔ���|aUpÙ_�]sQZSAg Ò ��Q��CQATZÃ9ScN�q�q��|SU�|��S[9N�Q
(X,R)

Sc�|d~T^N���Qrq�acbAScQA�9Tx_�Txde�|� XZ�|�=�|QAac�|QA�=TxQ�gHÐ¶]e�|acSAÃ'q��|N�aOTx��NkT
u ∈ 〈X〉

Ã
u
q��|ScSUwZt�QrN���QN���de[9N�Q�À¾��acprQ����|acp�_�]eQ

R(u)
�7XA�|prp�Q�Tx��NkTrQZ��XÇÍ�_C;`��QAp�QA�9Trt�Q�acbAt�N�XnTxds����S�q�_�aUTx_��=T�tkQ

u
QAT_�aUacde��_��=Tlê�N���Q�À¾�|aUp�Q��k�|acp�_�]sQO_��C��NkTxd~T�À¾�|acXAbZprQZ�=TÈê

R(u)
QZ��N������|p«��aUQO����dGt'PºbATx_�q�QZSZÃÞ�|�/_N��å_�]s�|��acdeTcÍ�prQét�QrX�_�]eXZN�]7tkQ

R(u)
qC�|Nka^Tc�|NkT

u
gGÕY]7À¨_�NkT^XZQAqCQA��t�_��=T«_EûU�|NkTcQZa^]ÅPºÍ=voq���TcÍ�wZSUQ»�

RQZSWT�����d¼��Ã¬_;��� t�Q�SAP·_�SUScN�aUQZa�[9N�Q�]ÅPº�|�ÚQASUTr_�aUacd~�|b�êÊNk��Q�À¾�|acprQÙ�k�|acp�_�]sQ��¬��� q�_�ScSUQ�QZ� aUQA�jN�QTx��NkTxQAS�]sQZSÈacwA�|]sQAS�_����Ût�Q«���|dsaÈScd ]ðPRNk��Q«t'PºQZ�=TxaUQ�QZ]e]sQZSÈqCQANkT�SAP·_�qkq�]sde[jNkQZa�ê�]ðPRbA]sbZprQZ�=T¶XZ�|��SUdst�bAacb�g} Q^acbZSUN�]eTx_�TuScNkde��_��=Tu���|N�SÈ_�SUScN�aUQ\[9N�Q\XZQnTÈ_�]s�|��acdeTcÍ�prQlÀ¾�|�kXATxde�|����Q��
» 8;DÞ57D ©�K²BEK D @#³^c > c Z�kCiTWNX(Q

u
WNQ
v
gsWNM;'ïINO�INopWNX(QüK8gGF MsXtW¾�½GJILK?WNX(QTSUQviTkCX

(X,R)
hLkCX(�UWNGvqsWNX(QnW kÇ�O�kCGJK

u ≡Rv
KNi�WNQÁK?WNMsO�WNopWNX(Q¸KNi

R(u) = R(v) k
n INopkCXYKNQjGuSUQviTkCX k �¹�|prp�Q (X,R)

QZSUTrXA�|�=�|QZaU�|QZ�=TcQ�ÃØScd
u →R v

Ã7_�]s�|aUS
R(u) = R(v)

� �|�yQA�t�bAt�N�deT�[9N�Q�ÃìScd
u � R v

Ãì_�]s�|aUS
R(u) = R(v)

�Ôq�N�dsSr[9N�Q�ÃìScd
u ≡ R v

ÃÔ_�]s�|aUS
R(u) = R(v)

g�ubZXZdeq�ac�j[9N�QZprQZ�=TZÃ�Scd
R(u) = R(v)

Ã�_�]s��acS
u �R R(u) = R(v) �R v

QnTÈtk�|��X
u ≡R v

g
♦

µO_���S\]sQ�XZ_�S^t'PRNk��Q�qkacbZSUQZ�=TÇ_;Txds��� ���kdsQ�QAT\XZ���9��QZaU�|QZ�=TxQ�Ã¬�|� �|�kTcdsQA�9T^tk�|��XrN��áXAacd~TxwZaUQ�qC�|Nkat�bAXZdstkQZalScd
u ≡R v

Ã�X�PRQASUTUVYê;VYtkdsacQ^SUd
u
QAT
v
Sc���9TÈdstkQZ�=Txd~��bZSlt�_���S

〈X〉/R
���|��XZ_�]sXAN�]sQ^]sQAS�À¾�|acprQZS���|aUpÙ_�]sQZSÈt�Q

u
QnT
v
QAT^�|�ñ]sQASOXZ��p�q�_�acQéVu]s_�����d~TxN�t�Q�QASUT\��bAXZQZSUSx_�deacQ�q��|N�a¶��bZacd~��QZa�SUd7N��ñp���TQZSWTlN���Q�À¾�|acprQ����|aUpÙ_�]sQO�|N������'g

µ¶�|��X�ÃØScd
M

QASUT�N��3pr�|����¿Åt�Q�QATr[9N�Q/]ÅPº�|�yqCQANkT�Txac��Nk�|QAaÙN���Q�q�aUbZSUQZ�=TÇ_�Tcds�|�2XZ�|�=��QZac��QZ�=TxQ����deQ�t'PºN��/pr�|����¿�t�Q�Ã��|��QZSWTÈSuþ�aut�Q^qC��Nk�|�|dea�acbASc�|Nkt�acQ\Sc�|��q�aU�|��]swAp�Q¶t�Q^p���TcSZgÞ�¹QAqCQA��t�_��=TZÃ�XAQ�'PºQZSWTuq�_�S�N���XAacd~TxwZaUQOXZ��p�q�]eQATÈ�kXAQZaUTx_�ds�kS�p�������¿�tkQZS¹���9T�N���q�ac����]swAp�QÈt�QOpr��TxS�tkbZXZdet�_���]eQ¶p�_�dsS�'PR_�t�prQATUTxQZ�=TØq�_�S7t�Q�q�acbAScQA�9Tx_�Txde�|��XZ�|�=��QZac��QZ�=TxQu����deQ�Ã�XA�|prp�Q�]ðP·_Èp��|�=Tcacb Ó [9N�deQZa7t�_���S$= Ó [jN� =ÁC>ðg
Â�_�]e�|acblXZQA]`_kÃ9]`_^acQAXÇÍ�QZaUXÇÍ�QOt'PºN���Q¶q�acbAScQZ�=Tx_�Txde�|�ÙXA�|�=�|QZaU�|QZ�=TcQ�qC�|NkaìN���p�������¿�tkQÈQASUTìds�=TxbAacQZS×VSx_��9TcQÙ�ÞQZ]e]sQ^t��|�k��Qh[9N�_���tÊp,lZprQ\Nk��QéXA�|��t�d~Txds���/SUNYÛrSx_��=TxQéê�]s_rt�bAXZdet�_���de]sdeTcb�t�N�qkac�|��]ewZprQ^t�Qpr��TxSAg=�¬_�aUp�dk]sQZSØ�|NoTxds]eS q�QZacprQATUTÇ_��=TØt'PºQZ�rTxaU�|Nk�|QAaZÃ=����N�SÔ_�]s]e�|��S ����N�SØds�=TxbAacQZSUScQAa¹_�Njmm�½GJk?hLIFgUMPGJWLK
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gsW-hLkCo��½O�INQjiTkCX�gG�J�|NkahSUdsprq�]sd~��QZaAÃãt�deSc�|��S\[9N'PºN���Q�TcQZ]e]sQ�q�aU�oXAbZt�N�aUQ�qkacQZ�kt'ÃJQA�åQA�9TcacbAQ�Ã®N���Q�q�acb½VScQA�=TÇ_�Tcds�|�
(X,R)

QATÔ]ede�jacQ�Nk��Q�À¨_�p�de]s]eQ
R′
t�QuacQA]`_�Tcds�|��S¬ScN�a

〈X〉
tkQlSU�|aUTcQu[jNkQ

(X,R)
QAT

(X,R′)Sc��dsQZ�=T^bA[jNkde��_�]sQA�=TxQZSAÃGX�PºQZSWTUV×êEVYt�deacQ�[9N�Q
≡R = ≡R′

ÃGQAT^[9N�Q
(X,R′)

SU�|deTOXZ�|�=�|QAac�|QA�=TxQ�gHÐ¶de��ScdðÃãSUd]ÅPº�|��XA�|����_C;sTìN���QOq�aUbZSUQZ�=TÇ_�Tcds�|��tãPRN���pr�|����¿�t�Q
M
Ãk]eQ¶��NkT�t'PRNk��QOq�aU�oXAbZt�N�aUQOt�QOXA�|prq�]sbnTxds���ÙQZSWTt�Q^q�aU�ot�NkdsacQ�Nk��Q^q�acbAScQZ�=Tx_�Txde�|�	hLkCX(�UWNGvqsWNX(Q"W^t�Q^XZQ^p,lZprQ�p�������¿�tkQ

M
g

Ó �|d~T
(X,R)

N��kQ�q�acbAScQZ�=Tx_�Txde�|�Û����dsQ�gGÌÈ�kQ�q�ac�jXZbAt�N�acQ�tkQ�XZ�|prq�]sbnTxde�|�ÊXZ����SUTcacN�d~T�q�ac���|acQAScScdÝV�|QAp�QA�=T^N���Q«SUN�deTcQéXZaU�|dsSUSx_��=TcQ�Ããq��|N�aÈ]ÅPºds��XA]sN�SUds�|�ãÃ
(Rn)n∈N

t�QéÀ¨_�prds]e]sQZS�tkQ«acwA�|]sQAS¶t�Q«aUbZbAXZacd~TxN�aUQt�Q^TxQA]s]sQ�SU�|aUTcQh[9N�Q
→Rn

TxQZaUp�de��Q�QATÈ[9N�Q
≡Rn =≡R

q��|N�a�Tx��NkT
n
�Þt�Qhqk]sN�SAÃ��|�/��QZNkTÈ[9N�QéXAQATcTcQScNkdeTxQhXZ�|�=��QZac��Q«�|QZaUS�N���Q«]edsprdeTcQ

R′ TxQA]s]sQ\[9N�Q →R′

Sc�|d~T¶XA�|�k¸�N�QA�=TxQ�gGÕYtkb�_�]eQZprQZ�=T�Ã��|�ÊSU�|N�Í�_�d~TxQ½Vax_�deT^[9N�Q
(Rn)n∈N

Sc��deT\SUTx_�Txde�|����_�deacQ�g D ]`_����'Ã®�|�á_/t�����X�N���QÙqkacbZSUQZ�=TÇ_;Txds���áXA�|�=�|QZaU�|QZ�=TcQ�t�Npr�|����¿Åt�Q
〈X〉/ ≡R

g
¡O��_���QZSc��ds��t�Q^q�]sNkScdsQAN�acS���NkTxde]sS�q��|N�a�À¨_�XAds]sd~TxQAaì]s_�XA�|��SWTxacNkXATxde�|��t'PºN���TcQZ]e]sQ�q�aU�oXAbZt�N�aUQ�g Ò �q�aUQZprdsQZa�]edsQAN'Ã'ds]¬QZSUThSc��N�Í�_�d~TÇ_���]eQ�t�Qrt�dsSUqC�|SUQZa^t'PºN��åXA�|��t�d~Txde�|�ñScNYÛrSx_��9TcQr~¾QAT^�|bAacde��_���]sQx�OqC�|Nka[9N�Q
R ∪ {α}

TcQZaUp�de��Q^Scd
R
TcQZacprds�kQr��XAQZXAdJSUQZax_�À¨_�deTuQA�/��bZacd~�Þ_��=TÈ[jNkQh]s_rSU�|N�aUXZQ\t�Q

α
QASUTOqk]sN�S�|ac_���t�QO[9N�Q^SU�|����NkTZÃ�qC��N�a�N���Q�aUQZ]s_�Txde�|�Ùt'Pº�|aUt�acQ�SUN�a

〈X〉
_�v|_��=Tlt�QZS�q�aU�|q�aUdsbATcbZS��kdsQZ��XÇÍk�|dsSUdsQZSAg

µ¶QZNjmkdewZprQZprQZ�=T�ÃÞ�|�/��Q^��_�q�_�Su�|bAacd~��QZal[9N�Q\Tc�|N�Sl]sQASl�kax_���XÇÍkQZprQZ�=TxSOSU�|�=TØûU��ds�|��_���]sQASO�ÞXZQZ]s_XZ����t�N�deax_�d~TÙê N���Q/ds�k���kdeTxb�t'Pº�|q�bZac_�Txde�|��SZg Ò �3À¨_�d~T�Ã7de]lQ½modsSUTcQ�N��3XZacd~TxwAacQ�Scdsprq�]eQ�q��|N�ar[9N'PºN���Qq�aUbZScQA�=TÇ_�Tcds�|�Ê�&
^TcÍ�bZaUdsQA����Q«SU�|deTÈXZ�|�o¸�N�QZ�=TcQ��C[9N�QéTc�|NkTcQZS¶]eQZS$�YSUizGLWLK,hNG6izQviBA}M(WLK�QA���|QA��t�acbAQZS�q�_�aScQAS�acwA�|]sQAS¹SU�|dsQA�9T�XZ�|�k¸�N�QZ�=TxQASZg � �|N�S¹vraUQA�jdsQA��t�ac����SZÃopÙ_�deSìtkdsSc����S¹[9N�QO]eQZSìq�_�dsaUQZSìXZacd~Txde[jNkQZS¹SU�|�=T]sQAS���ax_���XÇÍ�QZprQZ�=TcS¶]s�jX�_�Nom�o�izX(izo,SUM('�QnT�XtkCX�QvG6iz�?ijSUM('�t�Q^]`_�q�aUbZScQA�=TÇ_�Tcds�|�'g
{�TC½ ¾ !�15� 4X� 0H4�#}�4� !�%¿��15 815!$#� �!¤1�2$  ��')%£4��4�

�È_�q�qCQA]s�|�kS�[9N'PRNk�	kCGugUGJW�KNQjG6iThNQ�ScN�a�Nk��QA��ScQAp«��]eQ
X
QZSUTuNk��Q�acQA]`_�Tcds�|���kds��_�deacQ

>
SUN�a

X
[9N�dq��|ScSUwZt�Q\]sQAS�q�ac�|qkacdsbnTxbASlSUN�de��_��=TcQZS^�

VÙ_��=Tcdsacbn¸�Qnmod~�od~Txb���q��|N�a�Tc�|NkT
x ∈ X

Ã
x ≯ x

�
VrTcax_���SUdeTcde�jdeTcb«��q��|N�a�Tx��N�S

x, y, z ∈ X
Ã�Scd

x > y
QnT
y > z

ÃÞ_�]s��acS
x > z

g
} PRdet�bZQ�QASUT�]`_/ScN�d~��_��9TcQÛ� ScNkq�qC��Sc�|��S�[9N�Q�]ðPR�|�åt�dsSUqC�|SUQ�t'PºN��y�|act�aUQ�SUTcacdsXnT

>
ScN�a
〈X〉

[9N�dSc��deTÈXZ�|prq�_�Tcds��]eQh_���QZX«]s_�SUTcacN�XnTxN�aUQ«t�Q«pr�|����¿�t�Q\QATÈTxQZ]H[9N�Q�ÃCqC��N�aÈTc�|NkTxQhacwA�|]sQ
α
tkQ

R
Ã��|�Û_�d~T

s(α) > t(α)
g Ó d

a →R b
ÃGX�PºQZSUT\[9N'Pºds] Q½modsSUTcQ�t�QZNomÛp���TcS

c
QnT
d
_�de��Scd¬[jNãPRN��kQraUwZ�|]eQ

α
TxQA]sS�[9N�Q

(a, b) = cαd
�o�|a

s(α) > t(α)
QAT
>
QZSWT�XZ��p�q�_;Txds�k]sQl_��|QZXÈ]sQlq�ac�jt�N�d~T�Ã=t�����X

a > b
gkµO_���S¹XAQ¶X�_�SZÃTx��NkT�XÇÍ�QAp�de��t�Q^acbZtkN�XATcds�|��QASUTuSUTcacdeXATxQAp�QA�=Tut�bZXAac�|deScSx_��9Tuq��|N�a

>
g Ó dÅÃot�Q�q�]eN�SZÃo]ÅPºÐO� Ó

(〈X〉, >)TxQAacprds��Q�Ã��|��ScQAax_r_�ScSUN�acb\[9N�Q
(X,R)

TxQAacprds��Q�Ã�QZ�/_�q�q�]eds[9N�_��=T�z�g·�kg
a ±\b @HK¾B�K D @�c Ìl�ÀkCGFgUGJW�gsWÍGJIFgUM{hNQjiTkCXÊScNkalNk��pr�|����¿�t�Q

M
QASUTlN���dst�bZ_�]

>
t�Q

M
[9N�d'QZSWTÈ_�N�ScSUdN����|actkacQ^SUTcacdsXnTuScN�a�~¾]ÅPºQZ��SUQZp«��]eQ�Sc�|NkSWVeûc_�XZQZ�=T¶ê��

M
QATuTxQA]G[jNkQ

(M,>)
TcQZaUp�de��Q�g
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¡O��_�t��|�kX�Ã�QZ��acQnÀ¾�|acpéN�]`_��=Tu]eQ¶TxÍ�bA�|acwAp�Q�z|gR���
ohDÞ8;D�¦¨¦¨§ K 8E6 ³^cÃÂ^c�� XtW$�½GLILK?WNX(QTSUQjiTkCX

(X,R)
QnWNG6o�izXtWHKNi�WNQéK?WNMsO�WNopWNX(QéK>F izO¸WC'�i�KNQ"W¾MsXÀkCGugUGLWmgsW

GJIFgUM{hNQjiTkCX�KNMsG
〈X〉

hLkCX(Q"WNX½SUX(Q
R k

µ¶�|���k�|��S�N��2QnmoQZprq�]eQ/XA�|N�ax_��9TÙt'Pº�|act�aUQ�t�Q/acbAt�N�XATcds�|�ú�Ø]ÅPº�|act�aUQÀgsWTqUO�WC'|gØ�H�|N�a�]sQ�t�bA���kdsaZÃds�=Tcac�jt�N�dsSU�|��S�t'PR_����|act�]ðPR�|aUt�acQ�O�WC'�iThLkFqUGuSN�(�siBA}M(Wng
¡O��ScNkq�qC��ScQé[9N�Q

X
QASUTÈN���QA��ScQAp«��]eQép«N��kdGt'PRNk�Ê�|actkacQ^SUTcacdsXnT

>
[9N�dHTcQZaUp�de��Q¸���|��]ÅPºbATcQZ��tê

〈X〉
QZ�Ûq��|Sx_��9T

x1 . . . xn > Ä *µÅ y1 . . . ym
~¾��ºÊ]sQAS

xi
QATO]sQZS

yj
Sc�|�=T�t�_���S

X
�ÈSUd¬]ÅPº�|�ÊQASUT^t�_���S]ÅPºN���t�QASÈt�QANom�XZ_�SuScN�d~��_��9TcS^�

z|g
n > m

QAT
xi = yi

q��|N�a�Tc�|NkT
i ∈ {1 . . .m}

�
�ogude]'QnmodsSWTxQ^N��

i ∈ {1 . . .m}
TcQZ]'[9N�Q

xj = yj
qC�|Nka�Tx�|N�Su]eQZS

j ∈ {1 . . . i− 1}
QAT
xi > yi

g
¡O�á_�t�����Xr_�N�ScSUd [9N�Q

∗ < Ä *µÅ u
q��|N�aÈTx�|NkT^pr��T

u
g Ó dÅÃãq�_�a�QnmoQZprq�]eQ�Ã

X = {x, y}
ÃC]ÅPº�|actkacQ]sQ½modsXZ���|ax_�qkÍ�ds[9N�Q^_�SUSc�jXZdeb^ê

x < y
��bZaUde��Q��

∗ < Ä *µÅ x < Ä *µÅ xx < Ä *µÅ xxy < Ä *µÅ xy < Ä *µÅ y < Ä *µÅ yx < Ä *µÅ yy.
� ��Tc�|��S�[9N�QåXAQATÊ��act�aUQ q��|SUScwZtkQÚ]`_ q�aU�|q�acdebATcbát'P¼lATcacQñTx��Tx_�]^Scd^]ÅPº�|aUt�acQñScNka

X
QZSUT/Tx��Tx_�]��acQApÙ_�ac[9N��|��Sh[9N�QÙX�PRQASUT«XAQZ]eN�dØNkTxde]sdsSUb�t�_���Sh]sQ�t�dsXnTxde�|����_�deacQ�q��|N�a\XZ]`_�ScScQAah]eQZS\p���TxSp~ð_��|QAX

X =
{a < b < c < · · · < z}

�½g'�¹QAqCQA��t�_��=T�ÃãXZQAT¶�|actkacQéSWTxaUdsXATÈ��Q\TxQZaUp�de��Q\q�_�S¶QA�Û�|bZ�kbZax_�]Åg Ò �ÊQ��CQATZÃ_��|QAXh]eQ�p»lAp�Q�Q½mkQAp�qk]sQ�Ãk�|��_�]eQ�XÇÍ�QZprds��t�Q^acbAt�N�XnTxds���/de�k����d'SUN�de��_��=T^�
y > Ä *µÅ xy > Ä *µÅ x2y > Ä *µÅ x3y > Ä *µÅ · · · > Ä *µÅ xny > Ä *�Å xn+1y > Ä *µÅ . . .�J�|Nka¹XZ��acacde�|QZaØXAQÈt�bnÀ¨_�NkTZÃo�|�rXZ����SUTcacN�d~T¹]ðPR�|aUt�acQ�gsWTqUO�WC'�ê\q�_�aUTcdsaØt�Ql]ÅPº�|actkacQu]sQ½mkdeXZ�|��ax_�q�Íkds[9N�Q�Ãp�_�dsS7QA��q�acQA��_��=Tìt'P·_��C�|aUtÙQA�ÙXZ��p�qkTcQu]`_^]s�|����N�QZN�aØt�QAS¹pr��TxSAgj¡O�ÙXZ��p�prQZ��XAQ�Tx�|N;ûU��N�acSì_��|QZXÈN���|aUt�acQ�SWTxacdeXAT

>
[9N�d TxQAacprds��QéScN�a

X
g'�ØNkdsS��|�ñq��|ScQ

x1 . . . xn > Æ *�Ç Ä *µÅ y1 . . . ym
Scd
n > m

��N SUd
n = m

QAT
x1 . . . xn > Ä *µÅ y1 . . . yn

gÞ¡O�/_�_�]s�|aUSZÃ�_���QZX\]sQ�p,lZprQ�QnmoQZprq�]sQ��
∗ < Æ *�Ç Ä *µÅ x < Æ *�Ç Ä *µÅ y < Æ *�Ç Ä *µÅ xx < Æ *�Ç Ä *µÅ xy < Æ *�Ç Ä *µÅ yx < Æ *�Ç Ä *�Å yy < Æ *�Ç Ä *µÅ xxx < Æ *�Ç Ä *µÅ . . .�¶PRQASUTh_�N�SUScd7N��ñ�|aUt�acQhTx��Tx_�]¬SUd

>
]ðPRQASUT^SUN�a

X
gGÂ/_�dsSOX�PRQASUT\QZ�ñq�]eN�S�N��ñ�|aUt�acQ«tkQraUbZt�NkXATxde�|�ScNka

〈X〉
g � ��Tx����S�[9N�Q/XAQZS��|aUt�acQASrq��|SUScwZtkQZ�=T�t�QAS�t�N�_�NomÎ�7�|�yXZ�|prp�QA��XZQ�q�_�a�XZ�|prq�_�aUQZa�]sQASt�QAac��dewZacQASu]sQATUTxaUQZSuq�N�deS��|�/aUQZpr�|�=TxQ���de]sS�SU�|�=TÈQA�/��bZ��bAax_�]G����TxbZS

> È *�É Ä *µÅ
QAT
> Æ *�Ç È *µÉ Ä *µÅ

g
» 8;DÞ57D ©�K²BEK D @ ³^ceL^c <$kCMPG¾QnkCMsQ�WNXYK?WNo,|}O�W

X
o�MPX(i�gGF MPXïkCGugUGJW�KNQjG6iThNQ

>
A}MsiéQnWNG6o�izXtW�%)O S�GJWNO S;:

QjiTkCX
> Ê�ËÍÌ�Î Ë@Ï WLKNQéMPX kCGugUGJW�gsW�GJIFgUM(hNQviTkCX�KNMsG 〈X〉 k

n INopkCXYKNQjGuSUQviTkCX k ¡O� tk�|deT�pr�|�=TxaUQZaO[9N�Q > Æ *�Ç Ä *µÅ QZSWT^N�� �|act�aUQ«SUTcacdeXAT^ScNka 〈X〉 QnT^[jNkQrX�PRQASUT\N��dstkb�_�]'tkQ
〈X〉

[9N�d'TxQAacprds��Q�g

ù �
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z|guÕYt�bZ_�]¬tkQ
〈X〉

�ãSU�|dsQA�9T
a, b ∈ 〈X〉

TxQA]sSÈ[jNkQ
a > Æ *BÇ Ä *µÅ b

QAT
u, v ∈ 〈X〉

gã�¹�|prp�Q
〈X〉

QASUT]eds��aUQ�Ãk����_kÃkQZ������TÇ_��9T
|a|

]`_«]s�����|N�QAN�a�t�Q
a
�

{

|uav| = |u|+ |a|+ |v|

|ubv| = |u|+ |b|+ |v|

¡O�á_�tk�|��X
|uav| > |ubv|

Scd
|a| > |b|

g Ó N�q�q��|Sc����Sé_�]s�|aUS�[jNkQ
|a| = |b|

gGÐ¶]e�|acS
|uav| =

|ubv|
��XZ��p�prQé�|�Ê_

a > Ä *µÅ b
ÃC]ÅPºds��bA�=_�]sd~Txb

uav > Ä *µÅ ubv
QASUTO��bZacd~��bZQ�gGµO_��kS¶Tx�|NkSO]sQASOX�_�SAÃ�|��_���dsQA�

uav > Æ *BÇ Ä *µÅ ubv
g

�oguÐÈ�9TcdsaUbA¸�Q½mkd~�jdeTxbh�kSUN�q�q��|Sc�|�kS�[jNãPRde]ãQnmodeSUTxQ
a ∈ 〈X〉

TxQA]ã[9N�Q
a > Æ *�Ç Ä *µÅ a

g Ó ��dsQZ�=T
x1, . . . , xn]eQZS�bZ]ebZprQZ�=TxS�t�Q

X
TxQZ]eS�[jNkQ

a = x1 . . . xn
gÔ¡��2_ñ��bZXAQZScSc_�dsaUQZprQZ�=T

|a| = |a|
QnTrt��|��X

a > Ä *µÅ a
gC�¹Qh[9N�d®dsprq�]eds[9N�QO[9N'Pºds]GQ½mkdeSUTcQhN��

i
TcQZ]G[9N�Q

xi > xi
Ã�XAQh[9N�d®QZSWTOdep�q��|ScSUds��]eQ¶XZ_�a

>
QZSWT¶N����|aUt�acQ^SWTxacdeXATZg

�kguÉHax_��kScdeTcde�jdeTcb���Sc��dsQZ�=T
a, b, c ∈ 〈X〉

TcQZ]sSÈ[9N�Q
a > Æ *�Ç Ä *�Å b

QnT
b > Æ *�Ç Ä *µÅ c

g'MON�_�TcacQhX�_�SOSU�|�=Tq��|ScSUds��]eQZSÈScQZ]e�|�Ê[9N�Q
|a| > |b|

�|N
|a| = |b|

QAT¶[9N�Q
|b| > |c|

��N
|b| = |c|

g Ó d
|a| > |b|

�|N
|b| > |c|

Ã=�|�Ù_
|a| > |c|

QAT¹t��|��X
a > Æ *�Ç Ä *µÅ c

go�uQZ�|_�act�����Sì]eQÈXZ_�SÔ��º
|a| = |b| = |c|

�9SU�|dsQA�9T
x1 . . . xn

Ã
y1 . . . yn

QnT
z1 . . . zn

]sQZS¹t�bZXA�|p�q��|SUdeTxde�|��SìacQZSUqCQAXATcde�|QASut�Q
a
Ã
b
QAT
c
QA��bZ]sbAp�QA�=TxSt�Q

X
gkÕY]GQnmodsSWTxQ^N��

i ∈ {1 . . . n}
QATlN��

j ∈ {1 . . . n}
TcQZ]sSu[9N�Q��

{

x1 . . . xi−1 = y1 . . . yi−1

QAT
xi > yi

y1 . . . yj−1 = z1 . . . zj−1

QnT
yj > zjÒ �3q��|Sc_��=T

k = min{i, j}
ÃØ�|�2_á��deQZ�

x1 . . . xk−1 = z1 . . . zk−1

QAT
xk > zk

QnTÙt�����X
a > Ä *µÅ c

g
��guÉHQZaUp�de��_�dsSU�|� �G�|�ñ��_�pr�|�=TxaUQZaAÃGq�_�a�acbAXZN�aUacQA��XZQ�ScN�a^]`_�]e�|���|N�QAN�aZÃã[jNãPRde]7�'PRQ½modsSUTcQ�q�_�S^t�QSUN�deTcQ\SWTxaUdsXATcQZprQZ�=Tlt�bZXAac�|deScSc_��=TxQéq��|N�a

> Æ *�Ç Ä *µÅ
t�_���S

〈X〉
g Ó �|d~T

a ∈ 〈X〉
TxQA]G[9N�Q

|a| = 0
�_�]e�|acS

a = ∗
[9N�d QZSWT�]sQhq�]sNkS¶q�QATxd~TObA]sbZprQZ�=T¶t�Q

〈X〉
g'Â�_�ds�=TxQA��_��=T�ÃCSc�|d~T

a ∈ 〈X〉
TcQZ]J[jNkQ

|a| > 0
�=�|�rScN�qkqC�|SUQ¶[9N�QÈ]ÅPº�|�r_\pr�|�=TxaUbl[9N�QÈ]ÅPº�|actkacQ�TxQAacprds��QuQA��Tx��NkT

b
TxQZ]�[9N�Q

|b| < |a|
g

�J_�a�]ÅPR_���SUN�act�Q�ÃãSUN�q�q��|Sc�|�kS\[9N'Pºds]JQnmodsSWTxQ�N��kQ�ScN�d~TxQ
(an)n∈N

t'PRbA]sbAp�QA�9TcS�t�Q
〈X〉

TxQA]sS�[9N�Q
a = a0

QAT
an > Æ *�Ç Ä *µÅ an+1

q��|N�a�Tc�|NkT
n
gH�¬_�a\t�bn����deTcds�|�ãÃG�|�Ú_�N���Q�ScN�d~TxQ�t�bZXAac�|deScSc_��=TxQ

(|an|)n
t�_���S

N
�ØQZ]e]sQ�QASUT�t��|��X/SUTÇ_;Txds������_�deacQ�g �J�|N�arScdep�qk]sde��QZaZÃJScN�qkqC�|SU�|��S�[9N'PºQZ]e]sQ�QZSWTXA�|��SUTx_��=TxQ�g¹ÉH�|N;ûU�|N�aUSÙq�_�aÙt�bn����deTcds�|�ãÃÔde]uQnmodsSWTxQ�tk�|��X�tkQZS�SUN�deTcQZS

(bn)n
Ã
(cn)n

QnT
(dn)nt'PºbZ]ebZprQZ�=TxSrt�Q

〈X〉
TxQA]sS�[9N�Q�ÃÔqC��N�arTc�|NkT

n
ÃØ�|�3_�deT

an = bncn
QAT
an+1 = bndn

_���QZX
dn = ∗

�|N
cn = xnc

′
n

QAT
dn = ynd

′
n

_���QZX
xn > yn

g
Ó dðÃGqC��N�a�Tx�|NkT

n
ÃH���Ú_

bn 6= ∗
Ã®_�]s��acS^ds] Q½modsSUTcQÙN��

x ∈ X
QAThN���QrScNkdeTxQ

(a′n)n
TxQA]sS\[9N�Q

an = xa′n
qC�|Nka¶Tx�|NoT

n
gCÐ¶de��ScdðÃ�]s_�SUN�deTcQ

(a′n)n
QZSUTON��ÛXÇÍ�QZprds��t�Q«acbAt�N�XnTxds���Ûds�k���kdJt�_���S

ù Ü
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(〈X〉, > Æ *�Ç Ä *µÅ )
_��|QAX

|a′0| < |a|
ÃCXZQ«[9N�d¬QZSUT^dep�q��|SUScds�k]sQ\q�_�aOÍ=vjqC��TxÍ�wAScQ�t�Q«aUbZXZNkacacQA��XZQ�gGÕY]Q½mkdeSUTcQ¶t��|�kX¶N��

n0

TxQA]C[9N�Q
an0 = x′0b

′
0

QAT
an0+1 = y′0c

′
0

�9�|��q�QZNoT�acQAXZ�|prprQZ��XAQZaìêéq�_�aWTxdsat�Q
n0

_����/t'PºQnmjTcax_�deacQ�t�Q
(an)n

N��kQ\SU�|N�S×VYScNkdeTxQ
(akn)n

��bZacd~�Þ_��=T�Ã�q��|N�a�Tc�|NkT
n
�







akn = x′nb
′
n

akn+1 = y′nc
′
n

x′n > y′n

_��|QAX/]eQZS
x′n

QnT
y′n
t�_���S

X
QnTr]sQZS

b′n
QnT
c′n
t�_���S

〈X〉
g7¡�aAÃ q�_�a�]eds��QZaWTxb�t�Q

〈X〉
Ã¬�|�2_��bAXZQAScSx_�dsacQAp�QA�=T

y′n = x′n+1

�Ô�|�+_åtk�|��X����kTxQA�jN3N���QÊSUN�deTcQ
(x′n)n

t'PºbZ]ebZprQZ�=TxS�t�Q
X
ÃSWTxacdeXATcQZprQZ�=T�t�bAXZac��dsScSc_��=TxQ�q��|N�a

>
ÃoXZQO[9N�dãQZSUTudep�q��|SUScds�k]sQlq�N�dsSU[9N�QO]ÅPº�|aUt�acQOSWTxaUdsXAT¹t�Q

X
_bnTxb^ScN�qkqC�|SUb\TcQZaUp�de��_��=T�g
♦

�J�|NkaHTcQZacprds�kQZaGScNkaJ]eQZS®�|actkacQZSAÃEax_�q�q�QZ]e�|��S®[9N'Pºds]=QnmodeSUTxQØN��kQì�|bA��bZac_�]sdeSx_�Tcds�|��tkQì]ðPR�|aUt�acQÃgsWTqUO�WC'��]ÅPzkCGugUGJW�O�WC'�iThLkFqUGFSN�(�siBA}M(W��(kCX½gsINGJIngÞ¡O��SUN�q�q��|ScQ\t��|�k��bZSÈN����|aUt�acQ^SWTxacdeXAT
>
SUN�a

X
_�de��ScdG[9N'PºN���Q_�q�qk]sdsXZ_�Txde�|�-�(kCijgCK

| · | : X −→ N∗
Ãã_�ScSU�oXAd`_��=T�ê�XÇÍ�_�[9N�Q�]sQnTcTcacQéNk�ÛQZ�=TxdeQZa¶�k�|�Û�9N�]Ågã¡O�ÛbATxQA��tXZQnTcTcQ�_�q�q�]edsXZ_�Txde�|�ñQZ�ÚN��åp��|aUq�Í�deScprQrtkQ�p�������¿�tkQZS

| · | : 〈X〉 −→ N∗
QnT«�|�ÚtkbA����d~Té]ðPR��act�aUQ]sQ½modsXZ���|ax_�qkÍ�ds[9N�Q«q��|��tkbZacb

> ÄÑÐ QA���|QZ�kt�acb�q�_�a > QAT
| · |

SUN�a
〈X〉

q�_�a
a > ÄÑÐ b Scd ]ðPR���ÛQZSUT\t�_���S]ÅPºN���t�QASÈt�QANom�XZ_�SuScN�d~��_��9TcS^�

z|g
|a| > |b|

�
�og
|a| = |b|

QnT
a > Ä *µÅ b

g
�¹QAT��|actkacQ

> ÄÑÐ QZSUT�_�NkScScduN��à�|aUt�acQ�t�Q�acbAt�N�XnTxds���àSUN�a 〈X〉 t�wAS�[9N�Q > QASUTrN��à�|actkacQ�[9N�dTxQAacprds��Q�SUN�a
X
g®µ¶Qrq�]sNkSZÃGX�PºQZSWT«_�N�ScSUdÔNk�á�|aUt�acQ�Tc��TÇ_�]¬Scd

>
]ðPRQASUT^ScNka

X
g Ò �k���'Ã®ds] SAP·_���deT^��deQZ�t'PºN���QÊ��bZ��bAax_�]edsSx_;Txds���àtkQ�]ÅPº�|aUt�acQ gsWTqUO�WC'|ÃØq�N�dsSU[9N�QÊXZQ/t�QZaU��dsQAaÙQASUT�N��3�|act�aUQ�]eQnmodsXA�|�|ax_�q�Í�ds[9N�Qq��|��t�bAacbuQZ����QZ��t�aUbÈq�_�aØN���QuÀ¾�|��XATcds�|��q��|det�SØXZ�|��SWTÇ_��=TcQh�=q�_�a7QnmoQZprq�]sQ�Ã=]`_�]s�����|N�QAN�aZÃ|[9N�d�_�SUSc�jXZdeQ]sQ�p,lZprQ�QZ�=TcdsQZaAÃ

1
ÃÞê�XÇÍ�_�[jNkQh]eQATcTcacQ�t�Q

X
g

{�T)Ò ���4�m���-!5��'�!¤!�%�� 0H4N1�!$# ')1�4N%£4�*,��!$#
�¹�|prp�Q«�k�|N�S�]ÅPR_��|�|�kSOt�deTOq�acbAXZbZtkQZprp�QA�9TZÃ']sQASOq�_�deacQASOXZaUdeTxde[9N�QZSOXA�|acaUQZSUqC�|�kt�QZ�=Th_�NomÊ��ax_��jVXÇÍ�QAp�QA�9TcSÈ]e�oXZ_�NomCÃ�prds��depÙ_�Nom�QATl���|��TxaUde�jd`_�NomCgÞ�¶PRQASUT¶_�N���de��Q�_�N�t�Q^XZQASÈ�kax_���XÇÍkQZprQZ�=TxSl[9N�QhSUQt�bAXZdstkQÙ]`_�XZ���k¸�N�QA��XZQ�]e�oXZ_�]sQ�SAPRN��åSUvjSUTcwZprQ�t�QracbZbAXZaUdeTxNkacQ��HX�PºQZSWT«XAQÙ[9N�QÙtkdeTh]sQ Qü�(ILkCGJ�NopWpgsWLK

�YSUizGJWLKmhNG6izQviBA}M(WLKng
� �|NkSØ_�]s]e�|��SZÃ;t�_��kSÔNk��q�acQAp�deQZa¬TcQZprq�SZÃ|tk�|����QAa7]`_È�jdsSUds�|��XA]`_�SUScde[jNkQ�t�QZS7q�_�dsacQAS7XZaUdeTxde[9N�QZS����|�bATcN�t�deQ¶Tx�|NoTxQZS¹]sQZSÔÀ¾�|acprQZS¹qC�|SUScde��]sQAS¹t�QAS���ax_��kXÇÍ�QZprQZ�=TxS�]e�oXZ_�NomCÃj[jNkQ�]ÅPº�|�Ùq�QZNkT�XZ]`_�ScScQAa�_�]e�|acSìQZ�t�QANom�À¨_�prds]e]sQASZÃ=t��|�=T�Nk��Q�XZ�|aUacQAScq��|��t�_�NomÙq�_�deacQZS¹XZacd~Txde[jNkQZSZgk�7N�dsSAÃk���|NkS��|QZaUac�|�kS�N���Q^_�q�qkac�jXÇÍ�Q

ù Ï



Ü�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�3_Yb��n����]n�C�����²a���^��}�xc�^vd ]Lb�^`�ma��m�²_U]n�

_�]e�|bZ��aUds[9N�Q«[9N�dðÃ'Scd7QA]s]eQ«��Q�t��|���kQrq�_�S�]`_ÙÀ¾�|aUp�Qét�QZS\q�_�deacQZS¶XZacd~Txde[jNkQZSZÃGQASUT^QA�áaUQA��_���XÇÍ�Q�Txac_���S×Vq��|Sx_��k]sQ^ê�t'PR_�NkTxaUQZS�TYvjqCQASut�Q^acbZbAXZaUdeTxNkacQ^��º�]ÅPºbATcN�t�Q�t�QASuÀ¾��acprQZS�t�QASl�kax_���XÇÍkQZprQZ�=TxSl]s�jX�_�Njm�QZSWTTxaUwZSuXZ��p�q�]eQnmoQ�Ã����|dsaUQ�dsprqC��ScScde��]sQ�ÃoXA�|prp�Q�t�_���Su]sQ�X�_�SltkQZSuq�acbAScQA�9Tx_�Txde�|��Slt'Pº�|qCbAax_�tkQZSZg
ÓVÔ�Õ~Ô×Ö ¥m¦Ø��§Y©ª¹P³ªìé¯Y¦¸¯P­n·Áìí«tèn¦Á¹s¹P­���±²³

�¬_�a¬t�bA���kdeTxde�|�'ÃE�|��_ÈXZ�|�k¸�N�QZ��XAQ�t'PºN���Q�q�aUbZSUQZ�=TÇ_�Tcds�|�
(X,R)

ScdjTx�|NkS ScQAS ��ax_���XÇÍ�QZprQZ�=TcS7Sc�|�=TXZ���k¸�N�QA�9TcSZgo¡O�r_^tkb×ûcê��oN�[9N�Q�Ãj��a)#�XAQu_�N�]sQZprprQ�t�Q � Q��upÙ_��'Ã=�|��qCQANkTØScQu]edsprdeTxQAa¬ê�]ðPRbnTxN�t�Qut�QAS��ac_���XÇÍ�QAp�QA�9TcS�O�k?hFSUM('�t�_���SÔ]sQuXZ_�Sì�Uº
(X,R)

TcQZacprds�kQ�gj�¹QZq�QZ�kt�_��=T�ÃjN���Qlq�acbAScQA�9Tx_�Txde�|�Ù�k�|�rTcacdÝV�jd`_�]eQOq��|ScSUwZt�Q^Tx�|NEûU�|N�acSuN��kQ\de�k����d~TxbOtkQ\�kax_���XÇÍkQZprQZ�=TxSl]s�jX�_�NjmãgkÕY]'À¨_�NkTuQZSUSx_�v|QAa¶t�Q^aUQZSUTcacQAds��t�aUQ]ÅPºbATcN�t�Q\ê�N���Q^q�]eN�SuqCQnTxdeTcQ�XZ]s_�ScSUQ\tkQ\�kax_���XÇÍkQZprQZ�=TxSl]s�jX�_�Njmãg
�J�|Nkaht�������QZah]ÅPºds�=TxNkdeTxde�|�'Ã�acQApÙ_�aU[9N��|��S\[9N�Q�ÃHScd

(a, b, c)
QZSWTéNk�å��ac_���XÇÍ�QAp�QA�9Té]s�jX�_�]ðÃ'_�]e�|acSAÃq��|N�aìTc�|N�S

u, v ∈ 〈X〉
Ãj]sQÈTcacdeq�]sQnT

(uav, ubv, ucv)
QZSWTu_�N�SUScdãNk����ax_��kXÇÍ�QZprQZ�=Tu]s�jX�_�]Åg9µ¶QOqk]sN�SAÃoSUd

(a, b, c)
QZSWT¹XA�|�k¸�NkQZ�=T�_�]e�|acS

(uav, ubv, ucv)
]ÅPºQZSWT�_�NkScScdH�9Scd

d
À¾QAacprQ

(a, b, c)
Ãj_�]s��acS

(udv)
À¾QZaUp�Q

(uav, ubv, ucv)
g�ÐÈds��SUdÅÃ|�|��_�QZ�=�jdsQlt�Q�À¨_�XATc�|acdeScQAaì_�N�p�_;modsp«Nkp#]eQZSØ��ax_���XÇÍ�QZprQZ�=TcS¹]s�jX�_�Nom�q��|N�aQZ�/�|�kTcQZ��deaÈt�QASÈprds�kdsp�_�NomÛ�Þ]s_�XA�|�k¸�NkQZ��XAQ«]s�jX�_�]eQ�ScQAax_Ù_�]s�|aUSlbA[9N�de��_�]eQZ�=TxQhê�XAQZ]s]eQ^t�QhXAQZSÈ��ax_��jVXÇÍ�QAp�QA�9TcSÈprds�kdsp�_�NomCg

�¹QZq�QZ��t�_��=T�ÃØXZQASr�kax_���XÇÍkQZprQZ�=TxSrp�de��dsp�_�Nom SU�|�=T�Tx�|N;ûU��N�acS«QA�2�k�|p«��aUQ�ds�k���kdÅg¬ÕY]ìÀ¨_�NkT�QA�oVXZ��acQracQZSWTxaUQZds�kt�acQrXZQnTcTxQrÀ¨_�prds]s]eQ�gã�¶PRQASUThQZ�ÚSUN�de��_��=T\XZQnTcTcQ�det�bZQr[9N�Q�]ðPR���át�deSUTcds���|NkQrtkQZNomáSc��aUTxQASt�Q��kax_���XÇÍkQZprQZ�=TxS«]e�oXZ_�NomCÃHScQZ]e�|�Ú]s_�À¾�|aUp�Q�t�NÚ��ac_���XÇÍ�QAp�QA�=T�p�de��dsp�_�] XA�|�=TxQA�jNyt�_���SéXÇÍ�_�XZN��t'PºQZNomCg�ÌÈ��Q�tkQZSJÀ¨_�p�de]s]sQASGQZSWT XZ��p�q��|ScbAQ¹t�Q¹��ax_��kXÇÍ�QZprQZ�=TxS¬]s�jX�_�Nom\[9N�djSc���9T¬Tx�|N;ûU��N�acSJXZ�|�k¸�N�QZ�=TxSAg} P·_�NkTxaUQ\QASUTlXZQA]s]eQ�[jNkdG���|N�Suds�=TcbZacQAScSUQ�g
Ó �|d~T

(a, b1, b2)
N��Û��ac_���XÇÍ�QAp�QA�9T^]e�oXZ_�]ÅgÞ�J_�aOt�bn����d~Txds���'ÃÞds]HQnmodsSWTxQ«t�QASOacwA�|]sQAS

α1, α2 ∈ R
QATt�QASÈpr��TxS

u1, v1, u2, v2 ∈ 〈X〉
TxQA]sSu[9N�Q��

{

(a, b1) = u1α1v1

(a, b2) = u2α2v2¡OaZÃ
〈X〉

QZSWTØ]sQìp��|�k��¿�t�Q¹]sds�kacQÔQZ���|QA��t�aUblq�_�a ]ÅPºQZ�kScQZpé��]sQ
X
g|µ¶�|�kX�Ã|de]oQ½mkdeSUTcQ

x1, . . . , xn ∈ XTxQA]sSu[9N�Q
a = x1 . . . xn

�Þt�Q\q�]sN�SAÃÞXZQATUTxQ\t�bZXA�|prqC�|SUdeTcds�|��QZSWT¶Nk��ds[9N�Q�gã¡O�/QZ��tkbZt�N�d~Tl[jNãPRde]HQ½modsSUTcQt�QASÈQA�9TcdsQAacS
0 ≤ i1 < j1 ≤ n

QnT
0 ≤ i2 < j2 ≤ n

�|bAacde��_��=Th�






uk = x1 . . . xik
s(αk) = xik+1 . . . xjk
vk = xjk+1 . . . xnqC��N�a
k ∈ {1, 2}

QnT^_��|QAXr]s_ÙXZ���9��QZ�=Txde�|�
uk = ∗

Scd
ik = 0

QAT
vk = ∗

SUd
jk = n

gãÉH�|N;ûU�|NkacSq�_�a�]eds��QZaWTxb�t�Q
〈X〉

Ãk�|�/_�_�N�SUScdØ�
bk = x1 . . . xikt(αk)xjk+1 . . . xn.

ù|ë
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¡O����_�t�dsSWTxde���|N�QAa�t�QZSuX�_�SlSUQZ]e�|�/]eQZS�q��|Scd~Txde�|��S�aUQZ]`_;Txde��QZSut�Q
i1, j1, i2, j2

g
z|g Ó d

i1 < j1 ≤ i2 < j2
�;t�_���S XAQ�X�_�SZÃ;]sQZS

s(α1)
QnT
s(α2)

SU�|�=T7ScbAq�_�acbAS t�_��kS
a
g|�¶PºQZSWTUVYê;VYt�deacQl�







a = u1s(α1)ws(α2)v2

b1 = u1t(α1)ws(α2)v2

b2 = u1s(α1)wt(α2)v2_��|QAX
w = xj1+1 . . . xi2

~¾QAT
w = ∗

SUd
j1 = i2

�½g } QÙ �XX
\Nka�"åt�Ny��ax_���XÇÍ�QZprQZ�=T�QASUT�]eQTcacdsqk]sQAT
(a′, b′1, b

′
2)
�







a′ = s(α1)ws(α2)

b′1 = t(α1)ws(α2)

b′2 = s(α1)t(α2)�¹Q^��ac_���XÇÍ�QAp�QA�9TÈQZSWTuTx�|N;ûU��N�acSuXZ���k¸�N�QA�9Tm~¨QnT
(a, b1, b2)

_�N�SUScd`���
s(α1)ws(α2)

vvnnnnnnnnnnnn

((PPPPPPPPPPPP

t(α1)ws(α2)

((PPPPPPPPPPPP
s(α1)wt(α2)

vvnnnnnnnnnnnn

t(α1)wt(α2)ÐÈds��SUdÅÃØTx�|NkT��kax_���XÇÍkQZprQZ�=T�t�QÛXZQÊTYvjq�Q QASUT�XA�|�k¸�N�QA�=Tá�¹�|�Î]sQAS�_�q�q�QZ]s]eQ���ac_���XÇÍ�QAp�QA�=TxS
QjG6iz�?ijSUM;'|g

�og Ó d
i1 ≤ i2 < j1 ≤ j2

�Ø�|�Î_ N��+XÇÍ�Qn��_�N�XÇÍ�QAp�QA�9T�QA�=TxacQ/]sQAS
s(α1)

QnT
s(α2)

t�_���S
a
g

 ��|aUp�QA]s]sQAp�QA�=TO�






a = u1s(α1)w1v2 = u1w2s(α2)v2

b1 = u1t(α1)w1v2

b2 = u1w2t(α2)v2_��|QAX
w1 = xj1+1 . . . xj2

QAT
w2 = xi1+1 . . . xi2

gÞÐÈ]s�|aUS
(a, b1, b2)

QZSWT¶XA�|�k¸�N�QA�=TOScdG]eQ^��ax_��jVXÇÍ�QAp�QA�=T¶SUN�de��_��=Tu]ÅPºQZSWT^�
s(α1)w1 = w2s(α2)

vvmmmmmmmmmmmmm

((QQQQQQQQQQQQQ

t(α1)w1 w2t(α2)

ù|ù



Ü�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�3_Yb��n����]n�C�����²a���^��}�xc�^vd ]Lb�^`�ma��m�²_U]n�

} _�XA�|�k¸�NkQZ��XAQ�t�QéXAQé��ac_���XÇÍ�QAp�QA�9TOp�de��dsp�_�]ãtkbZq�QZ��tÛt�Qh]`_�À¾�|acprQ\t�QZSÈacwZ��]sQZSÈt�Q
R
gã¡O�t�d~Tu[9N'PRde]'QZSWT�i�KLKNM�gGF MsXtW��YSUizGJW�hNG6izQviBA}M(WB������N�S��|QZaUac�|�kSÈ]s_«t�bA���kdeTxde�|��q�]sNkS�]s�|de�'g

�kg Ó d
i1 ≤ i2 < j2 ≤ j1

���|��_�Nk��Qhde��XZ]eN�Scde�|��t�Q
s(α2)

t�_��kS
s(α1)

gÞ�¶PRQASUTWV×ê;V�t�dsaUQ��






a = u1s(α1)v1 = u1ws(α2)w
′v1

b1 = u1t(α1)v1

b2 = u1wt(α2)w
′v1

} _�XZ�|�o¸�N�QZ�kXZQ\t�Q
(a, b1, b2)

t�bZq�QZ�kt�t��|�kX\tkQ\XAQZ]e]sQ�t�Q��
s(α1) = ws(α2)w

′

wwnnnnnnnnnnnn

((QQQQQQQQQQQQQ

t(α1) wt(α2)w
′

Ò ��XA�|acQhN���QhÀ¾��dsSZÃ�]s_�XA�|�k¸�N�QA��XZQét�QhXAQé��ac_���XÇÍ�QAp�QA�=T�t�bZq�QZ�ktÊt�Qé]s_�À¾��acprQht�QAS¶aUwZ�|]eQZSlt�Q
R
g��¹Q^��ac_���XÇÍ�QAp�QA�9TÈQZSWTl]sN�dG_�N�ScSUdBi�KLKNM�gGF MsXtW��YSUizGJW�hNG6izQviBA}M(Wng

} QZSÔ_�NkTcacQZS7XZ_�S7ScQ�ac_�prwZ��QA�9TÔ_�Nom�q�aUbZXAbZt�QA�9TcSìQA��acQZ�|_�act�_��9TØ]eQ���ac_���XÇÍ�QAp�QA�9TÔ]e�oXZ_�]
(a, b2, b1)_�N ]sdeQZNÛt�Q

(a, b1, b2)
g � �|NkSh_����|��S\t��|��X��jNá[9N�Qr]sQAS���ax_���XÇÍ�QZprQZ�=TcSé]s�jX�_�NomÊSUQ�ac_����|QZ_�dsQA�=T^QZ�t�QANom�Sc�|aWTxQAS\�

V�]eQZS«��ac_���XÇÍ�QAp�QA�=TxS�TxaUde�jd`_�NjmãÃHt�_��kS�]sQZSU[9N�QZ]eS«]sQAS«t�QZNjm acwA�|]sQAS�_��|deScSUQZ�=T�ScN�a�tkQZNomÚq�_�aUTcdsQAS
gUi�KNQjizXthNQnWLK\tkN/pr��T�t�Q^t�bAq�_�aWTª�

V�]eQZS���ac_���XÇÍ�QAp�QA�=TxSudsSUScN�S�tkQ�q�_�dsaUQZS�XAacd~Txds[9N�QASZÃot�_���S�]eQZSU[jNkQZ]sS�]eQZS�
A�|��QAS�t'P·_�XATxde�|��t�QAS�t�QZNjmaUwZ�|]eQZS�SZPºds�=TcQZacSUQZXnTxQZ�=TZg
� �|NkS�_�]s]e�|��SÔêéq�aUbZSUQZ�=Tut�bA����dsaì]ÅPº�|�jûUQATìt'PºbATcN�t�QOQAScScQA�=TxdsQA]'q��|N�a¹]s_hXA�|�k¸�N�QA��XZQ�tãPRN��kQOq�acbAScQA�oVTÇ_;Txds���Û�

a ±\b @HK¾B�K D @�c Ìl��QÍ�YSUizGJW�hNGNizQjiBA}M(W\t'PRNk��Q^q�acbAScQZ�=Tx_�Txde�|�
(X,R)

QASUTlN���Q^t�������bZQr�
(a, (u1, v1), α1, (u2, v2), α2) ∈ 〈X〉 × 〈X〉

2 × R× 〈X〉2 ×R

�|bAacde��_��=Th�
z|g
a = u1s(α1)v1 = u2s(α2)v2

�
�og
u1 = ∗

�|N
u2 = ∗

�
�kg
v1 = ∗

��N
v2 = ∗

�
��gude]'�'PºQnmodsSWTxQ^q�_�Sut�Q

w
t�_��kS

〈X〉
TxQA]G[jNkQ

u1 = s(α2)w
��N

u2 = s(α1)w
�

�og�~
α1 6= α2

�¹�|N ~¨]ÅPºN���t�QAS
u1

Ã
u2

Ã
v1

Ã
v2

QASUTlt�d �ãbAacQZ�=Tlt�Q
∗
�½g

ù �
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¡O��t�d~Tut'PRNk��QhTcQZ]s]eQ�q�_�deacQ^XZaUdeTxde[9N�Q^[jNãPRQA]s]sQ^QASUTfWNXsqsWNX½gUGLILW��YSUG�O�WLK�GJ�TqUO�WLK
(α1, α2)

QATÈ[9N'PRQA]s]eQQZSWTlt�QmK?kCMPGJhLW
a
g } Q»|}GFSUXthL�(WNopWNX(QBO�k?hFSUOªSCKLK?k?hNiTI\ê�N���Q�TxQA]s]sQ�q�_�dsaUQ�XZacd~Txde[jNkQOQZSWTé�

(a, u1t(α1)v1, u2t(α2)v2).ÌÈ��Q�q�_�dsaUQOXZaUdeTxde[9N�Q¶QASUTut�d~TxQ»hLkCXx�)M{WNX(Q"W�SUd'Sc�����kax_���XÇÍkQZprQZ�=Tu]s�jX�_�]C_�SUSc�jXZdsb¶]ÅPºQZSUTZg Ò �k���ãÃ��|�����TcQ
cp(X,R)

Ã��|N�Scdep�q�]eQZprQZ�=T
cp(R)

Ã�]ÅPºQZ�kScQZpé��]sQ^t�QASlq�_�dsaUQZS�XZaUdeTcds[9N�QZSut�Q
(X,R)

g
�¥ 6 ° §�8 ô <®6 c µéPR_�q�aUwZS�]sQAS�XZ�|�kt�deTcds�|��SÙêå�|bAacde��QZaZÃ¹]sQÊ��ac_���XÇÍ�QAp�QA�=T/QA���|QA��t�acbÛq�_�a�N���QÛq�_�dsaUQXZaUdeTcds[9N�Q�q��|ScSUwZt�Q\]ÅPºN���Q�t�QASlÀ¾��acprQZS�ScNkde��_��=TxQAS\�

V
(a, t(α1), t(α2))

_��|QAX
α1

QnT
α2

t�QZNom�aUwZ�|]eQZS�t�deSUTcds��XnTxQZSu_�v|_��=T¶p,lZprQ�Sc�|NkacXZQ5�
V

(a, ut(α1), t(α2)v)
_���QZX

u 6= ∗
Ã
v 6= ∗

Ã
s(α1) = wv

QAT
s(α2) = uw

qC��N�ahNk�ÚXZQAaUTÇ_�ds�
w ∈ 〈X〉

�
V

(a, t(α1)v, ut(α2))
_���QZX

u 6= ∗
Ã
v 6= ∗

Ã
s(α1) = uw

QAT
s(α2) = wv

q��|N�a\N��ÚXZQAaUTx_�ds�
w ∈ 〈X〉

�
V

(a, ut(α1)v, t(α2))
_��|QZX

u
��N

v
t�dsSWTxds�kXATut�Q

∗
�

V
(a, t(α1), ut(α2)v)

_��|QZX
u
��N

v
t�dsSWTxds�kXATut�Q

∗
g

¡O�ÙacQApÙ_�ac[9N�QÈ_�N�ScSUdC[9N�Q�ÃoSUd
p = (a, (u1, v1), α1, (u2, v2), α2)

QASUT¹N���Qlq�_�dsaUQuXZacd~Txde[jNkQlQA���|QA�oVt�aUbZQ\q�_�a
(α1, α2)

Ã�_�]e�|acS
p−1 = (a, (u2, v2), α2, (u1, v1), α1)

QASUTÈN���Q\q�_�dsaUQ�XZaUdeTxde[9N�Q^QZ���|QA��t�aUbZQq�_�a
(α2, α1)

g¹¡O�2XZ�|��SWTÇ_�TcQ/[9N'PºN���Q�q�_�dsaUQ�XZacd~Txde[jNkQ
p
QASUT�XA�|�k¸�NkQZ�=TxQ/ScdlQAT�ScQZNk]sQZprQZ�=T�Scd

p−1]ÅPºQZSWT��HScdì]sQÙ�kax_���XÇÍkQZprQZ�=T�_�SUSc�jXZdsbÙê
p
QASUT«À¾QAacprbÙq�_�aéN�� bA]sbZprQZ�=T

d
ÃH_�]e�|acS

d
XZ�|�=�jdsQA�=T�_�N�SUScdq��|N�a�À¾QZaUp�QAa�]sQ���ac_���XÇÍ�QAp�QA�=TO_�SUSc�jXZdebhê

p−1
g

} PRbnTxN�t�Q\t�Q^X�_�SlprQZ�kbZQ\_����|NkTxd~Tuê��
j 6 °å° 6 ³^c ¤�Ú�� F®6 © 5J§ K 8E6 © I|8 K¾B�Kðô <®6 © � c Z{i

b
WLKNQBMsXr|}GuSUXthL�(WNopWNX(Q¸O�k?hFSUOtgGF MsXtW)�½GJILK?WNX(QTSUQviTkCX

(X,R)
gsWHopkCXtkC¿jgsW�%)SUO�kCGJK�SUM opkCizXYKHO$F MPXtW�gsWLK¾gsWNM;'-SCKLK?WNG6QjiTkCXYKÍKNMsiz�CSUX(QnWLKmWLKNQé�?GuSUiTW�l

� k O�W�|}GuSUXthL�(WNopWNX(QÁO�k?hFSUO b WLKNQ3hLkCXx��M(WNX(Q(Û� k izOtWC'�i�KNQ"W$MsX�|}GuSUXthL�(WNopWNX(QªO�k?hFSUO g gsW (X,R)
SUizXYKNi}A}M(W

c, d ∈ 〈X〉
Q"WNOáKYA}M{W

b = ugv
SU�UWLh

g
O�W�|}GFSUXthL�(WNopWNX(QÁO�k?hFSUO£SCKLK?k?hNiTI�d»MPXtW3�YSUizGJWmhNG6izQjiBA}M{W¾gsW

(X,R) k¡O��_�NkTcds]sdeScbO]s_«����Tx_�Txde�|�
u(a, b, c)v = (uav, ubv, ucv)

gk¡���QZ��t�bAt�N�deT^�
� �®±9DÞ8 ¯j° 6 ³^c ¤Þ¤�� FH6 © 5J§ K 8E6 © I|8 K²BEK¨ô <H6 © � c�� Xy�½GLILK?WNX(QTSUQjiTkCXògsW8opkCXtkC¿jgsW�WLKNQ�O�k?hFSUO�WNopWNX(Q
hLkCXx�)M{WNX(Q"W�KNi)WNQBK?WNMPO�WNopWNX(Q¸KNiBQ"kCMPQ"WLK�K?WLK3�YSUizGJWLKmhNG6izQviBA}M(WLK�K?kCX(Q�hLkCXx��M(WNX(QnWLK kn INopkCXYKNQjGuSUQviTkCX k Ó �|d~T (X,R)

N���Qáq�acbAScQZ�=Tx_�Txde�|��[9N�QÚ]ÅPº�|�úScN�q�q��|SUQÚ]s�jX�_�]eQZprQZ�=T�XZ�|�o¸�N�QZ�=TcQ�gÐ¶]e�|acSAÃGq�_�a^t�bn����deTcds�|�ãÃãTx�|NkShSUQZS\��ax_��kXÇÍ�QZprQZ�=TxSh]s�jX�_�NjmñSc�|�=ThXZ�|�o¸�N�QZ�=TcSZÃ®vñXZ�|prq�acdeS�XZQANomá[jNkdSc���9T _�ScSU�oXAdsbAS¬êut�QZSJq�_�deacQZSHXZaUdeTcds[9N�QZSAg;�lbAXZdsqkac�j[jNkQZprQZ�=T�ÃEScd=Tc�|NkTxQAS¬]eQZSHq�_�dsaUQZS®XZaUdeTcds[9N�QZSHt�Q
(X,R)Sc���9TìXZ���k¸�N�QA�9TcQZS�QnT¹[9N�Q

b
QASUTìN��Ù��ac_���XÇÍ�QAp�QA�=T�]s�jX�_�]'�9t'P·_�q�acwASì]eQl]eQZprp�Q�tkQZSÔq�_�dsaUQZSÔXZaUdeTxde[9N�QZSAÃ]sQ�SUQZN�]®XZ_�S¶ê�bATcN�t�deQZauQZSWTÈXAQZ]eN�d®��º

b = ugv
_��|QAX

g
]sQ^��ac_���XÇÍ�QAp�QA�=T¶]e�oXZ_�]G_�SUSc�jXZdsb\ê�N���Q^q�_�deacQXZaUdeTcds[9N�Q

p
g®�¹�|prp�Q

p
QASUT^XZ���k¸�N�QA�9TcQ�Ã®X�PºQZSWT\[jNkQ�ÃGq�_�a�tkbA����d~Txde�|�'Ã

g
]ðPRQASUTZg®¡OaZÃ'�|� _�aUQZp�_�ac[9N�b[9N�Q\Scd

g
bATx_�deTuXA�|�k¸�N�QA�=T�ÃÞ]sQ���ac_���XÇÍ�QAp�QA�=T

b = ugv
]ðPRbnTÇ_�d~Tu_�N�SUScdðg

♦

ù��
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�7N�dsSAÃ�QZ��NkTxde]sdsSc_��=T�]sQ�]eQZprp�QÈt�Q � Q��upÙ_�� �
ohDÞ8;D�¦¨¦¨§ K 8E6 ³^c ¤ ³^c3� Xr�½GJILK?WNX(Q°SUQjiTkCX WLKNQ�hLkCX(�UWNGvqsWNX(QnWfKNi�WNQ�K?WNMPO�WNopWNX(Q$KNiHWNOzO�WpQnWNG6o�izXtW�WNQ�KNi
Q"kCMPQ"WLK�K?WLK3�YSUizGJWLKmhNG6izQviBA}M(WLK�K?kCX(Q�hLkCXx��M(WNX(QnWLK k
¥ 6 ° §�8 ô <®6 c�Ò �ÊNkTcds]edsSx_��9Tl]eQZSlXZ�|�=TxQ½mjTxQZSAÃ'�|�/qCQANkTOt�������QZaÈN���Qé_�NkTxaUQhtkbA����d~Txde�|�ï~²Tx��Tx_�]sQAp�QA�9TbZ[9N�d~��_�]sQA�9TcQ?�®t�Q¹q�_�dsacQìXZaUdeTxde[9N�Q�g;ÌÈ�kQ)�YSUizGJW²hNG6izQjiBA}M{W¹t'PºN���Q�q�aUbZSUQZ�=TÇ_�Tcds�|�

(X,R)
QASUT7N��kQ�t��|���kbZQ

(a, C1, α1, C2, α2) ∈ 〈X〉 × C〈X〉 × R× C〈X〉 × R

�|bAacde��_��=TÈ]eQZSuXZ����t�deTcds�|�kS�ScN�d~��_��=TxQZS\�
z|g
a = C1[s(α1)] = C2[s(α2)]

�
�og
C1

�|N
C2

QASUTlt�Q^]`_éÀ¾��acprQ
u�

_���QZX
u ∈ 〈X〉

�
�kg
C1

�|N
C2

QASUTlt�Q^]`_éÀ¾��acprQ
�v

_���QZX
v ∈ 〈X〉

�
��gude]'�'PºQnmodsSWTxQ^q�_�Sut�Q

w ∈ 〈X〉
TxQZ]G[9N�Q

C1 = s(α2)w�
�|N

C2 = s(α1)w��og
α1 6= α2

�|N
C1 6= �

�|N
C2 6= �

g
ÓVÔ�Õ~ÔÜÓ Ý ì²³ÿ¦Þ�Y�²§®·3«�ß²³Æ¦Áè��é©�î²§®­���±²³µ´�³ª¹à�Í¦Á­"§®³ª¹	«¬§Y­°¯Y­���±²³ª¹

�¹�|prp�QA��äZ�|�kSÈq�_�aÈQ½m�_�p�de��QZau]`_�SUTcacN�XnTxN�aUQ«_�]e�|bZ�kacds[9N�Q\t�QAS¶��ac_���XÇÍ�QAp�QA�9TcS¶]e�oXZ_�NomCgC¡����kmoQN���Q^q�aUbZSUQZ�=TÇ_�Tcds�|��t�Q^pr�|����¿Åt�Q
(X,R)

g
a ±\b @HK¾B�K D @�c ¡O� ����TxQ

B(X,R)
]ÅPºQZ�kScQZpé��]sQÛt�QAS���ax_���XÇÍ�QZprQZ�=TcS/]e�oXZ_�Nom3t�Q

(X,R)
g�¡��ÎtkdeT[9N'PºN�����ax_��kXÇÍ�QZprQZ�=Tl]s�jX�_�]

(a, b, c)
t�Q

(X,R)
QASUTmWNXsqsWNX½gUGJIOq�_�a�]sQ¶XZ�|N�qk]sQOt�Q�aUwZ�|]eQZS

(α, β)
SZPºds]QnmodeSUTxQ�t�QAShXA�|�=TxQ½moTcQZS

C
QAT
D
TxQZ]eS^[jNkQ

(a, b) = C[α]
QnT

(a, c) = D[β]
g®¡O�á����TxQ

B(X,α, β)]ÅPºQZ�kScQZpé��]sQOÀ¾�|aUp�bAS�t�Q�TxQA]sSu��ax_���XÇÍ�QZprQZ�=TcSÈ]e�oXZ_�Nom�tkQ
(X,R)

g
�

¡O��_��oNãÃjt�_���SØ]sQuq�_�ac_��|ac_�q�Í�Quq�aUbZXZbAt�QZ�=TZÃk[9N�Q�Ã9SUd
b
QZSWT¹N�����ax_���XÇÍ�QZprQZ�=Tì]s�jX�_�]ðÃ|_�]e�|acSAÃ=qC��N�aTx��NkT�XZ���9TcQnmjTxQ

C
Ã
C[b]

QZSWT�N�� ��ac_���XÇÍ�QAp�QA�=T�]s�jX�_�]ðgJµÈQ�q�]sN�SAÃJSUd
b
QZSWT�QZ����QZ��t�aUb�q�_�a

(α, β)
Ã_�]e�|acS

C[b]
]ÅPºQZSUTÈ_�NkScScdé~¾QZ��bATcQZ��t�_��9TÈt�ds_��|�|��_�]sQZprQZ�=T¹]ÅPR_�XATcds�|��t�Q

C
�ng�ÐÈNkTxaUQZprQZ�=Tlt�deT��

j 6 °å° 6 ³^c ¤ ´^c <$kCMsGÀQ"kCMPQ�hLkCM?�½O�W
(α, β)

gsW GJ�TqUO�WLK	gsW
R
%8O$FeWNXYK?WNo,|}O�W

B(X,α, β)
WLKNQ8MsX

K?kCM�K�:
〈X〉

:"opk}gUMsO�W-gUM
〈X〉

:"opk}gUMsO�W
〈X〉3

%�gsI��ÁX(iHhLkCo�opW-O$FeWNXYK?WNo,|}O�W-gsWLK-QjGNiá�½O�WNQzK�gGFeINO�INopWNX(QzK
gsW
〈X〉

SU�UWLhmO�WLKfSshNQviTkCXYK�gUijS?qskCX½SUO�WLK
u(a, b, c) = (ua, ub, uc)

WNQ
(a, b, c)u = (au, bu, cu) k n Wo�áNopW�%

B(X,R)
WLKNQéMPX�K?kCM�K�:

〈X〉
:"opk}gUMPO�WHgsW

〈X〉3 k
¡O�Ù��_épÙ_�ds�=TxQA��_��=T¹pr�|�=TxaUQZaì[jNkQ

B(X,α, β)
QASUT�QA���|QA��t�acb¶q�_�a¹Nk��Q¶À¨_�prds]e]sQ

G
t�Qf|}GuSUXthL�(W�:

opWNX(QzK�o�izX(izo,SUM;'|Ã�X�PRQASUTUVYê;VYtkdsacQ^[9N'Pºds]®QnmodeSUTxQ\N���Q\q�_�aWTxdeQ
G
tkQ
B(X,α, β)

TxQA]s]eQ\[9N�Q�ÃÞqC�|NkalTc�|NkT��ac_���XÇÍ�QAp�QA�9T
b
QZ�k�|QZ��tkacb^q�_�a

(α, β)
Ãode]ãQnmodeSUTxQ�Nk�

g ∈ G
QATuNk�

C ∈ C〈X〉
TxQA]sS�[9N�Q

b = C[g]
g¡O����_kÃkQZ��À¨_�deTZÃkt�bAp��|�=TcacQZauN���acbAScN�]~TÇ_�Tuqk]sN�S��|bA��bZac_�]7�

ù +
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n ≥ 1

MsXñWNX(QjiTWNGrÛ»kCXÿXtkCQ"W
〈X〉n

O�W
〈X〉

:"opk}gUMsO�WygsWLK
n
:"M?�½O�WNQüK

gGFeINO�INopWNX(QzK»gsW
〈X〉

%$o�MPX(iÃgsWLK,SshNQviTkCXYKpgUijS?qskCX½SUO�WLKfgsW
〈X〉 k Ç�O�kCGJK,Q"kCMPQ$K?kCMæK�: 〈X〉 :"opk}gUMsO�W AgsW

〈X〉n
�(k?KLK?�FgsW)MsXtW3MsX(iBA}M{Wtw�SUo�izOzO�WÁqsINXtINGuSUQjGNiThLW�o�izX(izo,SUO�WYuuh>FeWLKNQâ:×d;:�gUizGJW�A}M{W�%½KNi7kCX»ORMPi£WNX(O��N�UW

MsX INO�INopWNX(Q�%ÁO S$w�SUo�izOzO�WmkU|}QnWNX(M(W�X�FeWLKNQ��½ORMæK�qsINXtINGuSUQjG6iThLW�v k
n INopkCXYKNQjGuSUQviTkCX k ¡O�át�bn����d~T^]`_�acQA]`_�Tcds�|�Û�kds��_�deacQ A

ScN�a
A
q�_�a

a A b
SAPRde] QnmodeSUTxQ�N�� XZ���9TcQnmjTxQ

C ∈ C〈X〉
t�d �ãbAacQA�9TutkQ

�
QnTuTxQZ]G[9N�Q

a = C[b]
g�¡�����_�p��|�=TcacQZa�[9N�Q\]ÅPºÐO� Ó

(A,A)
TxQAacprds��Q�g

¡O�å_�SUSc�jXZdeQ�ê�Tc�|NkT\bZ]ebZprQZ�=T
a
t�Q
〈X〉n

N�� QZ�=TcdsQZa
|a|

bZ�=_�]Øê�]s_�]s�|�k�|N�QZNka�t�Q�]`_�q�aUQZprdswZaUQXZ��p�q��|Sx_��9TcQ«t�Q
a
�ãSUd

a = (a1, . . . , an)
_���QZX�Tx��N�SO]sQAS

ai
t�_���S

〈X〉
ÃC�|�ÛqC��ScQ

|a|
]s_Ù]s�����|N�QAN�at�Q

a1 Ã�X�PRQASUTWV×ê;V�t�dsaUQ\]eQ^���|p«��aUQhtãPRbA]sbZprQZ�=TcSÈt�Q X _�q�q�_�ac_<;`SUSx_��=Tlt�_���SlSc����bZXAacd~TxN�aUQ8~¾XZQé�k�|p«��aUQQZSWTl��dsQA�/t�bn����dGXZ_�a
〈X〉

QASUTÈ]sds�kacQ?�½g
Ð¶]e�|acSAÃãScd

a, b ∈ A
Sc���9T�TcQZ]eSO[9N�Q

a A b
Ãã�|�ñ_

|a| > |b|
g Ò �ñQ��CQAT�ÃCq�_�a�t�bn����d~Txds���Êt�Q

A
Ããds]QnmodeSUTxQ

C 6= �
TcQZ]H[9N�Q

a = C[b]
gã�¹�|prp�Q

C 6= �
Ãã�|��_

C = u�v
_��|QZX

u, v ∈ 〈X〉
Ã�]ðPRNk�Êt�QZSt�QANomñt�Qn��_��9T�lnTxacQ�t�d �ãbAacQA�9T^tkQ

∗
g®¡O�áQA� XA�|��XA]sNkT^[9N�Qr]sQAS�q�acQAp�dewZacQAS�XZ�|prq��|Sx_��=TcQZS�t�Q

a
QnT
bSc���9TlaUQZ]sdebZQAS�q�_�a

a1 = ub1v
QATlt��|��X^[9N�Q

|a| > |b|
Ã�Tc�|N;ûU�|NkacS�q�_�aUXZQ^[9N�Q

〈X〉
QZSWTl]sds�kacQ�g

¡O�å_�t��|�kXrNk� pr�|aUq�Í�dsSUp�QéSUTxaUdsXnT^t'PRÐ¶� Ó
|.| : (A,A) −→ (N, >)

g®¡Oa
(N, >)

TxQAacprds��Q«QnTt��|�kX
(A,A)

_�N�SUScdðg'¡O�Ûq��|ScQ
G
]ðPRQA��ScQAp«��]sQht�QZSÈÀ¾�|acprQZSÈ���|acp�_�]eQZSlt�Q

(A,A)
gG�¹�|prp�Q

(A,A)TxQAacprds��Q�ÃãTx��NkT^bZ]ebZprQZ�=T\t�Q
A
q��|SUScwZtkQ�~¨_�Nñp��|de��SL�lN���Q�À¾�|acprQ����|aUpÙ_�]eQ«q��|N�a

A
ÃGt��|��X

G
QASUT��deQZ��N���Q^À¨_�prds]s]eQu�|bZ��bAax_�TcacdeXZQ^t�Q

A
g

Ó N�q�q��|SU�|��S7[9N�Q
G
�'PºQZSUTØq�_�S prds��depÙ_�]eQ���de]oQ½modsSUTcQ�N��

g ∈ G
TxQZ]o[9N�Q

G\{g}
QZSUT �|bZ��bAax_�TcacdeXZQ�gÒ �áq�_�aUTcdsXZNk]sdsQAaZÃCds] Q½mkdeSUTcQ

g′ ∈ G
TxQA]7[jNkQ

g′ 6= g
QAT
g = C[g′]

q��|N�a�Nk�åXZQAaUTx_�ds�ñXZ���9TcQnmjTxQ
C
g�¹�|prp�Q

g′ 6= g
Ãk�|��_éÀ¾�|aUXZbZprQZ�=T

C 6= �
QATut�����X

g A g′
Ã�XAQ�[jNkdGQZSUTudep�q��|SUScds�k]sQ¶qkN�dsSU[jNkQ

g
QZSWTN���Q�À¾�|aUp�Q��k�|acp�_�]sQ¶t�Q

(A,A)
g

ÕY]kaUQZSUTcQuêÈ�|��dsa [9N�Q
G
QZSWT7N���de[9N�Q�g Ó �|deT

H
N���Q�_�NkTxaUQ¹À¨_�prds]s]eQ7�|bZ�kbZax_;TxacdeXZQ�g�Ð¶]e�|acSAÃ

H
XZ�|�=TxdeQZ�=TÀ¾�|aUXZbZprQZ�=T�]eQZSlÀ¾�|acprQZSO�k�|acp�_�]sQASÈtkQ

(A,A)
�ãSU�|deT

g
N���Q«TcQZ]s]eQ\À¾��acprQé���|aUpÙ_�]sQ¸�ÞXZ��p�prQ

H
QASUT�|bA��bZac_�TxaUdsXZQ�Ã ds]ìQnmodsSWTxQ

h ∈ H
QAT
C ∈ C〈X〉

TcQZ]eS�[jNkQ
g = C[h]

gØ�¹�|prp�Q
g
QASUTrN���Q�À¾�|aUp�Q���|aUpÙ_�]sQOt�Q

(A,A)
Ã�����QZ��t�bZt�NkdeT

C = �
��q�_�a�SUN�deTcQ�Ã

g = h
QnT
g ∈ H

g
♦

Ò � _�q�q�]eds[9N�_��=ThXZQracbAScN�]~TÇ_�Téê
B(X,α, β)

ÃH���åQZ�åt�bZt�NkdeTh[jNãPRde]ÔQ½modsSUTcQÙN��kQÙN���de[9N�Q�À¨_�prds]e]sQ�|bA��bZac_�TxaUdsXZQ�prds��depÙ_�]sQ�t�Q
B(X,α, β)

� ScQAS�bA]sbZprQZ�=TcSrSU�|�=T�_�q�qCQA]sbAS�]sQZS�|}GuSUXthL�(WNopWNX(QzK8o�izX(iµ:
o,SUM(' gsW

(X,R)
WNXsqsWNX½gUGJILK��YSUG

(α, β)
gJ¡O�Ú_�q�q�QZ]e]sQ�|}GuSUXthL�(WNopWNX(Q²o�izX(izo,SUO)gsW

(X,R)
Tc�|NkT��ac_���XÇÍ�QAp�QA�9T«]s�jX�_�]Ô[9N�d¹QASUT�N��å��ax_��kXÇÍ�QZprQZ�=T�prds��depÙ_�]¬t�Q

(X,R)
QZ���|QA��t�aUb�q�_�ahN�� XZQAaUTÇ_�ds�XZ��N�q�]sQ

(α, β)
tkQ\aUwZ�|]eQZSAgÞ¡O�/�|�oTxdsQA�=T^�

» 8;DÞ57D ©�K²BEK D @ ³^c ¤jî cE� XtWB�½GJILK?WNX(QTSUQviTkCX�WLKNQ7O�k?hFSUO�WNopWNX(Q¸hLkCXx��M(WNX(Q"W�KNi5WNQ£K?WNMsO�WNopWNX(Q�KNiªQnkCM�K3K?WLK
|}GuSUXthL�(WNopWNX(QüKÍo�izX(izo,SUM;'fK?kCX(Q$hLkCXx�)M{WNX(QzK k

ù Z



Ü�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�3_Yb��n����]n�C�����²a���^��}�xc�^vd ]Lb�^`�ma��m�²_U]n�

�¬_�aUp�dJXZQANom9VYXZdðÃãde]®v/QZ�ñ_�[9N�dJ�'Pºds�=TxQAaU�jdsQA����QZ�=T^q�_�S¶t�_��kS�]`_�XA�|�k¸�NkQZ��XAQ�]s�jX�_�]eQhXZ_�aOds]eSÈSU�|�=TTx��N;ûU�|N�aUSlXA�|�k¸�NkQZ�=TxSAg Ò �/Q��CQAT�Ã�SU�|dsQA�=T
α
QnT
β
t�QANom�bZ]ebZprQZ�=TxSut�Q^]ÅPºdstkb�_�]'tkQ

〈X〉
QZ����QZ��t�aUbhq�_�a

R
g�¡O��qCQANkTlXZ�|��SWTxaUN�dsaUQ\tkQZNom��kax_���XÇÍkQZprQZ�=TxSÈ]s�jX�_�Nom��

s(α)s(β)

��

// t(α)s(β)
QAT

s(α)s(β)

��

// s(α)t(β)

s(α)t(β) t(α)s(β)�¹QZSlt�QZNjm���ax_��kXÇÍ�QZprQZ�=TxSlSc���9TlXA�|�k¸�N�QA�=TxS¶qkN�dsSU[jNkQr�
t(α)s(β)→ t(α)t(β)

QnT
s(α)t(β)→ t(α)t(β).¡Oa7ds]kq�QZNoTØSZPR_��|dsa¬t�Qu��ax_��kXÇÍ�QZprQZ�=TxSØprds��depÙ_�Nomr�|X�PºQZSWTÔ]sQ�X�_�S7Scd

α, β ∈ R
g9¡O�rq�QZNoTØt��|��Xu]sQASacQnTxdeacQZa7tkQZSÔ��ax_��kXÇÍ�QZprQZ�=TxSÔprds��depÙ_�NjméSc_���SØXZ����ScbA[jNkQZ��XAQOqC��N�a7]ÅPºbATcN�t�Qut�Qu]`_�XZ���k¸�N�QA��XZQl]s�jX�_�]eQ�g¡O�/tkbA����d~Tl_�]s��acSO�

a ±\b @HK¾B�K D @�c Ìl�/�kax_���XÇÍkQZprQZ�=T¶]e�oXZ_�]ãtkQ
(X,R)

QASUTlt�d~THQvG6iz�?ijSUOHSZPºds]'QASUTÈt'PRNk��Q^t�QZSuÀ¾�|acprQZS��
(s(α)s(β), t(α)s(β), s(α)t(β))

�|N
(s(α)s(β), s(α)t(β), t(α)s(β))_��|QZX

α
QnT
β
t�_���S�]ÅPºdst�bZ_�]ãtkQ

〈X〉
QA���|QZ�kt�acb^q�_�a

R
g�ÌÈ����ac_���XÇÍ�QAp�QA�9Tlprds��depÙ_�]����|��TxaUde�jd`_�]t�Q

(X,R)
QZSWTÈ_�q�q�QZ]sb,|}GuSUXthL�(WNopWNX(Q�hNG6izQjiBA}M{Wng

��¬_�auSUN�deTcQr�
» 8;DÞ57D ©�K²BEK D @ ³^c ¤ ß/cE� XtWB�½GJILK?WNX(QTSUQviTkCX�WLKNQ7O�k?hFSUO�WNopWNX(Q¸hLkCXx��M(WNX(Q"W�KNi5WNQ£K?WNMsO�WNopWNX(Q�KNiªQnkCM�K3K?WLK
|}GuSUXthL�(WNopWNX(QüK�hNG6izQviBA}M(WLK�K?kCX(Q$hLkCXx�)M(WNX(QüK k�lQASUTcQéê«À¨_�deacQO]eQ�]sdsQA��_���QZX\]sQAS�q�_�dsaUQZS�XAacdeTcds[9N�QAS\�
» 8;DÞ57D ©�K²BEK D @2³^c ¤ > c D7WLK3�YSUizGJWLKmhNG6izQjiBA}M{WLK¾gGF MsXtW��½GJILK?WNX(QTSUQviTkCX

(X,R)
K?kCX(QéO�WLK

(a, C, α,D, β) ∈ 〈X〉 × C〈X〉 × R× C〈X〉 × R
QnWNOáK�A}M(W�l
:�D£WLK�QjGLkCi�K¾INO�INopWNX(QüK

a
%
C[s(α)]

WNQ
D[s(β)]

K?kCX(Q3ITq�SUM;' k:�D£W¾|}GuSUXthL�(WNopWNX(QBO�k?hFSUO
(a, C[t(α)], D[t(β)])

WLKNQ)MsXA|}GuSUXthL�(WNopWNX(Q�hNG6izQviBA}M(W¾gsW
(X,R) k:�Z{i

α = β
%�SUO�kCGLK

a 6= s(α) k�¹QATUTxQr_�q�q�aU�oXÇÍkQ���Q�t��|���kQ�q�_�S�]`_rÀ¾�|acprQ«t�QAS�q�_�dsaUQZSOXAacd~Txds[9N�QASZg Ò �ñacQn��_���XÇÍ�Q�ÃGQZ]s]eQéq�QZaUp�QnTt'PºQnmjTxac_�dsaUQ�]`_éSWTxaUN�XATcN�acQ^t�QOpr�|����¿�t�QOtkQZS�t�bn����deTcds�|�kSO��QZ]e]sQÈScQ�q�aulATxQ^t�����XO��deQZ��ê«N���QOTcax_���SUqC�;VScd~Txde�|���|QAacSlN���_�NkTxaUQ\XZ_�t�aUQ�ÃÞXZ�|prprQOXZQA]sN�dGt�QASÈ��qCbAax_�t�QASZÃ�[9N�Q\���|N�SubnTxN�t�deQZaU�|��Sl_�N�XÇÍ�_�q�d~TxacQ\�kgÕY]ãSUQZac_�deT¹ds�=TxbAacQZSUSx_��=T�tãPRbnTxN�t�deQZa�SUdãXAQATcTcQ�_�q�qkac�jXÇÍ�Q�qCQAacprQAT¹t�QOacQnTxaU�|Nk�|QAa�]`_\À¾�|acprQÈQ½moq�]sdeXZdeTcQ¶t�QASq�_�deacQAS�XZacd~Txde[jNkQZSZÃ�p�_�deS�XZQA]`_�acQASUTxQ\ê�Qnmoq�]e�|acQAaZg

���
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� �|NkSñ_�]s]e�|��S�q�acbAScQZ�=TcQZaÛN���q�aUQZprdswAacQåqkac�jXZbZtkN�acQ t�QåXZ�|prq�]sbnTxde�|�'Ãut�deTcQ |LSCKNiBA}M(Wng � ��Tx����S[9N'PºQZ]s]eQ�qC�|SUScwAt�QÙt�Qr���|pé��acQAN�ScQAS\��_�aUd`_��=TxQAS\_�ds��SUd7[9N�QÙt�Q�����p«��acQANom ax_CÛ��kQZprQZ�=TxSAÃHvÛXA�|prq�acdeSt�QASlTcax_���SUqC��ScdeTcds�|�kSuêrt'PR_�NkTcacQASÈXZ_�t�acQASÈXA�|prp�Q�Ã�q�_�auQnmoQZprq�]eQ�Ã�]`_�q�aU�oXAbZt�NkacQ\t�QhXA�|prq�]sbnTxds����t�Q

@ÈNkQAT�q��|N�aì]`_^acbAbZXZaUdeTcN�acQÈt�Q¶TxQAacprQZSAÃj���|dsa²=â@lN�Q� oz}>ÅgP@ÈdeSUTc�|acde[jNkQZprQZ�=T�Ã9]`_\q�ac�jXZbAt�N�aUQ¶��_�SUds[9N�Q¶À¾NoTQnmoq��|ScbAQOt�_��kS�=£Q^Ñ�Á�£<>U�j���Ùq�QZNkT¹_�N�SUScd�]`_�Txac��Nk�|QAa¹t�_��kS�=ºÑ � i� <>ÅÃj_�de��ScdÞ[9N�QÈ]`_�q�]sNkq�_�aUTìt�QlXZQÈ[jNkdQZSWT7q�aUbZScQA�=TxbudsXAdÅg�Â/QZ�=Tcds�|���k�|��SØ_�N�SUScdot�QZS7bn�|�|]eNkTxde�|��S¬q�QZaUp�QnTcTx_��=T�Ã�t�_���S ]eQ¹X�_�S t�QZS TcQZaUp�QASZÃ�tãPRQnÀ`VÀ¾QZXnTxN�QAa�N���Q¶XZ�|prq�]sbnTxde�|��pr�jt�N�]s�\XZQAaUTx_�ds��QAS�bZ[9N�_;Txds����SZÃjX�PºQZSWTUV×êEVYt�deacQ¶t�_���S�N��Ù[jNk��TxdeQZ�=T�ÃoXZ�|prp�QQnmoq��|Scb\t�_��kS�= � Q^ |�C>ðg
ÕY]kQASUTÔê¶����TxQZa¬[jNkQ�]`_Èqkac�jXZbZtkN�acQ�SUN�de�jdsQìQZSWT7]`_¶p,lZprQ¹[9N�Q¹qC�|Nka ]ÅPR_�]s���|acd~TxÍ�prQ7t�Q�Ñ¹NkXÇÍj��QZaU�|QZaAÃScQAaU��_��=T�ê�X�_�]sXZNk]sQZa^N��kQÙ��_�SUQÙt�QÙ��ac�|���kQZa\qC�|Nka\Nk�ådstkb�_�]Øt�_��kShN��kQ�_�]e�|wZ��aUQ�t�Q�q��|]~vo�YE|p�QAS��ds]ÔSZPR_��|d~T�_�NkScScd¹t'PRNk��Q�q�ac�jXZbAt�N�aUQ�t�Q�XZ��p�q�]ebATcds�|�'Ã®p�_�dsS\��º ]ðPR�|�Ú_ÊacQZprq�]s_�XZb�]`_/XZ_�TxbA�|�|aUdsQ�t�QASpr�|����¿Åt�QZS\q�_�a\XZQA]s]sQrt�QAS

k
VY_�]s�|wA��acQASZÃ®]sQAShq�_�dsaUQZSéXAacd~Txds[9N�QAShSUQÙ����p�p�_��=Th_�]s�|aUS

S
V�qC�|]~vj�®E|prQZSOV�|��dsaH=ºÑ¹N�X�Á�i<>Åg

} _�q�aU�oXAbZt�N�aUQ�zhQZSWT¶]ðPRN��kQ\tkQZSÈÀ¾��acprQZSuqC��ScScde��]sQASÈtkQh]s_�qkac�jXZbZtkN�acQh��_�Scde[9N�Q�g Ò ]s]eQ�q�acQA��t'Ã�QZ�QZ�=TcacbZQ�Ã¬N��kQ�q�acbAScQA�9Tx_�Txde�|�
(X,R)

����deQÙQATép«N���deQ�tãPRN�� ��act�aUQÙt�Q�aUbZt�NkXATxde�|�
>
XA�|�=TxQA��_��=T

R
gÉHac�|deSlXA�|prqC�|aWTxQAp�QA�9TcSuSc�|�=TÈqC�|SUScde��]sQAS\�

1)
} PR_�]s���|acd~TxÍ�prQ¶TxQAacprds��Q^_���QZXéSU�|aUTcdsQtåçæ,è>é&æjg

2)
} P·_�]ÝV�|�|aUdeTcÍ�p�Q�TcQZacprds�kQé_��|QAX«Sc��aUTxdeQhNk��QhÀ¨_�prds]e]sQ¶����dsQ

R′
t�QhacwA�|]sQAS¶t�QhacbZbAXZaUdeTxNkacQ�g

3)
} P·_�]s�|�|aUdeTcÍ�p�Q��Q�TxQAacprds��Q�q�_�SZg

�¹QATUTxQ\q�ac�jXZbAt�N�acQ\À¾�|��XnTxds������Q^_�de��Scd7�Þê�XÇÍ�_�[9N�Qhq�_�ScSc_��|Q\t�_���Sl]`_����|N�XA]sQ�Ãk�|��XZ_�]sXAN�]sQOTc�|NkTxQAS]sQASuq�_�dsaUQZSuXZaUdeTcds[9N�QZSlt�Q^]`_�q�aUbZScQA�=TÇ_�Tcds�|��XZ�|Nkax_��=TxQ�g��J�|N�alXÇÍ�_�XAN���Qht'PRQA�=TxacQhQZ]e]sQZSAÃ��|��t�bATcQZacprds�kQt�QASuÀ¾��acprQZS�����acp�_�]sQAS¹t�QASltkQZNomê�nX}E�TcbZS,�Ot�N���ac_���XÇÍ�QAp�QA�=T�g Ó d'QA]s]eQZS�SU�|�=TÈtkdsSUTcds��XnTxQAS�pÙ_�dsS�XA�|p�Vq�_�ac_���]eQZSÙq��|N�aÙ]ÅPº�|act�aUQ�XÇÍ���dsScdðÃì���Îax_EûU�|NoTxQ/À¾��acprQZ]s]eQZprQZ�=T�]`_áaUwZ�|]eQ�XA�|acaUQZScq��|��t�_��=TxQ�Ã�tkQ�TxQA]s]sQSc��aUTxQ\[9N�Q«]s_��k�|Nk�|QA]s]eQhq�aUbZSUQZ�=TÇ_�Tcds�|�/TxQZaUp�de��Q�Tx�|NEûU�|N�acSlQATÈ[9N�Qé]s_rq�_�dsaUQ\XAacd~Txds[9N�Q\t'Pº�|acde�|ds�kQ�Sc�|d~Tp�_�ds�=TxQA��_��=TuXZ���k¸�N�QA�9TcQ�g
¥ 6 ° §�8 ô <®6 cl} _�XZ�|�kt�deTcds�|� t�QrXZ�|prq�_�Tcds��de]sdeTcb«QZ�=TcacQÙ]ðPR��act�aUQrtkQÙacbAt�N�XnTxds���åQATé]sQAShaUwZ�|]eQZS\qCQANkT
lATcacQìacQZq��|aWTxbZQ�ê¶]ÅPºds��d~Txds_�]sdeSx_�Tcde�|�Èt�Q�]s_Èq�aU�oXAbZt�N�aUQ�g|¡��éXZ�|prp�QA��XZQAax_È_�]s�|aUS¬_���QZX�N��kQ�q�acbAScQA�9Tx_�Txde�|�
(X,R)

QAT¬N��«�|aUt�acQìt�Q¹aUbZt�N�XnTxde�|�
>
[9N�do��Q¹XA�|�=TxdeQZ�=T¬q�_�S

R
S��½G6iTkCGNi²ÃEq�NkdsS¬���hTxQASUTcQZax_oÃ�_�Nét�bZ��NoT�ÃScdoXÇÍ�_�[9N�QuacwA�|]sQ

α
t�Q
R
��bZacd~��QO�

s(α) > t(α)
�|N
t(α) > s(α)

��t�_��kS7]sQ¹qkacQZprdsQAa¬XZ_�SZÃ|����]`_�deScScQ
αds�kXÇÍ�_����|bAQ�Ã=t�_���SØ]sQ�ScQAXZ�|�kt'Ã9�|��]eN�d�SUN���SUTcdeTcN�Q

α−1 = (t(α), s(α))
g Ó d�]ðPRNk��Qut�QZSØacwA�|]sQASØ��Q��|bZaUde��Qq�_�S¶]ÅPºN���Q«t�QAS�t�QZNjmÛds�kbZ�=_�]edeTcbZSZÃÞ�|�ÊTcQZaUp�de��QéSUN�aON��ÛbAXÇÍ�QZX�g®µO_���S�]eQéX�_�SOXZ�|�=Tcax_�deacQ�ÃC�|�Û�|aUdsQZ�=TcQTx��NkTxQASO]sQAS¶acwA�|]sQAS¶XA�|p�prQ\t�bZXAacdeTé�C���Ê�|�kTcdsQZ�=T¶N���Q«����Nk�|QA]s]sQ\À¨_�prds]s]eQ

R̃
t�Q«aUwZ�|]eQZSlTxQZ]e]sQAS¶[9N�Q

>XZ���9TcdsQA����Q
R̃
QnTÈ[9N�Q

≡R̃ =≡R

g

�Y�
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» 8;D'I|±oFH<®8;6 ¤ } _�q�ac�jXZbAt�N�acQ^��_�Scds[9N�Q^t�Q^XA�|p�qk]sbATcds�|�ãg
R0 ← R

�
i← 0

�¥ ±957± B 698
Ri+1 ← Ri

�
Pi ← cp(Ri)

�
� § @CB�ô <H6 ~

Pi 6= ∅
� ç § K 8E6�¹Í��|deScdsa

p = (a, C, α,D, β)
t�_���S

Pi
�

Pi ← Pi \ {p, p
−1}
���_�]sXAN�]sQAa�t�QZS

Ri

V�À¾�|aUp�QAS����|acp�_�]eQZS
b
QnT
c
t�Q

C[t(α)]
QATut�Q

D[t(β)]
�

ë K ~
b 6= c

� §�¦¾DÞ8 ©
ë'6j¦¾D @3ô <H6

b > c
�
Ri+1 ← Ri+1 ∪ (b, c)

�
b < c

�
Ri+1 ← Ri+1 ∪ (c, b)

�Ó ds�k�|�ñ� � 698 °åKð@ 698 _��|QAXhSU�|aUTcdsQ`åçæ,è�é�æ)�ì�Kð@ ëã6j¦¨D @+ô <H6
i← i+ 1

�
ì�Kð@ ë Kì�K¨@ � § @�BÙô <H6

í < ©�ô <ØÜÍîÚI|6 ô <H6 ~
Ri = Ri−1

�

R′ ← Ri

�
� 698 °ÚK¨@ 698 _���QZX\Sc�|aWTxdeQ

R′
g

¡O��_�]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=Th�
� �®±9DÞ8 ¯j° 6 ³^c ¤ Â^c Z{i�O S��½GJk?hLIFgUMsGLW�|LSCKNiBA}M(W�gsWrhLkCo��½O�INQjiTkCX QnWNG6o�izXtWrWNQ�gskCX(XtW MsXtW�w�SUo�izOzO�W
�ÁX(iTW

R′ gsWmGJ�TqUO�WLK�%$SUO�kCGJK (X,R′)
WLKNQ�hLkCX(�UWNGvqsWNX(QnWfWNQ

≡R′ = ≡R k Z{iéO S��½GJk?hLIFgUMsGLW¾XtW¾QnWNG6o�izXtW�YSCK�%�kCXAS»MsXtW3�½GJILK?WNX(Q°SUQjiTkCX hLkCX(�UWNGvqsWNX(Q"W
(X,R′)

QnWNOzO�W�A}M(W
≡R′ =≡R

%�SU�UWLh�l

R′ =

+∞⋃

i=0

Ri.

n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��S�[9N'Pºds]ã�ãPºv�q�_�S�tãPRbAXÇÍ�QZX^t�_��kS�]ÅPºQnmobZXANkTxde�|�'goÕY]ãQZSWT�XZ]s_�dsaÔ[9N'PRê«XÇÍ�_�[9N�Qq�_�SUSx_���Q�t�Q/]`_á���|N�XA]sQ�ÃÔ���+q�_�aWTÙt'PºN���Q/À¨_�p�de]s]eQ
Ri

tkQ�acwA�|]sQASrTcQZ]e]sQZSr[9N�Q
(X,Ri)

TcQZacprds�kQ�QnT
≡Ri

=≡R

�k�|�/ac_EûU�|NkTcQ^ê
Ri

N���Q^À¨_�p�de]s]eQ
Si
t�Q^aUwZ�|]eQZS�TxQA]s]sQAS�[9N�Q��

Ì ]s_«q�acbAScQZ�=Tx_�Txde�|�
(X,Ri q Si)

TcQZaUp�de��Q¸�
ÌÎTc�|NkTxQASu]sQZS�q�_�dsaUQZSuXZaUdeTxde[9N�QZS�t�Q

(X,Ri)
Sc�|�=TlXZ�|�o¸�N�QZ�=TcQZS¶t�_���S

(X,Ri q Si)
�

Ì �|��_�]sQAS�bZ�=_�]edeTcbZS
≡RiqSi

=≡Ri
=≡R

gÓ du]`_Ûq�aU�oXAbZt�N�aUQ/TcQZacprds�kQ�Ã X�PRQASUT�[9N'Pºds]�Q½modsSUTcQ/Nk�
i
TxQZ]�[9N�Q

Si = ∅
�7�|�3_á_�]e�|acS

(X,Ri)XZ���9��QZaU�|QZ�=TxQhQAT
≡Ri

=≡R

g

��Ü
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Ó d�]`_+qkac�jXZbZtkN�acQà��Q TxQAacprds��QÚq�_�SZÃ�]s_ SUQZN�]eQ t�dVÛrXAN�]eTcb QZSUTát�Q �|bAacd~��QZañ[9N�Q
(X,R′)

QZSWTXZ���k¸�N�QA�9TcQé_���QZXr�

R′ =
+∞⋃

i=0

Ri.

Ó �|d~T
p
N��kQ«q�_�deacQéXAacd~Txds[9N�Qht�Q

R′ QZ�k�|QZ��tkacbZQ�q�_�a¶t�QANomÛaUwZ�|]eQZS α QAT β t�Q R′ g Ó ��dsQZ�=T i QAT jt�QANomÚde��t�deXZQZS^TxQA]sSh[jNkQ
α ∈ Ri

QAT
β ∈ Rj

g¬�¹�|prp�Q
(Rk)k∈N

QZSWT�N���Q�ScN�d~TxQ�XZac��dsScSc_��=TxQ�qC�|Nka]ÅPºds�kXZ]sNkScds���'ÃÞQZ�ñq�acQA��_��=T
n = max{i, j}

ÃC�|�ñ_
α, β ∈ Rn

gGµ¶�|��X
p
QZSUT^XA�|�k¸�NkQZ�=TxQ�t�_��kS

Rn+1QATlt�����X^t�_���S
R′
g

♦

ÓVÔâä5ÔÜÓ ¥m­�¶¨­"¯P¦¸¯P­n·éì²¹	´�³Æèn¦ï��§Y·3«t©ª´²±²§®³:îÍ¦Á¹P­���±²³
� ��Tc�|��S�[9N�Q�SUdã]ðPR�|aUt�acQ¶t�QOacbAt�N�XnTxds����XÇÍ��|dsSUdãQASUT�Tc��TÇ_�]ðÃj_�]s�|aUS¹de]C�'P v�_�ûc_�pÙ_�dsSÔt'PRbAXÇÍ�QZX^]e�|acSìt�Q]ÅPºQnmobAXZNkTcds�|�/t�Qh]s_rqkac�jXZbZtkN�acQ���QA�ÊQ��CQATZÃCt�_���SlXZQéXZ_�SZÃ�q��|N�aut�QZNjmÊbA]sbZprQZ�=TcS

b
QnT
c
t�Q
〈X〉

TxQZ]eS[9N�Q
b 6= c

Ãã���ñ_�Tx�|NEûU�|N�acS
b > c

��N
b < c

g'µO_���SO]sQéX�_�SOtãPRN��ñpr�|����¿Åt�Qé]eds��aUQ
〈X〉

Ã�ds]HQZSUT\_�dsScbt'Pº�|�kTcQZ��dea�N����|actkacQOt�Q�aUbZt�NkXATxde�|��Tx��TÇ_�]J�kq�_�a�Q½moQZprq�]sQ�Ãk]ÅPº�|aUt�acQfgsWTqUO�WC'�QZ�k�|QZ��tkacb^q�_�a�Nk���|act�aUQTx��TÇ_�]
>
SUN�a

X
g Ò �ÊaUQA��_���XÇÍkQ�Ã�t�_���SÈt�QZSÈScdeTcN�_�Tcds�|��Suq�]eN�SlXZ�|prq�]sQ½moQZSZÃÞXA�|p�prQ^qC��N�aÈ]eQZSuTxQAacprQZS�|N�]eQZS��|q�bZac_�t�QZSAÃ�ds]��'P v�_«q�_�S�tkQ�p�bnTxÍ��jt�QOXA�|���9N�Q�q��|N�a��|�kTcQZ��dea¹N����|aUt�acQ�tkQ�acbZtkN�XATcds�|��Tc��TÇ_�]t�_��kS�]sQ«XZ_�S^�|bZ��bAax_�]ðgG�¹QAqCQA��t�_��=T�ÃGXAQ��'PRQASUT^q�_�S�]sQ«t�bnÀ¨_�NkT^p�_EûUQZNka�t�Q�XZQnTcTxQ�q�aU�oXAbZt�NkacQ��'����N�S_�]e]s�|��S¹QZ��bA�|�j[9N�QZalt�QANomCg

1
g } Q¶q�acQAp�deQZa¹tkbAÀ¨_�NkT�XZ�|��XAQZaU��QOTx�|NoTxQZS�]eQZS�qkac�jXZbZtkN�acQAS�t�QOXZ��p�q�]ebATcds�|�/�kQZ��QN�ãQnT�Ã�de��t�bAqCQA�oVt�_�prprQZ�=T^t�Qr]`_�q�aU�oXAbZt�N�aUQ�Ã®]sQ�XÇÍk�|d~mñtkQ�]ðPR�|aUt�acQ�tkQraUbZt�NkXATxde�|� QZSUT\TxaUwZS^dsprq��|aUTx_��=T�ÃãXZ_�a^t�QZNjm�|aUt�acQAS�t�dV�CbZaUQZ�=TxSuq�QZNk��QZ�=Tlq�ac�jt�N�deacQOt�QANom�XA�|p�q��|aWTxQZprQZ�=TcS�t�dV�CbZaUQZ�=TxS�t'PºN���Q^p,lZprQOq�aU�oXAbZt�N�aUQScNka�N���Q�p,lZprQ«q�acbAScQA�9Tx_�Txde�|�'gCÕY]s]sNkSUTxaU�|��SO]ðPRdep�q�_�XATÈt�NñXÇÍ��|dÝmÊt�Q�]ðPR��act�aUQ«t�Q�acbAt�N�XnTxds���ñê�]ÅPR_�dst�Qt'PºN���QnmoQZprq�]sQ^��deQZ��XZ�����9N'gC¡���XA�|��Scdet�wZaUQ^]`_�q�acbAScQA�9Tx_�Txde�|�

(X,R)
��º �

{

X = {a, b, c, d, e}

R = {(ab, c), (ba, e), (bbbb, d)}

¡O�y_�q�q�]eds[9N�QÙ]s_/q�aU�oXAbZt�NkacQ���_�SUds[9N�Q�_���QZX�]ÅPº�|aUt�acQ�gsWTqUO�WC'
>
QA���|QA��t�acb�q�_�a

a < b < c <
d < e

gC¡O��acQApÙ_�ac[9N�Q^[9N�Q
>
XA�|�=TxdeQZ�=T

R
g } Q\q�acQAp�deQZa�q�_�SUSx_���Qét�_��kSÈ]s_����|N�XA]sQ\q�ac�jt�N�d~T�Ã�QA�=TxacQ_�NkTcacQ��

V } _haUwZ�|]eQ
ca→ae

ÃjdsSUScN�QÈt�QO]s_\q�_�dsacQlXZaUdeTcds[9N�Qlt�Q¶SU�|p�prQAT
aba

XZacbAbZQOq�_�aìNk��XZ�|�o¸�deT¹QZ�=TxaUQ
ab→ c

QnT
ba→ e

g
V } _�acwA�|]sQ

cbbb→ ad
Ãkq�ac�jt�N�d~TxQ�q�_�a�Nk�/XA�|�k¸�d~TuQZ�=TxaUQ

ab→ c
QnT
bbbb→ d

QA�
abbbb

g
V } _haUwZ�|]eQ

bbbe→da
Ãjq�ac���|QA��_��=Tut�QÈ]`_hSUN�q�QZacq��|SUdeTxde�|�ÙtkQZS�SU�|N�acXAQZS�tkQ

ba→ e
QnT
bbbb →dQA�

bbbba
g

V } _�acwA�|]sQ
dbbb→ bbbd

ÃÞ[9N�dGQASUTlXZaUbZbZQ\q�_�au]s_«acwZ��]sQ
bbbb → d

QA�
bbbbbbb

g

�|Ï
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Ð¶NhScQZXA�|��t«q�_�ScSc_��|QÔt�_���SH]`_u�C��N�XZ]eQ�Ã��|�\�|�kTcdsQZ�=TJ]sQASHtkQZNomhacwA�|]sQAS®ScN�q�qk]sbZprQZ�=Tx_�dsaUQZSHScN�d~��_��9TcQZSAÃq�_�aUp�dãt'P·_�NkTxaUQZS^�
V Ò �

cbbe
ÃÞ]sQAS�acwZ��]sQZS

cbbb→ ad
QnT
bbbe→ da

q�ac�jt�N�deScQZ�=T
cda→ ade

g
V Ò �

dbbe
Ã�]eQZSuacwA�|]sQAS

dbbb→ bbbd
QnT
bbbe→ da

XZacbAQZ�=T
bbbde→ dda

g
� ��Tc�|��S�[9N'Pºds]¹À¨_�NkT�_��|�|deaéTx��NkTxQAS�]sQZS�aUwZ�|]eQZS�q�aU�otkN�deTcQZS«q�_�a«]sQ�q�aUQZprdsQAaéq�_�SUSx_���Q�q��|N�a¾lATxaUQSFþkal[9N�Q^XAQZSlt�QZNom�acwZ��]sQZS�SU�|�=Tl��dsQA��_EûU��NkTxbAQZSlê�]`_«q�aUbZScQA�=TÇ_�Tcds�|��q�_�a�]s_«q�ac�jXZbAt�N�acQ�g�¡O�/pr�|�=TxaUQQZ�kScN�d~TxQ�ÃGq�_�a�acbAXZN�aUacQZ�kXZQ�ScN�a

n ≥ 1
ÃC[jNkQr]s_�q�ac�jXZbAt�N�aUQ�_�ûU�|NkTxQ�Ã®_�N

(n + 1) * q�_�ScSc_��|Q�t�_���S^]s_���|N�XZ]eQ�Ã�]eQZSut�QANom�acwA�|]sQASuScN�d~��_��9TcQZS^�
V } _�acwA�|]sQ

cdna→ adne
Ã�q�ac�jt�N�d~TxQOQA�

cb3dn−1e
q�_�a

cb3 → ad
QAT
b3dn−1e→ dna

g
V } _�acwA�|]sQ

b3dne→ dn+1a
Ã�q�aU�otkN�deTcQOQZ�

db3dn−1e
q�_�a

db3 → b3d
QAT
b3dn−1e→ dna

g
} _Úq�ac�jXZbAt�N�acQ���QÊTxQAacprds��Q�t��|��XÛq�_�S�QZ�

(X,R)
p«N���dÈt�QÊ]ðPR�|aUt�acQÀgsWTqUO�WC'âQA���|QA��t�acbÛq�_�a

a < b < c < d < e
g

�¹QZq�QZ��t�_��=T�Ã�XZ�|��SUdst�bAac�|�kSl]ðPR��act�aUQ�]sQnmodeXZ�|�|ac_�q�Í�de[9N�QOq��|��t�bAacb
>′
QA���|QA��t�acb\q�_�a

a < b < c <
d < e

QAT¶q�_�a¶]eQZSÈqC�|det�S
|a| = |b| = 1

Ã
|c| = |e| = 3

QAT
|d| = 5

gCÐÈ]s�|aUSZÃ
R
t��|d~T�lnTxacQéacQZprq�]s_�XZbq�_�a

R−1
qC��N�aØ[jNkQ

>′ XZ�|�=TcdsQZ�k��QÈ]eQZSØacwA�|]sQASZg9�H�|N�a (X,R−1)
p«N���d�tkQ

>′ Ã=]s_�q�ac�jXZbAt�N�acQlSZPR_�aUaFlATcQt�wASÈ]eQ\qkacQZprdsQAa�q�_�SUSx_��|Q���]sQASlaUwZ�|]eQZSut�Q
R−1

��Q\XZaUbZQA�9T¶q�_�Sut�Q\q�_�deacQ^XZaUdeTxde[9N�Q�g�¡O�/_rt�����XhNk��Qq�aUbZScQA�=TÇ_�Tcds�|� XZ�|�=��QZac��QZ�=TxQrbZ[9N�d~��_�]sQZ�=TcQ�ê�XAQZ]s]eQ«t�Q�t�bAq�_�aUTr�']eQ�XÇÍ��|dÝmÛt�Q�]ÅPº�|aUt�acQ�t�Q�aUbZt�N�XnTxde�|�QZSWTlt��|��X�TxaUwZSudsprq��|aUTx_��=T�g
2
g } Q�tkQZNomodswAp�Q�tkbAÀ¨_�NkTØQASUTZÃ|[9N�_��=TÔê�]sN�dðÃ�de��Í�bZaUQZ�=TÔêO]`_Èq�ac�jXZbAt�N�acQ���_�Scde[jNkQ�gj�¶PºQZSUTØtãP·_�de]s]eQZN�aUSêáXZ_�N�SUQÊt�Q�]eN�du[9N'PRQA]s]eQ/�'PºQZSWT\ûc_�p�_�deSrNoTxds]edsSUbZQ�QZ�+qkax_�Tcds[9N�Q�gì¡O�+q�QZNkT�SZPºQZ�ÎXA�|�=��_�ds��XAacQ/QZ�+]s_XZ��p�q�_�ax_��=TÈêr]s_rp,lZprQ^q�ac�jXZbAt�N�aUQéê�]`_�[9N�QA]s]eQ��|�Ê_r_EûU�|NkTcbhNk��Q\À¾����XATcds�|� ��êr]ðPRde��deTcd`_�]edsSx_;Txds����QnTê�XÇÍ�_�[9N�Q�XAacb�_;Txds���Êt�Q�acwA�|]sQ�Ãã�|�ÛaUbZt�NkdeTOTc�|NkTxQAS�]sQASOacwA�|]sQASOQZ�=TxaUQ�QZ]s]eQZSAg'�¹�|�kScdstkbZac����S�]ÅPºQnmoQZprq�]eQt�Nñpr�|����¿Åt�Qé]eds��aUQ«ê�t�QANomÛ�|bA��bZac_�TxQAN�acSAÃ

a
QnT
b
Ã'p«N��kd¬t�Q�]ðPR�|aUt�acQ-gsWTqUO�WC' QA���|QZ�kt�acb�q�_�a

b > aQATlt�QAS�Txac��dsS�acwA�|]sQAS��
abb→1 ba, bb→2 b, abba→3 aba.} �|acSGt�N\q�aUQZprdsQZaãq�_�ScSc_��|QØt�_��kSG]`_����|N�XZ]eQ7t�QØ]`_�q�aU�oXAbZt�NkacQ7��_�SUds[9N�Q�Ã�]sQZSGaUwZ�|]eQZS

1
QnT

2
À¾��acprQZ�=Tt�QANom�q�_�deacQZS�XAacd~Txds[9N�QAS���]ÅPºN���Q�QASUTlt�Q^Sc�|prprQAT

abb
QATuQA���|QZ�kt�acQ\]`_«aUwZ�|]eQ

ba→4 ab
g } _�SUQZXA�|��t�QQZSWTlt�Q^Sc�|prp�QnT

abbb
QATuXAacbZQ�ÃÞScQZ]e�|��]sQAS�XÇÍ��|d~m�Q��CQZXnTxN�bASZÃÞ]ÅPºN���Q^�|N�]ÅPR_�NkTcacQOtkQZSlacwZ��]sQZS

bab→5 baQAT
bab →5′ ab

g Ò �k���'ÃJ]eQZS\acwA�|]sQAS
1
QAT

3
���9ThN��áXZ�|�k¸�deT\QZ�

abba
ÃH[jNkdÔQA���|QA��t�acQ

baa →6 aba
g} Q¹t�QANomodswAp�QÔq�_�SUSx_��|Qì�|bZaUde��Qì[9N�Q¹]s_Èq�aUbZScQA�=TÇ_�Tcds�|�éê

6
aUQZ]s_�Txde�|��SH_�ds�kScd9�|�kTcQZ�9N�Q�QASUT XA�|�=�|QAac�|QA�9TcQ�g

�¹QZq�QZ��t�_��=T�Ã �|�åSZPR_�qCQAacäA�|deTé[jNkQ�[9N�_�TxaUQ�acwA�|]sQASéSU�|�=T�ds�9NkTcds]sQASZÃ®X�_�aét�bAacde��_��k]sQZSéê�q�_�aWTxdeaht�QASt�QANomy_�NoTxacQAS�� _�de��Scd
2
QnT

4
ScNYÛrSUQZ�=T�gÔ¡OaZÃJN���Q�q�aU�oXAbZt�NkacQ�bATcQZ��tkN�QZSr_��|QAX�Scdsprq�]ede��XZ_�Txde�|�átkQZSacwA�|]sQAS�_�N�ac_�deTZÃ�Tx�|NkT¶t'PR_��C��act'ÃCbZ]sdep�de��b^]`_racwZ��]sQ

3
XZ�|prp�Q\XZ����ScbA[jNkQZ��XAQ�t�Q

2
g'�7N�deSZÃ�QZ]s]eQ«_�Nkax_�d~TacQAp�qk]`_�XAb

1
q�_�a�]sQ�XZ��N�q�]sQ

(ab, ba)
ÃØacbZ��acdsQA�=Txb�QZ�

ba → ab
g } Q/q�aUQZprdsQAa�q�_�ScSc_��|Q�t�Q��C��N�XZ]eQ

� ë
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_�N�ac_�deT�_�]s�|aUS�XZ�|�o��acprb�[9N�QhXAQATUTxQ^q�acbAScQA�9Tx_�Txde�|�/ê�tkQZNom�aUwZ�|]eQZS�QZSWT¶XA�|�=�|QAac�|QA�9TcQ�g
µ¶QZNjm�]sdsprdeTx_�Txde�|��SØp�_EûUQZN�aUQZSÈ_�q�_�ac_<;`SUScQA�9Tutk�|��X��
V Ó _���S«Scdep�qk]sde��X�_�Tcds�|� t�QZS�aUwZ�|]eQZSAÃ¬�|� p«Nk]eTxdeq�]sdeQ�ds�9NkTcds]sQAp�QA�=Té]eQZN�a«�k�|p«��aUQ�QAT�tk�|��X�XAQZ]sNkdt�QASuq�_�dsaUQZSuXZaUdeTcds[9N�QZSuê�Q½m�_�p�de��QZa���X�PRQASUTlN���q�ac�|�k]swZprQ�t'PºQ�ÛrX�_�XZdeTcb�g
V��¹�|prprQ����|N�S�]ðP·_����|��S«�jN2t�_���S�]ÅPºQnmoQAp�q�]eQ�ÃJ]sQZS�aUwZ�|]eQZS��|�oTxQZ�9N�QASr_�q�acwAS�XZ�|prq�]sbnTxde�|�åt�b½Vq�QZ��tkQZ�=T�t�Q�XÇÍ���d~máQ��CQZXnTxN�bAS�t�N�ax_��9T«]ÅPºQnmobZXANkTxde�|�Út�Q�]s_�q�aU�oXAbZt�N�aUQy~¨]eQZShacwZ��]sQZS

5
QAT

5′
�ngÐ®�|QAX�]`_ñScdep�qk]sde��X�_�Tcds�|�ÚtkQZSÙaUwZ�|]eQZSAÃÔXAQZS�XÇÍ��|d~mà�ãPR�|�=TÙ_�N�XAN���Q�de�k¸�N�QA��XZQ�ScNkaÙ]sQ�aUbZScNk]eTÇ_;T����_�]ÅÃ�tk�|�=TÈ]ðPRNk��dsXAdeTxbÈQZSWTO_�SUScN�aUbZQ�g

Ó d�]`_�SUdsprq�]sdeX�_�Tcds�|�ht�QZSÔacwA�|]sQASì_�q�q�_�ac_<;sT7XA�|prp�Q�N��kQÈ_�p�bA]sds��ax_�Tcds�|�hds��t�deScq�QZ��Sc_���]eQ�t�Qu]`_�q�ac�;VXZbAt�N�aUQ«t�QéXA�|prq�]sbnTxds���'Ã�Sx_ÙXA�|acaUQZXnTxds����QZSWT���Q�_�N�XA�|N�qÊqk]sN�SÈt�dVÛrXZde]sQ\êÙq�aU�|N�QAaé��ds]'À¨_�NkT¶p����9TcacQAa[9N�Qr]`_����|Nk��QZ]s]eQ�q�ac�jXZbAt�N�acQrq�aU�ot�NkdeT^��deQZ� t�QZShq�acbAScQZ�=Tx_�Txde�|��S\XZ�|�=�|QAac�|QA�=TxQZS I$A}MPiz�CSUO�WNX(Q"WLKÙê�]s_q�aUbZScQA�=TÇ_�Tcds�|�/t�Qét�bAq�_�aWT�g } Qhq�_�ax_��|ac_�q�Í�Q\ScNkde��_��=T¶QASUT¶N���QéXA�|N�aWTxQ\SUvj�=TxÍ�wAScQ�t�QASÈTxac_���_�Nom/_;mods��Vp�_�TxdeSx_��=TÈ]`_Ù����Txds���Êt�Q«q�aU�oXAbZt�NkacQ«t�Q�XA�|prq�]sbnTxds���/QnTOÀ¾�|N�aU��dsSUSx_��=T�t�QAS��|NkTcds]sSlq��|N�a¶tkbZpr�|�=TxacQAa[9N'PºQZ]s]eQZS�À¾�|��XnTxde�|����QA�9Tu�kdsQZ�ãg
ÓVÔâä5ÔBð Å�§®·3«t©ª´²±²§Y³ª¹ï´�³Æ«¬·)¶Ø��èn©t¯Y­n·Áì ¦Áî�¹æ¯s§Y¦é­°¯P³ª¹	³t¯ñ��§Y³ª±=�Á³ª¹

ÌÈ��Qàt�QAScXZaUdsqkTcds�|� _;mode�|pÙ_;Txds[9N�Qåt�QZSñq�aU�oXAbZt�N�aUQZS t�QyXZ�|prq�]ebATxde�|��_ÎbATcb2de�9Tcac�jt�N�d~TxQÚt�_���S
=ºÑ�µÍ@¶ ��<>Åg��¹Q�q�_�ax_��|ac_�q�Í�Q/ax_�qkqCQA]s]sQ�XZQASÙTxac_���_�NomÍ�ì�|�+q��|N�aUax_Ú_�NkScScdÈScQÊaUbAÀ¾bAacQZaÙêò=ºµ � i|£<>¶�|Nê�=RÑ � i| <>ðg

} PRdet�bZQ�QASUT�t�Q�tkbZXZaUdsaUQ�]sQZSé�|qCbAax_�Tcds�|�kSébZ]ebZprQZ�=TÇ_�dsacQAS«[9N�Q�q�QZNkT�NkTcds]edsScQAahNk��Q�q�ac�jXZbAt�N�aUQ�t�QXZ��p�q�]ebATcds�|�'Ã�q�N�deSOt�Q�t�bn����dsa¶N���Q�q�ac�jXZbAt�N�aUQ�t�Q�XZ�|prq�]ebATxde�|�ÊXA�|p�prQ«N��kQ�XZ�|prqC��ScbZQ�tkQ«TxQZ]e]sQAS�|q�bZac_�Txde�|��SZg
a ±\b @HK¾B�K D @�c ¡O���kmoQ¶Nk�ÙQZ�kScQZpé��]sQ

X
_�de��Scd�[9N'PºN����|aUt�acQlt�QlacbZtkN�XATcds�|�

>
ScN�a
〈X〉

go¡O�ÙtkbA����d~T]`_�aUQZ]`_;Txds���
`
ScN�au]ðPRQA��ScQAp«��]sQ^t�QASÈXA�|N�q�]eQZSut�Q\q�_�aWTxdsQASut�Q

〈X〉2
QZ�/qC�|Sc_��=T

(E1, R1) ` (E2, R2)ScdG]ðPR����q�QZNoT¶_�q�q�]sde[9N�QZa�]ðPRNk��Q^t�QZSHGJ�TqUO�WLK�gGF izXxwxINGJWNXthLW^ScNkde��_��=TxQAS\�
z|g�ò�ó . c��C^~ô

(E q {(s, s)}, R) ` (E,R)
g

�og - _Y����_����<^6ô
(E,Rq {(s, t)}) ` (E,R q {(s, u)})

SUd
(t, u) ∈ (R)

g
�kg	õ dá�����¼d 2P�<^6ô

(E q {(s, t)}, R) ` (E q {(u, v)}, R)
Scd)~

s = v
QnT

(t, u) ∈ (R)
���|N ~

t = vQnT
(s, u) ∈ (R)

�½g
��g ? ^vd �<\?]n�<^�ô

(E q {(s, t)}, R) ` (E,R q {(u, v)})
Scd�~

(s, t) = (u, v)
�|N

(s, t) = (v, u)
�QnT

u > v
g

�og - _Y���<^jdý�²�<^�ô
(E,R q {(s, t)}) ` (E q {(u, t)}, R)

SZPºds]�QnmodeSUTxQ
(l, r) ∈ R

TxQA]�[9N�Q
(s, u) = C[(l, r)]

QnTm~
C 6= �

��N
t > u

�ng
�kg f �}aYb�dý^`��ô

(E,R) ` (E q {(s, t)}, R)
SUd
R
qC��ScScwAt�Q�N�� ��ac_���XÇÍ�QAp�QA�=T�XZacd~Txde[jNkQÙt�Q�]s_À¾�|aUp�Q

s←R u→R t
g

�

� ù
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} PRdet�bZQ�QASUT�]s_/SUN�de��_��=TxQ��¬XÇÍ�_�[9N�Q�XA�|N�q�]eQ
(E,R)

acQAq�acbAScQZ�=TcQ�Nk� QZ��SUQZp«��]eQ
E
t'PRbA�=_�]edeTxbAS«ê�|aUdsQZ�=TcQZa�QnTuN���QZ��SUQZp«��]eQ

R
tkQ�acwZ��]sQZS¹t�b×ûcê�XZ����SUTcacN�d~TxQZSAgÞ�¹Í�_�XZN���Q^t�QAS�acwA�|]sQAS�t'PRde�kÀ¾bZaUQZ��XAQ�qCQANkTTxac_���SWÀ¾�|acprQZaGN��^TxQA]=XZ�|Nkq�]sQ

(E,R)
QA�éq�aU�ot�NkdsSx_��9T

(E ′, R′)
t�Q7TxQA]s]sQ7SU�|aUTcQØ[jNkQì]eQ7acbZSUN�]eTx_�THScN�d~��_��=TSc��deT��jax_�d7�

j 6 °å° 6 ³^c ¤ L/c Z�kCiTWNX(Q
X
MPX�WNXYK?WNo,|}O�W�%

>
MsXrkCGugUGJWÍgsW²GLIFgUM(hNQjiTkCX-KNMsG

〈X〉
WNQ
E
%
E ′
%
R
WNQ
R′gsWLK��YSUG6QjiTWLK¾gsW

〈X〉2
QnWNOzO�WLK4A}M(W

(E,R) ` (E ′, R′) k Ç�O�kCGJK4l:�D£WLK�hLkCXsqUG6M{WNXthLWLK
≡EqR

WNQ
≡E′

qR′

hLkC¿zXthNijgsWNX(Q¸KNMsG
〈X〉 k:�Z{i

>
hLkCX(QjiTWNX(Q

R
%)SUO�kCGJK�izO�hLkCX(QviTWNX(Q�SUM�KLKNi

R′ k
ÌÈ��Q^q�aUQZNk��Qét�Q^XAQ\aUbZSUN�]eTx_�TuqCQANkTÃlATcacQ�TxaU�|Nk�|bAQht�_���S�=RÑ � i| <>ðg
} Q���NkTut'PºN���Q�q�aU�oXAbZt�NkacQ^t�Q�XZ��p�q�]ebATcds�|��QZSUTÈ_�]e�|acSAÃobnTÇ_��=Tut�������bZQ^N��kQ�QZ�=TxaUbZQ

(E,R)
��º

RTxQAacprds��Q ~¨bn�|QA�9TcN�QZ]e]sQAp�QA�9T
R = ∅

�nÃlt�QÚq�aU�ot�NkdsacQ N���QåScN�d~TxQ
(En, Rn)n

t�QåTxQA]s]eQáSU�|aUTcQÚ[9N�Q
(En, Rn) ` (En+1, Rn+1)

q��|N�a^Tx��NkT
n < N

ÃJ]s_�SUN�deTcQ�bnTÇ_��=TéXZ�|��SWTÇ_��=TcQ�_��|QAX
En = ∅

QAT
RnXZ���9��QZaU�|QZ�=T�q��|N�a

n ≥ N
g¹�¹Q���NkTr�'PºbATx_��=Tr��dsQA�2Suþ�a�q�_�Sr_�XZXAQZScSUds��]eQ�qC�|Nka�Tc�|NkTcQ�QA�=TxacbAQ�ÃÔ�|�t�bn����deT^�

a ±\b @HK¾B�K D @�c Ìl��Q)�½GJk?hLIFgUMsGLW$gsW�hLkCo��½O�INQjiTkCX�~¾ScN�a
X
p«N���dot'PºN����|actkacQ�t�Q¹acbZtkN�XATcds�|�

>
�HQZSUT N���Q_�q�qk]sdsXZ_�Txde�|��[9N�dÅÃjê\Tc�|NkTìXZ�|Nkq�]sQ

(E,R)
À¾��acprbltkQ¶t�QANom�p�_�aWTxdsQASØt�Q

〈X〉2
_��|QAX

>
XZ���9TcQZ��_��9T

R
Ã_�SUSc�jXZdsQ�Nk��Q\À¨_�p�de]s]sQ

(En, Rn)n∈I
ÃÞ_��|QAX

I = {0 . . .N}
�|N

I = N
ÃoTxQZ]e]sQ�[9N�Q��

V�XÇÍ�_�[jNkQ
En

QATuXÇÍ�_�[jNkQ
Rn

QASUTÈN���Q^q�_�aWTxdeQOt�Q
〈X〉2

ÃÞ_���QZX
E0 = E

QnT
R0 = R

�
V�q��|N�a�Tc�|NkT

n ≥ 1
t�_���S

I
Ã
(En−1, Rn−1) ` (En, Rn)

g
ÌÈ��Q7TcQZ]s]eQ¬À¨_�prds]e]sQ

(En, Rn)n
SZPR_�q�q�QZ]e]sQ N��kQ�WC'PILhNMsQjiTkCX«t�QØ]`_�q�aU�oXAbZt�NkacQ�g � Tx_��=TG�kmobZQÔN���Q7TxQA]s]sQQnmobAXZNkTcds�|�'ÃC�|�Ût�bn����deTOScQZS�QA��ScQAp«��]eQZS

Eω
tãPüITq�SUORizQ"ILK²�(WNGJKNizQTSUX(QnWLK�QAT

Rω

t�QpGL�TqUO�WLKÃ�(WNGJKNi�KNQ°SUX(Q"WLK_�de��Scd �
Eω =

⋃

n∈I

⋂

k≥n

Ek
QnT

Rω =
⋃

n∈I

⋂

k≥n

Rk.

¡O�/t�d~Tut'PºN���Q^QnmobZXANkTxde�|�
(En, Rn)

[9N'PºQZ]s]eQ��
V�GJINM�KLKNizQ�Scd

Eω = ∅
QnTÈSUd

(X,Rω)
QZSUTlXA�|�=�|QZaU�|QZ�=T¶QATlbZ[9N�d~��_�]sQZ�=Tlê

(X,E qR)
�

VyILhL�(kCM(W^Scd
Eω 6= ∅

�
V�QASUT8I$A}MsizQ°S�|}O�W«Scd q��|N�a¶Tc�|NkT��kax_���XÇÍkQZprQZ�=T^XZaUdeTxde[9N�Q

(a, b, c)
t�Q

Rω

Ã']ÅPºN��Êt�QAS
En
Ã
n ∈ I

ÃXA�|�=TxdsQA�=T
(b, c)

�|N
(c, b)

g
ÌÈ��QÈq�ac�jXZbAt�N�aUQÈQASUT�hLkCG6GJWLhNQ"W¶SUd�Tx�|NkTcQÈQ½mobZXZNoTxds����acbAN�ScSUdeTì�|N�bAXÇÍ��|N�Q¶QATHI$A}MPizQTS�|}O�WÈScdÞXÇÍ�_�XAN���Qt�Q^ScQASÈQ½mobZXZNoTxds����Su]ÅPºQZSUTZg

�

���



Ü�[£+�[^w ^`_Pc��xaYb�^��}�Ãa���c�_Y����� �N]Jde_Y\»��_Yb�^B� �}�Í�C^`���u�C\?] . ]Jd _Y\fa�����_P\�_(«ja��}�

µéPR_�q�acwASÙ]s_Êt�bA���kdeTxde�|�'Ã XAQ/SU�|�=TÙ]eQZS�q�aU�oXAbZt�N�aUQZSrt�Q�XZ�|prq�]sbnTxde�|�ÚXZ��acacQAXATcQZSÙ[9N�du����N�S�ds�=Txb½VacQAScSUQZ�=T�g } Q�acbZSUN�]eTx_�TuScNkde��_��=Tlt��|����Q^N���XZ����t�deTcds�|��SUNYÛrSx_��=TcQhq��|N�auXZQA]`_��
� �®±9DÞ8 ¯j° 6 ³^cs³ Ú c�¹ kCMPQ"W��½GJk?hLIFgUMsGLW¾gsW¾hLkCo��½O�INQviTkCX I$A}MsizQTS�|}O�WmWLKNQ$hLkCG6GJWLhNQ"W k�J�|Nka�t�bAp��|�=TcacQZa�XZQ acbAScN�]~TÇ_�TZÃu���|N�S�ax_�qkqCQA]s�|��S�]eQZS�bATÇ_�qCQAS�NkTcds]sdeScbAQZS�t�_��kSÀ=ºÑ � i| C>ÅÃuSx_���SQZ�=TcacQZa�t�_���S�]sQAS�t�bATx_�ds]eSé�'XAQZXAd qCQAacprQAT�tkQ�q�_�ac]eQZaOtkQZS��½GJWNMP�UWLKfgGFeITq�SUORizQnILKngCÐH��_��=T�Tc�|NkT�ÃC�|�Û�kmoQN��2QZ��SUQZp«��]eQ

X
p«N���dut'PºN��+��act�aUQ/t�Q�acbAt�N�XnTxds���

>
ÃØN���Q/q�ac�jXZbAt�N�acQ/t�Q�XZ�|prq�]sbnTxde�|�yQAT�Sc�|�QnmobAXZNkTcds�|�

(En, Rn)n∈I
SUN�a

(E,R)
_��|QZX

R
XZ�|�=TcQZ�9N�t�_���S

>
g�¡O������TcQ��

E∞ =
⋃

n∈I

En
QnT

R∞ =
⋃

n∈I

Rn.

¡O�/t�bn����d~Tl_�]s�|aUS��
a ±\b @HK¾B�K D @�cuÓ �|deQZ�=T

u
QAT
v
tkQZNomábZ]ebZprQZ�=TxS^t�Q

〈X〉
g®ÌÈ��Qm�½GJWNMP�UWpgsW

u = v
g�SUXYK

E∞ ∪ R∞QZSWT¶Nk��Q\À¨_�p�de]s]sQu����deQ
(u0, . . . , un)

t'PRbA]sbAp�QA�9TcSÈtkQ
〈X〉

TxQZ]eSu[jNkQ
u0 = u

Ã
un = v

QAT�ÃÞq��|N�a�Tx��NkT
k ∈ {0 . . . n− 1}

�
(uk, uk+1) ∈ (E∞ qR∞)s.Ð¶NkTcacQAp�QA�9T�tkdeT�ÃJqC��N�aéTx��NkT

k ∈ {0 . . . n − 1}
ÃH�|�yQZSWT�t�_���S«]ðPRNk� t�QZS�X�_�S

uk →E∞
uk+1

Ã
uk ←E∞

uk+1

Ã
uk →R∞

uk+1

Ã
uk ←R∞

uk+1

gã�¹Í�_�XZNk� tkQZSOXA�|N�q�]eQZS
(uk, uk+1)

QASUT^_�qkqCQA]sb INQTSN�(W
gsW$�½GJWNMP�UWngÞµ¶QANom/q�acQANk�|QASOt'PºN���Qhp»lAp�Q^bZ�|_�]sd~Txb�Sc���9TÈt�d~TxQZS�I$A}Msiz�CSUO�WNX(QnWLKngÞÌl��QhqkacQZNo�|Q«QASUTÈt�deTcQ
�YSUG8GJILILhNG6izQvMsGJW g�SUXYK

Rω

SAPRde]¹Q½mkdeSUTcQ�N��
k ∈ {0 . . . n}

TxQA]�[9N�Q�Ã7q��|N�a
l < k

Ã ]eQZS�bnTÇ_�q�QZS�SU�|�=TTx��NkTxQASltkQ\]s_«À¾�|acprQ
ul →Rωul+1

QnT�Ã�q��|N�a�Tc�|NkT
l ≥ k

Ã��|��_
ul ←Rωul+1

g
�} Q«��NkT¶QZSUTOt�Q«pr�|�=TxacQAa¶[9N�QéTc�|NkTcQéq�aUQZNk��Q�t�_���S

E∞ ∪ R∞

QASUT�bA[9N�de��_�]eQZ�=TxQéêÙN���Q«qkacQZNo�|Qq�_�a\acbAbZXAacdeTcN�acQrt�_��kS
Rω

gH�J�|NkahXAQ�À¨_�deacQ�ÃG���åXZ��p�prQZ��XAQ�q�_�ahtkbA����deahNk��QÙ����Txds���át�QrXZ�UþkT«t�QASq�aUQZNk��QZSZg � ��Tx�|�kS�[jNkQ�XZQZS^t�bn����d~Txds����SO��bAXZQZSUScd~TxQZ�=Th]sQASO����Tcds�|��S¶t�Q�p�������¿�tkQ«XZ�|prp«NkTx_�Txd~À7]sde��acQQATlt�Q^p«Nk]eTxde�|actkacQ¶[9N�d®SUQZac���9Tlq�aUbZSUQZ�=TxbAQZSO_�N/XÇÍ�_�q�deTcacQ���g
a ±\b @HK¾B�K D @�cÔÓ �|dsQA�=T

s
QnT
t
t�QZNjm�bZ]ebZprQZ�=TxS�tkQ

〈X〉
TxQA]sS�[9N�Q

(s, t) ∈ (E∞ qR∞)s
g�¡���_�SUSc�jXZdeQ_�N�XZ�|Nkq�]sQ

(s, t)
Sc�|�	hLkzöPQ¨Ã�N���Txacdeq�]sQnT

(a, u, v)
À¾�|acprb^t'PRNk�/bA]sbZprQZ�=T

a
t�N�pr�|����¿Åt�Q�XZ�|prp«NkTx_;VTxd~À

[〈X〉]
]eds��aUQZprQZ�=T�QZ�k�|QZ��tkacb\q�_�a

〈X〉
QnTÈtkQ\tkQZNom�bA]sbZprQZ�=TcS

u
QAT
v
t�Q
〈X〉

Ã�tkbA����deSl_�ds��SUd �
z|guSUd

s→E∞
t
�|N�Scd

s←E∞
t
Ã��|��qC�|SUQ

c(s, t) = (s+ t, ∗, ∗)
�

�oguSUd
(s, t) = C[(l, r)]

Ã
(l, r) ∈ R∞

Ã��|��q��|ScQ
c(s, t) = (s, l, t)

�
�kguSUd

(t, s) = C[(l, r)]
Ã
(l, r) ∈ R∞

Ã��|��q��|ScQ
c(s, t) = c(t, s) = (t, l, s)

g
} Q-hLkzösQ�t'PºN���Q\q�acQANk�|Q

P = (u0, . . . , un)
t�_���S

E∞ ∪R∞
QZSWT¶]ðPRbA]sbZprQZ�=T

c(P )
t�N/p�������¿�tkQXZ��p�p«NoTÇ_�TcdeÀ®]sde��acQ¶QZ���|QA��t�aUbhq�_�a

[〈X〉]× 〈X〉2
tk�|����b^q�_�a��

c(P ) =

n−1∑

k=0

c(uk, uk+1).

�

� �



Ü�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�3_Yb��n����]n�C�����²a���^��}�xc�^vd ]Lb�^`�ma��m�²_U]n�

µ¶QZNjm�acQZp�_�aU[jNkQZSlSZPºdsprqC�|SUQZ�=T^�
V } Q¶XA��þkTìt�QZS¹bATÇ_�qCQAS¹t�QÈacbZtkN�XATcds�|��QASUT¹��dsQA�Ùt�bn����dÅg Ò ��Q��CQATZÃode]Þ�'Pºv�_\q�_�S¹tkQ¶XZ���k¸�deT¹QZ�=TxaUQ]eQZSOXZ_�S

(2)
QnT

(3)
q�N�deSc[9N�Q�ÃãqC�|NkaÈTx��NkT

n
ÃC�|�ÛSx_�deTO[9N�Q

Rn

QZSUTOXZ�|�=TxQA�9N t�_���S�]ÅPº�|aUt�acQht�QaUbZt�N�XnTxde�|�
>
gJµ¶�|��X�ÃJXÇÍ�_�[9N�Q�acwA�|]sQ

(l, r)
tkQ

R∞

��bZacd~��Q
l > r

ÃJde]7QZSWT�t��|��X�dsprqC��ScScde��]sQt'PR_��|�|deaZÃ�ê�]`_éÀ¾��dsSZÃ
s→R∞

t
QAT
t→R∞

s
g

VÙµO_���S«]sQ�q�acQAp�deQZa\X�_�SAÃ¬�|�y_��kmob
c(s, t) = (s + t, ∗, ∗)

Ã®p�_�dsS\�|�y_�Nkax_�d~Téq�NåacQZprq�]s_�XZQAaXÇÍ�_�[jNkQ
∗
q�_�au�'Pºdsprq��|aUTcQO[9N�QZ]e]sQ^_�NkTcacQ�bA]sbZprQZ�=Tlt�Q

〈X〉
g

ÕY]'À¨_�NkTlê�q�acbAScQA�9TÈt�bAXZacdeacQ�XA�|p�prQZ�=TuXA�|p�q�_�acQAa�t�QZNom�qkacQZNo�|QZSAg
a ±\b @HK¾B�K D @�c ¡O�Ût�bA����deT¶]`_ÙaUQZ]`_;Txds���

�
ScN�a

[〈X〉] × 〈X〉2
QZ�Ûq��|Sx_��=T

(a, u, v) � (a′, u′, v′)
SUd]ÅPºN���Q�tkQZSlXZ�|��tkdeTxde�|��S�SUN�de��_��=TcQZSlQZSUTu��bZacd~��bZQ��

z|g
a > a′

��º
>
QZSWTh]eQ�p«N�]~Txds��act�aUQéQZ�k�|QZ��tkacbrScN�a

[〈X〉]
q�_�a�]ÅPº�|aUt�acQ�t�Q�aUbZt�N�XnTxde�|�Û�kmobrSUN�a

〈X〉
�

�og
a = a′

QnT
u = C[u′]

Ã
C 6= �

�
�kg
a = a′

Ã
u = u′

QnT
v > v′

Ã�q��|N�a�]ðPR��act�aUQ�t�Q^acbZtkN�XATcds�|��ScNka
〈X〉

g
¡O� bnTxQA��t

�
QA� SU�|�ñp«N�]~Txds��act�aUQhSUN�a

[[〈X〉] × 〈X〉2]
Ã�Tx�|N;ûU��N�acSO�k��Txb

�
ÃãQnT^�|�Ûq��|ScQ�Ã'qC��N�at�QANom�q�acQANk�|QAS

P
QAT
P ′
Ã
P � P ′

Scd
c(P ) � c(P ′)

g
�¡O��Tcac�|Nk��QZac_kÃ�t�_���S�=ºÑ � i� <>ÅÃ�]s_«q�acQANk�|Q\t�N�acbAScN�]~TÇ_�TuSUN�de��_��=T\�

» 8;DÞ57D ©�K²BEK D @2³^ce³ ¤ c DªSpGJWNO SUQjiTkCX
�
gsI��ÁX(iTWÍKNMsG�O�WLK��½GLWNMs�UWLKmWLKNQéMPX kCGugUGJWÍKNQjG6iThNQVA}MsiBQnWNG6o�izXtW kn W»�½ORMæK�%Í�(kCMsGrQ"kCMPQ"W8�½GJWNMP�UW

P
g�SUXYK

E∞ ∪ R∞

A}MPi¾X�FeWLKNQ��YSCKyMPXtW»�½GJWNMP�UW8�YSUG�GLILILhNG6izQjMPGJW
g�SUXYK

Rω

%ÁizO5WC'�i�KNQ"W�MsXtW��½GJWNMP�UW�I$A}Msiz�CSUO�WNX(QnW
P ′ g�SUXYK E∞ ∪R∞

QnWNOzO�W�A}M(W
P � P ′ k�¹QATUTxQ\q�ac�|q��|SUdeTxde�|��_�]sQAS�XZ�|��SUbZ[9N�QA��XZQASOScN�d~��_��=TxQZS^�

ohDÞ8;D�¦¨¦¨§ K 8E6 ³^ce³Þ³^c Z�kCizQ
(En, Rn)n∈I

MPXtW�WC'PILhNMPQjiTkCXrI$A}MPizQTS�|}O�W�WNQ�A}Msi5X�FeILhL�(kCM(Wé�YSCK�gGF MsXtW)�½GJkz:
hLIFgUMsGLW¾gsW¾hLkCo��½O�INQviTkCX k Ç�O�kCGLK�l� k ¹ kCMPQ"W��½GJWNMP�UW¾g�SUXYK E∞ ∪ R∞

WLKNQ3I$A}Msiz�CSUO�WNX(QnW4dpMsXtW3�½GJWNMP�UW��YSUG�GJILILhNG6izQjMPGJW¾g�SUXYK
Rω k� k D£WLK3�½GJILK?WNX(Q°SUQjiTkCXYK (X,Rω)

WNQ
(X,E qR)

K?kCX(Q�I$A}MPiz�CSUO�WNX(Q"WLK k� k D�S��½GJILK?WNX(Q°SUQjiTkCX (X,Rω)
WLKNQ$hLkCX(�UWNGvqsWNX(Q"W k} Q^TcÍ�bZ��acwZprQh�og·��£�QZSUTlN��kQ\XA�|��SUbZ[9N�QZ�kXZQ«t�Q^XAQ\tkQZac�kdsQZa�aUbZSUN�]eTx_�T�g

�e+



� J{! �%.�-�1�& ÷

� 1ON+*�& � -/! -/.��¨�{* ( 
U��� N31/!�()&3*

�¹QATUTxQ�q�_�aWTxdeQ�_�qC��N�a¶��NoT^t�Q«t�bn����dsa¶QAT^t'PºbATcN�t�dsQAaOXZQ�[9N�d¬qCQANkT�lATcacQ«�jNñXZ�|prprQéN���Qé�|bZ��b½Vax_�]sdsSc_�Txde�|��t�Q^]s_��k��Txde�|��t�QhqkacbZSUQZ�=TÇ_;Txds���/t�Q^pr�|����¿Åt�Q�[9N�Q\���|N�Su�|QA���|��Slt�Q\ax_�q�q�QZ]eQZaAg�ÕY]GSZPR_��|d~Tt�QAS)�½GJILK?WNX(Q°SUQjiTkCXYKÍgGFekL�(INGFS�gsWLK<ê7q��|N�aì]sQZSU[9N�QZ]e]sQZSÔ���|NkS�_�]s]e�|��SØt�bn�|QZ]e�|q�q�QZa�Q½mk_�XATcQZprQZ�=T�]`_^p,lZprQTxÍkbZ�|aUdsQ�[9N�Q\t�_���Su]sQ�XZ_�Sut�QZSupr�|����¿Åt�QZSAg Ò ��À¨_�deT�Ãk]sQOSUQZN�]GTxac_���_�ds]'XA�|��ScdeSUTcQhê�aUQZprq�]`_�XAQZa��
z|g } _�X�_�TcbZ�|��acdsQ

ENS

t�QZSuQA��ScQAp«��]sQASÈq�_�a�]`_«XZ_�TxbA�|�|acdeQ
SGN

t�QASÍKNi qUX½SUQvMsGJWLKng
�og } _�X�_�TcbZ�|��acdsQ

MON

tkQZSlp��|�k��¿�t�QAS�q�_�a�]s_«X�_�TcbZ�|�|aUdsQ
OP

t�QASmkL�(INGFS�gsWLKng
�kg } Q�À¾�|��XnTxQZNkalpr�|����¿�t�QO]eds��aUQ

ENS

〈·〉
−→MON

q�_�a�]sQOÀ¾����XATcQZN�amkL�(INGuS�gsWHORij|}GJW
SGN

L
−→ OP

g
� �|NkSé�|QAacac����S�[9N�Q�XZQAS�q�acbAScQA�9Tx_�Txde�|��S«��bZ��bAax_�]edsScQA�=T«]sQASéq�aUbZSUQZ�=TÇ_�Tcds�|�kS«t�Q�pr�|����¿Åt�QZS8~¨SWvoS×VTxwAp�QAS�t�Q�aUbZbZXAacd~TxN�aUQ�t�Q�p���TxSL�^QAT�t�Q�pr�|����¿�t�QASéXZ��p�p«NoTÇ_�TcdeÀ¾S-~¾acbAScQ�_�Nom t�Q��HQATcacdz�½g µ¶Q�q�]eN�SZÃQZ]e]sQASé�|�=T�t�QÙÀ¾��aUTxSé]sdsQA��S«_���QZX�]sQAS«SUvjSUTcwZprQZS�t�Q�aUbZbAXZacd~TxN�aUQ�t�Q�TcQZacprQZSÙ�¬ds]ìScQAax_Êt�bAp��|�=Tcacb�Ã _�NXÇÍ�_�qkdeTxaUQ��oÃ�[9N'PºN��ÛSUvjSUTcwZprQ«t�QhacbZbAXZaUdeTxNkacQ«t�Q\TxQAacprQZS¶]eds��bZ_�dsaUQ\êÙ�=_�N�XÇÍkQéq�QZNkT�lnTxaUQéScdep«N�]ebhq�_�aN���Q�qkacbZSUQZ�=TÇ_;Txds���Ût'PR��qCbAax_�t�Q�g Ò �k���'ÃãXZ�|prp�Qhds]HScQAax_�t�deScXZNoTxb�_�NÛXÇÍ�_�q�deTcacQ��kÃC�|�Ûq�QZNkT�QAScq�bZaUQZa[9N'PºN���bA[jNkde��_�]sQA�=TuQZ��t�dsprQZ��SUds�|��SUN�q�bZacdeQZN�aUQ^t�Q^XZQATUTxQ^SUTcacN�XnTxN�aUQ^qC�|Nkacax_�SUdsp«N�]eQZa�tkQZSlSUvjSUTcwZprQZSt�Q^acbAbZXAacdeTcN�acQ^t'Pº�|aUt�acQ^ScNkqCbAacdsQAN�auXZ�|prprQ�Ãkq�_�auQnmoQZprq�]sQ�Ã�]sQ

λ
VYXZ_�]sXAN�]Åg

�¹Q\Tcax_���_�ds]ãSZPºds��SUXZacd~Tlt�_���Sl]sQ�q�aU�|�|ac_�p�prQ^_����k�|��XZb\q�_�auÐÈ]s��QZaUTlÑìN�acaU�|��d®t�_���S�=ºÑ¹N�aci|�<>Ø�Þ]sQASq�aUbZScQA�=TÇ_�Tcds�|��Sut�Q^pr�|����¿Åt�QZS�SUqCbAXZd~��QZ�=TÈt�QZSlX�_�]eXZN�]eS�t�Q\t�dsprQZ�kScds���
2
ScN�aut�QAS

1
V�X�_�TcbZ�|��acdsQAS�q�_�a×VTxdeXZN�]edswAacQZSuQnT¶]eQZSlq�acbAScQZ�=Tx_�Txde�|��S¶tãPR�|q�bZac_�t�QASZÃ�t�QZSÈX�_�]eXZN�]eSÈt�Q\t�dep�QA��Scde�|�

3
ScNkaÈt�QAS

2
V�X�_�TcbZ�|�|aUdsQASq�_�aWTxdeXZN�]edswZaUQZS��o]ÅPºbATcN�t�Q�t�QASlqkacbZSUQZ�=TÇ_;Txds����SuQZ��t�dsprQZ�kScds����ScN�q�bZaUdsQAN�acQ^q�QZNkTuq�QZaUp�QnTcTxaUQ�t'Pºds��XA]sN�aUQ]sQ

λ
VYXZ_�]sXAN�]'t�_���SuXZQATUTxQ^XZ]s_�ScSUde��XZ_�Txde�|�'g
Â�_�deSÔXA�|prp�QA��äZ�|�kSÔq�_�aØbATxNkt�dsQAaÔXAQu[jNkQÈSU�|�=T¹]eQZSÍkL�(INGuS�gsWLKlQATÔQZ��[jNk�|d�]sQASÔpr�|����¿�t�QAS7QZ�ÙSU�|�=Tt�QASÈXZ_�Suq�_�aUTcdsXAN�]sdeQZacSAg
ôCø ßNõ�õ�Ó�Ï�ßNÕCÒ5àáÓ�ÞNÓ�ÐTÐTßNÏCÒ�ã�àáÕCÒ¸àâß�ÙâÏúùUàýÔ�Ï�ß6ØTÙâß�Ï�Ö�å ßNãUÑ�Ð°ÔNÖ�Ó)ÙáÏ}ØvÐTßxÖ�Õ�Ù¼ØTÓ�Ùáø�Ù(ÓuÒjØ¸ÕCÏ�Ó�ÞNÓ�Ð°ÒvÙâß�Ï!�NÑuÏ�Ñ�Ð°Ô6àáÙáÒvÑ�Ó�Ö?ÓuÒ

ßNãUÑ�Ð°ÔNÖ�ÓuÒtã�àýÔ6ÏCÔNÙâÐTÓuÒtÓ�Ï<ÒjÓuõéä�àáÙáÒjØvÓFÒª÷}Õ�ÓBàVå ßNÏ�ãUÓ�Õ?Ø£ØTÐvß�Õ�ÞNÓuÐªÖ�Ô6ÏCÒ�àýÔ�àâÙâØjØTÑ�Ð°ÔLØTÕ�ÐvÓ�Ú
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} _rSWTxacNkXATxNkacQ^t�Q^p�������¿�tkQ�qCQANkTÃlATxaUQ��oNkQhXA�|p�prQO]ðP·_�aUXÇÍ�bATYvjq�QhtkQZSuSUTcacN�XnTxN�aUQZSO_�ScSc�jXZds_�Txd~�|QASQATON���deTx_�dsaUQZSAgCÌl��Q��|bA��bZac_�]sdeSx_�Tcds�|����_�TcN�acQA]s]sQ\QZSWT�XZQA]s]eQét�Q»uV�(WNQjizQ"W�v�hFSUQ"ITqskCGNiTWÙ��N��Ûp�������¿�tkQéQZSWTN���QÙX�_�TcbZ�|�|aUdsQ�_��|QZXÙN��ÚScQAN�]¹���jûUQATZg ¡O�Úq��|N�aUax_�d~Tét�����XÙQA�9�jdeSx_��|QAaét�QÙ�|bZ��bAax_�]edsSUQZa\]sQZShq�acbAScQA�oVTÇ_;Txds����S�t�Q�p�������¿�tkQZS�q�_�a�XAQZ]e]sQZS�tkQ opkCXtkC¿jgsWLKfSU�UWLhÍ�½ORM�KNiTWNMPGJK8kU|â©xWNQzKnÃ'X�PºQZSWTUVYê;VYt�deacQ�t�Qrq�QATxd~TxQASX�_;TxbZ���|acdeQZSZg=�¹QZq�QZ��t�_��9TZÃ9�|�«��_^XA�|��SUdst�bAacQZaØt�QASØX�_�TcbZ�|�|aUdsQAS7p«N���deQZS7t'PºN���QuSUTcacN�XnTxN�aUQuScN�q�qk]sbZprQZ�jVTÇ_�dsacQ�Ã�t�d~TxQ�opkCXtkC¿jg�SUO�W�QnT�Ã�q�]eN�S�q�aUbZXZdeScbAp�QA�9TZÃÞXZQZ]e]sQAS�[jNkQ\]ðPR���/_�q�qCQA]s]eQ»kL�(INGuS�gsWLKng
Ò ScSx_�v��|��S�t'P·_�p�QA��QZa�]s_åSUTcacN�XnTxN�aUQ�gl�¹�|��SUdst�bAac�|�kS�Nk��QÛq�acbAScQA�9Tx_�Txde�|� t�QÛpr�|����¿Åt�Q

(X,R)
Ãp�_�dsS���º�]sQASubZ]sbAp�QA�=TxSl[jNkdH�k�|N�Slds�=TxbAacQZSUScQA�9T¶Sc�|�=TZÃ��k�|�/q�_�SÈtkQZSlp���TcSuScQZNk]sSZÃÞp�_�dsS¹t�QZSlÀ¨_�p�de]s]eQZS����deQZSØt�Qupr��TxSAÃ|t�_���SØ]eQZSc[9N�QA]s]eQZSØ�|��qCQANkT�Ãjê�XÇÍ�_�[9N�QlbATx_�q�QltkQlaUbZt�NkXATxde�|�'Ã=aUbZbZXAacdeacQuN��rp���T QATÔN��ScQAN�]Åg=¡���QASUTØt�_���S7]`_¶SUdeTcN�_�Txde�|�«t'PºN���Q�p�_�XÇÍ�de��Q�[9N�d�tk�|deT¬Q��CQZXATcN�QZaØt�QAS7�|q�bZax_;Txds����S¬t�Q�aUbZbAXZacd~TxN�aUQScNkalNk��Q�À¨_�p�de]s]eQl���kdsQ^t�Q^p���TxSZÃkpÙ_�deS�[9N�dG��Q^q�QZNkTlQZ��À¨_�deacQO[9N'PºN���Qhêr]s_éÀ¾�|dsSAg

µéPºN��yqC�|de�=T«t�QÙ�jN�Q�_�]s�|bA��acde[jNkQ�ÃH�|�ÚTxac_���_�de]s]eQrt�_���S
〈X〉n

ÃH��º
n
QASUT�]eQÙ���|pé��acQ�tkQ�p���TxSZg�¹QAT�QA��ScQAp«��]eQ�qCQANkT�lATcacQ�p«Nk��d¹t'PºN���Q�SWTxaUN�XATcN�acQ�t�Q�pr�|����¿Åt�QÙde��t�N�d~TxQ�q�_�a«XAQZ]s]eQÙt�Q

〈X〉
�¬SUd

(a1, . . . , an)
QAT

(b1, . . . , bn)
QZ��SU�|�=TÈtkQZSlbZ]sbAp�QA�=TxSZÃk]sQZNka�q�ac�jt�N�d~T�QZSWTÈQN�ãQAXATcN�b^XZ�|prqC��Sx_��=TxQ^q�_�aXZ��p�q��|Sx_��9TcQ�Ã�XAQ\[9N�dGtk�|����Q
(a1b1, . . . , anbn)

g } Q^��QANkTxaUQhtkQ
〈X〉n

QASUT
(∗, . . . , ∗)

g
Ð¶]e�|acSAÃJ�|�åXZ�|��SUdst�wAacQ�XA�|prp�QracwA�|]sQASét�Q�aUbZbAXZacd~TxN�aUQÙ]eQZSéXA�|N�q�]eQZS

((a1, . . . , an), (b1, . . . , bn))TxQA]sS�[9N�Q
ai = bi

q��|N�a¹Tc�|N�S�]eQZS
i
Sc_�NkÀHqC��N�a�N��

j
TxQZ]ã[jNkQ

(aj, bj)
QASUTut�_��kS

R
g � ��Tx�|�kS�[9N�Q�]ÅPº�|��'PR_Ùq�_�SÈq�acdeS¶XA�|p�prQ\acwZ��]sQZSlTx�|NkS¶]sQAS¶bA]sbZprQZ�=TcS¶t�Q

Rn q�N�deSc[9N�Q«]ðPR������QhqCQANkT�Q��CQZXnTxN�QAaO[9N'PºN���Q�|q�bZac_�Txde�|��ê�]`_«À¾�|dsSAg
Â/�jt�de������S�]sQAS�����TÇ_;Txds����S«�

a1 ⊗ · · · ⊗ an
qC��N�a

(a1, . . . , an)
Ã
a ◦ b

q��|N�a
ab
SUd
a
QnT
b
Sc���9Tt�QAS

n
VYN�qk]sQATcS�t�Q�pr��TxSAÃ

n
qC��N�a«]sQ��kQZNkTcacQ�t�Q

〈X〉n
g �lQApÙ_�aU[9N��|��S�[9N�Q

〈X〉1 = 〈X〉
QATr[9N�Q

〈X〉0 = {0}
ÃÞ]sQ^pr�|����¿Åt�Q\Tcacd~�ods_�]Åg Ó �|d~T

X
]`_�aUbZN���de�|��tkQhTx��N�SÈ]eQZS

〈X〉n
��Q½mk_�p�de���|��Sl]`_�SUTcacN�X½VTxNkacQ^t��|�=Tl�|��qCQANkTl]`_«p«Nk��dsaAg

�¹�|prp�Q��|���jdsQA�=TìtkQl]eQ��|�|deaZÃ|���rq�QZNoTìpéN�]eTcdsq�]edsQZaHt�QANomrbZ]ebZprQZ�=TxS7t�Q
X
q��|N�aW�oNr[9N'Pºds]sS¬Sc�|deQZ�=Tt�_��kSÙ]sQ�p,lZprQ

〈X〉n
�Ôt�Q�qk]sN�SrXZQnTcTxQ�p«N�]eTcdsq�]edsXZ_�Txde�|�ÚQZSWT�_�SUSc�jXZds_�Txd~�|Q�QnT�_�tkp�QnTÙN��3bZ]sbAp�QA�=T��QANkTxaUQOê^�=_�N�XÇÍ�QÈQAT¹êht�aU�|deTcQ^�j]ðPRbA]sbAp�QA�9TÔ��QANkTxaUQ

n
t�Q
〈X〉n

go¡O�Ùq��|ScQ
Ob X = N

QATZÃ9qC�|NkaÔTc�|NkTXZ��N�q�]sQ
(m,n)

tãPRQA�9TcdsQAacS^�

X(m,n) =

{

〈X〉n
SUd
m = n

∅
SUds�����'g

¡O�/aUQZXZ������_<;eTuQZ�
X
N���Q\qCQnTxd~TxQ�X�_;TxbZ���|acdeQ�Ã�t����9Tu�k�|N�Suax_�qkqCQA]s�|��Su]s_«t�bA���kdeTxde�|�'g

� �



Ï&[ �\[�f �}����_<]n� . b}�m_Y���C^ . ]n�<b�^��

a ±\b @HK¾B�K D @�c Ìl��QÍ�(WNQvizQ"W�hFSUQ"ITqskCGNiTW
C
QZSUTl]s_�tk�|����bAQr�

z|gut'PºN���QZ��SUQZp«�k]sQ
Ob C

t��|�=Tl]sQAS�bZ]sbAp�QA�=TxSuSc�|�=Tl]sQASmkU|â©xWNQüK\t�Q
C
�

�ogut'PºN�� QZ��SUQZp«�k]sQ
C(x, y)

ÃãqC�|Nka¶Tx�|NoT^XZ�|N�qk]sQ
(x, y)

t'PR���jûUQATcSZÃGt��|�=T^]eQZS�bZ]ebZprQZ�=TxS^SU�|�=Th]eQZS
�$�LhL�(WLK\t�Q

C
t�QmK?kCMPGJhLW

x
QATlt�Q»|}MsQ

y
�

�kgut'PºN���Q�_�qkq�]sdeX�_�Tcds�|�
cx,y,z : C(x, y) × C(y, z) −→ C(x, z)

Ã7q��|N�a�Tx��NkT�TxaUdsq�]eQAT
(x, y, z)t'Pº�|�jûUQnTxSAÃC_�q�qCQA]sbAQphLkCo��(k?KNizQviTkCX��

��gut'PºN���Q�¸�wAXÇÍ�Q
1x ∈ C(x, x)

Ã�q��|N�a�Tc�|NkTl�|�jûUQnT
x
Ã�_�q�q�QZ]sbAQ�]ÅP ijgsWNX(QvizQ"I^t�Q

x
g

¡O�2t�QApÙ_���t�Q/ê ]s_ñXA�|prqC�|SUdeTcds�|�ÚtãPâlnTxacQ/_�SUSc�jXZd`_;Txde��Q�QATrt'PR_�t�prQATcTcacQ�]sQASrdet�QZ�=TcdeTxbAS�XZ�|prp�QbZ]ebZprQZ�=TxSr��QANkTxaUQZSÙ]e�oXZ_�NomCÃÔê �|_�N�XÇÍ�Q/QATÙê t�aU�|deTcQ�gì¡O�3NkTcds]edsScQ�de��t�d �ãbAacQZprprQZ�=T�]sQASr�k��TÇ_�Tcds�|�kS
f ∈ C(x, y)

QAT
f : x −→ y

�Gq��|N�a^N���Q�TxQA]s]eQ«¸�wZXÇÍ�Q�Ã®�|�áq��|SUQ
s(f) = x

QnT
t(f) = y

�®_�de��ScdðÃQZ�á����Tx_��=T
Fl C

q��|N�a^]ÅPºQZ�kScQZpé��]sQ�t�Q�Tx�|NoTxQZS\]sQAS�¸�wZXÇÍ�QASét�Q
C
ÃG�|�á���kTxdeQZ�=T\t�QZNomå_�qkq�]sdeX�_�Tcds�|��S

K?kCMsGLhLWlQnT�|}MsQ
s, t : Fl C −→ Ob C

go¡O�rq�ax_�Tcds[9N�Ql_�N�SUScd�]sQASì_���N�SÔScN�d~��_��9TcSìSUdÞ_�N�XAN���Q¶XA�|�kÀ¾N�SUds�|��'PºQZSWT¶q��|ScSUds��]eQ«�
V��|������TxQ

g ◦ f
_�N�]sdeQZN�t�Q

cx,y,z(f, g)
�

V�]eQZS�dstkQZ�=Txd~TxbZSuSU�|�=TÈ�k��TxbAQZSuXZ�|prprQ�]sQZNkacS��|�jûUQnTxSAg
Ð¶de��ScdðÃ�_��|QZX XZQAS/�k��TÇ_�Tcds�|�kSZÃ�]eQZS�acQA]`_�Tcds�|��SÙdsprqC�|SUbZQAS�êà]s_ÚXZ�|prqC��ScdeTcds�|�ÎQnT/_�Nom det�QZ�=Txd~TxbASSZPºbZXAacd~�|QZ�=Th�
V8Ç�KLK?k?hNijSUQviz�?izQ"I¶��q��|N�a®Tx�|NoTxQZSH¸�wZXÇÍkQZS

f
Ã
g
QAT
h
t�Q

C
TxQA]s]sQASJ[9N�Q

t(f) = s(g)
QAT
t(g) = s(h)

Ã�|��_�]ÅPºbZ�=_�]sdeTcb
h ◦ (g ◦ f) = (h ◦ g) ◦ f

g
V � X(izQnIr��q��|N�a�Tc�|NkTcQ^¸�wZXÇÍ�Q

f
t�Q

C
Ã����/_

f ◦ s(f) = t(f) ◦ f = f
g

µO_���SÙN���QÊXZ_�TxbA�|�|acdeQ�ÃÔ]sQAS�¸�wAXÇÍ�QZS�_�v=_��9T�p»lAp�QASÙSc��N�acXAQÊQAT��kNkT�SU�|�=T�_�N�SUScdO_�q�qCQA]sbAQZS�t�QAS
WNX½gskCopkCG°�(�si�KNopWLKìt�Q¹]ðPR�|�9ûUQAT SU�|N�aUXZQ¹QnT7��NkTZg�µÈQZNomh¸�wZXÇÍkQZS7t'PºN���Q�XZ_�TxbA�|�|aUdsQÔSc�|�=T7t�d~TxQAS7�YSUGuSUOzO��NO�WLKScdGQA]s]eQZS��|�=Tlp»lAp�Q¶Sc�|N�aUXZQ\QATlp,lZprQO��NkTZg

�

g èG6 ° 5J¦¾6 ©(c¶} PºQnmoQZprq�]sQ�TYvjq�Q/tkQ�q�QATcdeTcQ�XZ_�TxbA�|�|aUdsQ�QASUT�XZQZ]eN�d�t�QASrXÇÍkQZprds��S�t'PºN��à�|ax_�qkÍ�Q�gÔ¡O�q�QZNkTé_�N�SUScdØt�bA����dsa\t�QZSp~¨��ax_���tkQZSL��X�_;TxbZ���|acdeQZSZÃGXA�|prp�Q
ENS

Ã
MON

�|N
CAT

ÃH]eQZS^X�_;TxbA�|�|acdeQZS\t�QZSQZ�kScQZpé��]sQASZÃÞt�QZSupr�|����¿Åt�QZS�QnTlt�QZSuq�QATxd~TxQASlXZ_�TxbA�|�|aUdsQZSAg
µO_���S

X
Ã��|��qCQANkTlXZ�|��SWTxaUN�dsaUQ�Ã�q��|N�a�Tx��N�S

m
QnT
n
Ã�N���q�ac�jt�N�d~T��

〈X〉m × 〈X〉n −→ 〈X〉m+n

(a1 ⊗ · · · ⊗ am, b1 ⊗ · · · ⊗ bn) 7−→ a1 ⊗ · · · ⊗ am ⊗ b1 ⊗ · · · ⊗ bn¡O���|bAacde��Q«[9N�Q�ÃCqC�|NkalTc�|NkTxQ\¸�wZXÇÍkQ
a
t�Q

X
ÃC���Û_

a ⊗ 0 = 0 ⊗ a = a
QnTO[9N�Q�Ããq��|N�aÈTc�|NkTcQZS¸�wAXÇÍ�QZS

a
QnT
b
Ã�]s_�aUQZ]s_�Txde�|��t�d~TxQ,gGFeILhL�YSUXsqsW^QASUTu��_�]sdet�Q«�

(t(a)⊗ b) ◦ (a⊗ s(b)) = (a⊗ t(b)) ◦ (s(a)⊗ b) = a⊗ b.

Ð¶de��ScdðÃ�]`_«XZ_�TxbA�|�|acdeQ
X
QZSWT¶péN���dsQ�tãPRN��kQ\SWTxaUN�XATcN�acQ\p�������¿�t�_�]sQm~¨SUTcacdeXATxQx�O�

� �



Ï�[^w ^`���u�C\?] . ]Jd _Y\��Ãa�·â_P���<^ . a����

a ±\b @HK¾B�K D @�c ÌÈ��Q8KNQjG6M{hNQjMPGJW,opkCXtkC¿jg�SUO�W�KNQvG6iThNQ"WrScN�a^N���Q�XZ_�TxbA�|�|acdeQ
C
QZSWT\N���Q�t��|���kbZQ

(⊗, I)��º
⊗ : C× C −→ C

QZSWT¶N���À¾�|��XnTxQAN�auQAT
I
QASUTÈN��/���jûUQATlt�Q

C
Ã�TxQZ]eSu[jNkQ

⊗
QASUT¶_�ScSU�oXAd`_�TcdeÀHQAT

IQZSWT^��QZNoTxacQ�ê��=_�N�XÇÍ�Q�QnT\êÙt�aU�|deTcQ«qC��N�a
⊗
gGÌl��Q�X�_�TcbZ�|��acdsQhp«N���deQét'PºN���Q�SWTxaUN�XATcN�acQ�pr�|����¿Åt�_�]sQ

~¨SWTxaUdsXATcQ?�ìQASUT�Nk��QOX�_;TxbZ���|acdeQ¶pr�|����¿Åt�_�]sQ¾~¨SWTxaUdsXATcQ?�½g } Q¶À¾�|��XnTxQAN�a
⊗
QZSUT�_�q�q�QZ]sbÃ�½GLk}gUMsizQBopkCXtkC¿jg�SUOt�Q

C
QnT�]ðPR�|�9ûUQAT

I
]ÅP MPX(izQ"IÈt�N�q�aU�otkN�deTÔpr�|����¿Åt�_�]Åg Ó d

(C,⊗, I)
QASUT�Nk��Q¶q�QATcdeTxQlX�_;TxbZ���|acdeQÈpr�|����¿¨Vt�_�]eQ�Ã�_�]e�|acSl]ÅPºQZ��SUQZp«�k]sQ

Ob C
t�QZS¶�|�jûUQATcSOt�Q

C
Ã�p«N���dHt�Q«]s_�aUQZSUTcacdeXATxde�|��tkNÊq�ac�jt�N�d~T¶pr�|����¿�t�_�]QATlt�Q^]ðPRN��kdeTxb�ÃkQASUTÈN���p��|�k��¿�t�Q�Ã�t�d~THopkCXtkC¿jgsW�gsWLK�kU|â©xWNQzK�gsW

C
g

��lQApÙ_�ac[9N��|��Su[9N�Q^XZQnTcTcQht�������bZQ^QASUTÈbZ[9N�de��_�]eQZ�=TxQ^ê�XZQA]s]eQOt'PR_�q�q�]edsX�_;Txds����SO�
Ob C× Ob C −→ Ob C

QnT
Fl C× Fl C −→ Fl C,

Tx�|NoTxQZSut�QANom�����TcbZQAS
⊗
ÃÞ_�de��Scd'[9N�Q^t'PºN��/�|�jûUQAT

I
Ã�]eQOTx�|NkTuSU�|N�prdsSu_�Njm�acQA]`_�Tcds�|��S¹ScN�d~��_��9TcQZS^�

s(f ⊗ g) = s(f)⊗ s(g), t(f ⊗ g) = t(f)⊗ t(g), I ⊗ f = f ⊗ I = f,

_�ds�kScd'[9N�Q\]`_«aUQZ]`_;Txds����t'PRbAXÇÍ�_�����Qht�bYûcê�XZdeTcbZQ��
(t(a)⊗ b) ◦ (a⊗ s(b)) = (a⊗ t(b)) ◦ (s(a)⊗ b) = a⊗ b.

� �|NkSÈ_�]s]s����S¹�|��dsalê�q�acbAScQZ�=TÈ[9N�Qh]s_«X�_�TcbZ�|��acdsQ�pr�|����¿�t�_�]eQ
X
QASUTÈQZ���|QA��t�aUbZQ\q�_�a�N���Q\Scde�|��_;VTxNkacQ���XZQA]s]eQnVYXAdjûU�|N�Q^]eQ�aFE|]eQOt�Q^]ÅPºQZ��SUQZp«�k]sQ^t�QZSu�|bA��bZac_�TxQAN�acSlt'PºN���p��|�k��¿�t�Q�g

a ±\b @HK¾B�K D @�c �l_�q�q�QZ]e�|��S�[9N'PRNk�+�|ax_�q�Í�Q
G
QZSWTÙt�������b�q�_�arN��3QA��ScQAp«��]sQ

ObG
t'PzkU|â©xWNQüKnÃ7N��QZ�kScQZpé��]sQ

FlG
t�Q3�Ã�LhL�(WLKh_�ds��SUd'[9N�QhtkQZNom�_�q�q�]sdeX�_�Tcds�|�kS²K?kCMPGJhLW^QnT¾|}MPQ

s, t : FlG −→ ObG
gÓ �|d~T

Γ
Nk�àQA��ScQAp«��]eQ�g7Ìl��Q�KNi qUX½SUQvMsGJW

Γ
:FhLkCO�kCGJILW�QASUT�N��y�|ac_�q�Í�Q�t����9T�]eQZS«���jûUQATcS�Sc�|�=Tr]sQASbZ]ebZprQZ�=TxSut�N�pr�|����¿Åt�QO]sde��acQ

〈Γ〉
g } QZSlbZ]ebZprQZ�=TxS�tkQ

Γ
Sc�|�=TÈ_�q�q�QZ]ebZSmhLkCMPO�WNMsGJKngµO_���S¶]sQ^X�_�SÈ��º

Γ = {∗}
ÃÞQAT¶t��|��Xh��º

〈Γ〉 = N
Ã�]sQ^p�������¿�tkQé_�tkt�deTcdeÀJt�QZSOQA�=TxdsQAacSÈ��_�TxNkacQZ]eSZÃ�|��q�_�aU]sQOtkQ¾KNi qUX½SUQvMsGJWLKHopkCXtk?hL�sGJkCopWLK��|N�p,lZprQ�Ãoq�_�au_���NkSZÃ�t�QmKNi qUX½SUQjMPGJWLKng } _-�CSUO�WNXthLWOt'PRNk��Q¸�wAXÇÍ�Q�QZSWT�]sQÈXZ�|N�qk]sQÈÀ¾��acprb¶q�_�aìSx_«SU�|N�acXAQOQAT�Sc�|���kNkTª�k[9N�_��9Tl_�Nomr¸�wZXÇÍ�QAS

n −→ 1
Ãjt�_��kS�]sQÈX�_�Spr�|���jXÇÍ�ac�|prQ�Ão�|��t�deTu[9N'PºQZ]e]sQZS�SU�|�=Tlt'P`SUG6izQ"I

n
g

��J�|NkaOq�acQASc[9N�Q�Tx��NkTxQ«]s_�SUN�deTcQ�Ãã���Û��Q«SZPºds�=TcbZacQAScSUQZax_�[9N'PR_�NÛX�_�SOp������oXÇÍkac�|prQ�gC�J�|NkaOXZQ«XÇÍ�_;Vq�d~TxacQ�Ã��|� ��QÛTxac_�deTcQZac_ytk�|��XÛ[9N�Q XZQñX�_�St��XZQZq�QZ�kt�_��=T�Ãu]sQAS��|QZaUScde�|��S�XZ�|]e�|acbAQZS�SZPºQZ�ât�bAt�N�dsSUQZ�=T_�deScbZprQZ�=TZg
ÌÈ��QySUds�|��_;TxN�aUQ

Σ
q�QZNkTylnTxaUQÚ�oNkQ�Ã�QZ� q�aUQZprdswZaUQ _�q�qkac��modsp�_�Txde�|�'ÃlXZ�|prp�QåN���QZ��SUQZp«��]eQt'PzkL�(INGuSUQnWNMsGJK�_��kSUTxac_�deTcSu�=]`_^Sc�|N�aUXZQlt'PºN���QÈ¸�wZXÇÍ�QÈQZSUT¹_�]e�|acSØ]sQu����p«��acQut�QlScQAS¹QA�9TcacbAQZS�QnTìSU�|�Ù�kNkT]sQ��k�|p«��aUQ\tkQhSUQZSlSc�|aWTxdsQAS��Þq�_�a�Q½mkQAp�qk]sQ�ÃÞN��kQ^¸�wZXÇÍ�Q

0 −→ 1
aUQZq�aUbZSUQZ�=TxQhN���Q\XZ�|��SWTÇ_��=TcQ�ÃC_�]s�|aUS[9N'PºN���QÈ¸�wZXÇÍ�Q

1 −→ 0
QZSWT¹N��rQ��ã_�XAQZN�aAgjÐ�TUTxQA�9Tcds�|�ãÃ=XZQATUTxQlds�=TxNkdeTxde�|���'PºQZSWT¹q�_�SØÀ¾��acXZbAp�QA�=T®ûUN�SWTxQ^�t�_��kS�]`_\ScN�d~TxQ�Ão�|��q��|N�aUax_«_��|��dsa¹tkQZS�¸�wAXÇÍ�QZSuêétkQZNom�QZ�=TxaUbZQZS�QnT3
ZbAac��SU�|aUTcdsQ¶[9N�dC��QOaUQZq�aUbZScQA�=TxQZ�=Tq�_�S�À¾�|aUXZbAp�QA�9Tl]ðPRQN�'_�XAQZprQZ�=TuScdep«N�]~TÇ_���b¶t�Q^t�QZNom�bA]sbAp�QA�9TcSZg

� Ü
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ÌÈ��QÙpÙ_��kdswZaUQ�t�QÙSUQ�acQAq�acbAScQZ�=TcQZa�XZQASé�|q�bZac_�TxQAN�acSéQZSUTét�QÙ]eQZS\�|�|deahXA�|p�prQrt�QZS� /�C��NkTxSht�QXZdeXZN�d~TxSû"é_�v=_��=TÔ_�NkTx_��=T t�Qt l��]sSû"éQZ��QA�9TcacbAQ�[9N�Q�]sQAN�aJSU�|N�aUXZQ�QAT¬QZ��SU�|aUTcdsQ¹[9N�Q¹]sQZNka¬��NkTZg|µ¶Q¹pÙ_;V��dewZacQ^q�ac_�Txde[9N�Q�ÃÞ�|��]sQASÈt�QAScSUds��QhSc�|N�Sl]`_«À¾�|aUp�Q^t�Q\t�ds_��|ax_�p�prQZS�t�d~TxSut�Qh�JQA��ac�|SUQ�Ã�XZ�|Nkax_�prp�QA�=TNkTcds]sdeScbAS\QA�åq�Í=vjScde[9N�Q��|NáQZ�åTcÍ�bZ�|aUdsQrt�QZSh��
^N�t�S��H]`_����|NkacQ��kgez�p����9TcacQrt�QZShQnmoQZprq�]eQZSétkQ�XAQZSacQAq�acbAScQA�9Tx_�Txde�|��SAÃ�]`_�XZ�|�=��QZ�=Txde�|�/NoTxds]edsSUbZQObnTÇ_��=Tut�Q^q�]s_�XZQAa�]sQZS�QA�=TxacbAQZSlQZ��Í�_�NkTuQnTl]sQZS�SU�|aUTcdsQAS�QZ���_�SAg � ��Tc�|��Su[9N�Q^XZQASltkd`_��|ac_�prp�QAS�Sc�|�=TÈ_�N�SUScdGNkTcds]edsSx_���]sQAS¹t�_��kSl]eQ�X�_�S
Γ
VYXA�|]s��acb�ÃoQZ��bATcds[9N�QATx_��=TXÇÍ�_�[9N�Q^��]®_��|QAXh]ðPRbA]sbAp�QA�9T�XZ�|aUacQZSUqC����t�_��=TÈt�Q

Γ
Ãkt'PR�Uº/]eQOTxQZaUp�Q�tkQ\XA�|N�]eQZN�aUSZg

ÉJ��N;ûU�|N�aUSÙ_��|QAX/XAQATUTxQ�p»lAp�Q�depÙ_���Q�t�Q�XZdsaUXZN�d~TxSAÃ �|�àacQZ�|_�act�Q�]eQZS�¸�wZXÇÍkQZSÙtãPRN��kQ/SUds�|��_;TxN�aUQXZ��p�prQ�t�QAS���aUds[9N�QASrbA]sbAp�QA�9Tx_�dsaUQZS�q�QZaUp�QnTcTÇ_��9T�tkQ�XA�|��SWTxacNkdsacQ�tkQZSrXZdsaUXZN�d~TxS�q�]eN�S�XZ��p�q�]eQnmoQZSt�XZ��p�prQ�_��|QAX\]eQZS
n
VYN�q�]eQATcS�t�Q�pr��TxSAÃ��|��q�QZNkT�À¨_�deacQOtkQZNom���qCbAax_�Tcds�|��S¶��_�q�qk]sds[9N�QAa�N����|q�bZac_�TxQAN�aê

n
QA�=TxacbAQZS^ê�N��Û��qCbAax_�TcQZN�a¶ê

n
Sc��aUTxdeQZSf~¾]sQAS¶��ac_���XÇÍ�QAa�]ÅPºN��ÛêÙ]ðP·_�NoTxacQx�nÃC_�ds�kScdH[jNkQÈûUNomjTÇ_�q��|ScQAat�QANom��|qCbAax_�TcQZN�aUSZÃj]ÅPºN��ÙtkQÈ��_�]sQA��XZQ
(m,n)

QATì]ÅPR_�NkTxaUQÈtkQÈ��_�]sQA��XZQ
(p, q)

q��|N�aÔ�|�kTcQZ��deaìN������|Nk��QZ]�|q�bZac_�TxQAN�a�t�QO��_�]sQA��XZQ
(m+ p, n+ q)

~¾q�]`_�XAQZa�tkQZNom����|NkTcS�t�Q�XZdeacXAN�deTcS�]ÅPºN���ê�X}E�Tcb�t�Q�]ÅPR_�NkTcacQx�ng} _«���|N�aUQh�ogez^pr�|�=TxacQ�tkQZSlQnmoQZprq�]sQASut�Q^XZQZSl�|q�bZac_�Txde�|��SZg

x y z

u v

f

x y u

z v

ϕ ψ
α

β

x

zt

y z

x y

yx

È)ÉzÊ3Ë �kg~zÍÌ�ü(ö?Ó�õ�ã�àáÓuÒ£Ö�Ó¸Ö�ÙáÔ��NÐ°Ô6õ�õ�ÓuÒ�ÔNÒTÒjß?ø�ÙâÑFÒ�ý�Ö?ÓFÒ�þzÿuø°ùCÓuÒªÖ�å Õ�Ï�ÓBÒvÙR��ÏCÔLØTÕ�ÐvÓ¸Ó�ØªÖæå ß�ã<ÑuÐTÔ6ØvÙáßNÏCÒ�ÒvÕ�Ð£Ö?Ó¸ØvÓuàâàáÓuÒþzÿFø°ù�ÓuÒuÚ���Ó	��ÔNÕCø°ù�Ó�ýHÖ?ÐTßNÙâØvÓ3Ó�Ø)Ö?Ó²ùCÔ6Õ?Ø)Ó�Ï�äCÔ�Ò��sÕ�ÏCÓ�þzÿuø°ùCÓ
f : xyz −→ uv

ùPàVå ÙáÖ�Ó�Ï}ØvÙâØvÑÃÖ�Ó
xy
ùYàâÓ$ãCÐvß?Ö?Õ�ÙâØ

ϕ⊗ ψ : xyu −→ zv
Ö?Ó

ϕ : xy −→ z
ÓnØ
ψ : u −→ v

ùCàýÔ3ønßNõ�ãUß�ÒvÑ�Ó
(β ⊗ z) ◦ α : x −→ tz

Ö�Ó
α : x −→ yz

ÓnØ
(β ⊗ z) : yz −→ tz

Ú

�¹QZS�t�QANomÎ�|q�bZac_�Txde�|��S�Sc�|�=T�Qnmk_�XnTxQAp�QA�9T�]s_åXZ��p�q��|Scd~Txde�|�3QnT�]sQÊqkac�jt�N�deTÙt'PºN���QÛX�_;TxbZ���|acdeQpr�|����¿Åt�_�]sQ�g¬ÐÈds��SUdÅÃ¬���2XÇÍ�QAacXÇÍ�Q/]`_ÛX�_;TxbZ���|acdeQ�p��|�k��¿�t�_�]sQÙ���kTxQA�jNkQ/QA�2XA�|��Scdet�bZac_��=T�Tx�|NkTcQZSr]sQASXZ��p�q��|Scd~Txde�|��S7QATGûUNomjTÇ_�qC�|SUdeTcds�|��SØt�QAS¹�|q�bZac_�TxQAN�acSÔt�Q
Σ
�9X�PºQZSUT¹]`_8hFSUQnITqskCG6iTW²opkCXtkC¿jg�SUO�W4uvKNQjGNiThNQ"W�v

ORij|}GJWNopWNX(Q�WNXsqsWNX½gUGLILW)�YSUGHO S,KNi qUX½SUQvMsGJW
Σ
g

ÐH��_��=Tlt'PºQZ���|QZ�kdsauê�XZQZ]s_kÃ�����N�Sl_�]s]e�|��S�t�bn����dea�]ÅPº�|�jûUQATuXAQZ�=Txac_�]®t�Q^XZQnTcTxQ^bnTxN�t�Q�g
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a ±\b @HK¾B�K D @�c � Tx_��=T�tk�|����b�N��àQZ��SUQZp«�k]sQ
Γ
Ã7�|�à_�q�q�QZ]s]eQ kL�(INGuS�gsW

Γ
:FhLkCO�kCGJILW�Tx�|NoTxQ�X�_;TxbZ���|acdeQpr�|����¿Åt�_�]sQ/SUTcacdsXnTxQ

(C,⊗, ∗)
tk�|�=T/]eQÛp�������¿�tkQÊt�QZS��|�jûUQnTxS�QZSWT�]eQÛp�������¿�tkQÊ]sde��acQ

(〈Γ〉, ·, ∗)QZ�k�|QZ��tkacb\q�_�a
Γ
g

�¹�|prp�Q�q��|N�a�]eQZSuScde�|��_�TcN�acQASZÃ��|��q�_�aU]sQ�t'PzkL�(INGuS�gsWLKMu°opkCXtk?hL�sGJkCopWLK�v�SUd
Γ = {∗}

g
�

� �|NkSl��QZacaU�|��SuTx�|NEûU�|N�acSu]eQZS�¸�wZXÇÍkQZSOt'PºN���Q\�|q�bZac_�t�Q^XZ�|prprQ�t�QZSlXZdeacXZNkdeTxSAÃÞ_��|QZX\]`_�aUQZq�aUbZScQA�oVTÇ_;Txds���«t�d`_��|ax_�prp�_�Txde[jNkQÔprQZ�=Tcds�|���kbZQ�g�ÕY]�XZ�|�=�jdsQA�=TØt�Q�����TcQZa7[9N'Pºds]kSAP·_��|deT7tãPRN��kQ�dsp�_��|Qì��t�wZ]eQ�g Ò �Q��CQATZÃ�]sQAS'�|q�bZax_;Txds����S't�QØXZ��p�q��|Scd~Txde�|�¶QnTJtkQ7q�ac�jt�N�d~T'�|bAacde��QZ�=THXZQZaWTÇ_�de��QZSGqkac�|q�aUdsbnTxbZSGtkQÔXA�|Í�bAacQZ�kXZQ[9N�Q�]eQZS¬tkd`_��|ac_�prp�QAS®Tcax_�tkN�dsSUQZ�=T7��deQZ���;]sQASJ¸�wAXÇÍ�QZS7XA�|acaUQZScq��|��tkQZ�=TÔ_�NomhXZ]s_�ScSUQZS tãPRbA[jNkde��_�]sQA��XZQ¹t�QXZdeacXAN�deTcS�opk}gUMPO�k«XZQZaWTÇ_�de��QZSut�bnÀ¾�|acp�_�Tcds�|��S�~ð_�q�q�QZ]ebZQASldeSc��Tc�|q�deQZSL�ÔXZ�|��SUdsSWTÇ_��=TÈê�qC�|No�|�|dea�t�bZq�]s_�XZQAat�QASl���|NkTcSut�Q^XZdsaUXZN�d~TxS�]eQZSuN���Suq�_�a�ax_�q�q��|aWTl_�Nom�_�NkTxaUQZSuSx_��kSÈXAacbZQAaut�Q^XZac��dsScQAp�QA�=Tut�Q���]sSu_�de��Scd[9N'PRêÊ_�]s]e�|���|QAa^�|NÚax_�XZXZ��N�acXAdsa\t�QZSé��]sSp~¨X�PºQZSWTUVYê;VYt�deacQrTx�|NkTcQZSh]sQZSht�bAÀ¾��acp�_�Txde�|��S^ax_�deSc�|�k��_���]eQZS\t�QXZQASÈtkd`_��|ac_�prp�QASL�ng
� �|NkS7_�]s]e�|��SJêÈq�aUbZSUQZ�=TØ�|Nk�jacdea¬N��kQ�q�_�aUQZ�=TxÍ�wAScQu_����«t�Q�t�deScXANkTxQAa¬ScNka ]`_uTxQZaUp�de���|]e�|�|dsQ7XÇÍk�|dsSUdsQ�gÒ �ÙQN�ãQnT�Ã9]`_^����Tcds�|��t'Pº�|q�bZax_�t�Q¶Q½mkdeSUTcQÈt�bYûcê��9XZQZq�QZ�kt�_��=T�ÃjXZQÈXZ�|�k¸�deTì_�q�q�_�acQZ�=Tì�'PºQZ�ÙQASUT¹q�_�SØ�oac_�d~VprQZ�=T¶Nk�'Ã�t�_���SÈ]`_�prQZScNkacQ\��º/]s_rtkbA����d~Txde�|��t��|����bAQédeXZdGQZSWT¶Nk��Qh��bZ��bAax_�]edsSx_;Txds����t�Qh]ðPRQ½modsSUTx_��=TxQ�g¡O��qC��N�acac_�deT¬_�]s��acSHq�_�ac]eQZaJt'PR��qCbAax_�t�QASéqsINXtINGuSUORi�K?ILWLKnÃ;p�_�deSJXAQ��'PºQZSUTØq�_�S ]sQìXÇÍ��|dÝm«QN�ãQAXATxNkb�QAT7����N�S_�]e]s�|��Sl]sQuûUN�SUTcde��QAaZgãÐ®��_��=T^XZQA]`_kÃ�t��|���k�|��S�XZQAaUTx_�ds��S¶QnmoQZprq�]sQAS�t'Pº�|qCbAax_�tkQZS�[9N�d ����N�S�t��|���kQZac����S[9N�QZ]e[9N�QZSÈ_�ac��N�p�QA�=TxSZg
} QOq�acQAp�deQZaìQnmoQZprq�]sQ¶t'PR��qCbAax_�t�Q¶QZSUTutk�|����bOq�_�a

OperX
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QASUTuN���QA��ScQAp«��]sQé�k�|��]ðP·_�qjVq�QZ]s]eQfkL�(INGuS�gsW�gsWLK¾kL�(INGuSUQjiTkCXYK²KNMsG

X
QnT�QZ]e]sQlQZSUT�t�bA���kdsQOXA�|p�prQ¶]s_hSU�|N�SWV�X�_�TcbZ�|��acdsQÈq�]sQAds��QÈt�QO]s_X�_;TxbZ���|acdeQ

ENS

tkQZSuQZ��SUQZp«�k]sQZSut����9Tu]eQZS��|�9ûUQATxSuSU�|�=TlTc�|N�S�]eQZS�q�aU�ot�NkdeTxS
Xn

t�Q
X
ÃkvÙXZ�|prq�aUdsS�]eQq�aU�ot�NkdeT¶�jdet�Q ~¨]eQ«Scde���|]sQnTx�|�(�ngC�Ø]eN�S�Scdep�qk]sQZprQZ�=TZÃ

OperX(m,n)
QZSWT^t�bA���kd XZ�|prprQ«]ÅPºQZ��SUQZp«�k]sQt�QAS�_�q�q�]edsXZ_�Txde�|��SØt�Q
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S(m,n) =

{

Sn

SUd
m = n

∅
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��º
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σ ∈ S(m,m)
Ã

τ ∈ S(n, n)
QnT
i ∈ {1 . . .m + n}

�

σ ⊗ τ(i) =

{

σ(i)
Scd
i ∈ {1 . . .m}

τ(i−m) +m
Scd
i ∈ {m+ 1 . . .m+ n}.

�U� } Pº�|qCbAax_�tkQ
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S
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∆∆
g�¡O��qC�|SUQ��

[n] =

{

∅
Scd
n = 0

{1 . . . n}
SUd
n ≥ 1

QnT
∆∆(m,n)
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[m]
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[n]
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f ∈ ∆∆(m,n)
Ã
g ∈ ∆∆(p, q)

QnT
i ∈ [m + p]

�

f ⊗ g(i) =

{

f(i)
SUd
i ∈ [n]

g(i−m) + n
Scd

(i− n) ∈ [p].
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CAT −→ GPH
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GPH −→ CAT
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R
t�Q�GJ�TqUO�WLKnÃ�X�PºQZSWTUVYê;VYt�deacQ�t�Q^XA�|N�q�]eQZS�t�Q�¸�wAXÇÍ�QZSlq�_�ac_�]s]ewZ]eQZS�t�_���S

C
gÞ¡O��XZ����Scdet�wZaUQ

≡R

]s_XZ�����|acNkQZ��XAQ�SUN�a
C
QZ���|QA��t�aUbZQÙq�_�a

R
ÃGX�PºQZSWTUVYê;VYt�deacQ�]s_�qk]sN�S^q�QATxd~TxQ�aUQZ]`_;Txds���Ût'PRbA[9N�de��_�]eQZ��XAQrSUN�a]sQAS�¸�wZXÇÍ�QASéq�_�ax_�]e]swZ]eQZSOtkQ

C
[9N�dØQZSWT\XZ�|prq�_�Tcds��]eQ�_��|QZX�]`_�SUTcacN�XnTxN�aUQ�tkQ�XZ_�TxbA�|�|acdeQ�Ã'X�PRQASUTWV×ê;V�t�dsaUQ_��|QAXl]s_¶XZ��p�q��|Scd~Txde�|���E�|��_�N�ac_�deTJq�N�Tx�|NoTØ_�N�SUScd���deQZ��q�_�ac]sQAa¬t�Q�]s_¶XZ]VE�TxNkacQ�aUbA¸�Q½mkd~�|Q½VYSUvjprbATcacds[9N�Q½VTxac_���SUdeTxd~�|Q�t�Q^]ðPRdet�b�_�]

(R)
t�Q

C
QA���|QA��t�acb\q�_�a

R
g

¡O�ht�bn����d~T _�]e�|acSG]eQ7[9N���TxdeQZ�=THt�Q
C
q�_�a
≡R

XZ�|prp�Q7]s_�X�_�TcbZ�|�|aUdsQ
C/≡R

q��|SUScbZt�_��=T ]sQAS®p»lAp�QAS�|�jûUQnTxSh[jNkQ
C
QATht��|�=Th]sQZS^¸�wAXÇÍ�QZS«SU�|�=Tétk�|����bAQZS«q�_�a

(C/≡R)(x, y) = (C(x, y))/(≡R(x, y))��º
≡R(x, y)

QZSWT�]`_racQASUTxaUdsXnTxds���Êê
C(x, y)

t�Q
≡R

QnTO��º�]sQé[9N���TxdsQA�=TOt�NÛprQZp«�kacQétkQét�aU�|deTcQéQZSWTQ��CQZXnTxN�bht�_���Sl]`_�X�_;TxbZ���|acdeQ
ENS

t�QZSÈQZ��SUQZp«�k]sQZSAgCÐÈNkTxaUQZprQZ�=TÈt�deTZÃ
C/≡R

QZSWTO]`_�XZ_�TxbA�|�|acdeQ^t��|�=T]sQAS�¸�wZXÇÍkQZS¶SU�|�=Tl]sQZSuXA]`_�SUScQZSut'PºbZ[9N�d~��_�]sQA��XZQ^t�QASl¸�wAXÇÍ�QZSlt�Q
C
q��|N�a

≡R

g
�lQApÙ_�ac[9N��|��Su[9N�Q^]ÅPº�|��q�QZNkTuTxac_���SUqC�|aWTxQAa�]`_«SUTcacN�XnTxN�aUQhtkQ\XZ_�TxbA�|�|aUdsQOt�Q

C
��QZacSl]sQ¶[jNk��TxdeQZ�=TX�_�a

≡R

QZSUTÈXZ��p�q�_;Txds�k]sQO_���QZX\]`_«SUTcacN�XnTxN�aUQ8~¾X�PºQZSWT¶N���dstkb�_�]'tkQ
C
�ng

ð5Ô¼ÓVÔÜÓ 	 �¾©�§Y¦Á´�³ÿèn­"î�§Y³£¶¨³ªì)¯ ³ªìY�Á³ªì�´Ã§®©ª³ �Í¦B§ ±²ì�³:¹P­��Áì�¦¸¯P±²§Y³
ÌÈ�AopkCG°�(�si�KNopW�gGFekL�(INGuS�gsWLK^QZSWT¶N���À¾�|��XnTxQAN�aup��|�k��¿�t�_�]ãSUTcacdeXATu[9N�d®ds��tkN�deT�]ðPRdet�QZ�=TcdeTxb¶ScN�al]sQAS�|�jûUQnTxSAg } QAS��|q�bZac_�t�QAS�QnT�]eQZS�pr�|acq�ÍkdsScprQZS�tãPR�|q�bZac_�t�QAS�SAPR�|aU�=_���deScQA�9TrQA�3N���Q�X�_;TxbZ���|acdeQ�����TxbAQ

OP

g�µ¶QOp,lZprQ�ÃjN��ropkCG°�(�si�KNopW�gsW²KNi qUX½SUQjMPGJWLK^QASUT�Nk��p��|aUq�Í�deScprQÈt�Q¶�|ax_�qkÍ�QZS�[9N�dãq�acbAScQZaW�|Q^]sQAS�|�jûUQnTxS��ã]sQZS¶Scds����_�TxNkacQZS�QnT�]sQAN�acS¶p��|aUq�Í�deScprQZSÈÀ¾��acprQZ�=T�N���Q�XZ_�TxbA�|�|aUdsQé�k��TxbAQ
SGN

gãÕY]JQnmodsSWTxQ�N��À¾�|��XnTxQAN�au�|N���]ed
U : OP −→ SGN

[jNkdÅÃÞê�Tx�|NkTcQ^�|qCbAax_�tkQ
C
ÃÞ_�SUSc�jXZdsQ^]s_«Scds����_�TxNkacQ

Fl C ⇒ N
gÞ¡O���_�XZ�|��SWTxaUN�dsaUQ\Nk��À¾�|�kXATxQAN�a

L : SGN −→ OP

ÃÞ_�t;ûU�|ds�=Tuê��=_�N�XÇÍ�Q\t�N/qkacbZXAbZt�QA�=T�g
� TÇ_��=Tr�kmobZQ�N���Q�Scde�|��_�TcN�acQ

Σ
Ã7�|�àq�ac�jXZwAt�Q�q�_�a�bATx_�q�QZSZgØÕY�=TxNkdeTxd~�|QAp�QA�9TZÃ7]sQASrbA]sbAp�QA�9TcS�t�Q

Σ(m,n)
XZ�|�=TxdeQZ���kQZ�=T�]sQAS¹�|q�bZac_�TxQAN�acS¹t�Q¶��_�ScQOt�QÈ]`_\X�_�TcbZ�|�|aUdsQlXÇÍ�QZaUXÇÍ�bZQ�Ã�XZQA]s]sQ½VYXAd�bnTÇ_��=T¹XZ�|prqC�;VScbAQ¹t�QØTx��N�SJ]eQZSH�|q�bZax_;TxQZNkacSH[jNkQ¹]ÅPº�|�^q�QZNkTJ�|�kTcQZ��deaHq�_�aJXA�|prqC�|SUdeTcds�|��SGQnTÞûUNjmoTx_�q��|Scd~Txds����S'����deQZSHt�QXZQAS¹��aUds[9N�QAS¹bZ]ebZprQZ�=TÇ_�dsacQASZgo¡O�Ùq�QZNkTìTx�|NEûU�|N�acSÔ�=_�aUt�QZaìêh]ðPRQAScq�aUdeTÔ]`_��jdsSUds�|��t�d`_���ax_�prp�QAS�
�XAdsaUXZN�d~TxSQATZÃG_�de��ScdðÃCXA�|��Scdet�bZaUQZaO]eQZS¶¸�wZXÇÍ�QASht�Q

Σ
XA�|p�prQ«t�QAS�XZ�|prq��|Sx_��=TcSObZ]ebZXATcac�|�kds[9N�QZSAÃ'XÇÍ�_�XAN��á_�v|_��=TN���XZQAaUTx_�ds���k�|p«��aUQ�t'PRQA�=TxacbAQZSuQATutkQOSc�|aWTxdeQZS�������ScN�q�q��|SUQ\[9N�Q�]ðPR����t�dsSUqC��ScQ�t'PºN���SUTc�oX�¢�ds��bAq�N�d~VSx_���]sQ�t�QuXAQZSØt�QZaU��dsQAacS��=]eQZS ¸�wAXÇÍ�QZSÔt�Qu]ÅPº�|q�bZac_�t�Q�]eds��aUQ�Sc�|�=Tì_�]e�|acS¬Tc�|N�S7]eQZS7XZdeacXAN�deTcS7[jNkQl]ðPR����qCQANkTXZ����SUTcacN�deacQ\_��|QZX\XZQASuXZ�|prqC��Sx_��=TxSubA]sbZprQZ�=Tx_�dsaUQZSZÃkt�_���Su]sQ�qk]`_���QATlSc_���SuXÇÍ�QA��_�NkXÇÍ�QZprQZ�=TOtkQ^��]Åg

�lQn�|QA���|��S�êhN���QO_�q�q�ac�jXÇÍ�QÈq�]sN�SØÀ¾�|aUp�QA]s]sQ�g9¡O�ÙXA�|p�prQZ�kXZQ¶q�_�a¹_�ScSc�jXZdeQZaìê
Σ
]s_\SUds�|��_;TxN�aUQ

Σ̄t��|�=TÈ]sQASl¸�wAXÇÍ�QZSÈSc�|�=TÈTx�|N�Sl]sQAS�Txacdeq�]sQnTxS
(p, ϕ, q)

Ã���º
p
QAT
q
Sc���9T¶t�QZSlQZ�=TcdsQZaUS¶��_;TxN�aUQZ]sSuQnT

ϕ
QZSUT

� Z
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N���Q�¸�wAXÇÍ�Q\t�Q
Σ
g } QASÈ_�q�q�]sdeX�_�Tcds�|�kS¹Sc��N�acXAQhQnTu��NkTuv�Sc���9Tlt�bn����deQZSlq�_�a��

s(p, ϕ, q) = p+ s(ϕ) + q
QAT

t(p, ϕ, q) = p+ t(ϕ) + q.¡O�h����TxQ�Ã�qk]sN�S®Scdep�qk]sQZprQZ�=TZÃ
p⊗ϕ⊗q

_�N\]sdeQZN^t�Q
(p, ϕ, q)

_��|QAXì]eQZS®XZ�|�=��QZ�=Txde�|��S
ϕ = 0⊗ϕ⊗0

Ã
p ⊗ ϕ = p ⊗ ϕ ⊗ 0

QAT
ϕ ⊗ q = 0 ⊗ ϕ ⊗ q

gG�¹QATcTcQ�Scds����_�TxNkacQ�XZ���9TcdsQA�9T^Tc�|N�S�]sQAS^t�d`_���ax_�prp�QAS�|�kTcQZ�9N�SìQZ��ac_EûU�|NkTx_��=T¹t�QASì��]eS7�|QZaWTxdeX�_�Nom�t�QÈXÇÍ�_�[9N�QÈX}E�TcbÈt�QAS¹t�ds_��|ac_�p�prQZS7bA]sbAp�QA�9Tx_�dsaUQZSÔt�Q
Σ
g

Ð v=_��=T�XA�|��SUTcacN�d~T�XZQnTcTcQ�Scde�|��_�TcN�acQ
Σ̄
ÃJ�|� q��|ScQ

LΣ
]`_�XZ_�TxbA�|�|acdeQÙq�aUbZSUQZ�=TxbAQ�q�_�a«]sQ��|ax_�q�Í�Q�|bA��bZac_�TxQAN�a

Σ̄
QATlSU�|N�prdsScQ^_�NomyGJWNO SUQviTkCXYK¾INO�INopWNX(Q°SUizGJWLK�gGFeILhL�YSUXsqsW«�

((k+n+ i)⊗ψ⊗ l)◦ (k⊗ϕ⊗ (i+p+ l)) = (k⊗ϕ⊗ (i+ q+ l))◦ ((k+m+ i)⊗ψ⊗ l),qC��N�aOTx�|NkS\QA�=TxdsQAacS
m,n, p, q, k, l, i

QAT^Tc�|NkTxQAS�¸�wZXÇÍ�QAS
ϕ ∈ Σ(m,n)

QnT
ψ ∈ Σ(p, q)

gH�¹QATUTxQacQA]`_�Tcds�|�ãÃ¹[9N�d���_2QZ�k�|QZ��tkacQZa�XZQA]s]eQÛt'PRbAXÇÍ�_�����Q�Ãl���|N�S�qCQAacprQAT�t�Q t�bZqk]`_�XAQZaZÃ���QZaWTxdsXZ_�]sQAp�QA�=T/QnT]ÅPºN�� q�_�a^ax_�q�qC��aUThê�]ðP·_�NkTxaUQ�ÃGt�QANom XZ�|prq��|Sx_��=TcShbA]sbZprQZ�=Tx_�dsaUQZS�[9N�dØ��QrSc�|�=Thq�_�S\��ax_��kXÇÍ�bZSh]ÅPºN��êu]ÅPR_�NkTxaUQu�;]s_u���|N�acQì�kg·�upr�|�=TxaUQØXZQATUTxQì�|qCbAax_�Tcds�|�ãÃ�Q��CQZXnTxN�bAQ¹ScNkaJ]eQZSHt�d`_���ax_�prp�QAS'XZ��acacQAScq��|��t�_��9TZg

ϕ

ψ

m

q

ik l

ϕ

ψ

n

p

ik l

p

n q

m

ÈéÉzÊ3Ë �kg·��Ìm�ªÓ�àýÔLØTÙâß�Ï�Ö�å Ñuø°ù<Ô6Ï���Ó�ùxÙâàáàáÕCÒüØTÐvÑuÓ¸ãCÔ6Ð£Ö?ÓFÒ£Ö?ÙýÔ���ÐTÔNõ�õ�ÓFÒ�Ú

ÕY]ã��QÈacQASUTxQ¶q�]sN�Sì[9N'P·êht�bA���kdsa¹]eQÈqkac�jt�N�deT
⊗
ScN�aÔTx�|NkTcQZS�]eQZSÔ¸�wZXÇÍ�QAS�t�Q

LΣ
g Ó d

f ∈ LΣ(m,n)TxQA]s]eQO[9N�Q
f = (pk ⊗ ϕk ⊗ qk) ◦ · · · ◦ (p1 ⊗ ϕ1 ⊗ q1)_��|QZX\]sQAS

ϕi
t�_���S

Σ
QATl]sQAS

pi
QAT
qi
t�_��kS

N
ÃÞ_�]e�|acSAÃkq��|N�a�Tx�|NkS

m,n ∈ N
Ã��|��qC�|SUQ��

{

m⊗ f = ((m+ pk)⊗ ϕk ⊗ qk) ◦ · · · ◦ ((m+ p1)⊗ ϕ1 ⊗ q1)

f ⊗ n = (pk ⊗ ϕk ⊗ (qk + n)) ◦ · · · ◦ (p1 ⊗ ϕ1 ⊗ (q1 + n))

Ð¶]e�|acSAÃ�qC�|Nka
f ∈ LΣ(m,n)

QnT
g ∈ LΣ(p, q)

Ã��|�ât�bn����deT
f ⊗ g

XZ�|prp�QÛ]s_å¸�wZXÇÍkQåt�Q
L(m+ p, n+ q)

t��|����bAQhq�_�a��
f ⊗ g = (n⊗ g) ◦ (f ⊗ p).¡O����bZacd~��Q^]`_«q�aU�|q��|Scd~Txds����ScN�d~��_��9TcQ��

+��
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» 8;DÞ57D ©�K²BEK D @à´^c ¤ c <$kCMsGÍQnkCMsQ"W�KNi qUX½SUQvMsGJW
Σ
%
LΣ
WLKNQBMPXtW¾kL�(INGFS�gsW�WNQÁO$F SN���½ORiThFSUQviTkCX

L
K>FeINQnWNX½g

WNX�MPXHwxkCXthNQ"WNMPG
SGN −→ OP

A}MsiÁWLKNQÁS�gC©xkCizX(QûdHq�SUM{hL�(WÍgUM�wxkCXthNQ"WNMPGHkCM®|}ORi
U : OP −→ SGN k n Wo,SUX(iT�NGJWHI$A}MPiz�CSUO�WNX(Q"W�%£KNi

i
WLKNQBO�W�opkCXtkCopkCG°�(�si�KNopW²gsW²KNi qUX½SUQjMsGLWLK�hFSUXtkCX(iBA}M(W�gsW

Σ
g�SUXYK

ULΣ
%

O�W�hLkCM?�½O�W
(LΣ, i)

WLKNQÁK?kCORMsQviTkCXrgUMf�½GJkU|}O��NopWHMsX(iz�UWNGJK?WNO£gGFekL�(INGuS�gsW�ORij|}GJW�WNXsqsWNX½gUGJILW��YSUG
Σ
l

�(kCMsG�QnkCMsQ�hLkCM?�½O�W
(C, F )

k
�
C
WLKNQ²MsXtW8kL�(INGuS�gsW8WNQ

F : Σ −→ UC
WLKNQÃMsXÀopkCG�:

�(�si�KNopW�gsW$KNi qUX½SUQjMPGJWLK�%�izO�WC'�i�KNQnW²MsX MsX(iBA}M(W�opkCG°�(�si�KNopW�gGFekL�(INGuS�gsWLK
F̄ : LΣ −→ CQ"WNOGA}M{W�O�W�gUijS?qUGFSUo�opW

Σ
i //

F ""E
E

E
E

E
E

E
E ULΣ

U F̄
��

¬©
UC

hLkCo�o�MsQnW k
n INopkCXYKNQjGuSUQviTkCX k ÕY]lÀ¨_�NkT�ÃÔt�_���SÙN��+q�aUQZprdsQZa�TxQAp�qkSZÃØ�|bZaUde��QAa�[9N�Q LΣ

QZSUTÙN���QÊ��qCbAax_�t�Q�g¹�J_�aXZ����SUTcacN�XnTxds���'Ã¬de]ìSAP·_���deT«tãPRN��kQ�qCQnTxd~TxQ�XZ_�TxbA�|�|acdeQÙt����9T«]sQZSh�|�jûUQnTxS�Sc���9T�]eQZShQZ�=TxdeQZacSé��_�TxNkacQZ]eSZgJÕY]À¨_�NkT���bZaUde��QAa�[9N�Q
m ⊗ f ⊗ n

��Q�t�bZq�QZ�kt2q�_�S�t�Q�]s_ñtkbZXZ��p�q��|Scd~Txde�|� t�Q
f
QZ�2¸�wZXÇÍ�QASÙt�Q

Σ̄
ÃX�PºQZSWTUVYê;VYt�deacQ�[9N�Q�ÃØq��|N�a�Tx��N�S�QA�=TxdsQAacS

m,n, p, q, k, l, i, r, s
QATrTx��NkTxQASr¸�wAXÇÍ�QZS

ϕ ∈ Σ(m,n)
QnT

ψ ∈ Σ(p, q)
�

r ⊗
(

((k + n+ i)⊗ ψ ⊗ l) ◦ (k ⊗ ϕ⊗ (i + p+ l))
)

⊗ s

= r ⊗
(

(k ⊗ ϕ⊗ (i+ q + l)) ◦ ((k +m+ i)⊗ ψ ⊗ l)
)

⊗ s.

�¹QZ]s_O��Q�qC��ScQ�_�NkXZN���q�aU�|��]swAp�QÈ���|��XA�|prp�QA��XZQ�q�_�a t�deSUTxaUds��NkQZa
r
QAT
s
t�_��kS XÇÍ�_�[9N�QuprQZp«��aUQt�QÈ]ÅPºbZ�=_�]edeTcbÈê^�|bAacde��QZaZÃo[9N�dCtkQA�jdsQA�9T�bZ[9N�de��_�]eQZ�=TxQ¶êh]s_hacQA]`_�Tcds�|�rbZ]ebZprQZ�=TÇ_�dsacQut'PºbZXÇÍ�_����|Q�Ã�t�_���Sì]`_;V[9N�QZ]e]sQ��|��_�acQAp�q�]s_�XZb

k
q�_�a

r + k
QnT
l
q�_�a

l + s
g

¡O�+t��|d~T����|dsar[9N�QÊ]sQ�q�aU�ot�NkdeT
⊗
tkbA����dlScNka�]sQASr¸�wAXÇÍ�QZS�tkQ

LΣ
QASUTy~¾dsSUScN+t'Pá�WNk�Îq�ac�jt�N�d~Tpr�|����¿Åt�_�]9ScN�a

LΣ
g|¡��ébATxQA��t

⊗
_�Nomh�|�jûUQATcS QZ��q��|Sc_��=T

m⊗n = m+n
g;Ð¶]e�|acSAÃ�SUd

f ∈ LΣ(m,n)QAT
g ∈ LΣ(p, q)

�
s(f ⊗ g) = s((n⊗ g) ◦ (f ⊗ p))

= s(f ⊗ p)

= m+ p

= s(f)⊗ s(g).

¡O�ñ��bZaUde��Q�t�Q�p,lZprQ«[9N�Q
t(f ⊗ g) = t(f) ⊗ t(g)

g'µ¶Q�q�]eN�SZÃãqC�|Nka¶Tx�|NoTxQ«¸�wAXÇÍ�Q
f
tkQ
LΣ

Ã
f ⊗ 0 = 0⊗ f = f

g

+Y�
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ÕY]G��Q^acQASUTxQ\q�]eN�S�[9N'P·ê��|bAacd~��QZau]`_�aUQZ]`_;Txds����t'PºbZXÇÍ�_��k�|Q�g��7acQA���|��Slt�QZNjm�¸�wZXÇÍ�QASh�
{

f = (ki ⊗ ϕi ⊗ li) ◦ · · · ◦ (k1 ⊗ ϕ1 ⊗ l1) : m −→ n

g = (rj ⊗ ψj ⊗ sj) ◦ · · · ◦ (r1 ⊗ ψ1 ⊗ s1) : p −→ q¡O��qC�|SUQ�Ã�qC�|Nka¬Tx�|NoT
u
Ã
mu = ku+s(ϕu)+lu

QAT
qu = ru+t(ψu)+su

g|¡��«_kÃ�q�_�a acbAXZN�aUacQZ�kXZQScNka
i
QnT
j
�

(n⊗ g) ◦ (f ⊗ p) =((n + rj)⊗ ψj ⊗ sj) ◦ · · · ◦ ((n + r1)⊗ ψ1 ⊗ s1)

◦ (ki ⊗ ϕi ⊗ (li + p)) ◦ · · · ◦ (k1 ⊗ ϕ1 ⊗ (l1 + p))

=((n + rj)⊗ ψj ⊗ sj) ◦ · · · ◦ ((n + r2)⊗ ψ1 ⊗ s2)

◦ (ki ⊗ ϕi ⊗ (li + q1)) ◦ ((mi + r1)⊗ ψ1 ⊗ s1)

◦ (ki−1 ⊗ ϕi−1 ⊗ (li−1 + p)) ◦ · · · ◦ (k1 ⊗ ϕ1 ⊗ (l1 + p))

= . . .

=(ki ⊗ ϕi ⊗ (li + q)) ◦ · · · ◦ (k1 ⊗ ϕ1 ⊗ (l1 + q))

◦ ((m + rj)⊗ ψj ⊗ sj) ◦ · · · ◦ ((m + r1)⊗ ψ1 ⊗ s1)

=(f ⊗ q) ◦ (m⊗ g).Ò ��ScN�d~TxQ�Ã¬�|� t���deThXZ�|��SWTxaUN�dsaUQ�Ã¬q��|N�a\Tx�|NoTxQ��|q�bZac_�t�Q
C
QAThTx�|NoT�p���acq�Í�deScprQ�t�Q�Scde�|��_�TcN�acQAS

F : Σ −→ UC
Ã�Nk��Q^QnmjTxQA��Scde�|�

F̄ : LΣ −→ C
[jNkdGQZSUTÈN���p���acq�Í�deScprQOt'Pº�|q�bZax_�t�QZSuQATlpr�|�=TxaUQZa[9N'Pºds]lQZSUTÙQZ�=TxdewZaUQZprQZ�=T�t�bnTxQZaUp�de��b�q�_�aÙSUQZSÙ��_�]eQZN�aUS�SUN�a�]eQZS�¸�wZXÇÍ�QAS�t�Q

Σ
g Ó �|d~T

f
N���Q�¸�wZXÇÍ�Qt�Q

LΣ
_��|QAX

f = fk ◦ · · · ◦ f1

N���QétkbZXZ��p�q��|Scd~Txde�|��QZ��¸�wAXÇÍ�QZS¶t�Q
Σ̄
g Ó d

G : LΣ −→ C
QASUTONk�pr�|acq�ÍkdsScprQOt'Pº�|q�bZac_�t�QZSAÃÞds]ãtk�|deT���bZacd~��QZa^�

G(f) = G(fk) ◦ · · · ◦G(f1).¡OaÔSU�|�ÙXA�|prqC�|aWTxQAp�QA�9TÔSUN�aì]eQZS7¸�wAXÇÍ�QZS�tkQ
Σ̄
QZSUTì]sNkdÞ_�N�ScSUdÞdsprqC�|SUb¸�=Scd

f
QZSWT¹Nk��Ql¸�wZXÇÍ�QÈt�Q

Σ̄_��|QAX
f = p⊗ ϕ⊗ q

Ã��|��_���bZXAQZSUSx_�deacQZprQZ�=T\�
G(f) = p⊗G(ϕ)⊗ q.µ¶�|��XÈN���TcQZ]�pr�|acqkÍ�dsSUp�Q

G
Ã9SZPºds]�Q½mkdeSUTcQ�ÃjQZSUTìQZ�=TcdswZaUQZprQZ�=Tìt�bATcQZacprds�kblq�_�aØScQZSÔ��_�]sQAN�acSÔScN�aÔ]sQAS¸�wAXÇÍ�QZSÈt�Q

Σ
g�¡���bnTxQZ�ktÊ_�]e�|acS

F
QZ�

F̄ : LΣ −→ C
q�_�albnTÇ_�q�QZSAg�¡O��XA�|prp�QA��XZQ^q�_�a��

F̄ (p⊗ ϕ⊗ q) = p⊗ F (ϕ)⊗ qqC��N�a�Tc�|NkTxQ�¸�wAXÇÍ�Q
p ⊗ ϕ ⊗ q

t�Q
Σ̄
gì�7N�dsSAÃØScd

f = fk ◦ · · · ◦ f1

QASUTÙN���Q/¸�wZXÇÍ�QÊtkQ
LΣt�bAXZ�|prqC��ScbZQ^QA��¸�wAXÇÍ�QZSÈt�Q

Σ̄
Ã��|��qC��ScQ��

F̄ (f) = F̄ (fk) ◦ · · · ◦ F̄ (f1).ÕY]®��QhaUQZSWTxQ\q�]sN�Su[9N'PRê�pr�|�=TxaUQZau[9N�Q
F̄
QASUTÈN���pr�|aUq�Í�dsSUp�Q¶t'PR��qCbAax_�t�QASZÃ�XZQ\[9N�d®��Q^qC�|SUQhq�_�St�Q^q�aU�|��]swAp�Q�g

♦Ò � ��QZaUTcNátkQ�XZQ�acbAScN�]~TÇ_�T^QnT^qC�|NkaOTx�|NkTcQ�Scde�|��_�TcN�acQ
Σ
Ã'���á_�q�qCQA]s]eQ

LΣ
O$FekL�(INGuS�gsW�ORij|}GJWpWNX>:

qsWNX½gUGJILW��YSUG
Σ
g

+�Ü
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ð5Ô¼ÓVÔBð ¥m­�¶¨­"¯P³ª¹�³t¯ «t·Áèn­u¶¨­°¯P³ª¹�´²¦Áì�¹ èn³ª¹ «¬¦B¯P©/�Á·B§®­n³ª¹�´�³ª¹�¹P­��Áì�¦¸¯P±²§Y³ª¹ ³t¯
´�³ª¹ï·Þ�¾©�§Y¦Á´�³ª¹

} QÙ��NkTét�QÙXAQÙq�_�ax_��|ac_�q�Í�Q�QZSWT«t�Q�p��|�=TcacQZah[9N�Q
SGN

QnT
OP

Sc�|�=T«����dsQAp�QA�9ThXZ��p�q�]ewATcQZS\QATXZ�jXZ��p�q�]ewATcQZSZÃãX�PºQZSUTWV×ê;V�t�dsaUQ«[9N'PºQZ]s]eQZS�q��|ScSUwZt�QA�=ThTc�|NkTxQAS�]sQAS�]sdsprdeTcQZSlQAT\XZ��]sdsprdeTcQZSu����deQZSZgãÕY] SZPR_��|d~TûUN�SWTxQ¶tkQ¶SZPR_�SUScN�aUQZa�[9N�QO]eQZSÔXZ�|�kSUTxaUN�XATcds�|�kS�êh��QZ��deaìSU�|����deQZ��t�bn����deQZS��oêéXZQlTxd~TxacQ�Ã9XZQ¶q�_�ax_���ax_�q�ÍkQ�'PºQZSWT�q�_�S«de��t�dsSUqCQA��Sx_���]sQÙêÊ]`_�XA�|p�qkacbZÍkQZ��SUds�|�ÚQnT���Q�ac_�q�q�QZ]s]eQ�q�_�S�]sQAS«����Tcds�|��ShNkTxde]sdeScbZQASÙ�J�|�acQA�=�|�|deQéê =·Â } i� <>®qC��N�auN���XA�|p�qk]sbZprQZ�=Tut'Pºds�oÀ¾�|acp�_�Txde�|�'g } QASl��bZaUde��XZ_�Txde�|��SuSc�|�=TÈ]s�|�k�|N�QZSup�_�dsS��Q^q��|ScQA�9TÈ_�NkXZN��/q�ac�|�k]swZprQOQnTÈSU�|�=Tlt��|��X^�|prdsSUQZSZg
¡O�/NkTcds]edsScQ¶]sQZS�XAacd~TxwZaUQZSuScNkde��_��=TxS^�

» 8;DÞ57D ©�K²BEK D @÷´/ce³^c�� XtWrhFSUQ"ITqskCGNiTW�WLKNQÞ�ÁX(iTWNopWNX(Q�hLkCo��½O��NQ"WÙu°GJWLK"� k hLk?hLkCo��½O��NQ"W�v KNi¾WNQ�K?WNMsO�W�:opWNX(Q�KNiBWNOzO�W)�(k?KLK?�FgsW²Q"kCMæK�O�WLKé�½GLk}gUMsizQzK²u°GJWLK"� k hLkL�½GLk}gUMsizQzK�v6�ÁX(i�K�WNQ¸Q"kCMæKÍO�WLK�ITq�SUORi�K}SUQ"WNMsGLK�u°GJWLK"� khLk?ITq�SUORi�K}SUQ"WNMPGJK�v k n W¾�½ORM�K�%HMPXtW�hFSUQnITqskCG6iTW¾�(k?KLK?�FgsW8QnkCM�K O�WLK¾�½GJk}gUMsizQüKÙu°GLWLK"� k hLkL�½GLk}gUMsizQzK�vE�ÁX(i�KKNi3WNQ)K?WNMPO�WNopWNX(QéKNi$WNOzO�W$�(k?KLK?�FgsW�MPXïkU|â©xWNQ�Q"WNG6o�izX½SUO~u°GJWLK"� k izX(izQvijSUO v WNQ�Q"kCMæK¾O�WLKÃ�½GLk}gUMsizQzKmu°GJWLK"� khLkL�½GJk}gUMPizQzK�v»|}izX½SUizGJWLK k�¹�|prp�QA��äZ�|�kSlq�_�au]`_«X�_;TxbZ���|acdeQ�t�QZSlScde�|��_�TcN�acQASZgÞµ¶Q^p�_���dswAacQ�bA[jNkde��_�]sQA�=TxQ�Ã�����q�QZNoTÈ]s_«�|�|deaXZ��p�prQé]s_�X�_;TxbZ���|acdeQét�QASOÀ¨_�p�de]s]eQZS�t'PºQZ��SUQZp«�k]sQZS�de��t�Q½mkbAQZS�q�_�aON��ÛXZ��N�q�]sQht'PºQZ�=TxdeQZacS���NÛXZ�|prp�Q]`_�X�_�TcbZ�|�|aUdsQ«tkQZSOÀ¾�|��XnTxQAN�acS\_�]e]`_��=TÈt�Q�]`_ÙXZ_�TxbA�|�|aUdsQ«t�deScXAacwATcQ
N × N

��QZaUS�XZQZ]e]sQ«tkQZS�QZ�kScQZpé��]sQASZg
D XAQéTxd~TxacQ�ÃC]eQZSO]edsprdeTcQZSuQAT�XA�|]sdep�d~TxQASltkQ«]`_rX�_�TcbZ�|�|aUdsQht�QZS�SUds�|��_;TxN�aUQZSOSU�|�=T�X�_�]eXZN�]ebZQASOqC��ds�=TOq�_�aq��|ds�=Tlê�q�_�aWTxdsa¹t�Q^XZQZ]e]sQAS�t�Qh]s_«X�_�TcbZ�|��acdsQ�tkQZSuQZ��SUQZp«�k]sQZSAg

¡O���|�kTcdsQA�9T¶_�de��ScdG[9N�Qh]ÅPº�|�jûUQATuTcQZacprds��_�]Gt�Q
SGN

QZSWTO]s_�SUds�|��_�TxN�aUQ
�
q��|ScSUbZt�_��9T¶N���QhQATÈN���QScQAN�]sQ�¸�wAXÇÍ�Q

m −→ n
qC��N�a«Tx�|NkS

m,n ∈ N
g Ó �|�à�|�jûUQnT�ds��d~Txds_�]ìQASUTr]`_ÊSUds�|��_�TxN�aUQ

∅
�'P·_�v|_��=T_�N�XAN���Q^¸�wZXÇÍkQ�g

} Q¹q�aU�ot�NkdeTJt�_���S
SGN

QZSWT7t�bn����djXZ�|prp�QÔScNkdeT�g Ó ��dsQZ�=T
Σ
QAT

Ω
t�QZNoméScde�|��_�TcN�acQASZg } QZN�aJq�ac�jt�N�d~TQZSWTl]`_�Scde�|��_�TcN�acQ

Σ× Ω
tkbA����deQ^q�_�a��

Σ× Ω(m,n) = Σ(m,n)× Ω(m,n).Ò ��t'PR_�NkTcacQAS TxQZaUp�QASZÃ|]eQZS ¸�wAXÇÍ�QZS
m −→ n

t�Q
Σ×Ω

SU�|�=TØ]sQAS7XZ�|N�qk]sQZS
(f, g)

��º
f ∈ Σ(m,n)QAT

g ∈ Ω(m,n)
g } QASuq�ac�;ûUQAXATcds�|��SuSU�|�=TÈ]eQZSupr�|acq�ÍkdsScprQZS¹t�Q^Scds����_�TxNkacQZSut�������bZSuq�_�a\�

(f, g) 7−→ f
QnT

(f, g) 7−→ g.} Q\XA�|q�aU�ot�NkdeTut�Q^t�QANom�Scde�|��_�TcN�acQAS
Σ
QAT

Ω
QZSWTÈtk�|����b^q�_�a^�

Σ q Ω(m,n) = Σ(m,n) q Ω(m,n).} QZS«pr�|acqkÍ�dsSUp�QASh_�ScSc�jXZdebZS«SU�|�=T«]eQZS\ds��XA]sN�SUds�|��S\t�Q�XÇÍ�_�[9N�Q�QA��ScQAp«��]sQ
Σ(m,n)

QnT
Ω(m,n)t�_��kS�]`_^acbAN���ds����t�dsS²ûU�|ds�=TcQ

Σ(m,n)qΩ(m,n)
gkÐÈds��SUdÅÃ9N���Ql¸�wZXÇÍ�Q�tkQ

ΣqΩ(m,n)
QZSWT�Sc�|d~T¹Nk��Q

+|Ï
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¸�wAXÇÍ�QhtkQ
Σ(m,n)

Ã�Sc��deTuN���Q�¸�wAXÇÍ�QétkQ
Ω(m,n)

g
Ó �|deQZ�=T

Σ
QnT

Ω
t�QANomÙScds����_�TxNkacQZSÔQAT

F,G : Σ −→ Ω
t�QANom�pr�|aUq�Í�dsSUp�QASZg } PºbZ�=_�]edsSc_�TxQAN�aìtkQ

FQAT
G
QZSUTl]eQ�XZ�|N�qk]sQ

(Θ, H)
��º

Θ
QZSWTl]`_�Scde�|��_�TcN�acQ�t�������bZQ^q�_�a\�

Θ(m,n) = {f ∈ Σ(m,n) : F (f) = G(f)}

QAT
H
QZSWTÈde��t�N�d~Tuq�_�a�]eQZS�ds�kXZ]sNkScds����S�t�Q^XÇÍ�_�[9N�Q

Θ(m,n)
t�_���S

Σ(m,n)
g

Ò �k���'Ãj_��|QAXl]eQZS7p,lZprQZS7����TÇ_�Tcds�|��SAÃ|]sQ�XA�obA�=_�]edsSx_;TxQZNka¬t�Q
F
QnT
G
QZSWTìtk�|����buXZ��p�prQ�]sQ�XA�|N�q�]eQ

(Ξ, K)
��º

Ξ
QASUTÈ]`_«Scde�|��_�TcN�acQ�tk�|����bAQhq�_�a��

Ξ(m,n) = Ω(m,n)/ ' (m,n).

¡O�2_Ê�k��Txb
' (m,n)

]s_�acQA]`_�Tcds�|�ÚtãPRbA[jNkde��_�]sQA��XZQ�SUN�a�]ÅPºQZ�kScQZpé��]sQ
Ω(m,n)

QZ���|QA��t�aUbZQ�q�_�a]`_�q�_�aWTxdsQ
{(F (f), G(f)) : f ∈ Σ(m,n)}

g } Q�pr�|acq�ÍkdsScprQ
H : Ω −→ Ξ

QZSWT�ds��tkN�deThq�_�a«]eQZSq�aU�;ûUQZXnTxds����SuX�_�������ds[9N�QASltkQ
Ω(m,n)

SUN�a
Ξ(m,n)

g
¡O��_�_�de��Scd'���kTxQA�jNá�

» 8;DÞ57D ©�K²BEK D @2´^ce´/c D�S hFSUQnITqskCG6iTW
SGN

gsWLK�KNi qUX½SUQvMsGJWLK�WLKNQr�ÁX(iTWNopWNX(Q�hLkCo��½O��NQ"WmWNQ3hLk?hLkCo��½O��NQnW k�J�|NkaO]`_rX�_�TcbZ�|�|aUdsQht�QZSO��qCbAax_�t�QASZÃCScd¬]eQZSO]edsprdeTcQZS�Sc���9T¶À¨_�XZde]sQZSÈê�XZ����SUTcacN�deacQ�Ã�]sQAS¶XA�|]sdep�d~TxQZSu]eQSc���9Tlpr�|ds�kSZg
} PR�|�9ûUQAT�TcQZacprds��_�]�t�QO]s_hX�_;TxbZ���|acdeQÈt�QAS��|q�bZac_�t�QZS¹QZSUT�]`_hSUds�|��_�TxN�aUQ

�
XZ���9TcQZ��_��9T�N���QON��kds[9N�Q¸�wAXÇÍ�Q

�m
n : m −→ n

q��|N�alXÇÍ�_�[9N�Q«XA�|N�q�]eQ
(m,n)

t'PºQZ�=TxdeQZaUSZÃã[9N�Qé]ÅPº�|�/péN���deTÈt�Qh]`_�SUTxaUN�XATcN�acQScNkde��_��=TxQ��
�n
p ◦�m

n = �m
p , �m

n ⊗�p
q = �

m+p
n+q , n = �n

n.} PR�|q�bZac_�t�Qrds��d~Txds_�]sQhQZSUThXZQA]s]eQr[9N�dØ��QrXZ���9TcdsQA�9T\[9N�Q�t�QZS\dst�QA�=TxdeTcbZS��®ds] SAP·_��|deT\t�Q
L∅
Ã®_��|QAX

∅]`_�Scde�|��_�TcN�acQ^de��deTcd`_�]eQ�ÃkX�PRQASUTWV×ê;V�t�dsaUQh]s_rSUds�|��_;TxN�aUQ\�kQéq��|ScSUbZt�_��=TO_�N�XZNk��Qh¸�wAXÇÍ�Q�gCÕY]®�'Pºv/_�_�N�XZNk��Q_�NkTcacQ^XZ��p�q��|Scd~Txde�|��qC��ScScde��]sQ�t�_���S
L∅

[9N�Q\XZQA]s]eQ�t'PRNk��Qédet�QZ�=Txd~Txb
n
_��|QAXéQZ]e]sQ½VYp,lZprQ�Ãk[9N�dG��bZacd~��Q��bAXZQZSUSx_�deacQAp�QA�9T

n ◦ n = n
g } Q¶q�ac�jt�N�d~T�t�Q

m
QnT�t�Q

n
Ãk[9N�_��=Tuê«]eN�dÅÃ9t���deT)lATxaUQ

m⊗ n = m+ n
Ãq�_�a�tkbA����d~Txde�|��t�Q^]`_«SUTcacN�XnTxN�aUQhtãPR�|q�bZac_�t�Q�g

} Q\qkac�jt�N�deTutkQ\tkQZNom���qCbAax_�t�QAS
C
QAT

D
QASUTlQZ��XA�|acQ\t�bn����dGXZ��p�q��|Sx_��9TcQ^q�_�a�XZ��p�q��|Sx_��9TcQ��

C× D(m,n) = C(m,n)× D(m,n).

} _rSWTxacNkXATxNkacQ^t'Pº�|qCbAax_�tkQ\tkQ
C× D

QZSWT¶tk�|����bAQ\q�_�a^�
(h, k) ◦ (f, g) = (h ◦ f, k ◦ g), (f, g)⊗ (h, k) = (f ⊗ h, g ⊗ k), n = (n, n).

+ ë
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Ò �k���'ÃØ]sQAS�q�ac�;ûUQAXATcds�|��S�SU�|�=T
(f, g) 7−→ f

QAT
(f, g) 7−→ g

Ã [9N�d�Sc���9TZÃØq�_�a�XZ����SUTcacN�XnTxds���'ÃXZ��p�q�_;Txds�k]sQZS�_���QZX\]`_«SWTxacNkXATxNkacQ\t'PR��qCbAax_�t�Q�g
} QrXA�|q�aU�ot�NkdeT�t�Q�t�QANomñ�|q�bZac_�t�QAS

C
QAT

D
QASUT\q�]sNkS�XZ�|prq�]sQ½moQ��'�|�ñXÇÍ�QZaUXÇÍ�QÙ]s_�q�]sNkS�qCQnTxdeTcQ�|q�bZac_�t�QÔ[jNkdjXA�|�=TxdeQZ����Qìêu]`_�À¾�|dsS

C
QnT

D
g;�J�|NkaJ]ðPR�|�oTxQZ�kdsaZÃZ�|�hXA�|��SUdst�wAacQÔ]sQZS®SUds�|��_;TxN�aUQZS

UC
QnT
UDSc��N�SWV~ûc_�XZQA�9TcQZS7ê

C
QAT¬ê

D
g|¡O�hXZ�|��SWTxaUN�deTJ]sQØXZ��q�ac�jt�N�d~T

UCqUD
t�QìXZQAS¬t�QANomhScds����_�TxNkacQZSJq�N�deSJ�|�_�q�qk]sds[9N�Q^ê�XAQ�XZ�|q�aU�otkN�deTu]eQ¶À¾�|��XnTxQZNkal��qCbAax_�t�Q^]eds��aUQ�g�¡O���|N��k]sdsQO_�]s�|aUS�]`_«SWTxaUN�XATcN�acQ\p�������¿�t�_�]sQt�Q

L(UCqUD)
q��|N�aì]`_h���|dsaìXZ�|prp�QlN���Q¶qCQnTxdeTcQ¶XZ_�TxbA�|�|acdeQ�g Ó N�a�XAQATUTxQOt�QAac��dewZaUQ�Ãk����XZ�|��SWTxaUN�deT]`_«XA�|���|aUN�QZ�kXZQ
'
QA���|QZ�kt�acb^q�_�a�]eQZS�À¨_�prds]e]sQASìSUN�de��_��=TxQAS�t�Q^acQA]`_�Tcds�|��SAÃode��t�Q½mkbAQZSlq�_�a�]eQZS�XA�|N�q�]eQZS

(h, k)
t�Q�¸�wZXÇÍkQZS¶tkQ

L(UCq UD)
�







h⊗ (g ◦ f)⊗ k ' h⊗ (g ◦C f)⊗ k
qC�|Nka�Tx�|NkTcQZS�¸�wAXÇÍ�QZSÈXZ�|prqC��Sx_���]eQZS

f
QAT
g
t�Q

C ;

h⊗ (g ◦ f)⊗ k ' h⊗ (g ◦D f)⊗ k
qC�|Nka�Tx�|NkTcQZS�¸�wAXÇÍ�QZSÈXZ�|prqC��Sx_���]eQZS

f
QAT
g
t�Q

D ;

h⊗ (f ⊗ g)⊗ k ' h⊗ (f ⊗C g)⊗ k
qC�|Nka�Tx�|NkTcQZS�¸�wAXÇÍ�QZS

f
QnT
g
t�Q

C ;

h⊗ (f ⊗ g)⊗ k ' h⊗ (f ⊗D g)⊗ k
qC�|Nka�Tx�|NkTcQZS�¸�wAXÇÍ�QZS

f
QnT
g
t�Q

D ;

h⊗ n⊗ k ' h⊗ nC ⊗ k ' h⊗ nD ⊗ k
q��|N�a�Tc�|NkTlQZ�=TcdsQZa

n.

¡O��_é����Tcb
◦C

Ã
⊗C

QAT
nC

]eQZS¹��qCbAax_�Tcds�|��SÔQAT¹N���d~TxbZSìt�Q
C
Ã
◦D

Ã
⊗D

QAT
nD

XZQZ]e]sQAS¹t�Q
D
QnT
◦
Ã
⊗QAT

n
XAQZ]s]eQZSut�Q

L(UCq UD)
g�¡O��t�bn����deTÈ_�]e�|acS¹]`_«q�QATxd~TxQ�XZ_�TxbA�|�|acdeQ

Cq D
XZ��p�prQO]sQ�[9N���TxdsQA�=TScNkde��_��=T�Ã�q�aUdsS�t�_���Su]`_«X�_;TxbZ���|acdeQ

CAT

tkQZSuqCQnTxd~TxQZSuXZ_�TxbA�|�|acdeQZS��
Cq D = L(UCq UD)/ ' .

ÕY] À¨_�NkT^QA��XZ�|aUQ�pr�|�=TxaUQZa�[9N�Q�]sQ«À¾����XATcQZN�a
⊗
�|�oTxQZ�9N ScN�a

L(UC q UD)
q�_�ScSUQÙ_�Nñ[9N���TcdsQA�9Tq�_�a

'
Ã=XZQl[9N�d�t�bAXZ�|N�]eQÈtkQl]s_�XZ�|��SWTxaUN�XATcds�|�rt�QuXZQnTcTxQlacQA]`_�Tcds�|���=]s_�X�_�TcbZ�|�|aUdsQ

CqD
QZSWTÔt��|��XlN���Q�|q�bZac_�t�Q�gjÕY]���QOacQASUTcQOq�]sNkSì[9N'PRê«t�bA����dsaì]sQZSÔpr�|acq�ÍkdsScprQZSì_�SUSc�jXZdsbAS�_�NÙXZ�|q�aU�otkN�deTÈ�oq�_�a¹XA�|��SUTcacN�X½VTxde�|�'Ã�XÇÍ�_�[jNkQh¸�wAXÇÍ�Qét�Q

C
QATÈXÇÍ�_�[9N�Q\¸�wZXÇÍ�Qht�Q

D
QZSUT¶N���Q^¸�wZXÇÍkQét�Q

L(UC q D)
g } Qh[9N���TcdsQA�9Tq�_�a

'
���|N�Sl_�SUScN�aUQh[9N�Q\XZQASlde��XZ]eN�Scde�|��S�SU�|�=TÈtkQZSup���acq�Í�deScprQZS�t'Pº�|q�bZac_�t�QZSAg

¡O� ����TxQAax_�[9N�Q�Ã t�_��kS«]sQ�X�_�S«�Uº
C = LΣ

QnT
D = LΩ

Sc���9T«t�QZNomÚ�|q�bZax_�t�QZS«]eds��aUQZSAÃJ]eQZN�aXZ��q�ac�jt�N�d~TuQZSUTldeSc�|pr�|acqkÍ�Q�ê
L(Σq Ω)

g
Ó �|deQZ�=T

C
QAT

D
t�QAS��|q�bZac_�t�QZS¹QAT

F,G : C −→ D
t�QAS�p��|aUq�Í�deScprQZSÔt'PR��qCbAax_�t�QASZg�¡��ÙXÇÍ�QZaUXÇÍ�Q]ÅPºbZ�|_�]sdeSx_�TcQZN�alt�Q

F
QnT
G
g'¡O� tkbA����d~T^N���Q�SU�|N�SWV�Scde�|��_�TcN�acQ

E
t�Q
UC

QZ� q��|Sx_��=TZÃ'qC��N�aOXÇÍ�_�[9N�QXZ��N�q�]sQ
(m,n)

tãPRQA�9TcdsQAacS^�
E(m,n) = {f ∈ C(m,n) : F (f) = G(f)}.

+ ù
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¡O�à��QZNkTÙp��|�=TcacQZa�[9N�Q
E
QZSWTÙNk��Q�Sc�|N�S×VY�|q�bZac_�t�Q�t�Q

C
Ã7X�PRQASUTWV×ê;V�t�dsaUQ�[jNkQ/]s_ñSUds�|��_�TxN�aUQ

EXZ���9TcdsQA�9TÔ]eQZS7dstkQZ�=Txd~TxbZS7tkQ
C
QATØ[9N'PºQZ]s]eQ�QZSWTìSWTÇ_��k]sQ�q�_�a7XA�|prqC�|SUdeTcds�|�«QnTØq�ac�jt�N�d~T�g9�¹��p�prQ

F
QnT
GSc���9Tlt�QASÈpr�|aUq�Í�dsSUp�QAS�t'Pº�|q�bZax_�t�QZSAÃ����/_�]eQZSuacQA]`_�Tcds�|��S¹ScN�d~��_��9TcQZS^�

VÙ�H�|N�a�Tx�|NoTuQZ�=TxdeQZa
n
Ã
F (n) = n = G(n)

g
V Ó d

f ∈ E(m,n)
QnT
g ∈ E(n, p)

ÃÞ_�]e�|acSO�
F (g ◦ f) = F (g) ◦ F (f) = G(g) ◦G(f) = G(g ◦ f).

V Ó d
f ∈ E(m,n)

QnT
g ∈ E(p, q)

Ã�_�]s�|aUS��
F (f ⊗ g) = F (f)⊗ F (g) = G(f)⊗G(g) = G(f ⊗ g).

Ð¶de��ScdðÃ
E
QZSWT\N���Q��|q�bZax_�t�Q�gH¡O�ñqC��ScQr_�]s��acS

H
]ÅPºds�kXZ]sNkScds���Êt�Q

E
t�_���S

C
[jNkd7QZSUT\��bAXZQAScSx_�d~VacQAp�QA�=T�Nk�àpr�|aUq�Í�dsSUp�QÙt'PR��qCbAax_�t�QASZgÔ¡O�àqCQANkTr_�]s��acS«�|bAacd~��QZa�[9N�Q�]sQ�XA�|N�q�]eQ
(E, H)

QASUTr��deQZ�]ÅPºbZ�|_�]sdeSx_�TcQZN�aìt�Q
F
QAT
G
g

¡O�ÛXZ�|��SUdst�wAacQ«Tc�|N;ûU�|N�aUS¶t�QANomÛ��qCbAax_�t�QAS
C
QnT

D
Ã'_�de��ScdH[9N�Q�t�QZNjmÛpr�|acq�ÍkdsScprQZSÈt'Pº�|qCbAax_�tkQZS

F,G : C −→ D
gì¡O�àXÇÍ�QZaUXÇÍ�QÊêñq�acbAScQA�9TÙ]sQ�XZ�jbZ�|_�]sdeSx_�TcQZN�a«tkQ

F
QnT
G
gÔ¡O�3XA�|p�prQZ�kXZQ�q�_�a�|N��k]sdsQAa¹]s_éSUTcacN�XnTxN�aUQ�p��|�k��¿�t�_�]sQlt�QO]ÅPº�|q�bZac_�t�Q

D
_�����t�QO]s_h�|��dsa�XA�|p�prQ¶Nk��Q�qCQnTxd~TxQ¶XZ_�TxQA�|�|aUdsQ�g¡O�2tkbA����d~TrQZ��SUN�deTcQ�ÃØScN�ar]sQAS�¸�wZXÇÍ�QASÙt�Q�XAQATcTcQ/tkQZac�kdswZaUQ�ÃØ]`_ÛXA�|���|aUN�QZ��XAQ

'
QA���|QA��t�acbAQ�q�_�ar]s_À¨_�prds]e]sQlScN�d~��_��9TcQ^t�Q^acQZ]s_�Txde�|��SAÃkds�kt�QnmobZQ^q�_�al]eQZS�XA�|N�q�]eQZS

(h, k)
t�Q�¸�wZXÇÍ�QAS¶t�Q

D
�

h⊗ F (f)⊗ k ' h⊗G(f)⊗ k,

qC��N�aìTc�|NkTxQl¸�wZXÇÍkQ
f
t�Q

C
gk¡O��t�bA����deTì]`_\qCQnTxdeTcQ¶XZ_�TxbA�|�|acdeQ

F
XA�|p�prQu]sQÈ[jNk��TxdeQZ�=T�t�_���S

CATt�Q
D
q�_�a
'
g ¡O�å��bZaUde��Q�[9N�Q�Ã¬q�_�aéXZ����SUTcacN�XnTxds���åt�Q

'
ÃH]sQrÀ¾�|��XATcQZN�a

⊗
q�_�ScSUQ�_�NÚ[9N���TcdsQA�9TéQATp«N��kdeT^_�de��Scd

F
tãPRN��kQrSWTxaUN�XATcN�acQ�t'Pº�|q�bZax_�t�QZSAg®µ¶Q�q�]sNkSZÃ']eQ«[9N���TxdeQZ�=T^t�_��kS

CAT

���|N�S�t�������Q�N��À¾�|��XnTxQAN�a
K : D −→ F

[9N�dÅÃGTc�|N;ûU�|N�aUS^q�_�a^t�bA����deTcds�|� t�Q
'
Ã®QASUT«XA�|prq�_�Txde��]sQ«_���QZX�]sQ�q�ac�jt�N�d~Tpr�|����¿Åt�_�]Åg } Q^XZ�jbZ�=_�]edsSc_�TxQAN�a�t�Q

F
QnT
G
QZSWT¶]eQ�XZ�|N�qk]sQ

(F, K)
g

¡O��_�t��|�kX\���kTxQA�jNá�
» 8;DÞ57D ©�K²BEK D @2´^c æ c D�S hFSUQnITqskCG6iTW

OP

gsWLKmkL�(INGuS�gsWLKmWLKNQç�ÁX(iTWNopWNX(Q3hLkCo��½O��NQ"WmWNQ3hLk?hLkCo��½O��NQnW k
ð5Ô¼ÓVÔ�� 	 �¾©�§Y¦Á´�³ ��±�·¸¯P­�³ªìé¯ Ô

ÕYXZdðÃ��|����_�t�bAXZaUdsacQ�]eQ�qCQA��t�_��=Tl�|q�bZac_�t�ds[9N�Q�tkN/[9N���TcdsQA�9TutãPRN���pr�|����¿Åt�QOq�_�a�tkQZSlacQZ]s_�Txde�|��SÈ��|�ÚSUQ�t��|���kQ�t�QZS�aUwZ�|]eQZSAÃJX�PRQASUTUVYê;VYtkdsacQ�t�QZS�XA�|N�q�]eQZS«tkQÙ¸�wZXÇÍkQZS�q�_�ac_�]s]ewZ]eQZSZÃ®[9N�Q�]ðPR�|� �|QANkT�bZ�=_EV]sdeScQAa�t�_���S\]ÅPº�|q�bZax_�t�Q�XÇÍ��|dsSUdsQ�gH�¹�|p�prQ�qC��N�a^]sQZS^pr�|����¿Åt�QZSAÃGds]¬À¨_�NkT\XZ�|��SWTxaUN�dsaUQ�]s_�XA�|���|aUN�QZ�kXZQQZ�k�|QZ��tkacbZQéq�_�a¶XAQZSOaUQZ]s_�Txde�|��SZÃÞq��|N�al[9N�Q«]sQh[9N���TxdeQZ�=T�_�deTuTx�|NEûU�|N�acSÈN���Q«SWTxaUN�XATcN�acQ«tkQéX�_;TxbZ���|acdeQpr�|����¿Åt�_�]sQ�g
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Ó �|deQZ�=T
C
N���Q���qCbAax_�t�QìQAT

R
N���QìÀ¨_�p�de]s]eQ t�Q�XA�|N�q�]eQZS¬tkQ¹¸�wZXÇÍkQZS7q�_�ac_�]s]ewZ]eQZS®t�Q

C
Ã;X�PºQZSUTWV×ê;V�t�dsaUQ[9N�Q�]ÅPº�|��SUQ�t��|���kQ�Ã�q��|N�a¹Tc�|NkT�XA�|N�q�]eQ

(m,n)
tãPRQA�9TcdsQAacSZÃkN���Q�q�_�aWTxdeQ

R(m,n)
tkQ

C(m,n)2
�oQZ�q�_�aWTxdeXZN�]edsQZaAÃ

R
QZSWT¶Nk��Q^Scds����_�TxNkacQ�g

} QZS«¸�wAXÇÍ�QZS�t�Q
R
bATÇ_��9T«t�QZS�XA�|N�q�]eQZS«t�Q�¸�wZXÇÍ�QAS�t�Q

C
Ã¬��� _Ê]sQASéq�aU�;ûUQZXnTxds����S«X�_����|��de[jNkQZS

π1, π2 : R −→ UC
g Ò �ñNkTcds]edsSx_��9Tl]s_Ùq�ac��q�acdebATxbhN���d~�|QZaUScQA]s]sQét�Q«]ÅPº�|q�bZac_�t�Qé]eds��aUQhQA���|QA��t�acbAQ�q�_�a]`_«SUds�|��_�TxN�aUQ

R
Ã��|��QZ��t�bAt�N�d~Tut�QZSlp���acq�Í�deScprQZS�tãPR�|q�bZac_�t�QASZÃ

π̄1, π̄2 : LR −→ C
[jNkdGbATxQA��t�QA�9Tt�Q^p�_���dswAacQONk��ds[9N�Q

π1

QnT
π2

ê
LR

g
¡O�á_�q�qCQA]s]eQ�_�]s��acS»kL�(INGuS�gsWMA}M(kCQjiTWNX(Q�gsW

C
�YSUG
R
Ã'QnT^�|�ñ����TxQ

(C/R, π)
Ã']sQéXZ�jbZ�=_�]edsSc_�TxQAN�at�Q

π̄1

QAT
π̄2

g
µO_���S¶N���QéÀ¾�|aUp«N�]s_�Txde�|��q�]sN�SÈXZ�|�kSUTxaUN�XATcde��Q�Ãã]ðPR��qCbAax_�t�Q

C/R
q��|ScSUwZt�Q«XA�|prp�Q^¸�wZXÇÍkQZS^t�Q

mt�_��kS
n
]eQZS�XZ]s_�ScSUQZSlt'PºbZ[9N�de��_�]eQZ��XAQ^t�Q�¸�wZXÇÍ�QASÈtkQ

C(m,n)
opk}gUMsO�k

≡R(m,n) = (R(m,n))rst
g

¡O����bZacd~��Q^]`_«q�aU�|q��|Scd~Txds����ScN�d~��_��9TcQ��
» 8;DÞ57D ©�K²BEK D @#´^c î c Z�kCiTWNX(Q

C
MsXtW�kL�(INGuS�gsW WNQ

R
MPX WNXYK?WNo,|}O�W8gsW8GJWNO SUQjiTkCXYK»KNMsG8O�WLK²�Ã�LhL�(WLK

�YSUGuSUOzO��NO�WLKHgsW
C k Ç�O�kCGJK C/R

WLKNQBMsXtW¾kL�(INGuS�gsW�WNQ�%¬�(kCMPGÍQ"kCMsQ3hLkCM?�½O�W
(f, g)

gsW
R
%�kCX�S

π(f) =
π(g)

ÛÃgsWÍ�½ORM�K�%$O�W-hLkCM?�½O�W
(C/R, π)

WLKNQÃMsX(iz�UWNGJK?WNO¬�(kCMsG-hLWLK��½GLkL�½G6iTINQ"ILK�%�h>FeWLKNQB:×d;:�gUizGJW�A}M{W�O$FekCX
Sml

�(kCMsG�QnkCMsQ"W�kL�(INGFS�gsW
D
WNQÁQ"kCMPQ)opkCG°�(�si�KNopWHgGFekL�(INGuS�gsWLK

Φ : C −→ D
QnWNOGA}M(W�%��(kCMsG

Q"kCMPQ¾hLkCM?�½O�W
(f, g)

gsW
R
%�kCXòS

Φ(f) = Φ(g)
%²izO3WC'�i�KNQ"WpMPXtWpMPX(iBA}M(W»opkCG°�(�si�KNopW

gGFekL�(INGuS�gsWLK
Ψ : C/R −→ D

QnWNOGA}M(W�O�W�gUijS?qUGuSUo�opW

C
π //

Φ !!C
C

C
C

C
C

C
C

C
C/R

UΨ
��

¬©
D

hLkCo�o�MsQnW k
µ¶�|���k�|��Sl[jNkQZ]s[9N�QASÈQ½moQZprq�]sQASltkQ\qkacbZSUQZ�=TÇ_;Txds����S^�

g èG6 ° 5J¦¾6 ©(c
z?�/¡O��_

∆∆ ' L{µ : 2 −→ 1; η : 0 −→ 1}/R
Ã��Uº

R
QZSWTÈXA�|prqC�|SUbZQ^t�QASlTcac�|deS�acQA]`_�Tcds�|��S¶�







µ ◦ (µ⊗ 1) = µ ◦ (1⊗ µ)

µ ◦ (η ⊗ 1) = 1

µ ◦ (1⊗ η) = 1.

+ �
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Ò �ÙQN�ãQnT�Ã9�|��Sx_�d~TØ[jNkQ
∆∆
QZSUTìQZ�k�|QZ��tkacbZQ�ÃoQA�ÙTÇ_��9TÔ[9N�QÈX�_�TcbZ�|�|aUdsQ�Ã=q�_�aØ]sQASØÀ¨_�p�de]s]sQAS t�QuÀ¨_�XZQAS

δni : n −→ n + 1
Ã
n ≥ 0

QnT
1 ≤ i ≤ n + 1

ÃCQAT�t�Qét�bZ�|bA��bZaUQZSUXZQZ�kXZQZS
σni : n + 1 −→ n

Ã
n ≥ 1

QAT
1 ≤ i ≤ n

ÃÞ_���QZX\]sQZS�tkbA����d~Txde�|��S�ScNkde��_��=TxQAS\�

δni (j) =

{

j
Scd
j < i

j + 1
SUd
j ≥ i

QnT
σni (j) =

{

j
Scd
j ≤ i

j − 1
Scd
j > i.

�¹QASÈ�|q�bZac_�Txde�|��S�SU�|�=TlSc�|N�prdsSUQZSl_�Nom�acQZ]s_�Txde�|��S�SUN�de��_��=TcQZS^�






δn+1
i ◦ δnj = δn+1

j+1 ◦ δ
n
i

Scd
i ≤ j

σnj ◦ σ
n+1
i = σni ◦ σ

n+1
j+1

Scd
i ≤ j

σnj ◦ δ
n
i = δn−1

i ◦ σn−1
j−1

Scd
i < j

σnj ◦ δ
n
i = n

SUd
i = j

�|N
i = j + 1

σnj ◦ δ
n
i = δn−1

i−1 ◦ σ
n−1
j

Scd
i > j + 1.

Ó dG����q��|SUQ
η = δ0

1

QAT
µ = σ1

1

Ã��|���|bZaUde��Q�À¨_�XAds]eQZprQZ�=T�[9N�Qr�
δni = (i− 1)⊗ η ⊗ (n+ 1− i)

QAT
σni = (i− 1)⊗ µ⊗ (n− i).

µ¶����X
∆∆
QZSWTÈQA���|QA��t�acbAQ^q�_�a

η : 0 −→ 1
QAT
µ : 2 −→ 1

g�MON�_��=Tl_�Njm�acQA]`_�Tcds�|�kSZÃjQZ]s]eQZS�SU�|�=Tq�aUQZSU[jNkQ\Tc�|NkTxQASl_�NkTx��pÙ_�Tcds[9N�QASZÃ�Sc_�NkÀ ]eQZS�Tcac�|deS�À¨_�p�de]s]eQZSÔScN�d~��_��9TcQZS\�






σni ◦ σ
n+1
i = σni ◦ σ

n+1
i+1

σni ◦ δ
n
i = n

σni ◦ δ
n
i+1 = n.

Ò �k���ãÃ�XZQZSuTxaU�|dsS�À¨_�p�de]s]sQASìSU�|�=TlacQZSUqCQAXATcde�|QAp�QA�=T¶bA[jNkde��_�]sQA�=TxQZSl_�Njm�TxaU�|dsS�aUQZ]`_;Txds����SO�






µ ◦ (µ⊗ 1) = µ ◦ (1⊗ µ)

µ ◦ (η ⊗ 1) = 1

µ ◦ (1⊗ η) = 1.

} Pº�|qCbAax_�tkQ
∆∆
QASUTrt��|�kX/êÛ]s_�À¾�|dsS«XAQZ]e]sQ�t�QAS�pr�|����¿�t�QAS«QATrXZQA]s]eQ�t�QZS��|�9ûUQATxS�SUdsprq�]sdeXZd`_�Nom

~¨_�N��|prQZ�=TxbASL�O�
V } QAS

∆∆
VNSUO¼qs�}|}GJWLKlt'PºN���QuX�_;TxbZ���|acdeQ�p��|�k��¿�t�_�]sQ

C
Sc�|�=TÔ]sQAS7p��|�k��¿�t�QAS7t�Qu]`_OXZ_�TxbA�|�|acdeQ

CVÔXA�|prp�QÈ���|N�S�]eQ¶�|QAacac����Suq�]sN�S�]e�|ds�ãÃoSUd
C
QZSWTuN���Q��|q�bZac_�t�Q�Ã�N���Q

C
V×_�]e�|wZ�kacQ¶t�_���S

CQASUTlN���À¾�|��XnTxQAN�a
C −→ C

[9N�dGq�acbAScQAaU�|Q\]sQAS�q�aU�ot�NkdeTxSAg��J_�a�QnmoQZprq�]eQ�Ã�]eQZS
∆∆
V×_�]e�|wZ��aUQZStkQ

ENS

Sc���9TO]sQZSlpr�|����¿Åt�QZSAÃ�XAQZ]e]sQZSÈt�Q
kVECT

SU�|�=TO]sQAS
k
V×_�]e�|wZ�kacQZSAÃCXAQZ]e]sQZSlt�Q

AB

~¾]`_XZ_�TxbA�|�|aUdsQ�t�QASÈ�|aU�|N�q�QZSl_���bZ]edsQZ�kSL�ìSU�|�=TÈ]eQZSl_����kQ�_�NomCg

+e+
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V } QASÈÀ¾�|��XnTxQAN�acSlXZ�|�=Tcax_���_�acds_��=TxSut�Q
∆∆
t�_��kSÈN��kQhXZ_�TxbA�|�|acdeQ

C
Sc�|�=TÈ]sQZSu�|�9ûUQATxSÈScdep�q�]ed~VXAd`_�Njm-~¨_�N��|prQZ�=TcbZSL�®t�Q

C
g Ò �«q�_�aUTcdsXZNk]sdsQAaZÃ�]eQZS7�½GJIüw�SUi�K?hLWFSUM('«t�Q

∆∆
Sc�|�=T7]eQZS¬QA��ScQAp«��]eQZSSUdsprq�]sdeXZds_�Nom�~¨_�N��|prQZ�=TxbASL�ÔV N���q�acbnÀ¨_�dsSUXZQZ_�N�t'PRNk��QOq�QATxd~TxQOXZ_�TxbA�|�|aUdsQ

A
QZSWTuN���À¾�|��X½VTcQZN�a

Ao −→ ENS

g
� �|N�SO�|QAacaU�|��SZÃ®_�N XÇÍ�_�q�deTcacQr�Ù]s_��|QAacScde�|� SUvjp�bnTxaUds[9N�Q�t�Q

∆∆
ÃGê�Sx_��|�|dea�]ÅPº�|q�bZax_�t�Q

F
t��|�=T]s_«X�_�TcbZ�|�|aUdsQ�t�N�_�]sQ�Ã

Fo
Ã�QZSWTlSc�|Nk��QZ�=T�_�q�qCQA]sbAQ��|qCbAax_�tkQpgsWLK¾WNXYK?WNo,|}O�WLKû�ÁX(i�Kng

�U�/¡O�Îq�QZNkT�QN�ãQAXATxNkQZa�Qnmk_�XnTxQZprQZ�=T�]sQ�p»lAp�Q�Txax_�deTxQAp�QA�=T�_��|QZXñ]ðPR�|q�bZac_�t�QÊtkQZS��|�jûUQnTxS�XANoV��de[9N�QZSl_��|QAXhXA�|����QAXATxde�|��SAÃ�XZ�|prprQ�t�bA���kdsS�t�_��kS�=ºÑ�@È kz}>ðÃ�qC��N�a�p����9TcacQAa�[jNãPRQA]s]sQ�XA��¿��kXZdstkQ_��|QAX^]ÅPº�|qCbAax_�tkQ�t�QZS�TxaUQZde]s]sdeSì���j�|]sbAQZ��SAg��¹QZSu]edsQZ�kS�qC�|Nka�]sQ�pr�|ds�kS¹ScNkacq�aUQZ��_��=TÈQZ�=TxaUQ^�|�jûUQATcS_�]e�|bZ�kacds[9N�QAS�QATr�|�jûUQnTxSrXZN���de[9N�QZS�t�QA�jac���9T»lATcacQ�Qnmoq�]e�|acbAS�t�_���S�tkQZS�Txax_���_�NomyÀ¾NoTxN�aUS��ØQZ�q�_�aUTxdeXZN�]edsQAaZÃ�XAQZ]sNkdHQA�=TxacQh]sQASÈ�|�9ûUQATxSÈXZN��kds[9N�QZS¶QATÈ]sQZSuTxaUQZde]s]sdeS�q��|N�acac_�deTlq�QZaUp�QnTcTxaUQhNk�Ê_���_EV]e�|�|N�QlXZN��kds[9N�Q�êé]s_éXZ����SUTcacN�XnTxds����q�_�a¹Ñ¹N�acaU�|��dCt�QZS���acdsQA�=TÇ_�Nom�t�Q Ó TxaUQZQAT�q�_�a�_�q�q�]sdeX�_�Tcds�|�SUN�XZXAQZScSUde��Q�t'PRNk��Qépr�|��_�tkQ\q�_�aUTcdsXZNk]sdswAacQ»~¨Nk��X}E���Q?�uScN�al]`_�X�_�TcbZ�|��acdsQ\t�QAS
ω
VYXZ_�TxbA�|�|aUdsQ�ÃkQZ�XA�|p�prQZ�kä�_��=T�_���QZX�]sQ��jdst�Q��JQA� Q��CQAT�ÃJ]`_�SUTxaUN�XATcN�acQÙScdsprq�]edsXZds_�]sQét�QZS«���jûUQATcS�QZSUT«t��|����bAQq�_�a¹]`_hSUTxaUN�XATcN�acQ�tkQOp�������¿�tkQm~¾t�_���S�N��kQOX�_�TcbZ�|��acdsQÈt'PºQZ��t���p��|aUq�Í�deScprQZSL�Øt�QO]s_ép�����_�t�Q¸��|���|�oTxdsQA��t�ac_�deT�Nk��Q^SUTxaUN�XATcN�acQ^XAN���ds[9N�Q^QA�/aUQZprq�]`_�äZ_��=T�]`_«pr�|��_�t�Q�q�_�a�N��kQ��½TxacQAds]e]`_�t�Qe��ÃX�PRQASUTUVYê;VYtkdsacQ�Nk��TcacQZde]s]edsS�~¨���o�|]ebZQA�{�¹t�_���Su]s_«p»lAp�Q�XZ_�TxbA�|�|acdeQ�t'PºQZ��t���p��|aUq�Í�deScprQZSZg

����ÉH�|NkTcQÊSUTcacN�XnTxN�aUQÊbZ[9N�_�Tcds�|�k��QZ]e]sQ�ÃØX�PRQASUTUVYê;VYtkdsacQ�Tx�|NoTxQ�SWTxaUN�XATcN�acQÊtk�|����bAQÊq�_�a��|qCbAax_�Tcds�|�kS
~¾t�bA���kdsQZS7q�_�aUTc�|NkT6�®QATØaUQZ]`_;Txds����SJtk�|����Q�]edsQZN«êON���Q�q�aUbZScQA�=TÇ_�Tcds�|��t'Pº�|q�bZac_�t�Q�g|�¬_�a Q½moQZprq�]sQ�Ã]ðPR�|q�bZac_�t�Q�t�QASu�|ac�|NkqCQASl[9N�_��9Tcds[9N�QAS�
�_�]e�|wZ�kacQZSlt�Q�@È��qkÀ¬QASUTlq�aUbZScQA�=TxbZQhq�_�au]`_«SUds�|��_�TxN�aUQ��

0
η //

1
ε

oo
δ

//

σ

��
2

µoo
τee

Ò Tl]sQAS�acQZ]s_�Txde�|��SO�
~ð_��

µ ◦ (µ⊗ 1) = µ ◦ (1⊗ µ)
�

~¨�(�
µ ◦ (η ⊗ 1) = 1

�
~¨Xx�

µ ◦ (1⊗ η) = 1
�

~¨t(�
(δ ⊗ 1) ◦ δ = (1⊗ δ) ◦ δ

�
~¨Qx�

(ε⊗ 1) ◦ δ = 1
�

~¾ÀJ�
(1⊗ ε) ◦ δ = 1

�
~¨���

δ ◦ µ = (µ⊗ µ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ)
�

~¨Í(�
ε ◦ µ = ε⊗ ε

�
~¨dz�

δ ◦ η = η ⊗ η
�

~·ûJ�
ε ◦ η = 0

�
~B¢P�

µ ◦ (σ ⊗ 1) ◦ δ = η ◦ ε
�

+�Z
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~¨]z�
µ ◦ (1⊗ σ) ◦ δ = η ◦ ε

�
~¾p8�

τ ◦ τ = 2
�

~¨�(�
(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) = (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

�
~¨���

τ ◦ (µ⊗ 1) = (1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)
�

~¨q(�
τ ◦ (η ⊗ 1) = 1⊗ η

�
~¨[P�

(δ ⊗ 1) ◦ τ = (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)
�

~¨aJ�
(ε⊗ 1) ◦ τ = 1⊗ ε

�
~¨SJ�

τ ◦ (σ ⊗ 1) = (1⊗ σ) ◦ τ
g

} QZSì�|bZ�kbZax_;TxQZNkacS¹SAPRde�=TxQZaUq�acwnTxQA�9T�XZ�|prp�QlScNkdeTÈ�
µ
QZSWT�]sQlq�aU�ot�NkdeT�Ã

η
SU�|��N��kdeTxb�Ã

δ
]eQÈXA�|q�aU��Vt�NkdeT�Ã

ε
Sx_«XZ������deTcb�Ã

σ
]ÅPR_��=Txdsq��jt�QÈ��N�ds�=�|QAacSUQ�QAT

τ
QASUTuN�����qCbAax_�TcQZN�a�tkQ�SUvjp�bnTxaUdsQ�gkMON�_��=T_�Njm�acQZ]s_�Txde�|��SAÃ�QZ]e]sQZSu����N�SO_�SUScN�aUQZ�=TO[9N�Q��

(µ, η)
QASUTONk�£~¨Q\SUTcacN�XnTxN�aUQét�Qx�upr�|����¿Åt�Q»~¨aUQZ]`_EVTcds�|��SÈ_kÃ��ÛQAT¶X?�nÃ

(δ, ε)
QZSWT�N��ÛXZ��p��|�k��¿�t�Qp~¨tãÃCQ«QnT¶ÀJ�nÃ

µ
QAT
η
Sc�|�=T�t�QASOpr�|acq�ÍkdsScprQZSlt�QXA�|p�������¿�tkQZSÔQAT

δ
QAT
ε
t�QZSìp���acq�Í�deScprQZSÔt�Q¶pr�|����¿�t�QAS�~¨�kÃjÍãÃod�QAT®ûJ�ÔQAT

σ
QZSWT�N���_��=Txdsq��jt�Q

~�¢�QnT�]z�½g } QAS�acQZ]s_�Txde�|��SÔp ê«S�_�ScSUN�acQA�=TuScQZNk]sQZprQZ�=T�[9N�Q¶]ÅPº�|qCbAax_�tkQ¶QZSWT�SUvjprbATcacds[9N�Q�Ã�XZQ¶[jNkdQASUTl��bZXAQZSUSx_�deacQ\qC�|Nka�bZXZaUdsaUQ\]s_«acQA]`_�Tcds�|����g
� ��Tx�|�kSO[9N�Q�XZQnTcTxQ���qCbAax_�t�QéXZ�|�=TxdeQZ�=T^]sQhq�ac�jt�N�d~TOt�Q�Q�aU�|��QZX�¢�QZa»~¾���|dsa¾= Ó XÇÍÞÁ|�<>`�Èt�QZS���qCb½Vac_�t�QZSØSWvoprbATcacde[jNkQZS

∆∆
QnT

∆∆o
�=X�PºQZSWT¹t'PR_�de]s]sQAN�acS¬t�QuXZQATUTxQlXZ�|�kSUTxaUN�XATcds�|�r[9N�Qlq�ac���jdsQA����QZ�=Tì]sQASaUQZ]`_;Txds����S�t�Q^XZ��p�q�_;Txds�kds]sd~Txbl�rê¶ûAg

���/¡O��q�QZNkT�_�N�ScSUdãq�aUbZSUQZ�=TxQAa�]ÅPº�|qCbAax_�tkQ¶SUvjprbATcacds[9N�Q
S
_��|QAXON����|bA��bZac_�TxQAN�a

τ : 2 −→ 2
Ãj[9N�daUQZq�aUbZScQA�=TxQé]s_éTxac_���Scq��|SUdeTxde�|��t�Q^t�QANom�bZ]ebZprQZ�=TxSAÃ�QATut�QANom�acQA]`_�Tcds�|��S¶�

~ð_��
τ ◦ τ = 2

�
~¨�(�

(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) = (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)
g

�U���H�|N�aH]ÅPº�|qCbAax_�tkQ
B
tkQZSJTcacQAScScQASZÃ;�|�\q�acQA��tét�QANom\�|bA��bZac_�TxQAN�acS

σ, σ∗ : 2 −→ 2
Ã�acQAq�acbAScQZ�=Tx_��=T]eQZS�t�QANom�XZaU�|dsSUQZprQZ�=TxSuq��|ScSUds��]eQZS�t�Q^t�QANom���acde��SZÃkSc�|N�prdsSu_�Nom�acQA]`_�Tcds�|�kSO�

~ð_��
σ∗ ◦ σ = 2

�
~¨�(�

σ ◦ σ∗ = 2
�

~¨Xx�
(σ ⊗ 1) ◦ (1⊗ σ) ◦ (σ ⊗ 1) = (1⊗ σ) ◦ (σ ⊗ 1) ◦ (1⊗ σ)

�
���/¡O�ñqCQANkT\_�N�SUScd tkbZXZaUdsaUQ�t�QZS^SUTcacN�XnTxN�aUQZS\_�]e�|bZ��aUds[9N�QAS^ê�q�]sN�SUdsQAN�acS�SU�|aUTcQZS��Gq��|N�aOQ½moQZprq�]sQ�Ã]ðPR�|q�bZac_�t�Q«tkQZS^_�XnTxds����S�t�Q�pr�|����¿Åt�QZS«�ãScQZS^_�]s�|wA��acQAS�t�_���S

ENS

Sc�|�=T^]eQZS�XZ��N�q�]sQAS
(M,X)��º

M
QASUTuN���pr�|����¿Åt�Q¶QnT

X
N���QZ��SUQZp«�k]sQ�ScNka�]sQA[jNkQZ]

M
_���deT�ê«�|_�N�XÇÍ�Q�gÞ�¹QATUTxQ��|q�bZac_�t�Qq��|ScSUwZt�Q\t�QANom�XZ�|Nk]sQZNkacSZÃk����TxbAQZS

m
QnT
x
Ã�QASUTlQZ�k�|QZ��tkacbZQ\q�_�a�Tcac�|deS��|q�bZax_;TxQZNkacS^�







µ : m×m −→ m

η : ∗ −→ m

α : m× x −→ x.

Z��
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} Q«q�aU�otkN�deT¶t�NÛp�������¿�tkQéQZSWT
µ
Ã
η
SU�|�ÛN���d~Txb«QnT

α
SU�|� _�XATcds�|�'g } QéTx��NkTOQASUT^Sc��N�p�deSO_�NjmaUQZ]`_;Txds����S�ScN�d~��_��=TxQZSAÃ®]sQZS�Tcac�|deS\qkacQZprdswAacQAS\Q½moq�acdepÙ_��=T\[9N�Q

(µ, η)
QASUThN��åpr�|����¿Åt�Q�QATh]sQASt�QANom/_�NkTcacQASl[9N�Q

α
QASUTÈ��dsQA��Nk��Q\_�XATcds�|��XZ��p�q�_;Txds�k]sQO_���QZX

(µ, η)
�

~ð_��
µ ◦ (µ⊗m) = µ ◦ (m⊗ µ)

�
~¨�(�

µ ◦ (η ⊗m) = m
�

~¨Xx�
µ ◦ (m⊗ η) = m

�
~¨t(�

α ◦ (m⊗ α) = α ◦ (µ⊗ x)
�

~¨Qx�
α ◦ (η ⊗ x) = x

g
� ��Tx�|�kSh[9N�Qr]sQASé_�]e�|wZ�kacQZS^SUN�aéXAQATcTcQ���qCbAax_�t�QAShaUb�_�]edsSUbZQZS\t�_��kSh]s_�XZ_�TxbA�|�|acdeQ�t�QZS\�|ac��N�qCQAS_���bZ]edsQA��S�Sc�|�=T�]sQASrXA�|N�q�]eQZS�XZ����SUTcdeTxNkbZSrt'PRNk�+_����kQ�_�NàQATrt'PºN��3pr�jt�N�]sQ�SUN�a�XZQnT�_��k��Q�_�Nãg
� ��Tx�|�kS�_�N�SUScdG[9N�Q�XZQnTcTcQ��|qCbAax_�tkQ�XZ�|�=TxdeQZ�=T

∆∆
�k���/_«Nk��Q�ds�;ûUQAXATcds�|��tk�|����bAQ�q�_�a

1 7−→ mQnT
µ 7−→ µ

Ã
η 7−→ η

g
ÁU��ÉHQZaUp�de���|��SH_��|QAXì]ðPR�|q�bZac_�t�QØt��|�=TJ]sQAS®¸�wZXÇÍ�QAS¬Sc���9TJQnmk_�XnTxQAp�QA�9T¬]sQASHQA��XÇÍ�Qn��lATcacQAp�QA�9TcS7�|acdeQZ�oVTcbZS²~¨pr�|���jXÇÍ�ac��p�QASZÃ�p�_�deS �|��qCQANkTØ�|bA��bZac_�]sdeScQZa¬Sx_���SØq�aU�|��]ewZprQ?�ng=�¹QATcTcQu�|qCbAax_�tkQ�Ã|��deXZ�|]e�|acQt�Q¶XZ�|N�]eQZN�aUS�����TcbZQAS

1
QnT

1∗
ÃkQASUT�QA���|QA��t�acbAQ�q�_�aì]sQZSìt��|N®
AQ��|bZ�kbZax_;TxQZNkacS�SUN�de��_��=TxSAÃk��ºÙ]ÅPº�|�NkTcds]edsScQ¶]`_«����Tx_�Txde�|�

(1∗)∗ = 1
�







τ 1
xy, τ

2
xy : x⊗ y −→ y ⊗ x

q��|N�a�Tc�|N�S
x, y ∈ {1, 1∗}

ηx : x∗ ⊗ x −→ 0
q��|N�a�Tx��NkT

x ∈ {1, 1∗}

γx : 0 −→ x⊗ x∗
qC�|Nka�Tx�|NkT

x ∈ {1, 1∗}.

} QZSuaUQZ]`_;Txds����S�Sc���9TÈ_�N����|pé��acQ�t�Q\�=���
~ð_��

τ 2
yx ◦ τ

1
xy = x⊗ y

q��|N�a�Tx��N�S
x, y ∈ {1, 1∗}

�
~¨�(�

τ 1
yx ◦ τ

2
xy = x⊗ y

q��|N�a�Tx��N�S
x, y ∈ {1, 1∗}

�
~¨Xx�

(z ⊗ τ 1
xy) ◦ (τ 1

xz ⊗ y) ◦ (x ⊗ τ 1
yz) = (τ 1

yz ⊗ x) ◦ (y ⊗ τ 1
xz) ◦ (τ 1

xy ⊗ z)
qC��N�ahTc�|N�S

x, y, z ∈ {1, 1∗}
�

~¨t(�
(x⊗ ηx) ◦ (γx ⊗ x) = x

q��|N�a�Tc�|NkT
x ∈ {1, 1∗}

�
~¨Qx�

(ηx ⊗ x
∗) ◦ (x∗ ⊗ γx) = x∗

q��|N�a�Tc�|NkT
x ∈ {1, 1∗}

�
~¾ÀJ�

ηx ◦ τ
1
xx∗ = ηx∗

q��|N�a�Tc�|NkT
x ∈ {1, 1∗}

�
~¨���

τ 1
xx∗ ◦ γx = γx∗

q��|N�a�Tc�|NkT
x ∈ {1, 1∗}

�
~¨Í(�

(ηx ⊗ y) ◦ (x⊗ τ 1
yx∗) ◦ (τ 1

yx ⊗ x
∗) = y ⊗ ηx

q��|N�a�Tx��N�S
x, y ∈ {1, 1∗}

�
~¨dz�

(τ 1
xy ⊗ x

∗) ◦ (x⊗ τ 1
x∗y) ◦ (ηx ⊗ y) = y ⊗ γx

qC�|Nka�Tx�|N�S
x, y ∈ {1, 1∗}

g
� ��Tx�|�kS�[jNkQ\XAQATUTxQ^q�acbAScQA�9Tx_�Txde�|���'PRQASUTlq�_�Suprds��depÙ_�]sQ^��q�_�a�Q½moQZprq�]sQ�Ã�]sQZS�aUQZ]s_�Txde�|��S�~²ÀL�¹QnT
~¾�æ�®�k�|N�S7_�SUScN�aUQZ�=T7[9N�Q�]eQZSH�|bZ�kbZax_;TxQZNkacS

η1∗
QAT
γ1∗

SU�|�=T7ScN�q�QZaW¸�N�SAg } Q¹q�_�ax_��|ac_�q�Í�QìScN�d~��_��=Tde�9Tcac�jt�N�d~T¶]eQZSO����Txds����SOt�Q�]s_ÙacbAbZXZaUdeTcN�acQ«SUN�a�]sQASO�|q�bZac_�t�QZSt�'XZQAqCQA��t�_��=T�ÃGQA�Ûdsp�_��|de��_��=T¶XAQ

ZY�
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[9N�QrqCQANkT�lATxaUQ�]s_�XZ�|�=�|QAac�|QA��XZQÙt'PRNk��Q�TcQZ]s]eQ�q�acbAScQA�9Tx_�Txde�|�'Ã®N���Qrt�QASé[9N�QZSWTxde�|��S\pÙ_EûUQAN�acQASXA�|��XZQAac��_��9Th]sQAS�QZ�=TxaUQZ]s_�XZS^QZSWT\t�Q�acbZSU�|N�t�aUQ�]eQ�q�ac����]swAp�Q�t�Q�pr��TxS¶qC�|Nka\tkQ�TcQZ]eS��|�jûUQATcS��QA�+q�_�aWTxdsXAN�]sdeQZaAÃ7�|�+��QÊSc_�deT�q�_�SÙSZPºds]uQnmodsSWTxQÊ��N+���|�+Nk��QÊq�aUbZScQA�=TÇ_�Tcds�|�+XA�|�=�|QAac�|QA�9TcQñt�Q]ðPR�|q�bZac_�t�QÈt�QZSuQZ�kXÇÍ�QA�UlATxaUQZprQZ�=TxSl�|aUdsQZ�=TcbZSZg�¡����kQ�Sx_�d~T�t'PR_�ds]e]sQAN�acSìq�_�S����|��qk]sN�S�aUbZq��|��t�aUQê�]`_�p,lZprQO[9N�QZSWTxde�|�/XA�|��XAQZac��_��=T¶]ðPR�|q�bZac_�t�Q
B
t�QASlTcacQAScScQASZÃÞq��|N�aUTx_��=Tlq�]sN�S�SUdsprq�]sQ�g

��TC� | 1�2$#ª!5�f%70�%£4X�4��#   �����r2�1¸0� -!$#
¡O�Ú�odeQZ�=T«tkQÙ�|�|deaéN��kQ�_�q�qkac�jXÇÍ�Q�_�]e�|bZ��aUds[9N�QrTxax_�t�deTcds�|���kQZ]s]eQ�t�Q�XAQÙ[9N�Q�q�QZNk��QZ�=TflATcacQ�t�QASacQA]`_�Tcds�|�kS¶ScNkaON���Q��|q�bZac_�t�Q��C�|�Û]sQAS¶�|��deT�XA�|p�prQétkQZS�bZ�|_�]sd~TxbZSlQZ�=TcacQ«¸�wAXÇÍ�QZS\Sx_��kSOScQ�q�aUbZ�jXZXANoVq�QZaOt'PºN���Qé[jNkQZ]sXA�|��[9N�Q��|aUdsQA�9Tx_�Txde�|��tkQZS�bZ�|_�]sd~TxbZSAgC¡��Ê��_Ùp�_�de�9TcQZ��_��9T¶dsprdeTcQZauXZQ«[9N�d¬_�bATcbéÀ¨_�deTq�aUbZXZbAt�QZprprQZ�=T�ScNkaé]sQAShpr�|����¿�t�QAShq��|N�a\t�bA����dsa\Tx�|NkTcQZSh]sQZS\����Tcds�|�kSht�Q�]`_�acbZbAXZaUdeTxNkacQÙt�_���SéXAQX�_�t�acQ�g

ð5Ôâð5Ô×Ö � ·3´�±�èn³ª¹ï¹s±²§ ±�ì²³Æ·Þ�¾©�§Y¦é´²³
�¹�|prp�Qut�_��kSÔ]eQuX�_�SÔt�QZSÔpr�|����¿Åt�QZSAÃ=�|��de�=Txac�jt�N�d~TØN���Ql����Tcds�|��t�Q�opk}gUMPO�WLK3KNMsGÃMPXtWHkL�(INGuS�gsWq�QZacprQATUTÇ_��=Tlt�Q^t�bn����dsa�XAQh[9N�Q\Sc���9Tl]eQZSuacQA]`_�Tcds�|��S¹t�Q^acbZtkN�XATcds�|��ScN�auN��kQh�|q�bZac_�t�Q�g � ��Tc�|��Su[9N�Q]`_hSUTxaUN�XATcN�acQ�aUQATcQZ�9N�Q^q�_�ac_<;sT�_�ac��d~Txac_�dsaUQ¸�9XZQZq�QZ�kt�_��=Tuds]CQZSUTudep�q��|SUScds�k]sQut'PºQZ��XÇÍ��|deScdsaìN���Q^_�NoTxacQé�N���X�_�tkacQ^N���d~��b�qC��N�au]`_«acbAbZXAacdeTcN�acQ\_�qkqC�|aWTxQAax_�XZQAaUTÇ_�ds��QAp�QA�9TuNk��QhQ½moq�]sdeX�_�Tcds�|��ê�XZQ�À¨_�d~T�g
ÌÈ�ñpr�|����¿Åt�Q«QZSWT\N��ñQZ��SUQZp«��]eQ�p«N���d¬t'PRNk��Q��|q�bZax_;Txds���Û��ds��_�dsacQ�ÃC]eQ«q�aU�ot�NkdeT�Ã��|bAacde��_��=T^XZQZa×VTÇ_�ds��QASOacQA]`_�Tcds�|��St�C�|�ñ_Ù�jNñ[9N'PºN��ñp��jt�N�]eQéScNka�N��Ûp�������¿�tkQéQZSWT^N��ñQZ��SUQZp«�k]sQ�p«N��kd¬t'PR_�XATcds�|�kSt�bAacde��bZQAS�t�Nyq�aU�otkN�deT�QnT��|bZaUde�Þ_��9Trt�QAS�acQZ]s_�Txde�|��S«deScSUN�QZS�t�Q�]ÅPR_�SUSc�jXZd`_;Txde�jd~TxbÙQnT�t�QZS���QANkTxac_�]sd~TxbASê��=_�N�XÇÍkQrQnThê�tkac�|d~TxQ�g'ÌÈ��Q��|q�bZac_�t�Q�QZSWT\N���Q�Scde�|��_�TcN�acQ�p«Nk��dsQ�t�Q�tkQZNom �|q�bZac_�Txde�|��SAÃã]`_�XA�|p�Vq��|Scd~Txds���åQAT�]eQ�q�aU�ot�NkdeT�Ã®Tx��NkTxQAS�t�QZNomÚ�|bZaUde�Þ_��9T«t�QZS�acQA]`_�Tcds�|�kSht'PR_�SUSc�jXZd`_;Txde�jd~TxbÙQnT�t'PºN���deTcb�g¬ÌÈ�pr�ot�Nk]sQrScN�ahN���QÙTcQZ]s]eQ�XZ_�TxbA�|�|aUdsQrScQZac_�t��|�kX�N���Q�SUds�|��_�TxN�aUQ�péN���dsQ�t'PR_�XATcds�|��S\t�bAacde��bZQAS�t�QÙXAQZSt�QANom��|q�bZax_;Txds����S�QATu��bZacd~�Þ_��=Tlt�QZSlacQA]`_�Tcds�|�kS�Scdep�de]`_�deacQZSAg

a ±\b @HK¾B�K D @�c^Ó �|d~T
C
N��kQ ��qCbAax_�t�Q�g�ÌÈ�

C
:"opk}gUMsO�WñQZSWT/Nk��QÛScde�|��_�TcN�acQ

Σ
p«N���deQÊt�Qñ[9N�_�TcacQÀ¨_�prds]e]sQZSÔt'PR_�q�q�]edsXZ_�Txde�|��SO�

z|g`<)GJILhLkCo��(k?KNizQviTkCXYK k �H�|N�a�Tx�|NkSuTcacdeq�]sQnT (m,n, p)
tãPRQA�9TcdsQAacS^�

C(m,n)× Σ(n, p) −→ Σ(m, p)

(f, ϕ) 7−→ ϕ ◦ f.

�og`<$k?KNQ"hLkCo��(k?KNizQviTkCXYK k �J��N�a�Tx�|N�S�Tcacdsqk]sQAT (m,n, p)
t'PºQZ�=TcdsQZaUS^�

Σ(m,n)× C(n, p) −→ Σ(m, p)

(ϕ, f) 7−→ f ◦ ϕ.

Z�Ü
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�kg`<)GJk}gUMPizQzK�d�q�SUM(hL�(W k �H�|N�a�Tx��N�Su[jN�_�t�acNkq�]sQnT (m,n, p, q)
t'PºQZ�=TxdeQZaUS\�

C(m,n)× Σ(p, q) −→ Σ(m+ p, n + q)

(f, ϕ) 7−→ f ⊗ ϕ.

��g`<)GJk}gUMPizQzK�d-gUGJkCizQnW k �J��N�a�Tx�|N�Su[9N�_�tkacN�q�]eQAT (m,n, p, q)
t'PºQZ�=TxdeQZacS\�

Σ(m,n)× C(p, q) −→ Σ(m+ p, n + q)

(ϕ, f) 7−→ ϕ⊗ f.

�¹QZSl�|q�bZax_;Txds����S�t��|d~�|QZ�=Tu�|bAacd~��QZau]sQAS�acQA]`_�Tcds�|��S¹ScN�d~��_��9TcQZS\�
V8Ç�KLK?k?hNijSUQviz�?izQ"I�gsWLK��½GJILhLkCo��(k?KNizQviTkCXYK k �J�|NkaOTx�|NkTcQZS¶¸�wZXÇÍ�QAS ϕ t�Q Σ

QAT
f
QAT
g
t�Q

C
TxQA]s]eQZS[9N�Q

s(ϕ) = t(f)
QAT
s(f) = t(g)

Ã��|�/_��
(ϕ ◦ f) ◦ g = ϕ ◦ (f ◦ g)

g
V8Ç�KLK?k?hNijSUQviz�?izQ"I¾gsWLK��(k?KNQ"hLkCo��(k?KNizQviTkCXYK k �H�|N�auTx�|NkTcQZSu¸�wZXÇÍkQZS ϕ t�Q Σ

QAT
f
QnT
g
t�Q

C
TxQA]s]eQZS[9N�Q

t(ϕ) = s(f)
QAT
t(f) = s(g)

Ã��|�/_��
g ◦ (f ◦ ϕ) = (g ◦ f) ◦ ϕ

g
V��)kCo��YSUQjij|}izORizQnIfgsWLK��½GJILhLkCo��(k?KNizQviTkCXYK»WNQÁ�(k?KNQ"hLkCo��(k?KNizQviTkCXYK k �H�|N�a�Tx�|NoTxQZS^¸�wAXÇÍ�QZS ϕ t�Q

ΣQnT
f
QnT
g
tkQ

C
TxQZ]e]sQAS�[9N�Q

s(ϕ) = t(f)
QnT
t(ϕ) = s(g)

Ão�|��_��
g ◦ (ϕ ◦ f) = (g ◦ ϕ) ◦ f

g
V � X(izQnILK��(kCMPG)O�WLK²hLkCo��(k?KNizQjiTkCXYK k �H�|N�aHTx�|NkTcQì¸�wAXÇÍ�Q ϕ tkQ Σ

Ã;�|�«_h�
ϕ◦s(ϕ) = t(ϕ)◦ϕ = ϕ

g
V8Ç�KLK?k?hNijSUQviz�?izQ"I�gsWLKf�½GLk}gUMsizQzK»dyq�SUM(hL�(W k �J��N�aÙTx��NkTxQAS�¸�wAXÇÍ�QZS ϕ tkQ

Σ
QAT
f
QAT
g
t�Q

C
Ã�|��_��

g ⊗ (f ⊗ ϕ) = (g ⊗ f)⊗ ϕ
g

V8Ç�KLK?k?hNijSUQviz�?izQ"IAgsWLKp�½GLk}gUMsizQzK¡dògUGJkCizQ"W k �J��N�a�Tx�|NkTcQZS�¸�wAXÇÍ�QZS ϕ t�Q
Σ
QAT

f
QAT

g
tkQ

C
Ã�|��_��

(ϕ⊗ f)⊗ g = ϕ⊗ (f ⊗ g)
g

V��)kCo��YSUQjij|}izORizQnIÍgsWLKé�½GJk}gUMPizQzK!d�q�SUM(hL�(W�WNQ�d,gUGJkCizQnW k �H�|N�a¹Tc�|NkTcQZSì¸�wZXÇÍ�QAS ϕ t�Q Σ
QnT
f
QAT
gt�Q

C
Ã��|�/_��

(f ⊗ ϕ)⊗ g = f ⊗ (ϕ⊗ g)
g

V � X(izQnI3�(kCMsGHO�WLK��½GJk}gUMPizQzK k �H�|N�a�Tx��NkTxQO¸�wAXÇÍ�Q ϕ t�Q Σ
Ã����/_��

0⊗ ϕ = ϕ⊗ 0 = ϕ
g

V�H$WNO SUQjiTkCXYK�gGFeILhL�YSUXsqsWLKH�(kCMsG8O�WLK��½GJk}gUMsizQüK�d�q�SUM(hL�(W k �J�|NkaéTx�|NoTxQZS«¸�wZXÇÍ�QAS ϕ tkQ
Σ
QAT
ft�Q

C
Ã��|�/_��

(f ⊗ t(ϕ)) ◦ (s(f)⊗ ϕ) = (t(f)⊗ ϕ) ◦ (f ⊗ s(ϕ)) = f ⊗ ϕ
g

V�H$WNO SUQjiTkCXYKÃgGFeILhL�YSUXsqsWLK7�(kCMPG3O�WLK��½GLk}gUMsizQzK=dmgUGJkCizQnW k �H�|N�a Tc�|NkTxQAS¬¸�wAXÇÍ�QZS ϕ t�Q Σ
QnT
f
t�Q

C
Ã�|��_��

(t(ϕ)⊗ f) ◦ (ϕ⊗ s(f)) = (ϕ⊗ t(f)) ◦ (s(ϕ)⊗ f) = ϕ⊗ f
g

ÌÈ�ropkCG°�(�si�KNopW�gsW
C
:"opk}gUMPO�WLKOQZSUTuNk��p��|aUq�Í�deScprQÈt�Q¶Scds����_�TxNkacQZS¹[jNkd'QZSWT�XZ�|prq�_�Tcds��]eQ¶_���QZX]`_«SWTxaUN�XATcN�acQ�g } QAS

C
VYpr�jt�N�]sQAS�QATl]eQZN�aUSlpr�|aUq�Í�dsSUp�QAS¹À¾�|aUp�QA�9TuNk��Q^X�_�TcbZ�|�|aUdsQ�����TxbZQ

C
V
MOD

g
�

} PRQ½mkQAp�qk]sQ�QAScScQA�=TxdsQA]�dsXAdìQASUT�XAQZ]eN�d¹t�N
C
:"opk}gUMsO�W�gUijS?qskCX½SUO Ã®����Txb

C2
g Ó QZS«¸�wAXÇÍ�QZS�SU�|�=T�]sQASXZ��N�q�]sQASut�Q�¸�wZXÇÍ�QAS¶q�_�ax_�]e]swZ]eQZSìt�Q

C
�

C2(m,n) = C(m,n)× C(m,n).

Z|Ï
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} QZSl[jN�_�TxaUQh_�XATxde�|��S�t�Q
C
SUN�a

C2
Sc���9T\�

z|g`<)GJILhLkCo��(k?KNizQviTkCXYK k Ó d f ∈ C(m,n)
QnT

(g, h) ∈ C2(n, p)
Ã��|��q��|ScQ��

(g, h) ◦ f = (g ◦ f, h ◦ f).

�og`<$k?KNQ"hLkCo��(k?KNizQviTkCXYK k Ó d (g, h) ∈ C2(m,n)
QAT
f ∈ C(n, p)

Ã�����q��|SUQr�
f ◦ (g, h) = (f ◦ g, f ◦ h).

�kg`<)GJk}gUMPizQzK�d�q�SUM(hL�(W k Ó d f ∈ C(m,n)
QnT

(g, h) ∈ C2(p, q)
Ãk�|�/q��|SUQr�

f ⊗ (g, h) = (f ⊗ g, f ⊗ h).

��g`<)GJk}gUMPizQ~d-gUGJkCizQnW k Ó d (g, h) ∈ C2(m,n)
QnT
f ∈ C(p, q)

Ãk�|��qC�|SUQ��
(g, h)⊗ f = (g ⊗ f, h⊗ f).

} QZS¶aUQZ]s_�Txde�|��S�t�bAXZ�|N�]eQZ�=T¶_�]s�|aUSut�QhXAQZ]e]sQZS���bZacd~��bZQAS¶q�_�aÈ]s_rXA�|p�q��|SUdeTxde�|��QATÈ]sQ^q�aU�otkN�deTut�Q
C
g�¹Q^p��jt�N�]eQOt�ds_��|�|��_�]ã���|NkSÈq�QZaUp�QnTut�Q^t�bA���kdsa�]sQASu����Txde�|��S�SUN�de��_��=TxQAS^�

a ±\b @HK¾B�K D @�cØÓ �|d~T
C
N���Q¶�|qCbAax_�tkQ�gjÌÈ��Q¾GLWNO SUQjiTkCX��|N�GJ�TqUO�W�gsW�GJILILhNG6izQjMPGJW�SUN�a

C
QASUT�Nk��bZ]ebZprQZ�=Tt�N

C
VYpr�ot�Nk]sQétkd`_��|����_�]ÅÃ�X�PºQZSWTUVYê;VYt�deacQ«Nk� XA�|N�q�]eQ�t�Q«¸�wAXÇÍ�QZS\q�_�ac_�]s]ewZ]sQAS¶t�Q

C
g Ó d

M
QZSUT\N��

C
Vpr�ot�Nk]sQ�Ã�N��8K?kCMæK�:

C
:"opk}gUMsO�W²gsW

M
QZSWTÔN���Q�Sc��N�SWV�Scds����_�TxNkacQ�t�Qu]`_OSUds�|��_�TxN�aUQH~¨SU�|N�S×Veûc_�XAQZ�=TxQÈê��

M[9N�dkQASUT¬SUTÇ_���]sQìqC�|NkaJ]eQZS¬[9N�_;TxacQì�|q�bZax_;Txds����SJtkQ
C
VYpr�ot�Nk]sQØt�Q

M
g�Ìl�«Sc�|NkSWV

C
VYpr�jt�N�]sQØt�Nép��jt�N�]eQt�ds_��|�|��_�]ãQZSWTÈ_�q�q�QZ]sb�ijgsIFSUO7gsW

C
�|NyGLWNO SUQjiTkCXygsW�GJIFgUM(hNQviTkCX�KNMsG

C
g

�

ð5Ôâð5ÔÜÓ � ´�©ª¦Áè�³ªì=�é³ªì²´²§Y© �Í¦B§ ±�ì²³��L¦é¶¨­�ènèn³µ´�³ §®³ªèn¦¸¯P­�·Áì²¹
µO_���S�Nk��QO�|q�bZac_�t�Q

C
Ãk�|����QZNkTl_�ScSc�jXZdeQZa�Nk��dst�bZ_�]

(R) =→R

êhN���QOÀ¨_�prds]e]sQ
R
t�QOaUQZ]`_;Txds����SZgÌÈ�kQÙq�aUQZprdswZaUQ�q��|SUScds�kds]sd~Txb�QASUT«tkQÙXZ����Scdet�bZaUQZa

R
XZ�|prprQ�N��kQÙacQA]`_�Tcds�|�ñ��de��_�deacQ�ScN�ah]sQAS\¸�wAXÇÍ�QZSq�_�ac_�]s]ewZ]eQZSlt�Q

C
g'¡O�Ût�bn����deTO_�]s��acS

→R

XA�|prp�Q\]`_Ùqk]sN�SÈqCQnTxdeTcQéaUQZ]`_;Txds������de��_�dsaUQhSUN�a
C
[jNkd¬QZSWTXZ��p�q�_;Txds�k]sQ�_��|QAXé]s_�SWTxaUN�XATcN�acQht'PR��qCbAax_�t�Q�ÃÞX�PºQZSUTWV×ê;V�t�dsaUQ^_��|QZXh]`_�XZ��p�q��|Scd~Txde�|�A~¨t�QASÈtkQZNom/X}E�TxbZSJ�QATO_��|QZXé]sQ\q�ac�jt�N�d~Tm~¾t�QZSÈt�QZNjmÊX�E�TxbASL�ngã�¹QZq�QZ�kt�_��=T�ÃC�|�Êq�aUbAÀ¾wZaUQZac_kÃCXA�|prp�Q^q��|N�a¶]eQZSlp�������¿�tkQZSZÃXZ����SUTcacN�deacQ¶]ðPRdet�b�_�]�QA���|QA��t�acb¶q�_�a¹Nk��Q¶SU�|N�SWV�Scde�|��_�TcN�acQÈt�N

C
V�p��jt�N�]eQut�d`_����|��_�]��=]s_\XA�|��SWTxacNkXATxde�|�QZSWTldst�QA�9Tcds[9N�Q^QZ��QZSUScQA��XZQ�ÃCX�PRQASUTÈ]sQ�q��|ds�=T�t�Q��jN�Qh_�t��|qoTxb^[9N�dGt�dV�CwZaUQ�g

Ó �|deQZ�=T
C
N���Q��|qCbAax_�tkQÙQAT

R
N��kQ�Sc�|NkSWVYSUds�|��_�TxN�aUQÙt�N

C
V�p��jt�N�]eQ�t�d`_����|��_�]

C2
gJÕY�=TxNkdeTxd~�|Q½VprQZ�=T�Ã®]ÅPºdstkb�_�]7t�Q

C
QA���|QA��t�acb�q�_�a

R
Ã®����Tcb

(R)
�|N
→R

QZSWT«�|�oTxQZ�9N _�ds��SUdl�HScQASh¸�wAXÇÍ�QZS�SU�|�=TTx��NkTxQAS�XZQA]s]sQAS¹[9N�Q�]ðPR�|��qCQANkT�XA�|��SUTcacN�deacQÈQZ��q�_�aWTÇ_��=T�tãPRN��kQ¶¸�wZXÇÍkQ�t�Q
R
~¨X�PRQASUTWV×ê;V�t�dsaUQ¶N���XA�|N�q�]eQt�QO¸�wAXÇÍ�QZSut�Q

C
�¹QAT�QZ��]sN�dCScN�q�QZaUqC��Sx_��=T�~¨XA�|prqC�|SUdeTcds�|�{�7QAT¬ûUNjmoTx_�q��|Sx_��=T�~¾q�ac�jt�N�d~T6�ÔNk���k�|p«��aUQ����dGtkQ^¸�wZXÇÍ�QAS¶t�Q

C
g

Z ë
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¡O��tkbA����d~T
(R)(m,n)

XZ�|prprQO]ÅPºQZ��SUQZp«�k]sQOt�QASuXZ�|N�qk]sQZS
(f, g)

t�QO¸�wZXÇÍkQZS¶tkQ
C(m,n)

TcQZ]e]sQZS[9N'Pºds]�QnmodeSUTxQ
p, q, i, i′, j, j ′ ∈ N

Ã
α ∈ R(p, q)

Ã
h1 ∈ C(m, i + p + j)

Ã
h2 ∈ C(i′ + q + j ′)

Ã
k1 ∈ C(i, i′)

QAT
k2 ∈ C(j, j ′)

[9N�d®Sx_�TcdsSWÀ¾�|�=T^�
(f, g) = h2 ◦ (k1 ⊗ α⊗ k2) ◦ h1.¡O����bZacd~��Q��

» 8;DÞ57D ©�K²BEK D @2´^ceß/c D�S,K?kCMæK�:TKNi qUX½SUQjMPGJW
(R)

gsW
C2
WLKNQéO�W3�½ORMæK��(WNQvizQéijgsIFSUO£gsW

C
hLkCX(QnWNX½SUX(Q

R k
n INopkCXYKNQjGuSUQviTkCX k ¡O�Ú�|bZaUde��Q�tãP·_����|aUtÚ[9N�Q (R)

QZSWT�N�� dst�bZ_�]Ôt�Q
C
ÃHX�PºQZSWTUVYê;VYt�deacQ�[9N�Q

(R)
QASUTSUTx_���]eQ�qC��N�a ]sQAS7[9N�_�TxaUQu_�XATcds�|�kS t�d`_��|�|��_�]eQZSHt�Q

C
SUN�a

C2
g|�J��N�a7]sQAS7XZ�|prqC��ScdeTcds�|�kSZÃEXZQA]`_Oq�aU�E�jdeQZ�=Tt�Q�]ðP·_�SUSc�jXZds_�Txd~�od~TxbØt�QAS7q�acbAXZ�|prqC��ScdeTcds�|�kS¬QATØq��|SWTxXZ��p�q��|Scd~Txde�|��SZg;�H�|N�a7]sQAS q�aU�ot�NkdeTxSAÃ�q�_�a QnmoQAp�q�]eQê��=_�N�XÇÍkQ�ÃÞ�|��_kÃ�QZ��NkTcds]sdeSx_��=T¹]sQZSuaUQZ]`_;Txds����S�t'PºbZXÇÍ�_����|Qr�

k ⊗
(

h2 ◦ (k1 ⊗ α⊗ k2) ◦ h1

)

= (t(k)⊗ h) ◦ (k ⊗ k1 ⊗ α⊗ k2) ◦ (s(k)⊗ h1).

Ó N�q�q��|SU�|��SØ[9N�Q
I
SU�|deT¬N���dst�bZ_�]kt�Q

C
XZ�|�=TcQZ��_��=T

R
QATØ[9N�Q

(f, g) ∈ (R)
g } _Ot�bZXA�|prqC�|SUdeTcds�|�t�Q

(f, g)
t��|���kbZQ\q�_�a�]`_�t�bn����d~Txds����tkQ

(R)
t�deTu[9N�Q

(f, g)
QASUTÈ�|�kTxQA�9NÊê�q�_�aWTxdsa�tãPRN��kQ\¸�wAXÇÍ�Q

αt�Q
R
q�_�a�qkac�jt�N�deTcS�QATuXA�|prqC�|SUdeTcds�|��S¹_��|QZX^t�QAS�¸�wZXÇÍ�QASÈtkQ

C
g } QOÀ¨_�deT�[9N�Q

I
Sc�|d~T�N���dstkb�_�]Ct�Q

CXZ���9TcQZ��_��9T
R
���|N�Sl_�SUScN�aUQh_�]s�|aUS�[jNkQ

(f, g) ∈ I
g

♦¡O�á_�q�qCQA]s]eQ
(R) =→R

]ðPVijgsIFSUO5gsW
C
WNXsqsWNX½gUGJI²�YSUG

R
��N ]s_�GJWNO SUQviTkCXÀgsWfGJIFgUM{hNQjiTkCXAKNMsG

CWNXsqsWNX½gUGJILW��YSUG
R
g�¡O��qCQANkTl_�]s��acS�t�bn����dsa�]s_�����Txde�|��QZSUScQA�9TcdsQA]s]sQ^t�Q^XAQ^Tcax_���_�ds]J�

a ±\b @HK¾B�K D @�c ÌÈ��Q$�½GJILK?WNX(Q°SUQjiTkCX�gGFekL�(INGuS�gsWlQASUT�Nk��XZ�|Nkq�]sQ
(Σ,R)

XZ��p�q��|Scblt'PºN���QOSUds�|��_�TxN�aUQ
ΣQAT�t'PºN���Q�Sc�|NkSWVYSUds�|��_�TxN�aUQ

R
t�Nàp��jt�N�]eQ�tkd`_��|����_�]�_�SUSc�jXZdeb/êñ]ÅPº�|q�bZac_�t�Q�]sde��acQ

LΣ
QZ����QZ��t�aUbZQq�_�a

Σ
g} PRÐ¶� Ó SCKLK?k?hNiTI�êlN���QØTxQA]s]sQØq�aUbZSUQZ�=TÇ_�Tcds�|�éQZSUTJ]sQÔXZ��N�q�]sQ

(FlLΣ,Fl(R))
À¾�|aUp�bØt�Qì]ÅPºQZ��SUQZp«�k]sQt�QASl¸�wAXÇÍ�QZSlt�Q

LΣ
QATlt�Q^]`_«aUQZ]s_�Txde�|����ds��_�dsaUQOSc�|NkSWVeûc_�XZQZ�=TcQéê�]ÅPºdstkb�_�]Ct�Q

LΣ
QA���|QA��t�acb\q�_�a

R
g¡O��t�d~Tu[jNãPRN��kQéq�aUbZScQA�=TÇ_�Tcds�|��t'Pº�|qCbAax_�tkQ»Q"WNG6o�izXtWnÃ�[9N'PRQA]s]eQ\QASUTfhLkCXx��M(WNX(Q"WnÃ�QATxX�gÞScd®Sc�|��ÐO� Ó_�SUSc�jXZdsb\q��|ScSUwZt�Q«]s_�p,lZprQ^q�ac�|qkacdsbnTxb�gãµO_���S¶]eQhXZ_�S¶��º

(Σ,R)
QASUTOXA�|�=�|QAac�|QA�9TcQ�Ã'���Ê����TcQ

R(f)]ÅPºN���de[9N�QOÀ¾�|acprQ����|aUpÙ_�]sQOt'PºN���Q�¸�wAXÇÍ�Q
f
tkQ

C
g

�

��T�� ���4�f%£!��»%£!$#�!�% '6����#�%ª1¸��')%£4��4� 0H.N%£!�18��0H%£4��m!/ -!í.��"4� -2$0�. !5�8&
��!5�� 8152/� 0H1  -!$#�1�!3.�0H%£4�����#

µO_���S^]eQ«X�_�S^t�QAS^p��|�k��¿�t�QASZÃC]sQZS�XA�|�=TxQ½moTcQZS\Sc�|�=T^t�QAS^bZ]sbAp�QA�=TxS�t�Nñpr�ot�Nk]sQ«]eds��aUQéQZ�k�|QZ��tkacbq�_�a�N��2Scde���|]sQnTx�|�ãg � �|N�S�_�]e]s�|��S�XZ_�]s[9N�QAa�XZQATUTxQ/XZ�|��SWTxaUN�XATcds�|�àqC��N�a�tkbA����dea�]sQZS�XA�|�=TxQnmjTcQZS�SUN�aN���Q��|q�bZac_�t�Q�gÔµO_���S�Nk�3q�aUQZprdsQZa�TcQZprq�SZÃØ���|NkSÙ_�]e]s�|�kS�XZ�|��SWTxaUN�dsaUQ�]eQ�p��jt�N�]eQ�]sds�kacQ�QZ�k�|QZ��tkacbq�_�aìN���QÈScds����_�TxNkacQ�Ãjq�N�deSì�k�|N�S¹��QZacaU�|��S�[9N�QA]s]eQÈSUds�|��_;TxN�aUQ¶q�aUQZ��t�aUQOXZ��p�prQu�|bZ��bAax_�TcacdeXZQ¶q��|N�aì]sQASXZ���9TcQnmjTxQASZÃC_�ds�kScd'[9N�Q^]ÅPºds�=TcQZacqkacbATx_�Txde�|��t�QASlaUQZ]s_�Txde�|��S�t�Q^aUbZt�N�XnTxde�|�/[9N�Q^]ðPR�|��q�QZNkTlQA�/t�bAt�N�deacQ�g
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Ó �|deQZ�=T

C
Nk��Qá��qCbAax_�t�Q QAT

Σ
N���Q Scds����_�TxNkacQ�g�ÕY�=TcN�deTcde�|QAp�QA�=T�Ãu]sQAS�¸�wZXÇÍ�QASÊt�N

C
VYpr�jt�N�]sQ]sde��acQ�QA���|QA��t�acb�q�_�a

Σ
���|�=TplnTxaUQ/�|�oTxQZ�9N�QAS�QA�3q�_�aUTÇ_��9Trt'PºN���Q�¸�wAXÇÍ�Q�t�Q

Σ
QAT�QZ�3ac_EûU�|NkTx_��=TÀ¾�|aUp�QA]s]sQAp�QA�=T«t�QASr¸�wAXÇÍ�QZS�t�Q

C
q�_�a�q�aU�otkN�deT�QnTrXZ�|prqC��ScdeTcds�|�ãg �¹QAqCQA��t�_��=T�ÃØ]eQZS�acQA]`_�Tcds�|��Sét�QXZ��p�q�_;Txds�kds]sd~TxbÈ[jNkQh]ðPR�|����_rQ½mods�|QAaÈQA�9TcacQ\]sQAS¶_�XnTxde�|��Sut�Q

C
À¾�|�=T¶[9N�Q\]ÅPº�|��qCQANkT¶SUQhXA�|�=TxQA�9TcQZaÈt�Q��Q�À¨_�deacQO]eQ�q�ac�jt�N�d~Tu[jNkQ\q�_�aut�QZSudstkQZ�=Txd~TxbZSAg

¡O�/t�bn����d~T
CΣ

XZ�|prprQ�]`_«Scde�|��_�TcN�acQ�SUN�de��_��=TcQr�
CΣ(m,n) =

( ∐

p,q,i,j∈N

C(m, i + p+ j)× Σ(p, q)× C(i+ q + j, n)
)

/ '

t��|�=T�N�� bA]sbAp�QA�9T
(g, f, h)

QASUT�����Txb
h ◦ (i ⊗ f ⊗ j) ◦ g

_���QZX�]eQZS
i, j

_�t�bZ[9N�_�TcS«QAT«��º
'QZSWTO]s_�acQA]`_�Tcds�|��t'PºbZ[9N�d~��_�]sQA��XZQhQZ���|QA��t�aUbZQ«q�_�a¶]sQAS�GJWNO SUQjiTkCXYKfINO�INopWNX(Q°SUizGJWLK¾gGFeILhL�YSUXsqsWLK3�(kCMsG¾O�WLK

opk}gUMsO�WLKr�
h ◦ (j ⊗ f ⊗ j ′) ◦

(

(k ⊗ p⊗ k′) ◦ g
)

'
(

h ◦ (k ⊗ q ⊗ k′)
)

◦ (i⊗ f ⊗ i′) ◦ g

qC��N�alTc�|N�S
m,n, p, q, i, i′, j, j ′ ∈ N

Ã
f ∈ Σ(p, q)

Ã
g ∈ C(m, i + p+ i′)

Ã
h ∈ C(j + q + j ′)

Ã
k ∈ C(i, j)

QnT
k′ ∈ C(i′, j ′)

g } _����|N�aUQ��og·��ds]s]eN�SUTcacQ«]ðPR��qCbAax_�Tcds�|�ñXZ��acacQAScq��|��t�_��9TcQ�ê�]ÅPR_�dstkQ�t�Qt�ds_��|ax_�p�prQZSAg

f

g

h

k k’ f

g

h

k k’

È)ÉzÊ3Ë �og·��Ì��£Ó�àýÔLØvÙáßNÏÍÖ�å Ñuø°ùCÔNÏ��NÓ5ãUßNÕ�ÐªàáÓuÒªõ�ß?Ö?Õ�àáÓuÒCù?ÙáàâàáÕCÒjØvÐTÑ�ÓBãCÔNÐ�Ö�ÓuÒ£Ö?ÙýÔ���ÐTÔNõ�õ�ÓFÒ�Ú

¡O�/p«Nk��deT�XAQATUTxQ\Scds����_�TxNkacQ�t�QASl��qCbAax_�Tcds�|��S�tkbZScdeacbAQZS\�
z|g`<)GJILhLkCo��(k?KNizQviTkCXYK k Ó d k ∈ C(m,n)

QnT (
h ◦ (i⊗ f ⊗ j) ◦ g

)
∈ CΣ(n, p)

Ã��|��qC�|SUQ��
(
h ◦ (i⊗ f ⊗ j) ◦ g

)
◦ k = h ◦ (i⊗ f ⊗ j) ◦ (g ◦ k).
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�og`<$k?KNQ"hLkCo��(k?KNizQviTkCXYK k Ó d (h ◦ (i⊗ f ⊗ j) ◦ g
)
∈ CΣ(m,n)

QAT
k ∈ C(n, p)

Ã��|��qC��ScQ��
k ◦

(
h ◦ (i⊗ f ⊗ j) ◦ g

)
= (k ◦ h) ◦ (i⊗ f ⊗ j) ◦ g.

�kg`<)GJk}gUMPizQzK�d�q�SUM(hL�(W k Ó d k ∈ C(m,n)
QnT (

h ◦ (i⊗ f ⊗ j) ◦ g
)
∈ CΣ(p, q)

Ã��|��q��|ScQ��
k ⊗

(
h ◦ (i⊗ f ⊗ j) ◦ g

)
= (n⊗ h) ◦

(
(n + i)⊗ f ⊗ j

)
◦ (k ⊗ g).

��g`<)GJk}gUMPizQzK�d-gUGJkCizQnW k Ó d (h ◦ (i⊗ f ⊗ j) ◦ g
)
∈ CΣ(m,n)

QAT
k ∈ C(p, q)

Ã��|��q��|ScQ��
(
h ◦ (i⊗ f ⊗ j) ◦ g

)
⊗ k = (h⊗ q) ◦

(
i⊗ f ⊗ (j + q)

)
◦ (g ⊗ k).

¡O�/t���deT���bZacd~��QZau[9N�Qr�
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CΣ
o�MsX(iTW»gsW8hLWLK8kL�(INGuSUQjiTkCXYKpWLKNQ$MsX

C
:"opk}gUMsO�W k n W��½ORMæK�%O$F SN���½ORiThFSUQjiTkCX

Σ 7−→ CΣ
K>FeINQ"WNX½g�WNX MsX»wxkCXthNQ"WNMPG

SGN −→ C
:
MOD

A}MPi$WLKNQÃS�gC©xkCizX(Q5d»q�SUM(hL�(W
gUM�wxkCXthNQnWNMsG8kCM®|}ORi

U : C
:
MOD −→ SGN k Ç�MPQjGJWNopWNX(Q�gUizQµ%¸�(kCMsG�QnkCMsQ"W�KNi qUX½SUQvMsGJW Σ

%ÃO�W8hLkCM?�½O�W
(CΣ, i)

%ék
�
i : Σ −→ UCΣ

WLKNQ¸O$F SN���½ORiThFSUQjiTkCXOA}MsiBWNX(�UkCiTW
f ∈ Σ(m,n)

KNMPG
n ◦ (0⊗ f ⊗ 0) ◦m

%
WLKNQBK?kCORMPQjiTkCXygUM��½GLkU|}O��NopW�MPX(iz�UWNGJK?WNO¬KNMsiz�CSUX(QVl

�(kCMsG)Q"kCMsQ
C
:"opk}gUMsO�W

M
WNQ�Q"kCMPQ�opkCG°�(�si�KNopW�gsWÁKNi qUX½SUQjMPGJWLK

ϕ : Σ −→ UM
%tizO®WC'�i�KNQnW

MsXrMPX(iBA}M(W�opkCG°�(�si�KNopW�gsW
C
:"opk}gUMsO�WLK

ψ : CΣ −→M
Q"WNOGA}M{W�O�W�gUijS?qUGuSUo�opW

Σ
i //

ϕ
""E

E
E

E
E

E
E

E
E UCΣ

Uψ
��

¬©
UM

hLkCo�o�MsQnW k
n INopkCXYKNQjGuSUQviTkCX k �J�|Nka���bZaUde��QAar[9N�Q CΣ

QASUT�N��
C
V�p��jt�N�]eQ�ÃJ�|�yXZ�|��SWTÇ_�TcQ�À¨_�XZde]sQZprQZ�=T�[9N�Q�]sQAS[9N�_�TcacQ�_�XnTxds����Sét�bn����deQZS�q�_�SUScQA�9Tr_�N [jNk��TxdeQZ�=T�q�_�aé]`_�aUQZ]`_;Txds���åt'PºbZ[9N�d~��_�]sQZ�kXZQ

'
NkTxde]sdsSUbZQr]s�|aUSt�QÊ]s_åXZ����SUTcacN�XnTxds���Ît�Q

CΣ
guÂ�_�de�=TxQZ��_��=T�Ã¹SU�|dsQA�=T

M
N��

C
VYpr�otkN�]sQ�QAT

ϕ : Σ −→ UM
N��pr�|acq�ÍkdsScprQOt�Q^SUds�|��_;TxN�aUQZSZg�¡O��t�bn����deT

ψ
q�_�a^�

ψ(h ◦ (i⊗ f ⊗ j) ◦ g) = h ◦ (i⊗ ϕ(f)⊗ j) ◦ g.

ÕY]ìQASUT�XA]`_�dea�[9N�Q�]ÅPº�|�áXZ�|��SWTxaUN�deTé_�ds�kScdØN��Úpr�|acqkÍ�dsSUp�Qrt�Q
C
VYpr�jt�N�]sQAS

ψ : CΣ −→ M
[9N�dbATcQZ��t

ϕ
go¡OaZÃ|Tx��NkT¹pr�|aUq�Í�dsSUp�Q

ω : CΣ −→M
QZSUTìQZ�=TcdswZaUQZprQZ�=Tìt�bATcQZacprds�kbÈq�_�aÔSUQZSÔ��_�]sQZNkacSØScN�a]sQAS�¸�wZXÇÍkQZS¶tkQ

Σ
q�N�deSc[9N'Pºds]ã��bZacd~��Q^À¾�|acXAbZprQZ�=T^�

ω(h ◦ (i⊗ f ⊗ j) ◦ g) = h ◦ (i⊗ ω(f)⊗ j) ◦ g.

�¹QZXAdHqkac�|Nk��Qh[9N�Q
ψ
QASUTlN���de[jNkQ�g

♦
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M
~¨N��2QZ��SUQZp«�k]sQ/_���QZX/SUTxaUN�XATcN�acQx�nÃÔ���|N�S�_��|�|�kSÙt�bn����du]sQASrXA�|�=TxQ½moTcQZSXZ��p�prQh]eQZSlbZ]ebZprQZ�=TxSÈt�N

M
V�p��jt�N�]eQh]eds��aUQ\QA���|QA��t�acbéq�_�a

{�}
Ã�N��ÊQA��ScQAp«��]eQéacbAt�N�d~T�ê�Nk�ÊbZ]ebnVprQZ�=T�gj¡OaZÃ=Nk��TxQA]ÞQZ��SUQZp«��]eQuQZSUTìN��ykU|â©xWNQ�Q"WNG6o�izX½SUOãt�Ql]`_�X�_;TxbZ���|acdeQltkQZSÔQZ��SUQZp«��]eQZSAÃjX�PRQASUTWV×ê;V�t�dsaUQ[9N�Q�ÃÞq��|N�a�Tc�|NkTuQZ�kScQZpé��]sQ

X
Ã�de]ãQnmodeSUTxQ^N��kQhN��kds[9N�Q\_�q�q�]edsXZ_�Txde�|�

X −→ {�}
g

�¹QZXAdJt�������Q^]ÅPºds�=TxNkdeTxde�|��q��|N�aut�bn����dsau]eQZSuXZ�|�=TcQnmjTxQAS¶ScNkalNk��Qh��qCbAax_�t�QOVìN���Q^SUds�|��_;TxN�aUQh_���QZXSUTcacN�XnTxN�aUQ�g9ÉH�|NkTØt'PR_����|act'Ã�ax_�q�q�QZ]e�|��S7[9N�QA]�QASUTÔ]ÅPº�|�jûUQnT7TxQAacprds��_�]jt�Qu]`_OXZ_�TxbA�|�|aUdsQ�t�QASÔSUds�|��_�TxN�aUQZSAÃX�PºQZSWTUVYê;VYt�deacQì]`_uScds����_�TxNkacQ
�
TxQA]s]eQì[9N�Q�Ã�q��|N�aJTc�|NkTcQ¹Scde�|��_�TcN�acQ

Σ
Ã�de]9QnmodsSWTxQ�N���Nk��ds[9N�Qìp��|aUq�Í�deScprQt�Q^Scde�|��_�TcN�acQAS

Σ −→ �
�

¥ §�5H576j¦ c ¡O�Ù_�q�q�QZ]s]eQÍKNi qUX½SUQvMsGJW�Q"WNG6o�izX½SUO�Wl]`_^Scde�|��_�TcN�acQl����TcbZQ
�
QnT¹tkbA����deQÈq�_�aÈ�

�(m,n)
QASUTN���QZ��SUQZp«�k]sQ\ê�N��/bA]sbAp�QA�9Tuq��|N�a�Tc�|N�S

m
QnT
n
g��¹QATlbA]sbZprQZ�=TuQASUTÈ����Txb

�m
n

g
¡O�/q�QZNkTÈ_�]e�|acS¹t�bA���kdsau]sQAS�XZ�|�=TxQ½mjTxQZSh�

a ±\b @HK¾B�K D @�cOÓ ��deT
C
N���Q��|q�bZac_�t�Q�gÔÌl�ñhLkCX(Q"WC'�QnW8KNMsG

C
QZSWTÙN��kQ�¸�wAXÇÍ�Q�tkN

C
VYpr�ot�Nk]sQ�]eds��aUQQZ�k�|QZ��tkacbÊq�_�a

�
g Ó _ �CSUO�WNXthLWrWC'�Q"WNG6XtW�QASUTÙ]sQ�XZ�|N�qk]sQ�À¾�|acprb�q�_�arSx_åSU�|N�acXAQ�QnT�Sc���+��NkTZg¹¡O�����TcQ

CC
]eQ

C
V�p��jt�N�]eQOt�QASlXA�|�=TxQ½moTcQZSÈScN�a

C
g

�

Ò �áXA�|��Scdet�bZac_��=T^]`_�XA�|��SUTcacN�XnTxde�|�ñt�Q
CC
Ã'�|�Û�|��deT�[9N�Q�Tx��NkT^XZ�|�=TcQnmjTxQ�QZSWT\�|�kTxQA�9Nåê�q�_�aWTxdeat'PºN��

�m
n

ÃÔN���de[jNkQÊqC��N�aÙXÇÍ�_�[jNkQÛXZ�|�=TxQ½mjTxQ�g��J�|N�aÙN��ÎXZ�|�=TcQnmjTxQÛ�|�oTxQZ�9N êåq�_�aUTcdsart�Q
�m
n

Ãì�|�_�q�q�QZ]e]sQ��CSUO�WNXthLW�izX(Q"WNG6XtWé]eQ^XZ�|N�qk]sQ
(m,n)

gC¡O������TxQ
CC(m,n; p, q)

]ÅPºQZ�kScQZpé��]sQ\t�QZSlXZ���9TcQnmjTxQASt�Q\��_�]sQZ�kXZQ«de�9TcQZaU��Q
(m,n)

QAT¶t�Qh��_�]eQZ��XAQ«QnmjTxQAac��Q
(p, q)

gCµhP·_�qkacwZS�]s_rXA�|��SWTxacNkXATxde�|�Êt�Q
CC
ÃCNk�TxQA]GXZ�|�=TcQnmjTxQ

C
QZSWT¶tkQ\]s_éÀ¾�|acprQ��

h ◦ (i×�m
n × j) ◦ g,

_��|QZX
g ∈ C(p, i + m + j)

QnT
h ∈ C(i + n + j, q)

g � ��Tx�|��SÈ[9N�Q«]sQASl¸�wZXÇÍ�QAS
g
QAT
h
�kQéSc���9Tt�bnTxQZaUp�de��bZQASu[jNãP·_�Njm�acQZ]s_�Txde�|��S�tãPRbAXÇÍ�_����|Q\q�aUwZSZg

�¹QZXAd�bATx_��=T ����Tcb�Ã��|�«q�QZNkT¬t�bA���kdsa¬]ðP·_�XATxde�|�étãPRN��éXZ�|�=TxQ½mjTxQ
C ∈ CC(m,n; p, q)

SUN�a¬]eQZSH¸�wZXÇÍ�QASt�Q
C
gã�¹QATcTcQ�_�XnTxds�����'PºQZSWTOTx�|NoTxQAÀ¾��dsS¶q�_�S¶t�bn����deQ«q�_�aWTx�|NkT��C�|��XÇÍ��|dsSUdeT

g
QAT
h
tkQZSO¸�wAXÇÍ�QZS�t�Q

C_�de��Scd'[9N�Q
i
QAT
j
tkQZSuQZ�=TxdeQZaUSuTcQZ]eSl[9N�Q

C = h ◦ (i×�m
n × j) ◦ g

QATl�|��q��|ScQ��
C[·] : C(m,n) −→ C(p, q)

f 7−→ C[f ] = h2 ◦ (i⊗ f ⊗ j) ◦ h1.

Ze+
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¡O��t��|d~T�Tx�|NoT¶t�Q\p,lZprQ^��bZaUde��QAaÈ[9N�Q\X�PºQZSWTO��deQZ��t�bA���kdÅÃÞX�PºQZSWTUV×êEVYt�deacQ^[9N�Qh]s_���_�]eQZN�aut�Q
C[f ]QZSWTlds��t�bAqCQA��t�_��=TcQht�QAS

g, h, i, j
XÇÍ��|deScdeSZg��¹QZ]s_�acQA�jdeQZ�=TÈê�XA�|��SWTÇ_�TcQZau[9N�Q��

h′ ◦ (i′ ⊗ f ⊗ j ′) ◦ g′ = h ◦ (i⊗ f ⊗ j) ◦ g

t�wZSl[9N�Q��
h′ ◦ (i′ ⊗�⊗ j ′) ◦ g′ ' h ◦ (i⊗�⊗ j) ◦ g.

¡OaZÃ�t'PR_�q�aUwZSu]`_�t�bn����deTcds�|��tkQ
'
Ã�de]'QZSWTÈbA[9N�de��_�]eQZ�=Tut�Q��|�|dea�[9N�Q��

j 6 °å° 6 ´^cÃÂ/c <$kCMPG QnkCM�K
m,n, p, q, i, i′, j, j ′ ∈ N

%
f ∈ C(p, q)

%
g ∈ C(m, i + p + j)

%
h ∈ C(i′ + q + j ′, n)

%
k1 ∈ C(i, i′)

WNQ
k2 ∈ C(j, j ′)

%3kCXySml

h ◦ (i′ ⊗ f ⊗ j ′) ◦
(

(k1 ⊗ p⊗ k2) ◦ g
)

=
(

h ◦ (k1 ⊗ q ⊗ k2)
)

◦ (i⊗ f ⊗ j) ◦ g.

n INopkCXYKNQjGuSUQviTkCX k �¶PRQASUTlN���Q^XA�|��ScbA[9N�QZ��XAQét�Q�]s_éacQA]`_�Tcds�|�Ùt�Q^XZ�|prq�_�Tcds��de]sdeTcb�QZ�=TxaUQ^]sQ�q�aU�ot�NkdeT�QnT]`_«XA�|prqC�|SUdeTcds�|��SUN�a
C
�

(h⊗ k) ◦ (f ⊗ g) = (h ◦ f)⊗ (k ◦ g)

q��|N�a�Tx��NkTxQASu¸�wZXÇÍ�QAS
f, g, h, k

t�Q
C
�|bAacd~�Þ_��=T

t(f) = s(h)
QAT
t(g) = s(k)

g
♦¡O�Î�=_�actkQÊ]`_ p»lAp�Q/ds�=TxN�d~Txde�|�2[9N�QÛq��|N�a�]ÅPR_�XATcds�|�2t'PºN�� XZ�|�=TxQ½mjTxQÛScNka�N��Îpr�|����¿Åt�Qå�ì�|��|�kTcdsQA�9TO��dsQA�

C[f ]
QZ�ÛacQAp�qk]`_�äZ_��=T�Ããt�_���S

C
Ã']sQhSUvjp«���|]sQ

�m
n

q�_�a
f
g'¡��ÛaUQZp�_�ac[9N�Q«_�N�ScSUd7[9N�Q]sQASOXZ���9TcQnmjTxQAS�ScQ�XA�|p�q��|SUQZ�=T�ÃãêÙXZ�|�kt�deTcds�|�/t�Q«�|bAacde��QZaOXAQZaUTx_�ds�kQZSOXA�|��t�d~Txds����S¶t�Qh��_�]sQZ�kXZQ���Scd

CQAT
D
SU�|�=TOt�QANom/XZ�|�=TxQ½mjTxQZSAÃ'�|�/qCQANkTOt�bn����dea

C ◦D
ScdH]`_���_�]sQA��XZQhQnmjTxQAac��Qét�Q

D
QATÈ]`_���_�]sQZ�kXZQds�=TcQZac�kQ�t�Q

C
Sc���9ThbZ�|_�]sQASZgJ�¹QATUTxQrXZ�|prqC��ScdeTcds�|�ÛpéN���deT

CC
t'PRNk��Q�SWTxaUN�XATcN�acQ�t�Q�XZ_�TxbA�|�|aUdsQ�[9N�d_��|d~Tuê��=_�N�XÇÍkQhSUN�au]`_«Scde�|��_�TcN�acQ�SU�|N�S×Veûc_�XAQZ�=TxQhê

C
g

¥ 6 ° §�8 ô <®6 c �¹�|prprQ\t�_���S¶]eQhXZ_�Slt�QZSÈp��|�k��¿�t�QASZÃÞ�|�/qC�|Nkacax_�deTlt�bA����dsalt�QZS
n
V�XZ�|�=TxQ½mjTxQZS¶qC�|NkaTx��NkT

n
g�¡O��SAP·_�qCQAacXZQn�jax_�d~T�[9N�Q¶Tc�|N�S¹XAQZS�XA�|�=TxQ½moTcQZS�SAPR��ac�=_��kdsScQA�=T�QZ�ÙN���QOSWTxacNkXATxNkacQO[9N�d�ax_�qkqCQA]s]sQQZ�kXZ�|aUQ\]ðPR��qCbAax_�t�Q,~¾XZ]s_�ScSUds[9N�Q?��t�QASuqCQnTxdeTcSuXZN���QZSAg

} QZS
C
VYXZ���9TcQnmjTxQAS À¾�|N�aU��dsSUScQZ�=T7QA��XZ��acQ�N���Q�_�NkTxaUQ�ds�=TcQZacqkacbATx_�Txde�|�étkQZS7dstkb�_�Nomét�Q

C
Ã;QZ������TÇ_��=T[9N�Q\]ÅPR_�XATcds�|��t'PºN���XZ�|�=TcQnmjTxQ

C
t�Q^��_�]sQZ�kXZQ�ds�=TcQZac�kQ

(m,n)
SAPRbnTxQA��tÊt�ds_��|�|��_�]sQZprQZ�=T�ê

C2(m,n)q�_�a
C(α) = (C(s(α)), C(t(α)))

�
» 8;DÞ57D ©�K²BEK D @ ´^ceL^c Z�kCiTWNX(Q

C
MPXtWfkL�(INGuS�gsWfWNQ

R
MsXtWÃ�YSUG6QjiTWmgsW

C2 k D7WLK)�$�LhL�(WLK m −→ n
gsW

O$F ijgsIFSUO7gsW
C
WNXsqsWNX½gUGJI��YSUG

R
K?kCX(Q3WC'æSshNQnWNopWNX(QéO�WLKÁ�$�LhL�(WLK¾gsW¾O S²wxkCG6opW

C[α]
k
�

α ∈ R(p, q)WNQ
C ∈ CC(p, q;m,n) k

Z�Z
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n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T (f, g) ∈ C(m,n)
TcQZ]e]sQZSu[9N�Q

(f, g) ∈ (R)
g��J_�aÈXA�|��SWTxacNkXATxde�|��tkQ

(R)
ÃÞde]QnmodeSUTxQ�tkQZS�QA�9TcdsQAacS

p
QnT
q
ÃoN���QOaUwZ�|]eQ

α ∈ R(p, q)
QnT�t�QAS�¸�wZXÇÍ�QAS

h1, h2, k1, k2

tkQ
C
TcQZ]s]eQZS�[9N�Qé�

(f, g) = h2 ◦ (k1 ⊗ α⊗ k2) ◦ h1.¡Oa��
h2 ◦ (k1 ⊗ α⊗ k2) ◦ h1 = h2 ◦

(
t(k1)⊗ αt(k2)

)
◦

(
(k1 ⊗ p⊗ k2) ◦ h1

)
.µ¶�|�kX�Ã9QZ��qC�|Sc_��=T

C = h2 ◦
(
t(k1)⊗�⊗ t(k2)

)
◦
(
(k1⊗p⊗k2)◦h1

) Ã=����_^��dsQA�
(f, g) = C[α]

g} PRde��XZ]eN�Scde�|��acbAXZdeq�ac�j[9N�Q^QZSUTlbn�odet�QZ�=TcQ�g
♦

��T)º � !�%}���81 0��8� ��1�2$#ª!5�f%70�%£4�����#  -!+� �4�m�!§® -!$#
D q�_�aUTcdsa'tãPRN��\QZ�kScQZpé��]sQ

X
t�QØ]sQnTcTcacQZSAÃ��|�\_�XZ�|��SWTxaUN�deTZÃ�_�N^XÇÍ�_�q�d~TxaUQÔ�oÃ�N��^p�������¿�tkQ ]sde��acQ

〈X〉QATutkbA����dG]s_«acQA]`_�Tcds�|��tkQ\aUbZt�NkXATxde�|�
→R

QZ���|QA��t�aUbZQ^q�_�a�N��kQ^À¨_�p�de]s]sQ
R
t�Q^acwA�|]sQAS�t�Q�acbAbZXZaUdeTcN�acQ�gµéPR_�NkTcacQÔq�_�aUTZÃ;_�Nét�bA��NkTJt�NéXÇÍ�_�q�deTcacQì�kÃ��|�é_lXA�|��SUTcacN�d~T¬Nk��Qì��qCbAax_�t�Q

X
t��|�=TJ]sQZSG¸�wAXÇÍ�QZS

n −→ nSc���9T^]eQZS
n
VYNkq�]sQnTxSOt�Q�pr��TcS¶t�Q

〈X〉
gã¡��ÛSUQ�qC��ScQ«]s_Ù[9N�QZSWTxds���Ût�Q«Sx_����|dsaOSUd

X
QASUT^]ðPR�|q�bZac_�t�Qh]sd~V��aUQZprQZ�=TlQZ���|QA��t�aUbZQ\q�_�a�N���Q\Scde�|��_�TcN�acQ����kTxQA�jNkQéê�q�_�aWTxdea�t�Q

X
g

Ó �|d~T
f : n −→ n

N���Q�¸�wAXÇÍ�Q�t�Q
X
g¬ÐÈ]s�|aUS

f = a1 ⊗ · · · ⊗ an
��º ]sQAS

ai
SU�|�=T�t�QZS�pr��TcSt�Q

〈X〉
��t�Q^q�]sNkSZÃ�XÇÍ�_�[9N�Q

ai
Ã�QZ��TÇ_��9Tl[9N'PºbZ]ebZprQZ�=Tlt�N/pr�|����¿�t�QO]eds��aUQ�QZ����QZ��t�aUb^q�_�a

X
Ã�SAPRbAXZacd~T

ai = xi,1 ◦ · · · ◦ xi,ki

g�Ð¶de��ScdðÃoTc�|NkTxQO¸�wZXÇÍ�Q\t�Q
X
QASUTl�|�kTcQZ�9N�Q^q�_�a�q�aU�otkN�deT�tkQ�XZ�|prqC��ScbZQASut'PRbA]sb½VprQZ�=TxSHt�Q

X
gE�lbAXZdsqkac�j[jNkQZprQZ�=T�Ã�Tx��NkT¬bA]sbAp�QA�9THt�Q

X
bnTÇ_��=T¬_�N�SUScdjN��épr��THt�Q

〈X〉
Ã�]eQZSHXZ�|prq��|ScbAQZSQATÈ]sQASuq�ac�jt�N�d~TxSut�Q^]sQnTcTxaUQZSlt�Q

X
SU�|�=T¶t�QASl¸�wZXÇÍ�QASOt�Q

X
g } QZSlbZ]ebZprQZ�=TxSlt�Q

X
Ã��jN�SlXZ�|prprQ\tkQZS¸�wAXÇÍ�QZS

1 −→ 1
Sc�|�=THt��|�kXÔtkQZSH�|bZ��bAax_�TcQZN�aUS®t�QZS®¸�wZXÇÍkQZS¬tkQ

C
Ã�QA�\Tx_��=TJ[9N�QÔX�_;TxbZ���|acdeQ7p��|�k��¿�t�_�]sQ�g

�¹QZXAdHXA�|��t�NkdeTlêr_�ScSU�oXAdsQZauê«Tc�|NkTuQZ�kScQZpé��]sQ
X
Ã�]s_«Scds����_�TxNkacQ

ΣX

t��|���kbZQ^q�_�a^�

ΣX(m,n) =

{

X
Scd
m = n = 1

∅
SUds���|�ãg

Ð¶]e�|acSAÃ��|���|bZaUde��Q^[9N�Q��
» 8;DÞ57D ©�K²BEK D @2´^c ¤úÚ c D�FekL�(INGuS�gsW

X
WLKNQéO$FekL�(INGFS�gsWÍORij|}GJWNopWNX(Q3WNXsqsWNX½gUGJILW��YSUG�O S,KNi qUX½SUQjMsGLW

ΣX kn INopkCXYKNQjGuSUQviTkCX k ¡O�áXA�|��SUTx_�TxQ�[9N�Q (X, i)
Ã'��º

i
QZSWTé]ðP·_�q�q�]sdeX�_�Tcds�|�/[9N�d7QZ�=�|��dsQ�Tx�|NoThbA]sbAp�QA�9T

xt�Q
X
ScN�ar]`_Ê¸�wAXÇÍ�Q

x ∈ X(1, 1)
Ã QASUT�Sc�|]eNkTxde�|�yt�Nàq�ac�|�k]swZprQ�N���d~�|QAacScQA]ut'PR��qCbAax_�t�Q�]sde��acQÙQZ�oV�|QA��t�acbAQ�q�_�a

ΣX

g¬ÉH�|NkT�pr�|aUq�Í�dsSUp�Q
ϕ : X −→ C

Ã¬��º
C
QZSWT�N���Q���qCbAax_�t�QÙ[jNkQZ]sXA�|��[9N�Q�Ã7QZSUTQZ�=TcdswZaUQZprQZ�=T«tkbATxQAacprds��brq�_�ahScQASé��_�]sQAN�acS\ScN�aé]sQZS\bZ]ebZprQZ�=TxSht�Q

X
ÃJq�NkdsSc[9N�Q�Tx�|NkTcQZSh]sQZS^¸�wAXÇÍ�QZSt�Q

X
ScQrt�bZXA�|prqC�|SUQZ�=ThXZ�|prp�Q�qkac�jt�N�deT^tkQ�XA�|p�q��|SUbZQZS\t�Q�¸�wZXÇÍkQZSétkQ

ΣX

ÃGX�PºQZSUTWV×ê;V�t�dsaUQ�t'PRbA]sb½VprQZ�=TxS\t�Q
X
gH�¹�|p�prQ�XZQASh��_�]sQAN�acS\q�QZNk��QZ�=TmlnTxacQ�XÇÍ��|deScdsQAS^]sds�kacQZprQZ�=TZÃG�|�Ú_���dsQA�'Ã®qC��N�a�Tx�|NkTcQ

�?���



Ï�[â�&[^w ^��}���<\?] . ]Jde_Y\�a�· b�\��H_Y�U�<^ . a��H��]²�<^�_&_�� �C����a�����_<]n�

_�q�qk]sdsXZ_�Txde�|�
f : ΣX −→ UC

Ã'Nk��Q�N���de[jNkQ«QnmjTxQA��Scde�|�ñXZ�|prprQépr�|acq�ÍkdsScprQ
X −→ C

gGµÈ�|��X
XQAT

LΣX

Sc�|�=T¹Tc�|NkTcQZS¹tkQZNomÙSc�|]eNkTxde�|��SÔt�N�q�aU�|��]ewZprQÈt'Pº�|q�bZac_�t�Q¶]eds��aUQuQZ���|QA��t�aUbZQOq�_�a
ΣX

QAT�SU�|�=Tt��|�kX�Ã'ê�XAQ«Txd~TxacQ�ÃCdeSc�|pr�|aUq�Í�QZS¶ê�N��ÛN���de[9N�Q�dsSU�|p���acq�Í�deScprQhqkacwZSé�ã�|�Ûq�QZNkT^tk�|��X«t�deacQh[jNãPRQA]s]sQASSc���9Tldet�QZ�=Txde[9N�QZSAg
♦¡O��_�]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=Th�

� �®±9DÞ8 ¯j° 6 ´^c ¤Þ¤ c Z�kCizQ
(X,R)

MsXtWm�½GJILK?WNX(QTSUQviTkCX gsW-opkCXtkC¿jgsW k�� Xò�Ukz9USUX(Q R hLkCo�opW�MPXtWK?kCM�K�:TKNi qUX½SUQvMsGJW
R
gsW

(LΣX)2 XtW�hLkCX(QnWNX½SUX(Q8A}M{W�gsWLK��Ã�LhL�(WLK 1 −→ 1
%7O$F ÇYH=Z

(FlLΣX ,Fl(R))SCKLK?k?hNiTItd»O S��½GJILK?WNX(QTSUQviTkCX
(ΣX ,R)

hLkCX(QviTWNX(QBO$F ÇYH	Z
(〈X〉, (R))

SCKLK?k?hNiTItd
(X,R) k <)ORMæK)�½GJILhNiµ:K?INopWNX(Qµ%ÁizO5WC'�i�KNQnW�MPXri�K?kCopkCG°�(�si�KNopW�gGF ÇYH	Zêl

(LΣX(1, 1), (R)(1, 1)) ' (〈X〉, (R)).

n INopkCXYKNQjGuSUQviTkCX k ¡O�2XA�|��SUTx_�TxQ�Tx��NkT�t'PR_��C��actà[jNkQ/]eQZS«¸�wAXÇÍ�QZS�t�Q LΣX(1, 1)
Sc�|�=T�]sQZS«¸�wZXÇÍ�QASt�Q

LΣX

t�Q^]`_hÀ¾�|aUp�Q
x1 ◦ · · · ◦ xn

_���QZX^Tx�|N�S�]eQZS
xi
t�_���S

ΣX(1, 1) = X
g Ò ��t'PR_�NkTcacQZS�TcQZaUp�QASZÃ

LΣX(1, 1) = 〈X〉
g;ÕY]oaUQZSWTxQuêÈ���|dsaJ[jNkQ�]sQAS¬t�QANom�aUQZ]`_;Txds����SJtkQ�acbAt�N�XATcds�|�kS

→R

QnT
→R

XZ��¿Å��XZdet�QZ�=TZgÓ d
a, b ∈ 〈X〉

Sc���9T¹TxQZ]eS¹[9N�Q
a→Rb

_�]e�|acSìds]ÞQnmodsSWTxQ
α ∈ R

QAT
u, v ∈ 〈X〉

TxQA]sS�[9N�Q
(a, b) = uαv

gÓ dG�|���|��deT
a, b, u, v

XA�|prp�Q�t�QASl¸�wZXÇÍ�QAS¶t�Q
LΣX(1, 1)

QAT
α
XZ�|prp�Q�Nk��Q�¸�wZXÇÍ�Qht�Q

LΣ2
X(1, 1)

Ã�|��_��
(a, b) = u ◦ α ◦ v

QATlt�����X
a→Rb

g
�lbAXZdeq�ac�j[9N�QZprQZ�=T�ÃHScd

f
QnT
g
Sc�|�=T«tkQZSh¸�wZXÇÍ�QAS�t�Q

LΣX(1, 1)
TxQA]s]eQZS\[jNkQ

f →Rg
ÃGde]ÔQ½modsSUTcQ

α ∈ FlR
QAT

h1, h2, k1, k2 ∈ FlLΣX

TxQZ]eSñ[jNkQ
(f, g) = h2 ◦ (k1 ⊗ α ⊗ k2) ◦ h1

g\¡OaZÃXZ��p�prQ
FlR = R(1, 1)

QATh[jNkQ
f, g ∈ LΣX(1, 1)

ÃG�|�å_
k1, k2 ∈ LΣX(0, 0) = {0}

QATht��|�kX
(f, g) = h2 ◦α ◦ h1

_��|QZX
h1, h2 ∈ LΣX(1, 1)

gk¡O��q�QZNoT�t��|�kX¶�|�|dea
α
XZ�|prprQÈN��ÙbZ]sbAp�QA�=T�t�Q

RQAT
f, g, h1, h2

XA�|p�prQ¹tkQZS7bZ]ebZprQZ�=TxS7tkQ
〈X〉

_���QZX
(f, g) = h2αh1

Ã�t'PR�Uºr����XZ�|��XA]sNkT¬[9N�Q
f →Rg

g
} QZS�tkQZNomøÐO� Ó

(LΣX(1, 1), (R)(1, 1))
QAT

(〈X〉, (R))
Sc���9T�t��|��X dsSU�|pr�|acq�ÍkQZS ~¨ds]eS�Sc�|�=Tp,lZprQZS�bZ�|_�Nom®�ng

♦ÕY]�_�qkq�_�ax_C;sTJt��|��X�[9N�Q¹]sQZS¬q�acbAScQZ�=Tx_�Txde�|��S t'Pº�|q�bZac_�t�QZS¬Sc�|�=T7t�QAS7�|bZ�kbZax_�]sdsSc_�Txde�|��S®t�QAS7q�acbAScQZ�=Tx_;VTxde�|��Sìt�Q�p�������¿�tkQZS¹��N�SUvjSUTcwZprQZS�t�Q�aUbZbZXAacd~TxN�aUQOt�QOpr��TxSAg � �|N�S¹��QZacaU�|��Su_�N�XÇÍ�_�q�deTcacQO�é[jNãPRQA]s]sQASQZ�k�|]s�|��QZ�=T�_�N�ScSUdÈ]eQZS�q�acbAScQZ�=Tx_�Txde�|��SÙtkQÊp�������¿�tkQZSrXZ�|prp«NkTx_�Txd~À¾SZÃ7X�PºQZSWTUVYê;VYt�deacQ�]sQASÙacbAScQZ_�Nom3t�Q�JQnTxaUdÅg
��TC½ | 1�2$#ª!5�f%70�%£4X�4�   �n���-! ���r2�150� -! !�% �-18����.�¢$� !  -!+� �H%7#

Ð¶NñXÇÍ�_�qkdeTxaUQr�oÃ'����N�S^_��|�|��S��jNñ[9N�Q�Tx�|NkTOp��|�k��¿�t�Q«_�t�prQAT�N��kQ�q�acbAScQZ�=Tx_�Txde�|�2�CqC��N�aOTx�|NoTpr�|����¿Åt�Q
M
Ã®ds]¬QnmodsSWTxQ�N��ñQZ��SUQZp«�k]sQ

X
QnT\N���Q�q�_�aWTxdsQ

R
t�Q
〈X〉2

ÃãTxQA]sS^[9N�Q
M ' 〈X〉/ ≡R

Ã��º
≡R

QASUTé]`_�XZ�|����acN�QA��XZQ�ScN�a
〈X〉

QZ�k�|QZ��tkacbZQÙq�_�a
R
gJ¡��å_/t�bYûcê��jNå]eQZS\����Tcds�|��S^t'Pº�|q�bZac_�t�Q]sde��acQ¶QZ���|QA��t�aUbZQ^q�_�a�N��kQ�Scds����_�TxNkacQ�QATutkQ�[jNk��TxdeQZ�=Tut'PºN���Q^�|q�bZax_�t�Q�q�_�a�N��kQ^À¨_�p�de]s]sQut�Q�aUwZ�|]eQZSAgÒ �/XA�|p«��de��_��=Tu]sQAS�t�QZNjmãÃÞ�|��_��

�x�Y�
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a ±\b @HK¾B�K D @�c Ìl��Qh��qCbAax_�t�Q
C
S�gUopWNQ�N���Q\q�acbAScQA�9Tx_�Txde�|�

(Σ,R)
Scd

C ' LΣ/R
gã¡O�/tkdeTÈ_�N�SUScdÅÃt�_��kShXAQ�XZ_�SZÃ®[9N�Q

(Σ,R)
�½GJILK?WNX(Q"W

C
gH¡O�átkdeT\[9N'PRNk��QÙq�aUbZSUQZ�=TÇ_�Tcds�|�

(Σ,R)
QASUT	�ÁX(iTWrScd

FlΣQAT
FlR

Sc�|�=Tl����dsSAgãµÈQZNom/q�aUbZScQA�=TÇ_�Tcds�|��S¶Sc�|�=TÈt�deTcQZS,I$A}Msiz�CSUO�WNX(Q"WLKéSUdJQA]s]eQZSlq�acbAScQZ�=TcQZ�=T�]`_�p,lZprQ�|q�bZac_�t�Q�g
��¹�|prp�Q�q��|N�a�]eQZSup�������¿�tkQZSZÃk�|��_��

» 8;DÞ57D ©�K²BEK D @2´^c ¤ ³^cM¹ kCMsQnW�kL�(INGuS�gsW�S�gUopWNQéMsXtW3�½GLILK?WNX(QTSUQjiTkCX k
n INopkCXYKNQjGuSUQviTkCX k Ó �|deQZ�=T C

N���Q��|q�bZac_�t�Q�QAT
UC

Sx_�SUds�|��_;TxN�aUQrSU�|N�S×Veûc_�XAQZ�=TxQ�gGÐ¶]s��acS
C
QASUT\dsSU��Vpr�|acq�ÍkQÊ_�N+[9N���TxdsQA�=T�t�Q

LUC
q�_�aÙ]`_áXA�|���|aUN�QZ�kXZQÊQA���|QZ�kt�acbAQÛq�_�aÙ]s_áaUbZN���de�|�+t�QAS�À¨_�prds]s]eQZSScNkde��_��=TxQASltkQ\aUQZ]s_�Txde�|��SO�







(g ◦ f, g ◦C f)
q��|N�a�Tx��NkTxQASu¸�wZXÇÍ�QAS¶XZ��p�q��|Sx_���]sQAS

f
QnT
g
tkQ

C ;

(f ⊗ g, f ⊗C g)
q��|N�a�Tx��NkTxQASu¸�wZXÇÍ�QAS

f
QAT
g
t�Q

C ;

(n, nC)
qC��N�a�Tx�|NoTuQZ�=TxdeQZa

n.

¡O��_é����Tcb
◦C

Ã
⊗C

QAT
nC

]eQZS��|q�bZac_�Txde�|��SìQAT�det�QZ�=Txd~TxbAS¹t�Q
C
QAT
◦
Ã
⊗
QAT
n
XAQZ]e]sQZSìt�Q

LUC
g
♦¡O�«_u_�]s��acS®N��\q�ac�|�k]swZprQ7t�QÔp���TxS)~¨�|N\t'Pº�|q�bZax_;TxQZNkacSL�7��bATx_��=THt��|����bAQZSJN���QÔ�|qCbAax_�tkQ

C
QnT¬Nk��Qq�aUbZScQA�=TÇ_�Tcds�|�

(Σ,R)
tkQ

C
Ã�QnmodeSUTxQ½V�TWVYds]CN��Ê_�]s�|�|aUdeTcÍ�p�QÈ[9N�dGt�bZXAdst�Q^SUdHtkQZNom�¸�wAXÇÍ�QZSÈq�_�ac_�]s]ewZ]sQAS

fQAT
g
t�Q
LΣ

acQAq�acbAScQZ�=TcQZ�=T�]`_Ûp,lZprQ�¸�wZXÇÍ�Q/t�Q
C
f Ò ��XZ��acQ�N���Q/À¾��dsSZÃ¬Scdu]`_ñq�acbAScQA�9Tx_�Txde�|�3QASUTXZ���9��QZaU�|QZ�=TxQhQATu����deQ�Ã�����_�N���TxQA]®_�]s�|��acdeTcÍ�prQh�

» 8;DÞ57D ©�K²BEK D @2´^c ¤ ´^c Z�kCiTWNX(Q
(Σ,R)

MsXtW3�½GLILK?WNX(QTSUQjiTkCXAhLkCX(�UWNGvqsWNX(QnWHgGFekL�(INGuS�gsWmWNQ
f
WNQ
g
gsWNM;'

�$�LhL�(WLK��YSUGuSUOzO��NO�WLK�gsW
LΣ k Ç�O�kCGJK�%�kCXAS f ≡Rg

KNi�WNQBK?WNMPO�WNopWNX(Q¸KNi
R(f) = R(g) k�¹QZXAdCpr��Txd~�|Q�QA��XZ�|aUQÈNk��QlÀ¾��dsS7]`_�aUQZXÇÍ�QAacXÇÍ�QOtãPRN��kQÈq�aUbZSUQZ�=TÇ_�Tcds�|��XZ�|�=��QZac��QZ�=TxQÈqC�|NkaÔNk��QÈ��qCb½Vax_�t�Q�t��|���kbZQ�g } PºQnmk_�prQZ�ñt�QAS^q�ac�jXZbAt�N�acQAS�t�Q�XZ��p�q�]ebATcds�|�ÊtkbA����deQZS^_�NÛXÇÍ�_�q�deTcacQr�oÃCXZ�|�kXZQZaU��_��=T]sQAS�q�acbAScQA�9Tx_�Txde�|��S\t�Q�p�������¿�tkQZSZÃã���|N�S^ds�kt�ds[9N�Q�[9N�Qr]`_ÙTcÍ�bZ�|aUdsQ�ScQ�Tcax_���SUqC��ScQ�dsprp�bAt�d`_;TxQZprQZ�=T_�NyX�_�S�t�QZS�q�aUbZScQA�=TÇ_�Tcds�|��S�t'Pº�|q�bZac_�t�QZS�� QA�yQ��CQAT�Ã7]eQZS«tkbA����d~Txde�|��SZÃ¬acbZSUN�]eTx_�TxS�QnT�q�acQANk�|QAS�SU�|�=Tds�kt�bZq�QZ��t�_��=TxSlt�Q^]`_«SUTcacN�XnTxN�aUQé_�]s�|bA��acde[jNkQ�g

Ò ��aUQA��_���XÇÍ�Q�Ã=t�_���SØ]eQ�X�_�SØt�QASØq�acbAScQZ�=Tx_�Txde�|��SØt'Pº�|qCbAax_�tkQZSZÃ=de]kQ½mkdeSUTcQltkQZNom�����SUTx_�XZ]eQZS7p�_EûUQZN�aUS_�NÛÀ¾�|��XnTxde�|����QAp�QA�9TOt�Q�TxQZ]e]sQASOq�ac�jXZbAt�N�aUQZS^t�Q�XZ�|prq�]ebATxde�|�Ú�'tãPRN��kQrq�_�aUTZÃãt�bn����dsa�QnT^XZ�|�kSUTxaUN�dsaUQt�QASÈ�|aUt�acQAS¶t�Q\acbAt�N�XnTxds���/QnT�ÃÞt'PR_�NkTxaUQhq�_�aUTZÃ�t�bA���kdsalQATlX�_�]eXZN�]eQZau]sQASuq�_�dsaUQZSlXZaUdeTxde[9N�QZSut'PºN���Qhq�acb½VScQA�=TÇ_�Tcds�|��t��|�k��bZQ�g � �|N�Sl_�]e]s�|��S�ê�qkacbZSUQZ�=TÈ���|N�Slds�=TxbAacQAScScQAalêrXAQZSut�QZNjm�q�ac�|�k]swZprQZSAg
��T)Ò ¾ !�15� 4X� 0H4�#}�4�   �n���-!/��1�2$#ª!5�f%70�%£4����   �����r2�150� -!
� �|NkSÙ_�]e]s�|�kS�t�bA���kdsa�XZQ�[9N'PRQASUT�N��3��act�aUQ�tkQ/aUbZt�N�XnTxde�|�'Ã7q�N�deS�t�bA��QZ]s��q�qCQAa�Nk��Q�TcQZXÇÍ��kds[9N�Qt'Pºds�=TxQAacq�aUbATx_�Txde�|� qCQAacprQATUTÇ_��=T�t'PºQZ�yXA�|��SUTcacN�deacQ�QnT�Ã bn�|QZ�=TcN�QZ]e]sQZprQZ�=TZÃ t�Q�pr�|�=TxacQAa�[9N'PRNk��Q�q�acb½VScQA�=TÇ_�Tcds�|��t'Pº�|q�bZax_�t�Q�TxQZaUp�de��Q�g

�?��Ü
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ð5Ô�Õ~Ô×Ö 	 §®´Ã§®³ª¹	´�³ §®©ª´�±²«½¯P­n·Áìí¹s±²§ ±�ì�³ÿ·���©�§®¦Á´²³
} QZS¹��act�aUQZSÔt�QÈaUbZt�NkXATxde�|��À¾�|N�ac�kdsScSUQZ�=T�ÃjXZ��p�prQ�qC��N�aØ]sQZSÔpr�|����¿Åt�QZSAÃ=N��ÙXAacdeTcwZaUQltkQlTcQZacprds��_�d~VSc���'g

a ±\b @HK¾B�K D @�clÓ �|deT
C
N���Q��|q�bZac_�t�Q�g¬Ìl�ÿkCGFgUGJW8gsWpGLIFgUM(hNQjiTkCX2SUN�a

C
QZSWT�N��Údet�b�_�]

>
t�Q

C
TcQZ][9N�Q�XÇÍ�_�[jNkQ

> (m,n)
QASUTéN��Ú�|aUt�acQ�SUTxaUdsXnTéSUN�aé]ðPRQA��ScQAp«��]sQ

C(m,n)
QnTéTxQA]ì[9N�Q�XÇÍ�_�[9N�Q�Ð¶� Ó

(C(m,n), > (m,n))
TxQAacprds��Q�g

�

� �®±9DÞ8 ¯j° 6 ´/c ¤=æ cM� XtWÁ�½GJILK?WNX(Q°SUQjiTkCX
(Σ,R)

QnWNG6o�izXtW$KNiÁWNQ7K?WNMPO�WNopWNX(Q£K>F izOªWC'�i�KNQ"W�MPX�kCGugUGJWHgsW
GJIFgUM{hNQjiTkCX�KNMsG

LΣ
hLkCX(QnWNX½SUX(Q

R k
n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��S\[jNkQ (Σ,R)

TxQAacprds��Q�gGÐ¶]s��acSZÃã]`_�acQA]`_�Tcds�|�
�+

R

ScN�a
LΣ

XZ�|�=�jdsQA�9TZgÒ �ÛQ��CQATZÃã�|�ÛSc_�deTÈt�b×ûcê�[9N�Q
�+

R

QZSWTOTxac_���Scd~Txd~�|QéQnT�[9N�Q�X�PºQZSWT�N��Ûdet�b�_�]Ht�Q
LΣ

[jNkd¬XZ���9TcdsQA�9T
R
g} Q«acQASUTcQ��jdeQZ�=T�t�NÊÀ¨_�d~TO[9N�Q

(Σ,R)
TcQZacprds�kQÙ�

�+
R

QZSWTOÀ¾�|aUXZbZprQZ�=T\_��=Tcdsacbn¸�Qnmod~�|Q�ÃãX�_�aOSUds�����Û�|�q��|N�acac_�deT®XA�|��SWTxacNkdsacQÔN��«XÇÍkQZprds�\t�Q¹aUbZt�N�XnTxde�|�hde�k����dU��]sQÔp»lAp�QÔ_�aU�|N�prQZ�=THt��|����Qì]`_�TxQAacprds��_�deSc�|�t�Q
�+

R

g�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ã9SUN�q�q��|Sc�|�kS¹[9N'Pºds]�QnmodeSUTxQÈN��r�|act�aUQÈtkQÈaUbZt�N�XnTxde�|�
>
ScN�a
LΣ

[9N�dÞXZ���9TcdsQA����Q]sQAS�acQZ]s_�Txde�|��S
R
gØÐÈ]s�|aUSZÃ7]ÅPºdstkQZ�=Txd~Txb�t�Q

LΣ
de��t�N�d~T�N��àp��|aUq�Í�deScprQ�t'PRÐ¶� Ó

(FlLΣ,→R) −→
(FlLΣ, >)

g��¹�|prp�Q
>
TxQAacprds��Q�Ãk]ðPRÐ¶� Ó

(FlLΣ,→R)
TcQZaUp�de��QOQATlt�����X

(Σ,R)
_�N�ScSUdÅg

♦

Â�_�]e�|acb�XAQ�acbAScN�]~TÇ_�TZÃ����|NkS7�'P·_����|��S7q�_�S7QA��XZ��acQ�t�Q�TcQZXÇÍ���de[9N�Qu�|bZ��bAax_�]eQ�q��|N�a q�aU�|Nk��QZa7[9N'PºN���Qq�aUbZScQA�=TÇ_�Tcds�|�3TcQZaUp�de��Q�gÔ¡O�3q�QZNoT�QZSUqCbAacQAaÙTxaU�|Nk�|QAaÙN��kQ�prbATxÍk�ot�Q�q��|N�arXÇÍ�_�[9N�Q�Q½moQZprq�]sQ/[jNkd���|NkSrde�=TxbZaUQZSUScQ�ÃØq�_�a�QnmoQZprq�]sQ�QA�2�|bA��bZac_�]sdeSx_��=T�XAQZaWTÇ_�de��QZS�TxQAXÇÍ���de[jNkQZSrdsScSUN�QZSrt�Q�]`_ÊaUbZbAXZacd~TxN�aUQt�Q^TxQAacprQZSZg��¹QAXZdGÀ¾�|��XnTxde�|����Q^q��|N�aut�QZSlq�aUbZScQA�=TÇ_�Tcds�|��Slq�_�aWTxdeXZN�]edswZaUQZS�XA�|prp�Q�XAQZ]s]eQ^t�Q^]ÅPº�|qCbAax_�tkQX�_�aUTxbAScdeQZ����Q¶ds��d~Txd`_�]sQ
Fo
[9N�QO����N�S�acQA��XZ���9TcacQAac�|��S�qk]sN�Sì]s�|de�/�oXZQZ]e]sQ½VYXZdÞ��Q¶qC�|SUScwAt�Q^_�N�XAN���Q¶¸�wAXÇÍ�Qt�Q«SU�|N�aUXZQ

0
~¨_�NkTcacQé[9N�Q�]ðPRdet�QZ�=TcdeTxb

0
�½ÃCXAQ«[9N�d q�QZacprQAT¶t'PºNkTxde]sdsSUQZalN���Q«de�=TxQZaUq�acbnTÇ_�Tcds�|�/XZ]s_�ScSUds[9N�Q

~¨XA�|�=Txac_���_�aUd`_��=TcQ?�nÃkXZ�|prp�Q�]ðP·_éÀ¨_�deT�
Ø��QZS } _;À¾�|�=TÈt�_���S�= } _�À¨£��C>ðg
�¹QZq�QZ��t�_��=T�ÃHq�acQASc[9N�QÙTc�|NkTxQASh]eQZS^q�aUbZScQA�=TÇ_�Tcds�|��Sht'Pº�|qCbAax_�tkQZS\[jNkdÔ�k�|N�Séde�=TxbZaUQZSUScQZ�=TédsXZd7q��|S×VScwAt�QZ�=TìêO]`_lÀ¾�|dsSJt�QZS7�|q�bZac_�TxQAN�acS7tkQ�Sc�|NkacXZQ

0
QATØt�QAS7�|qCbAax_�TcQZN�aUS7t�Q���NoT

0
~¨]s_¶q�]sNkq�_�aUT t�N«TxQAp�q�SAÃds]ãSZPR_��|deT�acQZSUqCQAXATcde�|QAp�QA�=T¶t'PºN���Q\XZ����SUTx_��=TxQ\QATut�Q^]ÅPºQ��ã_�XAQZprQZ�=T6�½g��¶PRQASUTÈ]sQ�X�_�SZÃ�q�_�a�Q½moQZprq�]sQ�Ã�t�Q]`_ñq�aUbZScQA�=TÇ_�Tcds�|�2t�Q/]s_ñTcÍ�bZ��acdsQ�_�]e�|bZ�kacds[9N�Q�]eds��aUQ ~¾[9N�Q�����N�S�bnTxN�tkdsQZaU�|��S�_�N3XÇÍ�_�q�deTcacQ����nÃØt�wAS[9N�Q�]`_�TxÍ�bA�|acdeQébA[jN�_�Txde�|����QA]s]sQ\XZ��acacQAScq��|��t�_��9TcQ�qC��ScScwAt�Q�N���Q�XA�|��SWTÇ_��=TxQ�gG�¶PºQZSWT\_�N�ScSUd ]sQhX�_�S¶t�Q]`_�q�aUbZSUQZ�=TÇ_�Tcds�|�/t�Qé]ðPR��qCbAax_�t�Q^t�QAS

Z/2Z
VYQAScq�_�XAQZS¶��QZXnTx�|aUdsQZ]eSut��|����bAQét�_���S¾= } _�À¨£|��>JQnT¶ac_�q�q�QZ]ebZQQZ�3�kg·ÁogËÁjgìµ¶_���SÙXAQZS�ScdeTcN�_�Tcds�|��SAÃ ]sQASrTcQZXÇÍ��kds[9N�QZSÙdsScSUN�QZS�t�Q�]`_ñacbZbAXZaUdeTxNkacQ�t�Q�TcQZaUp�QASÙ��Q�À¾�|��X½VTxde�|����QA�=Tuq�]sN�SAÃ�XZQ^[9N�d®_�QZprq½lZXÇÍ�b�Ã|ûUNkSc[9N'PR_�]s�|aUSZÃ�tkQ\qkac�|Nk��QZau]`_éTcQZaUp�de��_�dsSU�|��t�QASÈqkacbZSUQZ�=TÇ_;Txds����SXZd~TxbAQZSZgj�H�|N�aÔXZ�|p«�k]sQZa7XAQÈp�_���[9N�Q�Ã9���|N�Sì_�]s]e�|��S7t�bn�|QA]s�|q�q�QZaÔdsXAd�N���QuTxQAXÇÍ���ds[9N�Qlt'Pºds�=TxQAacq�aUbATx_�Txde�|�_�t�_�qkTxbAQ�ê�]`_�SUTxaUN�XATcN�acQÙ_�]s��bZ��aUds[9N�Q�t'Pº�|qCbAax_�tkQÙQAThq�QZacprQATUTÇ_��=Tht�Q���bZaUde��QAah]s_�TcQZacprds��_�dsSU�|�ñt�Q���|pé��acQAN�ScQASÈq�aUbZSUQZ�=TÇ_�Tcds�|�kSZg

�x�|Ï
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ð5Ô�Õ~ÔÜÓ Ý ì²³ ¯P³ª«�ß�ì²­���±�³¤«tèn¦Á¹s¹P­���±²³/´��j­nì)¯P³�§Á��§®©t¯P¦¸¯P­n·éì ³ªì §Y©ª©ª«¬§®­°¯P±²§Y³¤´�³
¯Y³�§®¶¨³ª¹

� �|NkSÈv�acQn�jdsQZ�kt�ac�|�kS¶q�]eN�SÈ]e�|ds��p�_�dsS�tkdsSc����SZÃ�qC��N�au]ÅPºds��SWTÇ_��=T�Ã�[9N'PºN��ÊSWvjSUTxwAp�Qét�QhaUbZbAXZacd~TxN�aUQt�QOTcQZacprQZS¹QZSUTuNk��Q�q�acbAScQA�9Tx_�Txde�|��t'Pº�|q�bZax_�t�Q�t��|�=T�]s_éScde�|��_�TcN�acQO�kQ�XZ�|�=TxdeQZ�=T�[9N�Q^t�QAS�¸�wZXÇÍ�QASut�Q��NkT
1
g

} PRdet�bZQñt�Qñ]`_åTcQZXÇÍ��kds[9N�Q XZ]`_�ScScde[9N�Qñt'PRde�=TxQZaUq�acbnTÇ_�Tcds�|� QASUT�t'PR_�ScSU�oXAdsQZa�ê XÇÍ�_�[9N�Q �|q�bZac_�TxQAN�a
f : n −→ 1

N���QÙ_�q�q�]edsXZ_�Txde�|�
f∗ : Nn −→ N

ÃHt�QrTxQZ]e]sQ�Sc��aUTxQ�[9N�Q�ÃJScd
f →g

_�]e�|acS
f∗ > g∗

�]ÅPº�|aUt�acQ�SUN�a�]sQASu_�q�q�]edsX�_;Txds����S¹QASUTlt��|���kb\q��|de�9T�q�_�a�q��|ds�=Tuq�_�a�XAQZ]eN�d't�Q
N
g � ��Tc�|��S�[9N�Q

N
q�QZNkTWV

lATcacQuacQAp�qk]`_�XAb�q�_�a Tc�|NkTÔ_�NkTcacQ�QA��ScQAp«��]sQ�péN���d�t'PºN���QuaUQZ]`_;Txds����t'PR��act�aUQ�[jNkd�TxQZaUp�de��Q¸��t'P·_�ds]s]eQZN�aUSZÃX�PºQZSWTOSU�|Nk�|QA�=TO]ÅPºQZ�kScQZpé��]sQ
N∗

t�QZSlQZ�=TcdsQZaUSÈ��_�TxN�aUQZ]eSÈ�������9N�]sSu[9N�dHQZSWT¶NkTcds]edsScb�Ã�q��|N�aut�QZSÈax_�deSc�|�kSt�Q^Scdep�qk]sdsXAdeTcbÈt�QASÈQ½moq�acQAScScde�|��SAg
Ó N�q�q��|SU�|��S�[9N�Q/]ÅPº�|�+_ XZ�|��SWTxaUN�deT�N���Q�TxQZ]e]sQ�ds�=TcQZacqkacbATx_�Txde�|�ø�Ø�|�+_å_�]e�|acS�N��+pr�|aUq�Í�dsSUp�Qt'PºÐO� Ó tk�|�=Té]eQ���NkT^TxQAacprds��Q�Ã'XZQr[9N�dØq�ac�|No�|Qr��dsQA� ]s_�TxQZaUp�de��_�deSc�|�Ût�N SUvjSWTxwZprQÙtkQraUbZbAXZacd~TxN�aUQt'Pº�|acde�|ds�kQ�g�Ìl��QáprbATcÍ��jt�QñScdsprq�]eQÛqC�|Nka�XA�|��SWTxacNkdsacQ

(·)∗
QZSWT�t'PR_�SUSc�jXZdsQAa�ê2XÇÍ�_�[9N�Q �|q�bZac_�TxQAN�a

ϕ : n −→ 1
t�Q�]`_�SUds�|��_�TxN�aUQ�N���Q�_�q�q�]sdeX�_�Tcds�|� SUTcacdeXATxQAp�QA�=T�XZac��dsScSc_��=TxQ

ϕ∗ : Nn −→ N
� �|�]ÅPºbATcQZ��tåq�_�a\q�ac�|qkacdsbnTxb�N���de��QZaUScQZ]e]sQ�ê�Tc�|N�Sé]eQZSh�|qCbAax_�TcQZN�aUSét�Q�]ÅPº�|q�bZax_�t�Q�]eds��aUQ�gJ¡O�Ú_�Nkax_Ê_�]e�|acSN���Q�de�9TcQZaUq�acbnTÇ_�Tcds�|�ÚSc_�TxdeSUÀ¨_�deSx_��=TcQ�ScdÅÃJqC��N�a«Tx�|NoTxQ�acwA�|]sQ

α
Ã �|�à_

s(α)∗ > t(α)∗
g } Q�À¨_�d~T�[9N�QTx��N�S�]sQAS

ϕ∗

Sc��dsQZ�=T�SWTxaUdsXATcQZprQZ�=T�XAac�|deScSx_��9TcS����|N�S�q�QZaUp�QnT�QA��QN�ãQnTut�QOXA�|��XZ]eN�acQ¶[jNkQ
f∗ > g∗

t�wAS[9N�Q
f →αg

g
¡OaZÃHds]7�'PºQZSWT�q�_�S\Tx�|N;ûU��N�acS\qC��ScScde��]sQrt'PR_�ScSU�oXAdsQAahN��kQ�_�q�qk]sdsXZ_�Txde�|�ñSUTcacdsXnTxQAp�QA�9TéXZaU�|dsSUSx_��=TxQÙêXÇÍ�_�[9N�QÙ�|bZ��bAax_�TcQZN�aAg �J_�aéSUN�deTcQ�ÃHQAT«p,lZprQrScd

s(α)∗ > t(α)∗
qC��N�ahTc�|NkTxQ�acwA�|]sQ

α
Ã®�|�Ú�ãP·_�q�_�SÀ¾�|aUXZbZprQZ�=T

f∗ > g∗
t�wZSl[9N�Q

f →αg
g

Ò �ÙQ��CQATZÃoXA�|��SUdst�bAac�|��SÔN���Qlq�aUbZScQA�=TÇ_�Tcds�|�
(Σ, R)

TxQA]s]eQ�[jNkQ¶]`_�SUds�|��_;TxN�aUQ
Σ
XZ�|�=TxdeQZ�=T¹ê\]s_�À¾��dsSN���Q\XZ����SUTx_��=TxQ

γ : 0 −→ 1
QATÈN���Q\XZ�jXZ����SUTx_��=TxQ

ε : 1 −→ 0
g � ��Tc�|��Sl[jNkQéX�PºQZSWTO]eQ\XZ_�SlqC�|NkaÈ]s_q�aUbZScQA�=TÇ_�Tcds�|�

L(Z2)
Ã9qC��N�aì]s_�q�acbAScQZ�=Tx_�Txde�|��t�Ql]ÅPº�|q�bZax_�t�Qut�QZSì�|ac�|NkqCQASì[9N�_��=Tcds[9N�QZS�
�_�]e�|wZ��aUQZSìt�Q

@È��qkÀ×ÃG_�de��Scd [9N�Q�q��|N�a�]s_�q�]sN�q�_�aUT�tkQZS^q�acbAScQA�9Tx_�Txde�|��S\_�SUSc�jXZdsbAQZS\ê�t�QZS^SWvoSWTxwAp�QASht�Q�aUbZbAXZacd~TxN�aUQt�Q�TxQAacprQZS�~¾���|dsa�XÇÍ�_�q�deTcacQ\���½g
D q�acbAScQZ�=TZÃ�SUN�q�q��|Sc����SÈ[9N�Q\]ÅPº�|��_�XZ�|�kSUTxaUN�deTuNk�/pr�|acqkÍ�dsSUp�QOtãPR�|q�bZac_�t�QAS\�

(·)∗ : LΣ −→ Oper N

t�Q�TxQA]s]sQhSc�|aWTxQ�[9N�Q�ÃGqC�|NkaOTx�|NkTcQ«acwA�|]sQ
α
t�Q

R(m,n)
Ãã�|� _�deT

s(α)∗ > t(α)∗
g®¡O�Û�|�|N�tkax_�d~T_�]e�|acS�q��|Nk���|dsa�pr�|�=TxaUQZau[9N�Q

f∗ > g∗
tkwZSl[jNkQ

f →αg
gÞ�¹QAqCQA��t�_��=Th�

(εn ◦ s(α) ◦ γm)∗ = (εn ◦ t(α) ◦ γm)∗,

�?� ë
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��dsQA�/[9N�Q��
εn ◦ s(α) ◦ γm →Rε

n ◦ t(α) ◦ γm.

Ò ��Q��CQATZÃjXAQZSìt�QZNom��|q�bZac_�TxQAN�acSìSc�|�=TìQZ�=�|��v�bZS�q�_�a
(·)∗

ScN�aÔt�QZS¹_�q�q�]edsXZ_�Txde�|��S
N0 −→ N0

�9�|aZÃds]ã�'PRQ½modsSUTcQ^[jNãPRN��kQhSUQZN�]eQh_�q�q�]sdeX�_�Tcds�|�Ùt�Q^XZQ�TYvjqCQ�Ã�tk�|��X^]sQAS�t�QZNom�depÙ_��|QZS�tk�|de��QZ�=TlXZ��¿Å��XZdet�QZaAg
¡O�ÊqC��N�acac_�deTuXA�|��SUTcacN�deacQ\t�Qé�k�|p«��aUQZNom�_�NkTcacQAS¶XZ���9TcacQ½VYQnmoQAp�q�]eQZSAÃCp�_�dsSuXAQZ]sNkd~VYXAdGScNYÛ�T¶qC�|Nkat�deacQ�[9N�Q\]ÅPº�|���'PR_rq�_�SuÀ¾��acXZbAp�QA�=T

f∗ > g∗
[9N�_���t

f →αg
Ãkp,lZprQ�Scd

s(α)∗ > t(α)∗
��_�NkTxaUQZprQZ�=Tt�d~T�ÃØ]ÅPº�|actkacQ

>
�'PRQASUT�q�_�SÙXA�|p�q�_�Txde��]sQ�_��|QAXÛ]`_ñSUTcacN�XnTxN�aUQÊt'Pº�|qCbAax_�tkQ�g�¡O�2��QÊq�QZNkTÙt��|��X/q�_�SNkTcds]sdeScQAaJXAQATcTcQ¹TxQAXÇÍ���de[jNkQ�t'PRde�=TxQZaUq�acbnTÇ_�Tcds�|�ht�_���S¬N���X�_�S¬�|bZ��bAax_�]ðg � ��Tx����S [9N�Q�]eQ¹XZ���9TcacQ½VYQnmoQAp�q�]eQÀ¾�|��XnTxde�|����QÔ_�N�SUScd9q��|N�a®N���QÔds�=TxQAacq�aUbATx_�Txde�|�^XZ�|�=Txac_���_�acd`_��9TcQ

(·)∗
[9N�dj_�SUSc�jXZdsQAax_�d~T

ϕ∗ : Nn −→ Nmê
ϕ : m −→ n

g
ð5Ô�Õ~ÔBð Ý ì §®¦Þ��­�´²³Æ¦Þ�¾³�§! t± ´�³:è�¦¨¯P³ª«�ß²ì�­���±�³µ¦é¶¨©ªèn­n·B§®©ª³

¡O�+�odeQZ�=T�tk�|��XÊt�Q��|�|deaÙ[9N�QÊ]s_áXA�|p�q�_�ax_�deSc�|�2t�QZSÙQZ�=TxaUbZQZS�
�Sc��aUTxdeQZS�t'PR_�q�qk]sdsXZ_�Txde�|��S
f∗/f

∗QAT
g∗/g

∗ _�ScSU�oXAdsbZQAS�êét�QAS�¸�wZXÇÍkQZSuq�_�ac_�]s]ewZ]sQASØ��Q¶À¾�|��XnTxde�|����_�d~T¹q�_�S�XZ��p�prQÈ����]sQu�|�|N�tkax_�d~Tª�k����N�S_�]e]s�|��S¹t��|��X^XZ��p�q�]ebATcQZa�XZQnTcTcQ\XA�|��SWTxacNkXATxde�|�'g
� ��Tc�|��Sr[9N�Q/]eQ�q�ac����]swAp�Q�q�aU�E�jdeQZ�=Trt�Q/]s_ÛX�_�TcbZ�|�|aUdsQ�t�_��kSr]s_�[9N�QZ]e]sQ�SU�|�=T�À¨_�d~TxQAS�]sQZS�de�9TcQZa×Vq�aUbATÇ_;Txds����SZÃìXZQZ]e]sQÊtkQZS�QZ�kScQZpé��]sQASZgu�¹QnTcTxQñXZ_�TxbA�|�|acdeQ�bnTÇ_��=T�X�_�aUTxbAScdeQZ����Q�Ã�]ÅPºbZ]ebZprQZ�=T���QANkTxaUQÛt�Nq�aU�ot�NkdeT�QASUT�Nk���|�jûUQAT¹TxQZaUp�de��_�]ðÃ=XZQ�[9N�dãXA�|�kÀ¾�|�kt�Tx�|NkTcQZS�]eQZS�_�q�q�]sdeX�_�Tcds�|�kSì_�acacd~��_��=T�QZ��XAQOq��|ds�=T�g¡O�áq��|N�aUax_�d~T^QZ�=�jdsSc_��|QZa\t�QracQAp�q�]s_�XZQAa

ENS

q�_�a\N���QrX�_;TxbZ���|acdeQ�q�]sN�S\_�qkq�ac�|qkacdsbAQÙ_�NáXA�|�=TxQnmjTcQ�ÃX�PºQZSWTUVYê;VYt�deacQ^pr�|����¿Åt�_�]sQ¶pÙ_�deS�q�_�SlX�_�aWTxbAScdsQA����Q�g } _�q�acQAp�dewZaUQ\[9N�dG�jdsQA�=TOê�]ÅPºQZSUq�acd~TÈQASUTÈXZQA]s]sQ^t�QASQZSUq�_�XAQZS^�|QZXnTx�|aUdsQA]sS^ScN�a^N�� XZ��acq�S^t��|�k��b
k
Ã't�Q�XZ_�ax_�XnTxbAacdsSWTxde[jNkQ

0
�ãXZQZq�QZ�kt�_��=T�Ã®]ÅPºds�=TcN�deTcds�|�ÊtkQZS_�q�qk]sdsXZ_�Txde�|��Slê�_�SUSc�jXZdeQZaO_�Nom/�|bZ��bAax_�TcQZN�aUS�t�QA�jdeQZ�=T�t�d Û�XAds]eQ�Ã�TÇ_���t�dsSÈ[9N�Q«]sQAS¶XZ_�]sXAN�]sSlQnmoq�]e�|ScQA�9TZg

� ��N�Su_�]s]e�|��SÔt��|��X��k�|N�S�QZ��TcQZ��dea�ê«]`_éXZ_�TxbA�|�|aUdsQ¶tkQZS�QZ�kScQZpé��]sQASlQA��XZ�|�=Tc�|N�ac��_��=Tu]sQZS�tkdVÛrXZN�]~TxbASbA���o[9N�bAQZSAÃCp�_�dsS¹XZQATUTxQ^q�deSUTxQ^aUQZSUTcQh��Nk�|QAaUTxQ�g
} PRdet�bZQì[jNkQ����|N�S _�]s]e�|��S®t�bA��QZ]e�|q�q�QZa SUQ¹XZ��p�q�aUQZ��t��kdsQZ�hQZ�«���Ev|_��=T7]sQASJ¸�wAXÇÍ�QZS7tãPRN��kQ��|q�bZax_�t�QXZ��p�prQ�t�QZShXZdsaUXZN�d~TxSAÃGdsp�_��|Q�[9N�QÙ�k�|N�S\NkTxde]sdsSU�|��S�t�bYûcê/q��|N�a\]sQAS\aUQZq�aUbZSUQZ�=TÇ_�Tcds�|�kSét�ds_��|ax_�p�p�_;VTxde[9N�QZSAg } _rTcQZXÇÍ��kds[9N�QéÀ¾�|�kXATxde�|����Qh_�de��ScdØ���|��depÙ_���ds��Q�[9N�Q«]ðPR����À¨_�d~TlacQZ�=TcacQZa¶N��ÊXZ��N�ax_��=T¶t'PRNk��QXZQAaUTx_�ds��Qlds�=TcQZ��SUdeTxblq�_�aÔXÇÍ�_�[9N�Q¶QZ�=TxaUbZQ¶QnT�XÇÍ�_�[jNkQ¶Sc��aUTxdeQÈtkNÙXZdeacXAN�deT�~¨]s_^¸�wZXÇÍ�QObnTxN�tkdsbZQx�¬�jXÇÍ�_�[9N�QbZ]ebZprQZ�=T�t�NàXZdeacXZNkdeT ~¾�|bZ��bAax_�TcQZN�aUS�t�Q�]ÅPº�|qCbAax_�tkQ?�haUb�_��|d~T�êÛXZQAS�XA�|N�ax_��9TcS�QZ�yt�bZ�|_��|Q�_��9Trt�Q�]s_XÇÍ�_�]eQZN�a\���|�Ê_�tkt�deTcds�|���kQ\]s_�XÇÍ�_�]sQZNkaÈq�aU�otkN�deTcQhq�_�aÈXÇÍ�_�[jNkQ«XZ�|prq��|Sx_��=TÈqC��N�aÈ���kTxQA��dsalXZQA]s]sQ^t�b½V�=_���bZQ�q�_�a�]ðPRQA��ScQAp«��]sQ�tkNáXAdsacXAN�deT��'X�PºQZSWTéXAQATcTcQ���_�]sQZNka�[jNkQr�k�|N�S\acQATcQZ������S^qC�|Nka\XA�|prq�_�acQAa�]sQAS¸�wAXÇÍ�QZSAgãÐ¶de��ScdðÃ�_�N�]edsQZN�t�Qh]sdeacQ^N���Q\��_�acd`_;Txds����t�_���SÈ]sQ^XZ�|Nkax_��=TOQA�=TxacQh]sQASÈQA�9TcacbAQZSOQnTO]sQASÈSU�|aUTcdsQASt'PºN��ÊXAdsacXAN�deTm~¨XAQé[9N�dJ�'PRQASUT�q�_�S¶q��|ScSUds��]eQhSAPRde]®�'PRQA�ÛqC��ScScwAt�Q«q�_�SL�nÃ��|�ÊXA�|��SUdst�wAacQéNk��Qé��_�]sQAN�al[jNkdQnmodeSUTxQ�Tc�|N;ûU�|N�aUSZÃ�p,lZprQ�ScdG]eQ�XZdsaUXZN�d~T���Q^q��|ScSUwZt�Q\��dGQZ�=TcacbZQ\��d'SU�|aUTcdsQ�g

�x� ù
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�lQA�=_�aUt��|��SØ[9N�QZ]eSØSc�|�=Tì]sQZS7de���|aUbZt�deQZ�=TxSØt��|�=TÔ�|��_��CQASc�|de�'g Ó N�q�q��|SU�|��SØ[9N�Q
f
SU�|deTØNk��Ql¸�wZXÇÍ�Qt�Q^Sc��N�acXAQ

m
QATlt�Q^��NkT

n
g�¡���t���deTuXZ������_<;eTxacQOTcac�|deS�ds�kÀ¾��acp�_�Txde�|��Sl�

z|g � TÇ_��9T^tk�|����bAQr]ðPRde�=TxQZ�kScdeTcbét�NñXA�|N�ax_��9T\_�acacd~��_��=T�t�_���S�XÇÍ�_�XZN��kQrtkQZS
m
QA�=TxacbAQZS^t�Q

f
Ã'�|�t���deT�q��|Nk���|dsa�t�bnTxQAacprds��QAa�]`_å��_�]eQZN�a�t�N XA�|N�ax_��9T�de��t�N�d~T�t�_���S�XÇÍ�_�XZN��kQát�QAS

n
SU�|aUTcdsQASt�Q

f
��XAQZXZdGSUQ\Tcax_�tkN�deT�q�_�au]`_«t�������bZQ\t'PºN���Q\_�q�qk]sdsXZ_�Txde�|�

f∗ : Xm −→ Xn
Ã���º

X
QASUTlN��QA��ScQAp«��]sQ^t�_���Su]sQZ[9N�QA]GSc�|�=Tlq�aUdsScQASu]sQZSude�9TcQZ��SUdeTcbZS�t�N�XZ�|Nkax_��=TÈ_�acaUde��_��=Tut�_��kSl]eQZS�QA�9TcacbAQZSZg

�oglµ¶Q�]s_Ùp,lZprQhÀ¨_�äA�|�'ÃãXA�|����_�dsScSc_��=T�]sQASOds�=TcQZ��SUdeTxbASOt�QAS�XZ�|N�ac_��=TxS^_�aUacd~��_��9T¶t�_���S�]eQZSOSU�|aUTcdsQASt�Q
f
Ãj�|��t��|d~T¹q��|Nk���|dsaÔX�_�]sXAN�]sQAaìXAQZ]s]eQZSìt�QZS�XA�|N�ac_��=TxS�de��t�N�d~TxSÔt�_���Sì]sQZSìQZ�=TxaUbZQAS����|��NoTxds]edsSUQN��kQ�_�q�qk]sdsXZ_�Txde�|�

f ∗ : Y n −→ Y m
qC�|NkaJXAQATcTcQ��|q�bZac_�Txde�|�'Ã

Y
bnTÇ_��=T¬]ÅPºQZ��SUQZp«��]eQìtkQZS¬��_�]eQZN�aUSq��|ScSUds��]eQZS�t�QASÈXA�|N�ac_��=TxSl_�acaUde��_��=T�t�_���SÈ]eQZS�SU�|aUTcdsQZSAg

�kg Ò �k���ãÃãScdJ�|�Û_ÙtkQZS¶��_�]eQZN�aUS¶q��|N�al]sQZSÈds�=TxQA��Scd~TxbASOt�QZS¶XZ�|N�ac_��=TxS�_�acacd~��_��=T¶t�_���SO]sQAS¶QA�9TcacbAQZSQnTh]eQZS^Sc��aUTxdeQZS^t�Q
f
ÃG�|�ñ�|QANkThX�_�]eXZN�]eQZa�]s_�XÇÍ�_�]sQAN�a^t�bZ�=_��|bZQ�q�_�a

f
�GXAQ�SUQZax_��|a$#�XZQrê�N���Q_�qkq�]sdeX�_�Tcds�|�

[f ] : Xm×Y n −→M
Ã���º

M
QASUT¬]ÅPºQZ��SUQZp«��]eQìt�_���S¬]eQZ[9N�QA]9�jd~�|QZ�=T7]eQZSHp�QAScN�aUQZSt�Q^XÇÍ�_�]sQZNkaZg

�¹QZS�tk�|����bAQZS�t���de�|QA�=T¹�|bAacd~��QZaìN��ÙXAQZaUTx_�ds�����|p«�kacQ¶tkQ¶q�aU�|q�acdebATcQZSZÃj_�����t'P¼lATxaUQ¶NkTcds]edsSx_���]sQAS7QZ�q�ac_�Txde[jNkQ��
V } QZSO_�q�q�]edsX�_;Txds����S

f∗
Ã
f ∗ QnT [f ]

t���de�|QA�=T�q��|Nk�|��dsa¶SUQ�X�_�]eXZN�]eQZa¶êÙq�_�aWTxdsaÈt�QZS
ϕ∗

Ã
ϕ∗ QnT [ϕ]q��|N�a^XÇÍ�_�[9N�QÙ�|bZ��bAax_�TcQZN�a

ϕ
_�q�q�_�ac_�dsSUSx_��=Tht�_���S

f
gJ¡O� t�QZp�_���t�QAax_/_�]s�|aUS\ê

(·)∗
QAT

(·)∗t'P¼lATcacQlt�QZSØÀ¾�|��XnTxQAN�acSìp��|�k��¿�t�_�Nom�QnT¹�|�rt��|�k��QZac_hN���QuÀ¾�|aUp«N�]sQ�q��|N�aØXZ_�]sXAN�]sQAa
[f ]

ê^q�_�aWTxdeat�QAS
ϕ∗

Ã
ϕ∗ QAT [ϕ]

gØ¡O�3_Êtkb×ûcêñp�QA�9Tcds�|�k��b�]sQ�À¨_�deT«[9N�Q�]eQZS�XÇÍ�_�]eQZN�aUS��|�|�=TrSZPº�|�kTcQZ��dea�QZ�_EûU��NkTÇ_��=T�XAQZ]e]sQZSÙt�bZ�=_��|bZQAS�q�_�a�]sQAS�XZ��p�q��|Sx_��9TcS�bZ]ebZprQZ�=TÇ_�deacQá���|�+��_Út�QZp�_���tkQZa�ê
Mt'P¼lATcacQ^N���p�������¿�tkQ�XZ�|prp«NkTx_�Txd~À×g

V�¡O���|QANkTì_�N�ScSUd�[9N�Q�Ã=SUd��|��acQZprq�]s_�XZQ�t�_���S
f
N���Sc��N�SWV�XZdsaUXZN�d~T

g
q�_�a7N���Sc�|NkSWVYXAdsaUXZN�d~T

h
Ã|TxQZ]eS[9N�Q

g
t�bZ�|_��|Q�q�]eN�S�t�Q�XÇÍ�_�]sQZNka�[jNkQ

h
q��|N�a�tkQZS�XZ��N�ax_��=TcSldet�QZ�=Tcds[9N�QZSAÃ�_�]e�|acS

f
QZ��t�bZ�|_��|Q_�NkScScd�q�]eN�SØ[jNkQ¶]sQuXAdsacXAN�deTÔ�|�oTxQZ�9NÙ_�q�acwAS¹aUQZprq�]`_�XAQZprQZ�=T�g � �|N�SØ�|QAacac����S¹[9N�QÈX�PºQZSUT¹]sQuX�_�SìSUd]ðPR�|�Ùp«N���d~T

X
Ã
Y
QnT
M
t�Q�acQA]`_�Tcds�|�kS¹t'Pº�|actkacQ�QAT�[jNkQ\]ðPR����t�QZp�_���tkQ^ê«XÇÍ�_�XZNk��Q^t�QZS�Tcac�|deS_�qkq�]sdeX�_�Tcds�|��Sìt�bZaUde��bZQZSlt'PºN����|bZ��bAax_�TcQZN�a

ϕ
t'P¼lATxaUQ^XZac��dsScSc_��=TxQ�g

ð5Ô�Õ~Ô�� ¥"�j·Þ��©�§®¦Á´�³
O(X, Y,M)¡O��XA�|��SUdst�wAacQ�t�QANom�QA��ScQAp«��]sQAS��|actk�|����bAS¾~¾���|���jdstkQZSL�

X
QnT
Y
_�de��ScdC[jNãPRN���pr�|����¿Åt�QOXA�|p�Vp«NkTx_�Txd~À

M
p«Nk��dhtãPRN��ø�|act�aUQåSWTxacdeXAT�XZ�|prq�_�Tcds��]eQá_���QZXÚSc_3SUTcacN�XnTxN�aUQ�ÃOX�PRQASUTUVYê;VYtkdsacQñ�|bAacd~�Þ_��=T

x + z > y + z
qC�|Nka�Tx�|N�S

x, y, z ∈M
TxQA]sS�[9N�Q

x > y
g

D q�_�aUTxdeaÈtkQéXZQASOt��|�k��bZQASZÃ'�|��XZ�|��SWTxaUN�deTÈN���Q«��qCbAax_�t�Q
O(X, Y,M)

[9N�dHXZ�|�=TxdeQZ�=TO]eQZSÈds�kÀ¾�|a×Vp�_�Txde�|��S�t����9Tl����N�Sl_����|��Sl�CQASc�|de��qC�|Nka�ds�=TxQAacq�aUbATxQAau]sQZS�¸�wAXÇÍ�QZSlt'PºN���Q\�|q�bZax_�t�Q�g
¡O�/q��|ScQ�Ã�qC��N�a�Tx�|NkS

m
QAT
n
QZ�=TcdsQZaUSh�

O(X, Y,M) = ORD(Xm, Xn)×ORD(Y n, Y m)×ORD(Xm × Y n,M).

�?���
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ÌÈ��Ql¸�wZXÇÍkQ
f : m −→ n

t�_���S
O(X, Y,M)

QZSWT�t�����XÈNk��TxaUdsq�]eQAT
(f∗, f

∗, [f ])
t'P·_�q�q�]sdeX�_�Tcds�|�kSXZaU�|dsSUSx_��=TcQZS��7�|�à_Û��dsQA�àSuþ�a�p«N��kd

Xm
Ã
Y n

QnT
Xm × Y n

t�QASr��act�aUQZS�q�ac�jt�N�d~TxS«de��t�N�d~TxS�q�_�aXZQANom�t�Q
X
QnT
Y
go�H�|N�aÔ]ÅPºds��SWTÇ_��=TZÃ

O(X, Y,M)
�'PºQZSWT�[9N'PºN���QÈScds����_�TxNkacQ�~¨QA��acdeXÇÍ�dsQx�ng � ��N�S¹_�]s]s����St�bn����dsa�tkQZSl�|qCbAax_�Tcds�|�kS�t�Q^q�ac�jt�N�d~T�QATlt�Q^XZ��p�q��|Scd~Txde�|��[9N�dGQZ��À¾QZaU�|�=TlN���Q^�|q�bZax_�t�Q�g

�J�|NkaÙ]sQ�q�aU�ot�NkdeT�ÃØSUN�q�q��|Sc�|�kS�[9N�Q
f : m −→ n

QAT
g : p −→ q

Sc���9TÙt�QZNjm3¸�wAXÇÍ�QZS�tkQ
O(X, Y,M)

gJ¡O� t�bA���kdeT
f ⊗ g

XZ�|prp�Q�]s_�¸�wZXÇÍ�Q
m + p −→ n + q

t�Q
O(X, Y,M)

tkbA����deQ�ÃXZ��p�q��|Sx_��9TcQ^q�_�a�XZ��p�q��|Sx_��9TcQ�Ã�q�_�a��
V

(f ⊗ g)∗ = f∗ × g∗
�

V
(f ⊗ g)∗ = f ∗ × g∗

�
V

[f ⊗ g]
QZSWT¶tk�|����bAQ\q�_�a�]sQ�tkd`_��|ac_�prp�QÈXZ�|prp«NkTx_�Txd~À®ScN�d~��_��9T\�
Xm+p × Y n+q ' //

[f⊗g]

��

Xm × Y n ×Xp × Y q

[f ]×[g]

��
M M ×M

+
oo

Ð¶NkTcacQAp�QA�9Tlt�d~T�Ã�q��|N�a�Tc�|N�S
~x ∈ Xm

Ã
~x′ ∈ Xp

Ã
~y ∈ Y n

QAT
~y′ ∈ Y q

�
[f ⊗ g](~x, ~x′, ~y, ~y′) = [f ](~x, ~y) + [g](~x′, ~y′).�J�|Nka�]`_ÙXA�|p�q��|SUdeTxde�|�'Ã�SUN�q�q��|Sc�|�kS\[9N�Q

f : m −→ n
QAT
g : n −→ p

Sc�|�=T^t�QANomÊ¸�wZXÇÍ�QAS\tkQ
O(X, Y,M)

go¡O�ÙtkbA����d~T
g ◦f

XZ�|prp�Q�]s_^¸�wZXÇÍ�Q
m −→ p

tkQ
O(X, Y,M)

tkbA����deQ�Ã9XZ��p�q��|Sx_��9TcQq�_�a�XA�|prqC�|Sc_��=TxQ�Ã�q�_�a��
V

(g ◦ f)∗ = g∗ ◦ f∗
�

V
(g ◦ f)∗ = f ∗ ◦ g∗

�
V

[g ◦ f ]
QASUTlt��|�k��bZQ^q�_�au]eQ�t�d`_���ax_�prp�QÈXZ��p�p«NoTÇ_�TcdeÀ®ScNkde��_��=T^�
Xm × Y p δ //

[g◦f ]

��

Xm × Y p ×Xm × Y p

Xm×g∗×f∗×Y p

��
M M ×M

+
oo Xm × Y n ×Xn × Y p

[f ]×[g]
oo

µ¶Q\pÙ_��kdswZaUQOQnmoq�]edsXAdeTxQ�Ã�Scd
~x ∈ Xm

QnT
~y ∈ Y p

�
[g ◦ f ](~x, ~y) = [f ](~x, g∗(~y)) + [g](f∗(~x), ~y).�J�|Nka¹Tx�|NoT�QZ�=TcdsQZa

n
Ãk]ðPRdet�QZ�=TcdeTxbut�Q

n
QZSWT�]sQlTxacdeq�]sQnTìÀ¾��acprbÈt�Q¶]ÅPºdst�QA�9TcdeTcbÈt�Q

Xn
Ãjt�QO]ðPRdet�QZ�=TcdeTxbt�Q

Y n
QATutkQO]ÅPR_�q�q�]edsXZ_�Txde�|��[9N�dãQZ�=�|�|deQOTx�|NkS�]sQZS¹bZ]sbAp�QA�=TxS�t�Q

Xn× Y n
ScN�a

0
Ãk]ðPRbA]sbZprQZ�=T��kQZNkTcacQt�Q

M
g�ÐÈ]s�|aUS��

» 8;DÞ57D ©�K²BEK D @y´^c ¤jî c�# MsX(iTW�gsWLK�kL�(INGFSUQjiTkCXYK�SUizXYKNi5gsI��ÁX(iTWLK�%5O S¾KNi qUX½SUQvMsGJW
O(X, Y,M)

WLKNQBMPXtW
kL�(INGuS�gsW k

�x� �
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n INopkCXYKNQjGuSUQviTkCX k � �|NkSltkQA�|����Sl��bZaUde��QAaÈ]eQZSu_�SUScQZaWTxde�|��SuScN�d~��_��=TxQZS^�V�]s_�XA�|prqC�|SUdeTcds�|��QnT¶]eQ\qkac�jt�N�deTlSU�|�=T¶��deQZ��t�bA����dsSAÃCX�PRQASUTUVYê;VYtkdsacQ^[9N�Q\]ÅPº�|���|�kTxdeQZ�=Tl��dsQA��t�QAS_�qkq�]sdeX�_�Tcds�|��SìXZaU�|dsSUSx_��=TxQAS��
V�]s_lXA�|p�q��|SUdeTxde�|��QZSWT7_�SUSc�jXZds_�Txd~�|QÔQAT¬_�t�prQATH]sQASJdet�QZ�=Txd~TxbASJXA�|p�prQØbZ]ebZprQZ�=TxSH��QZNoTxacQAS ]s�jX�_�NomÍ�
V�]eQ�q�ac�jt�N�d~T�QZSWTO_�SUSc�jXZds_�Txd~À®QATÈ_�t�prQATu]ðPRdet�QZ�=Txd~TxbOtkQ

0
XA�|prp�Q�bA]sbZprQZ�=Tu��QANkTxaUQh�kds]`_;TxwZaUQ¸�

V�]eQhq�aU�otkN�deT¶QZSUTÈÀ¾�|��XnTx�|aUdsQZ]ðÃÞX�PºQZSUTWV×ê;V�t�dsaUQé[9N'Pºds]®�|bAacde��Qé]`_racQA]`_�Tcds�|�/t'PRbAXÇÍ�_�����Q«acQA]`_�Tcde�|QAp�QA�=Tê�]`_�XA�|p�q��|SUdeTxde�|�'g� TÇ_��=Tìt��|����bu[9N�Ql]sQAS7XZ�|prqC��ScbZQASìQnTÔq�ac�jt�N�d~TxS7t'PR_�q�q�]edsXZ_�Txde�|��S XAac�|deScSx_��9TcQZSØSc���9Tìt�QAS¹_�qkq�]sdeX�_;VTxde�|��SuXZaU�|dsSUSx_��=TcQZS�V¹X�PRQASUTWV×ê;V�t�dsaUQ�[jNkQ
ORD

Ã�p«N���deQ\tkQhSU�|�/qkac�jt�N�deTlXZ_�aUTcbZScdeQZ��QZSWT¶N��kQhXZ_�TxbA�|�|acdeQpr�|����¿Åt�_�]sQ�VxÃode]�À¨_�NoT�ScQAN�]sQAp�QA�=T��|bAacde��QZa�[9N�Q
[f ⊗ g]

QnT�Ão]sQ¶XZ_�S�bAXÇÍ�b�_��=TZÃ
[g ◦ f ]

SU�|�=T�t�QZSu_�q�q�]sdÝVX�_;Txds����S�XZaU�|dsSUSx_��=TxQASÈtkwZSu[9N�Q
f
QnT
g
SU�|�=T¶t�QAS�¸�wZXÇÍ�QAS¶t�Q

O(X, Y,M)
g

¡O�ÛScN�q�q��|SUQ�[jNkQ
f : m −→ n

QnT
g : p −→ q

Sc���9TOt�QZSO¸�wAXÇÍ�QZS^t�Q
O(X, Y,M)

g®¡O����QZNkTpr�|�=TxacQAa�[jNkQ
[f ⊗ g]

QZSWTrXZac��dsSUSx_��=TxQ5�ÔSU�|dsQA�=T
~x ≥ ~x′ ∈ Xm

Ã
~y ≥ ~y′ ∈ Y n

Ã
~z ≥ ~z′ ∈ XpQAT

~t ≥ ~t′ ∈ Y q
�

[f ⊗ g](~x, ~z, ~y,~t) = [f ](~x, ~y) + [g](~z,~t).�¹�|prp�Q
[f ]

QnT
[g]
SU�|�=TÈXAac�|deScSc_��=TxQZSAÃÞ�|��_��

{

[f ](~x, ~y) ≥ [f ](~x′, ~y′)

[g](~z,~t) ≥ [g](~z′,~t′).¡O�/XA�|��XZ]eNkTl_�]e�|acS�QA�/NkTcds]edsSx_��9T¹]sQOÀ¨_�d~T�[9N�Q
≥
QZSWTÈXA�|prq�_�Txde��]sQO_���QZX

+
SUN�a

M
g

D q�aUbZSUQZ�=T�ÃCScN�q�q��|SU�|��S¶[9N�Q
f : m −→ n

QAT
g : n −→ p

Sc�|�=TÈt�QZS¶¸�wZXÇÍ�QASOt�Q
O(X, Y,M)

g¡O����_�pr�|�=TxacQAa�[9N�Q
[g ◦ f ]

QZSWT¶XAac�|deScSx_��9TcQ¸��Sc��dsQA�9T
~x ≥ ~x′ ∈ Xm

QAT
~y ≥ ~y′ ∈ Y p

�
[g ◦ f ](~x, ~y) = [f ](~x, g∗(~y)) + [g](f∗(~x), ~y).�¹�|prp�Q

[f ]
Ã
[g]
Ã
f∗
QAT
g∗
Sc�|�=TlXZaU�|dsSUSx_��=TxQASZÃ��|�/_��

{

[f ](~x, g∗(~y)) ≥ [f ](~x′, g∗(~y′))

[g](f∗(~x), ~y) ≥ [g](f∗(~x
′), ~y′).¡O�/XA�|��XZ]eNkTuQZ�kXZ�|aUQhQA�/NkTcds]edsSx_��9T¹]sQOÀ¨_�d~T�[9N�Q

≥
QZSWTÈXA�|prq�_�Txde��]sQ¶_��|QZX

+
SUN�a

M
g

�J�|Nka�]ÅPR_�ScSU�oXAd`_�Tcde�jdeTcb�t�Q�]s_áXA�|p�q��|SUdeTxde�|�'Ã ���+ScN�qkqC�|SUQÊ[9N�Q
f : m −→ n

Ã
g : n −→ pQAT

h : p −→ q
SU�|�=T¶Tcac�|deSl¸�wAXÇÍ�QZS�tkQ

O(X, Y,M)
QnTO[9N�Q

~x ∈ Xm
QAT
~y ∈ Y q

g Ò �ÊNkTcds]edsSx_��9Tl]eQÀ¨_�d~T�[9N�Qh]s_«XZ�|prq��|Scd~Txds����t�_���S
ENS

QZSUTÈ_�SUSc�jXZds_�Txd~�|Q�Ãk�|�/pr�|�=TxaUQ�[9N�Q��
(h ◦ (g ◦ f))∗ = ((h ◦ g) ◦ f)∗

QnT
(h ◦ (g ◦ f))∗ = ((h ◦ g) ◦ f)∗.

�?�e+
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�7N�dsS^�
[h ◦ [g ◦ f ]](~x, ~y)

=[g ◦ f ](~x, h∗(~y)) + [h]((g ◦ f)∗(~x), ~y)

=[f ](~x, g∗ ◦ h∗(~y)) + [g](f∗(~x), h
∗(~y)) + [h](g∗ ◦ f∗(~x), ~y).µéPR_�NkTxaUQhq�_�aUT^�

[[h ◦ g] ◦ f ](~x, ~y)

=[f ](~x, (h ◦ g)∗(~y)) + [h ◦ g](f∗(~x), ~y)

=[f ](~x, g∗ ◦ h∗(~y)) + [g](f∗(~x), h
∗(~y)) + [h](g∗ ◦ f∗(~x), ~y).�¹Qh[9N�dGtk�|����Q�ÃÞ_�N�����_�] �

h ◦ (g ◦ f) = (h ◦ g) ◦ f.�\_�act��|�kS
f : m −→ n

g��¹�|prp�Q
p∗ = idXp

QAT
p∗ = idY p

qC��N�a�Tx�|NkTuQA�=TxdsQAa
p
Ã��|�/_��

(f ◦m)∗ = (n ◦ f)∗ = f∗
QnT

(f ◦m)∗ = (n ◦ f)∗ = f ∗.

Ò �ÙNkTcds]sdeSx_��=TØXAQZS¹tkQZac�kdswZaUQZSÔbZ�=_�]sdeTcbZSØQATì]sQ�À¨_�d~TØ[9N�Q�ÃjqC��N�a7Tx�|NkTÔQA�9TcdsQAa
p
Ãj]ðP·_�q�q�]sdeX�_�Tcds�|�

[p]
QASUTXZ����SUTx_�p�prQZ�=TubA�=_�]sQ^ê

0
Ã��|���|�kTxdeQZ�=T^�

[f ◦m] = [n ◦ f ] = [f ].

�¬_�auSUN�deTcQr�
f ◦m = n ◦ f = f.¡O�2_Û_�ds��SUdÈ�

O(X, Y,M)
QASUT�N��kQ�X�_�TcbZ�|�|aUdsQ�g D q�aUbZSUQZ�=T�Ã7aUQZ�=_�aUt��|��Sé]sQ�q�aU�otkN�deTÙ�¬Sc��dsQZ�=T

f : m −→ n
Ã
g : p −→ q

QAT
h : k −→ l

TxaU�|dsS�¸�wAXÇÍ�QZS�t�Q
O(X, Y,M)

g Ò �úNoTxds]edsSc_��=T]ÅPR_�SUSc�jXZd`_;Txde�jd~Txb\t�Nñq�ac�jt�N�d~T�X�_�aWTxbAScdsQA�ñt�Q�]`_�XZ_�TxbA�|�|acdeQ«t�QAS�QZ��SUQZp«��]eQZSAÃG�|�ñ�|�kTxdeQZ�=T�]eQZS�bZ�|_�]sd~TxbZSScNkde��_��=TxQAS\�
((f ⊗ g)⊗ h)∗ = (f ⊗ (g ⊗ h))∗

QAT
((f ⊗ g)⊗ h)∗ = (f ⊗ (g ⊗ h))∗.

�7N�dsSAÃ�ScN�q�q��|SU�|��Sl[jNkQ
~x ∈ Xm

Ã
~x′ ∈ Xp

Ã
~x′′ ∈ Xk

Ã
~y ∈ Y n

Ã
~y′ ∈ Y q

QnT
~y′′ ∈ Y l

�Þ_�]s�|aUSO�
[(f ⊗ g)⊗ h](~x, ~x′, ~x′′, ~y, ~y′, ~y′′)

=[f ⊗ g](~x, ~x′, ~y, ~y′) + [h](~x′′, ~y′′)

=[f ](~x, ~y) + [g](~x′, ~y′) + [h](~x′′, ~y′′)

=[f ](~x, ~y) + [g ⊗ h](~x′, ~x′′, ~y′~y′′)

=[f ⊗ (g ⊗ h)](~x, ~x′, ~x′′, ~y, ~y′, ~y′′).

�x��Z
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Ò TÈtk�|��X��
(f ⊗ g)⊗ h = f ⊗ (g ⊗ h).Ò � NoTxds]edsSc_��=T¶]eQhÀ¨_�d~T¶[9N�Q

0∗ = 0∗
QASUT^]ÅPºN���de[9N�Q«_�qkq�]sdeX�_�Tcds�|�'Ã�t�_���S

ENS

ÃãtkNÛScds�k�|]sQnTx�|�Êt�_���S]sNkd~VYp,lZprQ�ÃãX�PºQZSUTWV×ê;V�t�dsaUQ�]ðPRbA]sbAp�QA�9T\��QANkTxaUQ���de]`_�TcwZacQ�t�Nåq�ac�jt�N�d~ThXZ_�aUTcbZSUdsQZ�åt�QÙ]s_/X�_;TxbZ���|acdeQ�t�QASQZ�kScQZpé��]sQASZÃÞ�|���|�kTcdsQZ�=T^�
(f ⊗ 0)∗ = (0⊗ f)∗ = f∗

QnT
(f ⊗ 0)∗ = (0⊗ f)∗ = f ∗.µ¶Qrq�]sN�SAÃ'q�N�deSc[9N�Q

[0]
QZSWT\]ÅPR_�q�q�]edsX�_;Txds����[9N�d7QZ�=���|dsQ�]ÅPºN���de[9N�Q�bZ]ebZprQZ�=T\t�NñScds�k�|]sQnTx�|�ñScNka

0
Ã]ÅPºbZ]ebZprQZ�=T���QANkTxaUQhtkQ

M
Ã��|��_��

[f ⊗ 0] = [0⊗ f ] = [f ].µéPº��ºá�
f ⊗ 0 = 0⊗ f = f.ÕY]®acQZSWTxQhê«�|bZaUde��QAaÈ]s_�acQZ]s_�Txde�|��t'PºbZXÇÍ�_����|Qr��Sc�|deQZ�=T

f : m −→ n
QAT
g : p −→ q

t�QANom�¸�wZXÇÍkQZSt�Q
O(X, Y,M)

g } Q�À¨_�d~T�[9N�Q
((t(f)⊗ g) ◦ (f ⊗ s(g)))∗ = ((f ⊗ t(g)) ◦ (s(f)⊗ g))∗ = (f ⊗ g)∗q�ac���jdsQA�=TOt�N�À¨_�deTl[9N�Q«]`_�X�_;TxbZ���|acdeQ

ENS

Ã�p«N���deQhtkQéSc���Êq�ac�jt�N�d~TlX�_�aWTxbZSUdsQA�'ÃCQASUT�pr�|����¿�t�_�]eQ�ÃQATlt�Q^p,lZprQ�qC��N�a��
((t(f)⊗ g) ◦ (f ⊗ s(g)))∗ = ((f ⊗ t(g)) ◦ (s(f)⊗ g))∗ = (f ⊗ g)∗.�7N�dsSAÃ�Scd

~x ∈ Xm
Ã
~x′ ∈ Xp

Ã
~y ∈ Y n

QAT
~y′ ∈ Y q

�
[(t(f)⊗ g) ◦ (f ⊗ s(g))](~x, ~x′, ~y, ~y′)

=[t(f)⊗ g]((f ⊗ s(g))∗(~x, ~x
′), ~y, ~y′) + [f ⊗ s(g)](~x, ~x′, (t(f)⊗ g)∗(~y, ~y′))

=[t(f)](f∗(~x), ~y) + [g](s(g)∗(~x
′), ~y′) + [f ](~x, t(f)∗(~y)) + [s(g)](~x′, g∗(~y′))

=[g](~x′, ~y′) + [f ](~x, ~y)

=[f ](~x, ~y) + [g](~x′, ~y′)

=[f ⊗ g](~x, ~x′, ~y~y′).

� ��Tc�|��S�[9N�Q�]ÅPº�|�y_ÛNkTcds]sdeScb�ÃJq��|N�a�]ðP·_���_��=TUV�t�QZaU��dswAacQ�bA�=_�]sd~Txb�ÃJ]s_ÊXZ�|prp«NkTx_�Txd~�od~Txb�t�Q
M
g } _ScQAXZ�|�kt�Qhq�_�aUTcdsQ�t�Q^]`_«aUQZ]s_�Txde�|��t'PºbZXÇÍ�_��k�|Q�Ã

[(f ⊗ t(g)) ◦ (s(f)⊗ g)] = [f ⊗ g],QZSWTÈTcax_�d~TxbZQ¶t�Q^pÙ_��kdswZaUQ�Scdep�de]`_�deacQ�go¡O��_�t��|��X^]sQ�aUbZSUN�]eTx_�T�g
♦

���?�
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ð5Ô�Õ~Ô%$ Ý ì ·B§®´Ã§®³Æ´²³:§®©ª´²±�«{¯Y­n·Áìí¹s±²§
O(X, Y,M)Â/�|�=TxaU�|��SÔê�q�acbAScQA�9TÔ[9N�Qu]ÅPº�|��q�QZNkTØpéN���dsa

O(X, Y,M)
t'PRNk���|aUt�acQ

>
t�QuacbAt�N�XnTxds���'g Ó �|deQZ�=T

m
QnT
n
t�QANomáQZ�=TxdeQZaUS��®�|�átkbA����d~T\t�QZS\acQA]`_�Tcds�|��S�tãPR�|aUt�acQ�Ã®SUTxaUdsXnTxS^�|N ���|�'Ã®ScNka

ORD(Xm, Xn)
Ã

ORD(Y n, Y m)
QnT

ORD(Xm × Y n,M)
QA��ac_�q�q�_;Txacds_��=T�Ã9q��|ds�=T�q�_�a�q��|ds�=T�Ãj]ÅPº�|aUt�acQÈt�N���NkT�ÃoX�PºQZSWTUVê;V�t�dsaUQ�ÃÞScd

f
QAT
g
Sc�|�=T�tkQZNomÊbZ]sbAp�QA�=TxS¶tkQ«]ÅPºN���tkQ«XZQAS¶TxaU�|dsSÈQZ��SUQZp«��]eQZSOtãP·_�qkq�]sdeX�_�Tcds�|��SuQnTOScd

�QZSWT
>
�|N
≥
Ã�QZ��qC�|Sc_��=T

f � g
SUd7�

qC��N�a�Tx�|NoT
~x, f(~x) � g(~x).

¡O�ÊqC��ScQ«_�]s�|aUSZÃ�Scd
f
QnT
g
SU�|�=TOt�QANom�¸�wZXÇÍkQZS�q�_�ac_�]s]ewZ]eQZS�t�Q

O(X, Y,M)
Ã
f > g

ScdH]sQZSuTxaU�|dsSXZ����t�deTcds�|�kS�ScN�d~��_��9TcQZSuSc���9TlaUQZprq�]sdeQZSO�
f∗ ≥ g∗, f ∗ ≥ g∗, [f ] > [g].

Ð¶]e�|acS��
» 8;DÞ57D ©�K²BEK D @�´^c ¤ ß^c D�S�GJWNO SUQjiTkCX

>
SUizXYKNiÃgsI��ÁX(iTW�KNMPGfO�WLKÃ�Ã�LhL�(WLK��YSUGuSUOzO��NO�WLK»gsW

O(X, Y,M)WLKNQ�MsX	kCGugUGJW�KNQvG6iThNQ²WNQ�MsXAijgsIFSUO5gsW
O(X, Y,M) k n WÃ�½ORMæK�%ÁKNi > Q"WNG6o�izXtW�KNMsG M %3SUO�kCGJK

>
WLKNQ

MsX kCGFgUGJW�gsW�GJIFgUM(hNQviTkCX KNMPG
O(X, Y,M) k

n INopkCXYKNQjGuSUQviTkCX k ¡O��t��|deTìpr�|�=TxacQAaZÃjt�_���S¹N���q�acQAp�deQZaØTxQAp�q�SAÃk[9N�Q > QASUT�Nk���|act�aUQOSUTcacdeXAT�XA�|p�Vq�_�Tcds��]eQ�_��|QAXh]s_«SUTxaUN�XATcN�acQ\t�Q^X�_;TxbZ���|acdeQ�p��|�k��¿�t�_�]sQ¶tkQ
O(X, Y,M)

g
�J�|Nkah]ðP·_��=Tcdsacbn¸�Qnmod~�od~Txb��®ScNkq�qC��Sc�|��S\[9N'Pºds]ØQnmodsSWTxQrN���Q�¸�wZXÇÍkQ

f : m −→ n
t�Q
O(X, Y,M)TxQA]s]eQl[9N�Q

f > f
g9Ð¶]e�|acSAÃjQA��q�_�aWTxdeXZN�]edsQZaAÃ

[f ] > [f ]
g Ó dC���ÙXÇÍ��|deScd~T¹N��ÙbZ]sbAp�QA�=T

~x
t�_���S

Xm×Y n
Ã�|� �|�oTxdsQA�=T�_�ds�kScd¹Nk� bZ]sbAp�QA�=T

[f ](~x)
t�Q

M
��bZacd~�Þ_��=T

[f ](~x) > [f ](~x)
Ã¬SUdeTxN�_�Txde�|�ÚQnmoXA]sN�Q�q�_�a]ÅPR_��=Txdeacbn¸�Qnmode�jd~TxbOt�Q

>
ScN�a

M
g

�J�|Nka ]`_�Txac_���Scd~Txd~�od~Txbu�;ScN�q�q��|SU�|��S [9N�Q
f
Ã
g
QnT
h
Sc���9TJTxaU�|dsS®¸�wZXÇÍkQZS7q�_�ac_�]s]ewZ]eQZS®t�Q

O(X, Y,M)�|bAacd~�Þ_��=T
f > g

QnT
g > h

g�ÐÈ]s�|aUSZÃ�q��|N�a�Tc�|N�S
~x ∈ Xm

QnT
~y ∈ Y n

Ã��|�/_��






f∗(~x) ≥ g∗(~x) ≥ h∗(~x)

f ∗(~y) ≥ g∗(~y) ≥ h∗(~y)

[f ](~x, ~y) > [g](~x, ~y) > [h](~x, ~y).

Ò �+NkTxde]sdeSx_��=Tr]`_ÛTxac_���Scd~Txd~�od~Txb�t�QAS�acQA]`_�Tcds�|�kS�t'PR��act�aUQ
≥
ScN�a

Xm
QAT
Y n

QAT�t�Q�]s_ aUQZ]`_;Txds���t'Pº�|actkacQ^SUTcacdsXnT
>
SUN�a

M
Ã��|��XZ�|�kXZ]sNoTÈ[9N�Q

f > h
g

Â/�|�=TxaU�|��S�êÊq�aUbZSUQZ�=Tr[jNkQ
>
QASUT�N��ydet�b�_�]Ôt�Q

O(X, Y,M)
Ã¬X�PºQZSUTWV×ê;V�t�dsaUQÙ[9N�Q�Ã qC��N�aéTx��NkTxQ¸�wAXÇÍ�Q

h
Ãã]sQASO_�qkq�]sdeX�_�Tcds�|��Sut�Q

FlO(X, Y,M)
t�_���SO]sNkd~VYp,lZprQ

h ⊗ ·
Ã
· ⊗ h

Ã
h ◦ ·

QAT
· ◦ h

SU�|�=TSUTcacdeXATxQAp�QA�=TÈXAac�|deScSc_��=TxQZSAg

�U���
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�J�|Nkal]eQ^q�ac�jt�N�d~T���Sc�|deQZ�=T
f, g : m −→ n

QAT
h : p −→ q

Txac��dsS�¸�wAXÇÍ�QZSÈt�Q
O(X, Y,M)

_�ds��SUd[9N�Q
~x ∈ Xm

Ã
~y ∈ Y n

Ã
~z ∈ Xp

QnT
~t ∈ Y q

g�¡O��SUN�q�q��|ScQ\[9N�Q
f > g

g�Ð¶]e�|acS��
(f ⊗ h)∗(~x, ~y) = (f∗(~x), h∗(~y))

≥ (g∗(~x), h∗(~y))

= (g ⊗ h)∗(~x, ~y).

µ¶Q�p,lZprQ�Ãj�|���|�kTcdsQZ�=T�[9N�Q
(f ⊗ h)∗ ≥ (g⊗ h)∗

gk�ØNkdsSZÃoQZ��NkTcds]sdeSx_��=Tì[9N�Q
>
QZSUTuXA�|prq�_�Txde��]sQ_��|QAX

+
ScN�a

M
�

[f ⊗ h](~x, ~z, ~y,~t) = [f ](~x, ~y) + [h](~z,~t)

> [g](~x, ~y) + [h](~z,~t)

= [g ⊗ h](~x, ~z, ~y,~t).

µéPº��º
f ⊗ h > g ⊗ h

g�¡O�/t�bAp����9TcacQ�t�Q^p,lZprQ�[9N�Q
h⊗ f > h⊗ g

g
�J�|NkaÈ]s_�XA�|prqC�|SUdeTcds�|�Û��SU�|dsQA�9T

f, g : m −→ n
QAT
h : n −→ p

Tcac�|deS�¸�wZXÇÍ�QAS¶t�Q
O(X, Y,M)QAT

~x ∈ Xm Ã ~y ∈ Y p gÞ¡O�/SUN�q�q��|ScQ\[9N�Q f > g
gÞ¡O��_��

(h ◦ f)∗(~x) = h∗ ◦ f∗(~x)

≥ h∗ ◦ g∗(~x)

= (h ◦ g)∗(~x).

�J�|Nkal]ðPRde��bZ�|_�]sd~Txb�Ãj�|��_�NkTxde]sdeScbO]eQOÀ¨_�deT�[9N�Q
h∗
QASUTlXZaU�|dsSUSx_��=TcQ�g�¡O��_�_�NkScScdØ�

(h ◦ f)∗(~x) = f ∗ ◦ h∗(~x)

≥ g∗ ◦ h∗(~x)

= (h ◦ g)∗(~x).

�¹QATUTxQ^À¾�|dsSAÃ��|���'PR_rq�_�S�QZN��CQASc�|de�/t�N�À¨_�d~T�[9N�Q
h∗
QZSWT¶XAac�|deScSc_��=TxQ�g Ò �k���á�

[h ◦ f ](~x, ~y) = [f ](~x, h∗(~y)) + [h](f∗(~x), ~y).

�¹�|prp�Q
[f ] > [g]

Ã�q�_�auÍ=vjqC��TcÍ�wZSUQ�ÃÞ�|��_��
[f ](~x, h∗(~y)) > [g](~x, h∗(~y)).

µéPR_�NkTxaUQhq�_�aUTZÃ��|��_rSUN�q�q��|Scb^[9N�Q
f∗ ≥ g∗

Ã�t��|��X�Ã�t�N�À¨_�deT�[9N�Q
[h]

QASUTÈXZaU�|dsSUSx_��=TxQ�Ã��|��_��
[h](f∗(~x), ~y) ≥ [h](g∗(~x), ~y).

���?Ü
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ÕY]¹��Q�aUQZSWTxQ�q�]eN�S«[9N'PRêÊax_�qkqCQA]sQZaé[jNkQ
>
QZSUT�XA�|prq�_�Txde��]sQr_��|QAX

+
SUN�a

M
~¨QnT�t��|�kX

≥
]ðPRQASUT_�N�SUScd`�nÃ�q��|N�a�XZ����XZ]eN�acQ�[9N�Qr�

[h ◦ f ] > [h ◦ g],

QATlt��|�kX\[9N�Qr�
h ◦ f > h ◦ g.

ÐH��QZXh]sQZS�p,lZprQZS
f
QnT
g
QATlSUd

h : p −→ m
Ã����/pr�|�=TxaUQ�t�Q�À¨_�äZ�|��SUdsprds]`_�dsacQl[9N�Q��

f ◦ h > g ◦ h,

pÙ_�dsSlQZ�ÛNkTcds]sdeSx_��=TlXZQnTcTcQ«À¾�|dsSl[9N�Q
h∗
QAT

[h]
SU�|�=T�XZaU�|dsSUSx_��=TcQZSZgG¡��Ê_Ùt��|��XÙ�

>
QASUT�N��Ûdet�b�_�]t�Q

O(X, Y,M)
g

Ó N�q�q��|SU�|��SØêOq�aUbZScQA�=TØ[jNkQ
>
TcQZaUp�de��Q¹SUN�a

M
QAT7pr�|�=TxaU�|��SJ[jNkQ

>
TcQZacprds�kQ¹ScNka

O(X, Y,M)
ÃXZQl[9N�d�XZ�|��SWTxd~TxN�Ql]`_�t�QAac��dewZacQÈXZ�|�kt�deTcds�|�rê��|bZaUde��QAa¹q��|N�aØq�aU�|Nk�|QAa¹[9N�Q

>
QZSWT�N����|actkacQlt�QÈaUbZt�NkXnVTxde�|�'g Ó Nkq�qC��Sc�|��Sì[9N'PRde]ÞQnmodsSWTxQlN���Q¶SUN�deTcQÈSWTxaUdsXATcQZprQZ�=Tìt�bZXAac�|deScSx_��9TcQ

(fn)n∈N

t�Qu¸�wZXÇÍ�QAS
m −→ nt�Q

O(X, Y,M)
g=Ð¶]s��acSZÃ�QZ��q�_�aWTxdeXZN�]edsQZaAÃ

([fn])n∈N

QASUTØN���Q�SUN�deTcQ�SUTcacdsXnTxQAp�QA�9TØtkbZXZaU�|dsSUSx_��=TcQltãP·_�qjVq�]edsX�_;Txds����S¬t�Q
Xm×Y n t�_��kS M g Ó d�]ÅPº�|��XÇÍ��|deScd~T7N���bZ]ebZprQZ�=T

~x
t�_���S

Xm×Y n Ã|�|���|�kTcdsQA�9TØNk��QScNkdeTxQÙSUTxaUdsXnTxQZprQZ�=Tét�bZXAac�|deScSx_��9TcQ
([fn](~x))n∈N

t'PºbZ]ebZprQZ�=TxS«tkQ
M

�¬XZQnTcTcQ�Scd~TxN�_�Tcds�|�áQZSWT�QnmoXZ]eN�Qq�_�a�]ðPRÍ=vjq���TxÍ�wAScQ\t�Q�TxQAacprds��_�deSc�|�Ùt�Q
>
ScNka

M
gÞµ¶�|��X

>
TcQZacprds�kQ�ScN�a

O(X, Y,M)
g

♦

ð5Ô�Õ~Ô�& ¥m³:§Y©ª¹P±²è"¯P¦¸¯
¡O�/q�QZNkTÈ_�]e�|acSìÀ¾�|acp«Nk]sQZa¹]sQ�acbAScN�]~TÇ_�Tutk�|����_��=Tl]`_«TcQZXÇÍ���de[9N�QhtãPRde�9TcQZaUq�acbnTÇ_�Tcds�|��_��k���|��XAbZQr�

� �®±9DÞ8 ¯j° 6 ´^c ¤ > c�� XtW5�½GJILK?WNX(QTSUQviTkCXpgGFekL�(INGuS�gsW
(Σ, R)

QnWNG6o�izXtWéK>F izO½WC'�i�KNQ"WÃgsWNM('�WNXYK?WNo,|}O�WLK
XWNQ

Y
%fo�MsX(i�KAgGFekCGugUGJWLKêA}MsimQnWNG6o�izXtWNX(Qµ%fMsXÆopkCXtkC¿jgsW hLkCo�o�MsQ°SUQji w

M
%,o�MPX(ifgGF MsX kCGugUGJW gsW

GJIFgUM{hNQjiTkCX&%BSUizXYKNiûA}MÞF MPX�opkCG°�(�si�KNopW�gGFekL�(INGuS�gsWLK
F : LΣ −→ O(X, Y,M)

Q"WNOáK�A}M(W�%¬�(kCMsGÍQ"kCMPQ"W
GJ�TqUO�W

α
gsW
R
%3kCXASUizQ

F (s(α)) > F (t(α)) k
n INopkCXYKNQjGuSUQviTkCX k �7N�dsSU[jNkQ > TxQAacprds��QuSUN�a

O(X, Y,M)
QAT�tãP·_�qkacwZSì]sQ�TxÍkbZ�|aUwZprQéz|gR�kÃ9ds]�SUNYÛ�T�t�Qpr�|�=TxacQAaØ[jNkQ

F
ds��tkN�deTØN���p���acq�Í�deScprQ�t'PºÐO� Ó t�Q

(FlLΣ,Fl(R))
�|QAacS

(FlO(X, Y,M),Fl >)
ÃX�PºQZSWTUVYê;VYt�deacQ�[9N�Q

F (f) > F (g)
t�wASÈ[9N�Q

f →Rg
g

Ó N�q�q��|SU�|��SOt�����X«[9N�Q
f
QnT
g
SU�|�=T�t�QANom�¸�wZXÇÍ�QAS�q�_�ax_�]s]swA]sQASltkQ

LΣ
TcQZ]s]eQZSl[9N�Q

f →Rg
g��J_�at�bn����deTcds�|�Ùt�Q

(R)
Ãkde]ãQ½mkdeSUTcQOt��|��X�Nk��QOacwA�|]sQ

α
t�Q

R
_�de��Scd�[9N'PºN��/XA�|�=TxQ½moTcQ

C
t�Q
LΣ

TxQZ]eS¹[9N�Q��
f = C[s(α)]

QAT
g = C[t(α)].

�U��Ï
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µ¶Q¶qk]sN�SAÃ=XZ�|prp�Q
C
QZSWT¹Nk�ÙXZ���9TcQnmjTxQÈt�Q

LΣ
Ã9ds]�Q½mkdeSUTcQÈt�QANomr¸�wZXÇÍkQZS

h
QnT
k
t�Q
LΣ

_�de��ScdÞ[9N�Qt�QANom�QZ�=TxdeQZaUS
i
QnT
j
TxQA]sS�[9N�Qr�

C = k ◦ (i⊗�⊗ j) ◦ h.

µéPº��ºá�
F (f) = F (k) ◦ (i⊗ F (s(α))⊗ j) ◦ F (h)

q�N�deSc[9N�Q
F
QASUTÈN���pr�|aUq�Í�dsSUp�Q�tãPR�|q�bZac_�t�QASZgã¡�aAÃ�q�_�alÍ=voq���TcÍ�wZSUQ�Ã

F (s(α)) > F (t(α))
QAT
>QZSWTlXZ�|prq�_�Tcds��]eQ�_��|QZX\]sQAS�q�ac�jt�N�d~TxS�QnTÈXA�|prqC�|SUdeTcds�|��SìScN�a

O(X, Y,M)
Ã�XAQ^[jNkdGt��|����Q��

F (f) > F (k) ◦ (i⊗ F (t(α))⊗ j) ◦ F (h)

= F (g).

♦

üØ��v|�|��SÙXZ�|prp�QA�=T�NoTxds]edsSUQZa�XZQ/acbZSUN�]eTx_�T�g } Q�À¨_�deTr[9N�Q
F
Sc��deTrN��+pr�|acqkÍ�dsSUp�Q�t'Pº�|q�bZac_�t�QZSAÃXZ���;ûUN��|N�b\ê�]`_«]eds��QZaUTcb�t�Q

LΣ
Ã�dep�q��|ScQ�[9N�Q

F
QASUTlQZ�=TxdewZaUQZprQZ�=Tlt�bATcQZacprds�kb\q�_�a�ScQASl��_�]eQZN�aUSlSUN�a]sQASÈ¸�wAXÇÍ�QZS^t�Q

Σ
gãÐÈds��SUdÅÃ�qC�|NkaO_�q�qk]sds[9N�QAaÈ]eQéaUbZScNk]eTÇ_;T�Ã�ds]®ScNYÛ�T�tkQé�kmoQZa

X
Ã
Y
QAT
M

QnTOt'PR_�ScSU��VXZdeQZaAÃoê\XÇÍ�_�[9N�QÈ�|bZ��bAax_�TcQZN�a
ϕ
t�Q

Σ
Ã=TxaU�|dsSÔ_�q�qk]sdsXZ_�Txde�|��S�hNGJkCi�KLK}SUX(Q"WLK

ϕ∗

Ã
ϕ∗ QAT [ϕ]

t�QuTxQA]s]eQlSU�|aUTcQ[9N�Q�ÃGq��|N�aÈTx�|NkTcQ�acwA�|]sQ
α
tkQ

R
Ã'�|� _�d~T

F (s(α)) > F (t(α))
ÃãX�PRQASUTUVYê;VYtkdsacQé[jNkQ

s(α)∗ ≥ t(α)∗
Ã

s(α)∗ ≥ t(α)∗
QAT

[s(α)] > [t(α)]
g

} Q\q�_�ax_���ax_�q�ÍkQ�ScN�d~��_��9Tlt�������Q^N���QnmoQZprq�]sQ�tãPRNkTcds]edsSx_;Txds���'g
ð5Ô�Õ~Ô¼Õ Ý ì ��§Y³£¶¨­n³�§ ³tÂ$³£¶Ø��èn³��Íèn¦ï��§®©ª¹s³ªì)¯P¦¸¯P­�·Áì

L(Z2)
� �|NkS�_�]e]s�|��S7NoTxds]edsSUQZa7]`_OTcQZXÇÍ���de[9N�QOt�bAXZacd~TxQlq�acbAXZbAt�QZprp�QA�=T¹q��|N�aÔt�bZpr�|�=TxaUQZaÔ]`_�TxQAacprds��_�deSc�|�t�Q�]s_Èq�aUbZScQA�=TÇ_�Tcds�|��t'Pº�|q�bZax_�t�QZS

L(Z2)
Ã�t��|�k��bZQ�q�_�a�
Ø�|QAS } _;À¾�|�=T7t�_���S�= } _�À¨£|�C>Åg } Pº�|q�bZac_�t�Q�_�de��Scdq�aUbZScQA�=TxbZQ�QASUT�XAQZ]e]sQ�t�QZS

Z/2Z
VYQAScq�_�XZQZS«��QZXnTx�|aUdsQZ]eSZÃHX�PºQZSWTUV×êEVYt�deacQr[jNkQÙScQAS�_�]e�|wZ��aUQZSht�_���Sh]`_/XZ_;VTxbA�|�|aUdsQ�t�QASÈQA��ScQAp«��]sQASuSc�|�=TÈQnmk_�XATcQZprQZ�=TÈ]sQZS

Z/2Z
VYQZSUq�_�XAQZSu�|QZXnTx�|aUdsQA]sSZÃ���N/QA��XZ�|aUQh]eQZS��|aU�|N�q�QZS[9N�d�Sc�|�=T�deSc�|pr�|acqkÍ�QZSìêht�QAS¹SU�|p�prQZSìt�Q¶XA�|q�deQZSÔt�Q
Z/2Z

Ãj�|N�QZ��XA�|acQO]eQZSÔ�|ac��N�qCQAS¹t�_���S¹]eQZSc[9N�QA]sSTx��NkTubZ]ebZprQZ�=TlQZSUTlSU�|�/qkac�|q�aUQ^ds�=�|QAacScQ�g
�¹�|prp�Q«�k�|N�S^]sQ«��QZacaU�|��S^q�]eN�S�]s�|de�'Ã�]`_ÙTxQAacprds��_�dsSc���Êt�Q

L(Z2)
Ã'[9N�d7�ãPRbnTÇ_�d~T�[9N�Q�XZ�|�;ûUQAXATcNoVacbAQ�ûUNkSc[9N'PR_�]s�|aUSZÃGQA�áÀ¨_�d~T^]sQ�q�acQAp�deQZa�Q½mkQAp�qk]sQ�t�Qrq�acbAScQZ�=Tx_�Txde�|�åXA�|�=�|QZaU�|QZ�=TcQ�t'Pº�|qCbAax_�tkQZS\qC�|Nka]`_�[jNkQZ]s]eQOds]ã�'PRQ½modsSUTcQ^q�_�Sut�Q^SUvjSUTcwZprQhtkQ\aUbZbAXZacd~TxN�aUQ^t�Q�TxQZaUp�QASuXZ�|�=�|QAac�|QA�=T¶bA[jNkde��_�]sQA�=T�g
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ÐH��_��=TuTx��NkT�Ã�ac_�q�q�QZ]e�|��S�]s_«q�acbAScQZ�=Tx_�Txde�|�
L(Z2)

g Ó _�Scde�|��_�TcN�acQ
Σ
QASUTlXZ�|�kSUTxd~TxN�bAQ�t�Q

6
�|bZ�kbnVax_;TxQZNkacS^�

0
η //

1
ε

oo
δ

// 2
µoo

τ

��

κ

QQ

¡O�éTxaU�|Nk�|QAax_Ot�QAS¬aUQZq�aUbZScQA�=TÇ_�Tcds�|��S¬�|ax_�qkÍ�ds[9N�QAS¬q��|N�a¬XAQZS SUd~m\¸�wAXÇÍ�QZS7t�_���S¬]s_l���|NkacQ��ogR��g�µ¶�|�jV���|�kSZÃ=q��|N�a7]ÅPºds�=TcN�deTcds�|�'ÃEXAQl[9N�QuaUQZq�aUbZScQA�=TxQZ�=TìXZQASì�|bA��bZac_�TxQAN�acSu�|]eQ���NkTØQASUTÔ[9N�Qu]ÅPº�|qCbAax_�tkQ
LΣ/R_�t�prQATUTxQ�Ã�q��|N�aÈ_�]e�|wZ��aUQZSlt�_���Sl]`_�X�_;TxbZ���|acdeQ\tkQZS¶QA��ScQAp«��]eQZSZÃ�]sQAS

Z/2Z
VYQAScq�_�XAQZS¶��QZXnTx�|aUdsQZ]eSZgC�¹QZS�|�jûUQnTxSuq��|ScSUwZt�QA�9T¶]sQAS��|qCbAax_�Tcds�|�kS�ScN�d~��_��9TcQZS^�

V�N��kQh_�t�t�deTcds�|�
µ(x, y) = x+ y

[9N�d®_�t�prQATuNk�/bA]sbZprQZ�=Tl��QANkTxaUQ
η
�

V�N��kQ\tkN�q�]sdeX�_�Tcds�|�
δ(x) = (x, x)

_�tkp�QnTcTÇ_��9TlN��kQ\XA�'����d~Txb
ε(x) = ∗

~¾Q��ã_�XZQAN�aL�½Ã�ÍkbZacd~TxbASltkQ]s_«SUTxaUN�XATcN�acQ\X�_�aUTxbAScdeQZ����Q^t�Q
ENS

�
V�N��kQ�qCQAacp«NoTÇ_�Tcds�|�

τ(x, y) = (y, x)
Ã®QZ]e]sQÙ_�N�ScSUd¹Í�bAacd~TxbZQÙt�Q�]`_�SUTcacN�XnTxN�aUQ�X�_�aWTxbZSUdsQA����Q�t�Q

ENS

g
D XZQAS�XZde��[���qCbAax_�Tcds�|��SAÃ9�|��QZ��_EûU��NkTxQONk��QOScdÝmodswZprQ�Ãj����TcbZQ

κ
QAT�XZ�|aUacQZSUqC����t�_��=Tuê

κ(x, y) =
(x+ y, x)

g Ò ]s]sQÈ�'PºQZSUTlq�aUbZSUQZ�=TxQ\[9N'P·ê�t�QAS�����Sut�Q�XZ���9��QZaU�|QZ��XAQhtkQ\]s_éq�aUbZScQA�=TÇ_�Tcds�|����QA]s]sQÈQZSWT�Ã�QZ�Q��CQATZÃ�ScN�q�QZaW¸�N�Q�Ã�XZ_�aZÃ�SUd
x
QnT
y
Sc���9Tlt�QASÈbA]sbAp�QA�9TcSut'PRNk�

Z/2Z
V�QZSUq�_�XZQ^�|QAXATc�|acdeQZ]7�

κ(x, y) = (µ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)(x, y).

�¹QZSØ�|q�bZac_�Txde�|��S¬��bZacd~��QZ�=TÔN��rXZQAaUTÇ_�ds�����|pé��acQ�t�Q�aUQZ]s_�Txde�|��SZÃ�t��|���kbZQZSØXAd~V×_�q�acwASZg � �|N�S véTcac�|NjV�|����SZÃ9q�_�aØQ½mkQAp�qk]sQ�Ã=]ðP·_�ScSc�jXZds_�Txd~�jdeTxb¹QATÔ]`_�XZ��p�p«NoTÇ_�Tcde�jdeTcb�t�Q
µ
Ã=p�_�dsS7_�N�ScSUd�]eQ�À¨_�deT7[9N�Q�Ãot�_���SØN��

Z/2Z
V�QZSUq�_�XZQ^�|QAXATc�|acdeQZ]ÅÃ�XÇÍ�_�[9N�QhbA]sbAp�QA�9TlQASUTÈSc�|��q�ac��q�acQ\ds�=�|QAacSUQ�ÃÞX�PºQZSWTUV×êEVYt�deacQ�[9N�Q

x + x = 0
Ã�|NrQZ��XA�|acQl[9N�Q

µ◦ δ = η ◦ε
gj�¹d~Tx�|��S7QA��XZ��acQ�Ã9q��|N�a7����deaZÃ|]s_�acQZ]s_�Txde�|��t��|�k��_��=T¹]s_Ot�bZXA�|prqC�|SUdeTcds�|�t�Q

κ
QZ�ÊÀ¾�|�kXATxde�|�Êt�Q

µ
Ã
τ
QnT
δ
g'¡O�Ût�bA���kdeT�t�����X«]ÅPºQZ�kScQZpé��]sQ

R
t�QAS^�=ÁÙacwA�|]sQASOt�Q

L(Z2)
Ã'[9N�Q���|NkSltk�|�����|�kSlSUQZN�]eQZprQZ�=Tlt�Q^pÙ_���dswAacQ��|ac_�q�Í�de[jNkQ�t�_���Su]`_«����N�acQ\�kg·�oÃ�deScScNkQ\tkQ»= } _�À¨£|��>Åg

ÌÈ��Q/acQApÙ_�aU[9N�Q/SUN�aÙ]eQZSracwA�|]sQAS/�ØXÇÍ�_�[9N�Q�acwZ��]sQ
n
q��|ScSUwZt�Q/N���Q/SUvjp�bnTxaUds[9N�Q�Í�_�NkTUV���_�S

no
Ã�|�kTcQZ�9N�Q\QZ��acQA�9��QZaUSx_��=TO]eQZS�t�ds_��|ac_�p�prQZSAÃ�_��|QAX�ÃÞbA��QZ�=TxNkQZ]s]eQZprQZ�=T�Ã

n = no
g

¡O�3��_åNkTxde]sdeScQZa�]s_ TxQAXÇÍ���de[jNkQÛt'PRde�=TxQZaUq�acbnTÇ_�Tcds�|�2[9N�QÊ���|NkS�_��|�|�kS�XZ�|�kSUTxaUN�deTcQÊQZ�+�kgËÁ qC�|Nkat�bAp��|�=TcacQZau]eQ�acbZSUN�]eTx_�TuScNkde��_��=T^�
� �®±9DÞ8 ¯j° 6 ´^c ¤ Â^c D�S��½GJILK?WNX(QTSUQviTkCX

L(Z2) = (Σ, R)
Q"WNGNo�izXtW k

n INopkCXYKNQjGuSUQviTkCX k � �|NkS7_�]s]e�|��SHNkTxde]sdeScQZaH]`_uTxQAXÇÍ���ds[9N�Q�tkbZXZaUdeTcQ�_��|QZX X = Y = N∗ Ã;]ÅPºQZ��SUQZp«�k]sQ�t�QASQZ�=TcdsQZaUS¶��_;TxN�aUQZ]sSl���|���jNk]sSZÃÞp«Nk��d®t�QéSU�|�Ê�|aUt�acQ\N�ScNkQZ]ÅÃ�QAT
M = [N∗]

Ã�]sQ\pr�|����¿Åt�Q^XZ�|prp«NkTx_�Txd~À]sde��acQ^QA���|QZ�kt�acb«q�_�a
N∗

��XZQATUTxQhSUTxaUN�XATcN�acQéScQZac_ÙQnmk_�prds�kbZQ«_�N�XÇÍ�_�qkdeTxaUQé��p�_�deSZÃ�q��|N�al]ÅPºds��SWTÇ_��=T�Ã

�U� ù
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���|NkSÔ�ãP·_��|����Sìq�_�S7�CQASc�|de��t�Qut�bATx_�ds]eS¬À¾�|acprQZ]eS���tkdsSc����SZÃ=q��|N�a7]ðPRde��SUTx_��=T�Ã�[9N�Ql]sQAS7bZ]ebZprQZ�=TxS7t�Q
[N∗]Sc���9Tlt�QASÈSU�|prp�QAS�����dsQASut�Q^]`_éÀ¾�|aUp�Q��

p
∑

i=0

ki.ni,

��ºÙ]eQZS
ki
QATì]sQZS

ni
SU�|�=T¹t�QASìQA�=TxdsQAacSÔ��_�TcN�acQA]sSØ���|���jNk]sSZgj¡O������TxQ

n
]ÅPºQZ�=TxdeQZa

n
�jNÙXZ��p�prQ�N���|bA��bZac_�TxQAN�aut�Q

[N∗]
QAT

0
]s_«Sc�|prp�QO�jdet�Q�g } PR_�t�t�d~Txds����QZSWT¶t�bn����deQ�QZ�/_EûU�|NkTx_��=TÈ]eQZS�XA�oQNÛ�XAdsQA�9TcS��q�_�a�Q½moQZprq�]sQ��

(2 + 2.5) + (3.2 + 3) = 4.2 + 3 + 2.5.

¡O�Êp«N���d~T
[N∗]

t�N o�MPORQjiTkCGugUGLWéQZ�k�|QZ��tkacb«q�_�a
>
ScNka

N∗
�����|NkS¶bATcN�t�deQZac����SOq�]eN�S¶QA�Êt�bATx_�ds]XZQnTcTcQ�XZ�|�kSUTxaUN�XATcds�|�Ú_�NÚXÇÍ�_�qkdeTxaUQ��ÊQnT«ax_�q�qCQA]s]eQZac����ShQA� ��g·�/[9N�Q�X�PºQZSWT�N�� �|aUt�acQ�t�Q�aUbZt�N�XnTxde�|�ScNka

[N∗]
ÃoXZ_�a

>
TxQZaUp�de��QlScN�a

N∗ goµ¶dsSU�|��SAÃoq��|N�aì]sQlp��|prQZ�=TZÃj[9N'Pºds]���bZacd~��Q a > b
ScdC]ÅPº�|��QASUT�t�_���SN���t�QZS�Tcac�|deS�X�_�SuScNkde��_��=TxS^�

V
a 6= 0

QAT
b = 0

�
V
a = n

QAT
b = k1.n1 + · · ·+ kp.np

ÃÞ_��|QAX
n > ni

qC�|NkauTc�|NkT
i ∈ {1 . . . p}

�
V
a = a′ + c

QnT
b = b′ + c

_��|QAX
a′ > b′

g
�¬_�auQ½mkQAp�qk]sQ�Ã

147.1 < 2 < 2.2
g

�J�|NkaOScdep�q�]ede��QAaZÃ��k��Tx�|�kS
O(N) = O(N∗,N∗, [N∗])

g � �|NkSO_�]e]s�|��SlXZ����SUTcN�dsaUQéN��Êpr�|aUq�Í�dsSUp�Qt'Pº�|q�bZax_�t�QZS
F : LΣ −→ O(N)

Ã=QZ�ÙXA�|prp�QA��ä�_��=TÔq�_�aØt�������QZaÔScQASÔ��_�]eQZN�aUSØScN�aÔ]sQASØ¸�wZXÇÍ�QAS¹t�Q
Σ
�

V
µ∗(i, j) = δ∗(i, j) = i + j

Ã
µ∗(i) = δ∗(i) = (i, i)

QAT
[µ](i, j, k) = [δ](k, i, j) = i+ k

�
V
η∗(∗) = ε∗(∗) = 1

Ã
η∗(i) = ε∗(i) = ∗

QAT
[η](i) = [ε](i) = i

�
V
τ∗(i, j) = τ ∗(i, j) = κ∗(i, j) = κ∗(i, j) = (i+j, i)

QAT
[τ ](i, j, k, l) = [κ](i, j, k, l) = i+k

g
} _Ùq�acQAp�dewZaUQhXA�|��SUTx_�TÇ_;Txds����QZSWT�[9N�Q«XAQZS¶��_�]eQZN�aUS¶Sc���9TOSUvjp�bnTxaUds[9N�QZS¶Í�_�NkTWVY��_�SAÃ�Tc�|NkT¶XZ�|prp�Q]sQAS�acwA�|]sQASZÃ¬tkQ�TcQZ]e]sQÙSU�|aUTcQ�[9N�Q�Ã7SUd

α
QZSWT�N���Q�acwA�|]sQ�tkQ

R
QnT
αo

Sx_ÛaUwZ�|]eQ�SUvjprbATxaUds[9N�Q�Ã �|�à_�deT
F (s(α)) > F (t(α))

SUd¬QnTOScQAN�]sQAp�QA�=TOScd
F (s(αo)) > F (t(αo))

gÞÐÈds��SUdÅÃÞds]®��Q«aUQZSWTxQéqk]sN�SÈ[jNkQ
39�|bAacd~��X�_�Tcds�|�kSuêrQN�ãQAXATxNkQZaZg

Â�_�deSÔ����q�QZNkTì_�]e]sQAa q�]sNkSÔ]e�|ds���=QA��QN�ãQnT�Ã9�|��_^QA�=�|��v|b
τ
QAT
κ
SUN�aÔ]`_Op,lZprQu¸�wZXÇÍ�Qlt�Q

O(N∗)
�_�de��ScdðÃHtkQ����|p«��aUQZN�SUQZS�aUwZ�|]eQZSéSUQ�acQnTxac��Nk�|QA�9T�det�QZ�=Tcde��bAQZS8�?ijS
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�J]sQZSéacwZ��]sQZS
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g�Ð¶ds�kScdÅÃÞde]G��QéaUQZSUTcQé[9N�Q

25
��bZaUde�kVX�_;Txds����SZÃ�_�N/]edsQZN�tkQZS

67
t�Q^t�bAq�_�aUTZg

} _�q�aUQZprdswZaUQhXÇÍk�|ScQéêr�|bAacd~��QZaÈQZSUTÈ[9N�Q«]eQZSÈ_�q�q�]edsX�_;Txds����S
ϕ∗

Ã
ϕ∗ QAT [ϕ]

q�aUQZ����QA�=T���dsQA��]eQZN�aUS��_�]sQAN�acSlt�_��kS¶]sQAS¶���|��SÈQZ��SUQZp«��]eQZSÈQATOSU�|�=TOXAac�|deScSx_��9TcQZS«�ÞXAQ«t�QZaU��dsQAaÈq��|de�9TÈQZSWTOt®þÊ_�N/À¨_�d~T¶[9N'Pºds]SZPR_��|d~T�t'PR_�q�qk]sdsXZ_�Txde�|��SÔqC��]evj�®E|prd`_�]eQZSÔê«XZ�jQ�ÛrXAdsQZ�=TcS�QZ�=TxdeQZacS¹qC�|SUdeTcdeÀ¾SZgk¡O��qCQANkT�t�����XO]sQAS�bATcQZ��tkacQ
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QZ��N���pr�|acqkÍ�dsSUp�Qìt'PR��qCbAax_�t�QAS
F : LΣ −→ O(N)

g=�7N�dsSAÃ�q��|N�a7XÇÍ�_�XAN���Qut�QAS7acwZ��]sQZS
α
acQASUTÇ_��9TcQZSAÃ�|��t��|d~T��|bAacde��QZau[9N�Q

s(α)∗ ≥ t(α)∗
Ã
s(α)∗ ≥ t(α)∗

QnT
[s(α)] > [t(α)]

g � ��Tc�|��S�[9N�Q\Scd
αo = α

Ã�|��_
s(α)∗ ≥ t(α)∗

Scd�QATìScQAN�]sQAp�QA�=T¹SUd
s(α)∗ ≥ t(α)∗

ÃjXAQÈ[9N�dÞSUdsprq�]sd~��Q�QZ�kXZ�|aUQÈ]eQZSØX�_�]eXZN�]eSØqC�|Nka]sQAS�acwA�|]sQAS
8
Ã
9
Ã
11
Ã
14
Ã
15
Ã
16
QAT

34
g

1.







(τ ◦ (ε⊗ 1))∗(i) = (i+ 1, 1) > (i, 1) = (1⊗ ε)∗(i)

(τ ◦ (ε⊗ 1))∗(i, j) = i = (1⊗ ε)∗(i, j)

[τ ◦ (ε⊗ 1)](i, j, k) = j + k + j + 1

[1⊗ ε](i, j, k) = k.�¹�|prp�Q
j ≥ 1

Ã
j + k > k

QATht��|�kX
j + k > k

�HtkQÙq�]eN�SZÃ
j + 1 > 0

Ã®XZQ�[9N�dìq�QZaUp�QnTétkQXZ����XZ]eN�acQ�g

2.







(τ ◦ (1⊗ η))∗(i) = (i+ 1, i) > (1, i) = (η ⊗ 1)∗(i)

(τ ◦ (1⊗ η))∗(i, j) = i + j > j = (η ⊗ 1)∗(i, j)

[τ ◦ (1⊗ η)](i, j, k) = i+ 2.j

[η ⊗ 1](i, j, k) = j.

4.







(κ ◦ (1⊗ η))∗(i) = (i + 1, i) > (i, i) = δ∗(i)

(κ ◦ (1⊗ η))∗(i, j) = i+ j = δ∗(i, j)

[κ ◦ (1⊗ η)](i, j, k) = i + 2.j

[η ⊗ 1](i, j, k) = i + j.

5.







(µ ◦ (η ⊗ 1))∗(i) = i+ 1 > i = 1∗(i)

(µ ◦ (η ⊗ 1))∗(i) = i = 1∗(i)

[µ ◦ (η ⊗ 1)](i, j) = 2.j + 1 > 0 = [1](i, j).

6.







(µ ◦ (1⊗ η))∗(i) = i+ 1 > i = 1∗(i)

(µ ◦ (1⊗ η))∗(i) = i = 1∗(i)

[µ ◦ (1⊗ η)](i, j) = i + 2.j > 0 = [1](i, j).

7.







(δ ◦ η)∗(∗) = (1, 1) = (η ⊗ η)∗(∗)

(δ ◦ η)∗(i, j) = ∗ = (η ⊗ η)∗(i, j)

[δ ◦ η](i, j) = i + j + i+ 1

[η ⊗ η](i, j) = i+ j.

���,+
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8.

{

(ε ◦ η)∗(∗) = ∗ = 0∗(∗)

[ε ◦ η](∗) = 2.1 > 0 = [0](∗).

9.

{

(τ ◦ τ)∗(i, j) = (2i + j, i+ j) > (i, j) = 2∗(i, j)

[τ ◦ τ ](i, j, k, l) = i+ j + i + k + l + k > 0 = [2](i, j, k, l).

10.







(τ ◦ κ)∗(i, j) = (2i+ j, i + j) > (i, i+ j) = ((1⊗ µ) ◦ (δ ⊗ 1))∗(i, j)

(τ ◦ κ)∗(i, j) = (2i+ j, i + j) > (i+ j, i) = ((1⊗ µ) ◦ (δ ⊗ 1))∗(i, j)

[τ ◦ κ](i, j, k, l) = i + j + i+ k + l + k

[(1⊗ µ) ◦ (δ ⊗ 1)](i, j, k, l) = 2.i+ k + l.

11.







(κ ◦ κ)∗(i, j) = (2i+ j, i + j) > (i + j, i+ j) = ((1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ δ))∗(i, j)

[κ ◦ κ](i, j, k, l) = i + j + i+ k + l + k

[(1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)](i, j, k, l) = 2.i+ j + 2.k + l.

¡O�/NkTcds]edsScQ¶dsXZdðÃkq��|N�a�XA�|��XZ]eN�acQ�Ã�]sQOÀ¨_�d~T�[9N�Q
i + j > i+ j

Ã�q��|N�a�Tc�|N�S
i
QAT
j
�k�|�/�9N�]eSZg

12.







(µ ◦ τ)∗(i, j) = 2i+ j > i+ j = µ∗(i, j)

(µ ◦ τ)∗(i) = (2i, i) > (i, i) = µ∗(i)

[µ ◦ τ ](i, j, k) = i+ j + i + 2.k

[µ](i, j, k) = i + k.

13.







(µ ◦ κ)∗(i, j) = 2i+ j > j = (ε⊗ 1)∗(i, j)

(µ ◦ κ)∗(i) = (2i, i) > (1, i) = (ε⊗ 1)∗(i)

[µ ◦ κ](i, j, k) = i + j + i+ 2.k

[ε⊗ 1](i, j, k) = i.

14.







(µ ◦ δ)∗(i) = 2i > 1 = (η ◦ ε)∗(i)

[µ ◦ δ](i, j) = 2.i+ 2.j

[η ◦ ε](i, j) = i+ j.

�U�?Z
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15.







(δ ◦ µ)∗(i, j) = (i+ j, i + j) = ((1⊗ µ) ◦ (κ⊗ 1) ◦ (1⊗ δ))∗(i, j)

[δ ◦ µ](i, j, k, l) = i + j + i+ k + l + k

[(1⊗ µ) ◦ (κ⊗ 1) ◦ (1⊗ δ)](i, j, k, l) = 2.i+ j + 2.k + l.

16.







((τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))∗(i, j, k) = (2i+ j + k, i+ j, i)

((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j, k) = (i+ j + k, i+ j, i)

[(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)](i, j, k, l,m, n) = i + j + 2.i+ l +m+ 2.l

[(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m, n) = 2.i + j + 2.l +m.

22.







((µ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))∗(i, j, k) = (2i+ j + k, i)

> (i+ j + k, i) = (τ ◦ (1⊗ µ))∗(i, j, k)

((µ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))∗(i, j) = (2i+ j, i, i)

> (i+ j, i, i) = (τ ◦ (1⊗ µ))∗(i, j)

[(µ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)](i, j, k, l,m) = i+ j + 2.i+ 3.l

[τ ◦ (1⊗ µ)](i, j, k, l,m) = i + j + 2.l.

26.







(τ ◦ (µ⊗ 1))∗(i, j, k) = (i + j + k, i+ j) = ((1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j, k)

(τ ◦ (µ⊗ 1))∗(i, j) = (i+ j, i + j, i) = ((1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j)

[τ ◦ (µ⊗ 1)](i, j, k, l,m) = i + j + i+ l +m+ l

[(1⊗ µ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m) = 2.i+ j + 2.l +m.

28.







(τ ◦ (1⊗ µ) ◦ (τ ⊗ 1))∗(i, j, k) = (2i+ j + k, i+ j)

> (i+ j + k, j) = ((µ⊗ 1) ◦ (1⊗ τ))∗(i, j, k)

(τ ◦ (1⊗ µ) ◦ (τ ⊗ 1))∗(i, j) = (2i+ j, i + j, i)

> (i, i+ j, i) = ((µ⊗ 1) ◦ (1⊗ τ))∗(i, j)

[τ ◦ (1⊗ µ) ◦ (τ ⊗ 1)](i, j, k, l,m) = i + j + 2.i+ l +m + 2.l

[(µ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m) = i+ j + 2.l.

30.







(τ ◦ (1⊗ µ) ◦ (κ⊗ 1))∗(i, j, k) = (2i+ j + k, i+ j)

> (i+ j + k, i + j) = ((1⊗ µ) ◦ (κ⊗ 1) ◦ (1⊗ τ))∗(i, j, k)

(τ ◦ (1⊗ µ) ◦ (κ⊗ 1))∗(i, j) = (2i+ j, i+ j, i)

> (i+ j, i + j, i) = ((1⊗ µ) ◦ (κ⊗ 1) ◦ (1⊗ τ))∗(i, j)

[τ ◦ (1⊗ µ) ◦ (κ⊗ 1)](i, j, k, l,m) = i+ j + 2.i + l +m + 2.l

[(1⊗ µ) ◦ (κ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m) = 2.i + j + 2.l +m

�?Ü��
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32.







(µ ◦ (1⊗ µ) ◦ (τ ⊗ 1))∗(i, j, k) = 2i+ j + k > i + j + k = (µ ◦ (1⊗ µ))∗(i, j, k)

(µ ◦ (1⊗ µ) ◦ (τ ⊗ 1))∗(i) = (2i, i, i) > (i, i, i) = (µ ◦ (1⊗ µ))∗(i)

[µ ◦ (1⊗ µ) ◦ (τ ⊗ 1)](i, j, k, l) = i + j + 2.i+ 3.l

[µ ◦ (1⊗ µ)](i, j, k, l) = i + j + 2.l.

33.







(µ ◦ (1⊗ µ) ◦ (κ⊗ 1))∗(i, j, k) = 2i+ j + k > j + k = (ε⊗ µ)∗(i, j, k)

(µ ◦ (1⊗ µ) ◦ (κ⊗ 1))∗(i) = (2i, i, i) > (1, i, i) = (ε⊗ µ)∗(i)

[µ ◦ (1⊗ µ) ◦ (κ⊗ 1)](i, j, k, l) = i+ j + 2.i+ 3.l

[ε⊗ µ](i, j, k, l) = i+ j + l.

34.







((µ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1))∗(i, j) = (2i+ j, i) > (i+ j, i) = κ∗(i, j)

[(µ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)](i, j, k, l) = 3.i+ 3.k

[κ](i, j, k, l) = i+ k.

36.







((µ⊗ 1) ◦ (1⊗ δ) ◦ τ)∗(i, j) = (2i + j, i) > (i + j, i) = κ∗(i, j)

((µ⊗ 1) ◦ (1⊗ δ) ◦ τ)∗(i, j) = (2i + j, i) > (i + j, i) = κ∗(i, j)

[(µ⊗ 1) ◦ (1⊗ δ) ◦ τ ](i, j, k, l) = i+ j + 2.i+ 3.k

[κ](i, j, k, l) = i+ k.

38.







(µ ◦ (1⊗ µ) ◦ (δ ⊗ 1))∗(i, j) = 2i+ j > j = (ε⊗ 1)∗(i, j)

(µ ◦ (1⊗ µ) ◦ (δ ⊗ 1))∗(i) = (2i, i) > (1, i) = (ε⊗ 1)∗(i, j)

[µ ◦ (1⊗ µ) ◦ (δ ⊗ 1)](i, j, k) = 3.i+ 3.k

[ε⊗ 1](i, j, k) = i.

39.







(µ ◦ (µ⊗ 1))∗(i, j, k) = i+ j + k = (µ ◦ (1⊗ µ))∗(i, j, k)

(µ ◦ (µ⊗ 1))∗(i) = (i, i, i) = (µ ◦ (1⊗ µ))∗(i)

[µ ◦ (µ⊗ 1)](i, j, k, l) = i + j + i+ 2.l

[µ ◦ (1⊗ µ)](i, j, k, l) = i + j + 2.l.

µéPº��º/]s_«TxQZaUp�de��_�deSc�|��tkQ
L(Z2)

Ã�QZ�/_�q�q�]eds[9N�_��=Tu]eQOTxÍ�bA�|acwAp�Q^�kg~zEÁog
♦
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} Qì��NoTJtkQÔXAQìq�_�ax_���ax_�q�ÍkQÔQASUTJt�QØt�bA����dsa®XZQÔ[9N�QÔSc�|�=TJ]sQZSGq�_�dsaUQZS®XZaUdeTxde[9N�QZS®t'PºN���QÔq�acbAScQA�9Tx_�Txde�|�t'Pº�|q�bZax_�t�Q�Ã�t�Q^TxQA]s]eQOSc�|aWTxQ^[9N�Q\]ÅPº�|���|�kTxdeQZ���kQ\Nk�/aUbZScNk]eTÇ_;Tu���|N�Sl_�SUScN�ac_��=T¶[9N'PºN���Q\q�acbAScQA�9Tx_�Txde�|�t'Pº�|q�bZax_�t�QuQZSUTÔXA�|�k¸�N�QA�=TxQuScd�QnTØScQZNk]sQZprQZ�=TÔScd�Tc�|NkTcQZSØScQASÔq�_�dsaUQZS7XZaUdeTcds[9N�QZS7SU�|�=T'ûU�|ds�|��_���]sQASZg��7N�dsSAÃ���|NkSlQASc[9N�deScScQAac�|�kS¶N���Q^prbATcÍ��otkQ�qC�|Nkal]eQZS�XZ_�]sXAN�]sQAa�Qnmoq�]sdeXZd~TxQZprQZ�=TZg
ð5Ôâä5Ô×Ö Å ¦Á­"§®³ª¹	«½§®­°¯P­×��±�³ª¹ ´��j±²ì�³ ��§®©ª¹s³ªì)¯P¦¸¯P­�·Áì ´��ü·Þ�¾©�§Y¦é´²³

µO_���Su]eQOX�_�S�tkQZS�q�aUbZScQA�=TÇ_�Tcds�|��Sut�Q�pr�|����¿�t�QASZÃk�k�|N�Su_��|�|�kSltkbA�|QA]s�|qkqCb�t�QANom�_�qkq�ac�jXÇÍ�QZSut�QASq�_�deacQAS XZaUdeTxde[9N�QZS���]ÅPºN���Q�Ã�t�dsaUQZXnTxQ�Ã�XZ�|�kScdsSWTxQuêOQ½m�_�p�de��QZa¬Tc�|NkTcQZS7]sQAS¬À¾�|aUp�QAS qC��ScScde��]sQAS t�Q���ac_���XÇÍ�Q½VprQZ�=TxSH]s�jX�_�NjmÍ�E]ÅPR_�NkTcacQ�Ã;�k�|�éXA�|��SUTcacN�XnTxd~�|Q�Ã;X�_�ax_�XnTxbZaUdsSUQì]eQZSHq�_�dsaUQZSHXZaUdeTxde[9N�QZSHScQA]s�|�\t�QZSJq�ac��q�acdebATxbAS_�]e�|bZ��aUds[9N�QASìt�QAS���ac_���XÇÍ�QAp�QA�9TcS�[9N�dã]eQZN�aÔSc���9T�_�ScSU�oXAdsbASZgk�¹QZq�QZ��t�_��9TZÃ�QZ�Ùax_�deSc�|��t�Q¶]s_\SWTxacNkXATxNkacQ_�]e�|bZ��aUds[9N�Q�q�]eN�S�XZ��p�q�]eQnmoQ�t�QASÈ�|q�bZac_�t�QASZÃ�]ÅPR_�q�qkac�jXÇÍ�Q^t�dsaUQZXATcQ�QZSWT¶q�aUQZSU[jNkQhdep�q��|ScSUds��]eQ�g
¡O�å��_/t��|�kXÙq�aUde�jds]ebZ�|deQZa�]`_�t�QZSUXZaUdsqkTcds�|�å_�]eTcQZac��_�Txd~�|Q�t�QZSéq�_�dsaUQZS\XZaUdeTxde[9N�QZS\t��|���kbZQ�t�_���Sé]eQX�_�S�t�QZS�pr��TxSAg Ó �|deT

(Σ,R)
N���Q�q�aUbZScQA�=TÇ_�Tcds�|�'goÐÈ����t'PR_�]e]sbZ��QZaÔ]sQZS¹����TÇ_;Txds����SZÃo�|��qC��ScQ

C = LΣ
g

¡O������TcQ
C3

]eQ
C
V�p��jt�N�]eQOt��|�=TÈ]sQZSu¸�wAXÇÍ�QZSOSU�|�=T¶]eQZS�TxaUdsq�]eQATcSltkQ\¸�wAXÇÍ�QZS¶q�_�ax_�]s]swA]sQAS�t�Q

C
QATp«N��kdHtkQZSÈ_�XATcds�|��Sut�ds_��|�|��_�]sQAS�t�Q

C
gC¡O������TcQ

B(Σ,R)
]ÅPºQZ��SUQZp«��]eQ^t�QZSÈ��ax_��kXÇÍ�QZprQZ�=TxSÈ]s�jX�_�Njmt�Q

(Σ, R)
g �¬_�acprdìXAQZNom9VYXAd¹QnT�qC��N�ahTc�|NkT«XA�|N�q�]eQ

(α, β)
t�Q�acwA�|]sQASét�Q

R
Ã¬�|�å����TxQ

B(Σ, α, β)]ÅPºQZ�kScQZpé��]sQ^t�QASÈ��ac_���XÇÍ�QAp�QA�=TxS¶]e�oXZ_�Nom
(f, g, h)

qC��N�au]sQZSU[9N�QZ]eSÈde]'QnmodsSWTxQ\t�QZSlXZ���9TcQnmjTxQAS
C
QnT
D�|bAacd~�Þ_��=T

(f, g) = C[α]
QAT

(f, h) = D[β]
gJ¡O�Ú_kÃ®XA�|p�prQrt�_���Sh]sQrX�_�S\t�QZSéq�acbAScQZ�=Tx_�Txde�|��SétkQpr�|����¿Åt�QZS��

j 6 °å° 6 ´^c ¤ L/c D!FeWNXYK?WNo,|}O�W
B(Σ,R)

WLKNQ)MsX�K?kCMæK�:
C
:"opk}gUMsO�W�gsW

C3 k n WHo�áNopW�%��(kCMsG�hL�YS\A}M(WhLkCM?�½O�W
(α, β)

gsW�GJ�TqUO�WLK�gsW
R
%éO$FeWNXYK?WNo,|}O�W

B(Σ, α, β)
WLKNQéMPX�K?kCM�K�:

C
:"opk}gUMPO�WHgsW

C3 k
¡O�+��_ _�]s�|aUSÙq�aU�|Nk�|QAa�[9N�QÛXÇÍ�_�[9N�Q

B(Σ, α, β)
q��|ScSUwZt�QÛN��kQÛN���ds[9N�Q/À¨_�p�de]s]eQ���bZ��bAax_�TcacdsXAQprds��depÙ_�]eQ�Ãj_�����t�Q^t�bn����deal]eQZS���ac_���XÇÍ�QAp�QA�=TxSlp�de��dsp�_�Nom�t�Q

(Σ,R)
�

» 8;DÞ57D ©�K²BEK D @#´^ce³ Ú c Z�kCiTWNX(Q
n ≥ 1

WNQ
A
MsX K?kCM�K�:

C
:"opk}gUMPO�W8gsW

Cn k Ç�O�kCGLK A �(k?KLK?�FgsW8MsXtWMsX(iBA}M{WÁw�SUo�izOzO�W$qsINXtINGFSUQjG6iThLWHo�izX(izo,SUO�W k
n INopkCXYKNQjGuSUQviTkCX k } _àt�bAp�����SUTcax_�Tcds�|�ÎÀ¾�|��XnTxde�|����QñQnmk_�XnTxQAp�QA�9T/XZ��p�prQñt�_���S�]sQñXZ_�S/tkQZS�p���V����¿Åt�QZSAg'¡O�ÊtkbA����d~TON��kQ«acQA]`_�Tcds�|����ds��_�dsaUQ

A
SUN�a

A
~¾�|NÊq�]eNkTJE�T

FlA
�uQZ�Êq��|Sc_��=T

f A g
SUdJ]ðPR�|�_

f = C[g]
q��|N�aÈN��ÊXAQZaUTx_�ds��XZ�|�=TxQ½mjTxQ

C 6= �
SUN�a

C
g'¡O�Ûpr�|�=TxaUQ«_�]e�|acSl[9N�Q

(A,A)
TcQZacprds�kQQATuTc�|NkTut�bAXZ�|N�]eQ^t�Q^]`êkg

} _�SUQZN�]eQ t�dVÛrXZNk]eTxb�qC�|Nka�p��|�=TcacQZa�]s_ TxQAacprds��_�deSc�|�ïQZSUT t�Q XA�|��SUTcacN�deacQ�]ðP·_�qkq�]sdeX�_�Tcds�|�
| · | : A −→ N

g7ÕYXAdÅÃ7�|�à��Q�Txac_���_�ds]s]eQÙq�_�SrSUN�art�QZSrp���TxS�p�_�dsS«SUN�art�QZS�¸�wZXÇÍkQZSZg¹�¹QZq�QZ�kt�_��=T�Ã]sQhÀ¨_�deT�[9N�Q
C
Sc�|d~T�]sde��acQAp�QA�9T¶QZ����QZ��t�aUbZQrq�_�a

Σ
���|NkS�qCQAacprQAT�t�Q�XA�|��SUTcacN�deacQ�N��kQ�_�q�q�]edsX�_;Txds���

�?Ü�Ü
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[9N�d'XA�|p�qoTxQO]eQO���|p«�kacQOt'Pº�|q�bZac_�TxQAN�acSut�Q
Σ
t�_��kS�N���QO¸�wAXÇÍ�Q^t�Q

C
�oX�PºQZSUTl]eQ¶q�QZ��t�_��9TZÃ�qC��N�a�]sQAS�|q�bZac_�TxQAN�acSAÃ�t�Q^]ÅPR_�q�q�]edsX�_;Txds���Ù[9N�dH_�ScSU�oXAdsQ�Sc_r]e�|���|N�QAN�auê�N���bZ]sbAp�QA�=Tut'PRNk�/pr�|����¿Åt�Q�]sde��acQ�g

µéPR_�q�acwASJ]s_�XZ�|��SWTxaUN�XATcds�|�\t�Q
C
Ã�Tc�|NkTcQ ¸�wZXÇÍ�Q

f
t�Q

C
SZPºbZXAacdeTHXA�|p�prQ7N���QØXA�|p�q��|SUbZQ

fq◦· · ·◦f1_��|QAXrXÇÍ�_�[9N�Q
fi
[9N�d QASUT\N��Ûq�aU�otkN�deT

pi ⊗ ϕj ⊗ qi
��º

ϕi
QZSWT^N���Q«¸�wAXÇÍ�Q�t�Q

Σ
QAT
pi
QnT
qi
SU�|�=Tt�QASÈQA�9TcdsQAacSZg�¡O��q��|ScQ\_�]e�|acS

|f | = q
g

ÕY]ÈÀ¨_�NoT�XZQAqCQA��t�_��=T��|bAacd~��QZa�[9N�Q�X�PºQZSUT��kdsQZ�3t�bA���kdÅÃ¹X�PRQASUTWV×ê;V�t�dsaUQ�[9N�QÛ]`_ñ��_�]sQAN�aÙt�Q
|f |

��Qt�bAqCQA��t�q�_�S7t�Q�]`_OtkbZXZ��p�q��|Scd~Txde�|�«XÇÍ��|deScdeQ�Ã|�|N�QA��XZ��acQu[9N�Q
| · |
QASUTØXA�|p�q�_�Txde��]sQ¹_���QZXu]sQAS7acQA]`_�Tcds�|��SNkTcds]sdeScbAQZS�q�QZ��t�_��9Tr]s_ÊXZ�|��SWTxaUN�XATcds�|�àt�Q

C
g �ØaUds��XAdsq�_�]sQZprQZ�=TZÃ¬�|�àt��|d~T«�|bAacde��QZa�[9N�Q�ÃØq��|N�a«Tx��N�S

m,n, p, q ∈ N
Ã
f ∈ LΣ(m,n)

QAT
g ∈ LΣ(p, q)

�
|(n⊗ g) ◦ (f ⊗ p)| = |(f ⊗ q) ◦ (m⊗ g)|.

¡O�Ê����TcQh[9N�Q«]eQZSu¸�wZXÇÍkQZS�t�Q
Σ
[jNkdJde�9TcQZaW�odeQZ���kQZ�=TOt�Qhq�_�aWT¶QnTOt'PR_�NkTcacQétkQé]ÅPºbZ�|_�]sd~Txb�Sc���9T¶]sQASp,lZprQZSl�oX�PRQASUTHûUNkSUTxQÈ]sQAN�aìqk]`_�XAQÈ[9N�d�XÇÍ�_�����QObA��QZ�=TxN�QA]s]eQZprQZ�=T�g Ò ��q�_�aWTxdsXAN�]sdeQZaAÃ|]sQl���|p«�kacQlt�Q¶XAQZS¸�wAXÇÍ�QZSÈQZSUTlXA�|��SUTx_��=T�gÞµ¶����X

| · |
QZSUTÈ��deQZ��t�bA����dsQ�g

♦

a ±\b @HK¾B�K D @�c �J�|Nka
α
QAT
β
tkQZNom aUwZ�|]eQZSO�kmobZQASZÃ®�|� _�q�q�QZ]e]sQ�|}GuSUXthL�(WNopWNX(Q3o�izX(izo,SUO5gsW

(Σ,R)WNXsqsWNX½gUGJIm�YSUG
(α, β)

Tx�|NoT�bA]sbAp�QA�9T�t�Q�]`_ÊÀ¨_�prds]e]sQÙ��bZ��bAax_�TcacdsXAQ/prds�kdsp�_�]sQrt�Q
B(Σ, α, β)

gÔ¡��_�q�q�QZ]e]sQ»|}GuSUXthL�(WNopWNX(Q)o�izX(izo,SUO�gsW
(Σ,R)

Tc�|NkTÈ��ax_���XÇÍ�QZprQZ�=T�]e�oXZ_�]G[9N�dHQZSUT¶QZ����QZ��t�aUb«q�_�alN��XZ��N�q�]sQ
(α, β)

tkQ\aUwZ�|]eQZSAg
�

�J�|Nkaét�bn����dsa^]eQZS\��ax_��kXÇÍ�QZprQZ�=TxShTxacd~�jd`_�NomCÃGde] À¨_�NkT\q�acQA��t�aUQÙQZ�áXZ�|prqkTcQ�]s_�SWTxacNkXATxNkacQ�_�t�t�d~VTxde�|����QA]s]eQìt�QASØ�|qCbAax_�TcQZN�aUS q�_�a7ac_�q�q��|aUT _�Nom«p��|�k��¿�t�QASZg�Ð¶ds�kScdÅÃ;Scd
α, β

Sc���9TØtkQZS7¸�wZXÇÍkQZSØt�Q�]ÅPºdstkb�_�]QZ�k�|QZ��tkacb\q�_�a
R
Ã�]sQAS�TxaUdsq�]eQATxS�SUN�de��_��=TcSlSU�|�=Tlt�QZSu��ac_���XÇÍ�QAp�QA�=TxSé�







(

s(α)⊗ s(β), t(α)⊗ s(β), s(α)⊗ t(β)
)

(

s(α)⊗ s(β), s(α)⊗ t(β), t(α)⊗ s(β)
)

_�ds�kScd'[9N�Q�Ã�t�_���Su]sQ�XZ_�Su��º
s(β)

QZSUTlXA�|p�q��|Sc_���]sQO_���QZX
s(α)

�






(

s(α) ◦ s(β), t(α) ◦ s(β), s(α) ◦ t(β)
)

(

s(α) ◦ s(β), s(α) ◦ t(β), t(α) ◦ s(β)
)

�¹�|prp�Q�]sQAS�t�QANom2q�acQAp�dewZaUQZS�À¾�|acprQZS�Sc���9TÙt�QZS�X�_�S�q�_�aWTxdsXAN�]sdeQZaUS�t�QZS�t�QZNom3t�QAac��dewZacQASr~¾�|�]sQhp����9TcacQ«��a)#�XAQ�_�NomÊacQZ]s_�Txde�|��SÈt'PRbAXÇÍ�_�����Q?�nÃã�|�ñ_�q�q�QZ]e]sQ-|}GuSUXthL�(WNopWNX(Q�QjG6iz�?ijSUOØt�Q
(Σ,R)

Tx��NkT��ac_���XÇÍ�QAp�QA�9Th]s�jX�_�]¬t�Q
(Σ,R)

[9N�dØqC�|SUScwAt�Q�]ðPRNk��Q�t�QZS\t�QANom t�QZaU��dswAacQAS^À¾��acprQZS�t�bAXZacd~TxQASZÃ®qC��N�aN���XZQAaUTx_�ds�
α
QATuN���XZQAaUTx_�ds�

β
t�_��kS�]ÅPºdst�bZ_�]CtkQ

C
QA���|QZ�kt�acb^q�_�a

R
g�ÌÈ���kax_���XÇÍkQZprQZ�=Tlp�de��dsp�_�]���|��TxaUde�jd`_�]ãt�Q

(Σ,R)
QZSWT¶_�q�qCQA]sb,|}GuSUXthL�(WNopWNX(Q�hNG6izQviBA}M(Wng Ò �k���'Ã����/t�bn����d~T^�

�xÜ|Ï
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a ±\b @HK¾B�K D @�cuÓ �|d~T
(Σ,R)

N���Q�q�acbAScQA�9Tx_�Txde�|�'gHÌÈ�kQ,�YSUizGJW-hNG6izQviBA}M(W�t�Q
(Σ,R)

QZSWTéN��kQÙt��|�k��bZQ
(f, C, α,D, β)

�Uº
α
QAT
β
SU�|�=T\t�QZNomáaUwZ�|]eQZS�t�Q

R
Ã
f
QZSUThN���Q�¸�wAXÇÍ�Q�tkQ

LΣ
QAT
C
QnT
D
SU�|�=Tt�QANom�XZ�|�=TcQnmjTxQASZÃÞ]sQOTc�|NkTu�|bAacde��_��=Th�

V } QZSut�QANom�����Tx_�Txde�|��S
C[s(α)]

QAT
D[s(β)]

�|�=TlN���ScQZ�kSÈQnTuSc�|�=TlTx�|NkTcQZSut�QANom�bZ�|_�]sQASÈê
f
g

V } Q�TxaUdsq�]eQAT
(f, C[t(α)], D[t(β)])

QASUTÈN�����ax_��kXÇÍ�QZprQZ�=TÈXZacd~Txde[jNkQ�t�Q
(Σ,R)

g
V Ó d

α = β
Ã�_�]s��acS

f 6= s(α)
g

} Q���ac_���XÇÍ�QAp�QA�=T«]s�jX�_�]
(f, C[t(α)], D[t(β)])

QZSUTé_�q�q�QZ]eb�|}GFSUXthL�(WNopWNX(Q²SCKLK?k?hNiTI�ê�]`_�q�_�deacQXZaUdeTcds[9N�Q
(f, C, α,D, β)

g¬¡O�2tkdeT�[9N'PºN���Q�q�_�deacQ�XZaUdeTcds[9N�Q�QZSWTrhLkCXx��M(WNX(QnW�SUd�Sc�|�à��ac_���XÇÍ�QAp�QA�9T_�SUSc�jXZdsbl]ÅPºQZSWT�g9Ìl��QÈq�_�dsaUQlXAacd~Txds[9N�Qut�Ql]`_�À¾�|aUp�Q
(f, C, α,D, β)

QASUT¹t�deTcQ�WNXsqsWNX½gUGJILWuq�_�aì]eQuXZ�|N�qk]sQt�QracwA�|]sQAS
(α, β)

g } PRQA��ScQAp«��]sQrt�QASéq�_�deacQAS\XAacd~Txds[9N�QAS^t�Q
(Σ,R)

QZSWT«����Txb
cp(Σ,R)

�|NåSUdsprq�]sQ½VprQZ�=T
cp(R)

g
�¥ 6 ° §�8 ô <®6 c µO_���S\]`_�t�bA����deTcds�|�'Ãã]`_�Txac��dsScdewZprQ�XZ�|�kt�deTcds�|� _�qC�|Nkah��NoTét'PºbZ]edsprds��QAaOt�QASéq�_�deacQASXZaUdeTcds[9N�QZSì]sQAS¹bZ]ebZprQZ�=TxSìt�QO]s_\À¾�|aUp�Q

(s(α),�, α,�, α)
g Ò ��Q��CQAT�Ãj]sQÈ��ax_���XÇÍ�QZprQZ�=Tu_�ScSc�jXZdebOêéNk�TxQA]GbZ]ebZprQZ�=TuQZSWT

(s(α), t(α), t(α))
��de]'QZSWTlt��|��X�Tx��N;ûU�|N�aUS�XZ�|�k¸�N�QZ�=T�g

¡O�/pr�|�=TxaUQ�]sQ�acbAScN�]~TÇ_�TuSUN�de��_��=T\�
j 6 °å° 6 ´^ce³ ¤�� F®6 © 5J§ K 8E6 © I|8 K²BEK¨ô <H6 © � c <$kCMsG�Q"kCMPQ»|}GuSUXthL�(WNopWNX(Q¾O�k?hFSUO

b
gsW

(Σ,R)
%�SUM

opkCizXYKHO$F MsXtW�gsW�hLWLK�gsWNM('�SCKLK?WNG6QviTkCXYKmWLKNQé�?GuSUiTW4l
* b

WLKNQ3hLkCXx��M(WNX(Q(Û
* b
WLKNQégsWÍO S3wxkCG6opW

b = C[g]
SU�UWLh

C ∈ CC
WNQ

g
WLKNQBO�W�|}GuSUXthL�(WNopWNX(QÁSCKLK?k?hNiTI`d,MsXtW��YSUizGJW

hNG6izQviBA}M(W¾gsW
(Σ,R) k

n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T b
N��Û��ax_���XÇÍ�QZprQZ�=T\]s�jX�_�]Jt�Q

(Σ,R)
g'ÐÈ]s�|aUSZÃãde]JQ½modsSUTcQ�N��Û��ac_���XÇÍ�QAp�QA�9Tprds��depÙ_�]

g
_�de��Scdo[9N'PRNk�rXA�|�=TxQ½moTcQ

C
TxQA]sS [9N�Q

b = C[g]
g Ó d

g
QASUT7TxaUde�jd`_�]ÅÃ;_�]s��acS

g
QASUTØXZ���k¸�N�QA�9TÔQnT

b = C[g]
_�NkScScdðg Ó N�q�q��|Sc����SÈ[9N�Q

g
QASUTÈN�����ac_���XÇÍ�QAp�QA�=TOXZaUdeTcds[9N�Q�g��¹��p�prQ

g
QZSWTON��/��ax_���XÇÍ�QnVprQZ�=TO]e�oXZ_�]ÅÃ����Û_

g = (f, g, h)
_���QZX

(f, g) = D[α]
QnT

(f, h) = E[β]
q��|N�alXZQAaUTÇ_�ds��S

α, β ∈ RQAT
D,E ∈ CC

g } _Êt��|����bAQ
(f,D, α, E, β)

�|bAacd~��Q�t��|��X
f = D[s(α)] = E[s(β)]

_�ds�kScd¹[9N�Q
g = (f,D[t(α)], E[t(β)])

QZSUT^Nk�Û��ax_��kXÇÍ�QZprQZ�=T^XZaUdeTcds[9N�Q�g'�¶PRQASUT^t�����X«N���Q�q�_�dsaUQéXZaUdeTcds[9N�QéQnT
gQZSWTl]sQ���ac_���XÇÍ�QAp�QA�9TÈ[9N�dG]sNkd'QZSWT¶_�ScSc�jXZdeb�g
♦¡O�/QA�/t�bAt�N�d~T^�

� �®±9DÞ8 ¯j° 6 ´^ce³�³ � F®6 © 5H§ K 8;6 © I|8 K¾B�Kðô <®6 © � c�� XtW��½GJILK?WNX(Q°SUQjiTkCXAWLKNQéO�k?hFSUO�WNopWNX(Q�hLkCXx�)M{WNX(Q"WÍKNi
WNQBK?WNMPO�WNopWNX(Q¸KNiBQ"kCMPQ"WLK�K?WLK3�YSUizGJWLKmhNG6izQviBA}M(WLKÍK?kCX(Q3hLkCXx��M(WNX(QnWLK k
n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T (Σ,R)

N���QØq�aUbZScQA�=TÇ_�Tcds�|�'g Ó N�q�q��|Sc����S®[jNãPRQA]s]sQ¬QZSUTH]e�oXZ_�]sQAp�QA�9TãXZ�|�o¸�N�QZ�=TcQ�gÐ¶]e�|acSAÃ�q�_�a t�bn����deTcds�|�ãÃ;Tc�|N�S SUQZS7��ac_���XÇÍ�QAp�QA�9TcSØ]s�jX�_�NomhSU�|�=T7XZ�|�o¸�N�QZ�=TcSZÃ|vhXZ�|prq�acdeS¬]eQZS ��ac_���XÇÍ�Q½VprQZ�=TxSOXAacd~Txds[9N�QAS���t��|��XéTc�|NkTcQZS¶]eQZSÈq�_�dsaUQZSÈXZacd~Txde[jNkQZS¶tkQ
(Σ,R)

Sc���9T¶XZ�|�o¸�N�QZ�=TcQZSZg®�ubZXAdsq�aU�o[9N�Q½VprQZ�=T�ÃjScN�qkqC�|SU�|��S�[9N�QÈTx�|NkTcQZS�]eQZSìq�_�dsaUQZSìXZacd~Txde[jNkQZSÔt�Q
(Σ,R)

SU�|�=T�XZ���k¸�N�QA�9TcQZS�QnT�[9N�Q
b
QASUT�N����ac_���XÇÍ�QAp�QA�9TO]s�jX�_�]G[9N�QA]sXZ����[9N�Q���t'P·_�q�acwASO]sQ\]sQAp�prQ^t�QZSÈq�_�dsaUQZSÈXZacd~Txde[jNkQZSZÃ

b
QASUT�XA�|�k¸�N�QA�=T��|N

�?Ü ë
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ds]�QASUT¹t�Q¶]s_�À¾��acprQ
b = C[g]

_��|QAX
C ∈ CC

QAT
g
]sQl��ac_���XÇÍ�QAp�QA�9T�_�ScSU�oXAdsbÈêhN��kQ¶q�_�deacQuXZaUdeTcds[9N�Q

pt�Q
(Σ,R)

g ¡Oa
p
QZSWT�XZ�|�o¸�N�QZ�=TcQ�t��|��X�ÃJq�_�aét�bn����d~Txds���'Ã

g
QASUTéXZ�|�k¸�N�QZ�=T�QAT

C[g]
_�N�SUScdÅg¬µO_���STx��N�Su]sQZS�XZ_�SZÃ

b
QZSWTÈXA�|�k¸�NkQZ�=T¶QnT

(Σ,R)
QASUTl]s�jX�_�]sQZprQZ�=T�XA�|�k¸�NkQZ�=TxQ�g

♦

µéPº��º'Ã�QZ�/_�q�qk]sds[9N�_��9Tu]eQ�]sQAp�prQOt�Q � Q��upÙ_��á�
ohDÞ8;D�¦¨¦¨§ K 8E6 ´/ce³Þ´^cE� X��½GJILK?WNX(QTSUQviTkCX�WLKNQ5hLkCX(�UWNGTqsWNX(Q"WéKNi7WNQtK?WNMsO�WNopWNX(QtKNi£WNOzO�W�QnWNG6o�izXtW�WNQªQ"kCMsQnWLK
K?WLK��YSUizGJWLKmhNG6izQjiBA}M{WLK�K?kCX(Q3hLkCXx��M(WNX(Q"WLK k
ð5Ôâä5ÔÜÓ � ¦éèn«¬±�èf´�³ª¹¸��¦é­"§Y³ª¹ «½§®­°¯P­���±�³ª¹
� �|NkS��|QZ�k�|��Sut�QOt�������QZa�Nk��Q�t�bA����deTcds�|��tkQZS�q�_�deacQAS�XZaUdeTxde[9N�QZS�_�t�_�qkTcbZQ^ê«]`_ht�bZpr�|��SWTxax_;Txds���t�N�]eQZprp�QuQnT¹t�N�TxÍ�bA�|acwAp�QÈt�N�p,lZprQl�k�|p/go�¹QAqCQA��t�_��=T�Ão���|N�Sì�'PR_����|��S�q�_�S¹t�QÈX�_�ac_�XATcbZaUdsSx_;Txds���Qnmoq�]edsXAdeTxQ�t�Q/XZQZSÙ�|�jûUQATcSZg � �|N�S�_�]s]e�|��S�t�bZpr�|�=TxaUQZa�dsXZduN��kQÊt�bA����deTcds�|�3_�]eTcQZac��_�Txd~�|Q�ÃØq�]eN�SÙSWvj�oVTÇ_Emkde[9N�Q�ÃJt�QZS�q�_�dsacQASéXAacdeTcds[9N�QASZÃ¬[9N�dì�|Nk�jacdeax_�Nk��Q�q�deSUTxQ��|QZaUS�N���Q�prbATcÍ��jt�QÙq��|N�a«]eQZShX�_�]eXZN�]eQZaZg�¹QZq�QZ�kt�_��=T�ÃÞXZQnTcTcQhXZ_�ax_�XnTxbAacdsSc_�Txde�|���'PºQZSUTu��_�]s_���]sQ�[9N�Q^q��|N�auXZQAaUTx_�ds��QASuq�acbAScQZ�=Tx_�Txde�|��SZÃÞ��deQZ��[9N�Q]`_«aUQZSWTxacdeXATcds�|����Q^XZ����XZQAac��Qh_�N�XAN���Q^t�Q^XZQA]s]sQASu[jNkdGScQZaU�|�=TlbATxNkt�dsbAQZSlq�_�a�]`_«SUN�deTcQ�g

� �®±9DÞ8 ¯j° 6 ´^ce³ æ c Z�kCiTWNX(Q
(Σ,R)

MsXtW��½GJILK?WNX(Q°SUQjiTkCX	gGFekL�(INGuS�gsW8WNQ
α
WNQ
β
gsWNM;'�GJ�TqUO�WLK»gsW

R�UING6i �)SUX(Q6l
<$kCMsG�Q"kCMæK�hLkCX(QnWC'�Q"WLK

C
WNQ
D
SN���½ORiThFS�|}O�WLK`d

γ
u
γ ∈ {α, β}

v,%£KNi
C[s(γ)] = D[s(γ)]WNQ

C[t(γ)] = D[t(γ)]
%�SUO�kCGLK

C = D k
Z�kCiTWNX(Q

f
MsXtW3�Ã�LhL�(W,gsW

LΣ
WNQ
C
WNQ
D
gsWLK8hLkCX(Q"WC'�Q"WLKfQnWNOáKMA}M{W

f = C[s(α)] = D[s(β)] kÇ�O�kCGJK
(f, C, α,D, β)

WLKNQfMsXtW8�YSUizGJW hNG6izQjiBA}M{WygsW
(Σ,R)

KNifWNQmK?WNMPO�WNopWNX(Q¾KNimO�WLK hLkCX½gUizQviTkCXYK
KNMsiz�CSUX(QnWLKÍK?kCX(QéGJWNo��½ORiTWLK4l

:�D�S²�$�LhL�(W
f
WLKNQ�gUi +ÍINGLWNX(Q"W�gsW

s(α)
g�SUXYKHO�W�hFSCKmk
�

α = β k: � O�WC'�i�KNQnW�MsXtWB�$�LhL�(W ϕ gsW Σ
%�SUizXYKNiÞA}M{W¾gsWLKmhLkCX(Q"WC'�Q"WLK

C0

WNQ
D0

�UING6i �)SUX(Q
C0[ϕ] = s(α)WNQ

D0[ϕ] = s(β) k:�D£WHhLkCM��½O�W
(C,D)

�UING6i ��W
C ◦C0 = D ◦D0

WNQ¸izO�WLKNQ5o�izX(izo,SUOU�(kCMsG�hLWNQjQnWé�½GJkL�½GNiTINQ"I�%5g�SUXYK
O�WHK?WNXYKHKNMPiz�CSUX(Q�lt�(kCMsG¾Q"kCMsQ�hLkCM��½O�WmgsWfhLkCX(QnWC'�Q"WLK

(C ′, D′)
WNQ�Q"kCMPQÃhLkCX(QnWC'�Q"W

E
�UING6i �)SUX(Q

C ′ ◦ C0 = D′ ◦D0

%
C = E ◦ C ′ WNQ D = E ◦D′ %3kCXAS E = � k

n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T (f, C, α,D, β)
N���Q\q�_�deacQ�XAacdeTcds[9N�Q�t�Q

(Σ,R)
g��¹��p�prQ�]sQ���ac_���XÇÍ�QAp�QA�=T

(f, C[t(α)], D[t(β)])
QZSWT¶�k�|��Txacd~�jd`_�]ðÃode]'QnmodsSWTxQ^N���Q�¸�wAXÇÍ�Q

ϕ
tkQ

Σ
_�de��Scd'[9N�Q^t�QASÈXA�|�=TxQ½moTcQZS

C0QAT
D0

TcQZ]sS¶[jNkQ
C0[ϕ] = s(α)

QAT
D0[ϕ] = s(β)

�CScde���|�'ÃC]sQZSÈ¸�wZXÇÍ�QAS
s(α)

QAT
s(β)

��Q�q�QZNk��QZ�=Tq�_�S�SUQ«XÇÍ�Qn��_�N�XÇÍ�QZa\t�_��kS
f
gãµÈQ�q�]sNkSZÃ']eQ

ϕ
dsSU�|]sbht�_���S�]s_�À¨_�XnTx�|aUdsSx_;Txds���

s(α) = C0[ϕ]
QAT�XAQZ]sNkdt�Q

s(β) = D0[ϕ]
SU�|�=T�]sQAS¶p,lZprQZSÈt�_���S

f
��ds]sSÈ_�q�q�_�ax_�deScSUQZ�=TOt�_���SO]sQ\p,lZprQhXA�|�=TxQnmjTcQ�Ã'XAQ«[9N�dScQ�Tcax_�t�NkdeTuq�_�a

C ◦ C0 = D ◦D0

g

�xÜ ù
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Â�_�de�9TcQZ��_��9TZÃ�SUN�q�q��|Sc�|�kS7[jNkQ
C ′
Ã
D′
QAT
E
Sc�|�=T Tcac�|deS¬XA�|�=TxQnmjTcQZS TxQA]sS [9N�Q¶�

C ′◦C0 = D′◦D0

Ã
C = E ◦ C ′

QAT
D = E ◦ D′

gHÐ¶]e�|acSAÃH]eQrTcacdeq�]sQnT
(f ′, C ′[t(α)], D′[t(β)])

QASUT«Nk�Ú��ax_���XÇÍ�QZprQZ�=T]s�jX�_�]ãt�Q
(Σ,R)

Ã�QA�/q��|Sc_��=T
f ′ = C ′[s(α)] = D′[s(β)]

g�µ¶Q^q�]eN�SZÃ�XAQ\�kax_���XÇÍkQZprQZ�=TÈ��bZaUde��Q��
(f, C[t(α)], D[t(β)]) = E[(f ′, C ′[t(α)], D′[t(β)])].

¡Oal]eQ���ax_���XÇÍ�QZprQZ�=T
(f, C[t(α)], D[t(β)])

_�bATxb^SUN�q�q��|Scb\p�de��dsp�_�]ðÃ=t��|��X
E = �

g
�lbAXZdeq�ac�j[9N�QZprQZ�=T�ÃoScN�qkqC�|SU�|��S�[9N�Q¶]ÅPº�|��_éNk��QOt��|�k��bZQ

(f, C, α,D, β)
��bZaUde�Þ_��=T�]eQZSìq�ac�|qkacdsb½VTxbASét�NÚTcÍ�bZ��acwZprQ��kgË�;��g } QrTxacdeq�]sQnT

(f, C[t(α)], D[t(β)])
QZSWT«N��å��ax_��kXÇÍ�QZprQZ�=T�]e�oXZ_�]ÅÃGq�NkdsSc[9N�Q

f = C[s(α)] = D[s(β)]
ÃEq�_�a¬Í9vjq���TxÍkwZScQ�g=µéPR_�q�aUwZS ]s_¶XZ�|�kt�deTcds�|�

C0[ϕ] = s(α)
QAT
D0[ϕ] = s(β)

Ãq��|N�a
ϕ
N���Q^¸�wZXÇÍ�Q\t�Q

Σ
Ã��|��Sx_�deTu[9N�Q\XZQ^��ax_���XÇÍ�QZprQZ�=TÈ]s�jX�_�]ãQZSUTl������Tcacde�jds_�]¬��]eQZS�Sc��N�acXAQZS¶tkQZSt�QANom�acwA�|]sQAS

α
QAT
β
SUQhXÇÍ�Qn��_�N�XÇÍ�QA�9T¶��dsQA��t�_���S

f
g

Ò �k���'ÃÔp����9Tcac�|�kSr[9N�Q
(f, C[t(α)], D[t(β)])

QZSUTÙN��3�kax_���XÇÍkQZprQZ�=TÙprds�kdsp�_�]¹t�Q
(α, β)

g DXZQnTcTcQ����ãÃ7ScN�q�q��|SU�|��SÙ[9N'Pºds]�Q½modsSUTcQ/Nk�2��ac_���XÇÍ�QAp�QA�=TÙ]e�oXZ_�]
(f ′, g′, h′)

t�Q
(Σ,R)

_�de��Scd¹[jNãPRN��XZ���9TcQnmjTxQ
E
TxQA]sS�[9N�Qr�







(f, C[t(α)], D[t(α)]) = E[(f ′, g′, h′)]

(f ′, g′) = C ′[α]

(f ′, h′) = D′[β].

¡O�/QA�/t�bAt�N�d~Tu[jNkQ��






E ◦ C ′[s(α)] = C[s(α)]

E ◦ C ′[t(α)] = C[t(α)]

E ◦D′[s(β)] = D[s(β)]

E ◦D′[t(β)] = D[t(β)].

�¬_�aØÍ=vjqC��TxÍ�wAScQuScN�aØ]eQZS7acwA�|]sQAS
α
QAT
β
Ã|���r���kTxdeQZ�=T

E ◦C ′ = C
QnT
E ◦D′ = D

g|µéP·_�NkTxaUQlq�_�aUTZÃq�_�a\]sde�CQAaUTcb�t�Q
LΣ

ÃH]`_�¸�wZXÇÍkQ
f ′
XA�|�=TxdsQA�=T«]sQrp,lZprQ�XÇÍ�Qn��_�N�XÇÍ�QAp�QA�9T�tkQ

s(α)
QnT
s(β)

QZ�
ϕ
�]sQAS¶XA�|�=TxQnmjTcQZS

C ′
QAT
D′

��bZaUde��QA�9TO]ÅPºbZ�=_�]edeTcb
C ′ ◦ C0 = D′ ◦D0

gC�¬_�aÈÍ=voq���TcÍ�wZSUQ�t�Qéprds��depÙ_�]sdeTcbt�NÚXA�|N�q�]eQ
(C,D)

Ã®�|�å_
E = �

gJµ¶�|��X
(f, C[t(α)], D[t(β)])

QASUT«Nk�Ú��ax_���XÇÍ�QZprQZ�=T�prds�kdsp�_�]_�SUSc�jXZdsb^ê
(α, β)

g
♦�¹QÙXAacdeTcwZaUQ�Ã®q�]sNkShSWvo�=Tx_;mods[9N�Q�[9N�Q�]`_�t�bA���kdeTxde�|� t'PR��acds��ds��Q�ÃGt��|����QrN���Q�q�acQAp�dewZaUQ�prbATcÍ��otkQt�QlX�_�]eXZN�]Þt�Qlq�_�deacQASìXAacdeTcds[9N�QASZg Ó �|d~T

(Σ,R)
N���Qlq�aUbZScQA�=TÇ_�Tcds�|��t'PR��qCbAax_�t�Ql�|bAacde��_��=T¶�9q��|N�a7Tx�|NoTxQacwA�|]sQ

α
tkQ
R
QATØTc�|N�S7XZ���9TcQnmjTxQAS

C
QAT
D
_�q�q�]edsX�_���]sQAS7ê

α
Ã|SUd��|�Ù_oÃ=ê�]`_OÀ¾�|dsSAÃ

C[s(α)] = D[s(α)]QAT
C[t(α)] = D[t(α)]

Ã�_�]s�|aUS
C = D

g

�?Ü��
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¡O���kmoQ^t�QANom�acwA�|]sQAS
α
QnT
β
t�_��kS

R
QATu���/q�aU�oXAwZt�Q^XA�|p�prQ�ScNkdeT^�

z|gÈ¡O��t�bATcQZaUp�de��QOTx�|NkSl]eQZS�Tcacdsqk]sQATcS
(ϕ,C0, D0)

XA�|p�q��|SUbZSut'PºN���Q�¸�wZXÇÍkQ
ϕ
t�Q

Σ
QATlt�Q�t�QANomXA�|�=TxQnmjTcQZS

C
QnT
D
ÃkTxQA]sSu[9N�Q

C0[ϕ] = s(α)
QAT
D0[ϕ] = s(β)

���|��QnmoXZ]eNkT�ÃÞt�_���Su]sQ^X�_�Sl��º]ðPR�|��_
α = β

Ã�]eQZS�Tcacdsqk]sQATcS
(ϕ,C0, C0)

g
�ogl�H�|N�alXÇÍ�_�[9N�QhTcacdeq�]sQnT

(ϕ,C0, D0)
_�ds��SUdG�|�kTxQA�9N'ÃC����acbASc�|NoT¶]ðPRbA[jN�_�Txde�|�

C ◦ C0 = D ◦D0t'Pºds�kt�bATcQZacprds�kbZQZS
C
QnT
D
g

�kgl�J_�acprd']sQASuSc�|]eNkTxde�|��S�t�Q^XÇÍ�_�XZN���Qht�Q^XZQASÈbA[jN�_�Txde�|��SZÃ�����bA]sdep�de��QÈTc�|N�Su]sQASlXA�|N�q�]eQZS
(C,D)q��|N�au]sQASc[9N�QA]sSuds]'Q½modsSUTcQhNk��Qé_�NkTxaUQ\SU�|]sNoTxds���

(C ′, D′)
t�Qh]s_�p»lAp�Q�bA[jN�_�Txde�|�'ÃÞ_�de��Scd'[9N'PºN��XA�|�=TxQnmjTcQ

E
_��|QAX

C = E ◦ C ′
QAT
D = E ◦D′

g
Ð¶]e�|acSAÃãt'PR_�q�aUwZS^]sQéTcÍ�bZ��acwZprQ��kg·����ÃãqC�|NkaOXÇÍ�_�[9N�Q�TxaUdsq�]eQAT

(ϕ,C0, D0)
QAT^XÇÍ�_�[9N�Q�XZ�|N�qk]sQ�Sc�;V]sNoTxds���

(C,D)
_�ds��SUdO�|�kTcQZ�9N�SZÃu�|�â_yN���Qñq�_�deacQÛXAacdeTcds[9N�Q

(f, C, α,D, β)
Ãì��º

f
QZSWT�]`_Ú¸�wZXÇÍkQ

C[s(α)] = D[s(β)]
g�µ¶Q\q�]sNkSZÃ��|���|�kTcdsQZ�=T�Tc�|NkTxQASÈ]eQZSuq�_�deacQAS�XZacd~Txde[jNkQZSut�Q

(Σ,R)
QA�/QN�ãQAXATcN�_��=TXZQASÈ��qCbAax_�Tcds�|��S¹ScN�auXÇÍ�_�[9N�Q\XZ��N�q�]sQ

(α, β)
tkQ\aUwZ�|]eQZSAg

�¹QATUTxQñp�bnTxÍ��jt�QÛ�'PºQZSWT�q�_�S�QZ�kXZ�|aUQ dep�qk]`_��=TÇ_���]sQ�QZ� ]ÅPºbATx_�T�Ãì����Tx_�p�prQZ�=T�QA� ax_�deSc�|�Ît�Qñ]s_ScQAXZ�|�kt�Q^�|qCbAax_�Tcds�|��XZ�|�kXZQZaU��_��=Tl]`_éaUbZSU�|]sNkTcds�|�Ùt'PRbA[9N�_�Txde�|��S�tkN�TYvjq�Q
C ◦C0 = D ◦D0

�k]ðP·_�NkTx��Vp�_�TxdeSx_�Tcds�|��tkQ\XAQZSuX�_�]sXZNk]sS�À¨_�d~T�q�_�aWTxdsQ�tkQZSlq�ac�jXÇÍ�_�de��S�Txac_���_�Njm�QZ�=�jdsSc_��|bZSAg
Â�_�]e�|acb�XZQA]`_kÃ7�k�|N�Srds]s]eN�SUTcacQAac�|��S�SU�|�yÀ¾�|��XATcds�|�k��QZprQZ�=T�_�N3XÇÍ�_�q�deTcacQ/�oÃ7]e�|acS�t�NàX�_�]eXZN�]ut�QASq�_�deacQASlXAacd~Txds[9N�QAS�t�Q\]`_�q�acbAScQA�9Tx_�Txde�|��t�Q^]ÅPº�|qCbAax_�tkQ\tkdeTxQ�tkQZSlQZ��SUQZp«��]eQZSu����deSZg Ò �/QN�ãQnT�ÃÞ]sQASuq�acb½VScQA�=TÇ_�Tcds�|��SØbnTxN�t�debZQASÔt�_���SØXZQut��jXZN�prQZ�=TØSU�|�=TìSUdsprq�]sQAS��|]eQZSØSc�|NkacXZQASØt�Qu]sQZNkacS7acwA�|]sQAS7XZ�|�=TcdsQZ�k��QZ�=TTx��NkTxQASltkQZNom��|N�TxaU�|dsS���bZ��bAax_�TcQZN�aUSZgÞÐ¶de��ScdðÃ�]sQASlXA�|�=TxQ½moTcQZS

C0

QnT
D0

Sc�|�=TZÃ�[9N�_��9TÈê�QZNomCÃ�À¾�|aUp�bASt�Q�N��å�|Nát�QZNjmÚ�|bA��bZac_�TxQAN�acSAg � �|N�S\�|QZaUac�|�kSé[9N�Q�]s_�aUQZXÇÍ�QAacXÇÍ�Q�tkQÙSc��]sNkTcds�|��S^prds��depÙ_�]sQZS¶qC�|Nka]ÅPºbZ[9N�_;Txds���
C ◦ C0 = D ◦D0

QZSUTZÃ�t�_���SuXAQ\XZ_�SZÃ�SUNYÛrSx_�prprQZ�=TuScdep�q�]eQOq��|N�a3lATcacQ^Q��CQZXnTxN�bAQéê�]s_p�_�ds�'g
��T-, . %ª15��')%7�815!$#  �!  m�����-23!$#��»���81 .�!$#¿���r2�150� -!$#Ä.N4X�-1�!$#

�¹Q�q�_�ac_��|ax_�q�Í�Q�_�q��|N�a���NoT�t�Q�q�aUbZScQA�=TxQZaut�QASuq�dsSWTxQZS¹qC�|Nka�XZ�|pé��]sQAa�]sQ¶À¾��ScScb�Q½modsSUTx_��=TuQZ�=TxaUQ]`_�TxÍkbZ�|aUdsQ�t�QZSh�|q�bZax_�t�QZShQATh]ÅPºdsprq�]`_��=Tx_�Txde�|��t�Q�X�_�]eXZN�]eSZg Ó dØXAQÙ[9N�dØQZSWT«t�bAXZacd~T\dsXZdØ�'PºQZSWT«QA��XZ�|aUQ[9N'PRê�]ÅPºbATx_�TlQZp«�kaUv|������_�deacQ�ÃÞde]'À¨_�N�t�ac_Ù_���SU�|]sNkp�QA�9Tlt�bn�|QA]s�|q�q�QZaAÃCt�_���S¶Nk�/Txac_���_�ds]GN�]~TxbZaUdsQAN�aZÃ�t�QASpr�Ev�QZ��Slq��|N�a�X�_�]sXZNk]sQZa¹Q��CQZXATcde��QZprQZ�=T¶SUN�au]sQASu¸�wZXÇÍ�QASÈt'PºN���Q\�|q�bZac_�t�Q�]sde��acQ�g
µ¶QZNjmàqC�|de�=TxS�ScNkar]eQZSU[jNkQZ]sS�de]�ScQAax_�d~T�Sc�|N�Í�_�deTx_���]sQÙt'P·_�NkTx�|p�_�TcdsScQAa�]sQAS�X�_�]eXZN�]eS�Sc�|�=Tr]sQAS�ScN�dÝV��_��=TxS��C]`_���bZacd~��X�_;Txds���Ût�Q�]`_�TcQZaUp�de��_�dsSU�|��QA�ñNkTxde]sdsSc_��=T¶]s_�TxQAXÇÍ���de[jNkQrtkbA�|QA]s�|qkqCbAQ�QZ� �kg·ÁÙQAT�]eQX�_�]sXZNk] t�QZS�q�_�dsaUQZS�XZaUdeTcds[9N�QZS¶t'PRNk��Q�q�acbAScQZ�=Tx_�Txde�|�ñt'PR��qCbAax_�t�Q����kdsQ�ÃCq�_�a�Q½mkQAp�qk]sQ�ê�]ÅPR_�det�Qét�Q�]s_prbATxÍk�ot�Q�tkQh�og· kg·�og
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} _ q�aUQZprdswAacQ�bATx_�qCQ�t�_���S�XAQ�q�ac�|��ax_�prp�Q�QASUT�t'PºQnmoÍ�ds��QZa�N��kQ/SWTxacNkXATxNkacQ�t�Q/tk�|����bAQ/t�_���S]`_�[jNkQZ]s]eQ��|��q�N�deScSUQÈXA�ot�QAaØ]sQZS ¸�wZXÇÍ�QAS¹t'PºN���Qu�|q�bZac_�t�Qu]sde��acQ�g Ó d�]ðPR�|�r_�t�d �ãbAacQZ�=TcQZSÔqC�|SUScde��ds]edeTxbASZÃ��|�XÇÍ��|deScdeax_é]eQ¶XZ�jt�_���Q¶Scdep�qk]sde��_��=Tì]eQ¶q�]eN�S�]eQZS�XZ_�]sXAN�]sSìê«Q��CQZXnTxN�QAaZg � �|N�S�q�aU�|q��|Sc�|�kS�dsXAdCt�QANom�det�bZQASt�QÈSUTxaUN�XATcN�acQAS�t�Q¶tk�|����bAQZSO�j]`_\q�acQAp�dewZacQlQZSWT�t�deacQAXATxQAp�QA�=T�dsSUScN�Q¶t�Q¶]s_\SWTxacNkXATxNkacQ�_�]e�|bZ�kacds[9N�Q5�o]s_ScQAXZ�|�kt�Q�ÃÞq�]eN�Su�|ax_�qkÍ�ds[9N�Q�Ã�SZPºQZ�/bZ]s��ds�|��Q¶pÙ_�deS�QZSWTlXZQZaWTÇ_�de��QZprQZ�=Tlq�]eN�S�q�ac��p�QnTcTxQAN�ScQ�g
ð5Ô0/5Ô×Ö Å�§®³£¶¨­21�§®³Æ¹�¯s§®±²«½¯P±²§Y³

¡O��NoTxds]edsSUQOdsXAdã]`_«SWTxaUN�XATcN�acQ\_�]e�|bZ��aUds[9N�QOtãPRN��kQh�|q�bZac_�t�Q�]eds��aUQ�g Ó �|deT
Σ
N���Q^SUds�|��_;TxN�aUQ¸���|����_t�bn����dsaÈN��ÊQA��ScQAp«��]sQ

LΣ
tkQhTxQAacprQZSOaUQZq�aUbZSUQZ�=TÇ_��=T^t�QAS¶¸�wAXÇÍ�QZSOÀ¾�|aUp�QA]s]eQZSZg�Ð®��_��=T�XZQA]`_kÃ�t�bn����dsS×VSc����S��ã]eQZSmQB96�(WLK�Sc�|�=T^]sQAS
m −→ n

qC��N�a¶Tx��NkT�XZ��N�q�]sQ
(m,n)

t'PºQZ�=TxdeQZaUSZgG�7N�deSZÃã]ðPRQA��ScQAp«��]eQ
LΣt�QASlTcQZacprQZS�QASUTÈt�bA����dGt�Q^pÙ_���dswAacQ�ds�kt�N�XATcde��Q�q�_�a^�

VÙ�H�|N�a�Tx�|NoTuQZ�=TxdeQZa
n
Ã
LΣ

XZ�|�=TxdeQZ�=TlN���TxQZaUp�Q
n
t�Q�TYvjq�Q

n −→ n
g

V Ó d
ϕ
QASUTlN���bZ]sbAp�QA�=Tut�Q

Σ(m,n)
ÃÞ_�]e�|acS

ϕ
QASUTlN���TxQZaUp�Q�tkQ^TYvjq�Q

m −→ n
g

V Ó d
f : m −→ n

QnT
g : p −→ q

SU�|�=T\t�QZNomÊTxQZaUp�QASZÃ®_�]e�|acS
f ⊗ g

QZSWT\N��ÛTxQAacprQ�t�Q�TYvoq�Q
m+ p −→ p+ q

g
V Ó d

f : m −→ n
QnT
g : n −→ p

Sc���9T\t�QANomñTxQAacprQZSAÃ®_�]s�|aUS
g ◦ f

QZSUThN��ñTxQAacprQ�t�QrTYvjq�Q
m −→ p

g
¡O�/t�bn����d~TuQZ��SUN�deTcQ\Nk��QhaUQZ]s_�Txde�|�

≡
SUN�a

LΣ
Ã�Tc�|N;ûU�|N�aUS�t�Q^pÙ_���dswAacQ�ds�kt�N�XATcde��Q��

VÙ�H�|N�a�Tx�|NoT�TxQZaUp�Q
f
�

f ⊗ 0 ≡ 0⊗ f ≡ f.

VÙ�H�|N�a�Tx�|NoT�TxQZaUp�Q
f : m −→ n

�
n ◦ f ≡ f ◦m ≡ f.

VÙ�H�|N�a�Tx�|NkSuTcQZaUp�QAS
f
Ã
g
QnT
h
�

(f ⊗ g)⊗ h ≡ f ⊗ (g ⊗ h).

VÙ�H�|N�a�Tx�|NkSuTcQZaUp�QAS
f : m −→ n

Ã
g : n −→ p

QAT
h : p −→ q

�
(h ◦ g) ◦ f ≡ h ◦ (g ◦ f).

Ò �k���'ÃÞ�|��bATcQZ��t
≡
q�_�a�XA�|prq�_�Txde��ds]edeTcb¶_��|QAXh]s_«SUTcacN�XnTxN�aUQ��

V Ó d
f
Ã
g
QnT
h
Sc���9Tlt�QASlTcQZaUp�QASuTcQZ]eS�[jNkQ

f ≡ g
�

f ⊗ h ≡ g ⊗ h
QAT

h⊗ f ≡ h⊗ g.

�?Üe+
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V Ó d
f, g : m −→ n

QAT
h : n −→ p

SU�|�=Tlt�QZSuTxQAacprQZS�TxQA]sS�[9N�Q
f ≡ g

�
h ◦ f ≡ h ◦ g.

V Ó d
f, g : n −→ p

QAT
h : m −→ n

SU�|�=Tlt�QZSuTxQAacprQZS�TxQA]sS�[9N�Q
f ≡ g

�
f ◦ h ≡ g ◦ h.

¥ 6 ° §�8 ô <®6 cO} QZS�TxQAacprQZSrt�Q�TYvjqCQ
m −→ n

t�Q
LΣ

Sc���9T�Qnmk_�XnTxQAp�QA�9TÙ]sQASpqUGuSN�(�(WLK�gsILhLkCGLILKq�_�a�]eQZSubZ]ebZprQZ�=TxS�tkQ
Σ
g Ó _���SuQZ�=TxaUQZaut�_��kSl]eQZSut�bnTÇ_�de]sSZÃoN���qUGFSN�(�(W��½O SUX½SUizGLWHgsWLK?hLWNX½g�SUX(Q¹QASUTlN���|ac_�q�Í�Q7Tx��qC�|]e�|�|de[jNkQÃ~¨�|aUdsQZ�=Tcb?�

G
t�_��kSJ]eQÔqk]`_��

R2
TxQA]j[9N�QÔXÇÍ�_�XAN���Qìt�QìSUQZSJ_�aFlnTxQASJQASUTJt��|����bAQ¹q�_�aN���XÇÍ�QZprds�

a(t) = (x(t), y(t))
Ã=��º

x, y : [0, 1] −→ R
Sc�|�=Tìt�QZSì_�q�q�]edsXZ_�Txde�|��S XA�|�=Txds�9N�QAS¹QnT

y
QZSUTSUTcacdeXATxQAp�QA�=T�t�bZXAac�|deScSc_��=TxQ�ÃGQnTOTxQA] [9N�Q�t�QANom _�aulATxQAS���Q«q�QZNk��QZ�=ThScQ�XZ��N�qCQAaO[9N'PºQZ� N��ÛSc�|prprQAT�g�J��N�a�N��yTxQZ]¹�|ax_�qkÍ�Q�Ã XÇÍ�_�[9N�Q/SU�|prp�QnT�qC��ScScwAt�Q�t�QZS�WNX(QjGJILWLK�QAT�t�QAS-K?kCG6QjiTWLKnÃ acQAScq�QZXnTxde��QZprQZ�=TacQAq�acbAScQA�9TcbZQAS�q�_�aØ]sQASÔ_�aFlnTxQZSØQA�9Tcax_��=TcQZS¹QnTÔSc�|aWTÇ_��=TxQASZg9Ð¶]e�|acSAÃ|N��pqUGuSN�(�(W�gsILhLkCGLIlq�_�a7]sQASÔbA]sbAp�QA�9TcSt�Q

Σ
QASUTìN�����ax_�q�ÍkQlqk]`_���_�dsacQ�tkQZScXAQZ��t�_��=T�p«N��kd�t'PRNk��Q¶_�q�q�]sdeX�_�Tcds�|��_�ScSc�jXZds_��=T�Ã9ê�XÇÍ�_�XAN���t�QuSUQZSSc��p�prQATcS�_�v=_��=T

m
QZ�=TxaUbZQZSlQAT

n
Sc�|aWTxdsQASZÃ�Nk��QO¸�wZXÇÍkQ

ϕ ∈ Σ(m,n)
gÞ¡O��t�bA����deT�SUN�a�XZQASu�|ax_�qkÍ�QZSN���Q�aUQZ]s_�Txde�|��t�d~TxQ«tãPVi�K?kCQ"kL�½iTW�XZ����ScdeSUTÇ_��9T�ê�dst�QA�9Tcde��QAaOt�QANomñ�|ac_�q�Í�QAS�[jNkd ��Q�t�d �ãwAacQZ�=T�[9N�Q�q�_�at�QASrtkbAÀ¾�|aUpÙ_�Tcds�|�kS«XZ�|�=Tcds�9N�QZSAÃØSx_���S�XAac�|deScQZprQZ�=T���d¹XZ�|N�qkN�acQ�t�_���S�]eQZS�_�aulATxQAS�� XZQnTcTxQ�aUQZ]`_;Txds���t'PºdsSU��Tx�|qkdsQOXA�|acaUQZScq��|��t�ê�]`_«acQA]`_�Tcds�|�

≡
t�bA���kdsQ^XZdÝVYt�QAScScNkSZg

�¬_�auXA�|��SUTcacN�XnTxde�|�/tkQ
LΣ

QATlt�Q
≡
Ã��|��_��

» 8;DÞ57D ©�K²BEK D @á´^ce³ î c Z{i
f
WNQ
g
K?kCX(Q5gsWNM;'mQ"WNG6opWLKÃQnWNOáKYA}M(W

f ≡ g
SUO�kCGJK

f
WNQ
g
kCX(Q5o�áNopW3Qâ9L�(W kn W²�½ORMæK�%$O$FeWNXYK?WNo,|}O�W�gsWLK8hNO SCKLK?WLK�gGFeI$A}MPiz�CSUO�WNXthLWfgsW�Q"WNG6opWLK»gsW

LΣ
pr�otkN�]s�yO S�GJWNO SUQjiTkCX

≡
WLKNQ

K?kCORMsQviTkCXAgUMm�½GJkU|}O��NopW�gGFekL�(INGuS�gsWHORij|}GJWmWNXsqsWNX½gUGJILW��YSUG
Σ k

Ð¶de��ScdðÃ=�|��_^N��Ù]s_����=_��|Qut�_���SÔ]sQA[jNkQZ]ÞSZPºQnmoq�aUdsprQZ�=T¹]eQZSØ¸�wZXÇÍkQZS�t�Q
LΣ

�jXÇÍ�_�[9N�QÈ¸�wAXÇÍ�Q¶tkQ
LΣXZ��acacQAScq��|��tåê�N��kQ�XA]`_�SUScQrt'PRbA[9N�de��_�]eQZ��XAQ�t�Q

LΣ/ ≡
g } Qrq�acde��XZdeq�_�] de��XZ�|�=��bZ��deQZ�=T«t�Q�XAQATcTcQÙaUQnVq�aUbZScQA�=TÇ_�Tcds�|��QASUT�[9N'PºQZ]e]sQ¶dep�q��|SUQÈt�QÈX�_�]eXZN�]eQZa²opk}gUMPO�k
≡
ÃoTc�|NkT¹XZ�|prp�QÈ]`_\acbZbAXZaUdeTxNkacQ¶tkQ¶TxQAacprQZS_��|QAXÈN��r�|q�bZac_�TxQAN�a7��ds��_�dsaUQ�_�ScSU�oXAd`_�TcdeÀ�QATÔXA�|p�péNkTÇ_�TcdeÀÞdep�q��|ScQ¹t�QuX�_�]eXZN�]eQZa3opk}gUMsO�k�]sQAS7acQA]`_�Tcds�|��St�d~TxQZS�~¾Ðl�3��tãP·_�SUSc�jXZds_�Txd~�od~TxbOQnTlt�Q^XZ�|prp«NkTx_�Txd~�od~Txb�g

ÕY]7QZSWTéQA�9�jdeSx_��|QZ_���]eQr[9N�Q�Ã®qC�|Nka�XZQZaWTÇ_�de��QZS^q�aUbZSUQZ�=TÇ_�Tcds�|�kS
(Σ, R)

ÃG��� qkN�dsSUScQrX�_�TcbZ�|�|aUde��QAa
≡q��|N�aé]ðPRde�=TxbZ��acQZaéê

R
Sx_��kS«XÇÍ�_�����QZa«]eQZS«q�aU�|q�aUdsbATcbZSht�Q�XZQnTcTcQ�t�QZaU��dswAacQÊ�J_�de��ScdðÃJ�|�å�|�kTxdeQZ��tkax_�d~TN�� X�_�]eXZN�] _���QZX�i�K?kCQ"kL�½iTWLKpWC'��½ORiThNizQ"WLKrqC�|Nka

(Σ, R)
g®�¹QZq�QZ�kt�_��=T�Ã®XZQnTcTcQ�TcQZXÇÍ��kds[9N�QracdsSU[9N�Q�t�Q���QÀ¾�|��XnTxde�|����QAa�[jNkQht�_���Sut�QZSuX�_�SuTcacwASlq�_�aUTcdsXZNk]sdsQAacSAg

ð5Ô0/5ÔÜÓ � ³ª±$Â$­21£¶¨³ÿ¹�¯s§®±�«{¯P±²§®³
¡O��XZ�|��SUdst�wAacQOTc�|N;ûU�|N�aUS�N���Q¶Scds����_�TxNkacQ

Σ
g Ò ��SAPRde��Scq�deax_��=T�tkQO]`_éaUQZq�aUbZSUQZ�=TÇ_�Tcds�|��tkQZS�¸�wAXÇÍ�QZSt�Q

LΣ
XA�|prp�QØXZ]s_�ScSUQZSJt'PRbA[9N�de��_�]eQZ��XAQìt�Qì�|ax_�q�Í�QZSHt�bAXZ�|aUbZSZÃ��|�éq�QZNoT¬QA�9�jdeSx_��|QAaJNk��_�NkTcacQÔXZ�jt�_��|Q�Ã

�xÜ�Z
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pr�|ds��Sì_�]e�|bZ��aUds[9N�QlpÙ_�dsSØXZQAaUTÇ_�ds��QAp�QA�9T¹q�]sNkS¹NkTcds]sQ�gj�¹QZq�QZ��t�_��=T�Ã�de]��ãPRQASUT�_�t�_�qkTcb¶[9N'PR_�N�X�_�Sì��º
Σ��Q�XA�|�=TxdsQA�=T^_�N�XAN���Q�¸�wZXÇÍkQ

0 −→ 0
�CXZQA]`_���Q«À¾�|�kXATxde�|����QAax_Ùtk�|��X�q�_�S^_���QZX�]sQASOq�acbAScQA�9Tx_�Txde�|��St�Qrp�������¿�tkQZS�XZ��p�p«NoTÇ_�TcdeÀ¾Sf~²�|�|dea\]eQ�XÇÍ�_�q�d~TxaUQr����p�_�deSZÃãt�_���S^Tx�|N�S^]eQZS\_�NkTcacQZS\X�_�S\bnTxN�tkdsbZS\dsXAdÅÃ�|��bA�jd~TxQ^XZQ^q�aU�|��]swAp�Q�g

¡O�éScNkq�qC��ScQ¹tk�|��XÔ[jNkQ
Σ(0, 0)

QASUTJ�odet�Q�g�ÐÈds��SUdÅÃ�]s_uSUQZN�]eQÔ¸�wZXÇÍ�Q
0 −→ 0

tkQ
LΣ(0, 0)

QZSUT
0
g } QXZ�jt�_���Q�q�ac��qC�|SUb�XZ����ScdeSUTxQuê¶���|dsa¬XÇÍ�_�[9N�Q�¸�wAXÇÍ�Qut�Q

LΣ
XZ��p�prQ¹N��«Tx_���]eQ�_�N�de��t�ds[9N�_��9T¬XZ�|prprQZ�=T]sQAS��|bZ�kbZax_;TxQZNkacSlds�=TxQAaU�|QA��_��=TÈt�_���SuSc���/bAXZacd~TxN�aUQ�Sc�|�=TÈacQA]sdsbASZg

¥ 695H8;± © 6 @CB § BEK D @ FH6 © F K §�óÞ8E§ °Ú° 6 ©
Ó �|d~T

f : m −→ n
N���Q\¸�wZXÇÍ�Qét�Q

LΣ
gC¡O�Û_�SUSc�jXZdsQhê

f
N��ÊQA�9TcdsQAa

]f
[9N�dHQZSUT¶]sQ\���|p«�kacQétkQ�|bA��bZac_�TxQAN�acSut�Q

Σ
NkTxde]sdeScbZSìqC��N�a�bZXAacdsaUQ

f
��XAQ����|p«��aUQ�QZSWTuXZ�|��SWTÇ_��=TZÃ�[jNkQZ]s]eQO[9N�Q�Sc��deT�]ðPRbAXZacd~TxN�aUQXÇÍ��|deScdeQ�ÃGQATh�|bA��bZac_�]sdeScQ�]`_�]s�|�k�|N�QZNka\tkQZSépr��TcSZg®�¬_�ahXA�|��SUTcacN�XnTxde�|�åt�Q

LΣ
Ã®�|� Sx_�deT\[9N'PRde]ØQnmodsSWTxQt�QASl¸�wAXÇÍ�QZS

f1, . . . , f]f
t�Q

Σ
_�ds��SUd'[9N�Q^t�QZSlQZ�=TxdeQZaUS

i1, . . . , i]f
QnT
j1, . . . , j]f

TxQA]sSu[9N�Q��
f = (i]f ⊗ f]f ⊗ j]f ) ◦ · · · ◦ (i1 ⊗ f1 ⊗ j1).�¹QZSu¸�wZXÇÍkQZS¶QnTlQZ�=TxdeQZacSu��Q^SU�|�=TÈq�_�SuN���ds[9N�QASZÃ�p�_�dsS¹t�bA���kdsSHopk}gUMPO�k«]`_�acQA]`_�Tcds�|�Ùt'PRbAXÇÍ�_�����Q��
(t(g)⊗ h) ◦ (g ⊗ s(h)) = (g ⊗ t(h)) ◦ (s(g)⊗ h).

¡O�/SUN�q�q��|ScQ\[9N�Qh]ðPR���/_�Q��CQZXnTxN�b\N���XÇÍ��|dÝm�q�_�aUp�dãTc�|NkTcQZSl]sQZS�bAXZaUdeTxNkacQZSlq��|ScSUds��]eQZS�t�Q
f
gÞ¡O�XZ����Scdet�wZaUQ�_�]s��acSéNk�ÚQZ��SUQZp«�k]sQ

X(f)
t��|�=T�]sQASébA]sbZprQZ�=TcS«Sc�|�=T��k��TxbAS

x1, . . . , x]f
_�de��ScdÔ[9N'PºN���Q_�q�qk]sdsXZ_�Txde�|�

lf : X −→ FlΣ
TcQZ]s]eQ�[9N�Q

lf(xi) = fi
Ã®qC��N�a�Tx�|NkT

i ∈ []f ]
g®�H�|N�a\Scdep�q�]ede��QAaO]sQAS����Tx_�Txde�|��SAÃã�|�ñq��|ScQ

s(xi) = s(lf(xi))
QnT
t(xi) = t(lf(xi))

g®¡O�á_�_�ds��SUd7_�ScSU�oXAdsb�ê�]s_Ù¸�wZXÇÍ�Q
f]ÅPºQZ�kScQZpé��]sQ^t�QASÈSU�|p�prQATcSut�N�t�ds_��|ac_�p�prQOt�Qh�JQA��ac��ScQé[9N�d®]s_�aUQZq�aUbZSUQZ�=TxQ�Ã'_�de��ScdG[9N�Q\]`_�t�bZXA�|ax_EVTxde�|�Ût�Q�XÇÍ�_�XZN��ñt'PºQZ�=TxaUQ�QZNomÊV�XZQATUTxQ�t�������bZQ�QASUT^N���de[9N�Q�ê�N���Q�q�QZacpéNkTÇ_�Tcds�|��t�QZS�de��t�dsXAQZS�t�QASSc��p�prQATcS�q�acwASZg

Â�_�de�9TcQZ��_��9TZÃ7t�bZXAacd~�|�|��S�]eQZS�_�aulATxQAS�t�Nàt�d`_���ax_�prp�Q�gJ¡��yXA�|��SUTcacN�d~T�t�QZNjmyQZ��SUQZp«�k]sQZS
S(f)QAT

T (f)
Ã�[9N�d^XA�|�=TxdsQA����QA�9T/acQAScq�QZXnTxde��QZprQZ�=T�Tx�|NkTcQZS�]sQAS�QZ�=TxaUbZQZS�QAT�SU�|aUTcdsQZS�t�QAS/SU�|prp�QnTxS�t�Nt�ds_��|ax_�p�prQ�ÃEv«XA�|p�qkacdsS7]eQZS7SU�|p�prQATcS ]sde��acQAS7[9N�QuSc�|�=TØ]sQASØQZ�=TxaUbZQZSÔQATØSU�|aUTcdsQAS7t�Q

f
Ã|[9N�Qu]ÅPº�|������TxQacQAScq�QZXnTxde��QZprQZ�=T

s1, . . . , sm
QAT
t1, . . . , tn

g�¡O��qC�|SUQ��
{

S0(f) = {(xi, j) : i ∈ []f ], j ∈ [s(xi)]}

S(f) = S0(f) ∪ {t1, . . . , tn}.

Ò Th�
{

T0(f) = {(xi, j) : i ∈ []f ], (j − s(xi)) ∈ [t(xi)]}

T (f) = T0(f) ∪ {s1, . . . , sm}.

��Ï��
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� ��Tc�|��S�[9N�Q�]sQAS�QZ��SUQZp«�k]sQZS
S(f)

QAT
T (f)

XA�|�=TxdsQA����QA�9T^�kbZXZQAScSc_�dsaUQZprQZ�=T\]sQ�p,lZprQ«���|p«�kacQt'PºbZ]ebZprQZ�=TxS^�
1

2
.
(
m+ n +

]f
∑

i=1

(s(xi) + t(xi))
)
.

} _/t��|�k��bZQ�[9N�dÔp�_���[9N�QrQZ��XA�|acQ�q��|N�a\t�bAXZacdeacQr]sQAS«_�aulATxQASét�Nát�d`_��|ax_�prprQ�QZSUTéN���Q�XZ�|aUacQZS×Vq��|��t�_��kXZQ^��d ûUQAXATcde�|Q
Rf

QZ�=TxaUQ
S(f)

QnT
T (f)

ÃoTxQZ]e]sQO[9N�Qr�
V Ó d

(xi, j) ∈ T (f)
QnT

(xi′ , j
′) ∈ S(f)

Ã�_�]s�|aUS
(xi, j)Rf (xi′ , j

′)
SUd®QATlScQAN�]sQAp�QA�9TÈSZPºds]GQ½modsSUTcQN��kQÈ_�aFlATcQl_�]s]s_��=T7t�Qu]`_

(j−s(xi)) * Sc�|aWTxdsQ�tkN�SU�|p�prQAT xi ��QZacSì]`_ (j ′) * QZ�=TxaUbZQlt�N�SU�|prp�QnT
xi′
g

V Ó d
(xi, j) ∈ T (f)

QAT
k ∈ [n]

Ã|_�]s�|aUS
(xi, j)Rf tk

SUd�QAT7SUQZN�]eQZprQZ�=T7SUd�]`_
j * Sc��aUTxdeQ¹t�N�SU�|prp�QnT

xi
QZSWTÈ_�N�ScSUd®]`_

k * Sc�|aWTxdsQ�tkQ\]s_«¸�wZXÇÍ�Q f gV Ó d
k ∈ [m]

QAT
(xi, j) ∈ S(f)

Ã7_�]e�|acS
skRf (xi, j)

Scd�QnT�SUQZN�]eQZprQZ�=TrScd�]s_
j * QZ�=TxaUbZQ�t�NSU�|p�prQAT

xi
QASUTÈ_�N�SUScdG]`_

k * QZ�=TxaUbZQ\t�Q^]`_é¸�wAXÇÍ�Q f gV Ó d
k ∈ [m]

QAT
l ∈ [n]

Ãj_�]s��acS
skRf tl

ScdÞQATÔSUQZN�]eQZprQZ�=T¹SUd�]`_
k * QA�=TxacbAQÈtkQ f QZSWTìtkdsacQAXATcQZprQZ�=TXA�|����QAXATxbAQ�ê�Sx_

l * Sc�|aWTxdsQ�ÃGX�PºQZSWTUV×êEVYt�deacQ�Scd f = g ⊗ 1 ⊗ h
Ã®_��|QZX

g : k − 1 −→ l − 1
QAT

h : m− k −→ n− l
g

¡O�Û_�ScSU�oXAdsQht��|��X�ÃãêÙXÇÍ�_�[9N�Qé¸�wAXÇÍ�Q
f : m −→ n

Ã�N���Q«t�������bZQ
(X(f), lf , S(f), T (f), Rf)

Ã[9N�dGQZSWT¶Nk��ds[9N�Q^_�Njm�qCQAacp«NoTÇ_�Tcds�|��S�tãPRde��t�dsXAQZS�t�QASÈSU�|prp�QnTxS�q�aUwZSZgÞµÈ�|�����|�kSÈN���QnmoQAp�q�]eQ��
g èG6 ° 5J¦¾6 c ¡O�/SUN�q�q��|ScQ\[9N�Q

Σ
QZSWT¶XA�|prqC�|SUbZQ^t�Q\t�QZNjm�¸�wZXÇÍ�QAS

µ : 2 −→ 1
QAT
η; 0 −→ 1

gÞ¡O�XZ����Scdet�wZaUQ\]s_«¸�wZXÇÍ�Q
f : 2 −→ 1

ScNkde��_��=TxQ��
f = µ ◦ (1⊗ µ) ◦ (1⊗ η ⊗ 1).¡O�Î_

]f = 3
gìÕY]l�'P v+_Ú_�N�XZN��+_�NkTxaUQÊXÇÍ��|dÝm2qC�|SUScde��]sQ�XZ�|�kXZQZaU��_��=T�]s_á�9N�prbZac��TÇ_�Tcds�|�2t�QZSSc��p�prQATcS�[jNkQhXAQZ]s]eQOt��|�k��bZQ\q�_�a�]s_�tkbZXZ��ax_�Tcds�|�Û�

l(x1) = η, l(x2) = µ, l(x3) = µ.¡O�/�|�oTxdsQA�=Tu]sQZSuQA��ScQAp«��]sQASuScN�d~��_��9TcS^�
{

S(f) = {(x2, 1), (x2, 2), (x3, 1), (x3, 2), t1}

T (f) = {(x1, 1), (x2, 3), (x3, 3), s1, s2}.Ò �k���'ÃÞ]`_«aUQZ]s_�Txde�|�
Rf

QASUT\�
s1Rf (x3, 1), s2Rf (x2, 2), (x1, 1)Rf (x2, 1), (x2, 3)Rf (x3, 2), (x3, 3)Rf t1.ÉJ��NkTxQ^XZQASÈtk�|����bAQZSlSc�|�=TlacbAScN�prbZQASÈq�_�a�XZQZ]e]sQ�t�Q

l
SUN�auXÇÍ�_�[9N�Q

xi
QATlq�_�a�]eQOTÇ_���]eQ�_�Nñ�

s1 s2 (x1, 1) (x2, 3) (x3, 3)
(x3, 1) (x2, 2) (x2, 1) (x3, 2) t1

��ÏY�
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oh§�¦¨I=<J¦ìFH6 © 5J8EDGFH< K²BE© 6 B FH6 © I|D ° 57D © ±j6 ©
Ò m�_�p�de���|��S®ê�q�aUbZScQA�=T¬]s_¹qC��ScScde��ds]edeTcb¬t�QØX�_�]sXZNk]sQZa'êu]ðP·_�dst�QJt�QØXZQZS®aUQZq�aUbZScQA�=TÇ_�Tcds�|��SAg Ó N�q�q��|SU�|��S[9N�Q
f : m −→ n

QAT
g : p −→ q

Sc�|�=TÊtkQZNomâ¸�wAXÇÍ�QZSÊtkQ
LΣ

�u�|�úq�QZNoT�t�bnTxQAacprds��QAa/]s_acQAq�acbAScQA�9Tx_�Txde�|�åtkQ
f ⊗ g

ê�q�_�aUTcdsa�t�QrXZQA]s]sQAS^t�Q
f
QAT
g
g Ò �åQN�ãQnT�Ã®�|�åq�QZNoTh��bZacd~��QZa\[9N�Q�ÃHê�]`_acQA�9N�p�bAac��Tx_�Txde�|��t�QASÈSU�|p�prQATcS�q�acwAS^�







X(f ⊗ g) = X(f) ∪X(g)f

lf⊗g(xi) =

{

lf(xi)
Scd
i ∈ []f ]

lg(xi−]f )
Scd

(i− ]f) ∈ []g]

S(f ⊗ g) = S(f) ∪ S(g)f

T (f ⊗ g) = T (f) ∪ T (g)f

Rf⊗g = Rf ∪ R
f
g

��º ]ÅPR_�XATcds�|�3t�Q
f
QZSUT�tk�|����bAQñq�_�a

xfi = xi+]f
Ã
sfi = si+m

QAT
ti = ti+n

g � ��Tx����S�[9N�Q]ÅPº�|�ñq�QZNkTh_�N�SUScdØX�_�]sXZNk]sQZa�tkdsacQAXATcQZprQZ�=T\_��|QZX�]sQASOTÇ_���]eQ�_�Njmy�G]sQ«Tx_���]sQZ_�N _�ScSU�oXAdsbrê
(f ⊗ g)

QZSWT�Ãê�]`_�acQZ�9N�prbZaU��TÇ_;Txds����t�QAS�Sc�|prp�QnTxSOqkacwZSAÃ']`_�ûUNomjTÇ_�q��|Scd~Txde�|��t�NÊTx_���]eQ�_�NÛ_�ScSc�jXZdeb�ê
f
QnT�t�Q«XAQnV]sNkd9_�ScSU�oXAdsbìê

g
t�_���SH]sQZ[9N�QA]9�|�«_uacQAp�q�]s_�XZbØXÇÍ�_�[jNkQ

xi
Ã
si
QAT
ti
q�_�aZÃ�acQAScq�QZXnTxde��QZprQZ�=T�Ã

xfi
Ã
sfi
QAT
tfi
g

�J�|Nka�]`_ÊXZ��p�q��|Scd~Txde�|�'Ã®ScN�qkqC�|SU�|��S�[9N�Q
f : m −→ n

QnT
g : n −→ p

SU�|�=Trt�QZNomå¸�wZXÇÍkQZSt�Q
LΣ

g�ÉH�|N;ûU��N�acSlê�acQA�jNkp�bAac��Tx_�Txde�|��t�QZSu��_�acds_���]eQZS�q�aUwZSAÃ����/_��






X(g ◦ f) = X(f) ∪X(g)f

lg◦f(xi) =

{

lf (xi)
Scd
i ∈ []f ]

lg(xi−]f )
Scd

(i− ]f) ∈ []g]

S(g ◦ f) = S0(f) ∪ S0(g)
f ∪ {t1, . . . , tp}

T (f ⊗ g) = T0(f) ∪ T0(g)
f ∪ {s1, . . . , sm}

Rf⊗g =
(
Rf [tk := Rg(sk)]

)
∪

(
Rf
g [sk := R−1

f (tk)]
)

��º
Rf [tk := Rg(sk)]

QASUT\�|�kTcQZ�9Nåê�q�_�aUTxdeaOt�Q
Rf

QZ�ñacQAp�q�]s_�ä�_��9T^XÇÍ�_�[9N�Q
tk
q�_�a�]ÅPºN���de[jNkQbZ]ebZprQZ�=T

y
t�Q
S(g)

�|bAacde��_��=T
skRg y

QnT
[sk := R−1

f (tk)]
QASUT����kTxQA�jN�êhq�_�aUTcdsaØt�Q

Rg

QZ��aUQZprq�]`_;Vä�_��9TlXÇÍ�_�[jNkQ
tf
q�_�au]ÅPºN���de[jNkQ�bZ]sbAp�QA�=T

z
t�Q

T (f)
�|bAacd~�Þ_��=T

zRg sk
g

Ò ��XZ�|aUQáNk��Q À¾��dsSZÃ¹�|�úq�QZNoT�XZ_�]sXAN�]sQAa�XZQ acbZSUN�]eTx_�T�t�dsaUQZXnTxQZprQZ�=T/_��|QAXá]eQZS�TÇ_��k]sQ�_�NomCgl�¹QZ]sNkdt�Q
g ◦ f

QZSWT�ÃJê�]s_�aUQZ�9N�prbZac��TÇ_�Tcds�|� t�QZS\Sc��p�prQATcShq�aUwZSAÃJ]eQ�Tx_���]eQ�_�N �|�kTcQZ�9N ê�q�_�aWTxdsa^t�QrXZQANomt�Q
f
QAT
g
t�Q^]`_«p�_���dswAacQ�SUN�de��_��=TxQ��

z|gÈ¡O��QnmjTcax_�d~T7t�N�TÇ_��k]sQ�_�N�t�Q
f
]sQAS7XZ�|]e�|����QAS t��|�=TØ]s_¶t�QZNjmkdewZprQ�]sde�|��Q¹QASUTØN���t�QAS

tk
Ã
k ∈ [n]

g
�ogÈ¡O�rQnmjTxac_�deTÔt�N�TÇ_��k]sQ�_�N�t�Q

g
]eQZSØXZ��]s�|���kQZSÔt��|�=TÔ]`_�q�acQAp�dewZaUQu]sds����Q�QZSWTìNk�Ùt�QAS

sk
Ã
k ∈ [n]

g

��Ï�Ü



Ï&[âZ�[ õ ]L^TbCc6]Lb�^`�}�²a���a�_Y\�\��}���Í��_Yb�^B� �}�3_Y�U�<^ . a����Í�âdª_C^`���

�kgÈ¡O�ñXZ�|�kX�_�TcwZ��Q�]sQASOXZ��]s�|���kQZS�acQASUTx_��=Tht�_���S�XÇÍ�_�XAN�� t�QZS^t�QANomÛTÇ_���]sQZ_�NomCÃ'QZ�ÛÀ¨_�deSx_��=T���qCb½VaUQZa
(·)f

ScN�auXZQA]sN�dGtkQ
g
g

��gÈ¡O�3ac_EûU�|NkTcQ�_�N3acbAScN�]~TÇ_�T�]sQAS
n
XZ��]s�|���kQZSr�|�kTxQA�9N�QZS�q�_�ayhLkCo��(k?KNizQjiTkCXÎt�QANom3êát�QANom2t�QXAQZ]s]eQZSÈp�deScQZSÈt�QéX�E�TxbÙ�Cq��|N�aÈXÇÍ�_�[9N�Q

k ∈ [n]
Ãã]s_�q�_�deacQ

(yi, ti)
dsScSUN�QétkNÊTÇ_���]eQ�_�N�t�Q

f
QAT]s_«q�_�dsaUQ

(si, zi)
dsSUScN�Q^t�Q^XZQA]sN�dãt�Q

g
t�������QZ�=T

(yi, z
f
i )
g

g èG6 ° 5J¦¾6 c ¡O��XA�|��Scdet�wZaUQlTc�|N;ûU�|NkacSÔ]`_�p»lAp�Q�SUds�|��_�TxN�aUQ
Σ
XZ�|�=TcQZ��_��=Tìt�QZNjm�¸�wZXÇÍ�QAS

µ : 2 −→ 1QAT
η : 0 −→ 1

g
1
gJ�¹�|prp�QA��äZ����Shq�_�a^Q��CQZXATcN�QZah]sQ�q�aU�ot�NkdeT\t�QZSht�QZNjmñ¸�wZXÇÍ�QAS

f : 3 −→ 1
QnT
g : 1 −→ 1ScNkde��_��=TxQAS\�

f = µ ◦ (1⊗ µ)
QnT

g = µ ◦ (ε⊗ 1).¡O����_�NkTxde]sdeScQZa¹t�dsaUQZXATcQZprQZ�=Tl]sQAS�TÇ_���]eQ�_�Njmãg��J�|N�a
f
Ã��|��_

lf (x1) = lf(x2) = µ
QAT\�

s1 s2 s3 (x1, 3) (x2, 3)
(x2, 1) (x1, 1) (x1, 2) (x2, 2) t1�J�|Nka
g
Ã�����_

lg(x1) = η
QnT
lg(x2) = µ

ÃÞ_�ds��SUd'[9N�Q��
s1 (x1, 1) (x2, 3)

(x2, 2) (x2, 1) t1¡O�#t�bAX�_�]eQÚTx�|NkSÛ]sQZSÛde��t�deXZQZSÛt�_���Sñ]sQASÛt��|����bAQZS t�Q
g
QnTñ�|� ax_�SUScQAp«��]sQ�ÃOXZQy[9N�d�t�������Q

l(x1) = l(x2) = l(x4) = µ
QAT
l(x3) = η

Ã�_�ds��SUd'[9N�Qh]eQOTÇ_��k]sQ�_�N�ScN�d~��_��9T\�
s1 s2 s3 (x1, 3) (x2, 3) s4 (x3, 1) (x4, 3)

(x2, 1) (x1, 1) (x1, 2) (x2, 2) t1 (x4, 2) (x4, 1) t2¡O���|bAacde��Qé_�]e�|acSl[9N�Q�ÃC_�N/acQZ�9N�prbZaU��TÇ_��|Qét�QAS¶SU�|p�prQATcSÈqkacwZSAÃCXAQZSÈt��|����bAQZSOSU�|�=TO��deQZ�/XZQZ]e]sQAS_�SUSc�jXZdsbAQZSlê
f ⊗ g

g
2
g���_�]eXZN�]e�|��Suê�q�aUbZScQA�=T¶]s_«XZ�|prqC��ScbZQ^t�Q

f : 2 −→ 2
QnT
g : 2 −→ 1

ÃÞ_���QZXr�
f = µ⊗ ε

QnT
g = µ.�J�|Nka

f
Ã��|��_

lf (x1) = µ
Ã
lf (x2) = η

QnT^�
s1 s2 (x1, 3) (x2, 1)

(x1, 1) (x1, 2) t1 t2MON�_��=TÈê
g
Ã����/�|�oTxdsQA�=T

lg(x1) = µ
QnT\�

s1 s2 (x1, 3)
(x1, 1) (x1, 2) t1

��Ï|Ï
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¡O��qkac�jXZwZtkQ�Ã�XA�|p�prQ¶tkbZXZaUdeT�qkacbZXAbZt�QAp�prQZ�=TZÃ�QZ��dsSU�|]`_��9T¹XZQAaUTÇ_�ds��QAS�XZ�|]e�|����QASZÃ�QA��Q��CQZXATcN�_��=T]sQASÙt�bAX�_�]s_��|QASÙQATÙacQAXZ�|]e]sQZprQZ�=Trt�QÊXA�|]s������QZS���bZXAQZSUSx_�deacQZSAÃ¹QnT��|�+���kTxdeQZ�=T
l(x1) = l(x3) = µ

Ã
l(x2) = η

QAT\�
s1 s2 (x3, 3) (x1, 3) (x2, 1)

(x1, 1) (x1, 2) t1 (x3, 1) (x3, 2)

} _ht��|Nk��]sQl��_�aUacQ¶SUbZq�_�acQ¶]eQZSÔXZ�|]e�|����QASì[9N�d�Sc���9T¹acQASUTxbAQZS¹TcQZ]e]sQZSÔ[9N'PºQZ]s]eQZSÔ�|NÙ[9N�d��|�=T�bn�|QA�9TcN�QZ]ÝV]sQAp�QA�=ThSUN���dÔN��åtkbZX�_�]`_��|Qrt'Pºds��tkdsXZQAS»~ðê/�|_�N�XÇÍ�Qx�\t�QAShXA�|]s�|�k��QZS\�|�kTcQZ�9N�QZSéq�_�a^XZ�|prq��|Scd~Txds��� ~¨êt�aU�|deTcQ?�ng�¡O�é�|bAacd~��Q�[9N�Q�Ã|ê¶acQA�jNkp�bAac��Tx_�Txde�|�ét�QAS7Sc�|prprQATxSJq�acwASZÃ��|��_¶��deQZ���|�oTxQZ�9N�]s_Èt�bAXZ�|ac_�Txde�|�QATl]eQOTÇ_���]eQ�_�N�_�ScSc�jXZdebZSlê
g ◦ f

g
ì ¦ ¯ IC�®6 © § ©Z© DGI K ±j6 © §�<Gè38E695J8E± © 6 @CB § BEK D @H© FH6ÛF K §�óÞ8;§ °Ú° 6 ©
� �|NkS _�]e]s�|��S®êuq�aUbZScQA�=T7Qnmk_�prds��QAa®SZPºds]=QZSWT q��|ScSUds��]eQØt�QìaUbZXAN�qCbAacQAa¬N���QÔ¸�wZXÇÍkQ�êÈq�_�aUTcdsaGt�QAS¬t��|�jV��bAQZSO[9N�Qh���|N�S¶��QZ������SOt�Qht�bA���kdsaZg��H�|N�aÈTc�|NkT¶XZ�|N�qk]sQ

(m,n)
t'PºQZ�=TcdsQZaUSZÃ�t�bA����dsSUSc�|��S

SΣ(m,n)XZ��p�prQO]ÅPºQZ�kScQZpé��]sQOtkQZS�TxaUdsq�]eQATxS
(X, l, R)

��º
X
QZSWTuN���QZ��SUQZp«�k]sQO����dðÃkt����9Tu]eQZS�bA]sbZprQZ�=TcS�Sc�|�=T����TcbZS

x1, . . . , xk
Ã
l
QZSUTuNk��Q\_�q�q�]edsX�_;Txds���Ùt�Q

X
t�_���S

FlΣ
QnT
R
QASUTuN���Q�XA�|acaUQZSUqC�|�kt�_���XAQ\�kd ûUQZX½VTxd~�|Q^QZ�=TcacQ^]sQASlQA��ScQAp«��]eQZS

SX
QAT
TX
Ã�XA�|��SUTcacN�d~TxSuXZ��p�prQ

S(f)
QAT
T (f)

qkacbZXAbZt�QAp�prQZ�=TZg
¡O��t�bn����deTÈ]sQ^q�aU�otkN�deTlQATZÃÞ]sQ\X�_�SlbZXÇÍ�bZ_��=T�ÃC]`_�XZ�|prq��|ScbAQht�Qht�QZNjm�bA]sbAp�QA�9TcSÈtkQ

SΣ
XZ�|prprQt�_��kS�]eQ�XZ_�Sr��º3de]sS�Sc���9TÙ_�SUSc�jXZdsbASÙê t�QZS�¸�wAXÇÍ�QZS�tkQ

LΣ
g¹¡O�2qCQANkT���bZaUde��QAa�[9N�Q

SΣ
QASUTÙN���Q�|q�bZac_�t�Q�g } _�[9N�QZSWTxde�|�/[9N�dGSUQhq��|SUQ\QASUTl]`_«SUN�de��_��=TcQr�

MON�QA]sS�bZ]ebZprQZ�=TxSut�Q
SΣ(m,n)

XZ�|aUacQZSUqC����t�QZ�=T¶ê�t�QZSu¸�wZXÇÍkQZS¶tkQ
LΣ

f
ÉJ��NkTOt'PR_����|actãÃ�ax_�q�q�QZ]e�|��Sl[9N�QéSUdJt�QANom/bZ]ebZprQZ�=TxSlt�Q

SΣ
SU�|�=TO�|�kTcQZ�9N�S¶ê�q�_�aWTxdealtkQ\¸�wAXÇÍ�QZSt�Q

LΣ
Ã�]sQZNka7q�ac�jt�N�d~T7QATZÃ=Scd�QA]s]sQ¹QZSUTÔt�bn����deQ�Ã=]sQAN�a7XZ��p�q��|ScbAQ�XZ�|aUacQAScq��|��t�QA�9T¹ê�N���Q�¸�wAXÇÍ�QÈtkQ

LΣ
g�¹QZq�QZ�kt�_��=T�Ã�Tx��N�Su]sQZS�bA]sbAp�QA�9TcSut�Q

SΣ
��Q��|bZaUde��QA�=T¶q�_�SlXAQATUTxQ^q�ac��q�acdebATxb�g

g èG6 ° 5J¦¾6 ©(c z�g } Q�qkacQZprdsQAa�QnmoQAp�q�]eQOQZSWTlt��|����b�q�_�a�]ÅPºbZ]ebZprQZ�=T�tkQ
SΣ(2, 2)

TxQZ]ã[jNkQ
X = ∅_��|QAX

s1Rt2
QAT
s2Rt1

g Ó d�]ÅPº�|��QZSUSx_�deQ�t�Q�Txax_�XZQZa7]eQ�t�d`_��|ax_�prprQ�_�SUSc�jXZdsb�Ã|�|��ScQuaUQZ��trXZ�|prqkTcQ[9N�QÈ]ÅPº�|��QASUT¹�|��]sde�|b�t�QlXZaU�|dsSUQZaÔ]sQZSì_�aulATxQAS¹SUd�]ðPR���r��QZNkT¹[jNkQ¶]sQASìtkQZNom�Sc��dsQZ�=Tìt�QZSUXZQA��t�_��=TxQASZg¡Oar�|�+]ÅPR_ñds�=TxQAact�d~TÙ]e�|acSU[jNkQ�]ÅPº�|�3_ábA���o[9N�b�]sQZS��|ax_�q�Í�QZS�q�]`_���_�dsaUQZSrt�QZSUXZQA��t�_��=TxSAg � ��N�S�'PR_��|�|�kSéq�_�S\q�aUbZXZdeScb�[jNkQZ]s]eQ�bATÇ_�deT\]`_�Scde�|��_�TcN�acQ
Σ
NkTcds]edsScbAQ�X�_�a\XZQnTébA]sbAp�QA�9T\QASUT«qkacbZSUQZ�=Tt�_���S�Tx�|N�Su]eQZS

SΣ
ÃÞ[jNkQZ]s]eQ�[9N�QhSU�|deT

Σ
g

�ogl�H�|N�a�]eQñt�QZNomodewZprQáQ½mkQAp�qk]sQ�Ãu�kmo�|��S/]`_yScde�|��_�TcN�acQ
Σ
�u�|�ø]s_àXÇÍk�|dsSUdeT�_���QZXáN���QåSUQZN�]eQ¸�wAXÇÍ�Q�Ã®����TxbZQ

σ
g'µO_���S

SΣ(0, 0)
Ãã�|� Tcac�|No�|Q�]ÅPºbZ]ebZprQZ�=T�ScNkde��_��=T��

X = {x1}
Ã
l(x1) = σQnT

(x1, 2)R(x1, 1)
g Ó d®]ÅPº�|��Txac_�XZQ\]sQ^t�ds_��|ac_�p�prQ�_�SUSc�jXZdeb�Ã��|�/�|�kTxdeQZ�=TlN���SU�|prp�QnTÈtkbZXZ��acbq�_�a

σ
t����9Tì]`_OSU�|aUTcdsQuQZSWTÔacQZ]edsbAQuê\]ðPRQA�9TcacbAQ\�=QA��XZ��acQlN���Q�À¾�|dsSAÃ|XZQnTcTcQÈSUdeTxN�_�Txde�|��QZSWT¹q�aU�|Í�de�CbAQq�_�a�]sQOÀ¨_�d~T�[9N�Qh]eQZSu_�aulATcQZSlt��|de��QZ�=TÃlATcacQ^t�QZSUXZQA��t�_��=TxQASZg

��Ï ë
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ÐÈ���út'PºbA�jdeTcQZa�XZQZS/Scd~TxN�_�Tcds�|�kSZÃ��|�âq�QZNkT/t�bA����dsa�t�QAS�XZaUdeTcwZacQAS�X�_�ac_�XATcbZacdeSx_��=T/]sQAS�bA]sbAp�QA�9TcSt�Q
SΣ

[9N�d'SU�|�=Tlt�QZS�¸�wAXÇÍ�QZSÈt�Q
LΣ

g��H�|N�a�]ðPRde��SUTx_��=T�Ãk�k�|N�Su�'PR_����|��Su[9N�Q^t�QZSuq�deSUTcQZS�XZ����XZQAac��_��=TXZQASÈXAacd~TxwZaUQZSAg
a ±\b @HK¾B�K D @�c�Ó �|deQZ�=T

Σ
Nk��QÊScde�|��_�TcN�acQ�QAT

(X, l, R)
Nk�ÎbZ]sbAp�QA�=TÙt�Q

SΣ(m,n)
gu¡O�+����TxQ

X̄]ÅPºQZ�kScQZpé��]sQ��
X̄ = X q {s1, . . . , sm} q {t1, . . . , tn}.ÌÈ� hL�(WNo�izXïgsWLK?hLWNX½g�SUX(Q�INO�INopWNX(QTSUizGJW�t�Q

(X, l, R)
QZSWT\N��ñXZ�|N�qk]sQ

(a, b)
tãPRbA]sbZprQZ�=TcS\tkQ

X̄�|bAacd~�Þ_��=Tl]ÅPºN���Q�t�QASÈXA�|��t�d~Txds����S�ScNkde��_��=TxQASh�
V�de]'QnmodsSWTxQ

i ∈ [m]
QAT
j ∈ [n]

TxQZ]eSu[jNkQ
a = si

Ã
b = tj

QAT
siRtj

�
V�de]'QnmodsSWTxQ

i ∈ [m]
Ã
x ∈ X

QAT
j ∈ [s(x)]

TxQA]sS�[9N�Q
a = si

Ã
b = x

QAT
siR(x, j)

�
V�de]'QnmodsSWTxQ

x ∈ X
Ã
s(x) < i ≤ s(x) + t(x)

QAT
j ∈ [n]

TcQZ]eS�[jNkQ
a = x

Ã
b = tj

QnT
(x, i)Rtj

�V�de]ÔQ½modsSUTcQ
x, y ∈ X

Ã
s(x) < i ≤ s(x) + t(x)

QAT
j ∈ [s(y)]

TcQZ]eSé[9N�Q
a = x

Ã
b = y

QnT
(x, i)R(y, j)

g
ÌÈ� hL�(WNo�izX gsWLK?hLWNX½g�SUX(Q¬t�Q

(X, l, R)
QASUT�Nk��QÈÀ¨_�prds]e]sQ

(x1, . . . , xp)
TxQA]s]sQu[9N�QÈXÇÍ�_�[9N�QOXA�|N�q�]eQ

(xq, xq+1)
QASUTuN���XÇÍ�QAp�de��t�QZSUXZQA��t�_��=TÈbZ]sbAp�QA�=TÇ_�deacQ¶tkQ

(X, l, R)
��N���TcQZ]'XÇÍkQZprds��QZSWTut�deTHSUOzO SUX(Q

gsW
x1

d
xp
g

¡O��t�bn����deTlSUN�a
X̄
]`_�aUQZ]`_;Txds���ïWLKNQ£�½ORMæK�dfq�SUM(hL�(W�A}M{WnÃ��k��TxbAQ

.
Ã�QZ��q��|Sc_��=T

a . b
SUd®]ÅPº�|�/QASUTt�_��kSlNk�/t�QASuX�_�SlScN�d~��_��=TxS^�

V�de]HQ½modsSUTcQ
i, j ∈ [m]

Ã�TcQZ]eS¶[9N�Q
i > j

Ãã_�de��Scd®[9N�Q«tkQZSOXÇÍ�QAp�de��S¶tkQZScXAQZ��t�_��=TxS\_�]s]s_��=Tlt�Q
si
ê

a
QATut�Q

sj
ê
b
�

V�de]'QnmodsSWTxQ
i, j ∈ [n]

Ã�TxQZ]eSu[jNkQ
i > j

Ã�_�ds��SUdG[jNkQ\tkQZSlXÇÍ�QZprds��Sut�QAScXAQZ��t�_��9TcS�_�]e]`_��=T�tkQ
a
ê
tiQnTÈtkQ

b
ê
tj
g

�¡O�ÙÀ¾�|acpéN�]sQlN���QOXA�|�;ûUQAXATxNkacQ�g�ÌÈ��bA]sbZprQZ�=T
(X, l, R)

t�Q
SΣ(m,n)

XZ�|aUacQZSUqC����t�êéN���QÈ¸�wZXÇÍ�Qt�Q
LΣ(m,n)

SUdGQATlScQAN�]sQAp�QA�9TlSUdG]sQZS�tkQZNom�XA�|��t�d~Txds����S�ScNkde��_��=TxQASÈSU�|�=TlacQZprq�]edsQZS¶�
z|guÕY]J�'Pºv�_�_�NkXZN��ÛXÇÍ�QAp�de�Ût�QZSUXZQA��t�_��=T^t�Q«]e�|���|NkQZN�aÈ���|�Û�9N�]s]eQét�_���S

(X, l, R)
_�]s]s_��=T¶t'PºN��SU�|p�prQAT

x ∈ X̄
�|QAacSl]sN�dÝVYp,lZprQ�g

�og } _�XZ]VE�TxN�aUQOTxac_���Scd~Txd~�|Q�t�Q
.
QZSWT¶Nk�/�|aUt�acQ�SWTxaUdsXATuSUN�a

X̄
g

¥ 6 ° §�8 ô <®6 cÔ} _«SUQZXA�|��t�Q^XZ����t�deTcds�|�Ù_«qC��N�a���NkT�t'PRde�=TxQZaUt�dsaUQO]sQAS�XZaU�|dsSUQZprQZ�=TxS�QA�=TxacQ�]eQZS�_�aFlATcQZSAÃ]`_uq�aUQZprdswZaUQØ]sQZSHacQA��ac��N�ScSUQZprQZ�=TxSAg�ÕY]9ScQAp«��]sQÔ[9N�Q¹SUdo]ðPR���h�'Pºdsprq��|ScQØ[9N�Q¹]s_lqkacQZprdswAacQØXZ����t�deTcds�|�ãÃ��|��|�kTcdsQA����Q¹Nk��Q�acQAq�acbAScQA�9Tx_�Txde�|�é��tkwZ]sQ¹t�QZS¬¸�wZXÇÍ�QAS7t�Q¹]ðPR�|q�bZac_�t�QìSUvjp�bnTxaUds[9N�Q¹]eds��aUQZprQZ�=TJQZ���|QA��t�aUbZQq�_�a
Σ
g Ó dO]ÅPº�|�Î�'Pºdsprq��|ScQÛ_�N�XZN�� t�QAS�t�QZNomÎXZacd~TxwAacQZSAÃ

SΣ
q�_�ax_<;eT8lATcacQñ]ÅPº�|q�bZac_�t�QÊSU�|Nk�|QAax_�de��Q]sde��acQAp�QA�=T�QZ����QZ��t�aUbZQ\q�_�a

Σ
g

�¹�|prp�QØ���|NkS¬]ÅPR_��|�|�kSJt�d~T¬qkacbZXAbZt�QAp�prQZ�=TZÃ�XAQATcTcQ¹SUQZXATcds�|�ht�QA�jac_²lATcacQìt�bA��QZ]s��q�qCbAQ¹t�_���S¬]eQÔ�kNkTt'Pºdsprq�]`_��9TcQZaAÃãQZ� q�_�aWTxdeXZN�]edsQZaAÃC]s_�p�bnTxÍ��jt�Q�t�Q�X�_�]sXZNk] t�QZS\q�_�deacQAS�XZacd~Txde[jNkQZS^t'PºN���Q�q�acbAScQA�9Tx_�Txde�|�t'Pº�|q�bZax_�t�Q^t�Q\�kg· ogË�oÃkpÙ_�deS�_�N�SUScd®t'PR_�NkTc�|pÙ_;TxdsSUQZa�]s_éTxQAXÇÍ���ds[9N�Q\t'Pºds�=TxQAacq�aUbATx_�Txde�|��t�Q\�kgËÁjg

��Ï ù





� J{! �%.�-�1�&  

� 1ON+*�& � -/! -/.��¨�{* ()& , �¨� �¥¤�()&+* �ï�÷, , �¢-/! -/.43Ô*
�¨� 1ON+*�&+! �65 ()& � & -�1�.

� �|NkSh_�]s]s����SOax_�q�qCQA]sQAa�]sQ«À¾�|aUpÙ_�]edsSUp�Q\N�ScNkQZ]Øt�QZS\acbAScQZ_�Nomñt�Qr�HQATxaUdÅg � ��Tx�|�kS\[9N�Q�ÃGScQA]s�|� ]sQAS_�NkTcQZN�aUSZÃ�]`_�q�acbAScQA�9Tx_�Txde�|��q�QZNoTÈ��_�aUdsQZat��tkQhq�]eN�SZÃÞde]HQ½modsSUTcQhtkQé���|pé��acQAN�ScQAS¶�|bA��bZac_�]sdeSx_�Tcds�|��St���|�q��|N�acac_�ScQ^acbnÀ¾bZacQAalê�=RÂ/N�ac |i<>Gq��|N�auq�]eN�S�t�Q^t�bATx_�ds]eSZg
Ð¶q�aUwZS7XAQZS7ax_�q�qCQA]sSAÃ�����N�S¬�|QAacaU�|��S7[9N'PºN���acbZSUQ�_�N�t�Q��JQATcacd�QASUT7bA[9N�de��_�]eQZ�=T7êON��kQ�q�acbAScQA�9Tx_�Txde�|�t�Q^pr�|����¿Åt�Q�XZ�|prp«NkTx_�Txd~Às�kQZ�o���'ÃÞ���|N�Supr�|�=TxaUQZac����SuXZ�|prp�QA�=TÈqk]s�|����QZa�N���TxQA]G�|�jûUQATlt�_���SÈNk��Qq�aUbZScQA�=TÇ_�Tcds�|��t'Pº�|qCbAax_�tkQ�g

�mT1S 7 ��!/ -!$#£')1�4��-%£4���� #£��'�'�4X� 'é%£!+ -!$#�1�2$#ª!$0��p�  -! | !�%ª1�4

ÌÈ�µGJILK?WFSUM gsW�<$WNQjGNi�QASUT�Nk��QÊt��|�k��bZQ
R = (X, T, w)

��º
X
QAT
T
SU�|�=T�t�QAS�QZ��SUQZp«��]eQZS����deS�tk�|�=T�]sQAS�bA]sbAp�QA�9TcS�SU�|�=T�aUQZScq�QZXnTxd~�|QZprQZ�=T�_�q�qCQA]sbASf�½O SshLWLK�QAT�QvGuSUXYKNizQjiTkCXYKnÃØQAT

w
QASUT�Nk��Q_�q�qk]sdsXZ_�Txde�|�Ê�

w : (X × T )q (T ×X) −→ N.

ÌÈ��aUbZScQZ_�N�t�Qu�JQnTxaUdkQZSWTØacQAq�acbAScQZ�=Tcbl��ax_�q�Íkds[9N�QZprQZ�=T7tkQ�]`_¶p�_���dewZaUQ¹ScNkde��_��=TxQO���|��_�SUSc�jXZdeQ�N��Sc��p�prQAT�ê«XÇÍ�_�[9N�Q^q�]`_�XZQ¶QnTlê«XÇÍ�_�[9N�QOTcax_���SUdeTcds�|�'Ão_��|QAX\tkQZS�À¾�|aUp�QAS¹t�d �ãbAacQZ�=TcQZS�~¨XA]`_�SUScde[jNkQZprQZ�=TN��àXZQAacXZ]eQ�qC�|NkarNk��Q�q�]`_�XAQ�QATrN���Q�t��|N��k]sQ���_�aUacQ�q��|N�a�N���Q�Txac_���SUdeTxde�|�{�½g �7N�dsSAÃ7qC��N�a�XÇÍ�_�[9N�QXZ��N�q�]sQ
(x, t)

t�Q
X × T

Ã��|�ÊTxac_�XZQhN���Q�_�aFlATcQ«t�Q
x
ê
t
Scd¬QnT�ScQAN�]sQAp�QA�=T�Scd

w(x, t) > 0
QAT�N��kQt�Q

t
ê
x
Scd�QATÔSUQZN�]eQZprQZ�=TÔScd

w(t, x) > 0
g Ò �k���'Ã=XÇÍ�_�[9N�Q¶_�aFlATcQuQZSUTÔbnTxds[9N�QnTxbAQÈq�_�a7]ÅPºQZ�=TxdeQZa

w(x, t)�|N
w(t, x)

ScQA]s�|��[9N'PºQZ]e]sQO��_�t�Q
x
ê
t
�|N�t�Q

t
ê
x
g
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g èG6 ° 5J¦¾6 c ¡O��XZ�|�kScdstkwZacQ^]eQ�acbZSUQ�_�N�t�Q\�JQnTxaUd
R = (X, T, w)

��º
X = x1, x2, x3

Ã
T = t1, t2

QnT






w(x1, t1) = w(t1, x2) = w(t1, x3) = w(t2, x3) = 1

w(x2, t2) = 2

w(x, t) = 0
q�_�aUTc�|NkTl_�de]s]sQAN�acSAg

¡O�/q�QZNkTl]eQ�acQZqkacbZSUQZ�=TxQAaÈXA�|prp�Q�t�_���Su]`_é���|NkacQ^��g~z|g

t

t

1

2
1

1

1
1

2
x

x

x

1

2

3

È)ÉzÊ3Ë ��gez�Ì8Î7Ï�Ó�ö?Ó�õ�ã�àáÓ¸Ö�ÓBÐvÓuã�ÐvÑFÒjÓuÏ}ØTÔLØTÙâß�Ï5�NÐ°Ô6ãCù�Ùá÷}Õ�ÓBÔ�ÒvÒvß?ønÙáÑ�Óûý)ÕCÏ�ÐTÑuÒvÓuÔNÕ²Ö?ÓB×®Ó�ØvÐTÙVÚ

µO_���S�Tc�|NkTxQ�]s_�ScN�d~TxQ�ÃG�|�Û�kmoQrNk� aUbZSUQ�_�N t�Qr�JQnTxacd
R = (X, T, w)

g®¡O�á_�q�qCQA]s]eQpo,SUGCA}M®S?qsWt�Q
R
Tc�|NkTxQO_�q�q�]edsX�_;Txds���

µ : X −→ N
g�¡O������TxQ

M(R)
]ÅPºQZ�kScQZpé��]sQÈt�QZS�p�_�ac[9N�_��|QZS�tkQ

R
g�Ìl�p�_�ac[9N�_���Q\QASUTÈacQAq�acbAScQZ�=Tcbé�|ac_�q�Í�de[jNkQZprQZ�=Tlq�_�aut�QZS�©xWNQ"kCXYKéqk]`_�XAbZSlt�_���Su]sQASuXZQZaUXZ]eQZSlXZ�|aUacQZSUqC���oVt�_��=TÈ_�Nom�q�]`_�XAQZSAg

¡O�+t�bA����deTZÃìq��|N�a�Tx�|NoTxQ/Tcax_��kScdeTcds�|�
t ∈ T

ÃÔN���Q/acQA]`_�Tcds�|�à��ds��_�dsaUQ
→ t

ScN�a
M(R)

t�QÊ]s_p�_���dswAacQOSUN�de��_��=TcQr��SUd
µ
QAT
ν
Sc�|�=Tlt�QZSlp�_�ac[9N�_���QZSZÃk�|��_

µ→tν
ScdGQnTlScQZNk]sQZprQZ�=TlScd

qC��N�a�Tx�|NoT
x ∈ X,

{

µ(x) ≥ w(x, t)

µ(x) + w(t, x) = ν(x) + w(x, t)

} _åq�acQAp�dewZaUQ�XA�|��t�d~Txde�|�3dep�q��|ScQ�[9N'Pºds]�v2_�deTÙ_�N2p��|de��Sr_�NkTx_��=T�t�Q�ûUQATx����Sr~¾qC�|Nka�]eQ/p�_�aWV[9N�_��|Q
µ
�¹t�_���S�XÇÍ�_�[jNkQhq�]s_�XZQ

x
[9N�Q^]`_é��_�]eQZN�a�tkQ

w(x, t)
g Ó d'X�PºQZSWTÈ]eQ�X�_�SAÃ��|���|�kTcdsQA�9T

ν
_�ds��SUd¬�

z|gÈ¡O��E�TxQ
w(x, t)

ûUQnTx�|�kSltkQ\XÇÍ�_�[9N�Qhqk]`_�XAQ
x
g

�ogÈ¡O��ax_EûU��NkTxQ
w(t, x)

ûUQnTx�|��Sut�_���SuXÇÍ�_�[9N�Q\q�]`_�XAQ
x
g

�lQApÙ_�ac[9N��|��SÈ[9N�Q�Ã�Scd®Tx�|NoTxQZSÈ]sQASÈde��bZ�=_�]sdeTcbZS
µ(x) ≥ w(x, t)

Ã
x ∈ X

ÃÞSc�|�=T¶�jac_�dsQASZÃÞds]'v/_�Nk�QAT�Nk� ScQZNk]�pÙ_�aU[9N�_��|Q
ν
TcQZ]�[9N�Q

µ → tν
gØ¡O� t�bA����deT

→T

XZ�|prp�QÙ]`_�aUbZN���de�|� t�Q�Tc�|NkTxQAS�]sQASacQA]`_�Tcds�|�kS
→t

Ã
t ∈ T

g } PºÐO� Ó SCKLK?k?hNiTI�_�NñacbAScQZ_�Nåt�Qr�HQATxaUd
R = (X, T, w)

QASUT
(M(R),→T )

gÓ d
µ
QnT
ν
Sc���9T�tkQZS�pÙ_�ac[9N�_��|QASZÃJ�|�yt�deTé[jNkQ

ν
QASUT�SshLhLWLKLKNij|}O�W�êÊq�_�aUTcdsaht�Q

µ
Scd
µ �Tν

g µ¶Q���|pé��acQANom/q�ac�|�k]swZprQZSlScQéqC�|SUQZ�=TOXA�|��XAQZac��_��=T�N��ÊaUbZScQZ_�NÊt�Qé�JQnTxacdðg } PºN��Êt�QAS¶q�]eN�S¶XA�|N�ac_��=TOQZSWTXZQA]sN�dGtkdeT�t'P�SshLhLWLKLKNij|}izORizQ"IngÞ¡O��q�QZNoTÈ]eQ�t�bZXAacdeacQ\_�ds�kScd �
µ¶������bZQASh��Nk�/aUbZScQZ_�N�t�Q\�JQATcacd

R = (X, T, w)
QATlt�QANom�p�_�ac[9N�_���QZS

µ
QAT
ν
t�Q
R
gMON�QASUTxde�|�ñ��QZSWTUVYXAQ^[jNkQ

ν
QZSWT¶_�XZXAQZScSUds��]eQ\ê�q�_�aUTcdsa�t�Q

µ
f

��Ïe+
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�¹QZ]s_�aUQZScSUQZp«�k]sQrê�N��áqkac�|��]ewZprQ�t�Q�p���TxS��G�|�Û�|��N�t�ax_�deT^QnmoÍ�de�CQAa^]`_�SUTcacN�XnTxN�aUQ�_�]s�|bA��acde[jNkQt�_��kSé]`_�[jNkQZ]s]eQ�]sQ�À¾�|acpéN�]sQAaZg Ò �áÀ¨_�d~T�ÃG]s_�aUbZSc��]sNkTcds�|� t�Nåqkac�|��]ewZprQ�t�QÙpr��TxS^��QrÀ¾�|N�aU��deT\[9N'PºN���Qq�aU�oXAbZt�N�aUQátkQ SUQZprd~V�t�bZXAdsScde�|�Îq��|N�a�XZQA]sN�d�tkQ ]ðP·_�XZXZQAScSUds��de]sdeTcb�ÃìX�PºQZSUTWV×ê;V�t�dsaUQÛ[9N�Qá]ðPR���â�ãPR�|�oTxdsQA�=T[9N'PºN���Q�XA�|��t�d~Txde�|�y��bZXAQZScSc_�dsaUQ�q��|N�a�acbAqC����t�acQ�t�Q�pÙ_���dswAacQ�_<Ûracp�_�Tcde�|Q�êñ]`_Û[9N�QZSWTxde�|�'g¹�¹QATcTcQq�aU�oXAbZt�N�aUQÈQASUTìXZQAqCQA��t�_��=TìXZ�|prq�]swnTxQ�t�_���Sì]eQ�X�_�SÔt�QASìaUbZScQZ_�Nom�t�Ql�JQnTxaUd�aUbA��QZacSUds��]eQZSAÃjX�PRQASUTWV×ê;V�t�dsaUQXZQANomhqC��N�aJ]eQZSU[jNkQZ]sS
�T

QAT
≡T

XZ��¿Å��XZdet�QZ�=T�g;Ð¶NoTxacQAp�QA�=T¬t�d~T�Ã�]eQìq�aU�|��]ewZprQÔtkQ¹pr��TxS®QZSWT bA[jNkde��_�]sQA�=T_�N�q�aU�|��]swAp�Q�SUN�de��_��=T\�
µ¶������bZQASh��Nk�/aUbZScQZ_�N�t�Q\�JQATcacd

R = (X, T, w)
QATlt�QANom�p�_�ac[9N�_���QZS

µ
QAT
ν
t�Q
R
gMON�QASUTxde�|�ñ��QZSWTUVYXAQ^[jNkQ

µ
QAT
ν
Sc���9TlbA�=_�Nomyopk}gUMsO�k�]s_«acQA]`_�Tcds�|��t'PºbZ[9N�d~��_�]sQA��XZQ

≡T

f
�¹�|prp�Q

µ �Tν
t�������Q

µ ≡Tν
ÃH�|� _/�kdsQZ�åN���QÙXA�|��t�d~Txde�|�å�kbZXZQAScSc_�dsaUQ�qC��N�ah]eQ�qkac�|��]ewZprQt'PR_�XZXAQZSUScds�kds]sd~Txb�g

g èG6 ° 5J¦¾6 c�Ò � acQAq�acQA��_��=T\]ÅPºQnmoQZprq�]eQ«q�acbAXZbAt�QZ�=T�ÃHbATcN�t�de�|��S�]sQAS�Txax_���Scd~Txds����SOq��|ScSUds��]eQZS^ê�q�_�aWTxdsat�N�pÙ_�aU[9N�_��|Q
µ(x1) = 2

Ã
µ(x2) = 2

QAT
µ(x3) = 0

gj¡O��_^acQAq�acbAScQZ�=Tcb¶]sQASìtkdV�CbZacQA�=TxQZSÔbA���|]sNoTxds����St�_��kSl]s_é���|N�aUQ^��gË�jg

1

1

1
1

2
1

1

1
1

2

1

1

1
1

2
1

1

1
1

2

1

1

1
1

2
1

1

1
1

2
1

1

1
1

2
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¡O�2��_ dep�d~TxQAa�XZQ�[jNkdÈ_ bATcb�À¨_�d~T�q�acbAXZbAt�QZprp�QA�=T�q��|N�a�]sQAS�pr�|����¿Åt�QZSAÃ7pÙ_�dsS�QZ�+_EûU�|NkTx_��=Tq�_�aWTx�|NoTmhLkCo�o�MPQTSUQvi wÊ_�q�aUwZSlp��|�k��¿�t�Q�g��l_�q�q�QZ]e�|��S�Tx��NkTut'PR_��C��act�XZQZXAd7�

a ±\b @HK¾B�K D @�c Ìl�+p�������¿�tkQ
M

QZSWT�t�d~TAhLkCo�o�MsQ°SUQji wÎSUd
xy = yx

q��|N�a�Tx�|N�S
x, y ∈ M

g¹¡O�����TcQ
COM

]`_«SU�|N�S×VYX�_;TxbZ���|acdeQ�q�]sQAds��Q�t�Q
MON

À¾�|aUp�bAQ�q�_�a�]eQZSup�������¿�tkQZS�XZ��p�p«NoTÇ_�TcdeÀ¾SZg
�

¡O� q�QZNoT^bZXZaUdsaUQ«N��ñq�ac����]swAp�Q«Nk��de��QZacSUQZ]7t�Q�pr�|����¿�t�Q«XA�|prp«NkTÇ_;TxdeÀ ]sds�kacQéQA���|QA��t�acb�q�_�aON��QZ�kScQZpé��]sQ�g�¡�����_�q�]sNkTFE�Tut�deacQZXnTxQAp�QA�9Tutk�|����QAalSc_rSU�|]sNoTxds���Û�
a ±\b @HK¾B�K D @�cOÓ ��deT

X
Nk�3QZ�kScQZpé��]sQ�g } QAopkCXtkC¿jgsW�hLkCo�o�MPQTSUQji w-ORij|}GJWrWNXsqsWNX½gUGLI¾�YSUG

X
QZSWTÙ]eQpr�|����¿Åt�Qñ����Txb

[X]
_�t�prQATUTÇ_��=T/]`_ q�acbAScQA�9Tx_�Txde�|�

(X,E)
��º

E
QZSWT�]ðPRQA��ScQAp«��]sQñt�QAS�XA�|N�q�]eQZS

(xy, yx)
q��|N�a�Tc�|N�S

x, y ∈ X
g

�

ÕY]'ScQ�Tcac�|Nk��Q^[jNkQ�Ã�SUdG]ÅPº�|���kmoQ�N����|act�aUQ¶Tx��TÇ_�]'SUN�a
X
Ã������|�kTxdeQZ�=TuN���Q�qkacbZSUQZ�=TÇ_;Txds����XA�|�=�|QAaWV�|QA�9TcQ^t�Q

X
QA�/aUQZprq�]`_�äZ_��=T

E
q�_�a

R
t�bA����deTl_�de��Scd¬�

R = {(yx, xy)|x, y ∈ X, x < y}.

�¬_�a�SUN�deTcQ�ÃãTc�|NkT�bA]sbAp�QA�9T^tkQ
[X]

qC��ScScwAt�Q�N���Q�N��kds[9N�Q«À¾�|aUp�Q«�k�|acp�_�]sQht�_���S
(X,R)

g®�¹QA]`_acQn�jdsQZ�=Tìê^XZ�|��SWTÇ_�TcQZaÔ[9N'PRNk�ÙbZ]ebZprQZ�=TØt�Q
[X]

QZSUTÔQA�9TcdswAacQZprQZ�=Tìt�bATcQZaUp�de��b�q�_�aØ]sQu����p«��acQ�tãPR�jXZXANoVacQA��XZQAS�t�QÈXÇÍ�_�[9N�QObA]sbZprQZ�=Tìt�Q
X
t�_���SìSc�|��bZXZaUdeTcN�acQ�Ão����p«��acQÈ[9N�dCQASUT¹�jNk]Cq��|N�aØTx�|NkS¹]sQAS

x ∈ XSx_�NkÀ¹Nk� �k�|p«��aUQ«����dÅg'¡O� �k��TxQ
deg(x, a)

]eQ«���|pé��acQ�t'Pº�jXZXZNkacQZ�kXZQZS\t�Q
x ∈ X

t�_���S
a ∈ [X]

Ã_�N�SUScd®_�qkqCQA]sb»gsWTqUGJI�gsW
x
g�SUXYK

a
g

¡O���|�kTcdsQA�9TÈ_�de��ScdGNk��Q«_�NoTxacQ^t�bn����d~Txds���/bA[jNkde��_�]sQA�=TxQ\t�Q
[X]

XA�|p�prQ^]ÅPºQZ��SUQZp«�k]sQ^t�QZS¶_�q�q�]ed~VX�_;Txds����S
f : X −→ N

TcQZ]s]eQZS�[9N�Q
f(x) = 0

Sc_�NkÀ q��|N�auN������|pé��acQ�����d®t'PºbZ]ebZprQZ�=TxSAg } Qhq�aU�otkN�deTQZSWT�t�bn����d _�ds��SUdì�
fg(x) = f(x) + g(x)

g } QéÀ¨_�deTÈ[9N�Q«]ðPR�|�/�|�kTcdsQZ�k��Q«N��Ûpr�|����¿Åt�Q\XZ�|prp«NkTx_�Txd~Àq�aU�E�jdeQZ�=Tlt�N�À¨_�deT�[9N�Q
N
QZ��QZSWTlN��'g

µO_���S�]eQéXZ_�SO��º
X
QASUTO����dÅÃ��|�Ûq��|ScQ

X = {x1, . . . , xn}
gCÐ¶]e�|acSAÃC]eQZS¶bA]sbAp�QA�9TcSOt�Q

[X]
Sc�|�=TQnmk_�XnTxQAp�QA�9Té]sQAS

xi11 . . . x
in
n

qC��N�a
i1, . . . , in

q�_�acXZ��N�ax_��=T
N
g¬�¶PºQZSUTéQnmk_�XnTxQZprQZ�=T�]ðPRQA��ScQAp«��]eQ�t�QASÀ¾�|aUp�QAS ���|aUpÙ_�]eQZS tkQ�]`_¶q�aUbZSUQZ�=TÇ_�Tcds�|��t�Q�pr�|����¿�t�Q

(X,R)
Ã|]eQZS aUwZ�|]eQZS

R
bATx_��=TØ�|�kTcQZ�9N�QZSÔXZ��p�prQq�aUbZXZbAt�QZprprQZ�=TÈ_���QZX\]ÅPº�|actkacQOTx��TÇ_�]

x1 < · · · < xn
g

�¹�|prp�Q
[X]

QZSWT7_�N�SUScd9N��hp��|�k��¿�t�Q�Ã��|�\qCQANkT¬SUQ¹ac_�TcTx_�XÇÍ�QZaHêl]ÅPºbATxNkt�QØt�Q¹XAQATcTcQìSWTxaUN�XATcN�acQìqC�|Nkat�bn����dsal]sQASu����Txde�|��Slt�Q
[X]

VYpr�jt�N�]sQAS�QATÈt'Pºdst�bZ_�Nom/t�Q
[X]

g�ÌÈ�
M
:"opk}gUMPO�Wé_�Nkax_�Q½mk_�XATcQZprQZ�=TO]s_p,lZprQ¹t�bn����deTcds�|�h[9N�Q�t�_���S¬]sQ¹XZ_�S7���|�éXZ�|prp«NkTx_�Txd~À×g��¹QAqCQA��t�_��=TZÃ|]`_lXZ�|prp«NkTx_�Txd~�od~Txbì_¶XZQAaUTx_�ds��QASXZ����ScbA[jNkQZ��XAQZSØScN�aJ]sQ

M
:"opk}gUMsO�W$gUijS?qskCX½SUO g Ò �«Q��CQATZÃ

M2
QZSWT p«N��kdot�QAS¬t�QANom«_�XATcds�|��SHt�ds_��|�|��_�]sQZS

� ë �
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t�Q
M
Ã®]ÅPºN���Q�ê��=_�NkXÇÍ�Q�ÃG]ðP·_�NoTxacQ�ê�t�aU�|deTcQ¸�'QZ� NkTcds]sdeSx_��=T�]s_�XZ�|prp«NkTx_�Txd~�jdeTxbét�Náqkac�jt�N�deTOt�Q

M
Ã�|���|�kTcdsQA�9T\�

a(x, y) = (ax, ay) = (xa, ya) = (x, y)a.

Ð¶de��ScdðÃH]eQZS«tkQZNomÚ_�XATcds�|�kSht�ds_��|�|��_�]sQAShXA��¿���XAdst�QA�=T�g¬¡��y_�[9N�_���t p,lZprQÙ]eQZSétkbA����d~Txde�|��S\ScN�dÝV��_��=TxQASh�
a ±\b @HK¾B�K D @�c¹Ó �|deT

M
N��/pr�|����¿�t�Q�XA�|p�péNkTÇ_�TcdeÀ×g } QZSlbZ]sbAp�QA�=TxSut�Q

M2
SU�|�=TÈ_�q�q�QZ]sbASHGLWNO SUQjiTkCXYK�|NµGJ�TqUO�WLK�gsW�GJILILhNG6izQjMPGJW KNMPG

M
g�ÌÈ�µijgsIFSUO²gsW

M
�|NÆGJWNO SUQviTkCXÿgsW�GLIFgUM(hNQjiTkCX KNMsG

M
QZSWT�N��Sc��N�SWV

M
VYpr�otkN�]sQ�t�N�pr�ot�Nk]sQOt�ds_��|�|��_�]Åg

�

¡O�ÊqCQANkTOQA��XZ��acQétk�|����QAa¶q�]eN�ScdeQZN�aUSÈXA�|��SUTcacN�XnTxde�|��S¶tkQé]ÅPºdstkb�_�]
(R) =→R

QA���|QZ�kt�acb«q�_�aÈNk��Qq�_�aWTxdeQ
R
t�Q
M2

g } _OqkacQZprdswAacQ�QASUT7tkdsacQAXATcQO�|]sQAS bZ]ebZprQZ�=TxS¬t�Q
(R)

Sc�|�=TØQ½m�_�XATxQAp�QA�=TØ]sQZS¬bZ]sbAp�QA�=TxSt�Q
M2

t�Qé]`_�À¾�|aUp�Q
xα

_��|QAX
x ∈ M

QAT
α ∈ R

g } _�SUQZXA�|��t�Q��|QAacSUds�|�ÛaUQA�jdsQA�9T\_�NÛp»lAp�QhpÙ_�deSq�_�SUScQ\q�_�a�]eQZSuXZ�|�=TcQnmjTxQASh�
a ±\b @HK¾B�K D @�cÔÓ �|deT

M
N���p��|�k��¿�t�QÈXZ�|prp«NkTx_�Txd~À×gjÌÈ�ÀhLkCX(QnWC'�Q"W�KNMsG

M
QZSWTuN���bZ]ebZprQZ�=T�t�Q

CM
Ã]sQ

M
VYpr�ot�Nk]sQO]eds��aUQOQZ����QZ��t�aUbhq�_�au]sQ�Scde���|]eQATx���

{�}
g

�

} QZS�XA�|�=TxQ½moTcQZSÊtkQ
M

Sc�|�=TÊpéN���dsS�t'PºN���QáSUTcacN�XnTxN�aUQåt�Q p�������¿�tkQ XA�|prp«NkTÇ_;TxdeÀp~¾qC�|Nka/]s_XZ��p�q��|Scd~Txde�|�{�nÃ�ds]eS Sc�|�=TÔTx�|NkSÔtkQÈ]s_�À¾��acprQ
x�
Ã9q��|N�a

x ∈M
Ã9QATì_��|deScScQA�=TìSUN�aÔ]sQZSØbA]sbZprQZ�=TcSÔtkQ

Mq�_�a
(x�)[a] = xa

gØÐ¶de��ScdðÃ7]ÅPºdst�bZ_�]
(R)

t�Q
M

QZ����QZ��t�aUb�q�_�arNk��Q/q�_�aUTcdsQ
R
tkQ

M 2
qC��ScScwAt�Q]`_�t�QAScXZaUdsqkTcds�|�áScN�d~��_��=TxQ��®]eQZS\bZ]sbAp�QA�=TxSétkQ

(R)
SU�|�=T«Qnmk_�XnTxQAp�QA�9T«]sQZS\bZ]ebZprQZ�=TxS\t�Q

M2
t�QÙ]s_À¾�|aUp�Q

C[α]
q��|N�a

C ∈ CM
QAT
α ∈ R

g��H�|N�auXZ�|�kXZ]sNkacQ��
a ±\b @HK¾B�K D @�c ÌÈ�kQ��½GJILK?WNX(Q°SUQjiTkCX:gsW�opkCXtkC¿jgsWrhLkCo�o�MsQTSUQvi wúQZSWT�N��ÎXZ��N�q�]sQ

(X,R)
XA�|��SWTxdeTcN�bt'PºN���QZ��SUQZp«��]eQ

X
QnTlt'PRNk��Qhq�_�aUTcdsQ

R
t�Q

[X]2
g } PºÐO� Ó SCKLK?k?hNiTI\ê

(X,R)
QASUT

([X], (R))
g

�
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¡O��XZ�|�kScdstkwZacQÈTx�|N;ûU��N�acSìN���acbAScQ�_�N�t�Q��JQnTxaUd
R = (X, T, w)

gk¡O�Ù��_épr�|�=TxacQAa¹[9N�QO]ðPR���Ùq�QZNkTXZ����SUTcacN�deacQ�Nk��Q�q�aUbZSUQZ�=TÇ_�Tcds�|�3t�Q�pr�|����¿Åt�Q�XZ�|prp«NkTx_�Txd~À¶t����9TÙ]ÅPºÐO� Ó QASUT�deSc�|pr�|aUq�Í�Q�êáXAQZ]sNkdt�Q
R
g } PRdet�bZQ\Sc�|NkSWVeûc_�XZQZ�=TcQéQZSWT¶[9N'PºN��ÊaUbZSUQ�_�N/t�Qé�HQATcacdHScq�bZXZd~��Q\]sQZSu]eQATcTcacQASÈt�Q\]ÅPR_�]eq�Í�_���QATl_�de��Scd[9N�Q\]sQZS�aUwZ�|]eQZS�t�Q^aUbZbZXAacd~TxN�aUQ�Ã�]sQASupÙ_�aU[9N�_��|QAS�t�Q^XZQ^acbAScQ�_�N�bATx_��=Tl]sQZS�TcQZaUp�QASltkQ\]s_�acbZbAXZaUdeTxNkacQ�g

} PRQA��ScQAp«��]sQ
M(R)

t�QZS¬pÙ_�aU[9N�_��|QAS¬t�Q
R
qC�|SUScwAt�Q�N���Q�SWTxaUN�XATcN�acQ�tkQ�p�������¿�tkQìXA�|p�péNkTÇ_�TcdeÀ×Ãt��|�k��bZQrq�_�a�]ðP·_�tkt�deTcds�|�Ût�QAS¹ûUQATx����Sht�_���S^XÇÍ�_�[9N�Q�q�]`_�XAQ�gGµÈQ�q�]eN�SZÃGXAQ�p��|�k��¿�t�Q�QASUThdsSU�|p���acq�Í�Qê

[X]
Ã�XA�|p�prQO����N�Sl_�]s]e�|��S�]eQO�|�|deaZg
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¡O�/SUQ\tk�|����Q^N���pÙ_�ac[9N�_��|Q
µ
t�Q
R
���|��]sNkdG_�ScSU�oXAdsQ�N���bZ]ebZprQZ�=T

ϕ(µ)
t�Q

[X]
t�Q^]`_«À¨_�äA�|�ScNkde��_��=TxQ��

ϕ(µ) =
∏

x∈X

xµ(x).

�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ã=SUd
a ∈ [X]

Ã=�|�rt�bA���kdeTØN��rpÙ_�ac[9N�_��|Q
ψ(a)

_�de��ScdkScN�aØN��rbZ]ebZprQZ�=T
x ∈ X

�
ψ(a)(x) = deg(x, a).

�¹QZS�t�QZNom+_�q�qk]sdsXZ_�Txde�|��S«SU�|�=T�t�QASÙpr�|acqkÍ�dsSUp�QASrtkQ/pr�|����¿Åt�QZS�~¨XA�|prp«NkTÇ_;TxdeÀ¾SJ�hQATÙds�=�|QAacSUQZS]ÅPºN���Q�tkQ\]ðP·_�NkTxaUQ�g
�J�|Nka�]sQZSlTxac_���Scd~Txde�|��SZÃ��|�ÊXA�|prp�QA��XZQ«q�_�a�_�SUSc�jXZdsQAaOê�XÇÍ�_�[jNkQ

t ∈ T
N��ÛXA�|N�q�]eQ

(g(t), d(t))t�Q^p�_�ac[9N�_���QZSuQZ��qC��Sx_��=T^�
g(t) = w(·, t)

QnT
d(t) = w(t, ·).

¡O�/bnTxQZ�kt�_�]e�|acS
ϕ :M(R) −→ [X]

QA�
ϕ : T −→ [X]2

QA�/q��|Sc_��=Th�
ϕ(t) = (ϕ(g(t)), ϕ(d(t))).

¡O�Ú_/tk�|��X
ϕ(T )

N���Q�q�_�aWTxdsQ�t�Q
[X]2

QnTé���å����TcQ
(ϕ(T )) =→ϕ(T )

]ðPRdet�b�_�]7tkQ
[X]

[9N'PRQA]s]eQQZ�k�|QZ��tkacQ�g
j 6 °å° 6 æ c ¤ c Z�kCiTWNX(Q

µ
WNQ
ν
gsWNM('8o,SUGCA}M®S?qsWLK�WNQ

t
MPXtW�QjGuSUXYKNizQviTkCX k Ç�O�kCGJK µ→tν

KNi�WNQéK?WNMsO�W�:
opWNX(QBK>F izO�WC'�i�KNQnW�MPX INO�INopWNX(Q)gsW

q
gsW

[X]
Q"WNOGA}M{W�l

(ϕ(µ), ϕ(ν)) = q.ϕ(t).

n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��Sl[jNkQ µ→tν
g�¡O�/_r_�]e�|acSAÃkq��|N�a�Tx��NkT

x
t�_���S

X
�

µ(x) ≥ w(x, t).

µ¶�|��X
ϕ(g(t))

t�de�jdeScQ
ϕ(µ)

QATZÃ�q�_�auScNkdeTxQ�Ã�ds]ãQnmodsSWTxQ
q
�|bAacd~�Þ_��=T\�

ϕ(µ) = q.ϕ(g(t)).

ÕY]GSZPR_��|d~Tut�Q��
q =

∏

x∈X

xµ(x)−w(x,t).

µ¶Q\q�]sN�SAÃ�q��|N�a�Tx��NkT
x
t�_��kS

X
�

µ(x) + w(t, x) = ν(x) + w(x, t).

� ë Ü
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µ¶�|��Xr�
ϕ(µ).ϕ(d(t)) = ϕ(ν).ϕ(g(t)).

�¬_�auSUN�deTcQ\QnTuq�N�deSc[9N�Q
[X]

QZSUTÈ]sde��acQé�
q.ϕ(g(t)).ϕ(d(t)) = ϕ(ν).ϕ(g(t))

QnT
ϕ(ν) = q.ϕ(d(t)).

Ò �k���å�
(ϕ(µ), ϕ(ν)) = q.ϕ(t).

�lbAXZdeq�ac�j[9N�QZprQZ�=T�ÃGSUN�q�q��|Sc����Sh[9N'Pºds]¬QnmodsSWTxQ
q
TxQA]7[9N�Q

(ϕ(µ), ϕ(ν)) = q.ϕ(t)
gH¡O�á_oÃGt'PRNk��Qq�_�aWT�Ã�q��|N�a�Tc�|NkT

x
t�_���S

X
�

µ(x) ≥ w(x, t).

Ò TÈtãP·_�NoTxacQ^q�_�aUT�ÃkqC�|NkauTc�|NkT
x
t�Q

X
�

µ(x) = w(x, t) + deg(x, q)
QAT

ν(x) = w(t, x) + deg(x, q).

�¹Qh[9N�dGtk�|����Q�Ã�qC�|Nka�Tx�|NkT
x
t�_���S

X
�

µ(x) + w(t, x) = ν(x) + w(x, t).

¡O�/QA�/XA�|��XZ]eNkTu[9N�Q
µ→tν

g
♦

ohDÞ8;D�¦¨¦¨§ K 8E6 æ cs³^c Z�kCiTWNX(Q
µ
WNQ
ν
gsWNM('yo,SUG$A}MYS?qsWLK-gsW

R k Ç�O�kCGJK µ →Tν
KNi�WNQ�K?WNMsO�WNopWNX(Q²KNi

ϕ(µ) → ϕ(T )ϕ(ν) k=� XÆgGF SUMPQjGJWLKrQ"WNG6opWLK�%�O�WLK-Ç`H	Z (M(R),→ T )
WNQ

([X],→ ϕ(T ))
K?kCX(Q�i�K?kz:

opkCG°�(�(WLK k
�mT�� | 1�2$#ª!5�f%70�%£4X�4�  À�¼���r2�150� �! 0�#£#}�,'�4N23!?> ���-!Ä�-1�2$#£!5��%70�%£4X�4�

 -!/� �4���t§® �!/'~��� � �8%70H%£4�¨
�¹�|prp�QrqC��N�ah]eQZS\q�acbAScQA�9Tx_�Txde�|��Sht�QÙpr�|����¿Åt�QZSAÃG�|�ÚXÇÍ�QAacXÇÍ�QÙN���QÙ��qCbAax_�t�Q�ds�=TxQAacq�aUbATx_��=Té]eQX�_�t�acQ�XA�|p�péNkTÇ_�TcdeÀ×g Ó �|d~T

X
N��ñQZ��SUQZp«��]eQ¸�G]`_�qkacQZprdswAacQ«det�bZQ�QASUT^t�Q�q�aUQZ��tkacQ�]`_�p,lZprQ«Scde�|��_;VTxNkacQ

ΣX

[9N�QOq��|N�aÔ]sQZSìp���TxS¶�9Tx��N�S¹]eQZS¹bA]sbAp�QA�9TcS¹t�Q
X
Sc���9Tì�jN�S�XZ��p�prQÈtkQZS�QA��t��|pr�|acqkÍ�dsSUp�QASt�Q

1
g��ØNkdsS��|��[9N���TxdeQZ�=TxQ�]ðPR��qCbAax_�t�Q

LΣX

q�_�a�]ÅPºdst�bZ_�]ãQA���|QA��t�acb^q�_�al]ðPRQA��ScQAp«��]eQ
E
t�QZSuXZ��N�q�]sQAS

(x ◦ y, y ◦ x)
Ã q��|N�ahTc�|N�S�]eQZS

x, y ∈ X
gJÐ¶ds�kScdÅÃJ�|� acQAq�ac�jt�N�d~T�ÃJ_�N ��d~�|Q�_�NàtkQZS�X�_;TxbZ���|acdeQZSZÃJ]`_q�aUbZScQA�=TÇ_�Tcds�|��q�_�a��|bA��bZac_�TxQAN�acSlQATlaUQZ]`_;Txds����S�t�N�p�������¿�tkQ

[X]
g

� ë Ï
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µO_���S�XAQ�X�_�SAÃ ]sQAS«bZ]ebZprQZ�=TxSét�Q
[X]

ScQAac�|�=T�Q½m�_�XATxQAp�QA�=T�]sQZSh¸�wZXÇÍ�QAS
1 −→ 1

tkQ
LΣX/E

g� TÇ_��=Tét��|����bAQÙN��kQ�À¨_�prds]e]sQ
R
tkQ�aUwZ�|]eQZSéSUN�a

[X]
ÃH�|�Ú_/_�]s��acS^N��ÚXÇÍ���d~máê�À¨_�dsacQ�g } _/q�aUQZprdswZaUQq��|ScSUds��de]sdeTcb�QZSWT�t�Q¶Tcax_���_�ds]e]sQAa3opk}gUMPO�k

E
gk�¶PºQZSUTWV×ê;V�t�dsaUQÈ[9N�Q¶]sQZSÔbZ]ebZprQZ�=TxSìScN�a¹]sQZSU[9N�QZ]eS¹q��|aUTcQZ�=T�]s_acbAbZXAacdeTcN�acQ\Sc���9T¶t�QZSÈXZ]s_�ScSUQZSlt'PRbA[9N�de��_�]eQZ��XAQét�Q^¸�wZXÇÍkQZSOt�Q

LΣ
������acQA�=TxacQhdsXAdGt�_���SÈ]sQ^t��|p�_�ds�kQq�bZacde]s]eQZNomÙt�Q^]`_«aUbZbZXAacd~TxN�aUQ,opk}gUMsO�k ~¾XZ�|prp«NkTx_�Txd~�jdeTxb�Ãot�_���Su]sQ�XZ_�Suq�acbAScQZ�=TL�ng

} _�ScQZXA�|��t�Q�qkdsSUTcQéQASUT^t�Q«ac_EûU�|NkTcQZaÈ]sQZS¶acwZ��]sQZSÈt�Q
E
ê�XZQZ]e]sQAS¶t�Q

R
�C�|�ÊaUQZSUTcQ�_�ds�kScdHt�_���SO]eQpr�|��t�Q^t�Qh]`_�acbAbZXZaUdeTcN�acQ\t�Q\p���TcS�~¨XZ]s_�ScSUds[9N�QASL�nÃ�QZ�/QZSUqCbAax_��=TO[9N�Q\]ÅPR_EûU�|NoTÈtkQhaUwZ�|]eQZSl��Qhpr�jt�de��Qq�_�S¬]sQZSJq�ac��q�acdebATxbAS t�Q¹TcQZaUp�de��_�dsSU�|�\QAT7t�Q¹XZ�|�k¸�N�QZ��XAQ�t�Q

→R

g|�¹QZq�QZ��t�_��=T�Ã|XAQ��'PºQZSUTØq�_�S¬Tx��N;ûU�|N�aUS]sQÈX�_�St�kq�deacQ�Ãjds]ÞQASUT�q��|ScSUds��]eQ¶[9N�QO]eQÈpr�|����¿�t�Q
〈X〉/ ≡R

qC�|SUScwAt�Q�N���QÈq�acbAScQZ�=Tx_�Txde�|��XZ�|�=��QZac��QZ�=TxQp�_�dsS�[9N�Q
〈X〉/ ≡RtE

�'PºQZ�/_�deTuq�_�SZg
�¹Q�q�ac�|�k]swZprQ«SUQrq��|SUQZax_�t�Q��k�|Nk�|QZ_�N qC�|Nka�]`_�acbAbZXAacdeTcN�acQ�tkQ�TcQZaUp�QASZg � �|N�SOvÛaUQA�jdsQA��t�ac����S_�]e�|acSAg�ÕYXZdðÃ�]sQAS��|qCbAax_�tkQZS�À¾�|N�aU��dsSUScQZ�=TÈN���Q�TxaU�|dsSUdswAp�Q¶���|dsQ�q��|N�a�bn�jdeTxQAauXZQZSl[9N�QZSWTxde�|��SZg
Ò �àQN�ãQnT�Ã tkNàq��|de�9T«t�Q��jN�Q�t�QZS��|q�bZac_�t�QASZÃ ]eQZS«SWTxacNkXATxNkacQZS�t�Q�pr�|����¿�t�QAS«QAT�t�Q�pr�|����¿�t�QASXZ��p�p«NoTÇ_�TcdeÀ¾S�Sc�|�=TAWLKLK?WNX(QviTWNOzO�WNopWNX(Q«tkdV�CbZacQA�=TxQZSAg�µO_���SÙN��kQ�TxQA]s]sQ�XZ_�TxbA�|�|acdeQ

C
ÃØXZ�|prprQ/t�_���STx��NkTxQASé]sQAS«_�NoTxacQASZÃ®Tx�|NoTéQA��ScQAp«��]sQ�t'PºQZ��t���p��|aUq�Í�deScprQZS

C(n, n)
Í�bAacd~TxQrt�Q

C
t'PºN���Q�SUTxaUN�XATcN�acQt�QÊpr�|����¿�t�Q �¹_�ds��SUdÅÃØqC��N�a

LΣX(1, 1)
ÃØ�|�+acQnTxaU�|Nk�|Q�]sQ�pr�|����¿�t�Q�]sde��acQ

〈X〉
gì�¹QAqCQA��t�_��=T�Ã¹]`_SUTcacN�XnTxN�aUQ�p��|�k��¿�t�_�]sQétãPRN��kQr��qCbAax_�t�Q�_�N�� Q��CQAT^bnTx�|�k��_��=T\ScN�a^]ÅPºN��Ût�Q�XAQZS^p�������¿�tkQZS«�Gde]¬QZSWT

X½SUQjMPGJWNOzO�WNopWNX(Q¹XA�|prp«NkTÇ_;TxdeÀ×goÕY]'SZPR_��|d~Tut�Q^]ÅPzWNXYK?WNo,|}O�W�gsWLKÍK?hFSUO SUizGJWLK�gsW
C
Ã
C(0, 0)

g
�¹QATHQZ�kScQZpé��]sQØt'PºQZ��tk�|p���acq�Í�deScprQZS'q��|SUScwZtkQÍgsWNM('hSWTxacNkXATxNkacQZSHt�QØpr�|����¿Åt�Q7_��|QAXÔtkQZS®acQA]`_�Tcds�|��SQZ�=TcacQ\QZ]s]eQZSAg�¡OaZÃ�N���acbAScN�]~TÇ_�TutãP·_�]e�|wZ�kacQ��|bA��bZac_�]sQ�����N�Suds��t�de[9N�Q�[9N�Q��

» 8;DÞ57D ©�K²BEK D @ æ ce´^c Z�kCizQ
M
MsX WNXYK?WNo,|}O�W¾o�MPX(i�gsW,gsWNM('�O�kCi�KfgsW»hLkCo��(k?KNizQjiTkCX izX(Q"WNG6XtW

·
WNQ
∗�UING6i �)SUX(QÁO SpGLWNO SUQjiTkCX�KNMsiz�CSUX(QnW�l

(x · y) ∗ (z.t) = (x ∗ z) · (y ∗ t)

WNQªS�gUopWNQjQTSUX(Q£hL�YSshNMsXtWéMPX8INO�INopWNX(Q{XtWNMsQvGJWVd$q�SUM{hL�(W3WNQ�dHgUGLkCizQ"W k Ç�O�kCGJK3hLWLK�gsWNM;'�O�kCi�K3hLkC¿zXthNijgsWNX(QWNQBK?kCX(Q$hLkCo�o�MsQ°SUQjiz�UWLK k
n INopkCXYKNQjGuSUQviTkCX k ¡O�Ú����TcQ e ]ÅPºbZ]ebZprQZ�=Th��QZNkTcacQ�tkQ · QAT ε XAQZ]eN�dìtkQ ∗ g¬¡�� ��_�XZ�|prprQZ��XAQZaéq�_�apr�|�=TxacQAa�[9N�Q

e = ε
gÞ¡O�/_�q�q�]eds[9N�Q�]s_«acQZ]s_�Txde�|��_��|QAX

x = t = e
QAT
y = z = ε

g�µhPRN��kQhq�_�aUT^�
(e · ε) ∗ (ε · e) = ε ∗ ε = ε.

} _�qkacQZprdswAacQ�bA�=_�]sd~Txb«QASUT\t��|�k��bZQ�QZ�á_�q�qk]sds[9N�_��9T^]s_���QZNoTxax_�]sdeTcb�ê��=_�N�XÇÍkQrQnThê�tkac�|d~TxQ«t�Q
eq��|N�a

·
�C]s_rSUQZXZ����t�Q�QZ�Ê_�q�q�]eds[9N�_��=TÈ]sQé�kQZNkTcax_�]edeTxb\êÙ�|_�N�XÇÍ�Q«��NÛê�t�aU�|deTcQhtkQ

ε
q��|N�a

∗
gCµéPR_�NkTcacQq�_�aWT�Ã�����_��

(e ∗ ε) · (ε ∗ e) = e · e = e.

� ë|ë
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¡Oal]s_«acQA]`_�Tcds�|��QA�9TcacQ
·
QAT
∗
���|NkSltkdeTu[9N�Qr�

(e · ε) ∗ (ε · e) = (e ∗ ε) · (ε ∗ e)

QAT�tk�|��XO[9N�Q
e = ε

gkÂ�_�ds�=TcQZ��_��=TZÃkScd
x
QAT
y
SU�|�=Tut�QZNomÙbZ]ebZprQZ�=TxS¹t�Q

M
[9N�QZ]eXZ�|�k[jNkQZSZÃ�����_Ù�

x ∗ y = (x · e) ∗ (e · y) = (x ∗ e) · (e ∗ y) = x · y.

�¬_�auSUN�deTcQ�Ã�]sQAS�t�QZNjm��|qCbAax_�Tcds�|�kS�XZ��¿Å��XZdet�QZ�=T�g��J�|N�a����kdsa��
x ∗ y = (e · x) ∗ (y · e) = (e ∗ y) · (x ∗ e) = y · x.

�7N�dsSU[jNkQh]eQZS�t�QANom��|q�bZax_;Txds����S�XZ��¿Å��XZdet�QZ�=TZÃ�QZ]e]sQZS�SU�|�=Tlt�Q^q�]sN�SuXA�|p�péNkTÇ_�Tcde��QZSZg
♦¡O�/]ðP·_�qkq�]sde[jNkQ�ê

C(0, 0)
QZ��q�acQA��_��=T

· = ◦
QAT
∗ = ⊗

�
ohDÞ8;D�¦¨¦¨§ K 8E6 æ c æ c5n SUXYK�Q"kCMPQ"WfkL�(INGuS�gsW

C
%éO�WLK�GLWLKNQjG6iThNQviTkCXYK�d

C(0, 0)
gsWHO S hLkCo��(k?KNizQjiTkCXAWNQ�gUM

�½GJk}gUMPizQ3hLkC¿zXthNijgsWNX(Q�WNQÁK?kCX(Q�hLkCo�o�MsQ°SUQjiz�UWLK kÐ¶de��ScdðÃ�]ÅPºQZ��SUQZp«��]eQ
C(0, 0)

t�QASOScXZ_�]`_�dsacQASut�Q
C
ÃÞp«N���d®t�Q\]`_�XZ�|prq��|Scd~Txds��� ~¾�|N�tkNÊq�ac�jt�N�d~T6�½ÃQZSWT�N��2p�������¿�tkQ�XA�|prp«NkTÇ_;TxdeÀ×g Ó dÈ]ðPR���à��QZNkTÙacQATcac�|No�|QZa�]sQAS�bA]sbZprQZ�=TcSÙt�Q

[X]
XA�|prp�Q�¸�wAXÇÍ�QZSt'PºN���Q^�|q�bZac_�t�Q�Ã����/t�bn����d~Tu]`_�Scde�|��_�TcN�acQ

Σab
X

QA��q��|Sx_��9T^�

Σab
X (m,n) =

{

X
SUd
m = n = 0

∅
SUds�����'g

ÌÈ��Q�q�_�aUTcdsQ
R
t�Q

[X]2
QZSUT��jN�Q�XA�|prp�Q�N���Q�q�_�aWTxdeQ

R
t�Q

(LΣab
X )2

Ã _��|QAX�ScQZNk]sQZprQZ�=T�t�QAS¸�wAXÇÍ�QZS
0 −→ 0

gã¡O���|�oTxdsQA�=TO]sQ\acbAScN�]~TÇ_�TÈScNkde��_��=TÈV¹]`_rt�bZpr�|��SWTxax_;Txds���/QASUT�SUdsprds]`_�dsacQOê�XZQA]s]eQht�NTxÍkbZ�|aUwZprQh�ogez|z^XA�|��XZQAac��_��9Tl]eQZSup�������¿�tkQZS��
� �®±9DÞ8 ¯j° 6 æ c î c Z�kCizQ

(X,R)
MPXtW$�½GJILK?WNX(QTSUQviTkCX gsW�opkCXtkC¿jgsW�hLkCo�o�MPQTSUQji w k Ç�O�kCGJK�%)O$F ÇYH=Z SCK�:K?k?hNiTI4dpO S��½GJILK?WNX(QTSUQviTkCXygGFekL�(INGuS�gsW

(LΣab
X , (R))

hLkCX(QviTWNX(QéO$F Ç`H	Z
([X], (R))

SCKLK?k?hNiTI4d
(X,R) k<)ORMæK3�½GJILhNi�K?INopWNX(Qµ%�kCXASpMsXri�K?kCopkCG°�(�si�KNopWHgGF ÇYH	Zêl

([X], (R)) ' (LΣab
X (0, 0), (R)(0, 0)).

�mT)º 7 � �H1¸ 81�!  -!¤152$ ���')%£4���� � 0�1�%£4�'��-.N4�!�1

ÐH��_��=Tét�QÙq�_�ScScQAa«ê�]`_/aUbZbAXZacd~TxN�aUQ�tkQ�TxQAacprQZSAÃJ����N�S«_�]e]s�|�kS�t�bA���kdsaéNk�å�|aUt�acQ�t�QÙaUbZt�N�XnTxde�|�q�_�aWTxdeXZN�]edsQZaÈScN�a^]eQZS^p�������¿�tkQZSOXA�|p�péNkTÇ_�TcdeÀ¾SO]eds��aUQZS«�G]eQ-o�MPORQjiTkCGugUGJWng � �|NkS\]ðP·_����|��S^t�b×ûcê�NkTcds]edsScb_�NÛXÇÍ�_�q�deTcacQ��kÃCqC��N�aOt�bAp��|�=TcacQZa�]s_�TxQAacprds��_�dsSc����t�Q«]s_Ùq�aUbZScQA�=TÇ_�Tcds�|�
L(Z2)

ÃCXZ�|prprQéQnmoQAp�q�]eQt'PºNkTxde]sdeSx_�Tcds�|��t�N�TcÍ�bZ��acwZprQ\�kg~zEÁog

� ë|ù



ë [^w ^`���u�C\?] . ]Jd _Y\��Ãa�����_Y\�_z«ja��}�$cN_Y����b?] . ]Jd ®ü�3_Yb,^`���u� . b}�fa�� w ��]L^vd

¡O�«�kmoQ�N���QZ��SUQZp«�k]sQ
X
[9N�Q�]ðPR���«ScN�qkqC�|SUQ�p«N���djt'PºN����|actkacQ¹SWTxaUdsXAT
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[X]
_�����t'Pº�|�kTcQZ��dealNk���|aUt�acQ\t�Q^acbAt�N�XATcds�|�ãg�uQZp�_�ac[9N��|�kS�[jNkQ��k�|N�S��'PR_��|�|��S�q�_�S�t�bA���kd�XZQATUTxQ�����Txds��� qC�|Nka«]sQAS�p��|�k��¿�t�QAS«XZ��p�p«NoTÇ_�TcdeÀ¾S��XZQAqCQA��t�_��=TZÃãXZ��p�prQhqkacbZXAbZt�QAp�prQZ�=TZÃãds]GSUNYÛ�T�t�QhacQZqkacQZ�kt�acQ«XAQZ]e]sQ\t�QZSOpr�|����¿�t�QASÈQnTOt�Qh]ÅPR_�t�_�qoVTxQAa¶�jN����|aUt�acQÈt�Q¶aUbZt�NkXATxde�|��SUN�a¹N��Ùp��|�k��¿�t�QlXZ��p�p«NoTÇ_�TcdeÀ

M
QZSUT�êé]`_�À¾�|deSìN��Ù�|act�aUQ¶SWTxacdeXAT¹[jNkdTxQAacprds��Q�QnTuN���dst�bZ_�]'t�Q

M
g

µ¶�|���k�|��SO]ðPRde�9TcN�deTcds�|��t�Qé]`_�XA�|��SWTxacNkXATxde�|�'gCÌÈ�ÊbA]sbAp�QA�9T¶t�Q
[X]

SZPºbZXAacdeTOXZ�|prp�Q\N���QhSc�|prprQÀ¾�|aUp�QA]s]sQÈt'PºbZ]sbAp�QA�=TxS�t�Q
X
��X�PºQZSWTlt'P·_�ds]s]eQZN�aUS�q��|N�a�XZQA]`_«[9N'Pº�|�/_�q�q�QZ]s]eQOq�_�aWÀ¾�|dsS�o�MPORQjiTWNXYK?WNo,|}O�WLK

KNMsG
X
]eQZS¹bA]sbAp�QA�9TcS¹t�Q

[X]
g } PR�|aUt�acQÈ[9N�QO���|NkS�_�]e]s�|��SØXA�|��SUTcacN�deacQÈQZSUT�_�N�ScSUdãXA�|���9N�Sc��N�S�]sQl���|p

kCGugUGJW�gsWLKÃo�MPORQjiTWNXYK?WNo,|}O�WLK�KNMsG
X
SCKLK?k?hNiTIYd

>
QATÔ����Tcb

> ACB)Ä �=���|NkSÔ]ðP·_�q�qCQA]s]eQZac����S ]sQHo�MsORQviTkCGugUGJWWNXsqsWNX½gUGJI²�YSUG
>
QnT^���|N�S�]eQ«����TcQZaU�|��S�QZ�kXZ�|aUQ

>
gãµ¶Q�pÙ_���dswAacQéde�kÀ¾�|aUp�QA]s]sQ�Ã��|�Ût�deax_�[9N'PºN��ñbZ]sb½VprQZ�=T

a
t�Q

[X]
QZSWTÔq�]sN�S7��ax_���tr[9N'PºN��Ù_�NkTxaUQlbA]sbAp�QA�9T

b
Scd�Tx��NkTÔbZ]sbAp�QA�=TØt�Q

X
de�=TxQZaW�|QA��_��=T¹t�_���S]ÅPºbZXAacd~TxN�aUQ�t�Q

b
QZSWTÈp�_EûU�|aUb�q�_�a�N���bZ]ebZprQZ�=Tut�Q

X
ds�=TxQAaU�|QA��_��=Tlt�_���Sl]ÅPºbZXAacd~TxN�aUQOt�Q

a
g

�7acbZXAdsSU�|��Sép�_�de�9TcQZ��_��9T\]s_�XA�|��SWTxacNkXATxde�|�'gJ¡O�åXA�|p�prQZ�kXZQ�q�_�a\bATcQZ��t�aUQÙ]ðPR�|aUt�acQ
>
t�Q

X
QZ�N���Q�q�_�aUTcdsQ¶tkQ

X × [X]
ÃjTc�|N;ûU�|N�aUS�����TcbZQ

>
�kSUd

x ∈ X
QAT
a ∈ [X]

�|��q��|SUQO[9N�Q
x > a

SUd
a = 0�|NÛSUd¬Tx�|NoT�bZ]ebZprQZ�=T

y
t�Q

X
ds�=TcQZaU��QZ��_��9T\t�_���SO]ÅPºbZXAacd~TxN�aUQ«t�Q

a
�|bZaUde��Q

x > y
gã�7N�dsSAÃã�|�ñbATcQZ��tXZQnTcTcQ\aUQZ]s_�Txde�|��QZ��N��kQ\aUQZ]s_�Txde�|����de��_�dsaUQ

>
ScN�a

[X]
q�_�a�XZ]VE�TxN�aUQ�acQA]`_�Tcde�|QAp�QA�=Tu_�Nom��|qCbAax_�Tcds�|�kSO�

a ±\b @HK¾B�K D @�clÓ �|deT
X
N��ÚQA��ScQAp«��]sQrp«N��kdÔtãPRN��å�|act�aUQ�SWTxaUdsXATh����Tcb

>
gJ¡O�Ú_�q�qCQA]s]eQ o�MsORQjiTkCGFgUGJW

WNXsqsWNX½gUGJI��YSUG
>
]`_hacQZ]s_�Txde�|����de��_�deacQ¶SUN�a

[X]
t��|�k��bZQ^q�_�a

a > b
SZPºds]ãQ½modsSUTcQ

a′
Ã
b′
QnT
c
t�_���S

[X]�|bAacd~�Þ_��=Tl]sQZS�XA�|��t�d~Txde�|��S�ScNkde��_��=TxQAS\�






a = a′ + c

b = b′ + c

a′ = x1 + · · ·+ xm, m > 0, x1, . . . , xm ∈ X

b′ = y1 + · · ·+ yn, n ≥ 0, y1, . . . , yn ∈ Xq��|N�a�Tx��NkT
j ∈ [n],

ds]ãQ½modsSUTcQhNk�
i ∈ [m],

TcQZ]G[9N�Q
xi > yj.¡O��_�]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=Th�
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>
WLKNQ»MsX kCGugUGJW�KNQjGNiThNQ�A}Msi�QnWNG6o�izXtW�KNMsGrMPX�WNXYK?WNo,|}O�W

X
%»SUO�kCGJKyO�W

o�MsORQviTkCGugUGJW
>
WNXsqsWNX½gUGJImWLKNQéMPX kCGugUGJW�gsW�GJIFgUM{hNQjiTkCX�KNMsG

[X] k¡O�àTcac�|Nk��QZac_ N��kQ/q�aUQZNk��Q/tkQ�XAQ/aUbZSUN�]eTx_�T�t�_���S =ºÑ � i� <>ÅgÔ�¹��p�prQ����|N�S�]ðP·_��|����S�t�b×ûcêÛÀ¨_�deTq��|N�a
L(Z2)

Ã'���|N�S�NoTxds]edsSUQZac����SOê�q�]eN�ScdeQZN�aUSOacQAq�acdeScQ�]eQép«N�]~Txde�|act�aUQéQA���|QZ�kt�acb�SUN�a
[N]
~¾�|N

[N∗]
�q�_�a^]ðPR�|aUt�acQ�N�SUN�QZ]Ôt�Q

N
~¨�|N

N∗ ��_����åt�Qrq�ac��Nk�|QAah]s_�TcQZacprds��_�dsSU�|�Ût�QÙtkde�|QAacSUQZSéqkacbZSUQZ�=TÇ_;Txds����St'Pº�|q�bZax_�t�QZSuQZ�/NkTxde]sdeSx_��=T�]eQOTxÍ�bA�|acwAp�Q\�kg~zEÁog

� ë �



� J{! �%.�-�1�& D

� NPN � 1�.�-��)1�& ()& -�&31/, &3* &y- �{1ON+*�&ò��-/!�-/.����{*
( 
U��� N21�!#()&+*
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Σ
QZSWTlN���Q�q�_�aWTxdeQt�Q�]ðPR�|q�bZac_�t�Q�X�_�aWTxbZSUdsQA����Q�]sde��acQ�QZ���|QA��t�aUbZQ�q�_�a

Σ
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R
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(Σ, R)
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Σ
N���QlScds����_�TxNkacQ�SUO¼qsI}|}G6iBA}M{WnÃ=X�PRQASUTUVYê;VYtkdsacQuN��kQÈSUds�|��_;TxN�aUQÈt����9TÔTx��NkTxQASì]eQZS7¸�wZXÇÍkQZS��|�=T

1q��|N�au��NkTZgã¡O���kmoQhN��/QZ��SUQZp«�k]sQ\t�bZ����p«��ax_���]sQ
V
ÃÞt����9TÈ]sQASubZ]sbAp�QA�=TxSlSc�|�=T¶_�q�q�QZ]sbAS��CSUG6ijS�|}O�WLKng

� ë��



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

�¬_�a���q�qC��ScdeTcds�|�ãÃ¹]sQAS�¸�wZXÇÍkQZS�tkQ
Σ(0, 1)

Sc�|�=T/_�q�q�QZ]ebZQZSÀhLkCXYKNQTSUX(QnWLKng } PzWNXYK?WNo,|}O�W
TΣ(V )

gsWLK
Q"WNGNopWLK�SCKLK?k?hNiTILK�d

Σ
QZSUTlXA�|��SUTcacN�d~Tuq�_�a�de��t�N�XnTxds����ê�q�_�aUTcdsa�t�QASubZ]sbAp�QA�=TxSut�Q

V
t�Q^]`_«p�_���dewZaUQScNkde��_��=TxQ�g|¡O�«q��|ScQ

TΣ(V )0 = V qΣ(0, 1)
g;�7N�dsSAÃ�SUd

TΣ(V )n
QZSWT7XZ�|�kSUTxaUN�deTZÃE�|�«t�bn����deT

TΣ(V )n+1_�de��Scd �

TΣ(V )n+1 =
∐

k∈N∗

Σ(k, 1)× TΣ(V )(k)
n

��º
TΣ(V )

(k)
n

QASUTé]ÅPºQZ��SUQZp«��]eQÙt�QAS
(t1, . . . , tk)

TxQA]sS\[jNkQ�Ã¬q��|N�a\Tx�|NoT
i
Ã
ti
QZSUT«t�_���S

TΣ(V )pi_��|QAX
pi ≤ n

q��|N�a^Tx�|NoT
i
QAT
pi = n

q��|N�ah_�Nåpr�|ds�kS\Nk�
i
g Ò �k���'ÃH�|�áq�acQA��tÚq��|N�a

TΣ(V )
]s_acbAN���de�|��t�dsS²ûU�|ds�=TxQ�tkQ^Tc�|N�Su]sQAS

TΣ(V )n
g

ÌÈ��bA]sbZprQZ�=T
(ϕ, t1, . . . , tk)

t�Q
TΣ(V )n

QZSUT�����Txb
ϕ(t1, . . . , tk)

�j�|��tkdeTì[jNãPRde]CQASUT�t�QmgsWTqUGJI
n
g�J��N�ahNk�áTxQAacprQ

t
ÃG�|�åt�bn����d~Th]ðPRQA��ScQAp«��]eQ

V (t)
t�QAS»�CSUG6ijS�|}O�WLK»gsW

t
ÃGTx��N;ûU�|N�aUS\q�_�a^ds��t�NkXATxde�|�y�q��|N�a�XZ�|prprQZ��XAQZaZÃ7���2q��|ScQ

V (x) = {x}
Scd
x ∈ V

QAT
V (γ) = ∅

SUd
γ ∈ Σ(0, 1)

gØ�7N�dsSAÃ7Scd
t = ϕ(t1, . . . , tk)

QZSUT\N��ñTxQAacprQ�t�Q�t�QZ��acb
n + 1

ÃG�|�ñq��|ScQ
V (t) = V (t1) ∪ · · · ∪ V (tk)

g®�¹QZXAdq�QZacprQATutkQ\tkbA����deau]`_«����Tcds�|��tkQ,GJ�TqUO�W¾gsWHGJILILhNG6izQjMPGJW\ScNka
TΣ(V )

�
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TΣ(V )
QZSWT3N�� XZ�|Nkq�]sQ

(u, v)
t�Q TxQAacprQZSyTxQA]sS[9N�Q

u /∈ V
QnT
V (v) ⊆ V (u)

g
�¡O���|QAacac_ht�_��kS¹]`_�SUN�deTcQÈ[9N�Q�ÃjtãPRN��ÙqC�|de�=TØt�QÈ�jN�QuTxÍ�bA�|acde[9N�QÈ]edsprdeTcb�_�Nom�TcQZacprQZSAÃ9]`_�q�acQAp�dewZaUQXZ����t�deTcds�|�h�'PºQZSUT q�_�S �|�k]sds�|_�Tx�|deacQ¸��XAQZq�QZ��t�_��=T�Ã|N��kQ�acwA�|]sQìt�Q�acbAbZXAacdeTcN�acQ¹t��|�=T ]eQ¹q�aUQZprdsQZaJp�QAp«��aUQQZSWTON��kQ\��_�aUd`_���]eQ�t��|���kQZax_�deTl�|��]eds�=_�Tc�|dsaUQZprQZ�=T�N��kQhaUQZ]`_;Txds����tkQéacbAt�N�XnTxds���/[9N�dH��Q^TxQZaUp�de��Q^q�_�SAgµ¶Q^q�]eN�SZÃ�����N�Sl_�N�ac����Su�CQASc�|de��tkQ\XAQATUTxQ^XZ�|�kt�deTcds�|��q��|N�aut�bAp��|�=TcacQZa�]eQOTxÍ�bA�|acwAp�Qh�ogR�|ikg
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(Σ, R)

XA�|prqC�|SUbÛt'PºN���QScde�|��_�TcN�acQ^_�]s�|bA��acde[jNkQ�QATlt'PºN���Q�À¨_�prds]s]eQÈtkQ\aUwZ�|]eQZSut�Q^acbAbZXAacdeTcN�acQ�SUN�a
TΣ(V )

g
�

� ��Tc�|��Sì[jNkQ¶]ÅPºQZ�kScQZpé��]sQlt�QZSÔ��_�acds_���]sQAS7�'PºQZSUT¹q�_�Sìt��|����bÈt�_���SÔ]sQlSUvjSWTxwZprQ¶tkQ¶acbAbZXAacdeTcN�acQ\�j�|�q�QZNkTÈ]sQ^acQAp�qk]`_�XAQZa�q�_�au�'Pºdsprq��|aUTcQ�[jNkQZ]J_�NkTxaUQ^QZ��SUQZp«��]eQhtkbZ���|pé��ax_��k]sQ�g Ò �/Q��CQAT�ÃÞSUd
V ′
QASUTÈN��_�NkTcacQ�QA��ScQAp«��]sQ�tkbZ���|pé��ax_��k]sQ�Ã�ds]kQ½modsSUTcQuN���Q���d ûUQZXATcds�|�

σ : V −→ V ′
g9¡O��QZ�=�|�|deQ�XÇÍ�_�[9N�QuTxQAacprQt�Q

TΣ(V )
SUN�aÔN���TxQZaUp�Qut�Q

TΣ(V ′)
QA��aUQZprq�]`_�ä�_��=T Tc�|NkTxQASØScQZSØ��_�acds_���]eQZS7q�_�a7]eQZN�a7depÙ_��|Q�q�_�a

σ
g¡O�/��qCwAacQ^t�Q^p»lAp�Q�SUN�au]sQASlaUwZ�|]eQZSAg�ÕY]GQZSWT¶bn�odet�QZ�=Tl[9N�Q\]ÅPº�|���|�kTxdeQZ�=TuN���SUvjSUTcwZprQhtkQ\aUbZbAXZacd~TxN�aUQ

 «bZ[9N�d~��_�]sQZ�=T="|g } QOÀ¨_�d~T�[9N�Q^]ÅPº�|��q�N�deScScQ�aUQZprq�]`_�XZQZa
V
q�_�a�Tx�|NoTu_�NkTcacQ^QZ��SUQZp«�k]sQ�t�bA���|p«��ac_���]eQScQAax_«Q½mkqk]sds[9N�b�]e�|acSU[9N�QO���|NkS�_�N�aU�|��S¹�jN�[9N�Q�]ÅPºNkTxde]sdeSx_�Tcds�|��t�QAS¹��_�acds_���]sQAS¹XA�|acaUQZScq��|��t�êéXAQZ]e]sQOt�QAS�|q�bZac_�TxQAN�acSrt�Q�]ÅPº�|qCbAax_�tkQ�XZ_�aUTcbZSUdsQZ�k��Q/de��deTcd`_�]eQ��Ø�|�àqCQANkT�t��|��X�acQAp�q�]s_�XZQAa�]sQASr��_�aUd`_���]eQZS�q�_�aTx��NkTxQu_�NoTxacQ���QZacSUds�|��t�QuXAQATcTcQu�|qCbAax_�tkQlXA�|prp�Q�Ã�q�_�a7Q½moQZprq�]sQ�Ã|N���_�NkTxaUQ�QZ��SUQZp«�k]sQut�Q���_�acds_���]sQASZg

$VÔCÖ�ÔÜÓ � ·éìé¯Y³tÂ�¯Y³ª¹CGÍ¹s±²îÍ¹�¯P­°¯Y±$¯P­�·Áì²¹ ³t¯	§Y³ªè�¦¸¯P­n·Áì�¹	´�³ÿ§Y©ª´�±²«½¯P­n·éì
ÐH��_��=TÈt�Q\t�bA���kdsau]`_�����Tcds�|��t�Q^aUQZ]`_;Txds����tkQ\aUbZt�NkXATxde�|�/_�ScSU�oXAdsbZQhê�N���Q^À¨_�p�de]s]eQÈt�Q\acwA�|]sQASut�QacbAbZXAacdeTcN�acQ�Ãã�|�Ûtk�|deT¶t�bA���kdsaOXAQZ]s]eQZSOtkQ�XZ�|�=TxQ½mjTxQZS^QnT�t�Q�ScNk��SUTcdeTxNoTxds����SZgãµ¶Q�pÙ_���dswAacQéde�kÀ¾�|aUp�QA]s]sQ�Ã

� ë +



ù [ �\[ õ ���n]n�<�²�}�Ãa���^`���xcC^jd ]Lb�^��¾a���]n�<^v�����

N��ñXZ���9TcQnmjTxQ�QASUT^N��ÛTcQZacprQ�_��|QAX�Qnmk_�XnTxQZprQZ�=T\N��ÛQAp�q�]s_�XZQAp�QA�=T�t�Q�]sde��acQ�gã�7]eN�S¶À¾�|aUp�QA]s]sQAp�QA�=T�Ã�|�ÎXA�|��SUTcacN�d~T�]ÅPºQZ��SUQZp«�k]sQ
CΣ(V )

tkQZSÀhLkCX(QnWC'�Q"WLK KNMPG
Σ
q�_�aÙds��t�NkXATxde�|� �����ÎXZ�|prp�QA��XZQÛq�_�a

CΣ(V )0 = {�}
Ã=N���QZ�kScQZpé��]sQuacbAt�N�d~TÔê\N���bA]sbZprQZ�=TÔ����Tcb

�
�9q�NkdsSZÃ�Scd�]ÅPº�|�r_�XZ�|�kSUTxaUN�deT

CΣ(V )n
Ã�|��t�bn����deT

CΣ(V )n+1

XA�|prp�Q«�

CΣ(V )n+1 =
∐

k∈N∗, i∈[k]

Σ(k, 1)× (TΣ(V ))i−1 × CΣ(V )n × (TΣ(V ))k−i.

¡O��qC�|SUQOQZ�o���
CΣ(V )

]`_éaUbZN��kds�|��tkdsS¾ûU��ds�=TxQÈt�QZS
CΣ(V )n

g�Ìl��XZ�|�=TxQ½mjTxQ�QZSWT�t��|�kX�N���TxQAacprQt�_��kSl]eQZ[9N�QA]G�|��_�aUQZprq�]`_�XAb�Qnmk_�XnTxQZprQZ�=TlN���Q^��_�acds_���]eQ¶q�_�au]eQ�SUvjp«���|]sQ
�
g

�¹�|prp�QhqC�|NkaO]sQAS¶TxQAacprQZSZÃC�|�Û����TcQ
ϕ(t1, . . . , C, . . . , tk)

N��ÛbZ]ebZprQZ�=T
(ϕ, t1, . . . , C, . . . , tk)t�Q

CΣ(V )n
gHÉH�|NkThXZ���9TcQnmjTxQ

C
t�bA���kdeT\N���Q�_�q�q�]edsXZ_�Txde�|�

C[.] : TΣ(V ) −→ TΣ(V )
QZ�áqC��Sx_��=T

�[t] = t
QnT�Ã�Scd

C = ϕ(t1, . . . , D, . . . , tk)
Ã
C[u] = ϕ(t1, . . . , D[u], . . . , tk)

��]ÅPR_�q�qk]sdsXZ_�Txde�|�ÙtkQ
Cê

u
aUQA�jdsQA�9TÈê�acQAp�q�]s_�XZQAaZÃot�_���S

C
Ãk]sQ�SUvjp«���|]eQ

�
q�_�a

u
g

} QZS¶SUN���SWTxdeTcNkTxde�|��SÈSc�|�=TÈ]sQZS¶_�q�q�]edsXZ_�Txde�|��S
TΣ(V ) −→ TΣ(V )

[9N�dHacQAp�q�]s_�XZQA�=T¶]eQZSu��_�acd`_���]sQASt�QAS®TcQZaUp�QASHq�_�a't'PR_�NkTcacQZSGTcQZacprQZSAg;¡O�\tkbA����d~T®]ÅPºQZ��SUQZp«�k]sQ
SΣ(V )

t�QZS¸KNMY|NKNQvizQjMsQviTkCXYKBKNMsG
Σ
XZ�|prprQ]ÅPºQZ�kScQZpé��]sQ�t�QAS¶_�q�q�]sdeX�_�Tcds�|�kS

σ : TΣ(V ) −→ TΣ(V )
�|bZaUde�Þ_��9T\�

σ(ϕ(t1, . . . , tk)) = ϕ(σ(t1), . . . , σ(tk))q��|N�aÙTc�|NkT
ϕ ∈ Σ(k, 1)

QAT�Tc�|N�S
t1, . . . , tk

t�_���S
TΣ(V )

g�¡O�+���|deTÙ[jNãPRN��kQ SUN���SWTxdeTcNkTxde�|�+QASUTQZ�=TcdswZaUQZprQZ�=Tut�bnTxQZaUp�de��bZQ¶q�_�a�SUQZS���_�]sQAN�acS¹ScN�a�]eQZS¹��_�aUd`_���]eQZSÈ��]sQAS�ScN��kSUTxd~TxNkTcds�|�kS�Sc�|�=TuQA��XZ�|aUacQZS×Vq��|��t�_��kXZQ^��d ûUQAXATcde�|Q\_��|QAXh]eQZSu_�qkq�]sdeX�_�Tcds�|��S
V −→ TΣ(V )

g
} _OXZ�|prqC��ScdeTcds�|�\t�QAS7_�q�q�]edsXZ_�Txde�|��SHp«N���d~T

SΣ(V )
tãPRN��kQ�SUTxaUN�XATcN�acQ¹t�Q�p�������¿�tkQì[9N�dðÃ�t�Q�qk]sN�SAÃ_��|d~TÔê\tkac�|d~TxQuScN�aÔ]ÅPºQZ�kScQZpé��]sQ

TΣ(V )
t�QASìTcQZacprQZSAÃ=X�PºQZSWTUV×êEVYt�deacQu[9N�Q¶q��|N�a7Tx��NkTØTxQZaUp�Q

t
QnTìTc�|NkTcQZSScNk��SUTcdeTxNoTxds����S

σ
QnT
σ′
�

{

(t · σ) · σ′ = t · (σ ◦ σ′)

t · 1V = t

¡O�Î����TxQ
[x := t]

]`_áScN���SWTxd~TxNkTcds�|�+[9N�dÈQZ�=�|��dsQ
x
ScN�a

t
QnT�]`_�deScSUQ�ds�kXÇÍ�_����|bAQZS�]eQZS�_�NkTxaUQZS��_�acds_���]eQZSZg } PR_�XATcds�|�àt'PºN���Q/ScN���SWTxd~TxNkTcds�|�

σ
SUN�a�Nk�2TxQAacprQ

t
QZSUTÙ����TcbZQ

t · σ
�|N

t[x := t′]
SUd

σ = [x := t′]
gÞ¡O�/pr�|�=TxaUQ�[jNkQ��

j 6 °å° 6 î c ¤ c <ÃkCMsG�QnkCMsQ�Q"WNGNopW
t
WNQ�Q"kCMPQ"W�KNM®|NKNQjizQvMsQjiTkCX

σ
%�izO5WC'�i�KNQ"WmgsWLK¾�CSUG6ijS�|}O�WLK

x1, . . . , xnWNQ�gsWLKHQnWNG6opWLK
t1, . . . , tn

Q"WNOáK�A}M{W�l
t · σ = t[x1 := t1][x2 := t2] . . . [xn := tn].

�)WNQvQ"W¾gsILhLkCo��(k?KNizQjiTkCX�X�FeWLKNQª�YSCKHMPX(iBA}M(W�WNQ�gsI"�(WNX½g�_�q�acde�|acd)gUM QnWNG6opW
t k

� ë Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

n INopkCXYKNQjGuSUQviTkCX k ¡O�/����TxQ y1, . . . , yp
]sQZS���_�aUd`_���]eQZS�tkQ

t
QAT�Ã�q��|N�a�XÇÍ�_�[9N�Q

i ∈ [p]
Ã
yi,1, . . . , yi,piXZQA]s]eQZS t�Q

σ(yi)
g��J�|N�a7XÇÍ�_�[9N�QuXZ�|N�qk]sQ

(i, j)
Ã|_��|QAX

i ∈ [k−1]
QAT
j ∈ [pi]

Ã|�|��XÇÍk�|dsSUdeT Nk��Q���_�acds_���]sQ
zi,j

tkQ^TcQZ]e]sQOSU�|aUTcQ\[9N�Qr�
V�]eQZS

zi,j
SU�|�=Tlt�QZNom/ê�t�QANom�t�deSUTxde��XATcS��

VÙ_�NkXZN��
zi,j

�'PºQZSWT¶bA�=_�]Gê�N��
yk
�kd®ê�Nk�

yk,l
g

¡O��_�_�]e�|acS��
t ·σ = t ·

(
[y1 := σ(y1)]◦ρ1 ◦ [y2 := σ(y2)]◦ρ2 ◦ · · ·◦ρp−1 ◦ [yp := σ(yp)]◦ρ

′
p−1 ◦ · · ·◦ρ

′
1

)
,

��º'Ã�q��|N�a
i ∈ [p− 1]

Ã
ρi
QnT
ρ′i
SU�|�=Tl]sQZSuSUN���SUTcdeTcNkTxde�|��S�ScNkde��_��=TxQAS\�

{

ρi = [yi,1 := zi,1] ◦ · · · ◦ [yi,ki
:= zi,ki

]

ρ′i = [zi,1 := yi,1] ◦ · · · ◦ [zi,ki
:= yi,ki

].

¡O�áXA�|��XZ]eNkT\QZ� ax_�qkqCQA]`_��=T^[9N�Q
SΣ(V )

QASUT\N�� p�������¿�tkQ�[jNkdì_��|deT^ê�t�aU�|deTcQ�ScN�a
TΣ(V )

ÃGt�QSc��aUTxQ^[9N�Q�Ã�QA�/aUQZ����p�p�_��=T�Tx��NkTxQASl]eQZSuScNk��SUTcdeTxNoTxds����S��|�kTcQZ�9N�QZSAÃÞ�|��_�deT���deQZ�ñ�
t · σ = t[x1 := t1][x2 := t2] . . . [xn := tn].

♦¡O��q�QZNkTÔp�_�ds�=TcQZ��_��=TØt�bn����deaÔ]s_O����Tcds�|��t�QHGJWNO SUQviTkCX gsWÃGJIFgUM(hNQviTkCX SCKLK?k?hNiTILWYd¾MsXtW£w�SUo�izOzO�W
RgsWÃGJ�TqUO�WLK²gsWÃGJILILhNG6izQvMsGJWngj¡���q��|ScQ

t→Rt
′ SZPºds]�Q½mkdeSUTcQlNk��QuacwZ��]sQ (u, v)

t�Q
R
_�de��Scdo[9N'PRNk�ÙXZ���9TcQnmjTxQ

C
QnTÈNk��Q^ScN���SWTxd~TxNkTcds�|�

σ
TxQZ]eS�[9N�Q

t = C[u · σ]
QAT
t′ = C[v · σ]

g
�¹�|prp�Q�q��|N�a�]eQZSuq�acbAScQA�9Tx_�Txde�|��S��jN�QZSlq�aUbZXZbAt�QZprprQZ�=T�ÃÞ�|��t�bn����deT^�

a ±\b @HK¾B�K D @�c¶} PºÐO� Ó SCKLK?k?hNiTI/êáNk�3SUvjSWTxwZprQ�tkQ/aUbZbZXAacd~TxN�aUQ/t�Q�TxQAacprQZS
(Σ, R)

QZSWTÙ]eQ/XA�|N�q�]eQ
(TΣ(V ),→R)

gã¡��/t�bA����deT¶]sQZSÈ����Tcds�|��Slt�Q»QnWNG6o�izX½SUi�K?kCX�Ã¸hLkCXx��M(WNXthLWéQAT»hLkCX(�UWNGvqsWNXthLW\t'PºN��ÛSWvoS×VTxwAp�Q�tkQ\aUbZbAXZacd~TxN�aUQ^t�Q�TxQZaUp�QASlê�q�_�aUTcdsa�t�Q^XZQA]s]eQZS�t�Q^]ÅPºÐO� Ó _�ScSU�oXAdsb�g
�

$VÔCÖ�ÔBð 	 §®´Ã§®³ª¹	´�³ §®©ª´�±²«½¯P­n·Áìí¹s±²§ ±�ì ³ªì�¹s³£¶µî�èn³Æ´�³ ¯Y³�§®¶¨³ª¹
�¹�|prp�QlqC��N�aØ]sQZSì_�NkTcacQAS¹SUvjSWTxwZprQZS¹t�Q¶aUbZbZXAacd~TxN�aUQÈaUQZ��XA�|�=TxacbASZÃoN��Ùpr��v|QZ�Ùq�ax_�Tcds[9N�Qlt�Q¶pr�|�oVTxaUQZa�]s_hTxQAacprds��_�dsSc����t'PºN���SUvjSWTxwZprQ�t�QOaUbZbAXZacd~TxN�aUQOt�QOTcQZacprQZS¹QZSUT�t'PRQ½moÍ�ds��QZa�N�����act�aUQOt�QOaUbZt�N�X½VTxde�|��[9N�d®XZ�|�=TcdsQZ�k��Q^]sQZS�aUwZ�|]eQZSAg

a ±\b @HK¾B�K D @�c¶Ó �|deT
Σ
N���Q�Scde�|��_�TcN�acQ�_�]s�|bA��acde[jNkQ�g7Ìl� kCGugUGJW gsW�GJIFgUM(hNQviTkCX3ScN�a

TΣ(V )
QASUTrN���|aUt�acQ�SWTxacdeXAT

>
[9N�d'TxQAacprds��QOQnTl[jNkdGQZSUTlXA�|p�q�_�Txde��]sQ¶_���QZX\]`_«SWTxacNkXATxNkacQ�Ã�X�PRQASUTWV×ê;V�t�dsaUQ�[jNkd'�|bZaUde��Q�Ãq��|N�a�Tx��NkTlXZ�|N�qk]sQ

(t, u)
t�Q�TxQZaUp�QAS�TxQZ]eS�[9N�Q

t > u
�

Ì
C[t] > C[u]

q��|N�a�Tc�|NkTuXZ���9TcQnmjTxQ
C
�

Ì
t · σ > u · σ

q��|N�a�Tx��NkTxQ�SUN���SUTcdeTcNkTxde�|�
σ
g

� ù �



ù [âÜ�[ [ \?]n�C^T�C^`��] . ]Jde_P\ . � 0��(_C^vde�Yb���a��}��]n�<^v�����

�¡O��_kÃkXZ�|prp�Q�qkacbZXAbZt�QAp�prQZ�=TZÃ�]sQ�acbAScN�]~TÇ_�TuSUN�de��_��=T\�
» 8;DÞ57D ©�K²BEK D @ î ce³^cM� X�K�9�KNQ"�NopW�gsWÍGJILILhNG6izQvMsGJWHgsW�Q"WNGNopWLK

(Σ, R)
QnWNG6o�izXtWÃKNiÁWNQ�K?WNMsO�WNopWNX(Q�K>F izO

WC'�i�KNQ"WHMPX kCGugUGJW¾gsWHGJIFgUM(hNQviTkCX
>
KNMsG

TΣ(V )
A}Msi�hLkCX(QjiTWNX(Q

R kÕY]ìQ½modsSUTcQÙq�]eN�ScdeQZN�aUS\À¨_�äZ�|��S\t�Q�XZ�|��SWTxaUN�dsaUQÙt�QASé�|aUt�acQASét�QracbAt�N�XATcds�|�ãÃJ����TÇ_�prp�QA�=Téê�q�_�aWTxdsat'PºN����|aUt�acQlSUTcacdeXATìt��|����blScNka
FlΣ

g � �|N�S¹_�]s]e�|��S7t�bnTÇ_�de]s]sQAa7]ÅPºQnmoQZprq�]eQltkQ¶]ÅPzkCGugUGJWÃO�WC'�iThLkFqUGFSN�(�siBA}M(W
gsWLKmhL�(WNo�izXYK\�|N��|aUt�acQfO �(k;g

Ó N�q�q��|SU�|��S¶[9N�Q\]ÅPº�|��SZPºQZSWT¶tk�|����b\N����|act�aUQhSWTxaUdsXAT
>
ScN�a

Fl Σ
g�¡O��t�bA����deTl]`_�aUQZ]`_;Txds���

> ÄÑÐ�HScNka
TΣ(V )

QZ��qC��Sx_��=Tl[9N�Q
t > ÄÑÐ�H u SUdG]ÅPº�|��QZSWTÈt�_���SuN���Q\t�QZSuSUdeTxN�_�Txde�|��S�SUN�de��_��=TxQASh�z|g

u ∈ V(t)
QnT
t /∈ V

�
�og
t = ϕ(t1, . . . , tn)

QnTlds]ãQ½modsSUTcQ
i ∈ {1 . . . n}

TxQZ]G[9N�Q
ti ≥ ÄÑÐ�H u ��kg

t = ϕ(t1, . . . , tm)
Ã
u = ψ(u1, . . . , un)

_���QZX
ϕ > ψ

QAT
t > ui

q��|N�a�Tc�|NkT
i ∈ {1 . . . n}

�
��g
t = ϕ(t1, . . . , tn)

Ã
u = ϕ(u1, . . . , un)

QATlde]'QnmodsSWTxQ^N��
i ∈ {1 . . . n}

TxQA]G[9N�Q��






tj = uj
q��|N�a

1 ≤ j ≤ j − 1

ti > ÄÑÐ�H ui
t > ÄÑÐ�H uj q��|N�a

i+ 1 ≤ j ≤ n

¡O��_�]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=T�Ã�t��|�=T�=ºÑ � i| �>®XZ�|�=TcdsQZ�=TlN���Q^t�bAp�����SUTcax_�Tcds�|�Û�
» 8;DÞ57D ©�K²BEK D @ î ce´^c D�S-GLWNO SUQjiTkCX

> Î I-J SUizXYKNi�hLkCXYKNQjGNMsizQ"W�d��YSUG6QvizGmgGF MPXÀkCGugUGJW�KNQjG6iThNQ > KNMPG FlΣWLKNQéMPX kCGugUGJW�gsW�GJIFgUM{hNQjiTkCX�KNMsG
TΣ(V ) k

º�T){ K ��%£!�15�-1�2�%70H%£4���� 0H.���2��-1�4}*,�-!  �!$# %£!�1¸� !$#
� �|NkS7_�]s]e�|��SAÃ�t�_���SJN��«q�aUQZprdsQZa®TxQAp�qkSZÃ;ds�=TxQAacq�aUbATxQAa ]ÅPºQZ�kScQZpé��]sQÔt�QZSJTxQZaUp�QAS¬XA�|p�prQÔ]ÅPR_�]s�|wA��acQ]sde��acQÔScNka

Σ
QZ����QZ��t�aUbZQ�q�_�a

V
g|�¹QZ]s_¶qCQAacprQATUTxax_lt�Q�t�bn����deaJÀ¨_�XAds]eQZprQZ�=TH��dsQA�«[9N�Q�acde�|�|N�aUQZN�SUQZprQZ�=T]sQAS�����Tcds�|��S�tkQ\]eds��bZ_�acd~Txb�ê��=_�N�XÇÍ�Q^QATlt�Q�TxQAacprQ����|aUpÙ_�]edsSUb�g

$VÔ¼ÓVÔ×Ö L è��M1�î²§®³Æ¹s±²§ ±�ì²³Æ·Þ�¾©�§Y¦Á´�³
µ¶QØ]`_�p,lZprQ¬À¨_�äZ���\[9N�QÔ]ÅPº�|��t�bn����d~T®t�QZSJ_�]s��wZ��aUQZSGScNkaHNk��QØ�|qCbAax_�tkQ7XZ]`_�ScScde[9N�QØ�|N^N���QØ�|q�bZax_�t�QX�_�aUTxbAScdeQZ����Q�ÃG�|�ñqCQANkT^ds�=Tcac�jt�N�dsaUQéXAQATcTcQ�����Txde�|�Ûq��|N�aO]eQZS��|q�bZac_�t�QZSAgH�¹QATUTxQ�t�QAac��dewZacQ�t�bn����d~Txds���QZ�k�|]s�|��QÊt'PR_�de]s]sQAN�acSr]sQAS�q�aUbZXZbAt�QZ�=TcQZSZÃlq�N�deSc[9N�QÛ]eQZS��|q�bZac_�t�QAS�XZ]`_�ScScde[9N�QZS�QnT�X�_�aWTxbAScdsQA����QAS�SU�|�=Tt�QAS�X�_�SOq�_�aUTcdsXZNk]sdsQAacSlt'Pº�|qCbAax_�tkQZSZgãÐÈ���ñt�Q«tkbA����deaOXZQAS^_�]s��wZ��aUQZSZÃCt��|���k�|��SON��Û�k�|Nk�|QA] QnmoQAp�q�]eQt'Pº�|q�bZax_�t�QZS^�
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g èG6 ° 5J¦¾6 c\Ó �|deT
X

N��úQA��ScQAp«��]eQ�g Ò �ú����Tx_��=T
OperX(m,n)

]ðPRQA��ScQAp«��]eQ tkQZSÊ_�q�q�]sdeX�_�Tcds�|�kSt�Q
Xm

t�_��kS
Xn

ÃÞ�|��tkbA����d~T¶Nk��Qh��qCbAax_�t�Q�ÃÞt�deTcQ\tkQZS,kL�(INGuSUQjiTkCXYK�KNMPG
X
QnT¶�k��TxbAQ

OperX
g�¡O���Q�SUQ�ScQZaW�jdsax_«[9N�Q�tkQOTxQZ]e]sQAS�_�]s��wZ��aUQZSZÃopÙ_�dsS¹����qCQANkT�q��|ScQAa�]`_ép,lZprQOt�bn����deTcds�|�ÙQZ��acQAp�qk]`_�äZ_��=T]`_ÛXZ_�TxbA�|�|acdeQ�t�QZS�QZ��SUQZp«��]eQZSrq�_�a�N���Q/_�NkTcacQ�X�_�TcbZ�|��acdsQ�pr�|����¿Åt�_�]eQ�XZ�|prprQ�Ã7q�_�a�Q½mkQAp�qk]sQ�ÃØ]s_X�_;TxbZ���|acdeQÛt�QZS�QZSUq�_�XZQAS���QZXnTx�|aUdsQZ]eS�ScN�a�N��âXZ�|aUq�S

k
Ã�p«Nk��dsQÛt�Núq�ac�jt�N�d~T�TxQA��Sc��acdsQA]^_�NoV�t�QZSUScN�St�Q

k
�����|NkSlSUQZaUds�|��Sl_�]e�|acS�t�_���Su]sQphFSCK4A}MYSUX(QjiBA}M{WnÃ�QA��NkTcds]edsSx_��9T¹]`_éTcQZacprds�k�|]s�|��dsQlt�Qp= } _�À¨£|��>Åg

¥ 6 ° §�8 ô <®6 cOÒ � À¨_�deTZÃ
OperX

QZSWTÙNk�àq�QZNàq�]eN�S�[jNãPRN��kQ���qCbAax_�t�Qñ�7X�PRQASUTrN���Q��|q�bZac_�t�Q�X�_�a×VTxbAScdeQZ����Q�g Ò �úQ��CQAT�Ãu]eQ qkac�jt�N�deT�XZ_�aUTcbZScdeQZ�út�Qá]s_àXZ_�TxbA�|�|aUdsQ
ENS

t�QAS/QA��ScQAp«��]sQAS/À¾�|Nkac��d~T/tkQZS�|q�bZac_�Txde�|��S
ε : X −→ {∗}

Ã
δ : X −→ X2

QAT
τ : X2 −→ X2

t�bA����dsQASlq�_�a��
ε(x) = ∗ δ(x) = (x, x) τ(x, y) = (y, x).�¹QZS7�|q�bZac_�Txde�|��SH�|bZaUde��QA�=T7]sQAS acQA]`_�Tcds�|��SH[9N�doÀ¾���9T¬t�Q

OperX
Nk��Q��|q�bZax_�t�Q¹XZ_�aUTcbZScdeQZ���kQ�g � �|N�S]sQAS��|QAacac����SÈqk]sN�Su]s��ds�'g

�¹QATUTxQ\XZ�|��SWTxaUN�XATcds�|��q�QZacprQATlt�Q^t�������QZauN��kQ\tkbA����d~Txde�|��t'PR_�]s�|wA��acQ^SUN�auN���Q^�|q�bZax_�t�Q��
a ±\b @HK¾B�K D @�clÓ �|deT

C
N���Q��|q�bZax_�t�Q�gJÌÈ��Q�SUO¼qs�}|}GJW�KNMPG

C
�|N

C
:�SUO¼qs�}|}GJW�QZSUTéN��ÚXA�|N�q�]eQ

(X,F )��º
X
QZSUTéN�� QZ�kScQZpé��]sQ�QAT

F : C −→ OperX
QASUTéN�� p���acq�Í�deScprQ�t'PR��qCbAax_�t�QASZg¬�¬_�aWÀ¾�|dsSAÃJ�|��|prQATu]eQOÀ¾�|��XATcQZN�auQnTÈ����tkdeTuScdep�qk]sQZprQZ�=T�[9N�Q

X
QZSWT¶Nk��Q

C
VY_�]s�|wA��acQ�g

Ó d
(X,F )

QAT
(Y,G)

Sc�|�=Tut�QAS
C
V×_�]s�|wA��acQASZÃkNk�AopkCG°�(�si�KNopWHgsW

C
:�SUO¼qs�}|}GLWLK�gsW

X
�UWNGLK

Y
QZSUTN���Q�À¨_�prds]e]sQ�t'PR_�q�q�]edsXZ_�Txde�|��S

(αn : Xn −→ Y n)n∈N

TcQZ]e]sQZSé[jNkQ�Ã7q��|N�a«Tx��NkT
ϕ ∈ C(m,n)

Ã¬]sQt�ds_��|ax_�p�prQ
Xm

F (ϕ) //

αm

��

¬©
Xn

αn

��
Y m

G(ϕ)
// Y n

XZ��p�p«NoTxQ�g�¡�������TcQ
C
V
ALG

]`_«XZ_�TxbA�|�|aUdsQ�t�QAS
C
V×_�]s�|wA��acQASZg

�ÕY]GQnmodsSWTxQ^N���Q^XZ_�ax_�XnTxbAacdsSc_�Txde�|��bZ[9N�d~��_�]sQZ�=TcQ�t�QZS
C
VY_�]s��wZ��aUQZS��

» 8;DÞ57D ©�K²BEK D @ î c æ c � OBWC'�i�KNQnWmMPXtW»I$A}MPiz�CSUO�WNXthLW�gsW»hFSUQ"ITqskCG6iTWLKpWNX(QjGJW�O�WLK,hFSUQnITqskCG6iTWLK C
:
ALG

gsWLK
C
:�SUO¼qs�}|}GLWLKHWNQ

[C,ENS]⊗
gsWLK¸wxkCXthNQ"WNMPGJK�opkCXtkC¿jg�SUM;'¾KNQjGNiThNQzK�gsW

C
�UWNGJK

ENS

:)o�MsX(iTW�gUM��½GJk}gUMsizQ
hFSUG6QnILKNiTWNX k
n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T (X,F )

Nk��Q
C
VY_�]s�|wA��acQ�g�¡O�¢t�bA���kdeT N���À¾�|��XnTxQZNkaâpr�|����¿�t�_�]/SUTcacdsXnT

FX : C −→ ENS

QA�/q��|Sc_��=T
FX(n) = Xn

QnT
FX(f) = F (f)

g
�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ã�SUN�q�q��|Sc����S�[jNkQ

G : C −→ ENS

Sc�|d~T�N��ÎÀ¾�|��XATcQZN�a�pr�|����¿Åt�_�]ÈSUTxaUdsXnT�g¡O�y]sN�d¹_�ScSU�oXAdsQ�_�]e�|acS«]s_
C
VY_�]s��wZ��aUQ

(G(1), F )
Ã¬��º

F
QASUT�]`_ÊaUQZSWTxacdeXATcds�|� t�NyÀ¾�|��XnTxQAN�a

G
êÛ]`_

� ù Ü



ù [âÜ�[ [ \?]n�C^T�C^`��] . ]Jde_P\ . � 0��(_C^vde�Yb���a��}��]n�<^v�����

Sc��N�SWV�X�_�TcbZ�|�|aUdsQOqk]sQZde��Q
OperG(1)

~¨]ðPR�|q�bZac_�t�QOtkQZSu�|q�bZax_;Txds����S¹t�Q^]ðPRQA��ScQAp«��]sQ
G(1)

�¹tkQ�]`_«X�_;TxbnV�|�|aUdsQ
ENS

t�QZSlQZ�kScQZpé��]sQASZg
¡O�+�|bZaUde��Q�[jNkQÊXZQnTcTxQ�XZ�|aUacQZSUqC����t�_���XAQÛQZSWT���d ûUQAXATcde�|Q�g�¡O�+aUQZp�_�ac[9N�QÛ_�N�ScSUd¶[9N�QÛ]sQASÙpr�|aWVq�Í�deScprQZSÔt�Q

C
VY_�]s�|wA��acQASØQAT�]eQZS7Txac_���SWÀ¾�|acp�_�Txde�|��SØ��_�TcN�acQA]s]eQZSØQZ�=TxaUQÈÀ¾�|�kXATxQAN�acSÔpr�|����¿Åt�_�Nom�SWTxaUdsXATcSt�Q

C
t�_���S

Ens
SU�|�=T�QZ�yXZ��acacQAScq��|��t�_���XZQ���d ûUQZXATcde��Q�g Ò �k���ãÃ7�|� XZ�|�kXZ]sNoT�QZ� �|bAacde��_��=T�[jNkQ�]s_��d ûUQZXATcds�|��SUN�de��_��=TcQ\QASUTuÀ¾�|��XnTx�|aUdsQA]s]sQÈQZ�/XÇÍ�_�XZNk�/t�Q^SUQZSÈ_�ac�|Nkp�QA�9TcS^�

C
V
ALG(X,F ;Y,G) ' [C,ENS]⊗(FX , GY ).

♦
D ]ðP·_���QZ��deaZÃ9���|N�SÔNkTcds]sdeScQAac�|��S7XAQZ]e]sQut�QZSìt�QZNjmÙ�k��Txde�|��SØ[9N�dCQASUT¹]`_�q�]sNkS¹_�t�_�qkTxbAQ¶_�NÙX�_�SÔTcax_�d~Txb�g
ÕY]¹Q½mkdeSUTcQ�N���Q�����Txds���Út�Q

C
V×_�]e�|wZ�kacQÙ]eds��aUQ�QA���|QA��t�acbAQ�q�_�aéNk� QZ��SUQZp«��]eQ�g7�H�|N�a«]s_�t��|�k��QZaAÃacQApÙ_�ac[9N��|��Sñ]ðPRQ½mkdeSUTcQZ��XAQàtãPRN���À¾�|��XnTxQAN�añ�|N���]ed

U : C
V
ALG −→ ENS

[9N�d�_�SUSc�jXZdsQyê+Tc�|NkTxQ
C
V×_�]e�|wZ��aUQÊSc���âQA��ScQAp«��]eQ SU�|N�S×Veûc_�XAQZ�=T �

U(X,F ) = X
�|N
U(X) = X(1)

SUQZ]e�|� ]`_áÀ¾�|aUp�QXÇÍ��|deScdeQ�g
a ±\b @HK¾B�K D @�c�Ó �|d~T

X
N��÷QZ�kScQZpé��]sQ�g�¡O��_�q�q�QZ]e]sQ

C
:�SUO¼qs�}|}GJW ORij|}GJW WNXsqsWNX½gUGJILW��YSUG

X
Tx��NkTXZ��N�q�]sQ

(A, i)
À¾�|acprb�t'PºN���Q

C
V×_�]e�|wZ��aUQ

A
QAT\t'PºN���Q�_�q�q�]edsXZ_�Txde�|�

i : X −→ UA = A(1)
TxQA]s]sQAS[9N�Qr�

q��|N�a�Tx�|NoTxQ
C
V×_�]s�|wA��acQ

B
QnTÙTc�|NkTxQ�_�q�q�]edsXZ_�Txde�|�

f : X −→ B(1)
ÃÔde]uQnmodsSWTxQ�Nk�N��kds[9N�Q^p���acq�Í�deScprQ

F : A −→ B
tkQ

C
VY_�]s�|wA��acQAS�TxQA]'[9N�Qh]eQ�t�d`_��|ax_�prprQ

X
i //

f !!C
C

C
C

C
C

C
C

A(1)

F (1)
��

¬©
B(1)XA�|p�péNkTxQ�g

�

� �|NkSÙ_�]e]s�|�kS�t��|����QAa�Nk��Q/XA�|��SWTxacNkXATxde�|�3tkQ/]ðP·_�]e�|wZ�kacQ�]sde��acQ�QA���|QA��t�acbAQ�q�_�arNk�3QZ�kScQZpé��]sQ�Ãt�_��kS�]eQ�X�_�Sr[9N�du���|N�Srds�=TxbAacQAScScQ�VhXZQA]sN�d�t'PºN���Q��|q�bZac_�t�Q�]sde��acQ�QA���|QZ�kt�acbAQ�q�_�a�N��kQ/SUds�|��_;TxN�aUQ_�]e�|bZ��aUds[9N�Q�g Ó ��dsQZ�=T
Σ
Nk��QOScde�|��_�TcN�acQO_�]s�|bA��acde[9N�Q�Ã

C
]ÅPº�|qCbAax_�tkQ¶]sde��acQl[9N'PºQZ]s]eQ¶QA���|QZ�kt�acQ�QnT

X
N��QZ�kScQZpé��]sQ�g�¡���t�bn����deTu]ðPRQA��ScQAp«��]eQ�Sc�|N�S×Veûc_�XAQZ�=T¶ê�]ðP·_�]s�|wA��acQOXÇÍkQZacXÇÍkbZQéq�_�a^�

CX =
∐

n∈N

C(n, 1)×Xn.

ÌÈ��bZ]ebZprQZ�=T
(ϕ, x1, . . . , xn)

t�_���Su]`_�XZ��p�q��|Sx_��9TcQ�t'Pºds��t�deXZQ
n
t�N�XZ�|qkac�jt�N�deT�QZSUTÈ����Tcb��

ϕ(x1, . . . , xn).

� ù Ï
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} QÈÀ¾�|��XnTxQAN�aZÃjQZ��XA�|acQ¶����Txb
CX

ÃoQASUT�_�]s�|aUSØt�bA���kdãq�_�a
CX(n) = (CX)n

QnT�ÃjScd
ϕ ∈ C(m,n)

�
CX(ϕ)

(
(ϕ1, x1,1, . . . x1,k1), . . . , (ϕm, xm,1, . . . , xm,km)

)

=
(
ϕ ◦ (ϕ1 ⊗ · · · ⊗ ϕm)

)
(x1,1, . . . , xm,km).

¡O�Û����TxQ
i
]ðP·_�qkq�]sdeX�_�Tcds�|�

X −→ UCX
[9N�d¬QA�=�|�|deQ«XÇÍ�_�[9N�Q

x ∈ X
SUN�a

x = 1(x) = (1, x)
g¡O����bZaUde��Q^[9N�Q��

» 8;DÞ57D ©�K²BEK D @ î c î c Z�kCiTWNX(Q
C = LΣ

SU�UWLh
Σ
MsXtW»KNi qUX½SUQjMPGJW-SUO¼qsI}|}G6iBA}M{W�WNQ

X
MsX WNXYK?WNo,|}O�W kÇ�O�kCGJKHO�W�hLkCM?�½O�W

(CX, i)
WLKNQBK?kCORMsQviTkCXAgUM��½GJkU|}O��NopW�gsW

C
:�SUO¼qs�}|}GJWHORij|}GJWmWNXsqsWNX½gUGJILW��YSUG

X k
n INopkCXYKNQjGuSUQviTkCX k �¬_�a�XA�|��SUTcacN�XnTxde�|�'Ã

CX
QASUT N���Q

C
V×_�]s�|wA��acQ�g Ó �|deQZ�=T

A
N���Q

C
V×_�]e�|wZ��aUQQAT

f : X −→ UA(1)
N��kQh_�q�q�]sdeX�_�Tcds�|�ãg�¡O��t�bA���kdeT

F : CX −→ A
q�_�a��

F (ϕ, x1, . . . , xn) = A(ϕ)(f(x1), . . . , f(xn)).

Ð¶de��Scdìt�bA���kdÅÃ
F
QZSWT�N��yp���acq�Í�deScprQ�tkQ

C
VY_�]s��wZ��aUQZSZgJµ¶Q�q�]eN�SZÃJScd

G : CX −→ A
QASUT�Nk�pr�|acq�ÍkdsScprQ�Ãods]ã��bZaUde��Q��

G(ϕ, x1, . . . , xn) = A(ϕ)(G(x1), . . . , G(xn))

q�N�deSc[9N�Q
(ϕ, x1, . . . , xn) = ϕ(n, x1, . . . , xn)

gÞÐÈds��SUdÅÃ
G
QASUTÈQZ�=TxdewZaUQZprQZ�=T¶tkbATxQAacprds��b^q�_�alSUQZS��_�]sQAN�acS�SUN�au]sQASlbA]sbAp�QA�9TcSut�Q

X
Ã�XZQ^[9N�d®q�aU�|Nk�|Q^[9N�Q

F
QZSWTlN���ds[9N�Q�g

♦

�J�|Nkal]s_�ScN�d~TxQ�ÃkXZQ\[jNkQ\�k�|N�SuacQnTxdsQA��t�aU�|��Sut�Q^XZQ^q�_�ac_��|ac_�q�Í�Q^QZSWT\�
ohDÞ8;D�¦¨¦¨§ K 8E6 î ceß^c Z{i

Σ
WLKNQ3MPXtW�KNi qUX½SUQjMPGJW,SUO¼qsI}|}G6iBA}M(WfWNQ

X
WLKNQ3MsXïWNXYK?WNo,|}O�W�%3SUO�kCGJK¾QnkCMsQ�INO�I�:

opWNX(Q
a
gsW
LΣX

WLKNQÃgsW�O S�wxkCGNopW
a = ϕ(x1, . . . , xn)

SU�UWLh
ϕ ∈ LΣ(n, 1)

WNQ
x1, . . . , xn ∈ XgsINQ"WNGNo�izXtILK�gsWHo,SUX(iT�NGJWHMPX(iBA}M(W k

$VÔ¼ÓVÔÜÓ ¥"�j³ªì²¹P³£¶Æî�è�³:´�³ª¹ ¯P³�§(¶¨³ª¹à�3± «t·é¶ ¶¨³:±�ì�³:¦Áè×�N1�î²§®³
�lQn�|QA���|��Slêé]s_éacbAbZXZaUdeTcN�acQOtkQ¶TxQAacprQZS��|NãÃoTx��NkT�t�N�pr�|ds�kSZÃjê«]`_\SUTxaUN�XATcN�acQ�tkQZS�TxQAacprQZSAg�¡O��_�jNéXA�|p�prQZ�=THXZ����SUTcacN�deacQÔ]ÅPºQZ��SUQZp«��]eQ

TΣ(V )
t�QZSHTxQZaUp�QASZÃEq��|N�a

Σ
N���QìScde�|��_�TcN�acQÔ_�]e�|bZ��aUds[9N�QØQAT

VN��ñQZ�kScQZpé��]sQ�t�bA���|p«��ac_���]eQ�g®¡O�ñqCQANkT\_�N�SUScdØ_�SUSc�jXZdeQZa^ê
Σ
Nk��Q��|qCbAax_�tkQ�]sds�kacQ

LΣ
g } _��k��Txde�|�t'PR_�]s��wZ��aUQ�qCQAacprQATut�Q�À¨_�deacQO]s_lûU�|��XATcds�|��QA�=TxacQ\XZQASut�QZNom�XA�|��SWTxacNkXATxde�|��S���]eQ�acbAScN�]~TÇ_�TuSUN�de��_��=TuQZSWTN���Q^XA�|��ScbA[9N�QZ��XAQ«t�deacQZXnTxQ�t�N�XZ��ac�|]e]`_�deacQ��jg·���

» 8;DÞ57D ©�K²BEK D @ î c > c D�FeWNXYK?WNo,|}O�W
TΣ(V )

gsWLK Q"WNG6opWLK WLKNQ O$FeWNXYK?WNo,|}O�W K?kCM�K�:ª©�SshLWNX(Q�d O S
LΣ

:�SUO¼qs�}|}GJWHORij|}GJWmWNXsqsWNX½gUGJILW��YSUG
V k

� ù|ë



ù [âÜ�[ [ \?]n�C^T�C^`��] . ]Jde_P\ . � 0��(_C^vde�Yb���a��}��]n�<^v�����

n INopkCXYKNQjGuSUQviTkCX k ÕY]ãSUNYÛ�T�QZ��QN�ãQnT�t�Q¶��bZaUde��QAa�[9N�Q TΣ(V )
ÃopéN���d�t�QZS���qCbAax_�Tcds�|��SìScN�d~��_��=TxQZSAÃkQASUTSc��]sNkTcds�|��tkN�qkac�|��]ewZprQON���d~�|QAacScQA]Gt�Q

LΣ
VY_�]s�|wA��acQÈ]sde��acQOQA���|QA��t�acbAQ^q�_�a

V
g��J�|N�a�Tc�|NkTcQO¸�wZXÇÍ�Q

ϕt�_��kS
Σ(n, 1)

Ã�����tkbA����d~Tl]ÅPR_�q�q�]edsX�_;Txds���ÙScNkde��_��=TxQ��
ϕT : TΣ(V )n −→ TΣ(V )

(u1, . . . , un) 7−→ ϕ(u1, . . . , un).

¡O��bATcQZ��t�QA��ScN�d~TxQÈXZQATUTxQOtkbA����d~Txde�|�Ùê\Tx�|NkTcQZSì]sQZSÔ¸�wZXÇÍkQZS�t�Q
LΣ

QZ�ÙNkTxde]sdsSc_��=TÔ]sQZNkaìt�bAXZ�|prq���VScd~Txde�|��QZ��¸�wZXÇÍkQZS¶tkQ
Σ
g

♦

Ð¶de��ScdðÃ�]ÅPºQZ��SUQZp«��]eQ^t�QZSuTxQAacprQZSlQZSUTÈdsSU�|pr�|acq�ÍkQ�Ã�ê�N���Nk��ds[9N�Q\dsSU�|p���acq�Í�deScprQOq�aUwZSZÃ�ê
LΣV

�XZ��p�prQ�q�acbAXZbAt�QZprp�QA�=T�Ã��|��XZ�|prprQAT�]ðP·_��kN�S�p�de��dsprQ¶tkQ\]eQZS�det�QZ�=Txd~��QZaAg
ohDÞ8;D�¦¨¦¨§ K 8E6 î cÃÂ^c <ÃkCMsG-Q"kCMPQHQ"WNGNopW

t ∈ TΣ(V )
%�izOÃWC'�i�KNQ"W-MsXòMsX(iBA}M{W�WNX(QviTWNG

n
%�MsXtW�MsX(iBA}M{W

�$�LhL�(W
tΣ ∈ LΣ(n, 1)

WNQªMsXtW3MsX(iBA}M{Wtw�SUo�izOzO�W
tV = (x1, . . . , xn)

gsW3�CSUG6ijS�|}O�WLK$gsW
V
A}MPi¬�UINGNi ��WNX(Q

O$FeITq�SUORizQ"I
t = tΣ(tV ) k

¡O�Ú_�_�ds��SUdÔNk��Q�tkbZXZ��p�q��|Scd~Txde�|�ñ��dsQA�åNkTcds]sQ�t�QAShTcQZacprQZSt�HXAQZq�QZ��t�_��=T�Ã¬XAQ��ãPRQASUT«q�_�SéQA��XZ�|aUQScNPÛ�Sc_��=T�g'¡���XÇÍ�QZaUXÇÍ�Q�pÙ_�ds�=TxQA��_��=TOêrt�bZXA�|prqC�|SUQZaÈ]sQZSÈbZ]ebZprQZ�=TxSÈt�Q
V n
gÞÐH��_��=T¶XZQZ]s_kÃ�t��|��������SQZ�kXZ�|aUQ\Nk�/q�QZN�t�Q��|�jX�_��kN�]`_�deacQ�g

$VÔ¼ÓVÔBð 
O1/�Áèn³ª¹ïè�­nì²©ª¦é­"§Y³ª¹QPï�Á¦Á±�«&ß�³Æ³t¯ ±²ì�­2�L·B§(¶¨­n¹P¦¸¯P­n·Áì
� �|NkS/_����|��S�t�b×ûcêyt�bn����d�]`_Ú�k��Txde�|�Ît�QñScN��kSUTxd~TxNkTcds�|�ÎSUN�a�]ÅPºQZ��SUQZp«�k]sQ

TΣ(V )
tkQZS�TxQAacprQZS_�SUSc�jXZdsbAS^ê�N���Q�SUds�|��_;TxN�aUQ«_�]e�|bZ��aUds[9N�Q«QnTO�jNñ[jNkQ�]ÅPºQZ��SUQZp«��]eQ

SΣ(V )
bATx_�deT¶QZ�ñXZ��acacQAScq��|��t�_���XZQ��d ûUQZXATcde��Qh_���QZX\]ÅPºQZ��SUQZp«��]eQ^t�QZSÈ_�q�q�]edsXZ_�Txde�|��S

V −→ TΣ(V )
g�Ð¶de��ScdðÃ��|��qCQANkTlt�dsSWTxde���|N�QAaZÃ�q�_�acprd]sQAS�ScN��kSUTxd~TxNkTcds�|�kS\�

a ±\b @HK¾B�K D @�c¶Ó �|deT
Σ
Nk��Q�Scde�|��_�TcN�acQ�_�]s�|bA��acde[jNkQ�gJÌÈ� GJWNXtkCo�o,S?qsW�tkQZS«TxQAacprQZS«tkQ

TΣ(V )
QASUTN���Q�SUN���SUTcdeTcNkTxde�|�

σ ∈ SΣ(V )
[9N�dÅÃJ�oNkQ�QA�àTx_��=T�[9N'P·_�q�q�]sdeX�_�Tcds�|�

V −→ TΣ(V )
Ã ds�kt�N�deT«N���Q��d ûUQZXATcds�|��SUN�a

V
g

�

Ð¶NkTcacQAp�QA�9TutkdeT�Ã9]ðPRQA��ScQAp«��]sQ¶t�QZS�aUQZ����p�p�_��|QAS¹t�Q
TΣ(V )

QZSWT�]ÅPºQZ�kScQZpé��]sQ
SV

tkQZS�q�QZaUp«NkTÇ_EVTxde�|��S�t�Q^]ðPRQA��ScQAp«��]sQ
V
g } QZSlacQZ�k�|p�p�_��|QAS�q��|ScSUwZt�QA�9T¶]`_«q�aU�|q�aUdsbATcb�ScN�d~��_��=TxQ��

j 6 °å° 6 î ceL^c Z�kCizQ
Σ
MsXtWÁKNi qUX½SUQvMsGJW�SUO¼qsI}|}GNiBA}M(W3WNQ

α
MsXtW�GJ�TqUO�W�gsWéGJILILhNG6izQvMsGJWÁKNMPG

TΣ(V ) k Ç�O�kCGJK�%�(kCMsGmQnkCMsQ$GJWNXtkCo�o,S?qsW
ρ ∈ SV

WNQ3Q"kCM�K�Q"WNGNopWLK
u, v ∈ TΣ(V )

%�kCX S
f →αg

KNi$WNQ�K?WNMPO�WNopWNX(Q
KNi
f →α·ρg

%�k
�
ρ
S?qUizQ�gUijS?qskCX½SUO�WNopWNX(Q5KNMsG

α
%�h>FeWLKNQB:×d;:�gUizGJW��YSUG

α · ρ = (s(α) · ρ, t(α) · ρ) k

� ù|ù



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

n INopkCXYKNQjGuSUQviTkCX k Ó N�q�q��|SU�|��S [9N�Q f →αg
g��¬_�aJt�bA����deTcds�|�'Ã;ds]9Q½mkdeSUTcQ�N��«XA�|�=TxQnmjTcQ

C
_�ds��SUdo[9N'PºN���QScNk��SUTcdeTxNoTxds���

σ
TxQZ]eS^[jNkQ

f = C[s(α) · σ]
QAT
g = C[t(α) · σ]

gJ�¹�|p�prQ
ρ
QZSWTé�kd ûUQAXATxd~�|Q�ÃH���Ú__�N�SUScd7�

f = C[s(α) · (ρ ◦ ρ−1 ◦ σ)]

= C[s(α · ρ) · (ρ−1 ◦ σ)].

µ¶QÙp,lZprQ�Ã
g = C[t(α · ρ) · (ρ−1 ◦ σ)]

QnT«t�����X
f →α·ρg

gH�ubZXZdeq�ac�j[9N�QZprQZ�=TZÃJSUd
f →α·ρg

Ã_�]e�|acS�ds]uQnmodsSWTxQÛN��ÎXA�|�=TxQ½moTcQ
C
_�ds��SUd¶[9N'PºN���QÛScNk��SUTcdeTxNoTxds���

σ
�|bAacd~�Þ_��=T

f = C[s(α · ρ) · σ]QAT
g = C[t(α · ρ) · σ]

gÞµéPº��º
f = C[s(α) · (ρ ◦ σ)]

Ã
g = C[t(α) · (ρ ◦ σ)]

QAT
f →αg

g
♦�È_�q�qCQA]s�|�kS�[9N�QO]ÅPºQZ�kScQZpé��]sQ

V
QZSUTuSUN�q�q��|Scb�tkbZ���|pé��ax_��k]sQ�ÃoX�PºQZSWTUV×êEVYt�deacQ¶[9N'Pºds]CQnmodsSWTxQONk��Q���d~VûUQZXnTxde�|�ÊQZ�=TcacQ

V
QnT

N
gG¡O�ÊSUN�q�q��|ScQ�t�bASc�|aUpÙ_�dsS¶[9N�Qé]ÅPº�|�ÊXÇÍ��|deScd~T¶SWvoSWTxbApÙ_�Tcds[9N�QAp�QA�9T^Nk��QéTxQA]s]eQ��d ûUQZXATcds�|�ãÃkXZQ\[9N�dGacQn�jdsQZ�=TÈê��9N�p�bAac��TcQZau]sQAS���_�acds_���]sQAS

x1

Ã
x2

Ã
x3

Ã�QnTxX�g
�¹�|prp�Q��k�|N�Sé��QZ���|�kSrtkQ�]sQ����|dsaét�_���S�]eQÙq�_�ac_��|ac_�q�Í�Q�qkacbZXAbZt�QA�=T�Ã7]sQÙXZ�|aU�|]s]s_�dsaUQÙ�jg· Ê����N�St�d~T^[jNkQrTc�|NkT^TxQAacprQ

u
_�t�prQAT\N���Q�N��kds[9N�QrbZXZaUdeTcN�acQ

u = f(y1, . . . , yp)
_��|QAX

f ∈ LΣ(p, 1)
QAT

y1, . . . , yp ∈ V
g Ò ��q�_�aUTcdsXAN�]sdeQZaZÃ=SUd

α
QZSWT�N���QOaUwZ�|]eQ¶t�Q¶acbZbAXZaUdeTxNkacQOSUN�a

TΣ(V )
ÃoSc_«Sc�|N�aUXZQ�_�t�p�QnTN���Q�TcQZ]s]eQ�t�bZXA�|prqC�|SUdeTcds�|�'ÃjXZQ^[9N�d®���|NkSlXA�|��t�NkdeTlê��

a ±\b @HK¾B�K D @�c Ìl��Q^acwZ��]sQ^t�Q\acbZbAXZaUdeTxNkacQ
α
ScN�a

TΣ(V )
QASUTÈt�deTcQ,MsX(i wxkCG6o�i�K?ILW^Scd®Sc_rSU�|N�acXAQhSAPRbAXZaUdeT

s(α) = f(y1, . . . , yp)
_��|QAXÙ]eQZS

yi
�|bZaUde�Þ_��9Th]`_�XZ����t�deTcds�|�ñSUN�de��_��=TxQ��®qC��N�a\Tc�|NkT

i ∈ {1 . . . p}
ÃScd

yi = xj
_�]e�|acS

{y1, . . . , yi−1} = {x1, . . . , xj−1}
��N
{x1, . . . , xj}

g|¡O�«t�d~T [9N'PºN���acQA���|prpÙ_��|Q
ρMsX(i wxkCGNo�i�K?W¶N���QÈacwA�|]sQ

α
Scd
α · ρ

QZSWT�N���d~À¾�|acprdsSUbZQ�g9ÌÈ��SUvjSWTxwZprQOt�Q¶acbZbAXZaUdeTxNkacQ¶tkQ¶TxQAacprQZS
(Σ, R)QZSWTlt�deTHMsX(i wxkCG6o�i�K?I^Scd'Tc�|NkTxQASuScQZSlacwA�|]sQAS�]sQ�SU�|�=T�g

�» 8;DÞ57D ©�K²BEK D @ î c ¤�Ú c�¹ kCMsQnW3GL�TqUO�WÃgsWÃGLILILhNG6izQjMPGJW
α
KNMPG

TΣ(V )
S�gUopWNQ£MsX8GJWNXtkCo�o,S?qsW	A}MsiªO$F MPX(iµ:

wxkCG6o�i�K?W k
n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T f(y1, . . . , yp)

]`_�t�bAXZ�|prq��|Scd~Txds���Ût�Q
s(α)

g®¡O�ñNkTxde]sdsSUQ«]ÅPR_�]e�|�|acd~TxÍ�prQ^ScN�dÝV��_��=T�q��|N�aÔXZ�|�kSUTxaUN�dsaUQÈNk��acQA���|prpÙ_���Q
ρ
�j����XZ�|prprQZ��XAQÈq�_�aìq��|ScQAa

ρ(y1) = x1

QnT��|��ds��d~Txds_�]sdeScQN���XA�|p�qoTxQZNka
k
ê

1
g��H�|N�a

i
��_�acd`_��9T¬t�Q

2
ê
p
Ã;�|�«TxQASUTxQ¹Scd

yi ∈ {y1, . . . , yi−1}
�;ScdoX�PºQZSWTØ]sQ¹XZ_�SZÃ��|�_«t�bYûcê«t�bA���kd

ρ
ScN�a

yi
ÃoScds�k�|���|��q��|ScQ

ρ(yi) = xk+1

QAT��|��ds��XAacbAp�QA�9TcQ
k
t�Q

1
gkÕY]CScNYÛ�TuQZ�kScN�d~TxQt�Q^XZ��p�q�]ebATcQZa

ρ
QZ��qC��Sx_��=T�Ãkq�_�a�QnmoQAp�q�]eQ�Ã�q��|N�a�XÇÍ�_�[jNkQ

xk
TxQA]G[9N�Q

ρ(yi) = xk
Ã
ρ(xk) = yi

QATZÃq��|N�aØTx�|N�Sì]sQAS¹_�NoTxacQAS
xl
Ã
ρ(xl) = xl

gjÕY]ÞQASUT�_�]s�|aUSìXA]`_�dea7[jNkQ¶]ÅPº�|�Ù_h��deQZ�ÙtkbA����d�N���acQZ�k�|p�p�_��|Q
ρ[9N�dGN���d~À¾�|acprdsSUQ

α
g

♦�¹QZaWTÇ_�de��QZSuacwA�|]sQASut�Q^acbZbAXZaUdeTxNkacQ^Sc�|�=TÈq�]sNkS�À¨_�XZde]sQZSuê�p�_���deq�N�]sQAa�[9N�Q\t'P·_�NkTxaUQZSZÃ�XA�|prp�Q�����N�S]sQO��QZaUac�|��Slq�_�a�]s_�ScN�d~TxQ��
a ±\b @HK¾B�K D @�c ÌÈ��Q�aUwZ�|]eQ�t�Q�acbZbAXZaUdeTxNkacQ

α
ScN�a

TΣ(V )
QZSUTht�d~TxQ-ORizXtIFSUizGJWMd8q�SUM(hL�(WrScd7Sc_�Sc�|N�aUXZQSZPºbZXAacd~T

s(α) = f(y1, . . . , yp)
_���QZX^]sQAS

yi
tkQZNom�ê�tkQZNom�tkdsSUTcds��XnTxSAg�ÌÈ��SWvoSWTxwAp�Q^t�Q�aUbZbZXAacd~TxN�aUQ�t�QTxQAacprQZS

(Σ, R)
QZSWT¶t�d~T�ORizXtIFSUizGJW4d�q�SUM(hL�(W^Scd'Tc�|NkTxQASuScQZSlacwA�|]sQASu]sQ�Sc���9TZg

�

� ù �
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» 8;DÞ57D ©�K²BEK D @ î c ¤Þ¤ cE� XtWÃGJ�TqUO�W²gsWÃGJILILhNG6izQvMsGJW
α
WLKNQ8d¾O SéwxkCi�KÃORizXtIFSUizGJW=dÍq�SUM(hL�(W�WNQ�MsX(i wxkCG6o�i�K?ILW

KNiªWNQ¬K?WNMPO�WNopWNX(Q½KNi{K}S�K?kCMPGJhLWéK>FeILhNG6izQ
s(α) = f(x1, . . . , xm) k n W��½ORM�K�%¬KNi α WLKNQ�ORizXtIFSUizGJWVd²q�SUM(hL�(WWNQ~A}M{W

ρ
WLKNQéMsXrGLWNXtkCo�o,S?qsW!A}MPiBMsX(i wxkCG6o�i�K?W

α
%éSUO�kCGLK

α · ρ
WLKNQ)ORizXtIFSUizGJW4d�q�SUM(hL�(W k

Ò �/aUbZN���deScSc_��=TÈTc�|N�Su]sQAS�acbZSUN�]eTx_�TxSut�Q^XAQ\q�_�ax_���ax_�q�ÍkQ�Ã��|���|�kTcdsQA�9T^�
ohDÞ8;D�¦¨¦¨§ K 8E6 î c ¤ ³/c <$kCMPG$Q"kCMPQªK�9�KNQ"�NopW²gsW$GJILILhNG6izQjMPGJW

(Σ, R)
%ªizO¬WC'�i�KNQnW3MPXtWªw�SUo�izOzO�W

R′ gsW$GJ�TqUO�WLKMsX(i wxkCGNo�i�K?ILWLKBKNMsG
TΣ(V )

%£WNX-hLkCGNGJWLK"�(kCX½g�SUXthLW)|}i ©xWLhNQjiz�UW�SU�UWLh$hLWNOzO�WLK�gsW
R
Q"WNOzO�WLK5A}M(W

(R) = (R′) kn W$�½ORM�K�%)KNi
α
WLKNQ�MsXtW¾GL�TqUO�WmgsW

R
ORizXtIFSUizGJW²d,q�SUM(hL�(W�%�O S8GJ�TqUO�W

α′
A}Msi)ORMsi$hLkCG6GJWLK"�(kCX½g-g�SUXYK

R′WLKNQÃORizXtIFSUizGLWMd8q�SUM{hL�(WrÛ¸�YSUG8hLkCXYK?I$A}M(WNX(Q�%)KNi
(Σ, R)

WLKNQ²ORizXtIFSUizGJW�dpq�SUM{hL�(W�%²SUO�kCGJK
(Σ, R′)

O$FeWLKNQ
SUM�KLKNi k

} Q���NkT^t�Q«]s_�ScN�d~TxQ«tkQ�XZQ�XÇÍ�_�qkdeTxaUQ«QZSWT^t�Q�q�aU�|Nk�|QAa�[9N'PRbnTÇ_��=T\t��|�k��bZQ�N��kQ�Scds����_�TxNkacQ�_�]e�|bnV��aUds[9N�Q
Σ
Ã�]ðPRQA��ScQAp«��]sQ¶t�QZS�TxQAacprQZS

TΣ(V )
QZSWTuN���Q�q�_�aWTxdeQOt�QZS�¸�wAXÇÍ�QZSut�Q^]ðPükL�(INGuS�gsW�hFSUGNQ"ILKNiTWNX(XtW

ORij|}GJWHWNXsqsWNX½gUGLILWB�YSUG
Σ
QATì[9N�Q�ÃjScd

R
QZSUTìN���QlÀ¨_�prds]s]eQ¹t�QÈacwA�|]sQASÔtkQ¶acbAbZXAacdeTcN�acQl]sde��b�_�dsacQASØêh�=_�N�XÇÍ�QScNka

TΣ

Ã��|��q�QZNkTlXZ����SUTcacN�deacQ^N���Q^q�aUbZScQA�=TÇ_�Tcds�|�
(Σc, Rc)

[9N�dGSUdsp«Nk]sQ�XZ��p�q�]ewATcQZprQZ�=T
(Σ, R)

g
º�TC� 7 �r2�150� -!$#Ä'�0H17%£2$#ª4�!5���-!$#Ä!�%Ä#ª4�����0�%7�815!$# 0H.X��2��-154�*,��!$#

$VÔâð5Ô×Ö 	 �¾©�§Y¦Á´�³ª¹ï«t¦B§s¯Y©ª¹s­n³ªì�ì²³ª¹ �Í´²©4RÍì²­"¯P­n·Áìí³t¯	³tÂ3³£¶Ø�Íèn³��L·Áì�´²¦)¶¨³ªìé¯Y¦Áè
Ó �|d~T
C
N���Q^X�_;TxbZ���|acdeQ¸���|������TcQ

C2 ]eQOq�aU�ot�NkdeTut�Q�t�QANom�XZ��q�dsQAS�t�Q C QAT ∗ ]`_«X�_;TxbZ���|acdeQ^_���QZXN��2ScQZNk]l���jûUQATrQAT�N���Q�ScQAN�]sQ�¸�wAXÇÍ�Q�gÔÐ¶]e�|acSAÃ7�|�àqCQANkTÙtkbA����dea�t�QZNomyÀ¾����XATcQZN�aUS
δC : C −→ C2QAT

εC : C −→ {∗}
QZ��q��|Sx_��=T

δC(x) = (x, x)
QAT
εC(x) = ∗

Ã�]ÅPºN���de[jNkQ�bZ]sbAp�QA�=Tut�Q
∗
g

�È_�q�qCQA]s�|�kS2[9N'PºN���QúSUTxaUN�XATcN�acQúp�������¿�t�_�]sQÎSWTxacdeXATcQúSUN�a
C
QASUT+]s_�t��|����bAQøt�QâÀ¾�|��XnTxQZNkacS

⊗ : C2 −→ C
QnT
∗ : ∗ −→ C

��bZacd~�Þ_��=T�t�QZS�acQA]`_�Tcds�|�kS�t'P·_�ScSc�jXZds_�Txd~�jdeTxb�QAT�t�Q ��QZNkTcax_�]edeTcb�Ã_�de��Scd'[9N�Q\���|NkSl]ðP·_����|��S��jN�_�N�XÇÍ�_�q�deTcacQ\�kg
Ó dGXZQASÈ[9N�_;TxacQ�À¾�|�kXATxQAN�acSuSc_�TxdeSUÀ¾�|�=TlXZQAaUTÇ_�ds��QAS�q�ac�|qkacdsbnTxbASlSUN�q�q�]ebZprQZ�=TÇ_�dsacQAS^�

a ±\b @HK¾B�K D @�c ÌÈ�kQ XZ_�TxbA�|�|aUdsQÊpr�|����¿Åt�_�]eQ/SWTxacdeXATcQ
(C,⊗, ∗)

QZSWT�t�deTcQ hFSUG6QnILKNiTWNX(XtWÊScdO]eQZS�t�QANomXZ����t�deTcds�|�kS�ScN�d~��_��9TcQZSuSc���9TlaUQZprq�]sdeQZSO�
z|gu]eQOÀ¾�|��XATcQZN�a

⊗ : C2 −→ C
QZSWT¶_�t;ûU�|ds�=Tlê�t�aU�|deTcQ�t�N�À¾����XATcQZN�a

δC : C −→ C2
�

�ogu]eQOÀ¾�|��XATcQZN�a
∗ : ∗ −→ C

QZSWTÈ_�t;ûU�|de�9T�êrt�aU�|deTcQOt�N�À¾�|��XnTxQZNka
εC : C −→ ∗

g
ÌÈ�kQ\��qCbAax_�t�Q^QASUTlt�deTcQphFSUG6QnILKNiTWNX(XtW^SUdGQZ]e]sQO]ðPRQASUTlQZ��TÇ_��=Tu[9N�Q\X�_�TcbZ�|��acdsQ�pr�|����¿�t�_�]eQ¶SWTxacdeXATcQ�g

�

�¹QATUTxQ�t�bA���kdeTxde�|�y�'PºQZSUT�XZQAqCQA��t�_��=T�q�_�SrXZ�|�kSUTxaUN�XATcde��Q¸�ØqC�|NkaraUQZprbZt�deQZa�êñXZQ�t�bAÀ¨_�NkT�Ã7����N�S_��|�|�kSZÃÞ�|a)#�XZQ^_�Nom�Txax_���_�Nom�t'PRÐÈ]s��QZaWTlÑ¹N�acaU�|��dðÃ�]`_«XZ_�ax_�XnTxbAacdsSc_�Txde�|��bZ[9N�_�Tcds�|�k��QZ]e]sQOSUN�de��_��=TxQ��

� ù��
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� �®±9DÞ8 ¯j° 6 î c ¤ ´ �TS � <H8 LÞ´VU � c�� XtW�hFSUQ"ITqskCGNiTWÍopkCXtkC¿jg�SUO�W�KNQjG6iThNQnW
(C,⊗, ∗)

WLKNQ�hFSUG6QnILKNiTWNX(XtWÍKNi
WNQBK?WNMPO�WNopWNX(Q¸KNi�WNOzO�WmhLkCX(QjiTWNX(Q�gsWNM('²w�SUo�izOzO�WLK�gsW¸�Ã�LhL�(WLK

(δx : x −→ x⊗ x)x∈Ob C

WNQ
(εx : x −→ ∗)x∈ObC

�UING6i �)SUX(Q)O�WLKHGJWNO SUQjiTkCXYKÍKNMsiz�CSUX(QnWLK�%��(kCMsGHQnkCM�K�kU|â©xWNQzK
x
WNQ
y
WNQéQnkCMsQ"W)�$�LhL�(W

f ∈ C(x, y)
l

� k ε∗ = ∗
Û

� k (x⊗ εy ⊗ εx ⊗ y) ◦ δx⊗y = x⊗ y
Û

� k εy ◦ f = εx
Û

W k δy ◦ f = (f ⊗ f) ◦ δx k
Ð¶de��ScdðÃ�q�]sNoTJE�T�[9N�Q^t�Q^XZ_�ax_�XnTxbAacdsSUQZa�]s_«q�acbAScQZ�kXZQ\t�Q^q�ac�jt�N�d~TxS�X�_�aUTxbAScdeQZ��Suq�_�a�tkQZSuq�ac����]swAp�QASN���d~�|QAacScQA]sSH�|N\t�QZSJ_�t;ûU�|�kXATxde�|��SAÃ��|�hqkacbAÀ¾wAacQØ�|bAacde��QZa®]`_�q�aUbZScQA��XZQìt�QÔXZQZaWTÇ_�de��QZSG¸�wAXÇÍ�QZS¬Sx_�TcdsSUÀ¨_�dsSx_��9TXZQAaUTx_�ds��QAS¬bA[jN�_�Txde�|��SZÃ;XZQì[9N�dÅÃ;���|N�SJ]sQØ�|QAacac����S q�]eN�S¬]e�|ds�'Ã�QASUT¬��dsQA�«q�]sNkSJq�ac_�Txde[9N�Q¹q��|N�aHXZ�|�kSUTxaUN�dsaUQt�QASÈ�|q�bZac_�t�QASÈXZ_�aUTcbZScdeQZ���kQZS¶]eds��aUQZSAg Ò �Ê_�TUTxQZ�kt�_��=T�ÃÞt�_��kSÈ]eQ\XZ_�Slt�QZSl�|q�bZax_�t�QZSlX�_�aWTxbAScdsQA����QASZÃ��|�q�QZNkTlQZ�kXZ�|aUQ^À¾ac_���XÇÍ�dea�N���q�_�]sdeQZaAg

ohDÞ8;D�¦¨¦¨§ K 8E6 î c ¤=æ cÙ� XtWÀkL�(INGuS�gsWropkCXtk?hL�sGJkCopW
C
WLKNQ-hFSUG6Q"ILKNiTWNX(XtW�KNi»WNQmK?WNMsO�WNopWNX(Q¾KNi»WNOzO�W

hLkCX(QjiTWNX(Q)QjGJkCi�KB�Ã�LhL�(WLK�l

τ : 2 −→ 2, δ : 1 −→ 2, ε : 1 −→ 0,

A}MPiB�UING6i ��WNX(QÁO�WLK�I$A}MYSUQviTkCXYKÍKNMsiz�CSUX(Q"WLK4l
1 k (1⊗ δ) ◦ δ = (δ ⊗ 1) ◦ δ

Û
2 k (ε⊗ 1) ◦ δ = 1

Û
4 k τ ◦ δ = δ

Û
5 k τ ◦ τ = 2

Û
6 k (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) = (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

Û
7 k (1⊗ δ) ◦ τ = (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

Û
9 k (1⊗ ε) ◦ τ = ε⊗ 1

Û
SUizXYKNi�A}M(W�%ª�(kCMPGHQ"kCMPQ$WNX(QviTWNG

n
WNQ)Q"kCMPQ"Wé�Ã�LhL�(W

f
g�SUXYK

C(n, 1)
l

fδ k δ ◦ f = (f ⊗ f) ◦ δn
Û

fε k ε ◦ f = εn
Û

fτ1 k τ ◦ (f ⊗ 1) = (1⊗ f) ◦ τn,1 k

� ù +
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I�XAS»MsQvizORi�K?I�O�WLK�XtkCQTSUQviTkCXYK�KNMPiz�CSUX(Q"WLK4l
:
δn : n −→ 2n

WLKNQ�gskCX(XtILW��YSUG4l

δn = ρn ◦ δ
n,

k
�
ρn : 2n −→ 2n

WLKNQéO S²�$�LhL�(W�gsI��ÁX(iTW��YSUG�GJILhNMPG6GJWNXthLW�KNMsG
n
�YSUG

ρ0 = 0
%t�½MPi�K3�YSUG�l

ρn+1 = (1⊗ ρn ⊗ 1) ◦ (1⊗ τn ⊗ 1)
Û

:��(kCMsG
τn,1 : n + 1 −→ n + 1

%ÃkCX �½GJk?hL�FgsW�gsW�XtkCMs�UWFSUMp�YSUGmGJILhNMPG6GJWNXthLW�KNMPG
n
l
τ0,1 = 1�½Msi�K

τn+1,1 = (τ ⊗ n) ◦ (1⊗ τn,1).

Ð¶de��ScdðÃjt�_���S�]eQ¶X�_�S¹t'PºN���QO��qCbAax_�t�Q¶p��|�k�oXÇÍ�aU�|prQ�Ã9]sQASìTxaU�|dsSØÀ¨_�prds]e]sQZS7tkQÈ¸�wAXÇÍ�QZSuScQ¶acbZtkN�dsSUQZ�=TXÇÍ�_�XAN���QlêON���bZ]ebZprQZ�=T�g|¡O�«Txac��Nk�|QAax_kÃ|t�_���S7]ÅPR_����kQnmoQ�ÐéÃ�q�]sN�S¬t�Q�t�bATx_�ds]eS¬SUN�a Tx�|NkS7XZQZS7aUbZSUN�]eTx_�TxSAg
¥ 6 ° §�8 ô <®6 ©;c
z|gÈ�¹QhacbZSUN�]eTx_�TOSUQé�|bA��bZac_�]sdeScQh_�NÊXZ_�S¶t�QASO�|q�bZac_�t�QZS

Γ
VYXZ��]s�|aUbZQZSAÃCq��|N�a

Γ
N��ÊQA��ScQAp«��]sQh[9N�QZ]ÝVXA�|��[9N�Q�g } QZS�Tcac�|deS�¸�wZXÇÍ�QAS

τ
Ã
δ
QAT
ε
Sc�|�=TlacQAp�q�]s_�XZbAQZSuq�_�a�Tcac�|deS�À¨_�prds]s]eQZSÔt�Q�¸�wZXÇÍkQZSé�

(τx,y : x⊗ y −→ y ⊗ x)x,y∈Γ, (δx : x −→ x⊗ x)x∈Γ, (εx : x −→ ∗)x∈Γ.

µ¶Qup,lZprQ�Ã=ê�XÇÍ�_�[jNkQÈaUQZ]`_;Txds���«QZSWTìSUN���SWTxdeTcN�bZQlN���Q�À¨_�prds]e]sQÔt�QuacQA]`_�Tcds�|��SAg|�J_�a7QnmoQZprq�]eQ�Ã
(1)QnT

(6)
SU�|�=T�aUQZScq�QZXnTxd~�|QZprQZ�=TuaUQZprq�]`_�XAbZQASìq�_�a¹]sQASìÀ¨_�prds]e]sQAS

(1x)
Ã9ds��t�Q½mobZQOq�_�a¹]sQASìbA]sbAp�QA�9TcS

x
t�Q

Γ
ÃkQAT

(6xyz)
Ãkds��t�Q½mobZQ\q�_�a�]sQAS�TxaUdsq�]eQATxS

(x, y, z)
tãPRbA]sbZprQZ�=TcSltkQ

Γ
�

1x
g

(x⊗ δx) ◦ δx = (δx ⊗ x) ◦ δx
�

6xyz
g

(z ⊗ τx,y) ◦ (τx,z ⊗ y) ◦ (x⊗ τy,z) = (τy,z ⊗ x) ◦ (y ⊗ τx,z) ◦ (τx,y ⊗ z)
g

ÐÈds��SUdÅÃ9Scd
Γ
QASUT����kdãt�QOXZ_�actkds��_�]

n
Ão�|��_

n2 + 2n
¸�wAXÇÍ�QZSuq��|N�a¹]s_hSWTxacNkXATxNkacQ,~¨����acQnTxac��Nk�|Q��deQZ��TxaU�|dsS�¸�wZXÇÍ�QAS¶q��|N�a

n = 1
�ng

�og } _¶�9N�prbZaU��TÇ_�Tcds�|�ét�QZS7aUQZ]`_;Txds����SJ]s_�dsSUScQ�]s_Èq�]s_�XZQ¹qC�|Nka t�QZS7aUQZ]s_�Txde�|��SHXZ�|prq�]sbAp�QA�=TÇ_�deacQZSJ[9N�Q����N�SÈtkbA����deac�|�kSÈq�]eN�Sl]s�|de�'g��H�|N�al]ÅPºN���Q\t'PRQA�=TxacQhQZ]e]sQZSAÃ����|N�SÈ_��|�|�kS¶��QZSc��ds��t�QhtkbA����deaÈNk��Q¸�wAXÇÍ�Q
τ1,n : n + 1 −→ n + 1

q��|N�a¶Tc�|NkT¶QZ�=TxdeQZa
n
gG�¹QZXAd QZSWTOÀ¨_�d~T¶q�_�aOacbAXZN�aUacQZ�kXZQ�ScNka

n
Ãt�Q^p�_���dewZacQ¶Scdsprds]s_�dsaUQ¶ê

τn,1
g�¡O��qC��ScQ

τ1,0 = 1
q�NkdsSZÃkqC�|NkauTc�|NkTuQA�9TcdsQAa

n
�

τ1,n+1 = (n⊗ τ) ◦ (τ1,n ⊗ 1).

� ù Z
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Ò m�_�p�de���|��Shê/q�aUbZSUQZ�=T�]ÅPºQnmoQAp�q�]eQ�À¾�|��t�_�prQZ�=Tx_�]Øt'PR��qCbAax_�t�Qrpr�|���jXÇÍ�ac�|prQ�X�_�aWTxbAScdsQA����Q/�J]s_X�_;TxbZ���|acdeQ
Fo
g } Qup���v|QA��]sQ�q�]eN�S7Scdep�q�]eQ�t�Qu]`_OtkbA����deaZÃ|QA�rTx_��=TØ[9N�QuX�_�TcbZ�|�|aUdsQ�Ã|QZSWTìtkQltkdsacQ¹[jNkQ

FQZSWTu]`_éSU�|N�S×VYX�_;TxbZ���|acdeQOq�]sQAds��QÈt�Q
ENS

t��|�=T�]sQAS��|�jûUQnTxS�SU�|�=Tu]sQZS¹QZ��SUQZp«��]eQZS
[n] = {1 . . . n}

Ã�q��|N�aTx��NkT
n ∈ N

ÃÞ_���QZX\]`_«XA�|�=�|QZ�=Tcds�|�
[0] = ∅

g�ÐÈ]s�|aUS��
» 8;DÞ57D ©�K²BEK D @ î c ¤oî c DªS hFSUQ"ITqskCG6iTW

Fo
WLKNQéMPXtW�kL�(INGuS�gsWmhFSUG6Q"ILKNiTWNX(XtW k

n INopkCXYKNQjGuSUQviTkCX k Â/�|�=TxaU�|��SAÃÔq��|N�a�XA�|p�prQZ�kXZQZaAÃ7[9N�Q Fo
QZSWT�Nk��Q/��qCbAax_�t�Q�gì¡��à����TcQ�[jNkQ/SUQZS�|�jûUQnTxSìSc�|�=TH~¾ds��tkQnmobZSìq�_�aL�7]sQASìQA�=TxdsQAacSì��_�TxNkacQZ]eSìQnT¹���Ùq��|ScQ
[n]⊗ [m] = [n+m]

goµ¶bA����dsSUSc�|��S¹]sQq�aU�ot�NkdeT7SUN�aØ]sQZS7¸�wAXÇÍ�QZSt�oq�_�a7XZ�|prp��jt�d~Txb�Ã;�|��Txac_���_�de]s]eQ¹ScNkaÔ]eQZS ¸�wAXÇÍ�QZSìt�Q
F
�=SUd

f : m −→ n
QASUTN���Qì¸�wZXÇÍ�Q¹t�Q

Fo
Ã;�|�é�k��TxQ

f ∗ : n −→ m
]`_u¸�wZXÇÍ�Q¹t�Q

F
[9N�do]eN�d9XZ�|aUacQAScq��|��t�QATZÃ�aUbZXAdsq�aU�o[9N�QAp�QA�9TZÃScd

f : m −→ n
QZSWTØN���Q¹¸�wAXÇÍ�Qut�Q

Fo
Ã��|���k��TxQ

f ∗ : n −→ m
]s_l¸�wAXÇÍ�Qut�Q

Fo
[9N�dk]eN�dkXA�|acaUQZScq��|��tãg

Ó �|deQZ�=T
f : m −→ n

QAT
g : p −→ q

tkQZNom ¸�wAXÇÍ�QZSàt�Q
Fo
g�ÐÈ]s�|aUSZÃ«]eQZN�a qkac�jt�N�deT

f ⊗ g : m + p −→ n + q
QZSWT�t��|����b�q�_�a

(f ∗ ⊗ g∗)∗
Ã ��º

f ∗ ⊗ g∗ : n + q −→ m + p
QZSUT]`_é¸�wZXÇÍ�Qht�Q

F
t�bn����dsQ^q�_�a��

f ∗ ⊗ g∗(i) =

{

f ∗(i)
Scd
i ≤ n

g∗(i− n) +m
Scd
i > n.

¡O�y��bZaUde��Q�[9N�Q
⊗
_�t�prQAT

0
XA�|prp�Q�N���deTcb�êÊ�=_�NkXÇÍ�Q�QAT�êÊtkac�|d~TxQ�QnT�Sx_�TcdsSWÀ¨_�deTh]`_�aUQZ]s_�Txde�|�t'PºbZXÇÍ�_����|Qr�

(t(f)⊗ g) ◦ (f ⊗ s(g)) = (f ⊗ t(g)) ◦ (s(f)⊗ g) = f ⊗ g

qC��N�a�Tx�|NkTcQZS�¸�wAXÇÍ�QZS
f
QnT
g
tkQ

Fo
g�ÐÈds��SUdÅÃ

Fo
QASUTlN���Q\�|q�bZax_�t�Q�p������oXÇÍkac�|prQ,~¨QnT

F
_�N�SUScdz�½g

üObAacde���|��S^ê�q�acbAScQA�9Th[9N�Q
Fo
XZ�|�=TxdeQZ�=T^��deQZ�ñ]sQASOTxac��dsS¶¸�wAXÇÍ�QZS

τ
Ã
δ
QAT
ε
QAT^[9N�Q�XZQA]s]sQASWV�XZd Sc_;VTxdeSUÀ¾�|�=TÈ_�Nom�aUQZ]s_�Txde�|��S�t�N/XZ�|aU�|]s]s_�dsaUQ^�og~z���g�¡O�/�k��TxQ

τ ∗ : [2] −→ [2]
]ÅPR_�q�q�]edsX�_;Txds����[9N�d®QZ�=�|�|deQ

1ScNka
2
QAT

2
SUN�a

1
Ã
δ∗ : [2] −→ [1]

XAQZ]e]sQ�[9N�d�QA�=�|�|deQ
1
QAT

2
SUN�a

1
Ã
ε∗ : [0] −→ [1]

]ðPRN��kds[9N�Q_�q�qk]sdsXZ_�Txde�|��t�Q
∅
�|QAacS
{1}

g
D q�acbAScQA�9TZÃ�ds]uÀ¨_�NkT���bZaUde��QAa�]sQZSÙacQZ]s_�Txde�|��S�~¨�|NÎq�]eNkTJE�T�]sQAS�acQA]`_�Tcds�|�kSÙt�N�_�]sQZSAÃ¹�|�oTxQZ�9N�QAS�QZ�acQAp�qk]`_�äZ_��=T¬]eQZS®¸�wZXÇÍ�QAS7q�_�aH]sQAN�acSH�|QZaUScde�|��S¬bnTx�|de]sbAQZSHQAT QA�«acQA�=�|QZaUSx_��=TØ]eQìSUQZ��S tkQZS¬XA�|prqC�|SUdeTcds�|��SJ�ng�J��N�a®q�]sN�Sãt�QØXZ�|prp��jt�d~Txb�Ãn�|�^����TcQ

f ∗ : m −→ n
Sc�|N�S®]s_¹À¾�|acprQ t�N

m
VYNkq�]sQnT

(f ∗(1), . . . , f ∗(m))t'PºbZ]ebZprQZ�=TxSut�Q
[n]
g�Ð¶ds�kScdÅÃkScd

f ∗ : m −→ n
QAT
g∗ : n −→ p

�
g∗ ◦ f ∗ = g∗ ◦ (f ∗(1), . . . , f ∗(m)) = (g∗ ◦ f ∗(1), . . . , g∗ ◦ f ∗(m)),

QATZÃ�Scd
f ∗ : m −→ n

QAT
g∗ : p −→ q

�
f ∗ ⊗ g∗ = (f ∗(1), . . . , f ∗(m), g∗(1) + n, . . . , g∗(p) + n).

�?���
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¡O����bZacd~��Q^]sQAS�acQZ]s_�Txde�|��S�t�N�XA�|ac�|]e]`_�deacQO�ogezZ���
1
gÈµÈbATÇ_�ds]s]e�|��SAÃkq��|N�a�XZQnTcTcQ\qkacQZprdswAacQ�aUQZ]`_;Txds���Û�

δ∗ ◦ (1⊗ δ∗) = δ∗ ◦ (1, δ∗(1) + 1, δ∗(2) + 1)

= δ∗ ◦ (1, 2, 2)

= (1, 1, 1).µéPR_�NkTcacQ^q�_�aWT^�
δ∗ ◦ (δ∗ ⊗ 1) = δ∗ ◦ (δ∗(1), δ∗(2), 1 + 1)

= δ∗ ◦ (1, 1, 2)

= (1, 1, 1).

2
g
δ∗ ◦ (ε∗ ⊗ 1) = δ∗ ◦ (2) = (1) = 1

g
4
g
δ∗ ◦ τ ∗ = δ∗ ◦ (2, 1) = (1, 1) = δ∗

g
� ��Tc�|��Sì[jNkQOXZQASìTxaU�|dsSÔq�aUQZprdswZaUQZSÔbZ�=_�]sdeTcbZSì_�N�ac_�dsQA�9Tìq�N8lnTxaUQ¶t�bAp��|�=TcacbZQAS¹QA��NkTxde]sdeSx_��=TÔ]sQuÀ¨_�deT[9N�Q«]ðPR�|�9ûUQAT

1 = [1] = {1}
QASUT�Nk�Û�|�jûUQATÈTxQAacprds��_�]®t�_���S¶]s_�X�_;TxbZ���|acdeQét�QASOQZ��SUQZp«�k]sQZSAÃãQnTOt��|�kXt�_��kS

Fo
g

5
g
τ ∗ ◦ τ ∗ = τ ∗ ◦ (2, 1) = (1, 2) = 2

g
6
g¶¡O��_��

(1⊗ τ ∗) ◦ (τ ∗ ⊗ 1) ◦ (1⊗ τ ∗) = (1⊗ τ ∗) ◦ (τ ∗ ⊗ 1) ◦ (1, 3, 2)

= (1⊗ τ ∗) ◦ (2, 3, 1)

= (3, 2, 1).Ò T\�
(τ ∗ ⊗ 1) ◦ (1⊗ τ ∗) ◦ (τ ∗ ⊗ 1) = (τ ∗ ⊗ 1) ◦ (1⊗ τ ∗) ◦ (2, 1, 3)

= (τ ∗ ⊗ 1) ◦ (3, 1, 2)

= (3, 2, 1).

7
g¶¡O��_��

τ ∗ ◦ (1⊗ δ∗) = τ ∗ ◦ (1, 2, 2)

= (2, 1, 1).Ò T\�
(δ∗ ⊗ 1) ◦ (1⊗ τ ∗) ◦ (τ ∗ ⊗ 1) = (δ∗ ⊗ 1) ◦ (1⊗ τ ∗) ◦ (2, 1, 3)

= (δ∗ ⊗ 1) ◦ (3, 1, 2)

= (2, 1, 1)

�x�Y�
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9
g
τ ∗ ◦ (1⊗ ε∗) = τ ∗ ◦ (1) = (2) = ε∗ ⊗ 1

g
fδ
g Ó �|dsQA�9T

n ∈ N
QAT
f ∈ C(n, 1)

gkÐ¶]s��acS��
f ∗ ◦ δ∗ = f ∗ ◦ (1, 1)

= (f ∗(1), f ∗(1)).Ò T\�
δ∗n ◦ (f ∗ ⊗ f ∗) = δ∗n ◦ (f ∗(1), f ∗(1) + n)

= (f ∗(1), f ∗(1)).¡O� NkTxde]sdsSUQ«]`_�aUQZ]s_�Txde�|�
δn = (1, . . . , n, 1, . . . , n)

[9N�Q�]ðPR��� tkbZpr�|�=TxacQ�QA�áac_�q�q�QZ]`_��9T\[9N�Q
δ∗n = (δn)∗ ◦ ρ∗n

QnTlQZ���|bZaUde�Þ_��9TZÃ�q�_�auacbAXZN�aUacQA��XZQ\ScN�a
n
Ã�[jNkQr�

ρ∗n = (1, n+ 1, 2, n+ 2, . . . , n, 2n).

fε
g Ó �|dsQA�9T

n ∈ N
QnT
f ∈ C(n, 1)

goÐ¶]s��acS
f ∗ ◦ ε∗

QAT
(εn)∗

SU�|�=Tut�QZNjm�_�q�q�]edsXZ_�Txde�|��SÔt�Q
[0] = ∅��QZacS
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Ã
F̄ (ε) = ε

QnT�Ã�q��|N�a�Tc�|NkTxQ�¸�wAXÇÍ�Q
ϕ
tkQ

Σ
Ã
F̄ (ϕ) = F (ϕ)

g
} Q¶À¾�|��XnTxQZNka�ds��t�NkdeTìScN�a

LΣc q�_�ScSUQ���dsQA��_�N�[9N���TcdsQZ�=T�q�_�a E∆,Σ

q�N�deSc[9N�Q
C
QZSUTuXZ_�aUTcbZSUdsQZ�k��QQATlX�PRQASUTl��dsQA�/Nk�/pr�|acqkÍ�dsSUp�QOtãPR�|q�bZac_�t�QASlXZ_�aUTcbZSUdsQZ�k��QZSlq�N�deSc[9N'Pºds]'QA�9���|dsQ

∆
SUN�a

∆
g

µ¶Q�q�]eN�SZÃCds]®À¨_�XATc�|acdeScQ
F
�?ijS
LΣc/E∆,Σ

QnT�ds]JQZSUTO]ÅPºN���ds[9N�Qép��|aUq�Í�deScprQéê�]eQéÀ¨_�dsaUQéq�NkdsSc[9N'Pºds]QZSWTlQZ�=TxdewZacQAp�QA�=TÈtkbATxQAacprds��b�q�_�auScQZSu��_�]sQAN�acS�SUN�au]sQAS�¸�wZXÇÍ�QAS¶t�Q
Σ
g

♦

�?���



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

$VÔâð5ÔBð Ý ì²³¡�²§®©ª¹s³ªì)¯P¦¸¯Y­n·Áì «t·Áì~�Á³�§&�é³ªìé¯Y³ ´�³AèZ�j·Þ��©�§®¦Á´�³A«t¦B§P¯P©ª¹s­n³ªì�ì�³Aèn­"î�§®³
¡O�úaUQZp�_�ac[9N�Qá_�ScSUQ}
ñÀ¨_�XZde]sQAp�QA�9T�[jNkQá]s_yqkacbZSUQZ�=TÇ_;Txds���

(Σc, E∆,Σ)
�ãPRQASUT/q�_�S�XZ�|�k¸�N�QZ�=TxQ�gÐ¶]e�|acSAÃ=QZ��ScN�d~��_��9T�= } _;À¨i=��>�QAT�= } _;À¨£|�C>ðÃ9�|�ÙXA�|p�qk]swATcQu]sQZSØaUQZ]`_;Txds����S

E∆

QZ�
R∆

QnT
EΣ/∆

QA�
RΣ/∆

Ã_�����t'Pº�|�kTcQZ��dea�N���Q^���|Nk��QZ]e]sQ�q�aUbZScQA�=TÇ_�Tcds�|�
(Σc, R∆,Σ)

g�ÐÈds��SUdÅÃ
E∆

QZSWTÈaUQZprq�]`_�XZb�q�_�a
R∆

�
z|g

(1⊗ δ) ◦ δ → (δ ⊗ 1) ◦ δ
�

�og
(ε⊗ 1) ◦ δ → 1

�
�kg

(1⊗ ε) ◦ δ → 1
�

��g
τ ◦ δ → δ

�
�og
τ ◦ τ → 2

�
�kg

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) → (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)
�

Áog
(1⊗ δ) ◦ τ → (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

�
 kg

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) → (δ ⊗ 1) ◦ τ
�

ikg
(1⊗ ε) ◦ τ → ε⊗ 1

�
z�£kg

(ε⊗ 1) ◦ τ → 1⊗ ε
�

z|z|g
(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ → (δ ⊗ 1) ◦ δ

�
zE�og

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ → (τ ⊗ 1) ◦ (1⊗ δ)
g

Ò T
RΣ/∆

aUQZprq�]`_�XAQ
EΣ/∆

Ã�XZ�|prq�acQA��_��=Tl[9N�_�TxaUQ^acwZ��]sQZS�q��|N�a�XÇÍ�_�[9N�Q
ϕ ∈ Σ(n, 1)

�
ϕε
g
ε ◦ ϕ → εn

�
ϕδ
g
δ ◦ ϕ → (ϕ⊗ ϕ) ◦ δn

�
ϕτ1

g
τ ◦ (ϕ⊗ 1) → (1⊗ ϕ) ◦ τn,1

�
ϕτ2

g
τ ◦ (1⊗ ϕ) → (ϕ⊗ 1) ◦ τ1,n

g
} QZSu���|N�aUQZSÈ�ogR��QnT¶�ogËÁ«pr�|�=TxaUQZ�=TlXZQZSu����Nk�|QA]s]sQASuacQZ]s_�Txde�|��S�aUQZq�aUbZSUQZ�=TxbAQZSO�|ac_�q�Í�de[9N�QZprQZ�=T�g
Ò �k���'ÃÞ�|��q��|ScQ

R∆,Σ

]`_«aUbZN���de�|��t�Q
R∆

QATlt�Q
RΣ/∆

g�¡O���|bAacd~��Q^[jNkQ��
j 6 °å° 6 î c ¤ L/c D£WmhLkCM��½O�W

(Σc, R∆,Σ)
WLKNQéMPXtW3�½GJILK?WNX(QTSUQviTkCXygsW�O$FekL�(INGFS�gsW

LΣc/E∆,Σ kn INopkCXYKNQjGuSUQviTkCX k ÕY]®ScNYÛ�TÈt�QhSAP·_�ScScNkacQZaÈ[9N�Qé]eQZSuacQA]`_�Tcds�|��S ≡R∆,Σ

QAT
≡E∆,Σ

XA��¿��kXZdstkQZ�=T�g��¹�|prprQ�|��_«]sQAS�ds��XA]sN�SUds�|�kS
E∆ ⊆ R∆

QAT
EΣ/∆ ⊆ RΣ/∆

Ãkds]�ScNYÛ�Tlt�QO�|bAacd~��QZa�[9N�Q^]sQAS�acwA�|]sQAS�[9N�Q^]ÅPº�|��_ax_�ûU�|NkTxbAQZSuSc���9TÈt�bAacde��_��k]sQZSuê�q�_�aUTxdea�t�QASÈaUQZ]`_;Txds����S�t�Q^t�bAq�_�aUTZg
�J�|NkaÈ���

(1⊗ ε) ◦ δ ←4(1⊗ ε) ◦ τ ◦ δ

→9(ε⊗ 1) ◦ δ

→21.

�x� �



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

1

5 6

2 3 4

7 8

9 10 11 12

È)ÉzÊ3Ë �jg·��Ì8ÝsÓuÒªÖ?ß�Õ\[�Ó¸ÐÜÿ×��àâÓFÒtÖ�Ó
R∆

Ú

ϕ

ϕϕτ1

ϕ

ϕϕτ2

ϕ ϕ

ϕ

ϕδ

ϕ

ϕε

È)ÉzÊ3Ë �jgËÁ�Ì8ÝsÓuÒª÷}ÕCÔ6ØvÐTÓ:] ÔNõ�ÙâàáàâÓFÒªÖ?ÓBÐÜÿ×�NàáÓuÒ�Ö?Ó
RΣ/∆

Ú

�?�e+



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

�J�|NkaÈ ��
(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)←5(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ τ ◦ τ

→7(1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→5(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→5(δ ⊗ 1) ◦ τ.�J�|Nka\z�£��
(ε⊗ 1) ◦ τ ←9(1⊗ ε) ◦ τ ◦ τ

→51⊗ ε.�J�|Nka\z�zr�
(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ ←1(1⊗ τ) ◦ (1⊗ δ) ◦ δ

→4(1⊗ δ) ◦ δ

→1(δ ⊗ 1) ◦ δ.

�J�|Nka\z����
(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ←5(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

←7(τ ⊗ 1) ◦ (1⊗ δ) ◦ τ ◦ τ

→5(τ ⊗ 1) ◦ (1⊗ δ).

Ò �k���'ÃÞq��|N�a
ϕτ2

ÃÞ_�q�aUwZSl_��|�|dea�acQApÙ_�aU[9N�b^[jNkQ�ÃÞqC��N�a�Tx�|NoT
n
Ã
τn,1 ◦ τ1,n �51⊗ n

�
τ ◦ (1⊗ ϕ) �5τ ◦ (1⊗ ϕ) ◦ τn,1 ◦ τ1,n

←ϕτ1τ ◦ τ ◦ (ϕ⊗ 1) ◦ τ1,n

→5(ϕ⊗ 1) ◦ τ1,n.

♦} Q�acQZSWTxQ�t�N�q�_�ax_���ax_�q�ÍkQ�_«qC��N�a¹����_�]sdeTcb¶t�Q¶q�ac�|No�|QZau[9N�Q
(Σc, R∆,Σ)

QZSUTuNk��Q�q�acbAScQA�9Tx_�Txde�|�XZ���9��QZaU�|QZ�=TxQ�g
$VÔâð5Ô�� E ³�§(¶¨­nì�¦Á­n¹P·Áì ´�³

(Σc, R∆,Σ)
� �|NkS7_�]s]e�|��SHNkTxde]sdeScQZaH]`_uTxQAXÇÍ���ds[9N�Q�tkbZXZaUdeTcQ�QZ���kg·Áog��¹QZ]s_È��_OXZ�|��SUdsSWTxQZaAÃ�deXZdÅÃEQA��]`_ÈXA�|��SWTxacNkXATxde�|�t'PºN��«pr�|acqkÍ�dsSUp�QØt'Pº�|q�bZax_�t�QZS

F
t�Q
LΣc

t�_��kS
O(N∗,N∗, [N∗])

Ã;����Tcb
O(N)

Ã�TcQZ]j[jNkQ�Ã�q��|N�a®Tx��NkTxQacwA�|]sQ
α
t�Q

R∆,Σ

Ã��|��_�deT
F (s(α)) > F (t(α))

g Ò ��À¨_�deTZÃ�ds]'v�_�t�QANom/bATÇ_�qCQASh�Þt�_��kSÈN���q�aUQZprdsQZaTxQAp�qkSZÃ7�|�àp����9TcacQ�[9N�Q�]`_ÊTxQAacprds��_�deSc�|� tkQ
R∆,Σ

QASUTrbZ[9N�d~��_�]sQZ�=TcQ�êÛXZQA]s]eQ�t�Q
{6}
�7q�N�deSZÃ7�|��|bAacd~��Q^[jNkQ

{6}
TcQZaUp�de��Q�g

�x��Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

¥ 6 ° §�8 ô <®6 c Ð¶NÚ�jN t�QZSéacwZ��]sQZSét�Q
R∆,Σ

Ã¬�|�ÚXA�|��SWTÇ_�TcQ�[9N�Q�XZQA]s]eQZSétkQ
R∆

_���dsScSUQZ�=T�ÃJqC��N�aé]s_q�]eN�q�_�aWT�ÃãQA�� �tkbZq�]s_�ä�_��=T�"Êt�QAS�¸�wZXÇÍ�QAS
ε
Ã
δ
QnT
τ
t�Q�]`_��=_�N�XÇÍ�Q«�|QAacS^]`_�tkac�|d~TxQ�g Ò � aUQA��_���XÇÍkQ�Ã]sQAS�acwA�|]sQASltkQ

RΣ/∆

t�bAq�]`_�XZQZ�=Tl]sQAS�¸�wZXÇÍkQZS¶tkQ
Σ
�|QAacSl]sQ���_�SuQnTÈXAQZ]e]sQZS�tkQ

∆
�|QZaUSÈ]eQ�Í�_�NkTZgÕY]¬�ãPRQASUT^t��|�kX�q�_�S¶TcacwZS¶ScN�aUq�acQA��_��=T\[jNkQ�]`_rTcQZXÇÍ��kds[9N�Q�t'Pºds�=TxQAacq�aUbATÇ_;Txds���'ÃC[9N�d¬NkTxde]sdsSUQ\À¾��aUTxQAp�QA�=T]sQ«À¨_�deT�[9N�QrXZQ�TYvjqCQ�t�Q3 �t�bZqk]`_�XAQZprQZ�=T�"ñSUQ�À¨_�deTOTc�|N;ûU�|N�aUS^t�_���S^]`_�p,lZprQ�t�deacQZXnTxde�|�'Ããq�QZde��Qrêpr�|�=TxacQAa�QZ��N���Q�À¾�|deS�]`_éTxQAacprds��_�dsSc����t�Q

R∆,Σ

Tx�|NkTlQA�9TcdsQAaZgÓ du���|NkS�_��|�|�kSÙXÇÍ��|deScdðÃÔdeXZdðÃ t�Q�aUbZt�NkdsacQ/_�N2pÙ_;modep«N�pí]eQ��k�|p«��aUQ/t�Q/acwA�|]sQAS�aUQZSUTx_��=T�ê ]`_Û���t�QÛ]s_åq�acQAp�dewZaUQÊds�=TxQAacq�aUbATx_�Txde�|�'ÃÔ����Tx����SZÃ�XAQZq�QZ��t�_��=T�Ã�[9N'Pºds]¶QASUT�Tc�|NkT�êåÀ¨_�d~T�q��|ScSUds��]eQÊ[9N'PºN���Qds�=TcQZacqkacbATx_�Txde�|��prdsQZNjm�q�QZ��SUbZQ^À¾�|��XATcds�|�k��Q�QZ��N���Q^À¾�|dsSAgÒ �k���'Ã�tkdsSc����S�[9N'PRde]'_�Nkax_�d~T�XZQAaUTÇ_�ds��QAp�QA�9T�bATxb^q��|ScSUds��]eQOQATZÃ�q�QZNkTWV"lATcacQ�Ã�q�]sNkS�Scdep�q�]eQ�Ãot�Q�p����9TcacQAat�_��kS�N���q�aUQZprdsQAaÔTcQZprq�SZÃj[9N�QO]`_^TxQAacprds��_�deSc�|�rt�Q
R∆,Σ

QZSWT�bZ[9N�d~��_�]sQA�9TcQOê\XZQZ]e]sQlt�Q
R∆

ÃoqkN�dsSìt�Qpr�|�=TxacQAa¶[9N�Q�XAQATcTcQ«t�QAac��dewZacQhTxQZaUp�de��Q�Ã��|a$#�XZQ�ê�Nk��Q«���|No�|QZ]e]sQhds�=TxQAacq�aUbATÇ_;Txds���Êds��SUq�dsaUbZQht�Q«XZQA]s]eQNkTcds]sdeScbAQOt�_���S�= } _�À¨£|�C>ðg
¡O�/t�bn����d~TÈNk�/q�aUQZprdsQAa�p��|aUq�Í�deScprQOt'Pº�|qCbAax_�tkQZS

F
QZ��t��|����_��=T¶SUQZSu��_�]sQZNkacS�ScNkaÈ]eQZS�¸�wAXÇÍ�QZSt�Q

Σc
�

V
ε∗(i) = ∗

Ã
ε∗(∗) = 1

QAT
[ε](i) = 0

�
V
δ∗(i) = (i, i)

Ã
δ∗(i, j) = i+ j + 1

QAT
[δ](i, j, k) = i + k

�
V
τ∗(i, j) = (j, i)

Ã
τ ∗(i, j) = (j, i)

QAT
[τ ](i, j, k, l) = ij.l + l.(i+ j)

�
V
γ∗(∗) = 1

Ã
γ∗(i) = ∗

QAT
[γ](i) = i

q��|N�a�Tc�|NkTxQ�XA�|��SWTÇ_��=TxQ
γ ∈ Σ(0, 1)

�
V
ϕ∗(i1, . . . , in) = i1 + · · ·+ in + 1

Ã
ϕ∗(i) = (i, . . . , i)

QAT
[ϕ](i1, . . . , in, j) = j

q��|N�a�Tx��NkT�|q�bZac_�TxQAN�a����|��XZ����SUTx_��=T
ϕ ∈ Σ(n, 1)

Ã
n ≥ 1

g
ÐÈ���rt'P¼lATcacQuSFþ�aØ[9N�QlXZQASÔtk�|����bAQZSÔSZPºbATxQA��t�QA�9T¹��dsQA��QZ�rN���p��|aUq�Í�deScprQ�t'Pº�|qCbAax_�tkQZS

F
t�Q
LΣc�|QAacS

O(N)
Ã7]`_ÛSUQZN�]eQ�XÇÍk�|ScQ�êñ��bZacd~��QZarQZSWTr[jNkQ�XÇÍ�_�[9N�Q��|bA��bZac_�TxQAN�a�QASUT���dsQA�2QA�=�|��v|bÊSUN�art�QZS_�q�qk]sdsXZ_�Txde�|��SìXZac��dsScSc_��=TxQASZÃÞXZQ^[9N�dG��Q^q��|ScQ\_�N�XAN���qkac�|��]ewZprQ�goÐ¶]s��acS��

» 8;DÞ57D ©�K²BEK D @ î ce³ Ú c D£WAopkCG°�(�si�KNopWrgGFekL�(INGFS�gsWLK
F : LΣc −→ O(N)

�UING6i ��W�%Í�(kCMsGrQ"kCMPQ"W
GJ�TqUO�W

α
gsW
R∆,Σ

%
s(α)∗ ≥ t(α)∗

%
s(α)∗ ≥ t(α)∗

WNQ
[s(α)] > [t(α)]

%BK}SUMNw��(kCMsG
α = 6

%3k
� O$FekCX
S ITq�SUORizQ"ImWNX(QvGJW

[s(α)]
WNQ

[t(α)] k
n INopkCXYKNQjGuSUQviTkCX kz|gÈ¡O�Ê_rTxac��dsS��|bAacde��X�_�Tcds�|��S¶êrÀ¨_�deacQ��

s(1)∗ ≥ t(1)∗
Ã
s(1)∗ ≥ t(1)∗

QAT
[s(1)] > [t(1)]

gC�J�|N�a]eQZS�t�QANom�q�acQAp�dewZaUQZS�ds�kbZ�=_�]edeTcbZSO�
{

((1⊗ δ) ◦ δ)∗(i) = (1⊗ δ)∗(i, i) = (i, i, i)

((δ ⊗ 1) ◦ δ)∗(i) = (δ ⊗ 1)∗(i, i) = (i, i, i).

{

((1⊗ δ) ◦ δ)∗(i, j, k) = (δ)∗(i, j + k + 1) = i+ j + k + 2

((δ ⊗ 1) ◦ δ)∗(i, j, k) = (δ)∗(i+ j + 1, k) = i+ j + k + 2.

� � �



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

�H�|N�a
[.]
�

{

[(1⊗ δ) ◦ δ](i, j, k, l) = [δ](i, j, k + l + 2) + [δ](i, k, l) = 2.i+ (k + l + 2) + l

[(δ ⊗ 1) ◦ δ](i, j, k, l) = [δ](i, j + k + 1, l) + [δ](i, j, k) = 2.i+ k + l.¡O�yXZ�|�kXZ]sNoT�QA�2aUQZp�_�ac[9N�_��9T�[9N�Q
k + l + 1 ≥ k + 1 > k

gØ�J�|N�a�]eQZS�acwA�|]sQAS�ScN�d~��_��9TcQZSAÃ����N�Sudsac����S�q�]sNkS��od~TxQ�g
�og







((ε⊗ 1) ◦ δ)∗(i) = 1 = 1∗(i)

((ε⊗ 1) ◦ δ)∗(i) = i + 2 > i = 1∗(i)

[(ε⊗ 1) ◦ δ](i, j) = i+ j > 0 = [1](i, j).�kg






((1⊗ ε) ◦ δ)∗(i) = 1 = 1∗(i)

((1⊗ ε) ◦ δ)∗i = i+ 2 > i = 1∗(i)

[(1⊗ ε) ◦ δ](i, j) = i+ 1 > 0 = [1](i, j).��g
{

(τ ◦ δ)∗(i) = (i, i) = δ∗(i)

(τ ◦ δ)∗(i, j) = i + j + 1 = δ∗(i, j).

Ò T\�
{

[τ ◦ δ](i, j, k) = i + j + i2.k + k.2i

[δ](i, j, k) = i+ k.

�¹�|prprQ
i2 ≥ 1

Ã��|�/_
i2.k ≥ k

g } QOÀ¨_�deT�[9N�Q
j > 0

qCQAacprQATÈ_�]s��acS�t�Q^XA�|��XZ]eN�acQ�g
�og







(τ ◦ τ)∗(i, j) = (i, j) = 2∗(i, j)

(τ ◦ τ)∗(i, j) = (i, j) = 2∗(i, j)

[τ ◦ τ ](i, j, k, l) = ij.(k + l) + (k + l).i + j > 0 = [2](i, j, k, l).�kg






((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j, k)

= (k, j, i) = ((τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))∗(i, j, k)

((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j, k)

= (k, j, i) = ((τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))∗(i, j, k).

� � �
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Ò T\�
[(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m, n)

= jk.m +m.j + k + i(j + k).n + n.(i+ j + i + k)

= [(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m, n).

�¹�|prprQ�_���������XZb�Ã����/_�ScQAN�]sQAp�QA�=T
[s(6)] = [t(6)]

g
Áog

{

((1⊗ δ) ◦ τ)∗(i, j) = (j, i, i) = ((τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1))∗(i, j)

((1⊗ δ) ◦ τ)∗(i, j, k) = (j + k + 1, i) = ((τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1))∗(i, j, k).

Ò T\�
{

[(1⊗ δ) ◦ τ ](i, j, k, l,m) = i+m + (l +m + 1).i+ j + ij.l +m + 1

[(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)](i, j, k, l,m) = i +m+ (l +m).i+ j + ij.(l +m).

�¹�|prprQ
ij ≥ 1

Ã9�|�Ù_
ij.l +m+ 1 ≥ ij.l + 1 > ij.l

QAT�Ã9t�QÈp»lAp�Q�Ã
ij.l +m+ 1 > ij.m

Ãt'Pº��º �
ij.l +m + 1 > ij.(l +m),

XAQ\[9N�dGq�QZaUp�QnTlt�Q^XZ�|��XA]sN�aUQ�g
 kg

{

((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ))∗(i, j) = (j, j, i) = ((δ ⊗ 1) ◦ τ)∗(i, j)

((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ))∗(i, j, k) = (k, i+ j + 1) = ((δ ⊗ 1) ◦ τ)∗(i, j, k).

Ò T\�
{

[(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)](i, j, k, l,m) = j + l + 2ij.m + 2m.i + j

[(δ ⊗ 1) ◦ τ ](i, j, k, l,m) = j + l + ij.m +m.i + j.

�¹�|prprQ
ij > 0

QAT
m > 0

Ã��|��_���dsQA�
2ij.m > ij.m

QAT
2m.i+ j > m.i+ j

g
ikg







((1⊗ ε) ◦ τ)∗(i, j) = j = (ε⊗ 1)∗(i, j)

((1⊗ ε) ◦ τ)∗(i) = (1, i) = (ε⊗ 1)∗(i)

[(1⊗ ε) ◦ τ ](i, j, k) = ij.1 + i+ j > 0 = [ε⊗ 1](i, j, k).

� � Ü



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

z�£kg






((ε⊗ 1) ◦ τ)∗(i, j) = i = (1⊗ ε)∗(i, j)

((ε⊗ 1) ◦ τ)∗(i) = (i, 1) = (1⊗ ε)∗(i)

[(ε⊗ 1) ◦ τ ](i, j, k) = ij.k + k.i + j > 0 = [1⊗ ε](i, j, k).

z|z|g
{

((1⊗ τ) ◦ (δ ⊗ 1) ◦ δ)∗(i) = (i, i, i) = ((δ ⊗ 1) ◦ δ)∗(i)

((1⊗ τ) ◦ (δ ⊗ 1) ◦ δ)∗(i, j, k) = i + j + k + 2 = ((δ ⊗ 1) ◦ δ)∗(i, j, k).

Ò T\�
{

[(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ](i, j, k, l) = 2.i + k + l + i2.l + l.2i

[(δ ⊗ 1) ◦ δ](i, j, k, l) = 2.i + k + l.

¡O��XZ�|�kXZ]sNoTÈQA�/�k��TÇ_��=Tu[9N�Q
i2 > 0

QAT
l > 0

QATut��|�kX
i2.l + l.2i > 0

g
zE�og

{

((1⊗ τ) ◦ (δ ⊗ 1) ◦ τ)∗(i, j) = (j, i, j) = ((τ ⊗ 1) ◦ (1⊗ δ))∗(i, j)

((1⊗ τ) ◦ (δ ⊗ 1) ◦ τ)∗(i, j, k) = (j, i + k + 1) = ((τ ⊗ 1) ◦ (1⊗ δ))∗(i, j, k).

Ò T\�
{

[(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ](i, j, k, l,m) = j +m+ ij.(l +m) + (l +m).i + j

[(τ ⊗ 1) ◦ (1⊗ δ)](i, j, k, l,m) = j +m + ij.l + l.i + j.

�¹�|prprQ
ij > 0

QAT
m > 0

Ã��|��_���dsQA�
ij.m +m.i + j > 0

g

� � Ï
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¡O����_éê^q�acbAScQA�9T¹acQA�=_�actkQZaÔ]sQZSÔacwA�|]sQAS
γε
Ã
γδ
Ã
γτ1

QAT
γτ2

qC�|NkaìN��kQÈXA�|��SUTx_��=TxQ
γ
t�Q

Σ
~¨SUd

Σ��Q^XZ���9TcdsQA�9Tlq�_�SltkQ\XA�|��SWTÇ_��=TxQ�ÃÞXZQZSu[9N�_�TcacQ^acwA�|]sQASu�'P·_�q�q�_�ac_<;`SUScQZ�=Tlq�_�Sut�_���S
RΣ/∆

�ng
γε
g







(ε ◦ γ)∗(∗) = ∗ = 0∗(∗)

(ε ◦ γ)∗(∗) = ∗ = 0∗(∗)

[ε ◦ γ](∗) = 1 > 0 = [0](∗).

γδ
g

{

(δ ◦ γ)∗(∗) = (1, 1) = (γ ⊗ γ)∗(∗)

(δ ◦ γ)∗(i, j) = ∗ = (γ ⊗ γ)∗(i, j).

Ò T\�
{

[δ ◦ γ](i, j) = i+ j + 1 + j + 1

[γ ⊗ γ](i, j) = i + j.

¡O��XZ�|�kXZ]sNoTÈQA�/�k��TÇ_��=Tu[9N�Q
i+ j + 1 + 1 > i

g
γτ1

g
{

(τ ◦ (γ ⊗ 1))∗(i) = (i, 1) = (1⊗ γ)∗(i)

(τ ◦ (γ ⊗ 1))∗(i, j) = i = (1⊗ γ)∗(i, j).

Ò T\�
{

[τ ◦ (γ ⊗ 1)](i, j, k) = (i+ 1).k + k.i + 1

[1⊗ γ](i, j, k) = k.

�H�|N�auXZ�|�kXZ]sNkacQ��
(i + 1).k ≥ 2.k > k

g
γτ2

g
{

(τ ◦ (1⊗ γ))∗(i) = (1, i) = (γ ⊗ 1)∗(i)

(τ ◦ (1⊗ γ))∗(i, j) = j = (γ ⊗ 1)∗(i, j).

Ò T\�
{

[τ ◦ (1⊗ γ)](i, j, k) = j + i.k + k.i+ 1

[γ ⊗ 1](i, j, k) = j.

¡O��XZ�|�kXZ]sNoT¶_���QZXr�
i.k + k.i + 1 ≥ k + i + 1 > 0

g

� ��ë



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

ÐH��_��=Trt'PºbATcN�t�dsQAa�]sQZS�tkQZac�kdswZaUQZSracQA]`_�Tcds�|��SAÃ¬�|�yt���deT�XZ_�]sXAN�]sQAa�]sQZS«��_�]eQZN�aUS�t�Q
F
QZ�

δn
Ã
τn,1QAT

τ1,n
g�¡O��pr�|�=TxacQ�Ã�q�_�auaUbZXZNkacacQA��XZQ\ScNka

n
Ã�[9N�Q�ÃÞq��|N�a�Tx��NkT

n ≥ 1
Ã��|��_��

V�q��|N�a
δn
�







(δn)∗(i1, . . . , in) = (i1, . . . , in, i1, . . . , in)

δ∗n(i1, . . . , in, j1, . . . , jn) = (i1 + j1 + 1, . . . , in + jn + 1)

[δn](i1, . . . , in, j1, . . . , jn, k1, . . . , kn)

=
∑

1≤u≤n(iu + ku) +
∑

1≤u<v≤n(iuiv.ku + ku.iu + iv).V�q��|N�a
τn,1

�






(τn,1)∗(i1, . . . , in, j) = (j, i1, . . . , in)

τ ∗n,1(i, j1, . . . , jn) = (j1, . . . , jn, i)

[τn,1](i1, . . . , in, j, k, l1, . . . , ln) =
∑

1≤u≤n(iuj.lu + lu.iu + j).V�q��|N�a
τ1,n

�






(τ1,n)∗(i, j1, . . . , jn) = (j1, . . . , jn, i)

τ ∗1,n(i1, . . . , in, j) = (j, i1, . . . , in)

[τ1,n](i, j1, . . . , jn, k1, . . . , kn, l) =
∑

1≤u≤n(iju.l + l.i + ju).

¡O�/q�QZNkTÈ_�]e�|acS¹bATxNkt�dsQAal]eQZS�aUwZ�|]eQZS
ϕε
Ã
ϕδ
Ã
ϕτ1

QAT
ϕτ2

q��|N�auN��kQ^¸�wZXÇÍ�Q
ϕ ∈ Σ(n, 1)

�omkbAQ�g
ϕε
g







(ε ◦ ϕ)∗(i1, . . . , in) = ∗ = εn∗ (i1, . . . , in)

(ε ◦ ϕ)∗(∗) = (1, . . . , 1) = (εn)∗(∗)

[ε ◦ ϕ](i1, . . . , in) = 1 > 0 = [εn](i1, . . . , in).

ϕδ
g

{

(δ ◦ ϕ)∗(i1, . . . , in) = (i1 + · · ·+ in + 1, i1 + · · ·+ in + 1) = ((ϕ⊗ ϕ) ◦ δn)∗

(δ ◦ ϕ)∗(i, j) = (i+ j + 1, . . . , i+ j + 1) = ((ϕ⊗ ϕ) ◦ δn)
∗.

Ò TlqC��N�a
[.]
�







[δ ◦ ϕ](i1, . . . , in, j, k)

= j + k + 1 + i1 + · · ·+ in + 1 + k

[(ϕ⊗ ϕ) ◦ δn](i1, . . . , in, j, k)

= j + (n+ 1 +
∑

1≤u<v≤n iuiv).k +
∑

1≤u≤n iu + k.
∑

1≤u<v≤n iu + iv.

� ��ù
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¡O��XZ�|�kXZ]sNoTÈQA�/�k��TÇ_��=Tu]eQZSuds��bA�=_�]edeTxbAS¹SUN�de��_��=TxQASh�






j + k + 1 > j + 1 > j

j + k + 1 > k + 1 > k

i1 + · · ·+ in + 1 ≥ iu + 1 > iu
q��|N�a�Tc�|NkT

u ∈ {1 . . . n}

i1 + · · ·+ in + 1 ≥ iu + iv + 1 > iu + iv
q��|N�a�Tc�|N�S

u, v ∈ {1 . . . n}
Ã
u 6= v.

ϕτ1
g

{

(τ ◦ (ϕ⊗ 1))∗(i1, . . . , in, j) = (j, i1 +· · ·n + 1) = ((1⊗ ϕ) ◦ τn,1)∗

(τ ◦ (ϕ⊗ 1))∗(i, j) = (j, . . . , j, i) = ((1⊗ ϕ) ◦ τn,1)
∗.

Ò TlqC��N�a
[.]
�







[τ ◦ (ϕ⊗ 1)](i1, . . . , in, j, k, l)

= l + (i1 + · · ·+ in + 1)j.l + l.i1 + · · ·+ in + j + 1

[(1⊗ ϕ) ◦ τn,1](i1, . . . , in, j, k, l)

= l + (i1 + · · ·+ in)j.l + l.(i1 + j + · · ·+ in + j).

�¹�|prprQ
j > 0

Ã��|��_
j.l > 0

QAT�Ã�XA�|prp�Q
l > 0

Ã�����_kÃkqC�|Nka�Tx�|NkT
u
�

l.i1 + · · ·+ in + j + 1 > l.iu + j.

ϕτ2
g

{

(τ ◦ (1⊗ ϕ))∗(i, j1, . . . , jn) = (j1 + · · ·+ jn + 1, i) = ((ϕ⊗ 1) ◦ τ1,n)∗

(τ ◦ (1⊗ ϕ))∗(i, j) = (j, i, . . . , i) = ((ϕ⊗ 1) ◦ τ1,n)
∗.

Ò TlqC��N�a
[.]
�







[τ ◦ (1⊗ ϕ)](i, j1, . . . , jn, k1, . . . , kn, l)

= k + i(j1 + · · ·+ jn + 1).l + l.i + j1 + · · ·+ jn + 1

[(ϕ⊗ 1) ◦ τ1,n](i, j1, . . . , jn, k1, . . . , kn, l)

= k + i(j1 + · · ·+ jn).l + l.(i + j1 + · · ·+ i + jn).

�¹�|prprQ\q��|N�a
ϕτ1

ÃÞ�|���k��TxQ\[9N�Q
i.l > 0

QnTO[9N�Q
l.i + j1 + · · ·+ jn + 1 > l.i+ ju

qC�|NkaTc�|NkT
u
g

� � �
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¡O�3_Ût��|�kX��jN2[jNkQ�Ã7q��|N�a�Tx�|NoTxQ�acwA�|]sQ
α ∈ R∆,Σ

Ã �|�2_
s(α)∗ ≥ t(α)∗

Ã
s(α)∗ ≥ t(α)∗QAT

[s(α)] > [t(α)]
Ã�Sc_�NkÀ¬Scd

α = 6
Ã�_�N�[9N�QA]HXZ_�S

[s(6)] = [t(6)]
g

♦¡O�/QA�/t�bAt�N�d~T^�
ohDÞ8;D�¦¨¦¨§ K 8E6 î cs³ ¤ c D�SH�½GJILK?WNX(QTSUQviTkCX

(Σc, R∆,Σ)
Q"WNGNo�izXtW�KNi�WNQÁK?WNMsO�WNopWNX(Q¸KNi

(Σc, 6)
Q"WNG6o�izXtW k

n INopkCXYKNQjGuSUQviTkCX k } PRdep�q�]edsXZ_�Txde�|���=_�N�XÇÍ�Q½VYt�aU�|deTcQ«QZSWT^bA�jdstkQZ�=TxQ�g®�J�|N�a¶]`_�acbAXZdeq�ac�j[9N�Q�ÃCScN�q�q��|SU�|��S[9N�Q
(Σc, R∆,Σ)

�kQâTcQZacprds�kQâq�_�SZg�ÕY]�QnmodsSWTxQât��|��XâN�� XÇÍ�QZprds� t�QâacbZtkN�XATcds�|� ds�k����d
(fn)nt�_��kS

(Σc, R∆,Σ)
gu¡O�úQA�útkbZt�N�d~T�t��|��XñN��kQ SUN�deTcQ

([fn])n
t�bZXAac�|deScSc_��=TxQ t�_���S

([N∗], >)
��XZQt�QAac��deQZa\ÐO� Ó TxQAacprds��Q�ÃGt��|��X

([fn])n
QASUTéSUTÇ_;Txds������_�deacQ�ÃGX�PRQASUTWV×ê;V�t�dsaUQ�[9N'PRê�q�_�aWTxdea\tãPRN��åXZQZaWTÇ_�de�ax_����

N
ÃCTx��N�SO]sQAS

[fn]
Sc�|�=T�bA�=_�NomCgãµéP·_�q�acwAS�]sQéaUbZSUN�]eTx_�TOq�aUbZXAbZt�QA�9TZÃG�|�ÊQA�Ût�bZt�NkdeT�[9N'PRê�q�_�aWTxdsat�N�ac_����

N
Ã9Tx�|NoTxQZSÔ]sQAS¹aUbZt�N�XnTxde�|��SÔQ��CQZXATcN�bZQAS�Sc�|�=T¹dsScSUN�QZSìt�Q¶]s_\aUwZ�|]eQ

6
gk¡O�Ù_ht��|�kX¶N���XÇÍkQZprds�t�Q^acbAt�N�XnTxds����de�k����dGt�_���S

(Σc, 6)
Ã�[9N�dG�kQ^TcQZaUp�de��Q�t��|��X^q�_�SZg

♦ÕY]J�kQéacQASUTcQ«q�]sNkSÈ[9N'PRê�p����9TcacQAaÈ[9N�Q
6
TxQAacprds��Q�g�¡O����_Ùt��|��XhXZ�|�kSUTxaUN�dsaUQhNk�Ê���|Nk��Q�_�NÛpr�|a×Vq�Í�deScprQ�t'Pº�|qCbAax_�tkQZS

G : LΣc −→ O(N,N,N)
�

V
τ∗(i, j) = (j, i+ 1)

Ã
τ ∗(i, j) = (j, i)

Ã
[τ ](i, j, k, l) = i+ j

�
V
δ∗(i) = (i, i)

Ã
δ∗(i, j) = i+ j

Ã
[δ](i, j, k) = 0

�
V
ε∗(i) = ∗

Ã
ε∗(∗) = 1

Ã
[ε](i) = 0

�
V
γ∗(∗) = 1

Ã
γ∗(i) = ∗

Ã
[γ](i) = 0

�
V
ϕ∗(i1, . . . , in) = i1 + · · ·+ in

Ã
ϕ∗(i) = (i, . . . , i)

Ã
[ϕ](i1, . . . , in, j) = 0

g
¡O����bZaUde��Q^[9N�Q^XZQA]`_«À¾�|��XnTxds������Q�q��|N�a

6
�

((1⊗τ)◦(τ⊗1)◦(1⊗τ))∗(i, j, k) = (k, j+1, i+2) = ((τ⊗1)◦(1⊗τ)◦(τ⊗1))∗(i, j, k).Ò T\�
((1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ))∗(i, j, k) = (k, j, i) = G((τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1))(i, j, k).�7N�dsSAÃ�qC�|Nka

[.]
�

{

[(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)](i, j, k, l,m, n) = 2i+ 2j + 2k + 2

[(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)](i, j, k, l,m, n) = 2i+ 2j + 2k + 1.¡O��_���deQZ�
[s(6)] > [t(6)]

Ã�XAQ^[jNkdHq�QZaUp�QnTut�Q^XZ�|�kXZ]sNkacQ^[9N�Q��
» 8;DÞ57D ©�K²BEK D @ î ce³�³^c DªS��½GJILK?WNX(QTSUQviTkCXrgGFekL�(INGFS�gsW

(Σc, R∆,Σ)
Q"WNG6o�izXtW k¥ 6 ° §�8 ô <®6 c¹Ò ��q�_�aWTxdeXZN�]edsQZaAÃo]s_éq�aUbZScQA�=TÇ_�Tcds�|�

(∆, R∆)
Ão[jNkdG�'PRQASUTl_�NoTxacQ�[9N�Q^XAQZ]s]eQOt�Q

Fo
t��|�jV��bAQ�q�_�a�
Ø�|QAS } _�À¾�|�=T�t�_���S�= } _�À¨£��<>ÅÃ7TcQZacprds�kQ�Ã7XZQ/[9N�dÈbnTÇ_�d~Trt�b×ûcê q�ac�|No�|bÊp�_�dsS��|a$#�XZQ/êáNk��Qds�=TcQZacqkacbATx_�Txde�|� XZ]s_�ScSUds[9N�Q�[9N�d���Q�q�QZNoT�q�_�S�SZPºbATcQZ��t�aUQ�ê

(Σc, R∆,Σ)
tkwZS�[9N�Q

Σ
XA�|�=TxdeQZ�=TrN���QXZ����SUTx_��=TxQ�g

� ���
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$VÔâð5Ô%$ � ·éì_^Í±²³ªì�«t³:´�³
(Σc, R∆,Σ)�¹�|prp�Q��|�á_�tkb×ûcê�q�ac�|No�|br[jNkQ�XAQATcTcQÙq�aUbZSUQZ�=TÇ_�Tcds�|�ñTxQAacprds��Q�Ã'ds]7�kQ�aUQZSUTcQ�qk]sN�SAÃGt'P·_�q�acwASh]eQ]sQAp�prQétkQ � QX�up�_����ãÃ'[9N'P·ê���bZacd~��QZa�Sc_�XZ�|�k¸�N�QZ��XAQ�]s�jX�_�]eQ�Ã�QAT^t��|�kX�Ã't'PR_�q�aUwZS^]sQhTxÍ�bA�|acwAp�Q�t�QASq�_�deacQAS«XZaUdeTxde[9N�QZSAÃ [9N�Q�Tx�|NkTcQZS�SUQZS�q�_�deacQZS�XAacd~Txds[9N�QAS«Sc���9T�XA�|�k¸�NkQZ�=TxQASZg¹�¹QZq�QZ��t�_��9TZÃ7�|�ÚTx��N�XÇÍ�QdsXAdhNk��QÚ���|No�|QZ]e]sQát�dVÛrXZNk]eTxb ds�kÍ�bZaUQZ�=TxQ _�Nom qkacbZSUQZ�=TÇ_;Txds����SÊt'Pº�|q�bZax_�t�QZSÊQnTñê3]eQZN�a/��_�TxNkacQ ��Vt�dep�QA��Scde�|����QA]s]sQu�;QZ��QN�ãQnT�Ã;��dsQA�«[9N'P·_�v|_��=TØN������|p«�kacQì����dotkQ�acQA]`_�Tcds�|��SAÃE]`_ÈqkacbZSUQZ�=TÇ_;Txds���«bATcN�t�dsbAQq��|ScSUwZt�Q�N��kQ�ds�k���kdeTxb�t�Q�q�_�deacQASéXZaUdeTcds[9N�QZSAg �H�|N�aUTx_��=T�Ã de]ìSUNYÛ�T�t'PºQZ�ybATcN�t�dsQAa«N�� ����p«��acQ�����dÅÃXZ��p�prQ�X�PºbATx_�deTut�bYûcê�]sQ�X�_�Slt�_���S�= } _�À¨£��C>H_�N�ScNEûUQATÈt�Q

(∆, R∆)
g

� �|NkSÈ_�]s]s����S�XZ��p�prQZ��XAQZauq�_�a�Q½mk_�p�de��QZa�]eQZS�q�_�dsacQASuXZacd~Txde[jNkQZS�t�Q
(∆, R∆)

g
ohD @a` <H6 @ I|6ÛF®6

(∆, R∆)

� �|NkS\NoTxds]edsSU�|��SO]s_�p�bnTxÍ��jt�Q�t�bAXZacd~TxQ�QA�å�kgR kg·��qC�|Nka�q�ac�jt�N�deacQ«]s_�]sdsSWTxQ«tkQZS\q�_�dsaUQZS�XAacdeTcds[9N�QASt�Q�XAQATcTcQ�q�acbAScQA�9Tx_�Txde�|�'g � �|N�S��ãP·_�]e]s�|�kS¹t�bnTÇ_�de]s]sQAaì[9N�Q�XAQZaWTÇ_�de��S�X�_�SZÃ�pr�|�=Txac_��=T�[9N'Pºds]'Q½mkdeSUTcQOt�QZNjmTYvjqCQASÈtkQ�q�_�dsaUQZS�XAacdeTcds[9N�QAS���]`_«q�aUbZScQA�=TÇ_�Tcds�|�
(∆, R∆)

qC��ScScwAt�Q^XZde��[9N�_��=TxQ^q�_�deacQAS�XZacd~Txde[jNkQZSu[9N�Q���|NkSÈq��|N�aUacds����S�[9N�_�]sd~��QZa�tkQhaUbZ�|N�]edswAacQZSt��pÙ_�deS��|��Txac��Nk�|Qh_�N�SUScd®ScdÝm�À¨_�prds]s]eQZSìds�k���kdsQZSut�Q\q�_�deacQASXZaUdeTcds[9N�QZSAÃ¹XÇÍ�_�XZN���QñbnTÇ_��=T�q�aU�ot�NkdeTxQ�q�_�a�N��ÎXA�|N�q�]eQÛt��|���kbÛt�QÛacwA�|]sQASÊ�
(1, 8)

Ã
(6, 6)

Ã
(6, 8)

Ã
(6, 11)

Ã
(6, 12)

QAT
(7, 8)

g
ÕY]OÀ¨_�NkT�XA�|prp�QA��XZQAa�q�_�a��|bAacd~��QZa�[9N�Qñ]`_ÚqkacbZSUQZ�=TÇ_;Txds���

(∆, R∆)
QASUT���deQZ� XZ�|�oÀ¾�|acprQÛ_�NomÍ=vjqC��TcÍ�wZSUQátkNâTcÍ�bZ�|aUwZprQñ�kg·����Ã�X�PRQASUTUVYê;VYtkdsacQÛ[9N�Qñq��|N�a�Tx��NkTxQÛaUwZ�|]eQ
α
t�Q

R∆

QAT�q��|N�a�Tx��N�SXZ���9TcQnmjTxQAS
C
QAT
D
_�qkq�]sdeX�_���]eQZS^ê

α
Ã®�|�å_

C = D
t�wZSh[9N�Q

C[α] = D[α]
g � �|N�Sh_�]e]s�|��SAÃGq�_�aQnmoQAp�q�]eQ�Ã�Tcax_�d~TxQZa¹]sQ�X�_�Sl�Uº

α
QASUTl]`_«aUwZ�|]eQ��jNkp�bAac�

1
�

(1⊗ δ) ◦ δ →1 (δ ⊗ 1) ◦ δ.

Ó N�q�q��|SU�|��Sl[jNkQ
C
QnT
D
SU�|�=Tlt�QZNom�XA�|�=TxQ½moTcQZSuTxQA]sSu[9N�Q��

C[(1⊗ δ) ◦ δ] = D[(1⊗ δ) ◦ δ].

Ð¶]e�|acS�Tcac�|deS�X�_�SuSc���9Tlq��|ScSUds��]eQZS��
_kg } QZSh�oXAXZN�aUacQA��XZQAS«t�Q

s(1)
p�deScQZS^QA�å��_�]sQAN�aht�_���SéXÇÍ�_�[9N�QÙprQZp«�kacQrt�QÙ]ðPRbA�=_�]sd~Txb�SU�|�=T«]eQZSp,lZprQZSAg�µO_���SlXZQ^XZ_�SZÃ�]eQZS�t�QANom�XZ�|�=TcQnmjTxQAS

C
QnT
D
SU�|�=TÈbA�=_�NomCg

�'g } QZSìt�QZNjmÙ�jXZXAN�acaUQZ��XAQZSìt�Q
s(1)

ScQ¶XÇÍkQA��_�N�XÇÍ�QA�=TupÙ_�deS7Sc�|�=T¹t�dsSWTxds�kXATxQASZg9Ð¶]e�|acSAÃ=ds]ÞQ½mkdeSUTcQÈN��XA�|�=TxQnmjTcQ
E
TxQA]'[9N�Q�ÃÞ[9N�d~TcTxQ^ê�bZXÇÍ�_����|QAa

C
QAT
D
�

{

C = E[(1⊗�1
3) ◦ δ]

D = E[(2⊗ δ) ◦�1
3].

� � +



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

X�g } QZSut�QANom��jXZXAN�acaUQZ��XAQZSut�Q
s(1)

Sc�|�=Tlt�dsS²ûU�|ds�=TcQZSZgkÐ¶]s��acSZÃods]CQnmodsSWTxQ^t�QZNjm�XZ�|�=TcQnmjTxQAS
E
QnT
FTcQZ]sS�[9N�Q�ÃÞ[jNkdeTcTcQ�QZ��XA�|acQhê�bZXÇÍ�_����|QZa

C
QnT
D
�

{

C = E[·] ◦ F [(1⊗ δ) ◦ δ]

D = E[(1⊗ δ) ◦ δ] ◦ F [·].

D q�acbAScQZ�=TZÃ�SUN�q�q��|Sc����SÈ[9N�Q
C
QnT
D
��bZacd~��QZ�=T¶_�N�SUScd7�

C[(δ ⊗ 1) ◦ δ] = D[(δ ⊗ 1) ◦ δ].Ð¶]e�|acSAÃ�ScdG]ðPR�|��QASUTlt�_���Su]eQ�X�_�S�~¨�(���
E[(1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ] = E[(δ ⊗ δ) ◦ δ],XZQ\[9N�dGQZSWTÈdep�q��|SUScds�k]sQ�g Ó dG]ðPR�|��QASUTlt�_���Su]eQ�X�_�S�~¨Xx�O�
E[(δ ⊗ 1) ◦ δ] ◦ F [(1⊗ δ) ◦ δ] = E[(1⊗ δ) ◦ δ] ◦ F [(δ ⊗ 1) ◦ δ],XZQÛ[9N�dÈQZSUT�_�N�ScSUdOQnmoXA]sN'g�¡��ÎQASUT�tk�|��XÊ��deQZ�Ît�_���S�]sQ/X�_�Sr~ð_��½ÃìX�PRQASUTUVYê;VYtkdsacQ/[9N�Q

C = D
g} QÙaUQZSUTcQÙt�QASé�|bAacd~��X�_�Tcds�|�kSZÃ®qC��N�ah]eQZSh�|�®
ZQÙ_�NkTcacQZShacwA�|]sQASZÃHScQ�À¨_�deT\t�QÙp�_���dewZaUQrSUdsprds]s_�dsaUQ�_��|QZX�ÃbA��QZ�=TxNkQZ]s]eQZprQZ�=T�ÃÞq�]eN�S�t�Q^X�_�SÈê�t�deSUTcds���|NkQZaZg�¡��/_�aUacde��Q^_�ds�kScdGê��

j 6 °å° 6 î ce³Þ´/c <$kCMPG�QnkCMsQ"W¾GJ�TqUO�W
α
gsW
R∆

WNQéQnkCM�KfhLkCX(QnWC'�Q"WLK
C
WNQ
D
Q"WNOáK�A}M(W

C[α] = D[α]
%

kCXySml
C = D kÐ¶de��ScdðÃ�]`_OprbATcÍ��jt�Q�t�Qu�kgR kg·�¶QZSUTì_�qkq�]sdeX�_���]eQ¹deXZdÅg � �|NkSØ_�]s]e�|��S¬QA��tkbATÇ_�ds]s]eQZaH]ÅPR_�q�q�]edsXZ_�Txde�|�ét�_���S[9N�_�TcacQ^X�_�SAÃ�qC��N�au]sQZS�XA�|N�q�]eQZSut�Q^acwA�|]sQAS

(1, 1)
Ã
(1, 2)

Ã
(2, 4)

QnT
(6, 6)

g
» § K 8E6 © I|8 K¾BEK¨ô <®6 © F®6

(1, 1)
c ÕY]uÀ¨_�NkT�ÃØt�_��kS�N��2q�acQAp�deQZa�TxQAp�qkSZÃÔt�bATcQZacprds�kQZa�Tx�|NkS�]eQZS�TxacdÝVq�]eQATxS

(ϕ,C0, D0)
À¾�|acprbZS\t'PºN���Qr¸�wZXÇÍ�Q

ϕ
tkQ

Σ
QATht�Qrt�QZNjmÚXA�|�=TxQnmjTcQZS

C0

QnT
D0

_�q�q�]sdeX�_��k]sQZSê
ϕ
QnThTcQZ]eS�[jNkQ

C0[ϕ] = D0[ϕ] = s(1)
g Ò � XZ�|�kSUTÇ_;TÇ_��=Th[jNkQ

δ
QZSUTh]ÅPºN���de[9N�Q«¸�wZXÇÍkQÙt�Q

Σ
[9N�d_�q�q�_�ax_<;eT�t�_��kS

s(1)
Ãk�|�/���kTxdeQZ�=Tu]sQAS�[jN�_�TxaUQ\Tcacdsqk]sQATcS�ScNkde��_��=TxS^�







(δ, (1⊗ δ) ◦�1
2, (1⊗ δ) ◦�1

2)

(δ, (1⊗�1
2) ◦ δ, (1⊗ δ) ◦�1

2)

(δ, (1⊗ δ) ◦�1
2, (1⊗�1

2) ◦ δ)

(δ, (1⊗�1
2) ◦ δ, (1⊗�1

2) ◦ δ).�¹�|prp�Q7�|�^QASUTHt�_���S®]eQ7X�_�S
α = β

Ã����hQA��]swn�|QØ]sQASGq�acQAp�deQZaGQATHt�QAac��deQZa'Tcacdsqk]sQATcSZg�µÈQÔqk]sN�SAÃZTx�|NoTxQq�_�deacQ�XZaUdeTcds[9N�Q�bA��QZ�=TxN�QA]s]eQZprQZ�=T«XZ_�]sXAN�]sbAQ�ê�q�_�aWTxdsa�tkNáTxaU�|dsSUdswAp�Q«Tcacdsqk]sQAT^SUQZac_�t�Qr]`_�À¾�|acprQ
p−1_��|QAX

p
N���Q\q�_�deacQ�XAacdeTcds[9N�Q�XZ_�]sXAN�]sbAQ^êrq�_�aUTxdea�t�N�t�QZNjmkdewZprQ�Txacdeq�]sQnT�g�ÕY]G�kQ\aUQZSWTxQ\t��|��X^q�]eN�Su[jNãP·êXZ����Scdet�bZaUQZau]sQ�XZ_�Su��ºá�
ϕ = δ, C0 = (1⊗�1

2) ◦ δ, D0 = (1⊗ δ) ◦�1
2).

� � Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

D qkacbZSUQZ�=T�ÃCScN�qkqC�|SU�|��SÈ[jNkQ
C
QAT
D
Sc�|�=TÈt�QZNom/XA�|�=TxQnmjTcQZS¶��bZacd~�Þ_��=T

C ◦ C0 = D ◦D0

g�¡O�XZ��p�prQZ��XAQ�q�_�aubZXAacdeacQ
C
QAT
D
Sc��N�Su]`_éÀ¾�|aUp�Q��

C = g ◦ (i⊗�1
3 ⊗ j) ◦ f

QnT
D = g′ ◦ (i′ ⊗�1

3 ⊗ j
′) ◦ f ′,_��|QZX

i
Ã
j
Ã
i′
QnT
j ′
tkQZSlQZ�=TxdeQZacSuQnT

f
Ã
g
Ã
f ′ QAT g′ t�QASl¸�wAXÇÍ�QZSÈt�Q L∆

gÞ¡O��_oÃ�q�_�a�Í=vjqC��TxÍ�wAScQÙ�
g ◦ (i⊗ 1⊗�1

2 ⊗ j) ◦ (i⊗ δ ⊗ j) ◦ f = g′ ◦ (i′ ⊗ 1⊗ δ ⊗ j ′) ◦ (i′ ⊗�1
2 ⊗ j

′) ◦ f ′.Ó dÅÃ�t�Q«qk]sN�SAÃC]eQéXZ��N�q�]sQ
(C,D)

QZSWT�N���QéSc�|]eNkTxde�|��prds��depÙ_�]sQ�Ãk�|�Êt��|d~TO_����|dsa
i = j = j ′ = 0

Ã
i′ = i+ 1 = 1

Ã
g′ = 4

Ã
g = g′ ◦ (2⊗ δ) = 2⊗ δ

Ã
f = 1

QnT
f ′ = δ ◦ f = δ

gÞ�¶PRQASUTWV×ê;V�t�dsaUQ��
C = (2⊗ δ) ◦�1

3

QAT
D = (1⊗�1

3) ◦ δ.�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ãj�|�Ù��bZaUde��QO[9N�QÈXZQOXA�|N�q�]eQ
(C,D)

QZSUT���dsQA�ÙSc��]sNkTcds�|��t�Q
C ◦C0 = D ◦D0

ÃXZQ^[9N�dGQASUTÈ��dsQA��]eQ�X�_�Suq�NkdsSc[9N�Q��
C ◦ C0 = D ◦D0 = (2⊗ δ) ◦ (1⊗�1

2) ◦ δ.¡O��QZ��t�bAt�N�deT�_�ds��SUdC]ðPRNk��ds[9N�QÈq�_�dsaUQ¶XAacdeTcds[9N�Qm~ðêéde�9��QZaUScds����q�acwASL�ìÀ¾�|aUp�bAQ¶q�_�aì]`_éaUwZ�|]eQ
1
_���QZXQZ]e]sQ½VYp,lZprQé�

(

(2⊗ δ) ◦ (1⊗ δ) ◦ δ, (2⊗ δ) ◦�1
3), (1), (1⊗�1

3) ◦ δ, (1)
)

.

} Qr�kax_���XÇÍkQZprQZ�=Th_�ScSU�oXAdsb�ê�XZQnTcTxQ�q�_�dsacQ�XAacd~Txds[9N�QéQZSUT\t�������b�q�_�a�]eQZS�t�QANom acbAt�N�XATcds�|�kS�ScN�dÝV��_��=TxQASh�
{

(2⊗ δ) ◦ (1⊗ δ) ◦ δ →1 (δ ⊗ δ) ◦ δ

(2⊗ δ) ◦ (1⊗ δ) ◦ δ →1 (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ.

» § K 8E6 © I|8 K²BEKðô <H6 © FH6
(1, 2)

c �J�|N�a�XAQZS�t�QANom acwA�|]sQASZÃ�]s_åScQAN�]sQÛ¸�wAXÇÍ�Qñt�Q
Σ
_�q�q�_�ac_<;`SUSx_��=Tt�_��kS�]sQZS�tkQZNomÊSc�|N�aUXZQAS\QASUT

δ
gG¡O�ñQZ�ñt�bZtkN�deT�tkQZNomÛTcacdeq�]sQnTxS

(δ, C0, D0)
TxQA]sSO[9N�Q

C0[δ] = s(1)QAT
D0[δ] = s(2)

�
{

(δ, (1⊗ δ) ◦�1
2, (ε⊗ 1) ◦�1

2)

(δ, (1⊗�1
2) ◦ δ, (ε⊗ 1) ◦�1

2).} _�acbASc�|]eNkTxde�|��t�Q
C ◦ C0 = D ◦D0

QASUTOdep�prbZtkd`_�TcQOt�_���Sl]sQASÈtkQZNom/X�_�SZgC¡O���|�kTcdsQA�9TZÃÞqC�|Nka]sQ�qkacQZprdsQAa�TxaUdsq�]eQAT�Ão]`_«SU�|]sNkTcds�|��prds�kdsp�_�]sQlScN�d~��_��=TxQ��
C = (ε⊗ 2) ◦�1

3

QAT
D = δ ◦�1

1.MON�_��=TÈ_�N�t�QZNomodewZprQ^Tcacdeq�]sQnT�Ãkde]'t��|�k��Q��
C = (1⊗ ε⊗ 1) ◦�1

3

QAT
D = (1⊗�1

1) ◦ δ.

�,+��



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

} QZSlt�QZNom�acwZ��]sQZS
1
QnT

2
XAacbZQA�=T¶t�����X�ÃÞê�ds�=��QZacSUds�|��q�aUwZSZÃ�tkQZNom�q�_�dsacQAS�XZaUdeTxde[9N�QZS^�

(

(ε⊗ δ) ◦ δ, (ε⊗ 2) ◦�1
3, (1), δ ◦�1

1, (2)
)

QAT\�
(

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ δ, (1⊗ ε⊗ 1) ◦�1
3, (1), (1⊗�1

1) ◦ δ, (2)
)

.

» § K 8E6 © I|8 K¾B�Kðô <®6 © F®6
(2, 4)

c Ò ��XZ�|aUQ«N���QhÀ¾�|dsSAÃ�]s_�SUQZN�]eQh¸�wAXÇÍ�Q�t�Q
Σ
[9N�dJ_�q�q�_�ax_<;eTOêÙ]s_�À¾��dsSt�_��kS

s(2)
QAT
s(4)

QZSWT
δ
g�¡O���|�kTcdsQZ�=TlN���ScQAN�]'TxaUdsq�]eQAT

(δ, C0, D0)
TcQZ]G[9N�Q

C0[δ] = D0[δ]
�

(δ, (ε⊗ 1) ◦�1
2, τ ◦�1

2).Ó N�q�q��|SU�|��S�ê\q�acbAScQZ�=Tu[9N�Q
C
QnT
D
SU�|�=T�t�QANomÙXZ�|�=TxQ½mjTxQZS¹[jNkdãSc���9T¹t�QZSìSc�|]eNkTxde�|��SÔp�de��dsp�_�]eQZSt�Q^]ÅPºbZ[9N�_;Txds���

C ◦ C0 = D ◦D0

g�¡���bAXZacd~T^�
C = g ◦ (i⊗�1

1 ⊗ j) ◦ f
QnT

D = g′ ◦ (i′ ⊗�1
2 ⊗ j

′) ◦ f ′.

�¬_�auÍ=vjqC��TxÍ�wAScQ�Ã��|��_��
g ◦ (i⊗ ε⊗ 1⊗ j) ◦ (i⊗�1

2 ⊗ j) ◦ f = g′ ◦ (i′ ⊗ τ ⊗ j ′) ◦ (i′ ⊗�1
2 ⊗ j

′) ◦ f ′.

�¹�|prp�Q
(C,D)

QZSWTlN���Q\Sc�|]eNkTxde�|��p�de��dsp�_�]eQ�Ã=�|�/_
i = i′ = j = j ′ = 0

Ã
f = f ′ = 1

QAT\�
g ◦ (ε⊗ 1) = g′ ◦ τ.

¡OaZÃ®XZQnTcTxQ�t�QZaU��dswAacQrbZ[9N�_�Tcds�|�á��QrqC�|SUScwAt�Q�_�NkXZN���Q�Sc�|]eNkTxde�|�'ÃGq�NkdsSc[9N�Q
L∆

QASUT«]eds��aUQ�g®µ¶����X]sQAS�acwA�|]sQAS
2
QnT

4
�kQ^À¾��acprQZ�=Tl_�N�XAN���Q\q�_�dsaUQ�XZaUdeTxde[9N�Q�g

» § K 8E6 © I|8 K²BEK¨ô <®6 © FH6
(6, 6)

c ÕYXZdðÃ
τ
QZSWTl]ÅPºN���ds[9N�QÈ¸�wZXÇÍ�Q\t�Q

L∆
[9N�d®_�q�q�_�ax_<;eT�t�_��kS

s(6)
g�¡O�X�_�]sXZNk]sQ«]eQZSOTxaUdsq�]eQATcS

(τ, C0, D0)
TcQZ]sS�[9N�Q

C0[τ ] = D0[τ ] = s(6)
Ã'�|�ñacQnTxdeacQ«XAQZNom [9N�d¬��bZaUde��QA�9T

C0 = D0

~¾X�_�a
α = β

dsXAdz�½Ã'_�de��ScdJ[jNkQrTc�|N�S�]sQAS^_�NkTcacQZS^[9N�d7SU�|�=T^SUvjp�bnTxaUds[9N�QZS^QA�
C0

QAT
D0

~¨ds]q�aU�ot�Nkdsax_�dsQZ�=TuSUQZN�]eQZprQZ�=TOt�QASÈq�_�dsaUQZSlXZacd~Txde[jNkQZSuds�=�|QAacSUQZSOt�Q\XZQA]s]eQZSl[jNkdJ_�N�ac�|�=TÈbATcbhXZ_�]sXAN�]sbAQZSL�½gÞÕY]QZ��acQASUTcQé_�]e�|acSìTxac��dsS��






(τ, (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗�2
2), (1⊗ τ) ◦ (�2

2 ⊗ 1) ◦ (1⊗ τ))

(τ, (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗�2
2), (1⊗�2

2) ◦ (τ ⊗ 1) ◦ (1⊗ τ))

(τ, (1⊗ τ) ◦ (�2
2 ⊗ 1) ◦ (1⊗ τ), (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗�2

2)).¡OaZÃ'ê�q�_�aUTcdsalt'PºN���Q«SWvoprbATcacdeQéÍ�_�NoTUVY��_�SZÃC�|�Êq�QZNkT�aUbZXAN�qCbAacQAaO]sQAS¶q�_�deacQASOXZaUdeTxde[9N�QZS¶_�ScSU�oXAdsbZQAS_�N�Txac��dsScdewZprQOTxaUdsq�]eQATlê�q�_�aUTcdsa�t�Q\XZQA]s]sQASÈ[9N�d®SU�|�=T�_�SUSc�jXZdsbAQZSÈ_�N�qkacQZprdsQAaZg�ÕY]®��QhacQZSWTxQ\t��|��Xhq�]sNkS[9N�Q\]sQZS�tkQZNom�q�aUQZprdsQAacS�TxaUdsq�]eQATcS�ê�bATxNkt�dsQAaZg

� +Y�
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Ò ��XZQO[9N�dCXZ�|��XAQZaU��Q�]sQÈq�acQAp�deQZaZÃ9]s_hacbASc�|]eNkTxde�|�ÙtkQO]ÅPºbZ[9N�_�Tcds�|�
C ◦C0 = D ◦D0

_��C�|NoTxdeTZÃ9QZ�q�_�aWTxdeXZN�]edsQZaAÃkê�XZQA]s]eQOt�Qr�
g ◦ (1⊗ τ) ◦ (τ ⊗ 1) = g′ ◦ (1⊗ τ).

¡OaÔXAQATUTxQut�QZaU��dswAacQubZ[9N�_;Txds���r�ãP·_�tkp�QnTØq�_�SØt�QuSc�|]eNkTxde�|��t�_��kSÔNk��QÈ��qCbAax_�t�Q�]eds��aUQ�g } Q�q�aUQZprdsQAaTxaUdsq�]eQAT��kQ\XAacbAQht�����X�q�_�Sut�Q^q�_�deacQ�XAacdeTcds[9N�Q,~¾QATlt��|��X^]eQOTxac��dsScdewZprQO���|��q�]eN�SL�½g
�lQA�=_�aUt��|��Séê/q�aUbZScQA�=T�]sQ�X�_�Sét�NÚtkQZNomodswAp�Q�g Ó N�q�q��|Sc����S«[9N�Q

C
QnT
D
Sc�|�=T«tkQZSéXA�|�=TxQ½moTcQZS[9N�dGSc���9Tlt�QASÈSU�|]sNoTxds����S�prds��depÙ_�]eQZSÔt�Q^]ÅPºbZ[9N�_�Tcds�|�

C ◦ C0 = D ◦D0

gÞ¡O��bZXAacdeT^�
C = g ◦ (i⊗�3

3 ⊗ j) ◦ f
QnT

D = g′ ◦ (i′ ⊗�3
3 ⊗ j

′) ◦ f ′.

Ð¶]e�|acS��
g ◦ (i⊗ 1⊗ τ ⊗ j) ◦ (i⊗ τ ⊗ 1⊗ j) ◦ (i⊗ 1⊗�2

2 ⊗ j) ◦ f

= g′ ◦ (i′ ⊗ 1⊗�2
2 ⊗ j

′) ◦ (i′ ⊗ τ ⊗ 1⊗ j ′) ◦ (i′ ⊗ 1⊗ τ ⊗ j ′) ◦ f ′.

¡O��bZXAacdeT¹pÙ_�ds�=TxQA��_��=T
f = (h⊗ 2⊗ j) ◦ h′

ÃjXZQÈ[9N�dãQASUT¹Tc�|N;ûU�|NkacS¹q��|SUScds�k]sQ�Ã9[9N�d~TcTxQ¶êhq�aUQZ��tkacQ
h′ = f

QAT
h = i+ 1

g�Ð¶ds�kScd �
g ◦ (i⊗ 1⊗ τ ⊗ j) ◦ (i⊗ τ ⊗ 1⊗ j) ◦ (h⊗�2

2 ⊗ j) ◦ h
′

= g′ ◦ (i′ ⊗ 1⊗�2
2 ⊗ j

′) ◦ (i′ ⊗ τ ⊗ 1⊗ j ′) ◦ (i′ ⊗ 1⊗ τ ⊗ j ′) ◦ f ′.

�¹�|prp�Q
C
QAT
D
Sc�|�=Tht�QZS\Sc��]sNkTcds�|��S�prds�kdsp�_�]sQASZÃ��|�átk�|deT\_��|��dsa

j = j ′ = 0
Ã
f ′ = i′ + 3

Ã
g = i+ 3

QnTh�
{

h′ = (i′ ⊗ τ ⊗ 1) ◦ (i′ ⊗ 1⊗ τ)

g′ = (i⊗ 1⊗ τ) ◦ (i⊗ τ ⊗ 1) ◦ (h⊗ 2).

Ð¶de��Scd7�
{

Ch = (i⊗�3
3) ◦ (h⊗ 2) ◦ (i′ ⊗ τ ⊗ 1) ◦ (i′ ⊗ 1⊗ τ)

Dh = (i⊗ 1⊗ τ) ◦ (i⊗ τ ⊗ 1) ◦ (h⊗ 2) ◦ (i′ ⊗�3).

µ¶Q\q�]sN�SAÃ�qC��N�al_����|dsa
(Ch, Dh)

Sc�|]eNkTxde�|��prds��depÙ_�]eQ�Ãj�|��t��|d~TudsprqC�|SUQZa�[9N�Q\]`_«¸�wAXÇÍ�Q
h
��QhSUQÀ¨_�XnTx�|aUdsScQ�tãP·_�NkXZN���Q\t�QASuÀ¨_�äZ�|��SuSUN�de��_��=TxQAS^�

V�QA�
h = h1 ⊗ h2

ÃÞ_��|QAX
h2 : m+ 1 −→ n+ 1

QnT
h1 6= 0

�
V�QA�

h = h2 ◦ (h1 ⊗ 1)
ÃÞ_���QZX

h1

t�d �ãbAacQZ�=TcQ\tãPRN��kQ\det�QZ�=TcdeTxb5�
V�QA�

h = (h1 ⊗ 1) ◦ h2

ÃÞ_���QZX
h1

t�d �ãbAacQZ�=TcQ\tãPRN��kQ\det�QZ�=TcdeTxb�g

�,+�Ü
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¡O������TxQ�Ã=TcQZprqC�|ac_�dsaUQZprQZ�=T�Ã
H
]ÅPºQZ��SUQZp«��]eQut�QZSØ¸�wZXÇÍkQZS

h : p+1 −→ q+1
[jNkd��ãP·_�tkp�QnTcTxQA�=T_�N�XAN���Q�t�Q�XZQASrÀ¨_�XATx��acdsSc_�Txde�|��SAg7¡O� �|bZaUde��Q�_�]e�|acS�[9N�Q�Ã7qC��N�a«Tx�|NoTxQ�¸�wZXÇÍkQ

h
tkQ

H
Ã ]sQ�XA�|N�q�]eQ

(Ch, Dh)
QASUTlN���Q^SU�|]sNkTcds�|��prds�kdsp�_�]sQlt�Q^]ÅPºbZ[9N�_�Tcds�|�

C ◦ C0 = D ◦D0

g
Ð¶de��ScdðÃ�]`_�acwA�|]sQ

6
XAacbZQ�Ã�_���QZX\QZ]e]sQnV�p»lAp�Q�ÃkN��kQ\de�k����d~Txb�t�Q^q�_�dsacQASuXZacd~Txde[jNkQZS

ph
Ã�ds�kt�QnmobZQAS¶q�_�a]sQAS«¸�wZXÇÍkQZS

h
t�Q

H
g �¹QZq�QZ��t�_��=T�ÃØ���|N�S�_�]s]s����Séac_�q�q�QZ]sQAa�êÊq�acbAScQA�9T�XZ��p�prQZ�=T¾
Ø��QZS } _�À¾�|�=Tr_pr�|�=Txacb�ÃGt�_���S»= } _;À¨£|�C>ðÃG[9N�Q�]s_�XZ�|�k¸�N�QZ��XAQÙt�Q�Tx��NkTxQAShXAQZS\q�_�dsaUQZS^XZaUdeTcds[9N�QZS

ph
Ã
h
t�_���S

H
ÃGQZSWTbZ[9N�d~��_�]sQA�9TcQ\ê�XAQZ]e]sQ�t�Q^[9N�_�TcacQ^t'PºQZ�=TxaUQhQA]s]sQASZg

} Q�q�acQAp�deQZa¶de���|aUbZt�deQZ�=TONkTcds]edsScb\QZSWT^]`_�TcQZaUp�de��_�dsSU�|��tkQ«]`_ÙqkacbZSUQZ�=TÇ_;Txds��� �ãQZ]e]sQh���|N�S�q�QZaUp�QnTt�Q^t�bAp��|�=TcacQZaAÃ�q�_�a�aUbZXAN�acaUQZ��XAQ�ÃÞ[9N�Qh]s_«XZ�|�o¸�N�QZ�kXZQ\t�QZSuq�_�deacQAS�XZacd~Txde[jNkQZS�t'PºN���Q�À¨_�prds]e]sQlt��|����bAQQZSWT�bZ[9N�d~��_�]sQZ�=TcQ�êÊXZQA]s]sQ�t�Q�Sx_ÛSU�|N�SWVÅÀ¨_�prds]s]eQ�ds��t�Q½mobZQ�ScQAN�]sQAp�QA�=T�ScN�a�]eQZSé¸�wZXÇÍ�QASrdeacaUbZt�N�XnTxde��]sQASt�Q
L∆

g Ò �áQ��CQAT�ÃHXZ��p�prQ
R∆

TcQZaUp�de��Q�ÃG�|�áqCQANkT�_�q�q�]sde[9N�QZa^]sQ�q�aUds��XAdsq�Q�t�QÙaUbZXZNkacacQA��XZQÙqC�|Nkapr�|�=TxacQAaZÃ'XA�|prp�Q«t�_���S^]`_Ù����N�acQr�ogR kÃ'[9N�Q�]ðPR�|�ñq�QZNkT^SUQ�]sdsprdeTcQZaÈ_�NomñXZ_�S^��ºñ]`_�q�_�dsacQéXZacd~Txde[jNkQXZ����Scdet�bZaUbZQ\QZSUTlde��t�QnmobAQ\q�_�auN���Q�¸�wZXÇÍkQhQA�
R∆

V�À¾�|aUp�Q¶���|acp�_�]eQ�g
Ð¶de��Scd7�

j 6 °å° 6 î ce³ æ c D£WLK�SCKLK?WNG6QviTkCXYKÍKNMsiz�CSUX(Q"WLKÍK?kCX(Q$I$A}Msiz�CSUO�WNX(Q"WLK4l
i k <$kCMsG�Q"kCMsQnWé�$�LhL�(W h g�SUXYK H %ÁO S��YSUizGJWmhNG6izQjiBA}M{W ph WLKNQ3hLkCXx�)M{WNX(Q"W kizi k <$kCMsG�Q"kCMPQ"W��$�LhL�(W h g�SUXYK H WNX R∆

:ýwxkCG6opW)XtkCGNo,SUO�W�%¬O S)�YSUizGJW²hNG6izQjiBA}M{W
ph
WLKNQ�hLkCXx�)M{WNX(Q"W k} Q�SUQZXZ����tÚds�k�|acbAt�dsQA�9T\QASUTh]ÅPºQnmk_�prQZ�åtkQrTc�|NkTxQASh]eQZS�À¾�|aUp�QASh[9N�QrqCQANk�|QA�=T�_��|�|dea\]eQZS�¸�wAXÇÍ�QZS

h : m+ 1 −→ n+ 1
deacaUbZt�N�XnTxde��]sQAS�qC��N�a

R∆

gP
Ø��QZS } _�À¾�|�=Tl_«p����9Tcacb�ÃkTx�|NEûU�|N�acS¹t�_���S�= } _;À¨£|�C>¬�
j 6 °å° 6 î cs³ î c Z{i

h : m + 1 −→ n + 1
WLKNQ�MsXtW

R∆

:ýwxkCG6opW�XtkCG6o,SUO�W�%�SUO�kCGLK
h
�(k?KLK?�FgsW¾O$F MsXtW

gsWLKBwxkCG6opWLKÍKNMsiz�CSUX(QnWLK�l
:8izO5WC'�i�KNQ"WHMsXtWÁ�Ã�LhL�(W

h′
QnWNOzO�W�A}M(W

h = h′ ⊗ 1
Û

:8izO5WC'�i�KNQ"WHMsXtWÁ�Ã�LhL�(W
h′
QnWNOzO�W�A}M(W

h = (h′ ⊗ 1) ◦ (m⊗ δ)
Û

:8izO5WC'�i�KNQ"WHMsXtWÁ�Ã�LhL�(W
h′
QnWNOzO�W�A}M(W

h = h′ ⊗ ε
Û

:8izO5WC'�i�KNQ"WHMsX WNX(QviTWNG
p
SUizXYKNi�A}M{W¾gsWNM('��$�LhL�(WLK

h1

WNQ
h2

Q"WNOáK�A}M{W�l
h = (h2 ⊗ 1) ◦ (p⊗ τ) ◦ (h1 ⊗ 1).

¡O�/QA�/t�bAt�N�d~Tu[jNkQ��
ohDÞ8;D�¦¨¦¨§ K 8E6 î ce³Þß^c D£WLKHK?WNMPO�WLKé�$�LhL�(WLK�gsW

H
A}MsiBK?kCX(Q3gsWLK

R∆

:ýwxkCG6opWLK�XtkCG6o,SUO�WLK�K?kCX(Q
1
%
δ
%
τWNQ

1⊗ ε k <3SUGÍKNMsizQnW�%éO�WLK�SCKLK?WNGNQjiTkCXYKÍKNMsiz�CSUX(Q"WLKÍK?kCX(Q$I$A}Msiz�CSUO�WNX(Q"WLK4li k <$kCMsG�Q"kCMsQnWé�$�LhL�(W h g�SUXYK H %ÁO S��YSUizGJWmhNG6izQjiBA}M{W ph WLKNQ3hLkCXx�)M{WNX(Q"W kizi k D£WLK�A}MYSUQvGJW3�YSUizGJWLKmhNG6izQviBA}M(WLK p1

%
pδ
%
pτ
WNQ
p1⊗ε

K?kCX(Q�hLkCXx�)M{WNX(Q"WLK kÐ¶de��ScdðÃ�ds]'�kQ\aUQZSWTxQ^q�]sNkSl[9N�Q^[9N�_�TcacQ^q�_�deacQAS�XZacd~Txde[jNkQZSuQZ����QZ��t�aUbZQASÈq�_�a
(6, 6)

ê�bATxNkt�dsQAaZg

� +|Ï
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6

6

6

6

α

α

α

h

h

h h’

h’

h’

È)ÉzÊ3Ë �og· pÌ��£ÑuÖ?ÕCønØvÙáßNÏmÖ?Ó3àýÔ²ã<Ô6ÙáÐvÓ�ønÐTÙ¼ØTÙá÷}Õ�Ó�ÓuÏ�ØTÐvÓ
6
ÓnØ

6
ÙáÏCÖ?Ónö?ÑuÓ�ã<Ô6Ð

h
Ó�Ï¾àýÔ²ã<Ô6ÙáÐvÓ3ønÐTÙâØvÙý÷�ÕCÓ�ÓuÏ}ØvÐTÓ

6
ÓnØ

6ÙáÏCÖ?Ónö?ÑuÓ5ã<Ô6Ð
h′
Ö�Ô6Ï<Ò�àâÓÁøuÔNÒ�ßZb

h→
α
h′
Ú

�,+ ë
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ohD @a` <H6 @ I|6 FH6 © 5J§ K 8E6 © I|8 K¾B�Kðô <®6 © FH6
(∆, R∆)

c Ð®�|QZX�]`_Êp,lZprQ�t�bApÙ_�acXÇÍ�Q�Ã7�|�yX�_�]eXZN�]eQTx��NkTxQASl]eQZSuq�_�deacQASlXAacd~Txds[9N�QASuQZ���|QA��t�aUbZQZSÈq�_�a�]eQZSl_�NkTcacQZSlXZ��N�q�]sQASut�Q^acwZ��]sQZSAg } _rq�]eN�q�_�aWTuQZ��q�ac�;Vt�N�deScQA�9T¬N��é�k�|p«��aUQÔ���kdÅg Ó QAN�]sSH]sQASJXA�|N�q�]eQZS
(1, 8)

Ã
(6, 8)

Ã
(6, 11)

Ã
(6, 12)

QnT
(7, 8)

ScQ¹XA�|prqC�|aWTxQA�9TXZ��p�prQ
(6, 6)

QZ��XZaUb�_��=Tut�QAS�À¨_�p�de]s]eQZSØds�k����dsQAS�t�Q�q�_�deacQAS�XZacd~Txde[jNkQZS
(ph)h∈H

g�¡O��p����9TcacQ�ÃkQnmk_�X½VTxQAp�QA�=TìtkQl]s_�p»lAp�Q�À¨_�äA�|�'Ã=[9N'Pºds]�SUNYÛ�T¹tkQlXA�|��SUdst�bAacQZaÔ]sQAS
ph
�Uº

h
QASUTÔN���Q

R∆

V�À¾�|aUp�Q��k�|acp�_�]sQ¶�q�_�a�SUN�deTcQ�Ã�de]'ScNYÛ�Tlt�Q^XZ����Scdet�bZaUQZau]sQASlq�_�dsaUQZS�XZaUdeTcds[9N�QZS�de��t�Q½mkbAQZSlq�_�a
1
Ã
δ
Ã
τ
QnT

1⊗ ε
g

¡O��XZ�|��XA]sNkT t��|��X�[9N�Q�]s_ÈXA�|�k¸�N�QA��XZQu]e�oXZ_�]sQÔt�Q
(∆, R∆)

QASUT7bA[9N�de��_�]eQZ�=TxQ�êÈ]`_¶XA�|�k¸�N�QA��XZQut�QASSc��d~mk_��=TxQ½VY[9N�_�Tc�|aF
AQ�q�_�dsaUQZS XAacd~Txds[9N�QAS [9N�Q����|NkSØ_�]s]e�|��SHQnmk_�prds��QAa pÙ_�ds�=TxQA��_��=T�g��J�|Nka7]`_¶q�aUQZprdswAacQ�Ã���|NkSÔtk�|�����|�kSZÃ9QZ�rq�]sNkS7t�N�XZ_�]sXAN�]�]edeTcTcbZac_�]ÅÃ;N���Qu�|QAacScde�|�rQZ�rt�d`_���ax_�prp�QAS¬t�Ql�HQZ��aU�|ScQlt�Nr�|ax_�qkÍ�Qt�Q^acbAt�N�XnTxds���'g
cp(1, 1)

gl¡���q�QZNkTÈ_�qkq�]sde[jNkQZa
1
êrtkQZNom�QA��t�aU�|deTcSltkdV�CbZacQA�=TxSut�_���S

(2⊗ δ) ◦ (1⊗ δ) ◦ δ
�

(2⊗ δ) ◦ (1⊗ δ) ◦ δ →1(1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ

→1(1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ δ) ◦ (1⊗ δ) ◦ δ →1(δ ⊗ δ) ◦ δ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

} _«���|N�aUQh�og·i�t�������Q^N���Q^�|QAacScde�|��t�d`_���ax_�prpÙ_;Txds[9N�Qlt�Q^XZQASÈaUbZt�NkXATxde�|��SAg

È)ÉzÊ3Ë �og·i�Ì�c5Ð°Ô6ãCù�Ó7Ö?Ó£ÐTÑuÖ�ÕCø"ØTÙâß�Ï�õ�ß�Ï�ØTÐTÔNÏ}Ø{àáÔÁø�ßNÏ,þ<Õ�Ó�ÏCø�Ó£Ö?Õ$ä�Ð°Ô6Ï<ø°ù�Ó�õ�Ó�Ï}Ø½Ô�ÒvÒvß?ønÙáÑ^ýÁàáÔBã<Ô6ÙáÐvÓ£ø�ÐvÙâØvÙý÷}Õ�Ó£ønÐTÑ�ÑuÓ
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ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

cp(1, 2)
g�ÕY]Ùv _�t�QZNjm q�_�deacQZS XAacd~Txds[9N�QASZÃ«]ðPRNk��QÎt�Q Sc�|NkacXZQ

(ε ⊗ δ) ◦ δ
QATy]ÅPR_�NkTcacQÎt�QÎSU�|N�aUXZQ

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ δ
g

(ε⊗ δ) ◦ δ →1(ε⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→2δ ;

(ε⊗ δ) ◦ δ →2δ.

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ δ →1(1⊗ ε⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→3δ ;

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ δ →2δ.

cp(1, 3)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�[9N�dGXA�|p�prQZ�kXZQ�QZ�

(2⊗ ε) ◦ (1⊗ δ) ◦ δ
�

(2⊗ ε) ◦ (1⊗ δ) ◦ δ →1(δ ⊗ ε) ◦ δ

→3δ ;

(2⊗ ε) ◦ (1⊗ δ) ◦ δ →3δ.

cp(1, 4)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ τ) ◦ (1⊗ δ) ◦ δ
�

(1⊗ τ) ◦ (1⊗ δ) ◦ δ →1(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 1) ◦ δ ;

(1⊗ τ) ◦ (1⊗ δ) ◦ δ →4(1⊗ δ) ◦ δ

→1(δ ⊗ 1) ◦ δ.

cp(1, 7)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ δ) ◦ (1⊗ δ) ◦ τ
�

(2⊗ δ) ◦ (1⊗ δ) ◦ τ →1(1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→7(1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ;

(2⊗ δ) ◦ (1⊗ δ) ◦ τ →7(τ ⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1)

→1(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1).
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ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

cp(1, 8)
glM�N�_�TxaUQ�q�_�dsaUQZSuXZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ δ

→1(1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 1) ◦ δ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ δ

→8(δ ⊗ 1) ◦ τ ◦ δ

→4(δ ⊗ 1) ◦ δ.

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ δ

→1(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ δ

→8(1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ◦ (1⊗ δ)

→1(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ◦ (1⊗ δ)

→8(1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ.
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ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ δ) ◦ (1⊗ δ)

→1(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→2(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 1) ◦ τ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ δ) ◦ (1⊗ δ)

→8(δ ⊗ 1) ◦ τ ◦ (1⊗ ε⊗ 1) ◦ (1⊗ δ)

→2(δ ⊗ 1) ◦ τ.

cp(1, 11)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ
�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ →1(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ →11(1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ δ

→1(1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

cp(2, 3)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ ε) ◦ δ
gÞMON�Q^]ÅPº�|��_�q�q�]eds[9N�Q

2
�|N

3
Ã����/_�acacd~�|Q\ê

ε
g

cp(2, 7)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ τ
�

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ τ →2τ ;

(1⊗ ε⊗ 1) ◦ (1⊗ δ) ◦ τ →7(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→9(ε⊗ τ) ◦ (δ ⊗ 1)

→2τ.

cp(2, 11)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ τ) ◦ (δ ⊗ 1) ◦ δ
�

(ε⊗ τ) ◦ (δ ⊗ 1) ◦ δ →2τ ◦ δ

→4δ ;

(ε⊗ τ) ◦ (δ ⊗ 1) ◦ δ →11(ε⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→2δ.
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ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

cp(2, 12)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ 2) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ
�

(ε⊗ 2) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →2τ ◦ τ

→52 ;

(ε⊗ 2) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →12(ε⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→10(1⊗ ε⊗ 1) ◦ (1⊗ δ)

→22.

cp(3, 7)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ ε) ◦ (1⊗ δ) ◦ τ
�

(2⊗ ε) ◦ (1⊗ δ) ◦ τ →3τ ;

(2⊗ ε) ◦ (1⊗ δ) ◦ τ →7(τ ⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→9τ ◦ (1⊗ ε⊗ 1) ◦ (δ ⊗ 1)

→3τ.

cp(4, 5)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

τ ◦ τ ◦ δ
�

τ ◦ τ ◦ δ →4τ ◦ δ

→4δ ;

τ ◦ τ ◦ δ →5δ.

cp(4, 6)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ δ)
�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ δ)→4(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 1) ◦ τ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ δ)→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(τ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→4(δ ⊗ 1) ◦ τ.

cp(4, 7)
guµ¶QZNom�q�_�dsaUQZS�XZaUdeTcds[9N�QZS^�

(1⊗ δ) ◦ τ ◦ δ →4(1⊗ δ) ◦ δ

→1(δ ⊗ 1) ◦ δ ;

(1⊗ δ) ◦ τ ◦ δ →7(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(δ ⊗ 1) ◦ δ.
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ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

(1⊗ τ) ◦ (1⊗ δ) ◦ τ →4(1⊗ δ) ◦ τ

→7(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ;

(1⊗ τ) ◦ (1⊗ δ) ◦ τ →7(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1)

→4(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1).

cp(4, 9)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ ε) ◦ τ ◦ δ
�

(1⊗ ε) ◦ τ ◦ δ →4(1⊗ ε) ◦ δ

→31 ;

(1⊗ ε) ◦ τ ◦ δ →9(ε⊗ 1) ◦ δ

→21.

cp(4, 10)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ 1) ◦ τ ◦ δ
�

(ε⊗ 1) ◦ τ ◦ δ →4(ε⊗ 1) ◦ δ

→21 ;

(ε⊗ 1) ◦ τ ◦ δ →10(1⊗ ε) ◦ δ

→31.

cp(4, 12)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ δ
�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ δ →4(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 1) ◦ δ ;

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ δ →12(τ ⊗ 1) ◦ (1⊗ δ) ◦ δ

→1(τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(δ ⊗ 1) ◦ δ.

cp(5, 5)
gl¡�� q�QZNkTé_�q�q�]eds[9N�QAa�]`_�acwA�|]sQ

5
ê�t�QANomáQZ��tkac�|d~TxS^t�dV�CbZaUQZ�=TxS\t�Q

τ ◦ τ ◦ τ
p�_�dsS�]eQZS^t�QZNjmaUbZt�N�XnTxde�|��Sut��|���kQZ�=T

τ
g

�?Z��



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

cp(5, 6)
gl�¹QZSlt�QZNom�acwZ��]sQZS�À¾�|aUp�QA�=Tut�QZNom�q�_�dsaUQZSuXZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ τ)→5(1⊗ τ) ◦ (τ ⊗ 1) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ τ)→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→5(1⊗ τ) ◦ (τ ⊗ 1).

(1⊗ τ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→5(τ ⊗ 1) ◦ (1⊗ τ) ;

(1⊗ τ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→6(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1)

→5(τ ⊗ 1) ◦ (1⊗ τ).

cp(5, 7)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ δ) ◦ τ ◦ τ
�

(1⊗ δ) ◦ τ ◦ τ →51⊗ δ ;

(1⊗ δ) ◦ τ ◦ τ →7(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→51⊗ δ.

cp(5, 8)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ τ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)
�

(1⊗ τ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→5(τ ⊗ 1) ◦ (1⊗ δ) ;

(1⊗ τ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→8(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(τ ⊗ 1) ◦ (1⊗ δ).

cp(5, 9)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ ε) ◦ τ ◦ τ
�

(1⊗ ε) ◦ τ ◦ τ →51⊗ ε ;

(1⊗ ε) ◦ τ ◦ τ →9(ε⊗ 1) ◦ τ

→101⊗ ε.
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cp(5, 10)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ 1) ◦ τ ◦ τ
�

(ε⊗ 1) ◦ τ ◦ τ →5ε⊗ 1 ;

(ε⊗ 1) ◦ τ ◦ τ →10(1⊗ ε) ◦ τ

→9ε⊗ 1.

cp(5, 11)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ
�

(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →5(δ ⊗ 1) ◦ δ ;

(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →11(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 1) ◦ δ.

cp(5, 12)
guµ¶QZNom�q�_�dsaUQZS�XZaUdeTcds[9N�QZS^�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ τ →5(1⊗ τ) ◦ (δ ⊗ 1) ;

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ τ →12(τ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→7(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→5(1⊗ τ) ◦ (δ ⊗ 1).

(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →5(δ ⊗ 1) ◦ τ ;

(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →12(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 1) ◦ τ.

cp(6, 6)
glM�N�_�TxaUQ�q�_�dsaUQZSuXZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→5(1⊗ τ) ◦ ◦(1⊗ τ) ◦ (τ ⊗ 1)

→5τ ⊗ 1 ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→5(τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ τ)

→5τ ⊗ 1.

�?Z�Ü
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(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→12(τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→12(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→12(1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→12(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ).

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→6(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1)

→6(τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2).

�xZ|Ï



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→6(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1)

→10(1⊗ τ) ◦ (τ ⊗ ε⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1)

→10(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ ⊗ ε)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1⊗ ε) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ)

→10(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ ε⊗ 1) ◦ (2⊗ τ)

→10(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1⊗ ε).

cp(6, 7)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ δ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)
�

(2⊗ δ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(2⊗ δ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ;

(2⊗ δ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→7(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→7(1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2).

cp(6, 8)
glM�N�_�TxaUQ�q�_�dsaUQZSuXZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→5(τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ δ)

→4(τ ⊗ 1) ◦ (1⊗ δ) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→4(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(τ ⊗ 1) ◦ (1⊗ δ).

�?Z ë



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→12(1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→11(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ

→11(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ).

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→6(1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ)

→8(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→8(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→8(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→8(δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1).

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→10(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ ε⊗ 1) ◦ (2⊗ δ)

→2(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→8(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→2(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1).

�xZ ù



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

cp(6, 9)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)
�

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→6(2⊗ ε) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→9τ ◦ (1⊗ ε⊗ 1) ◦ (τ ⊗ 1)

→9ε⊗ τ ;

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→9(1⊗ ε⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→9ε⊗ τ.

cp(6, 10)
guµ¶QZNom�q�_�dsaUQZS�XZaUdeTcds[9N�QZS^�

(ε⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→6(ε⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→10(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→10τ ⊗ ε ;

(ε⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→10τ ◦ (1⊗ ε⊗ 1) ◦ (1⊗ τ)

→10τ ⊗ ε.

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→6(1⊗ ε⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→9(ε⊗ 2) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→10τ ◦ (1⊗ ε⊗ 1) ;

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)→10(2⊗ ε) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→9τ ◦ (1⊗ ε⊗ 1).

cp(6, 11)
glM�N�_�TxaUQ�q�_�dsaUQZSuXZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(δ ⊗ 1) ◦ δ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→4(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 1) ◦ δ.

�?Z��



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→8(1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→11(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ.

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→2(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(τ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→4(δ ⊗ 1) ◦ τ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→11(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→2(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 1) ◦ τ.

�xZ �



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

cp(6, 12)
gl�¹ds��[�q�_�dsaUQZS�XZaUdeTcds[9N�QZS��

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→7(τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ ◦(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1)

→12(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→12(1⊗ τ ⊗ 1) ◦ (2⊗ δ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→7(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1).

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→4(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→51⊗ δ ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→5(1⊗ τ) ◦ (1⊗ δ)

→41⊗ δ.

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ

→11(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ τ

→12(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→12(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→12(τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→11(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ).

�?Ze+



ù [ºÏ�[ ? ���C^ . a��}�$c . ^�]n���6d �<\�\��}�Ã��]��6d 0Y\ . ]Lb�^`�}� . � 0��z_<^jd �Yb����

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→8(1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→12(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→12(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→6(τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ)

→8(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1).

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→2(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→5(1⊗ τ) ◦ (τ ⊗ 1) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ)

→12(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ)

→10(1⊗ τ) ◦ (τ ⊗ ε⊗ 1) ◦ (2⊗ δ)

→2(1⊗ τ) ◦ (τ ⊗ 1).

cp(7, 8)
gl�¹ds��[�q�_�dsaUQZS�XZaUdeTcds[9N�QZS��

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→7(1⊗ τ) ◦ (τ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→5(1⊗ τ) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→5δ ⊗ 1 ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→8(δ ⊗ 1) ◦ τ ◦ τ

→5δ ⊗ 1.

�xZ�Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

(2⊗ δ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→7(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→7(1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ)

→8(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→8(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ;

(2⊗ δ) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ δ) ◦ τ

→7(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1).

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ τ

→7(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→12(τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→12(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ τ

→8(1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ).

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ◦ (1⊗ τ)

→7(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1)

→6(τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ τ) ◦ (1⊗ δ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ (1⊗ δ ⊗ 1)

→8(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ◦ (1⊗ τ)

→8(1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ)

→6(1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (τ ⊗ 1).

Ü����
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(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ δ) ◦ (1⊗ τ)

→7(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1)

→10(1⊗ τ) ◦ (τ ⊗ ε⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1)

→10(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ ⊗ ε)

→8(δ ⊗ 1) ◦ (τ ⊗ ε) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ ε⊗ δ) ◦ (1⊗ τ)

→8(δ ⊗ 1) ◦ τ ◦ (1⊗ ε⊗ 1) ◦ (1⊗ τ)

→10(δ ⊗ 1) ◦ (τ ⊗ ε).

cp(7, 10)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(ε⊗ δ) ◦ τ
�

(ε⊗ δ) ◦ τ →7(ε⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→10(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→10δ ⊗ ε ;

(ε⊗ δ) ◦ τ →10δ ⊗ ε.

cp(7, 11)
guµ¶QZNom�q�_�dsaUQZS�XZaUdeTcds[9N�QZS^�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→7(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→7(τ ⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1)

→6(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1)

→11(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→11(1⊗ δ ⊗ 1) ◦ (1⊗ δ) ◦ τ

→7(1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→7(τ ⊗ 2) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1).

ÜU�Y�
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(2⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→7(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ δ) ◦ δ

→1(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

cp(7, 12)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ
�

(2⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →7(1⊗ τ ⊗ 1) ◦ (2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→1(1⊗ τ ⊗ 1) ◦ (δ ⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→12(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ) ;

(2⊗ δ) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →12(τ ⊗ δ) ◦ (1⊗ δ)

→1(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ δ).

cp(8, 9)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)
�

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→8(δ ⊗ ε) ◦ τ

→9ε⊗ δ ;

(2⊗ ε) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→9(1⊗ ε⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→9ε⊗ δ.

cp(8, 10)
guµ¶QZNom�q�_�dsaUQZS�XZaUdeTcds[9N�QZS^�

(ε⊗ 2) ◦ (1⊗ τ) ◦ (1⊗ δ)→8(ε⊗ 2) ◦ (δ ⊗ 1) ◦ τ

→2τ ;

(ε⊗ 2) ◦ (1⊗ τ) ◦ (1⊗ δ)→10τ ◦ (1⊗ ε⊗ 1) ◦ (1⊗ δ)

→2τ.

Ü���Ü
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(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→8(1⊗ ε⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→3τ ;

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)→10(τ ⊗ ε) ◦ (1⊗ δ)

→3τ.

cp(8, 12)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)
�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→8(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→1(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→12(1⊗ τ ⊗ 1) ◦ (τ ⊗ δ) ◦ (1⊗ δ)

→1(1⊗ τ ⊗ 1) ◦ (τ ⊗ 2) ◦ ◦(1⊗ δ ⊗ 1) ◦ (1⊗ δ)

→8(δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ δ).

cp(9, 10)
gl¡���q�QZNkT�_�q�q�]eds[9N�QZa¹]sQZS�tkQZNom�aUwZ�|]eQZS

9
QAT

10
QA�

(ε⊗ ε) ◦ τ
q��|N�a��|�kTcQZ��deaZÃot�_���S�]eQZS�t�QANomXZ_�SZÃ

ε⊗ ε
g

cp(9, 11)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ
�

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →9(1⊗ ε⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→3δ ;

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →11(2⊗ ε) ◦ (δ ⊗ 1) ◦ δ

→3δ.

cp(9, 12)
guÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�QA�

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ
�

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →9(1⊗ ε⊗ 1) ◦ (δ ⊗ 1) ◦ τ

→3τ ;

(2⊗ ε) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →12(τ ⊗ ε) ◦ (1⊗ δ)

→3τ.

ÜU�|Ï
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cp(10, 11)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�QA�

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ
�

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →10(δ ⊗ ε) ◦ δ

→3δ ;

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →11(1⊗ ε⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→3δ.

cp(10, 12)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�QA�

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ
�

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →10(δ ⊗ ε) ◦ τ

→9ε⊗ δ ;

(1⊗ ε⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ →12(1⊗ ε⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→9ε⊗ δ.

cp(11, 12)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�QA�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ
�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →11(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (δ ⊗ 1) ◦ δ

→1(δ ⊗ τ) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ δ →12(1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ δ

→1(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ

→11(δ ⊗ 2) ◦ (δ ⊗ 1) ◦ δ.

cp(12, 12)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�QA�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ
�

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (τ ⊗ 1) ◦ (1⊗ δ)

→7(τ ⊗ τ) ◦ (1⊗ τ ⊗ 1) ◦ (δ ⊗ δ)

→8(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ;

(2⊗ τ) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ τ

→12(1⊗ τ ⊗ 1) ◦ (δ ⊗ δ) ◦ τ

→7(1⊗ τ ⊗ 1) ◦ (δ ⊗ 2) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1)

→12(τ ⊗ 2) ◦ (1⊗ δ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1).¡O�h_�t�����XØ]`_¹XA�|�k¸�N�QA��XZQÔ]s�jX�_�]sQ t�Q
(∆, R∆)

QnT�ÃEê�]ðP·_�det�Q t�N^]eQZprp�Q tkQ � QX�up�_��'ÃZ]sQ7acbAScN�]~TÇ_�T �
» 8;DÞ57D ©�K²BEK D @ î ce³ > c DªS��½GJILK?WNX(QTSUQviTkCX

(∆, R∆)
WLKNQ3hLkCX(�UWNGTqsWNX(Q"W k

Ü�� ë
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j Ü~DÞ57±98E§�F®6
Fo
6 B�© 6 © §�¦¨ó ¯9ª 8;6 ©

� �|NkSO_�]e]s�|��S�À¨_�dsacQ^N��kQht�de�|acQAScSUds�|��ScN�aÈ]`_�q�acbAScQA�9Tx_�Txde�|�
(∆, E∆)

ÃÞ[9N�d®���|N�SÈScQAax_�NoTxds]eQ^qC�|Nkaq�aU�|Nk�|QAa¹]s_\XA�|�k¸�N�QA��XZQ¶t�Q
(Σc, R∆,Σ)

gjÕY]ÞSAP·_���deTÔt�Q¶ac_�q�q�QZ]eQZaÔ]sQuacbAScN�]~TÇ_�TìScN�d~��_��=T�Ã9t�bZpr�|�=TxaUb¶q�_�aÐ¶]e�CQAaUTlÑ¹Nkacac����d't�_��kS¾=ºÑ¹N�aci|�C>Ø�
» 8;DÞ57D ©�K²BEK D @ î ce³çÂ/c D7W»hLkCM��½O�W

(∆, E∆)
WLKNQ�MsXtW��½GJILK?WNX(QTSUQviTkCX gsW¾O$FekL�(INGFS�gsW

Fo
gUizQnWrtkQZSOQA�oVScQAp«��]eQZS,WNQ�gsI��ÁX(iTW��YSUG4l

F(m,n) = ENS([m], [n]).Ó �|�����|p�QASUTlt®þ/_�N�acbAScN�]~TÇ_�TuSUN�de��_��=T\�
» 8;DÞ57D ©�K²BEK D @ î ce³�L^cM¹ kCMsQ$WNXYK?WNo,|}O�W

X
WLKNQ)MsXtW

Fo
:�SUO¼qs�}|}GJW�ORij|}GJW kn INopkCXYKNQjGuSUQviTkCX k ÕY]®SZPR_��|deTlt�Q^�|bAacd~��QZal[9N�Qé]ðPR�|��q�QZNkTÈ��dsQA�Ê_�SUSc�jXZdeQZalê ε Ã δ QAT τ t�QZSl�|q�bZax_;Txds����SScNka

X
[9N�dÈ��bZacd~��QZ�=T�]eQZS�aUQZ]s_�Txde�|��Srt�Q

E∆

g } QAS�dsp�_��|QASÙ���|NkS�Sc�|�=T�tk�|����bAQZS�q�_�aÙ]sQ�qkac�jt�N�deTX�_�aUTxbAScdeQZ�yt�Q
ENS

g Ò �yQ��CQAT�Ã¬ds]¹de��t�N�d~T«t�QASr_�q�q�]edsX�_;Txds����S
εX : X −→ {∗}

Ã
δX : X −→ X2QAT

τX : X2 −→ X2 t�bA����dsQASlq�_�a��
εX(x) = ∗, δX(x) = (x, x), τX(x, y) = (y, x).Ò ��QA�9����v=_��=T�XÇÍ�_�XZN��kQÈt�QAS7Txac��dsS ¸�wAXÇÍ�QZSÔt�Q

∆
ScNka7]`_O¸�wZXÇÍkQlXA�|acaUQZSUqC�|�kt�_��=TxQlXZdÝVYt�QAScScNkSÔQnTÔQZ�_�q�qk]sds[9N�_��9T¶]`_Ùqkac�|q�aUdsbnTxbéNk��de��QZacSUQZ]e]sQ«t'Pº�|q�bZac_�t�Q«]eds��aUQéQZ�k�|QZ��tkacbZQ�q�_�a

∆
Ãã�|�Û���kTxdeQZ�=T�N��Ûpr�|aWVq�Í�deScprQ7t'Pº�|qCbAax_�tkQZS

L∆ −→ OperX
Ã�X�PRQASUTUVYê;VYtkdsacQ7Nk��QØSUTxaUN�XATcN�acQÔt�Q

L∆
V×_�]s�|wA��acQ7SUN�a

X
g�ÕY]|À¨_�NkT_�]e�|acS¬��bZaUde��QAa7[jNkQlXAQup��|aUq�Í�deScprQ�q�_�SUScQl_�N�[9N���TxdeQZ�=TØq�_�a

E∆

Ã�XZQ�[9N�d���Quq��|ScQu_�NkXZN���Qut�d ÛrXZN�]~Txb�g
ÕY] À¨_�NkT\QZ�kScN�d~TxQ�ScQ�XZ���9��_�de��XZaUQ�[jNkQ�XAQrpr�|aUq�Í�dsSUp�QéQZSUTh]`_

Fo
V×_�]e�|wZ��aUQ�]sde��acQ«QA���|QA��t�acbAQÙq�_�a

X
gj�J��N�aìXAQZ]s_kÃ=ds]�SUNYÛ�T�t�Qlp����9TcacQAaÔ[9N�Q�Ãoq��|N�aØTx��NkTxQ

F o
V×_�]e�|wZ�kacQ

F
TxQA]s]sQ�[9N�Q

F (1) = X
Ã=�|��_��

F (ε) = εX , F (δ) = δX , F (τ) = τX .} _^qkacQZprdswAacQ�bA�=_�]sd~Txbìq�ac���jdsQA�9TÔt�N�À¨_�d~T7[9N�Q
F (ε)

QZSWTÔN���Ql_�q�q�]edsXZ_�Txde�|�«_�]e]`_��=T¬t�Q
X
��QZaUS
∗
�|de]�'PºQZ��Q½mkdeSUTcQO[9N'PRNk��Q�g��H�|N�a�]s_ht�QANomodswAp�QÈbZ�=_�]edeTcb�Ã9�|������TxQ

F1(δ)
QnT
F2(δ)

]sQAS¹t�QANom�_�qkq�]sdeX�_�Tcds�|��S_�]e]`_��=T�t�Q
X
t�_��kS

X
TcQZ]s]eQZS�[9N�Q�Ã�q��|N�a�Tc�|NkTubA]sbZprQZ�=T

x
tkQ

X
�

F (δ)(x) =
(
F1(δ)(x), F2(δ)(x)

)
.} _raUQZ]`_;Txds���

(2)
t��|����Q��

F ((ε⊗ 1) ◦ δ)(x) = F (1)(x).¡Oa
F (1) = idX

QAT\�
F ((ε⊗ 1) ◦ δ)(x) = (F (ε)⊗ F (1)) ◦ F (δ)(x)

= (εX ⊗ idX)(F1(δ)(x), F2(δ)(x))

= F2(δ)(x).

ÜU� ù
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¡O�ñ_�t��|��X
F1(δ)(x) = x

g®¡O�ÛNkTcds]sdeScQ\]`_racQZ]s_�Txde�|�
(3)

tkQ«]`_Ùp,lZprQép�_���dewZaUQéq��|N�a¶���kTxQA��dsa
F2(δ)(x) = x

QATÈt��|��X
F (δ) = δX

gC¡O��q�aU�oXAwZt�Qht�Qép,lZprQ^qC��N�aÈpr�|�=TxaUQZal[9N�Q
F (τ) = τX

ÃÞQZ�NkTcds]sdeSx_��=TZÃkXZQnTcTcQ^À¾��dsSZÃk]sQZS�aUQZ]s_�Txde�|��S
(9)

QAT
(10)

g
♦Ð¶de��ScdðÃ��|��QZ��XZ�|�kXZ]sNoTÈ[9N�Q��

ohDÞ8;D�¦¨¦¨§ K 8E6 î ce´ Ú c=n WNM('��$�LhL�(WLK
f
WNQ
g
gsW
L∆(m,n)

�UING6i ��WNX(Q
f ≡E∆

g
KNi3WNQ)K?WNMsO�WNopWNX(QéK>F izO

WC'�i�KNQ"WHMPX WNXYK?WNo,|}O�W
X
�(k?KLK?IFg�SUX(QéSUM opkCizXYK

m
INO�INopWNX(QzKHQ"WNO}A}M{W�%t�(kCMPGHQ"kCMæK

x1, . . . , xm ∈ X
%

kCX SUizQ�O$FeITq�SUORizQnIml
f(x1, . . . , xm) = g(x1, . . . , xm) k n SUXYK�hLW hFSCK�%�kCXòSÀhLWNQjQ"W¾�½GJkL�½G6iTINQnI��(kCMPGQ"kCMPQ�SUMPQjGJW�WNXYK?WNo,|}O�W��(k?KLK?IFg�SUX(Q)SUM�opkCizXYK

m
INO�INopWNX(QüK k

� ��Tc�|��Sl[9N�Q�Ã�XZ�|prprQ\]eQZSuacQA]`_�Tcds�|�kS
≡E∆

QnT
≡R∆

XZ��¿���XAdst�QA�9TZÃÞXZQéaUbZSUN�]eTx_�TlQZSUTÈTx�|NEûU�|N�acS��jax_�dScdG]ðPR����aUQZprq�]`_�XZQ
E∆

q�_�a
R∆

g
ohD @a` <H6 @ I|6ÛF®6

(Σc, R∆,Σ)¡O�3t��|d~T�pÙ_�ds�=TxQA��_��=TrQnmk_�prds��QAar]eQZS�q�_�deacQAS�XAacdeTcds[9N�QASrtkQ
(Σc, R∆,Σ)

g Ò ]e]sQASrSU�|�=TÙtkQ�Tcac�|deSTYvjqCQAS��ãXZQZ]e]sQAS^_�ScSU�oXAdsbZQASéê�t�QANomñaUwZ�|]eQZS^t�Q
RΣ/∆

ÃGXAQZ]s]eQZS^_�SUSc�jXZdebZQZS\ê�N���Q�aUwZ�|]eQ�t�Q
RΣ

QnThNk��QacwA�|]sQ¶t�Q
RΣ/∆

QATuXZQA]s]eQZS�_�SUSc�jXZdebZQZSlê«t�QANom�aUwZ�|]eQZS�t�Q
R∆

g��¬_�aUp�dCXZQASltkQZac�kdswZaUQZSAÃ����|N�S�QA�/_����|��St�bYûcêrQ½mkqk]s�|aUb�N���Q^�|ax_���t�Q^q�_�aWTxdsQ5��XZQAqCQA��t�_��=T�ÃÞ]s_«q�acbAScQZ�kXZQétkQ\�k�|Nk�|QZ_�Nom��|bA��bZac_�TxQAN�acS�À¨_�d~Tu[9N�Q]sQAS�ScdÝmrÀ¨_�p�de]s]eQZSØds�k����dsQAS¹t�bYûcê«p�QA�9Tcds�|�k��bZQAS��|ac��ScScdeScSUQZ�=TuQZ��XA�|acQ5�kp�_�dsSAÃoXA�|p�prQlq�acbAXZbZtkQZprp�QA�9TZÃ�|��q�QZNoT�XZ�|�kXZ]sNkacQ¶[9N�Q¶]`_hXA�|�k¸�NkQZ��XAQ�t�QOXZQAS����|Nk��QZ]e]sQZSìq�_�deacQZSìXZaUdeTxde[9N�QZSìQZSUT�bZ[9N�de��_�]eQZ�=TxQ¶êéXZQA]s]eQt�Q^q�_�deacQAS�XZacd~Txde[jNkQZSut�b×ûcê�Q½m�_�p�de��bZQASZg
Ò ��Q��CQATZÃÞXZ�|prp�Q

(Σc, R∆,Σ)
TcQZacprds�kQ�Ã��|��q�QZNkTÈt�bZpr�|�=TxaUQZaAÃ�QZ�Ê_�q�q�]sde[9N�_��=Tu]sQ^q�aUds��XAdsq�Q�t�QacbAXZN�aUacQA��XZQ�Ã [9N�Q�]ÅPº�|�áqCQANkT«SUQ�]sdep�d~TxQZaAÃ'q��|N�aéXÇÍ�_�XZN��kQ�t�QZSéScd~m À¨_�prds]e]sQASZÃG_�NjmÚq�_�dsacQASéXAacdeTcds[9N�QASds�kt�QnmobZQASØq�_�a N��kQ�À¾�|acprQ¹����acp�_�]sQÔt�Q

R∆,Σ

g Ó d�XAQZS7t�QAac��dewZacQAS7Sc�|�=T7Tc�|N;ûU�|N�aUS QZ��[9N�_��=TcdeTxb¹ds�k���kdsQ�Ãds]7QASUThTx�|NkTcQAÀ¾�|deShq��|SUScds�k]sQ�t�QÙaUbZt�NkdsacQrQZ�kXZ�|aUQÙ]sQr���|pé��acQrt�Qrq�_�dsaUQZS\XZaUdeTxde[9N�QZShê/bnTxN�t�deQZaAgHÕY]ÔQZSWT_�deScb�t�Q^ScQ\XZ���9��_�de��XZaUQ�[9N�Q\Tc�|NkTcQZSu]sQAS�À¾�|acprQZS�����acp�_�]sQAS
f
t�Q

R∆,Σ

SU�|�=Tlt�Qh]s_éÀ¾�|acprQ��
f = (h1 ⊗ · · · ⊗ hm) ◦ g,

��ºyXÇÍ�_�[9N�Q
hi ∈ LΣ(n1, 1)

QAT
g ∈ L∆(p, n1 + · · · + nm)

QASUTrN���Q
R∆

V�À¾�|aUp�Q����|aUpÙ_�]eQ�g} _r����N�acQé�og~z�£rpr�|�=TxaUQhXA�|prp�QA�9Tl�|�/qCQANkTÈ��QéXA�|��Scdet�bZaUQZal[9N�Qé]eQhXZ_�SÈ�Uº
f
QZSUTÈQZ]e]sQ½VYp,lZprQ�N���Q

R∆

V�À¾�|aUp�Q\���|aUpÙ_�]eQ^t�Q
L∆

g�Ð¶de��ScdðÃ����ÊScQ«ac_�prwZ��Qé_�Nom/[9N�_�TxaUQéXZ_�SOt�bYûcêÙbATcN�t�dsbAS¶q��|N�aÈXÇÍ�_�[9N�QÀ¨_�prds]e]sQ\��]sQZS�q�_�dsaUQZS�XZaUdeTcds[9N�QZSude��t�QnmobAQZSlq�_�a
1
Ã
δ
Ã
τ
QAT

1⊗ ε
g

� �|NkSØ_�]s]e�|��SZÃEt�_���S N���q�aUQZprdsQAaJTxQAp�qkSZÃ�aUQZ�=_�act�QAa ]sQAS q�_�deacQZSJXZaUdeTxde[9N�QZS tkN�t�QZNomodewZprQ¹TYvjqCQ�Ã|]sQASq�_�deacQAS�o�iÍ'�Q"WLKngÞ¡O���kmoQhN���QZ�=TcdsQZa
n
QATlN���Q^¸�wAXÇÍ�Q

f ∈ Σ(n, 1)
gÞ�uQZp�_�ac[9N��|�kSl[9N�Q\]sQASuq�acQANk�|QASScQAac�|�=T�À¨_�d~TxQZS�t�_���S�]sQ�XZ_�S���º

n
QZSUT�SUTcacdeXATxQAp�QA�=T�qC�|SUdeTcdeÀs�¬XAQZq�QZ��t�_��9TZÃØ�|�yqCQANkT�_�dsSUbZprQZ�=T�]sQASTxac_���SUqC�|SUQZal_�N�X�_�S

n = 0
Ã�qC��N�a�]sQA[jNkQZ]G���|NkSlac_�q�q�QZ]e�|��S�[9N�Qr�

ε0 = 0, δ0 = 0, τ1,0 = τ0,1 = 1.

Ü����
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h1 hm

g g

h1 hm

ϕτ1

È)ÉzÊ3Ë �jgez�£�ÌE�£ÑuÖ?ÕCønØvÙáßNÏÃÖæå Õ�ÏCÓ£ãCÔ6ÙáÐTÓ7ønÐTÙ¼ØTÙá÷}Õ�Ó7ÙâÏCÖ�Ónö?Ñ�Ó£ã<Ô6Ð½ÕCÏ�Ó
R∆,Σ d ] ß�Ðvõ�Ó£ÏCßNÐTõ�ÔNàâÓ f = (h1⊗· · ·⊗hm)◦ gÖ?Ó

LΣc
ý�Õ�Ï�Ó¸ãCÔNÙâÐTÓBønÐTÙ¼ØTÙá÷}Õ�Ó¸ÙáÏCÖ?Ónö?ÑuÓBãCÔ6ÐªÕ�ÏCÓ

R∆ d ] ß�Ðvõ�Ó¸Ï�ß�Ðvõ3Ô6àáÓ g Ö?Ó L∆
Ú

¡O�Ú_�q�qk]sds[9N�Q�t�Qr���|No�|Q�_�NÚ]`_�p�bnTxÍ��jt�Qrt�Q��kg· ogË�oÃG[9N�dÔt��|�k��Q�]s_�]edsSWTxQ�t�QASéq�_�deacQAShXAacdeTcds[9N�QAS
o�iÍ'�Q"WLKr��ds]Cv�QZ�/_��jds�k��TuqC��N�a�XÇÍ�_�[9N�Q^¸�wZXÇÍkQht�Q

Σ
g

cp(fδ, 1)
glÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�t�Q^SU�|p�prQAT

(1⊗ δ) ◦ δ ◦ f
�

(1⊗ δ) ◦ δ ◦ f →fδ(1⊗ δ) ◦ (f ⊗ f) ◦ δn

→fδ(f ⊗ f ⊗ f) ◦ (n⊗ δn) ◦ δn ;

(1⊗ δ) ◦ δ ◦ f →1(δ ⊗ 1) ◦ δ ◦ f

→fδ(δ ⊗ 1) ◦ (f ⊗ f) ◦ δn

→fδ(f ⊗ f ⊗ f) ◦ (δn ⊗ n) ◦ δn.

ÕYXAdÅÃjt�QZNomÙXÇÍ��|dÝm�SAPR�<�ãaUQZ�=Tuêé����N�S¶�o]`_hqkacQZprdswAacQlqC��ScScde��ds]edeTcblQASUT�tkQOt�bZpr�|�=TxaUQZaAÃoq�_�a¹acbAXZN�a×VaUQZ��XAQOScN�a
n
Ãk[9N�Q

(n⊗ δn) ◦ δn
QAT

(δn⊗ n) ◦ δn
ScQOaUbZt�NkdsScQA�=T�Ã�SUQZ]s����]sQAS¹acwA�|]sQAS¹t�Q

R∆

ÃjQZ�N��kQOp»lAp�Qu¸�wAXÇÍ�Q�gÞ�¹QAqCQA��t�_��=TZÃk�|��_hp��|�=Tcacb¶[9N�Q¶t�QZNom�¸�wAXÇÍ�QZS�q�_�ax_�]e]swZ]eQZS
ϕ
QnT
ψ
t�Q
L∆��bZacd~�Þ_�deQZ�=T

ϕ ≡R∆
ψ
SUd�QATÔScQAN�]sQAp�QA�=TØScd�]sQAN�acSØaUb�_�]edsSx_;Txds����S¬QA�rTx_��=TØ[jNkQl¸�wAXÇÍ�QZSÔt�Q

OperXXA��¿���XAdst�_�dsQZ�=TZÃ|qC��N�aØN���QA��ScQAp«��]eQ
X
_�SUScQ}
l�|ac_���t��9ê^XZQATUTxQu���'Ã=�|���kmoQZac_hq��|N�a7]s_^SUN�deTcQut�Q]ðPRbnTxN�t�Q\N��ÊQA��ScQAp«��]eQ

X
tkbZ���|pé��ax_��k]sQ�gÞÐÈds��SUdÅÃ�ScdH�|�Êpr�|�=TxaUQh[9N�Q�ÃCq��|N�auTx��N�S

x1, . . . , xnt�Q
X
Ãk�|��_��
(n⊗ δn) ◦ δn(x1, . . . , xn) = (δn ⊗ n) ◦ δn(x1, . . . , xn)

�|��q��|N�aUax_�QZ��XA�|��]sNkacQ�[9N�Q
(n⊗δn)◦δn ≡R∆

(δn⊗n)◦δn
g Ò ��NkTcds]edsSx_��9T¬]sQ¹À¨_�deT [9N�Qu]s_Oq�acb½VSUQZ�=TÇ_�Tcds�|�

(∆, R∆)
QZSUT¶XZ�|�=��QZac��QZ�=TxQ�Ãã�|�/_�N�ac_�]ÅPºQnmodeSUTxQA��XZQ\t'PºN���Q\¸�wZXÇÍ�Q

ϕ
tkQ
L∆(n, 3n)

ÜU� �
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TcQZ]s]eQO[9N�Qr�
{

(n⊗ δn) ◦ δn �R∆
ϕ

(δn ⊗ n) ◦ δn �R∆
ϕ.

Ò Tlt��|��X��
{

(f ⊗ f ⊗ f) ◦ (n⊗ δn) ◦ δn �R∆
(f ⊗ f ⊗ f) ◦ ϕ

(f ⊗ f ⊗ f) ◦ (δn ⊗ n) ◦ δn �R∆
(f ⊗ f ⊗ f) ◦ ϕ.

ÐÈds��SUdÅÃ9�|��_�N�ac_éq�aU�|Nk�|b¶[jNkQ�]`_hq�_�dsaUQ¶XZaUdeTcds[9N�Q¶bnTxN�tkdsbZQÈQZSWTuXZ�|�k¸�N�QZ�=TxQ�g��uQZ�=_�aUt��|��S¹t��|��Xh�
(n⊗ δn) ◦ δn(x1, . . . , xn) = (n⊗ δn)(x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn, x1, . . . , xn, x1, . . . , xn) ;

(δn ⊗ n) ◦ δn(x1, . . . , xn) = (δn ⊗ n)(x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn, x1, . . . , xn, x1, . . . , xn).

�¹QnTcTxQ\TxQAXÇÍ���ds[9N�Qh��_,lATcacQéNoTxds]edsSUbZQ^t�_���SÈ]`_rq�]sN�q�_�aUTlt�QAS�_�NkTcacQZSÈX�_�SÈbATcN�t�dsbASZÃ�Sx_��kSØûUN�SWTxde�oVXZ_�Txde�|��ScN�qkq�]sbAp�QA�9Tx_�dsaUQ�g
cp(fδ, 2)

glÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�t�Q^SU�|p�prQAT
(ε⊗ 1) ◦ δ ◦ f

�
(ε⊗ 1) ◦ δ ◦ f →fδ(ε⊗ 1) ◦ (f ⊗ f) ◦ δn

→fε(ε
n ⊗ f) ◦ δn ;

(ε⊗ 1) ◦ δ ◦ f →2f.

(εn ⊗ n) ◦ δn(x1, . . . , xn) = (εn ⊗ n)(x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn)

= n(x1, . . . , xn).

cp(fδ, 3)
glÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�t�Q^SU�|p�prQAT

(1⊗ ε) ◦ δ ◦ f
�

(1⊗ ε) ◦ δ ◦ f →fδ(1⊗ ε) ◦ (f ⊗ f) ◦ δn

→fε(f ⊗ ε
n) ◦ δn ;

Ü��e+
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(1⊗ ε) ◦ δ ◦ f →3f.

(n⊗ εn) ◦ δn(x1, . . . , xn) = (n⊗ εn)(x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn)

= n(x1, . . . , xn).

cp(fδ, 4)
glÌÈ��QOq�_�dsaUQÈXAacdeTcds[9N�QÈQZ�

τ ◦ δ ◦ f
gk�¹QZq�QZ��t�_��9TZÃ�_���_��=T�t�QO]ðPRbnTxN�t�deQZaAÃj����p����9TcacQ�Ãoq�_�a¹acbAXZN�a×VaUQZ��XAQhSUN�auN���QZ�=TxdeQZa

m
[9N�Q^]ÅPº�|��_��

τm,1 ◦ (m⊗ f) �fτ2(f ⊗m) ◦ τm,n.

Ò ��Q��CQATZÃ�Scd
m = 0

Ãk�|��t��|d~T¹��bZacd~��QZa�[9N�Q
f �fτ2f

ÃoXZQ�[9N�d'QASUT�Tx��N;ûU�|N�aUS¹�jax_�dðg��7N�deSZÃ�SUd'�|�SUN�q�q��|ScQ\[9N�Q^X�PºQZSUTl�jax_�dGq��|N�a�Nk�/QA�9TcdsQAa
m
�kmob�ÃÞ�|��_��

τm+1,1 ◦ ((m + 1)⊗ f) = (τ ⊗m) ◦ (1⊗ τm,1) ◦ (1⊗m⊗ f)

�fτ2(τ ⊗m) ◦ (1⊗ f ⊗m) ◦ (1⊗ τm,n)

→fτ2(f ⊗ 1⊗m) ◦ (τ1,n ⊗m) ◦ (1⊗ τm,n)

= (f ⊗ (m + 1)) ◦ τm+1,n.

�uQZ�=_�act��|�kSÈê�q�aUbZSUQZ�=T¶]eQ���ax_���XÇÍ�QZprQZ�=TÈXZaUdeTxde[9N�Q��
τ ◦ δ ◦ f →fδτ ◦ (f ⊗ f) ◦ δn

→fτ1(1⊗ f) ◦ τn,1 ◦ (n⊗ f) ◦ δn

�fτ2(f ⊗ f) ◦ τn,n ◦ δn ;

τ ◦ δ ◦ f →4δ ◦ f

→fδ(f ⊗ f) ◦ δn.

τn,n ◦ δn(x1, . . . , xn) = τn,n(x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn, x1, . . . , xn)

= δn(x1, . . . , xn).

ÜU��Z
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cp(fδ, 8)
glÌÈ��Q^q�_�deacQ�XAacdeTcds[9N�Q�t�Q^SU�|p�prQAT

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ (1⊗ f)
�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ (1⊗ f)

→fδ(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ f ⊗ f) ◦ (1⊗ δn)

→fτ2(f ⊗ τ) ◦ (τ1,n ⊗ f) ◦ (1⊗ δn)

→fτ2(f ⊗ f ⊗ 1) ◦ (n⊗ τ1,n) ◦ (τ1,n ⊗ n) ◦ (1⊗ δn) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ δ) ◦ (1⊗ f)

→8(δ ⊗ 1) ◦ τ ◦ (1⊗ f)

→fτ2(δ ⊗ 1) ◦ (f ⊗ 1) ◦ τ1,n

→fδ(f ⊗ f ⊗ 1) ◦ (δn ⊗ 1) ◦ τ1,n.

(n⊗ τ1,n) ◦ (τ1,n ⊗ n) ◦ (1⊗ δn)(y, x1 . . . , xn)

=(n⊗ τ1,n) ◦ (τ1,n ⊗ n)(y, x1, . . . , xn, x1, . . . , xn)

=(n⊗ τ1,n)(x1, . . . , xn, y, x1, . . . , xn)

=(x1, . . . , xn, x1, . . . , xn, y) ;

(δn ⊗ 1) ◦ τ1,n(y, x1 . . . , xn)

=(δn ⊗ 1)(x1 . . . , xn, y)

=(x1, . . . , xn, x1, . . . , xn, y).

cp(fδ, 11)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ ◦ f
�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ ◦ f →fδ(1⊗ τ) ◦ (δ ⊗ 1) ◦ (f ⊗ f) ◦ δn

→fδ(f ⊗ τ) ◦ (n⊗ f ⊗ 1) ◦ (δn ⊗ f) ◦ δn

→fτ1(f ⊗ 1⊗ f) ◦ (n⊗ τn,1) ◦ (δn ⊗ f) ◦ δn

�fτ2(f ⊗ f ⊗ f) ◦ (n⊗ τn,n) ◦ (δn ⊗ n) ◦ δn ;

(1⊗ τ) ◦ (δ ⊗ 1) ◦ δ ◦ f →11(δ ⊗ 1) ◦ δ ◦ f

→fδ(δ ⊗ 1) ◦ (f ⊗ f) ◦ δn

→fδ(f ⊗ f ⊗ f) ◦ (δn ⊗ n) ◦ δn.

ÜY�?�
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(n⊗ τn,n) ◦ (δn ⊗ n) ◦ δn(x1 . . . , xn) = (n⊗ τn,n) ◦ (δn ⊗ n)(x1 . . . , xn, x1 . . . , xn)

= (n⊗ τn,n)(x1 . . . , xn, x1 . . . , xn, x1 . . . , xn)

= (x1 . . . , xn, x1 . . . , xn, x1 . . . , xn) ;

(δn ⊗ n) ◦ δn(x1 . . . , xn) = (δn ⊗ n)(x1 . . . , xn, x1 . . . , xn)

= (x1 . . . , xn, x1 . . . , xn, x1 . . . , xn).

cp(fτ1, 5)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

τ ⊗ τ ⊗ (f ⊗ 1)
�

τ ◦ τ ◦ (f ⊗ 1)→fτ1τ ◦ (1⊗ f) ◦ τn,1

→fτ2(f ⊗ 1) ◦ τ1,n ◦ τn,1 ;

τ ◦ τ ◦ (f ⊗ 1)→5f ⊗ 1.

τ1,n ◦ τn,1(x1, . . . , xn, y) = τ1,n(y, x1, . . . , xn)

= (x1, . . . , xn, y)

= (n + 1)(x1, . . . , xn, y).

cp(fτ1, 6)
guµ¶QZNjm«q�_�dsacQASJXAacd~Txds[9N�QASZg } _Èq�aUQZprdswZaUQìQASUT7tkQ¹Sc��p�prQAT

(1⊗τ)◦(τ⊗1)◦(1⊗τ)◦(1⊗f⊗1)
�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ f ⊗ 1)

→fτ1(1⊗ τ) ◦ (τ ⊗ f) ◦ (1⊗ τn,1)

→fτ2(1⊗ f ⊗ 1) ◦ (1⊗ τ1,n) ◦ (τ ⊗ n) ◦ (1⊗ τn,1) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ f ⊗ 1)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ f ⊗ 1)

→fτ2(τ ⊗ 1) ◦ (f ⊗ τ) ◦ (τ1,n ⊗ 1)

→fτ1(1⊗ f ⊗ 1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ τ) ◦ (τ1,n ⊗ 1).

ÜP���
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(1⊗ τ1,n) ◦ (τ ⊗ n) ◦ (1⊗ τn,1)(y, x1, . . . , xn, z)

=(1⊗ τ1,n) ◦ (τ ⊗ n)(y, z, x1, . . . , xn)

=(1⊗ τ1,n)(z, y, x1, . . . , xn)

=(z, x1, . . . , xn, y) ;

(τn,1 ⊗ 1) ◦ (n⊗ τ) ◦ (τ1,n ⊗ 1)(y, x1, . . . , xn, z)

=(τn,1 ⊗ 1) ◦ (n⊗ τ)(x1, . . . , xn, y, z)

=(τn,1 ⊗ 1)(x1, . . . , xn, z, y)

=(z, x1, . . . , xn, y).} _�ScQAXZ�|��tkQhq�_�dsacQ�XAacd~Txds[9N�Q^_�q��|N�a�SU�|p�prQAT
(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ τ)

�
(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ τ)

→fτ1(1⊗ τ) ◦ (1⊗ f ⊗ 1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ τ)

→fτ1(2⊗ f) ◦ (1⊗ τn,1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ τ) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ τ)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ 2)

→fτ1(τ ⊗ 1) ◦ (1⊗ τ) ◦ (1⊗ f ⊗ 1) ◦ (τn,1 ⊗ 1)

→fτ1(τ ⊗ f) ◦ (1⊗ τn,1) ◦ (τn,1 ⊗ 1).

(1⊗ τn,1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ τ)(x1, . . . , xn, y, z)

=(1⊗ τn,1) ◦ (τn,1 ⊗ 1)(x1, . . . , xn, z, y)

=(1⊗ τn,1)(z, x1, . . . , xn, y)

=(z, y, x1, . . . , xn) ;

(τ ⊗ n) ◦ (1⊗ τn,1) ◦ (τn,1 ⊗ 1)(x1, . . . , xn, y, z)

=(τ ⊗ n) ◦ (1⊗ τn,1)(y, x1, . . . , xn, z)

=(τ ⊗ n)(y, z, x1, . . . , xn)

=(z, y, x1, . . . , xn).

ÜY�?Ü
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cp(fτ1, 7)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ δ) ◦ τ ◦ (f ⊗ 1)
�

(1⊗ δ) ◦ τ ◦ (f ⊗ 1)

→fτ1(1⊗ δ) ◦ (1⊗ f) ◦ τn, 1

→fδ(1⊗ f ⊗ f) ◦ (1⊗ δn) ◦ τn,1 ;

(1⊗ δ) ◦ τ ◦ (f ⊗ 1)

→7(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) ◦ (f ⊗ 1)

→fδ(τ ⊗ 1) ◦ (1⊗ τ) ◦ (f ⊗ f ⊗ 1) ◦ (δn ⊗ 1)

→fτ1(τ ⊗ f) ◦ (f ⊗ τn,1) ◦ (δn ⊗ 1)

→fτ1(1⊗ f ⊗ f) ◦ (τn,1 ⊗ n) ◦ (n⊗ τn,1) ◦ (δn ⊗ 1).

(1⊗ δn) ◦ τn,1(x1, . . . , xn, y)

=(1⊗ δn)(y, x1, . . . , xn)

=(y, x1, . . . , xn, x1, . . . , xn) ;

(τn,1 ⊗ n) ◦ (n⊗ τn,1) ◦ (δn ⊗ 1)(x1, . . . , xn, y)

=(τn,1 ⊗ n) ◦ (n⊗ τn,1)(x1, . . . , xn, x1, . . . , xn, y)

=(τn,1 ⊗ n)(x1, . . . , xn, y, x1, . . . , xn)

=(y, x1, . . . , xn, x1, . . . , xn).

cp(fτ1, 8)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ δ)
�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ δ)→fτ1(1⊗ τ) ◦ (1⊗ f ⊗ 1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ δ)

→fτ1(2⊗ f) ◦ (1⊗ τn,1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ δ) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (f ⊗ δ)→8(δ ⊗ 1) ◦ τ ◦ (f ⊗ 1)

→fτ1(δ ⊗ f) ◦ τn,1.

(1⊗ τn,1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ δ)(x1, . . . , xn, y)

=(1⊗ τn,1) ◦ (τn,1 ⊗ 1)(x1, . . . , xn, y, y)

=(1⊗ τn,1)(y, x1, . . . , xn, y)

=(y, y, x1, . . . , xn) ;

ÜP��Ï
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(δ ⊗ n) ◦ τn,1(x1, . . . , xn, y) = (δ ⊗ n)(y, x1, . . . , xn)

= (y, y, x1, . . . , xn).

cp(fτ1, 9)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ ε) ◦ τ ◦ (f ⊗ 1)
�

(1⊗ ε) ◦ τ ◦ (f ⊗ 1)→fτ1(1⊗ ε) ◦ (1⊗ f) ◦ τn,1

→fε(1⊗ ε
n) ◦ τn,1 ;

(1⊗ ε) ◦ τ ◦ (f ⊗ 1)→9(ε⊗ 1) ◦ (f ⊗ 1)

→fεε
n ⊗ 1.

(1⊗ εn) ◦ τn,1(x1, . . . , xn, y) = (1⊗ εn)(y, x1, . . . , xn)

= y

= (εn ⊗ 1)(x1, . . . , xn, y).

ÜY� ë
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cp(fτ1, 10)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(ε⊗ 1) ◦ τ ◦ (f ⊗ 1)
�

(ε⊗ 1) ◦ τ ◦ (f ⊗ 1)→fτ1(ε⊗ f) ◦ τn,1 ;

(ε⊗ 1) ◦ τ ◦ (f ⊗ 1)→10f ⊗ ε.

(ε⊗ n) ◦ τn,1(x1, . . . , xn, y) = (ε⊗ n)(y, x1, . . . , xn)

= (x1, . . . , xn)

= (n⊗ ε)(x1, . . . , xn, y).

cp(fτ1, 12)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (f ⊗ 1)
�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (f ⊗ 1)→fτ1(1⊗ τ) ◦ (δ ⊗ f) ◦ τn,1

→fτ2(1⊗ f ⊗ 1) ◦ (1⊗ τ1,n) ◦ (δ ⊗ n) ◦ τn,1 ;

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (f ⊗ 1)→12(τ ⊗ 1) ◦ (f ⊗ δ)

→fτ1(1⊗ f ⊗ 1) ◦ (τn,1 ⊗ 1) ◦ (n⊗ δ).

(1⊗ τ1,n) ◦ (δ ⊗ n) ◦ τn,1(x1, . . . , xn, y) = (1⊗ τ1,n) ◦ (δ ⊗ n)(y, x1, . . . , xn)

= (1⊗ τ1,n)(y, y, x1, . . . , xn)

= (y, x1, . . . , xn, y) ;

(τn,1 ⊗ 1) ◦ (n⊗ δ)(x1, . . . , xn, y) = (τn,1 ⊗ 1)(x1, . . . , xn, y, y)

= (y, x1, . . . , xn, y).

cp(fτ2, 5)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

τ ◦ τ ◦ (1⊗ f)
�

τ ◦ τ ◦ (1⊗ f)→fτ2τ ◦ (f ⊗ 1) ◦ τ1,n

→fτ1(1⊗ f) ◦ τn,1 ◦ τ1,n ;

τ ◦ τ ◦ (1⊗ f)→51⊗ f.

ÜP� ù
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τn,1 ◦ τ1,n(y, x1, . . . , xn) = τn,1(x1, . . . , xn, y)

= (y, x1, . . . , xn)

= (n + 1)(y, x1, . . . , xn).

cp(fτ2, 6)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (2⊗ f)
�

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (2⊗ f)

→fτ2(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ f ⊗ 1) ◦ (1⊗ τ1,n)

→fτ2(f ⊗ τ) ◦ (τ1,n ⊗ 1) ◦ (1⊗ τ1,n) ;

(1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) ◦ (2⊗ f)

→6(τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ f)

→fτ2(τ ⊗ 1) ◦ (1⊗ f ⊗ 1) ◦ (1⊗ τ1,n) ◦ (τ ⊗ n)

→fτ2(f ⊗ 2) ◦ (τ1,n ⊗ 1) ◦ (1⊗ τ1,n) ◦ (τ ⊗ n).

(n⊗ τ) ◦ (τ1,n ⊗ 1) ◦ (1⊗ τ1,n)(y, z, x1, . . . , xn)

=(n⊗ τ) ◦ (τ1,n ⊗ 1)(y, x1, . . . , xn, z)

=(n⊗ τ)(x1, . . . , xn, y, z)

=(x1, . . . , xn, z, y) ;

(τ1,n ⊗ 1) ◦ (1⊗ τ1,n) ◦ (τ ⊗ n)(y, z, x1, . . . , xn)

=(τ1,n ⊗ 1) ◦ (1⊗ τ1,n)(z, y, x1, . . . , xn)

=(τ1,n ⊗ 1)(z, x1, . . . , xn, y)

=(x1, . . . , xn, z, y).

cp(fτ2, 7)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ δ) ◦ τ ◦ (1⊗ f)
�

(1⊗ δ) ◦ τ ◦ (1⊗ f)→fτ2(f ⊗ δ) ◦ τ1,n ;

(1⊗ δ) ◦ τ ◦ (1⊗ f)→7(τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ f)

→fτ2(τ ⊗ 1) ◦ (1⊗ f ⊗ 1) ◦ (1⊗ τ1,n) ◦ (δ ⊗ n)

→fτ2(f ⊗ 2) ◦ (τ1,n ⊗ 1) ◦ (1⊗ τ1,n) ◦ (δ ⊗ n).

ÜY�?�
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(n⊗ δ) ◦ τ1,n(y, x1, . . . , xn) = (n⊗ δ)(x1, . . . , xn, y)

= (x1, . . . , xn, y, y) ;

(τ1,n ⊗ 1) ◦ (1⊗ τ1,n) ◦ (δ ⊗ n)(y, x1, . . . , xn)

=(τ1,n ⊗ 1) ◦ (1⊗ τ1,n(y, y, x1, . . . , xn))

=(τ1,n ⊗ 1)(y, x1, . . . , xn, y)

=(x1, . . . , xn, y, y).

cp(fτ2, 9)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ ε) ◦ τ ◦ (1⊗ f)
�

(1⊗ ε) ◦ τ ◦ (1⊗ f)→fτ2(f ⊗ ε) ◦ τ1,n ;

(1⊗ ε) ◦ τ ◦ (1⊗ f)→9ε⊗ f.

(n⊗ ε) ◦ τ1,n(y, x1, . . . , xn) = (n⊗ ε)(x1, . . . , xn, y)

= (x1, . . . , xn)

= (ε⊗ n)(y, x1, . . . , xn).

cp(fτ2, 10)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(ε⊗ 1) ◦ τ ◦ (1⊗ f)
�

(ε⊗ 1) ◦ τ ◦ (1⊗ f)→fτ2(ε⊗ 1) ◦ (f ⊗ 1) ◦ τ1,n

→fε(ε
n ⊗ 1) ◦ τ1,n

(ε⊗ 1) ◦ τ ◦ (1⊗ f)→10(1⊗ ε) ◦ (1⊗ f)

→fε1⊗ ε
n.

(εn ⊗ 1) ◦ τ1,n(y, x1, . . . , xn) = (εn ⊗ 1)(x1, . . . , xn, y)

= y

= (1⊗ εn)(y, x1, . . . , xn).

ÜP� �
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cp(fτ2, 12)
guÌÈ��Q^q�_�dsacQ�XAacd~Txds[9N�Q�tkQ\SU�|prp�QnT

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (1⊗ f)
�

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (1⊗ f)→fτ2(1⊗ τ) ◦ (δ ⊗ 1) ◦ (f ⊗ 1) ◦ τ1,n

→fδ(f ⊗ τ) ◦ (n⊗ f ⊗ 1) ◦ (δn ⊗ 1) ◦ τ1,n

→fτ1(f ⊗ 1⊗ f) ◦ (n⊗ τn,1) ◦ (δn ⊗ 1) ◦ τ1,n ;

(1⊗ τ) ◦ (δ ⊗ 1) ◦ τ ◦ (1⊗ f)→12(τ ⊗ 1) ◦ (1⊗ δ) ◦ (1⊗ f)

→fδ(τ ⊗ f) ◦ (1⊗ f ⊗ n) ◦ (1⊗ δn)

→fτ2(f ⊗ 1⊗ f) ◦ (τ1,n ⊗ n) ◦ (1⊗ δn).

(n⊗ τn,1) ◦ (δn ⊗ 1) ◦ τ1,n(y, x1, . . . , xn) = (n⊗ τn,1) ◦ (δn ⊗ 1)(x1, . . . , xn, y)

= (n⊗ τn,1)(x1, . . . , xn, x1, . . . , xn, y)

= (x1, . . . , xn, y, x1, . . . , xn) ;

(τ1,n ⊗ n) ◦ (1⊗ δn)(y, x1, . . . , xn) = (τ1,n ⊗ n)(y, x1, . . . , xn, x1, . . . , xn)

= (x1, . . . , xn, y, x1, . . . , xn).ÉJ��NkTxQAS�]sQAS/q�_�dsaUQZS�XZaUdeTxde[9N�QZS�p�dÝmjTxQZSAÃ�X�PºQZSWTUV×êEVYt�deacQ QZ���|QA��t�aUbZQZS�q�_�a�N���QáacwZ��]sQñt�Q
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RΣ/∆

��ds]Gv�QZ�ñ_Ù_�NkTÇ_��=T¶[jNkQ«]sQhX�_�aUacbétkNÊ���|p«�kacQétkQh¸�wAXÇÍ�QZSt�Q
Σ
g Ò ��Q��CQATZÃ��|��_«N���Q^q�_�deacQOXAacd~Txds[9N�Q¶qC�|Nka�XÇÍ�_�[9N�Q\XZ�|Nkq�]sQ

(f, g)
t�Q�¸�wZXÇÍkQZSut�Q

Σ
QA�=TxacQ^]eQZSacwA�|]sQAS

fτ1
QAT
gτ2

g Ó Nkq�qC��Sc�|��Sh[9N�Q
f ∈ Σ(m, 1)

QATh[jNkQ
g ∈ Σ(n, 1)

q��|N�a
m
QnT
n
QZ�=TxdeQZaUSZgÐ¶]e�|acS��

cp(fτ1, gτ2)
guÌÈ�kQ\q�_�dsaUQ�XZacd~Txde[jNkQ�t�Q^Sc�|prp�QnT

τ ◦ (f ⊗ g)
g��È_�qkqCQA]s�|��S�[9N�Q\]ÅPº�|��_�p����9Tcacb�[9N�Q��

τm,1 ◦ (m⊗ g) �gτ2(g ⊗m) ◦ τm,n.Ìl��Q^t�bZpr�|��SWTxax_;Txds����Scdsprds]s_�dsaUQ¶_��C�|NoTxdeT�ê��
τ1,n ◦ (f ⊗ n) �fτ1(n⊗ f) ◦ τm,n.� TxNkt�ds�|�kSÈê�q�aUbZSUQZ�=T¶]eQ���ax_���XÇÍ�QZprQZ�=TÈXZaUdeTxde[9N�Q��
τ ◦ (f ⊗ g)→fτ1(1⊗ f) ◦ τm,1 ◦ (m⊗ g)

�gτ2(g ⊗ f) ◦ τm,n ;

τ ◦ (f ⊗ g)→gτ2(g ⊗ 1) ◦ τ1,n ◦ (f ⊗ n)

�fτ1(g ⊗ f) ◦ τm,n.

ÜY�,+



ù [ ë [48 \�� . b?]L^��e���<^`�Lde_P\�a����ª·¼_Y���C^ . a���c . ^V]n�}�Lde�<\�\��f�âd¯_<^��H�<\�0��C\CaY^`�}�f� . ^Áb�\��H�6d 0Y\ . ]Lb�^`� . � 0��(_C^vde�Yb��

¡O��_�t��|�kX\pr�|�=TxaUb�[9N�Q��
» 8;DÞ57D ©�K²BEK D @ î ce´ ¤ c DªS��½GJILK?WNX(QTSUQviTkCX

(Σc, R∆,Σ)
WLKNQéO�k?hFSUO�WNopWNX(Q�hLkCXx��M(WNX(QnW k¡O�/QA�/t�bAt�N�d~T�Ã�ê�]ÅPR_�dstkQOt�N�]sQZprprQ¶t�Q � Q��upÙ_��ñ�

ohDÞ8;D�¦¨¦¨§ K 8E6 î ce´Þ³^c D£W�hLkCM?�½O�W
(Σc, R∆,Σ)

WLKNQ¸MsXtWÁ�½GLILK?WNX(QTSUQjiTkCXrhLkCX(�UWNGvqsWNX(Q"W�gsWÍO$FekL�(INGuS�gsW�hFSUG�:
Q"ILKNiTWNX(XtWHORij|}GJWmWNXsqsWNX½gUGJILW��YSUG�O S,KNi qUX½SUQvMsGJW¾SUO¼qsI}|}G6iBA}M{W

Σ k
º�T�� 7 ��!¨0��8%ª1�!f�m!�15#£4��4�  -!¨.������r2�1¸0� -!�'�0H17%£2$#ª4�!5���-! .N4���1�!�!5�8&

��!5�� 81523!/� 0H1 ���-!+#ª4�����0�%7�815! 0H.���2��-1�4}*,�-!
� ��TcacQO�kNkT�ÃodsXZdðÃoQASUT�tkQOXZ�|�kSUTxaUN�dsaUQ�Ãkê«q�_�aUTcdsaÔt�QO]ðPRQA��ScQAp«��]sQ

TΣ(V )
tkQZS�TxQAacprQZS�Nk��QO�|q�bZac_�t�QX�_�aUTxbAScdeQZ����Q

TΣ
[9N�d�QASUTì_�N�SUScd�N��kQl��qCbAax_�t�QuXZ_�aUTcbZScdeQZ���kQl]eds��aUQ�QZ�k�|QZ��tkacbZQlq�_�a

Σ
gj¡O��_�N�ac_\_�]s�|aUSN��2dsSc��p��|aUq�Í�deScprQ�t'Pº�|qCbAax_�tkQZSÙXZ_�aUTcbZSUdsQZ�k��QZS�QZ�=TxaUQ

TΣ
QnT
LΣc/R∆,Σ

[9N�dðÃ7XZ�|prp�Q
R∆,Σ

QZSWTXZ���9��QZaU�|QZ�=T�Ã¬ScQ�aUQZ]swn�|Q�QA� N��Úpr�|acqkÍ�dsSUp�Qrt�QÙSUds�|��_�TxN�aUQZS�_�ScSc�jXZds_��=T�ÃJê/XÇÍ�_�[jNkQ�¸�wZXÇÍ�Q�tkQ
TΣ

ÃN���Ql¸�wZXÇÍkQOt�Q
LΣc

[9N�dCQASUT¹N���Q
R∆,Σ

V�À¾��acprQl�k�|acp�_�]sQ�g � �|NkSì�|QAacaU�|��S¹[9N�QÈ]sQASìTxQAacprQZSÔt�Q
TΣ(V )ScQ�qk]s�|����QZ�=T�t�_���S�]sQAS¹¸�wZXÇÍkQZSut�Q

TΣ
Ã�XAQ�[9N�d'q�QZacprQATUTxac_ét'PR_�ScSU�oXAdsQZa�ê«XÇÍ�_�[9N�QOTxQAacprQON���QO¸�wZXÇÍ�Qt�Q

LΣc
QZ�

R∆,Σ

VÅÀ¾�|acprQé�k�|acp�_�]sQ�g � �|N�SO�|QAacaU�|��S\_�N�SUScd7[9N�Q�]ÅPº�|�Ûq�QZNkT^Txac_�t�N�deacQ«tkQZS^acwA�|]sQAS�t�QacbAbZXAdeTxNkacQ�t�Q�TcQZ]e]sQ�Sc�|aWTxQ�[9N�Q�ÃØScdlXZQAS�tkQZac�kdswZaUQZS�Sc�|�=T�]sds�kb�_�deacQZS�ê �=_�N�XÇÍkQ/QnTÙN��kdeÀ¾�|aUp�deScbZQASZÃ7]s_q�aUbZScQA�=TÇ_�Tcds�|�Ût'Pº�|q�bZac_�t�Q«�|�oTxQZ�9N�Q�SUdsp«Nk]sQéXA�|prq�]swnTxQZprQZ�=T¶]sQéSWvjSUTxwAp�Q�tkQ�acbZbAXZaUdeTxNkacQ«t�QhTxQZaUp�QASt�Q^t�bAq�_�aUTZÃÞ_�N�ScQA��SÈtkQ\]s_�t�bA���kdeTxde�|��t��|�k��bZQ\QZ� z|gR�kg
$VÔ��	Ô×Ö � ·éì²¹æ¯s§Y±�«½¯P­n·Áìí´²³

TΣ�¹�|prp�QA��äZ�|�kSOq�_�aOtkbA����dea
TΣ
�'XAQATcTcQ�XZ�|�kSUTxaUN�XATcds�|�ñ_���_�d~TOt�bYûcê�bATxbéScds����_�]sbAQét�_���S�= } _;À¨i=��>ðgÐ®��_��9TuTc�|NkT�Ãkq�acbAXZdsSU�|��Sl[9N�QZ]e[jNkQZSl����TÇ_;Txds����S�[9N�d®���|N�SuSUQZac���9TlNkTcds]eQZS�q�_�a�]s_«ScN�d~TxQ��

p D B § BEK D @�c ¡���SUN�q�q��|ScQ^t�bASc�|aUpÙ_�dsS�[9N�Q^]ÅPº�|��_«�kmob�N��kQ���d ûUQAXATxde�|��QZ�=TcacQ�]sQAS�QZ��SUQZp«�k]sQZS
V
t�QAS��_�acds_���]eQZS¶QnT

N∗
t�QAS^QZ�=TxdeQZacS���_�TxN�aUQZ]eS����|�ñ�9N�]sSAÃ'XZQ�[9N�d QASUT^Tx��N;ûU�|N�aUSOqC��ScScde��]sQéq�N�dsSU[9N�Q�]ÅPº�|�ñ_ScNkq�qC��Scb

V
t�bZ�k�|p«��ac_���]sQé��XZQA]`_«acQn�jdsQZ�=Tlê«�9N�prbZaU��TxQAa�]sQZS���_�aUd`_��k]sQZS

x1

Ã
x2

Ã
x3

ÃoQATcX�gÞ�J��N�a�Tx�|NoTTxQAacprQ
u
t�Q

TΣ(V )
Ã��|������TcQ

]u
]eQ�q�]sNkS�qCQnTxdeTutkQZSuQZ�=TxdeQZaUS

n
��bZacd~�Þ_��=T

V (u) ⊆ {x1, . . . , xn}
g

¡O� ����TxQ�ÃJq��|N�a\Tx�|NkS
m ∈ N

QAT
n ∈ N∗ Ã T(m,n)

]ÅPºQZ��SUQZp«��]eQÙt�QAS
n
V�N�q�]eQATxS

(u1, . . . , un)t'PºbZ]ebZprQZ�=TxS�t�Q
TΣ(V )

TxQA]sS�[9N�Q�Ã�qC��N�a¹Tx��NkT
i ∈ [n]

Ã��|��_�d~T
]ui ≤ m

g�µO_���S�]sQOXZ_�S���º
n = 0

Ã��|�����TcQ�Ã�qC��N�aÈTc�|NkT
m ∈ N

Ã
T(m, 0)

]ÅPºQZ��SUQZp«��]eQhaUbZt�NkdeT�ê�]`_rÀ¨_�p�de]s]sQO�jdet�Qh�jN�Q«XA�|prp�Q^TxQAacprQéQZ�]sQAS���_�acds_���]sQAS
x1, . . . , xm

QnTu����TxbAQ
∗(m)

g
Ð¶de��ScdðÃìN��kQ�¸�wZXÇÍkQ

f : m −→ n
t�Q

TΣ
QZSUT�N��

n
V�N�q�]sQnT�t�Q�TxQAacprQZS�t����9T�]sQZSr��_�acds_���]sQASSc���9T^XA�|�=TxQA�jNkQZS^t�_���S

{x1, . . . , xm}
g'µ¶Q«qk]sN�SAÃ

T(m, 1)
QZSWT�]ÅPºQZ��SUQZp«�k]sQ«t�QASOTxQAacprQZS

u
TxQA]sSO[9N�Q

]u ≤ m
��_�de��ScdðÃ|Tx�|NoTìTcQZacprQ

u
q�QZNoT�lATcacQl�oN�XA�|prp�QuN���QÈ¸�wZXÇÍ�Q¶t�Q

T(m, 1)
q��|N�aØTx��NkT

m ≥ ]u
g

ÜP�?Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

� �|NkS/t�Qn�|�|�kS/QA��XZ�|aUQátkbA����dea�]`_ XZ�|prq��|Scd~Txds���+QAT/]sQÛq�aU�otkN�deT�t�_���S
TΣ

g Ó Nkq�qC��Sc�|��S�[9N�Q
f = (u1, . . . , un) : m −→ n

QnT^[9N�Q
g = (v1, . . . , vp) : n −→ p

Sc��dsQZ�=T�tkQZNomÛ¸�wZXÇÍ�QAS\tkQ
TΣ
�]sQAN�a¹XA�|prqC�|SUbZQ

g ◦ f : m −→ p
QZSWT�t��|�k��bZQ�q�_�a

g ◦ f = (w1, . . . , wp)
��º�XÇÍ�_�[jNkQ

wi
QZSWTut�bA���kdq�_�a��

wi = vi[x1 := u1, . . . , xn := un].} PRdet�QZ�=Txd~Txb�t�Q
n
QZSUT

(x1, . . . , xn)
g¬MON�_��9Th_�N q�aU�ot�NkdeT�ÃGSUd

f = (u1, . . . , un) : m −→ n
QAT[9N�Q

g = (v1, . . . , vq) : p −→ q
Sc�|�=TOtkQZNom�¸�wAXÇÍ�QZSOtkQ

TΣ
Ã��|�/tkbA����d~T

f ⊗ g = (w1, . . . , wn+q)QZ��q��|Sx_��=T\�
wi =

{

ui
Scd
i ∈ {1 . . .m}

vi−n[x1 := xm+1, . . . , xp := xm+p]
Scd
i ∈ {m+ 1, . . .m + p}.} Q���QZNkTcacQuq��|N�a ]eQ�q�ac�jt�N�d~T�Ã;[9N�d�QZSWTÔ_�N�ScSUd�]ÅPºdstkQZ�=Txd~Txb¹tkQu£kÃ|QZSWTØt��|��X�]s_ÈÀ¨_�prds]e]sQ7�jdst�Q

∗ = ∗(0)�jN�Q\XZ�|prp�Q¶N���Q^XZ�|�kSUTÇ_��9TcQ�gC¡O����bZaUde��Q\_�]e�|acS�[9N�Qr�
» 8;DÞ57D ©�K²BEK D @ î ce´�´^cg# MsX(iTW¾gsW�O S�hLkCo��(k?KNizQjiTkCX&%égUM��½GLk}gUMsizQ3WNQ�gsWLK�ijgsWNX(QjizQnILK�SUizXYKNiÁgsI��ÁX(i�K�%ÁO S
hFSUQ"ITqskCGNiTW

TΣ
WLKNQéMsXtW�kL�(INGFS�gsW kn INopkCXYKNQjGuSUQviTkCX k ¡O�/t���deT���bZacd~��QZau[9N�Qr�V�]s_lXA�|p�q��|SUdeTxde�|��QZSWT7_�SUSc�jXZds_�Txd~�|QÔQAT¬_�t�prQATH]sQASJdet�QZ�=Txd~TxbASJXA�|p�prQØbZ]ebZprQZ�=TxSH��QZNoTxacQAS ]s�jX�_�NomÍ�

V�]eQ�q�ac�jt�N�d~T�QZSWTO_�SUSc�jXZds_�Txd~À®QATÈ_�t�prQATl£�XZ��p�prQ�bZ]ebZprQZ�=Tu��QZNoTxacQhê��=_�N�XÇÍkQ\QnTÈê�tkac�|d~TxQ¸�
V�]eQ�q�ac�jt�N�d~T�QATl]`_«XA�|prqC�|SUdeTcds�|����bZacd~��QZ�=Tl]`_«aUQZ]s_�Txde�|��t'PºbZXÇÍ�_��k�|Q�g
�J�|Nka¶]`_�XZ��p�q��|Scd~Txde�|�ñ�CSU�|dsQA�9T

f = (u1, . . . , un) : m −→ n
Ã
g = (v1, . . . , vp) : n −→ p

QAT
h = (w1, . . . , wq) : p −→ q

Tcac�|deS�¸�wZXÇÍkQZS¶tkQ
TΣ

g�¡O��t�bA����deTu]eQZSuScN��kSUTxd~TxNkTcds�|�kS�ScN�d~��_��9TcQZS^�
σ(xi) =

{

ui
Scd
i ∈ [n]

xi
Scds�k�|� QAT

τ(xi) =

{

vi
Scd
i ∈ [p]

xi
Scde���|�

Ð¶]e�|acSAÃ�t'PºN���Q\q�_�aUT^�
h ◦ (g ◦ f) = (w1 · (σ ◦ τ), . . . , wq · (σ ◦ τ))QATZÃ�t'P·_�NkTxaUQ\q�_�aUT^�
(h ◦ g) ◦ f = ((w1 · τ) · σ, . . . , (wq · τ) · σ).¡O�/XA�|��XZ]eNkTlQZ��acQApÙ_�aU[9N�_��=Tl[jNkQ�Ã�q��|N�a�Tx�|NoT

i ∈ [p]
Ã
(xi · τ) · σ = vi · σ = xi · (σ ◦ τ)

g�µ¶Qq�]eN�S��
f ◦ s(f) = (u1, . . . , un) ◦ (x1, . . . , xn)

= (u1 · id, . . . , un · id)

= (u1, . . . , un)

= f.

Ü�Ü��
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Ò T¶_�N�ScSUdÔ�
t(f) ◦ f = (x1, . . . , xn) ◦ (u1, . . . , un)

= (x1 · σ, . . . , xn · σ)

= (u1, . . . , un)

= f.

�J�|Nka�]sQéqkac�jt�N�deTZÃãSUN�q�q��|Sc�|�kS�[jNkQ
f = (u1, . . . , un) : m −→ n

Ã
g : (v1, . . . , vq) : p −→ qQAT

h : (w1, . . . , ws : r −→ s)
Sc�|�=TuTxaU�|dsS�¸�wAXÇÍ�QZSÈt�Q

TΣ
gC¡�������TcQ�ÃÞq��|N�a�Tx�|NoTÈQA�=TxdsQAa

k ∈ N
Ã
τk]`_«SUN���SWTxdeTcNkTxde�|��[9N�d®QZ�=�|�|deQ^XÇÍ�_�[9N�Q

xi
SUN�a

xi+k
g�ÐÈ]s�|aUS��

(f ⊗ g)⊗ h = (u1, . . . , un, v1 · τm, . . . , vq · τm)⊗ h

= (u1, . . . , un, v1 · τm, . . . , vq · τm, w1 · τm+p, . . . , ws · τm+p)

Ò Th�
f ⊗ (g ⊗ h) = f ⊗ (v1, . . . , vq, w1 · τp, . . . , ws · τp)

= (u1, . . . , un, v1 · τm, . . . , vq · τm, (w1 · τp) · τm, . . . , (ws · τp) · τm)

¡O�/XA�|��XZ]eNkTuQZ��acQApÙ_�ac[9N�_��=Tl[9N�Q
τm+p(xi) = xi+m+p = τp ◦ τm(xi)

gÞ¡O�/_��
f ⊗ 0 = f = 0⊗ f,

]`_ q�aUQZprdswZaUQÛbZ�=_�]sdeTcbÊbATx_��=T�t��|����bAQñq�_�a�XZ�|�kSUTxaUN�XATcds�|� QnT/]s_ ScQZXA�|��t�Q q�aU�E��QZ��_��9T/t�N À¨_�deT[9N�Q
τ0 = id

g
Ò �k���'Ã®q��|N�a�]`_�aUQZ]`_;Txds���Êt'PºbZXÇÍ�_��k�|Q�ÃHXZ�|�kScQZaW�|�|�kSé]sQAS�p»lAp�QASO¸�wZXÇÍkQZS

f
QnT
g
�G�|�ñt�bn����d~Th]s_ScNk��SUTcdeTxNoTxds����SUN�de��_��=TcQr�

σ′(xi) =

{

ui
Scd
i ∈ [n]

xi−n+m

Scde���|�
t�Q�TxQA]s]sQ�SU�|aUTcQ^[jNkQ

σ′ ◦ τn = τm
g�ÐÈ]s�|aUSO�

(t(f)⊗ g) ◦ (f ⊗ s(g))

=(x1, . . . , xn, v1 · τn, . . . , vq · τn) ◦ (u1, . . . , un, xm+1, . . . , xm+p)

=(x1 · σ
′, . . . , xn · σ

′, (v1 · τn) · σ
′, . . . , (vq · τn) · σ

′)

=(u1, . . . , un, v1 · τm, . . . , vq · τm)

=f ⊗ g.

ÜUÜY�
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Ò �k���å�
(f ⊗ t(g)) ◦ (s(f)⊗ g)

=(u1, . . . , un, xm+1, . . . , xm+q) ◦ (x1, . . . , xm, v1 · τm, . . . , vq · τm)

=(u1, . . . , un, v1 · τm . . . , vq · τm)

=f ⊗ g.

♦Ò �ÚÀ¨_�deTZÃ
TΣ

QASUT«p,lZprQÙXZ_�aUTcbZSUdsQZ�k��QÙp�_�dsSAÃH_���_��=T�tkQÙq�aU�|Nk�|QAa«XZQA]`_kÃH���|NkS�_�]s]e�|��S^pr�|�=TxacQAa[9N�Q
TΣ

XA�|�=TxdsQA�=T»~¨N���Q�XA�|q�deQ�t�Q?�
Fo
gGµÈbA����deScSU�|��S

V
Ã']s_ÙSc��N�SWV��|qCbAax_�tkQ�gsWLKm�CSUG6ijS�|}O�WLK�t�Q

TΣ
ÃQZ� q��|Sc_��=T�Ã¬q��|N�a

m ∈ N
QAT
n ∈ N∗ Ã V(m,n)

]ÅPºQZ��SUQZp«�k]sQ�t�QAS
n
V�N�q�]eQATxS

(y1, . . . , yn)
t�Q���_EVacds_���]eQZS��|bAacde��_��=T�Ã�qC�|NkauTc�|NkT

i ∈ [n]
Ã
]yi ≤ m

g�µO_���SÈ]sQ\X�_�S
n = 0

QnT¶q��|N�auTx��NkT¶QA�=TxdsQAa
m
Ã��|�q��|ScQ

V(m, 0) = {∗(m)}
g

�J�|NkaìaUbZScNkp�QAaÔQA��tãP·_�NoTxacQASÔTcQZaUp�QASZÃ
V(m,n)

QZSUTì]ÅPºQZ�kScQZpé��]sQ�t�QASÔÀ¨_�p�de]s]sQAS ê
n
bZ]sbAp�QA�=TxSØq�acdeSt�_��kS

{x1, . . . , xm}
g�Ð¶]s��acS��

» 8;DÞ57D ©�K²BEK D @ î cs´ æ c D!FekL�(INGFS�gsW3gsWLK)�CSUG6ijS�|}O�WLK
V
WLKNQti�K?kCopkCG"�(�(WVd�O$FekL�(INGuS�gsW

Fo
gsWLK$WNXYK?WNo,|}O�WLK kn INopkCXYKNQjGuSUQviTkCX k �J�|Nka\XA�|��SWTxacNkdsacQ�N�� pr�|acq�ÍkdsScprQ F : V −→ Fo

ÃG��� XA�|prp�QA��XZQ�q�_�a\aUQZp�_�aWV[9N�QZa¬[jNkQ�Ã�q��|N�aHTx�|NoT
n
VYN�q�]eQAT

ϕ = (y1, . . . , yn)
tkQì��_�acds_���]eQZSHq�acdeScQZSJt�_���S

{x1, . . . , xm}
Ã�de]9QnmodsSWTxQN���Q�MsX(iBA}M{W¶_�q�qk]sdsXZ_�Txde�|�

f ∈ F(n,m)
�|bAacde��_��=T

yi = xf(i)

gk¡O�rqC��ScQÈ_�]s�|aUS
F (ϕ) = f ∗

gj¡O��t��|deT�|bAacd~��QZau[9N�Q
F
QZSWTÈNk�/pr�|acqkÍ�dsSUp�QOtãPR�|q�bZac_�t�QASZg

Ó �|deQZ�=T
ϕ = (xf(1), . . . , xf(n)) : m −→ n

QAT
ψ = (xg(1), . . . , xg(p)) : n −→ p

t�QANom�¸�wZXÇÍ�QASt�Q
V
g�¡���_�t��|�kX

F (ϕ) = f ∗ ∈ F(m,n)
QAT
F (ψ) = g∗ ∈ F(p, q)

goÐ¶]s��acS��
ψ ◦ ϕ = (xg(1), . . . , xg(p)) ◦ (xf(1), . . . , xf(n))

= (xf◦g(1), . . . , xf◦g(p)).Ð¶de��ScdðÃoq�_�a¹t�bn����deTcds�|�Ùt�Q
F
Ão�|��_

F (ψ ◦ϕ) = (f ◦ g)∗ = g∗ ◦ f ∗ = F (ψ) ◦F (ϕ)
goµ¶Q�q�]sNkSZÃ�|��_

n = (x1, . . . , xn)
QATlt�����X

F (n) = n
gÞµ¶�|�kX

F
QZSUTÈN���À¾�|��XnTxQZNkaZg

Ó �|deQZ�=T
ϕ = (xf(1), . . . , xf(n)) : m −→ n

QnT
ψ = (xg(1), . . . , xg(q)) : p −→ q

t�QANom�¸�wZXÇÍ�QASt�Q
V
�
ϕ⊗ ψ = (xf(1), . . . , xf(n))⊗ (xg(1), . . . , xg(q))

= (xf(1), . . . , xf(n), xg(1)+m, . . . , xg(q)+m)

= (xf⊗g(1), . . . , xf⊗g(n+q)).Ð¶]e�|acS
F (ϕ⊗ ψ) = (f ⊗ g)∗ = f ∗ ⊗ g∗ = F (ϕ)⊗ F (ψ)

g��¹��p�prQ¶�|��_kÃoq�_�a�XA�|��SWTxacNkXATxde�|�'Ã]ÅPºbZ�|_�]sd~Txb
F (0) = 0

ÃC�|�ÛQZ�ñt�bAt�N�d~T�[9N�Q
F
QASUT^��deQZ�ÛN��ñpr�|acqkÍ�dsSUp�Q\t'Pº�|qCbAax_�t�QZS�t�Q

V
�|QAacS

Fo
gµ¶QOqk]sN�SAÃo]s_éacQASUTxaUdsXnTxds���Ùt�Q

F
_�Nom�¸�wAXÇÍ�QZS�QASUT���d ûUQZXnTxde��Q�ÃjXZQO[9N�d�À¨_�deTìt�Q

F
N���deSc�|pr�|acqkÍ�dsSUp�Q�g

♦

Ü�Ü�Ü
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¡O�/QA�/t�bAt�N�d~Tu[jNkQ��
» 8;DÞ57D ©�K²BEK D @ î ce´ î c D�FekL�(INGuS�gsW

TΣ
WLKNQ3hFSUG6QnILKNiTWNX(XtW kn INopkCXYKNQjGuSUQviTkCX k ÕY] ScNPÛrT\t'PºQnmoÍ�de�CQAa�t�QZS�¸�wAXÇÍ�QZS ε : 1 −→ 0

Ã
δ : 1 −→ 2

QnT
τ : 2 −→ 2

[9N�d�|bAacd~��QZ�=T�]eQZS�aUQZ]`_;Txds����SØt�Q
E∆,Σ

g�¡OaAÃk]ÅPºdsSU�|pr�|acq�ÍkdsScprQ�QZ�=TcacQ
V
QAT

Fo
�k�|N�S¹tk�|����QO]eQZS�XZ_���t�det�_�TcSScNkde��_��=TxS^�







ε = ∗(1)

δ = (x1, x1) = (xδ∗(1), xδ∗(2))

τ = (x2, x1) = (xτ∗(1), xτ∗(2))�¹Q^p»lAp�Q�deSc�|pr�|acqkÍ�dsSUp�QÈ���|N�Su_�SUScN�aUQhtkQ�q�]sN�S�[9N�Q^XAQZSu¸�wZXÇÍ�QASl��bZaUde��QA�9Tl��deQZ��]sQAS�acQA]`_�Tcds�|��St�Q
E∆

g�de]'��Q^���|N�SuaUQZSUTcQ^q�]sN�S�[9N'PRê��|bZaUde��QAau]sQZS�aUQZ]s_�Txde�|��S�t�Q
EΣ/∆

g Ó ��deT
u ∈ TΣ(n, 1)

g�ÐÈ]s�|aUSO�
uδ
gl¡O��_kÃ�t'PºN���Q^q�_�aWT\�

δ ◦ u = (x1, x1) ◦ u

= (x1[x1 := u], x1[x1 := u])

= (u, u).¡O������TcQ
τ−n

]`_¶SUN���SWTxdeTcNkTxde�|��[9N�d�QA�9���|dsQ
xn+i

ScN�a
xi
q��|N�aJTx�|NkT

i ≥ 1
QAT7]s_�dsSUScQ�de��XÇÍ�_�����bZS]eQZS

x1, . . . , xn
��t�Q^q�]sN�SAÃ��|�/_��

δn = (xδ∗n(1), . . . , xδ∗n(2n)) = (x1, . . . , xn, x1, . . . , xn).�¹Q^[9N�dGt��|�k��Q��
(u⊗ u) ◦ δn = (u, u · τn) ◦ (x1, . . . , xn, x1, . . . , xn)

= (u · τ−n, (u · τn) · τ−n)

= (u, u).

uε
gl¡O��_��

ε ◦ u = ∗(1) ◦ u = ∗(n) = εn
g

uτ1
g¶¡O��_��

τ ◦ (u⊗ 1) = (x2, x1) ◦ (u, xn+1) = (xn+1, u)
gÞ¡Oa��

τn,1 = (xτ∗n,1(1), . . . , xτ∗n,1(n+1)) = (xn+1, x1, . . . , xn).ÐÈds��SUd �
(1⊗ u) ◦ τn,1 = (x1, u · τ1) ◦ (xn+1, x1, . . . , xn)

= (xn+1, (u · τ1) · τ−1)

= (xn+1, u).

♦�¬_�a¶XZ�|��SUbZ[9N�QA�9TZÃG�|�ñ_ÙN��kQ«�|q�bZax_�t�Q«X�_�aUTxbAScdeQZ����Q
TΣ

XA�|�=TxQZ��_��=T
Σ
QnTOac_�q�q�QZ]`_��9TÈTxaUwZSOÀ¾�|a×VTxQAp�QA�=TO]ÅPº�|q�bZac_�t�Q^X�_�aWTxbAScdsQA����Q«]eds��aUQ^QZ���|QA��t�aUbZQéq�_�a

Σ
tkb×ûcêÙXA�|��SUTcacN�d~TxQ�g � �|N�S¶_�]s]e�|��Sup����9TcacQAa[9N�Q\XZQ^Sc�|�=TZÃ�QZ��acb�_�]sdeTcb�Ão]sQZS�p,lZprQZSAg

ÜUÜ|Ï
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$VÔ��	ÔÜÓ ¥"�j·Þ��©�§®¦Á´�³ «t¦B§s¯Y©ª¹s­n³ªì�ì²³
TΣ

³ª¹�¯	èn­"î�§®³£¶¨³ªìé¯ ³ªì=�Á³ªì�´²§Y©ª³ ��¦Á§
ΣÂ/�|�=TxaU�|��Sl[9N�Q��

» 8;DÞ57D ©�K²BEK D @ î ce´�ß^c D7WLK�kL�(INGuS�gsWLKmhFSUG6Q"ILKNiTWNX(XtWLK
TΣ
WNQ
LΣc/R∆,Σ

K?kCX(Qéi�K?kCopkCG°�(�(WLK k
n INopkCXYKNQjGuSUQviTkCX k �7N�dsSU[jNkQ TΣ

QZSUT¹N���QÈ�|qCbAax_�tkQ¶X�_�aUTxbAScdeQZ����Q¶XZ�|�=TxQA��_��=T
Σ
Ãj�|�ÙSc_�deTì[9N'Pºds]�QnmodsSWTxQN���N���de[jNkQ\pr�|aUq�Í�dsSUp�Q¶t'PR��qCbAax_�t�QASuX�_�aWTxbZSUdsQA����QZS

F : LΣc/R∆,Σ −→ TΣ.

�¹Q�pr�|aUq�Í�dsSUp�QéQZSUT\]ðPRdet�QZ�=Txd~Txb«SUN�a\]sQZSO¸�wZXÇÍ�QASét�Q
LΣ

QATh_�SUSc�jXZdsQrê�Tx��NkTxQ
f ∈ Fo(m,n)

]s_¸�wAXÇÍ�Q
(xf∗(1), . . . , xf∗(n))

t�Q
V(m,n)

g
Ó d']ðPR�|���omkQ^N��kQ^¸�wZXÇÍ�Q

f = (u1, . . . , un) ∈ TΣ(m,n)
Ã��|��_«t�b×ûcê«�jN�[jNkQ�XÇÍ�_�[9N�Q

ui
SAPRbAXZacd~Tt�Q�p�_���dewZaUQ�N��kds[9N�Q�SU�|N�S�]`_�À¾�|acprQ

fi(y
i
1, . . . , y

i
ki

)
_��|QZX

fi
t�_��kS

LΣ(ki, 1)
ÃJq��|N�ahN�� XZQAaUTÇ_�ds�QZ�=TcdsQZa

ki
ÃkQATl]sQAS

yij
t�_���S

{x1, . . . , xm}
gÞµéPº��º/]s_«t�bZXA�|prqC�|SUdeTcds�|�rMsX(iBA}M{W�t�Q

f
�

f = fΣ ◦ f∆_��|QZX
fΣ = f1 ⊗ · · · ⊗ fn

t�_���S
LΣ(k, 1)

QAT
f∆

t�_���S
V(m, k)

ÃCQA�Û����TÇ_��9T
k
]`_rSc�|prp�Q\t�QTx��N�Su]sQZS

ki
Ã
i ∈ [n]

g } Q�À¨_�d~Tu[9N�QhXAQATUTxQ\t�bZXA�|p�q��|SUdeTxde�|��Sc��deTuN���de[9N�Qh�k�|N�Sl_�ScSUN�acQh[9N�Q
F
QZSUTÈN��dsSU�|pr�|acq�ÍkdsScprQ�g
♦¡O��_�t��|�kX�Ã�XZ��p�prQ�XZ�|aU�|]s]s_�dsaUQh�

ohDÞ8;D�¦¨¦¨§ K 8E6 î cs´ > c D!FekL�(INGuS�gsW
TΣ
S�gUopWNQéO SH�½GJILK?WNX(Q°SUQjiTkCX hLkCX(�UWNGvqsWNX(Q"W

(Σc, R∆,Σ) k} Q^À¨_�deT�[9N�Q\XZQnTcTxQ^q�aUbZSUQZ�=TÇ_�Tcds�|��Sc��deTuXZ���9��QZaU�|QZ�=TxQh���|N�Sl_�SUScN�aUQh[9N�Q��
ohDÞ8;D�¦¨¦¨§ K 8E6 î cs´çÂ^c � O5WC'�i�KNQnW�MPXropkCG°�(�si�KNopW�gsWÍKNi qUX½SUQjMsGLWLK Φ : UTΣ −→ ULΣc Q"WNOGA}M{W�Q"kCMsQnW�$�LhL�(W

f
gsW

TΣ
WLKNQ�WNX(�Ukz9�ILW,KNMPG»MPXtW

R∆,Σ

:ýwxkCG6opW»XtkCGNo,SUO�W
Φ(f)

WNQÍQ"WNOVA}M(WpO�W�gUijS?qUGuSUo�opW
KNMsiz�CSUX(Q$hLkCo�o�MsQnW�l

UTΣ
Φ //

' ''NNNNNNNNNNN
ULΣc

Uπ
��

¬©
U(LΣc/R∆,Σ)

k
�
π
gsILKNi qUXtWHO�WHopkCG°�(�si�KNopWmhFSUXtkCX(iBA}M(W�SCKLK?k?hNiTI�SUMWA}M{kCQjiTWNX(Q�gsW

LΣc
�YSUG

R∆,Σ kp D B § BEK D @�cOÓ �|deT
u
Nk�àTcQZacprQ�t�Q

TΣ(V )
gØ�H�|N�a�Tx�|NoT

n ≥ ]u
Ã ���2q�QZNkTr�|��dsa

u
XZ��p�prQ�N���Q¸�wAXÇÍ�Q

un
t�Q

TΣ(n, 1)
QATO�|�ÛqC��ScQ

Φn(u) = Φ(un)
�ãQZ�ñq�_�aUTxdeXZN�]edsQAaZÃ��|�Û����TxQ

Φ(u) = Φ]u(u)
gµ¶Q^p,lZprQ�Ã�SUd

α
QZSUTÈN���Q^aUwZ�|]eQ�t�Q^acbZbAXZaUdeTxNkacQ^t�Q�TxQAacprQZSuN���d~À¾�|acprdsSUbZQ�Ão�|��qC��ScQ��

Φ(α) = (Φ(s(α)),Φ]s(α)(t(α))).

Ü�Ü ë
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�J�|NkaØTc�|NkT TcQZaUp�Q
u
t�Q
TΣ(V )

QnTØTx�|NkT
n ≥ ]u

Ã|]`_¶¸�wZXÇÍ�Q
Φn(u)

t�Q
LΣc

QASUTÔN���Q
R∆,Σ

V�À¾�|aUp�Q���|aUpÙ_�]sQ¸�oQZ��q�_�aUTcdsXAN�]sdeQZaZÃ
Φ(u)

QASUTlN���Q
R∆,Σ

VÅÀ¾�|acprQO���|aUpÙ_�]sQ�g
µ¶Q�p,lZprQ�Ã�qC�|Nka¶Tx�|NoTxQ«aUwZ�|]eQ«t�Q«aUbZbZXAacd~TxN�aUQ

α
ÃC]sQéXA�|N�q�]eQ

Φ(α)
QASUT�À¾�|aUp�bht�Q«t�QANomÊ¸�wAXÇÍ�QZSq�_�ac_�]s]ewZ]eQZS��jX�PºQZSUT¹dsXAd�[9N�Q¶ScQZaWT�]ðPRÍ=vjqC��TxÍ�wAScQ

V (t(α)) ⊆ V (s(α))
g9µ¶QÈq�]sN�SAÃoXA�|prp�Qu���|NkS¹]ÅPR_��|�|�kSt�bYûcêñ�jN'Ã7SUd

α
QASUT�]sde��b�_�deacQ�êÛ�=_�N�XÇÍ�Q�QATrN���d~À¾�|acprdsSUbZQ�Ã

Φ(s(α))
QASUT�N���Q�¸�wAXÇÍ�Q�t�Q

LΣ
QATr��QXZ���9TcdsQA�9Tlt�����X^q�_�Sut�Q

τ
Ã
δ
�|N

ε
g

g èG6 ° 5J¦¾6 ©(c ¡O��ScN�q�q��|SUQé[9N�Q
Σ
XZ�|�=TcdsQZ�=TÈt�QZNjm��|bZ��bAax_�TcQZN�aUSZÃ�]ÅPºN��'Ã

µ
Ã�t'P·_�acdeTcb

2
QnT¶]ðP·_�NkTxaUQ�Ã

η
Ãt'PR_�acd~Txb

0
g�µ¶bATcQZaUp�de���|��S

Φ(u)
q��|N�a��

u = µ(µ(x3, x1), µ(x1, η)).

¡O��XÇÍ�QZaUXÇÍ�Q^t��|��XÈN���Q¶¸�wZXÇÍ�Q
Φ(u) : 3 −→ 1

t�Q
LΣc

[9N�dCSc�|d~T�N��kQ
R∆,Σ

VÅÀ¾�|acprQl���|acp�_�]eQlQnT�|bAacd~��Q
Φ(u) ◦ (x1, x2, x3) = u

g��¬_�auQ½mkQAp�qk]sQ�Ã�����q�QZNoTÈqkac�jXZbZtkQZal_�ds�kScd �
Φ(u) = µ(µ(x3, x1), µ(x1, η))

= µ ◦ (µ(x3, x1), µ(x1, η))

= µ ◦ (µ⊗ µ) ◦ (x3, x1, x1, η)

= µ ◦ (µ⊗ µ) ◦ (1⊗ δ ⊗ η) ◦ (x3, x1)

= µ ◦ (µ⊗ µ) ◦ (1⊗ δ ⊗ η) ◦ τ ◦ (x1, x3)

= µ ◦ (µ⊗ µ) ◦ (1⊗ δ ⊗ η) ◦ τ ◦ (1⊗ ε⊗ 1) ◦ (x1, x2, x3).

¡O�Î_át�����X��|�oTxQZ�9NÎN��kQ�t�bAXZ�|prqC��ScdeTcds�|�àt�Q
u
QZ�+�|bA��bZac_�TxQAN�acSÙt�Q

LΣc �ÔXZQAqCQA��t�_��=T�Ãì]sQASbZ�|_�]sd~TxbZSÈbZXAacdeTcQZSO�kQ«Sc�|�=T��jax_�dsQZS¶[jNkQ�]s�|aUSc[9N�Q«]ðPR�|��[jNk��TxdeQZ�=TxQ«q�_�a
R∆,Σ

gã�J�|NkaO�|�kTcQZ��dea
Φ(u)

ÃCde]À¨_�NkTuQA��XZ��acQ�prQATcTcacQ�XAQATcTcQ�¸�wZXÇÍ�Q^t�Q
LΣc

QA�
R∆,Σ

V�À¾�|aUp�Q¶���|acp�_�]eQ�ÃjXZQ^[9N�d'acQn�jdsQZ�=TÈê«prQATcTcacQ�]s_¸�wAXÇÍ�Q
(1⊗ δ) ◦ τ ◦ (1⊗ ε⊗ 1)

QZ�
R∆

VÅÀ¾�|acprQO���|aUpÙ_�]sQ�ÃoXZQ^[9N�dGt��|�k��Q�ÃÞ_�N�����_�]7�
Φ(u) = µ ◦ (µ⊗ µ) ◦ (τ ⊗ 1⊗ η) ◦ (1⊗ τ) ◦ (δ ⊗ ε⊗ 1).

} _Ù���|N�aUQ��og~z|z«pr�|�=TxacQéXZQATUTxQ�p,lZprQh¸�wAXÇÍ�Q�Ã®_�ds��SUdJ[9N�Q�]eQZSOQ½mkQAp�qk]sQZS¶ScN�d~��_��9TcSZÃ'SU�|N�S¶À¾��acprQ�|ac_�q�Í�de[jNkQ�g
µ¶Q\]`_«p,lZprQOÀ¨_�äZ�|�ãÃ��|���|�kTxdeQZ��tkax_�d~T�ÃkSUd

v = µ(x2, x2)
�

Φ(v) = µ ◦ (ε⊗ δ).

ÜUÜ ù
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È)ÉzÊ3Ë �og~z|z�ÌpÝsÓuÒtØvÐ°ÔNÖ�ÕCø"ØTÙâß�ÏCÒ
Φ(u)

ù
Φ(v)

ÓnØ
Φ4(v)

Ú

Â�_�deS\�
Φ4(v) = µ ◦ (ε⊗ δ ⊗ ε⊗ ε).µ¶�|���k�|��SO_�N�ScSUdJt�QAS¶Q½mkQAp�qk]sQZSÈt�Q^Txax_�t�N�XATcds�|��t�QhacwZ��]sQZSÈ_��|QAXé]`_�]s���|ds[9N�Q^XZ��p«��ds��_�Tx�|deacQ�gÞ�¹QSUvjSWTxwZprQétkQéacbAbZXAacdeTcN�acQ\q��|ScSUwZt�Qh[jN�_�TxaUQéXZ����SUTcacN�XnTxQZNkacSZÃCN���tãP·_�aUdeTcbé������Tcb

µ
QATÈTxac��dsSut'PR_�acd~Txb\£����TcbZS

I
Ã
K
QnT
S
Ã�_�ds�kScdG[9N�Q�TxaU�|dsS�aUwZ�|]eQZS��
µ(I, x)→I x

µ(µ(K, x), y)→K x

µ(µ(µ(S, x), y), z)→S µ(µ(x, z), µ(y, z)).�¹QZSJacwA�|]sQAS¬Sc���9T¬_�de��Scd=Txac_�t�N�d~TxQAS�~¾�|�é]eQZSHScN�q�q��|SUQ�N���d~À¾�|acprdsSUbZQZSH_��|QAX
x = x1

Ã
y = x2

QnT
z = x3

�7�
µ ◦ (I ⊗ 1)→Φ(I) 1

µ ◦ (µ⊗ 1) ◦ (K ⊗ 2)→Φ(K) 1⊗ ε

µ ◦ (µ⊗ 1) ◦ (µ⊗ 2)→Φ(S) µ ◦ (µ⊗ µ) ◦ (1⊗ τ ⊗ 1) ◦ (2⊗ δ).} _«���|N�aUQé�jgezE�«pr�|�=TxaUQ�XZQZSlacwA�|]sQAS�Sc�|NkSlÀ¾�|aUp�Q¶�|ax_�qkÍ�ds[9N�Q�g

K
S

I

È)ÉzÊ3Ë �og~zE��Ì8ÝæÓuÒ£ÐâÿC�NàáÓuÒ�Ö?Ó¸àáÔ�àáß���Ùá÷}Õ�Ó¸ønß�õéä�ÙáÏCÔ6ØvßNÙáÐTÓ5ÒvßNÕCÒ9] ß�Ðvõ�Ó¸ßNãUÑ�Ð°ÔNÖ�Ùá÷}Õ�Ó�Ú

a ±\b @HK¾B�K D @�cÔÓ d
(Σ, R)

QASUT�Nk��SUvjSUTcwZprQ�t�QOacbAbZXAacdeTcN�acQ¶t�Q¶TxQAacprQZSAÃk�|���k��TxQ
Rc = Φ(R)qR∆,ΣQATl�|��_�qkqCQA]s]sQ

(Σc, Rc)
]s_m�½GJILK?WNX(QTSUQviTkCXrgGFekL�(INGFS�gsWLKHSCKLK?k?hNiTILW4d

(Σ, R)
g

�

Ü�Ü��



ù [ ù [/­ de�C\��3�<\?]L^`��b�\¾�����n]n�<�²�¾a���^��}�xc�^vd ]Lb�^`��a��H]n�C^T�²�}�$��]�� . �C^`���u�C\?] . ]Jd _Y\ . �u��_Pc�de���
º�T)º ¦ 4�!5��#�!5��%ª15! ��� #�¡p#ª%£¢$� !  �! 15232$')1�46%7�-1�!  �! %£!�1¸� !$# !�%

#£0 �-1�2$#ª!5�f%70�%£4X�4� 0�#7#/�,'�4N23!
} Q\�kNkTlt�Q^XZQ^q�_�ac_��|ax_�q�Í�Q�QZSWT¶tkQ\qkac�|Nk��QZau]sQ�aUbZSUN�]eTx_�TuScN�d~��_��=Th�

� �®±9DÞ8 ¯j° 6 î ce´ÞL/c Z�kCizQ
(Σ, R)

MsX K�9�KNQ"�NopW�gsW GJILILhNG6izQvMsGJWrgsW Q"WNG6opWLKêu°MPX(i wxkCG6o�i�K?I�v k Ç�O�kCGJK�%KNi
(Σ, R)

QnWNG6o�izXtW	WNX MPX Q"WNG6opW
u
%fK}S �½GJILK?WNX(Q°SUQjiTkCXñSCKLK?k?hNiTILW

(Σc, Rc)
Q"WNG6o�izXtW	WNXñQ"kCMsQnW

�$�LhL�(W
f
�UING6i �)SUX(Q

f ≡ R∆,Σ
Φn(u)

%$�(kCMsG�Q"kCMPQ
n ≥ ]u k n Wf�½ORM�K�%�KNi (Σ, R)

WLKNQmORizXtIFSUizGJW�d
q�SUM(hL�(W�%�SUO�kCGLK�O S��½GJILK?WNX(QTSUQviTkCX

(Σc, Rc; Φ)
WLKNQ�MsXtW�KNizo�MPO SUQjiTkCX hLkCo��½O��NQ"WMunSUM K?WNXYK¾gsW�O S-gsI���:

X(izQjiTkCXygskCX(XtILWmWNX � k � v»gsW (Σ, R) k
¡O�3Sx_�deT�t�bYûcêá[9N�Q

Φ
QZ�=�|��dsQ�Tx�|NkT�TcQZacprQ

u
ScNka�N��kQ

R∆,Σ

V�À¾�|aUp�Q�����acp�_�]sQ�[9N�duQASUT�_�N�ScSUdN���Q
Rt

∆,Σ

V�À¾�|aUp�Q����|aUpÙ_�]eQ�g¬µ¶Q�q�]sNkSZÃ �|�y_Ût�bYûcê��jN2[9N�Q
(Σc, R∆,Σ)

Ã QAT�t�����X
(Σc, Rt

∆,Σ)
QZSWTXZ���9��QZaU�|QZ�=T�g�ÕY]GacQASUTcQ\]eQZSu_�NoTxacQASÈq��|de�9TcSuê«�|bZaUde��QAaZg

$VÔh$VÔ×Ö i ­�¶µ±�èn¦¸¯Y­n·Áìí´²³ª¹ï©t¯P¦���³ª¹ï´�³:§®©ª´�±²«½¯P­n·Áì
¡O�à��_Ût�bZpr�|�=TxaUQZa�deXZd�[9N�Q

Φ
de��t�N�d~T«N��àpr�|acq�ÍkdsScprQ�SWTxacdeXATr_�]e]`_��=Tét�Q

(TΣ(V ),→R)
�|QAacS

(Fl TΣ,→Φ(R))
g � Tx_��=T�tk�|����b�[9N�Q�ÃØq��|N�a�Tx�|NoT

u
Ã
Φ(u)

QZSUT�N���Q
R∆,Σ

VÅÀ¾�|acprQ����|aUpÙ_�]sQ�Ã¬XZQZ]s_acQn�jdsQZ�=TÈê�p����9TcacQAal[9N�Q��
» 8;DÞ57D ©�K²BEK D @ î c æ Ú c Z{i

α
WLKNQéMPXtW�GJ�TqUO�WHORizXtIFSUizGJW4d�q�SUM(hL�(W�gsW

R
%éSUO�kCGLK�kCXrSpO$F izXthNORMæKNiTkCX�l

Φ(→α) ⊆
(
→Φ(α) �R∆,Σ

)
,

k
�
→α

gsILKNi qUXtW�O S�GJWNO SUQviTkCX8gsW$GJIFgUM{hNQjiTkCX,KNMsG
TΣ(V )

WNXsqsWNX½gUGJILW��YSUG3O SÍK?WNMPO�W�GJ�TqUO�W
α
%�Q°SUX½gUi�K

A}M(W
→Φ(α)

WLKNQÁO$F ijgsIFSUOªgsW
LΣc

WNXsqsWNX½gUGJI��YSUG�O SmK?WNMPO�WHGJWNO SUQjiTkCX
Φ(α) k Ç�MPQjGJWNopWNX(Q)gUizQ�%¸KNi u WNQ vK?kCX(Q�gsWNM;'pQ"WNG6opWLK�QnWNOáK�A}M(W

u→αv
%)SUO�kCGJK�izO�WC'�i�KNQnW�MsXtWB�$�LhL�(W

f
gsW
LΣc

Q"WNOzO�W4A}M(W�l

Φ(u)→Φ(α)f �R∆,Σ
Φ]u(v).

Ó N�q�q��|SU�|��S�[9N�Q
u
QAT
v
SU�|�=T�t�QZNjmÊTxQAacprQZSOtkQ

TΣ(V )
QnT�[9N�Q

α
QASUT�N��kQ�acwZ��]sQéNk��deÀ¾�|aUp�deScbAQQATl]eds��bZ_�dsaUQOê��=_�N�XÇÍkQht�Q

R
Ã�]eQOTx�|NoTlTcQZ]'[9N�Q

u→α(v)
gÞ�¬_�a�t�bn����d~Txds���'Ã�ds]ãQnmodsSWTxQ^N���XZ�|�=TxQ½mjTxQ

CQAT¹N���QOSUN���SWTxdeTcNkTxde�|�
σ
TxQZ]eS¹[9N�Q

u = C[s(α) ·σ]
QnT
v = C[t(α) · σ]

gk¡O��_h��QZSU�|ds��tkQ¶t�bn����dsaìN��XZQAaUTx_�ds�����|pé��acQ^t�Q^����Tx_�Txde�|��SAg
V } _^acwZ��]sQ

α
QZSUTìN���d~À¾�|acprdsSUbZQ�QnT¹]eds��bZ_�dsaUQ�êh�=_�N�XÇÍ�Q�Ã9X�PRQASUTUVYê;VYtkdsacQu[9N'Pºds]�Q½mkdeSUTcQ¶N��

n
TcQZ]Þ[9N�Q\�

{

s(α) = ϕΣ(s(α)) ◦ (x1, . . . , xn)

Φ(s(α)) = s(α)Σ ∈ LΣ(n, 1).

ÜUÜ �



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

VÙ�7N�deSc[9N�Q
α
QZSUTlN��kQ\aUwZ�|]eQ�t�Q^acbAbZXZaUdeTcN�acQ^ScNka

TΣ(V )
Ã�����_

V (t(α)) ⊆ V (s(α))
g�µéPR�Uºá�

{

t(α) = t(α)Σ ◦ (xf∗(1), . . . , xf∗(n))

Φ(t(α)) = t(α)Σ ◦ t(α)∆_��|QAX
t(α)∗∆ = f

g
V�¡O�åq�QZNoT�_�N�SUScd¹_�ScSU�oXAdsQZah_�NÚXA�|�=TxQ½moTcQ

C
N���Q�tkbZXZ��p�q��|Scd~Txde�|�ñScdsprds]s_�dsaUQ�ÃC��ºÚ]sQAS

yk
SU�|�=Tt�QAS���_�acd`_���]sQAS��

C = CΣ ◦ (y1, . . . , yi,�, yi + 1, . . . , yi+j).ÐÈds��SUdÅÃkq��|N�a�Tc�|NkT�TxQAacprQ
t = tΣ ◦ (a1, . . . , al)

Ã��|��_��
C[t] = CΣ ◦ (i⊗ tΣ ⊗ j) ◦ (y1, . . . , yi, a1, . . . , al, yi + 1, . . . , yi+j).V } _�ScN��kScdeTcNkTxde�|�

σ
QZSWThQA�=TxdswAacQAp�QA�9T^tkbATxQAacprds��bAQ�q�_�a�SUQZS^��_�]sQZNkacS�ScNka

V
QnT�Ã'q��|N�a�XAQ�[jNkd����N�Suds�=TxbAacQZSUScQ\dsXAdÅÃkSUN�au]sQAS

x1, . . . , xn
g�¡O������TcQ\_�]s�|aUS��

σq = (xq · σ)Σ

QAT
(xq1, . . . , x

q
kq

) = (xq · σ)∆,XAQ\[9N�dGtk�|����Q��
xq · σ = σq ◦ (xq1, . . . , x

q
kq

)

V�¡O���|�kTcdsQZ�=Tlt��|�kX
Φ(u) = uΣ ◦ u∆

��º �
uΣ = CΣ ◦ (i⊗ s(α)Σ ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j)QnT

u∆ = (z1, . . . , zp)
QASUT�]`_

R∆

VÅÀ¾�|acprQÙ����acp�_�]sQrt�QZS«¸�wZXÇÍ�QASrtkQ
Fo

_�v=_��=T�q��|N�aé¸�wAXÇÍ�Qt�N�_�]sQ�t�_���S
F
]ÅPR_�q�qk]sdsXZ_�Txde�|�

g : [i + k1 + · · ·+ kn + j] −→ [p]
TcQZ]s]eQO[9N�Q

(zg(1), . . . , zg(i+k1+···+kn+j))

= (z1, . . . , zp)

= (y1, . . . , yi, x
1
1, . . . x

1
k1
, . . . , xn1 , . . . , x

n
kn
, yi+1, . . . , yi+j).VÙµ¶Q^p,lZprQ�Ã

Φ]u(v) = vΣ ◦ v
]u
∆

��ºñ�
vΣ = CΣ ◦ (i⊗ t(α)Σ ⊗ j) ◦ (i⊗ σf(1) ⊗ · · · ⊗ σf(m) ⊗ j)QnT

v]u∆
QZSUT�]s_

R∆

VÅÀ¾�|acprQÙ�k�|acp�_�]sQÙt�QZS«¸�wAXÇÍ�QZSrt�Q
Fo

_�v=_��=Trq��|N�a«¸�wAXÇÍ�Q�t�N�_�]eQ�t�_���S
F]ðP·_�qkq�]sdeX�_�Tcds�|�

h : [i+ kf(1) + · · ·+ kf(m) + j] −→ [p]
�|bAacd~�Þ_��=T\�

(zh(1), . . . , zh(i+kf(1)+···+kf(m)+j))

= v]u∆

= (y1, . . . , yi, x
f(1)
1 , . . . x

f(1)
k1

, . . . , x
f(m)
1 , . . . , x

f(m)
kf(m)

, yi+1, . . . , yi+j).

Ü�Üe+



ù [ ù [/­ de�C\��3�<\?]L^`��b�\¾�����n]n�<�²�¾a���^��}�xc�^vd ]Lb�^`��a��H]n�C^T�²�}�$��]�� . �C^`���u�C\?] . ]Jd _Y\ . �u��_Pc�de���

ÌÈ��Q�À¾�|deS�Txac_�t�N�d~TxQO�jd`_
Φ
Ã�]`_«aUwZ�|]eQ

α
t�Qn�odeQZ�=Th�

s(α)Σ −→Φ(α) t(α)Σ ◦ t(α)∆.

µéPº��ºá�
Φ(u)→Φ(α)CΣ ◦ (i⊗ t(α)Σ ⊗ j) ◦ (i⊗ t(α)∆ ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j) ◦ u∆.

ÕY]ìaUQZSWTxQ�ê��|��dsa\[jNkQÙXZQnTcTcQÙt�QAac��dewZacQ�¸�wAXÇÍ�Q�ScQ�acbAt�N�deT\QA�ÚN��å�k�|p«��aUQ�[9N�QA]sXZ����[9N�Q�t'PºbATx_�qCQASt�Q
R∆,Σ

QZ�
Φ]u(v)

g'�¹��p�prQhXAQATUTxQétkQZac�kdswZaUQh¸�wAXÇÍ�Q�QZSWTON��kQ
R∆,Σ

V�À¾��acprQ\�k�|acp�_�]sQ�Ã�ds]®ScNPÛrTOt�Q�|��dsar[jNkQÊXZQAS�t�QZNjm3¸�wAXÇÍ�QZS�SU�|�=T
R∆,Σ

VYbZ[9N�d~��_�]sQA�9TcQZSAÃìX�PRQASUTUVYê;VYtkdsacQ�[9N�QÊ]eQZN�aUSÙdsp�_��|QAS�t�_���S
VXZ��¿���XAdst�QA�9TZg

(i⊗ ϕ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j) ◦ u∆

= (i⊗ ϕ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j) ◦ (xg(1), . . . , xg(i+k1+···+kn+j)).

¡O�/q��|ScQ\_�]e�|acS¶�
(b1, . . . , bi, c

1
1, . . . , c

1
k(1), . . . , c

n
1 , . . . , c

n
k(n), bi+1, . . . bi+j) = (xg(1), . . . , xg(i+k1+···+kn+j)).

µéPº��ºá�
(i⊗ ϕ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j) ◦ u∆

= (i⊗ ϕ⊗ j) ◦ (b1, . . . , bi, σ
1 ◦ (c11, . . . , c

1
k(1)), . . . , σ

n ◦ (cn1 , . . . , c
n
k(n)), bi+1, . . . bi+j).

¡O�/q��|ScQ\ê�q�aUbZScQA�=Té�
tq = σq ◦ (cq1, . . . , c

q
k(q)).Ð¶de��Scd7�

(i⊗ ϕ⊗ j) ◦ (i⊗ σ1 ⊗ · · · ⊗ σn ⊗ j) ◦ u∆

= (i⊗ ϕ⊗ j) ◦ (b1, . . . , bi, t1, . . . , tn, bi+1, . . . bi+j)

= (b1, . . . , bi, tf(1), . . . , tf(m), bi+1, . . . bi+j).

µéPR_�NkTxaUQhq�_�aUT^�
(i⊗ σf(1) ⊗ · · · ⊗ σf(m) ⊗ j) ◦ v]u∆

= (i⊗ σf(1) ⊗ · · · ⊗ σf(m) ⊗ j) ◦ (xh(1), . . . , xi+kf(1)+···+kf(m)+j).

ÜUÜ�Z



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

Ò �/aUQZ�=_�aUt�_��=Tlt�Q^q�]sNkS�q�acwASÈ]eQZS�t�bn����deTcds�|�kS�t�Q
g
QAT
h
Ã��|��XA�|��SUTx_�TxQ^[9N�Qr�

(xh(1), . . . , xi+kf(1)+···+kf(m)+j)

= (b1, . . . , bi, c
f(1)
1 , . . . , c

f(1)
kf(1)

, . . . , c
f(n)
1 , . . . , c

f(n)
kf(n)

, bi+1, . . . , bi+j).

µéPº��ºá�
(i⊗ σf(1) ⊗ · · · ⊗ σf(m) ⊗ j) ◦ v]u∆

= (i⊗ σf(1) ⊗ · · · ⊗ σf(m) ⊗ j)

◦ (b1, . . . , bi, c
f(1)
1 , . . . , c

f(1)
kf(1)

, . . . , c
f(n)
1 , . . . , c

f(n)
kf(n)

, bi+1, . . . , bi+j)

= (b1, . . . , bi, tf(1), . . . , tf(m), bi+1, . . . bi+j).

¡O��_�t��|�kX\�kdsQZ��]eQ�acbZSUN�]eTx_�T\��ds]ãQnmodsSWTxQ^N���Q�¸�wAXÇÍ�Q
γ
t�Q

TΣ
TxQA]s]eQ�[jNkQ

Φ(u)→Φ(α)γ �R∆,Σ
Φ]u(v).

Ò �ÚÀ¨_�deTZÃHde]ØQZSUT�_�dsSUbÙt�Q�SUQ�XZ���9��_�de��XZaUQÙ[9N�Q�]s_/p,lZprQ�t�bAp�����SUTcax_�Tcds�|�áqCQAacprQAT«tkQ�p����9TcacQAa[9N�Q�ÃØq��|N�a�Tx��NkTxQ�acwA�|]sQ
α
]eds��bZ_�dsaUQ�êñ�=_�N�XÇÍ�Q�QnT�Nk��deÀ¾�|aUp�deScbAQ�Ã q��|N�a«Tc�|N�S�TxQZaUp�QAS

u
QAT
v
TxQZ]eS[9N�Q

u→αv
QATuTx��NkTuQZ�=TxdeQZa

n ≥ ]u
Ã�de]'QnmodeSUTxQ^N��kQ^¸�wZXÇÍ�Q

γ
t�Q

TΣ
TxQZ]e]sQ�[9N�Q��

Φn(u)→Φ(α)γ �R∆,Σ
Φn(v).

$VÔh$VÔÜÓ E ³�§(¶¨­nì�¦Á­n¹P·Áì
¡O����_\deXZdÞq�aU�|Nk�|QAaì]eQuqC�|de�=T��^t�N�TxÍ�bA�|acwAp�Q¶�ogR�|ikgj¡O����QZNkT¹t'P·_��C�|aUt�pr�|�=TxaUQZaÔ[9N�Q�Ã9Scd

(Σ, R)QZSWTuN���SUvjSUTcwZprQ^t�Q�acbAbZXZaUdeTcN�acQ�t�Q�TcQZacprQZS�[9N�dCTxQZaUp�de��Q�Ãk_�]s��acS
(Σc, Rc)

TcQZacprds�kQ�g�¡O����_«NkTxde]sdeScQZa]`_^TxQAXÇÍ���ds[9N�Q¶t'PRde�=TxQZaUq�acbnTÇ_�Tcds�|�Ùt�bA��QZ]s��q�qCbAQOQZ���ogËÁoÃjp�_�dsSÔ_��|QAX�t'P·_�NkTxaUQZS¹��_�]eQZN�aUS¹[9N�QOSUQZN�]eQZprQZ�=Tt�QAS�QZ�=TxdeQZacSAg Ò ��Q��CQATZÃk��Q�XA�|����_�deScSc_��=T�q�_�S�]eQZS¹aUwZ�|]eQZS
R
Ãods]�QZSWTudsprqC��ScScde��]sQlt�Q¶�omkQAa�t�QZS���_�]eQZN�aUSXZ��p�prQ����|N�Su]ðP·_��|����S�À¨_�deTJûUNkSc[9N'PRêrq�aUbZSUQZ�=T�g

¡O����_hq�]sNkTFE�TìXZ�|��SWTxaUN�dsaUQON���pr�|acq�ÍkdsScprQlt'PR��qCbAax_�t�QAS
LΣc −→ O(T ×N∗, {∗}, [N∗])

goÐl���t'PR_�]s]ebZ�|QAa7]sQASì����TÇ_�Tcds�|��SAÃ=�|��_h����Tcb
T
]ÅPºQZ��SUQZp«��]eQÈtkQZSØTxQZaUp�QASZgj�J��N�a¹]eQZSØp»lAp�Quac_�dsSU�|��SZÃ9�|�r����TcQ

O
]ðPR�|q�bZac_�t�Q

O(T × N∗, {∗}, [N∗])
g

� ��Tc�|��S�[9N�Q�Ã�q��|N�aÙ]ðPRde��SUTx_��=T�ÃÔXZQnTcTxQ�t�QZaU��dswAacQÊ����TÇ_�Tcds�|�2�'P·_ _�N�XZN��ÎSUQZ��S�t�_���S�]`_ p�QAScN�aUQ��ºÊ]ðPR���Ê�'PR_Ùq�_�SOtkbA����d¬]sQZSÈ�|actkacQZS¶[jNkQ«���|N�SO_�]s]e�|��SlNkTxde]sdsSUQZaAgC�H�|N�a
[N∗]

ÃCXZQ«SUQZac_�]sQépéN�]eTcds�|aUt�acQQZ�k�|QZ��tkacb�q�_�aJ]ðPR�|aUt�acQØN�SUN�QZ]ot�QZSJQZ�=TxdeQZaUSZg;ÕY]jÀ¨_�NoT¬QA��XZ�|aUQ¹t�bn����deaJN��kQ¹acQA]`_�Tcds�|�\t'Pº�|actkacQÔScN�a
T×N∗

g

Ü|Ï��



ù [ ù [/­ de�C\��3�<\?]L^`��b�\¾�����n]n�<�²�¾a���^��}�xc�^vd ]Lb�^`��a��H]n�C^T�²�}�$��]�� . �C^`���u�C\?] . ]Jd _Y\ . �u��_Pc�de���

¡O�/NkTcds]edsScQ¶]sQ�acbAScN�]~TÇ_�TuXA]`_�SUScde[jNkQ�ScN�d~��_��9T\�
� �®±9DÞ8 ¯j° 6 î c æJ¤ c�� X�K�9?KNQ"�NopW�gsW�GJILILhNG6izQvMsGJW¾gsWHQ"WNGNopWLK

(Σ, R)
Q"WNGNo�izXtW²KNi)WNQBK?WNMPO�WNopWNX(Q5K>F izO

WC'�i�KNQ"W¾MsXtWmSN���½ORiThFSUQviTkCX
| · | : X −→ N

Q"WNOzO�W²A}M{W
|u| > |v|

gs�LKEA}M{W
u →R v k Z{iÁQnWNO¸WLKNQ�O�WfhFSCK�%kCX��(WNMsQ�gsWÍ�½ORM�K-hL�(kCi�KNizG

| · |
gsWfQ"WNOzO�W�K?kCG6QnW�A}M(W

|u| ≥ |v|
KNi
v
WLKNQÃMPX K?kCM�K�:"QnWNG6opW»gsW

u k I�X�(WNMsQ�SUM�KLKNi�hL�(kCi�KNizG
| · |

d,�CSUO�WNMPGJK¾g�SUXYKHQ"kCMPQ$WNXYK?WNo,|}O�W�gsINXtkCo,|}GuS�|}O�W k
n INopkCXYKNQjGuSUQviTkCX k Ó d R TcQZaUp�de��Q�Ã��|�Êq��|ScQ

|u|
]`_�]e�|���|NkQZN�aÈt�NÊq�]eN�SO]s�����ÙXÇÍ�QAp�de�Êt�Q«aUbZt�NkXATxde�|�q�_�aWTÇ_��=T¶t�Q

u
�CXAQZ]s_�t��|�k��Q«��deQZ�ÊN��kQ«_�q�qk]sdsXZ_�Txde�|�/_�v|_��=TO]eQZS¶qkac�|q�aUdsbnTxbZSÈacQAXÇÍ�QZaUXÇÍ�bZQASZgH�lbAXZdeq�ac��V[9N�QZprQZ�=TZÃJSUdÔNk��Q�TcQZ]s]eQ�_�q�q�]edsXZ_�Txde�|�ñQnmodsSWTxQ�ÃH_�]e�|acS

R
TxQZaUp�de��Q�g®µÈQ�q�]eN�SZÃ®SUdì]ðPR�|� t�deScq��|ScQrt'PºN���QTxQA]s]eQu_�q�q�]edsX�_;Txds���'Ã�de]�ScNYÛ�TÔt�Ql]`_�XZ��p�q��|ScQAaÔ_���QZXlN��ÙdeSc�|pr�|aUq�Í�dsSUp�Q¹qC�|Nka7]ÅPR_����|dsaØê���_�]sQAN�acSØt�_���SN��/_�NkTcacQ^QZ��SUQZp«�k]sQ^t�bZ�k�|p«��ac_���]sQ�Ã�q�_�a�Q½moQZprq�]sQ\_��|QAX
n −→ n+ 1

q��|N�al_�acaUde��QZa�t�_��kS
N∗ g ♦

�¹�|��SUdst�bAac�|��SlN���Q�TcQZ]s]eQ�_�q�qk]sdsXZ_�Txde�|�
| · | : T −→ N∗ TcQZ]s]eQ�[9N�Q��

V
|u| > |v|

t�wASu[jNkQ
u→Rv

�
V
u ≥ v

SUd
v
QZSWTlN��/SU�|N�S×V�TxQAacprQ^t�Q

u
g

¡O�/SUQ\SUQZaWTÈtkQ�XZQATUTxQ\_�q�qk]sdsXZ_�Txde�|��q��|N�a�t�bn����dea�]`_«acQA]`_�Tcds�|��SUN�de��_��=TcQ�ScN�a
T
�k�|��qC�|SUQ

u > vScdðÃ�q��|N�a�Tx��NkTlXZ�|�=TxQ½mjTxQ
c
Ã�����_

|c[u]| > |c[v]|
g�ÐÈ]s�|aUS��

j 6 °å° 6 î c æ ³/c D�S»GJWNO SUQviTkCX
>
SUizXYKNiBgsI��ÁX(iTWÍKNMPG

T
WLKNQéMPX kCGugUGJWÍKNQjGNiThNQ~A}MsiBQnWNG6o�izXtW k

n INopkCXYKNQjGuSUQviTkCX k } _�aUQZ]s_�Txde�|� > QZSUT\N��ñ�|aUt�acQ�SWTxaUdsXAT^SUN�a
T
ÃãX�_�a

>
QZ� QZSWT\N��ñScN�a

N∗
g®MON�_��=TêÛ]`_�TcQZacprds��_�dsSU�|�Î� Scd

>
��Q�TxQAacprds��_�d~Téq�_�SZÃ7de]�QnmodsSWTxQAax_�d~T�N���Q�ScN�d~TxQ

(un)n∈N

tkQ�TcQZaUp�QAS�TcQZ]eS[9N�Q
un > un+1

q��|N�a�Tc�|NkT
n
QAT�tk�|��X�Ã�QA� q�_�aUTcdsXAN�]sdeQZaZÃÔN���QñSUN�deTcQ

(|un|)n∈N

t'PºQZ�=TxdeQZaUS�TcQZ]eS[9N�Q
|un| > |un+1|

XZQ^[9N�d®QZSWTÈdep�q��|SUScds�k]sQ¶qkN�dsSU[jNkQ
>
TxQAacprds��QOSUN�a

N
g

♦

�7N�dsSAÃh�|�#q�acQA��t÷XA�|p�prQy�|actkacQàScN�a
T × N∗ N��#�|act�aUQ3]eQnmodsXA�|�|ax_�q�Í�ds[9N�Qyq�aU�otkN�deTà�\�|�q��|ScQ

(u, i) ≥ (v, j)
Scd
u > v

�|N�SUd
u = v

QAT
i ≥ j

g�Ð¶]e�|acS��
j 6 °å° 6 î c æ ´^c D�S�GJWNO SUQjiTkCX

≥
SUizXYKNi�gsI��ÁX(iTWHKNMsG

T × N∗
WLKNQ3MsXtWmGJWNO SUQjiTkCXÀgGFekCGugUGJW k n W²�½ORM�K�%O$FekCGugUGJWÍKNQvG6iThNQ

>
A}MPiBORMsi�WLKNQ�SCKLK?k?hNiTIHQnWNG6o�izXtW k

n INopkCXYKNQjGuSUQviTkCX k } _ acbA¸�Qnmode�jdeTcb+QZSWT bA�jdet�QZ�=TxQ�g��J��N�aÚ]ÅPR_��=TxdeSUvjprbATxaUdsQ�Ã\SUN�q�q��|Sc����S [9N�Q (u, i)QAT
(v, j)

��bZaUde��QA�9T�ê�]`_rÀ¾��dsS
(u, i) ≥ (v, j)

QnT
(v, j) ≥ (u, i)

gCÕY]JQZSUTOdsprqC�|SUScde��]sQ^t'PR_��|�|dea
u > v�|N

v > u
��t�����X

u = v
QnT

i ≥ j
QAT

j ≥ i
ÃlXAQá[9N�d^t�������Qå�kdsQZ�

(u, i) = (v, j)
gu�H�|N�a]`_ñTxac_���Scd~Txd~�od~Txb�ÃÔ���ÎScQÊt�������Q�Tcac�|deSÙXZ��N�q�]sQAS

(u, i)
Ã
(v, j)

QAT
(w, k)

TcQZ]eSÙ[9N�Q
(u, i) ≥ (v, j)QAT

(v, j) ≥ (w, k)
g�Ð¶]e�|acSAÃ�[9N�_�TxaUQ^ScdeTcN�_�Tcds�|��S¹Sc�|�=TlqC��ScScde��]sQAS��

Ì
u > v

QnT
v > w

��_�]s�|aUS
u > w

q�_�a�Txac_���SUdeTxd~�jdeTxbÈt�Q
>
SUN�a

T
�

Ì
u > v

Ã
v = w

QAT
j ≥ k

�Þ_�]s�|aUS
u > w

�
Ì
u = v

Ã
i ≥ j

QnT
v > w

�Þ_�]s�|aUS
u > w

�
Ì
u = v

Ã
v = w

Ã
i ≥ j

QAT
j ≥ k

��_�]s�|aUSZÃ
u = w

QAT
i ≥ k

g

Ü�ÏY�



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

µO_���S Tc�|N�SJ]sQZSJX�_�SAÃ��|��_È��dsQA�
(u, i) ≥ (w, k)

g;�J�|N�a¬]`_lTcQZaUp�de��_�dsSU�|�'ÃE�|�«SUN�q�q��|ScQ�[9N'Pºds]jQnmodeSUTxQN���QÙScN�d~TxQ
(un, in)n∈N

SUTxaUdsXnTxQZprQZ�=Tét�bZXAac�|deScSx_��9TcQ�gJÉJ�|NoT�t'PR_��C��act'Ã®ds]ÔQnmodeSUTxQ�N���Q�SUN�deTcQ
(kn)n∈NSUTcacdeXATxQAp�QA�=T«XZaU�|dsSUSx_��=TcQ�t'PºQZ�=TxdeQZacShTxQZ]eSé[9N�Q�Ã qC��N�ahTc�|NkT

n
Ã
ukn > ukn+1

�JQA� Q��CQAT�ÃJScdìXZQ��'PºQZSWTq�_�S�]eQ�X�_�SAÃØêÊq�_�aWTxdsaét'PRNk�2XAQZaUTx_�ds� ac_����
n0

ÃJTx�|N�S�]eQZS
un

SU�|�=T�bZ�=_�NjmãgÔ¡O�yQZ�àt�bAt�N�deT�[9N�Q�]s_ScNkdeTxQ
(ikn+1)n≥n0

tãPRQA�9TcdsQAacS^QZSWT^SUTxaUdsXnTxQZprQZ�=T^t�bAXZaU�|dsSUSx_��=TxQ�ÃGXZQ�[9N�d7QASUT^dsprq��|ScSUds��]eQ�gã¡�� _�t�����XN���Q ScNkdeTxQ
(ukn)n∈N

SWTxacdeXATcQZprQZ�=T�tkbZXZaU�|dsSUSx_��=TcQát�QñTxQAacprQZSñ�u]sQÊÀ¨_�d~T�[9N�Qå]ðPR�|aUt�acQÛ[9N�Q ]ÅPº�|�ú_XZ����SUTcacN�d~TuScN�a
T
TcQZacprds�kQO��dsQ�XAQATUTxQ\bA�|QA�=TxN�_�]edeTcb�g

♦¡O� XA�|��SUdst�wAacQ�t��|�kX�]ÅPº�|qCbAax_�tkQ
O
_���QZX�]sQAS�acQZ]s_�Txde�|��SÈt'PR��act�aUQ�_�ds��SUd¬t�bn����deQZSZgG¡��ñXA�|��SUTcacN�d~Tp�_�ds�=TxQA��_��=T�]sQ/À¾����XATcQZN�a

F : LΣc −→ O
QZ�Îtk�|����_��=TÙScQZS���_�]sQZNkacSÙSUN�a�]eQZS�¸�wZXÇÍ�QAS�t�Q

Σc
�����Tc�|��Su[9N�Q\]sQZSu_�q�q�]sdeX�_�Tcds�|�kS

f ∗
Sc�|�=TlTx�|NoTxQZS�Tcacde�jds_�]sQASZg��H�|N�aut�QASlac_�dsSU�|��Sut�Q^XZ]s_�aUTcb�Ã����/����TxQZac_q�_�aWÀ¾�|dsS

(u1, . . . , un; i1, . . . , in)
]ÅPºbZ]ebZprQZ�=T

((u1, i1), . . . , (un, in))
t�Q

(T × N∗)n
QZ�âNkTcds]sdeSx_��=T]ÅPºdsSU�|pr�|acq�ÍkdsScprQ¶XZ_����|�kds[9N�Q��

(T × N∗)n −→ T n × (N∗)n.¡O�/q��|ScQ��
V
δ∗(u, i) = (u, u; i, i)

QAT
[δ](u, i) = i.u

�
V
ε∗(u, i) = ∗

QnT
[ε](u, i) = 0

�
V
τ∗(u, v; i, j) = (v, u; j, i)

QAT
[τ ](u, v; i, j) = 0

�
V�SUd

γ ∈ Σ(0, 1)
Ã
γ∗(∗) = (γ, 1)

QnT
[γ](∗) = |γ|

�
V�SUd

ϕ ∈ Σ(n, 1)
Ã
n ≥ 1

_�]e�|acS¶�
{

ϕ∗(u1, . . . , un; i1, . . . , in) = (ϕ(u1, . . . , un), 2.(i1 + · · ·+ in))

[ϕ](u1, . . . , un; i1, . . . , in) = (i1 + · · ·+ in).|ϕ(u1, . . . , un)|.¡O��t��|d~T��|bAacde��QZaZÃÞt�_���S¶N���q�aUQZprdsQZa�TcQZprq�SZÃÞ[9N�Q^Tx�|NkTcQZSlXZQASO_�q�qk]sdsXZ_�Txde�|��S�SU�|�=T¶XAac�|deScSc_��=TxQZSAg�uQZ�=_�aUt��|��Su]eQZS�X�_�SltkQ
ϕ∗

QnTÈtkQ
[ϕ]
Ã�qC��N�a�N���Q�¸�wAXÇÍ�Q

ϕ ∈ Σ(n, 1)
�kmobZQ�Ã

n ∈ N
g

Ó N�q�q��|SU�|��S�[9N�Q
u1, . . . , un

QAT
v1, . . . , vn

SU�|�=T�t�QZS«TcQZaUp�QAS«QAT
i1, . . . , in

QAT
j1, . . . , jn

t�QASQZ�=TcdsQZaUSu���|���jNk]sS�TxQA]sSu[9N�Q
(uk, ik) ≥ (vk, jk)

q��|N�a�Tc�|NkT
k
g�¡����|QANkTlp����9TcacQAa�[jNkQ��

ϕ(u1, . . . , un) > ϕ(v1, . . . , vn)
�|N

i1 + · · ·+ in ≥ j1 + · · ·+ jn.Ó �|d~T
c
N��àXZ�|�=TcQnmjTxQ¸�Øq�NkdsSc[9N�Q

uk ≥ vk
QAT�[9N�Q

c ◦ ϕ(v1, . . . , vk−1,�, uk, . . . , un)
QASUTrN��XZ���9TcQnmjTxQ\q��|N�a�Tx��NkT

k
�

|c[ϕ(u1, . . . , un)]| ≥ |c[ϕ(v1, u2, . . . , un)]|

≥ . . .

≥ |c[ϕ(v1, . . . , vk−1, uk, . . . , un)]|

≥ |c[ϕ(v1, . . . , vk, uk+1, . . . , un)]|

≥ |c[ϕ(v1, . . . , vn)]|.

Ü|Ï�Ü



ù [ ù [/­ de�C\��3�<\?]L^`��b�\¾�����n]n�<�²�¾a���^��}�xc�^vd ]Lb�^`��a��H]n�C^T�²�}�$��]�� . �C^`���u�C\?] . ]Jd _Y\ . �u��_Pc�de���

µ¶Q^q�]sNkSZÃ�SUd
uk > vk

q��|N�au_�N�pr�|de��S�N��
k
ÃÞ_�N�pr�|de��S¹]ðPRN��kQ�t�Q^XZQZSude��bZ�=_�]sdeTcbZSìQZSUTlSWTxacdeXATcQ�QATt��|�kX

ϕ(u1, . . . , un) > ϕ(v1, . . . , vn)
g Ó de���|�'Ãã�|� _

ϕ(u1, . . . , un) = ϕ(v1, . . . , vn)
QnT
ik ≥ jkq��|N�a�XÇÍ�_�[9N�Q

k
Ã�XAQ^[jNkdGt��|����Q

i1 + · · ·+ in ≥ j1 + · · ·+ jn
g�µO_���SuTx��N�S�]sQASlXZ_�SZÃ�����_�t��|�kXr�

(ϕ(u1, . . . , un), 2.(i1 + · · ·+ in)) ≥ (ϕ(v1, . . . , vn), 2.(j1 + · · ·+ jn)).

¡O�øQZ�úXZ�|�kXZ]sNoT�[9N�Q
ϕ∗

QASUT/XZac��dsScSc_��=TxQ�g¶�H�|N�a
[ϕ]
Ãu�|�øqkac�jXZwZtkQåq�_�a�aUbZXZNkacacQA��XZQåScN�a�N��XZ��p�qkTcQZN�a

k ∈ [n]
Ã�QZ��t�deSUTxde���|N�_��9Tlê�XÇÍ�_�[jNkQ\À¾�|deS�t�QZNjm�X�_�SAgÞ�J�|N�a

k = 1
�

V Ó d
u1 > v1

ÃÞ_�]e�|acSAÃ�XZ�|prprQ
ϕ(�, u2, . . . , un)

QZSWTÈNk�/XA�|�=TxQnmjTcQ�ÃÞ�|��_��
|ϕ(u1, . . . , un)| > |ϕ(v1, u2, . . . , un)|.

µéPº��º �
(i1 + · · ·+ in).|ϕ(u1, . . . , un)| > (j1 + i2 + · · ·+ in).|ϕ(v1, u2, . . . , un)|.

V Ó de���|�'Ã
u1 = v1

QAT
i1 ≥ j1

Ã�XZQ^[9N�dGt��|�k��Q��
(i1 + · · ·+ in).|ϕ(u1, . . . , un)| ≥ (j1 + i2 + · · ·+ in).|ϕ(v1, u2, . . . , un)|.

¡O�/aUbZq�wATxQ^]ðPR�|q�bZac_�Txde�|��q��|N�a
k
[9N�QZ]eXZ�|�k[jNkQ�ÃÞqC��N�au�|�kTxQA��dsaAÃ�t�_��kSuTc�|N�Su]sQAS�X�_�S^�

(i1 + · · ·+ in).|ϕ(u1, . . . , un)| ≥ (j1 + · · ·+ jn).|ϕ(v1, . . . , vn)|.

Ð¶de��Scd7�
[ϕ](u1, . . . , un; i1, . . . , in) ≥ [ϕ](v1, . . . , vn; j1, . . . , jn).

�¬_�auSUN�deTcQ�Ã
[ϕ]

QZSWT¶XAac�|deScSc_��=TxQ�g
¡O�ñ��_kÃãê�q�acbAScQA�9TZÃGp����9TcacQAaO[9N�Q�Ã'q��|N�aÈTx�|NkTcQ�acwA�|]sQ

α
t�Q

R∆,Σ

ÃC�|�ñ_
F (s(α)) ≥ F (t(α))QATl[9N�Q�Ã�qC�|NkauTc�|NkTcQ�acwZ��]sQ

α
t�Q

Φ(R)
Ã��|��_

F (s(α)) > F (t(α))
g

�J�|Nka«]sQASéacwA�|]sQASét�Q
R∆

ÃH�|� _/bZ�=_�]edeTcbrQA�=TxacQ
F (s(α))

QAT
F (t(α))

Ã®Sx_�NkÀuqC��N�aé]eQZSéaUwZ�|]eQZS
2QAT

3
Ã���º

[s(α)] > [t(α)]
��aUQZ�=_�act��|�kSZÃ�q�_�auQ½mkQAp�qk]sQ�Ãk]`_�acwA�|]sQ

2
Ã�]ÅPR_�NkTcacQ�bATx_��=TlScdsprds]s_�dsaUQ^�

{

[(ε⊗ 1) ◦ δ](u, i) = i.u

1∗(u, i) = 0.

Ü�Ï|Ï



ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

�J�|NkaO]sQASOacwA�|]sQAS¶t�Q
RΣ/∆

ÃC�|�/�kmoQ�N���Q«XA�|��SUTx_��=TxQ
γ ∈ Σ(0, 1)

QATONk��Q«¸�wZXÇÍkQ
ϕ ∈ Σ(n, 1)

Ã_��|QAX
n ≥ 1

gkÐH��_��=TuTx�|NoT�Ã��|���|bAacd~��Q�ÃÞq�_�a�aUbZXAN�acaUQZ��XAQhSUN�a
n ≥ 1

[9N�Q��
V
εn∗(~u;~i) = ∗

�
V

(δn)∗(~u;~i) = (~u, ~u;~i,~i)
QAT

[δn](~u;~i) = i1.u1 + · · ·+ in.un
�

V
(τn,1)∗(~u, v;~i, j) = (v, ~u; j,~i)

�
V

(τ1,n)∗(u,~v; i,~j) = (~v, u;~j, i)
g

�7N�dsS^�
γε
g¶¡O��_���bZXAQZScSc_�dsaUQZprQZ�=Th�

(ε ◦ γ)∗(∗) = 0∗(∗) = ∗.

�7N�deS��
[ε ◦ γ](∗) = [ε](γ, 1) + [γ](∗)

= |γ|

> 0

= [0](∗).

γδ
gÈµhPRN��kQhq�_�aUT^�

(δ ◦ γ)∗(∗) = (γ, γ; 1, 1) = (γ ⊗ γ)∗(∗).

�7N�deS��
[δ ◦ γ](∗) = [δ](γ, 1) + [γ](∗)

= 2.|γ|

= [γ ⊗ γ](∗).

γτ1
g

(τ ◦ (γ ⊗ 1))∗(u, i) = (u, γ; i, 1) = (1⊗ γ)∗(u, i).

[τ ◦ (γ ⊗ 1)](u, i) = |γ| = [1⊗ γ](u, i).

γτ2
g Ó dsprds]`_�dsacQlê

γτ1
g
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ϕε
g¶¡O��_��

(ε ◦ ϕ)∗(~u,~i) = ∗ = εn∗(~u,~i).

�7N�deS��
[ε ◦ ϕ](~u,~i) = [ϕ](~u,~i)

= (i1 + · · ·+ in).|ϕ(~u)|

> 0

= [εn](~u,~i).

ϕδ
gÈ�H�|N�auXZ��p�prQZ��XAQZa��

(δ ◦ ϕ)∗(~u,~i) = (ϕ(~u), ϕ(~u); 2.(i1 + · · ·+ in), 2.(i1 + · · ·+ in))

= ((ϕ⊗ ϕ) ◦ δn)∗(~u,~i).

Ò T\�
[δ ◦ ϕ](~u,~i)

=[δ](ϕ(~u), 2.(i1 + · · ·+ in)) + [ϕ](~u,~i)

=3.(i1 + · · ·+ in).|ϕ(~u)|.

¡Oa��
[(ϕ⊗ ϕ) ◦ δn](~u,~i)

=2.[ϕ](~u,~i) + [δn](~u,~i)

=2.(i1 + · · ·+ in).|ϕ(~u)|+ i1.u1 + · · ·+ in.un.

�¹�|prprQ
ui
QASUT�Nk� Sc�|N�S×V�TcQZacprQÙtkQ

ϕ(~u)
qC��N�ahTc�|NkT

i
QAT«q�_�aéÍ=vjqC��TxÍ�wAScQ�ScNka

| · |
ÃJ�|� _]ðPRde��bZ�=_�]sdeTcb

|ϕ(~u)| ≥ |ui|
q��|N�a�Tc�|NkT

i
g�¡O��QZ��XZ����XZ]eNkTlt��|��X^[9N�Q��

[δ ◦ ϕ](~u,~i) ≥ [(ϕ⊗ ϕ) ◦ δn](~u,~i).

ϕτ1
g Ò ��q�acQAp�deQZa�]edsQZNÛ�

(τ ◦ (ϕ⊗ 1))∗(~u, v;~i, j)

=(v, ϕ(~u); j, 2.(i1 + · · ·+ in))

=((1⊗ ϕ) ◦ τn,1)∗(~u, v;~i, j).
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ù [^] �}�}cC^vd ]Lb�^`�¾a��Í]n�<^T�²�}�$�N]Í�<^��}���<\?] . ]Jde_Y\��Ãa�·¼_Y���C^ . a��}�

Ò T\�
[τ ◦ (ϕ⊗ 1)](~u, v;~i, j) = [ϕ](~u,~i)

= (i1 + · · ·+ in).|ϕ(~u)|

= [1⊗ ϕ](v, ~u, j,~i)

= [(1⊗ ϕ) ◦ τn,1](~u, v,~i, j).

ϕτ2
g¶¡O��q�aU�oXAwZt�Q\t�Q^pÙ_���dswAacQOSUdsprds]`_�dsacQÈê

ϕτ1
g

ÕY]®acQZSWTxQhêr���|dsa�]eQ\XZ_�Slt�QZSÈacwZ��]sQZSut�Q
Φ(R)

g Ó N�q�q��|SU�|��Sl[jNkQ
α
QZSWT¶Nk��QhaUwZ�|]eQ^t�Q

R
QATÈp����oVTxaU�|��Su[9N�Q

F (s(Φ(α))) > F (t(Φ(α)))
g

¡O�/XA�|p�prQZ�kXZQ�q�_�aupr�|�=TxaUQZaZÃkq�_�a�acbAXZN�aUacQA��XZQhScN�au]sQ�tkQZ�|aUb\tkQZS�TxQAacprQZSut�Q
T
�

j 6 °å° 6 î c æ�æ c <$kCMPGfQ"kCMPQ²QnWNG6opW
u
gsW
T
%ÃQnkCMsQ�WNX(QjiTWNG

n
�UING6i �)SUX(Q

n ≥ ]u
%$Q"kCMPQ

~v ∈ T n
WNQ

Q"kCMPQ ~i ∈ (N∗)n
%�kCX Sz%�WNX XtkCQTSUX(Q

σ
O S-KNMY|NKNQvizQjMPQjiTkCX	gsI��ÁX(iTWÃ�YSUG

σ(xk) = vk
KNi
k ∈ [n]

WNQ
xkKNizXtkCXÙl

� k (Φn(u))∗(~v,~i) = (u · σ, l)
�(kCMsG�MsX hLWNGNQTSUizX

l ∈ N∗
Û

� k [Φn(u)](~v,~i) < |u · σ|+ 1
Û

� k KNii%)gsW3�½ORM�K�% u X�FeWLKNQ��YSCK�MPXtW��CSUGNijS�|}O�W�% [Φn(u)](~v,~i) ≥ |u · σ| k
�È_�q�qCQA]s�|�kSh[9N�Q

s(Φ(α)) = Φ]s(s(α))
QnT«[9N�Q

t(Φ(α)) = Φ]s(s(α))
gHµéPº��º'ÃHScd

u1, . . . , unSc���9Tlt�QASlTcQZaUp�QAS�QAT
i1, . . . , in

Sc���9Tlt�QASÈQA�=TxdsQAacS^�
s(Φ(α))∗(u1, . . . , un; i1, . . . , in) = (s(α) · σ, k),

��º
σ
QASUT\]`_�SUN���SWTxdeTcNkTxde�|�ñt�bA����dsQ�q�_�a

σ(xi) = ui
q��|N�aOTx��NkT

i ∈ {1 . . . n}
QAT
σ(xj) = xjScd

j > i
QATl��º

k
QZSWTlN��/QA�=TxdsQAaZgÞµ¶Q^p,lZprQ��

t(Φ(α))∗(u1, . . . , un; i1, . . . , in) = (t(α) · σ, k′),

_��|QZX
k′
N�� QZ�=TxdeQZaZg�Â�_�de�9TcQZ��_��9TZÃ�Sc��deT

c
N�� XZ�|�=TcQnmjTxQ�gu�¬_�a�tkbA����d~Txde�|�+t�QÛ]s_åacQA]`_�Tcds�|�2t�QacbAt�N�XnTxds���

→α

Ã��|�/_��
c[s(α) · σ]→αc[t(α) · σ].

�¹Qh[9N�dGtk�|����Q��
|c[s(α) · σ]| > |c[t(α) · σ]|.

�¹Qh[9N�dGqkac�|Nk��Qh�kdsQZ��[9N�Q
s(α)∗ ≥ t(α)∗

g

Ü|Ï��
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�J�|Nka
[·]
�kXZ�|prp�Q

α
QASUTlN���Q^aUwZ�|]eQ�t�QhaUbZbAXZacd~TxN�aUQ�Ã

s(α)
�'PºQZSWT¶q�_�SuN���Q���_�acds_���]sQ¶QATlt��|��X��

[s(Φ(α))](~u;~i) ≥ |s(α) · σ|.

µéPR_�NkTxaUQhq�_�aUT^�
[t(Φ(α))](~u;~i) < |t(α) · σ|+ 1.

¡OaZÃ�q�_�a�Í=vjq���TxÍ�wAScQ\ScN�a
| · |

�
|s(α) · σ| > |t(α) · σ|.

µ¶�|��Xr�
[s(Φ(α))] > [t(Φ(α))].

¡O���jdsQA�=T¶t�����X^t�Qhpr�|�=TxaUQZa�[9N�Q
(Σc, Rc)

TcQZacprds�kQ�Scd®QATlScQAN�]sQAp�QA�=TÈSUd
(Σc, R∆,Σ)

TxQZaUp�de��Q�ÃXZQ^[9N�Q\]ÅPº�|��Sx_�deTut�bYûcêkg
Â�_�de�9TcQZ��_��9TZÃGScN�qkqC�|SU�|��S\[9N�Q

(Σ, R)
QASUT\]sde��b�_�deacQ�ê��=_�N�XÇÍ�Q�QAT\[9N�Q

(Σc, Rc)
TcQZacprds�kQ�g Ó Pºds]QnmodeSUTÇ_�deT«Nk��Q�ScN�d~TxQ

(un)n∈N

t�QÙTcQZacprQZS«TcQZ]eS«[9N�Q
un →Run+1

q��|N�aéTc�|NkT
n
_�]e�|acSAÃJtãP·_�qkacwZS�]s_q�aU�|qC��ScdeTcds�|���jgR�=£oÃ��|��_�N�ac_�deT�Nk��Q^ScN�d~TxQ

Φ(u0) �+
RcΦ]u0(u1) �+

Rc · · ·�+
RcΦ]u0(un) �+

RcΦ]u0(un+1) �+
Rc . . .

t�_���S
FlLΣc

Ã�XZQ^[9N�d®QZSWTldsprqC�|SUScde��]sQÈq�_�auÍ=voq���TcÍ�wZSUQ¸�Þt��|��X
(Σ, R)

TxQZaUp�de��Q�g
$VÔh$VÔBð � ·éì_^Í±²³ªì�«t³

¡O�å����TcQ
π
]sQ�À¾�|��XnTxQAN�aé_�ScSc�jXZdebr_�Nå[9N���TcdsQA�9Tht�Q

LΣc
q�_�a

R∆,Σ

�®_�de��Scd
π : LΣc −→ TΣ_�SUSc�jXZdsQ^ê«Tc�|NkTxQ�¸�wAXÇÍ�Q

f ∈ LΣc
Nk�

n
VYN�q�]eQAT

π(f) = (f1, . . . , fn)
g�ÕY]'QASUTÈ_�dsSUb�t�Q^ScQ^XZ���9��_�de��XZaUQt�Q��

j 6 °å° 6 î c æCî c Z{i
f
WNQ
g
K?kCX(QHgsWNM('m�Ã�LhL�(WLKH�YSUGuSUOzO��NO�WLK8gsW

LΣc
Q"WNOzO�WLKmA}M{W

f →R∆,Σ
g
SUO�kCGJK

π(f) = π(g) k Z{i f WNQ g K?kCX(Q$gsWNM('��$�LhL�(WLK²�YSUGuSUOzO��NO�WLKmgsW�|}MPQ n gsW LΣc
Q"WNOzO�WLK²A}M{W

f →Φ(R)g
%

SUO�kCGJK�%��(kCMsG�Q"kCMsQ
i ∈ [n]

%
fi �Rgi k n SUXYKHQ"kCM�K�O�WLKmhFSCK�%BKNi f →Rcg

SUO�kCGJK
fi �Rgi

�(kCMPGHQ"kCMPQ
i k

� �|NkSØ_�]s]e�|��S êOqkacbZSUQZ�=TÔt�bZpr�|�=TxaUQZa ]eQ¹TxaU�|dsSUdswAp�QìqC�|de�=T t�N�TxÍkbZ�|aUwZprQu�ogR�|i«���|��SUN�q�q��|ScQut�����X[9N�Q
(Σ, R)

QASUTlN���SUvjSUTcwZprQhtkQ\aUbZbAXZacd~TxN�aUQ^t�Q�TxQZaUp�QASu]sds�kb�_�deacQOê��=_�N�XÇÍ�Q\QATlN���d~À¾�|acprdsSUb�g
µO_���S�Nk��qkacQZprdsQAaìTcQZprq�SZÃ�SUN�q�q��|Sc����Su[jNkQ

(Σ, R)
QZSUTuXA�|�k¸�NkQZ�=TlQAT�[9N�Q^]ÅPº�|��_«Nk���kax_���XÇÍkQnVprQZ�=T

(f, g, h)
t�_���S

(Σc, Rc)
�
f
Ã
g
QAT
h
Sc�|�=T�TxaU�|dsSÔ¸�wZXÇÍkQZSut�Q

LΣc(m,n)
QnT��|bAacd~��QZ�=T

f �RcgQAT
f �Rch

g®¡O�ñQZ�ñt�bAt�N�deT¶Txac��dsS
n
VYN�q�]eQATcSOt�Q«TxQAacprQZS

π(f)
Ã
π(g)

QAT
π(h)

gãµéP·_�q�acwAS\]eQ«]sQAp�prQq�aUbZXZbAt�QZ�=TZÃ|]ÅPºÍ=voq���TcÍ�wZSUQ
(f, g, h)

QASUT7Nk����ax_��kXÇÍ�QZprQZ�=T7����N�S t��|�k��Q�[9N�Q�Ã�qC��N�aJTc�|NkT
i
Ã
(fi, gi, hi)
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QZSWT¹Nk�Ù��ac_���XÇÍ�QAp�QA�9Tìt�Q
(Σ, R)

�9XZ�|prp�Q�XAQÈtkQZac�kdsQZaÔQZSWT¹XA�|�k¸�NkQZ�=T�Ã9�|��t�bA���kdeT
k = (k1, . . . , kn)t�Q¶TcQZ]e]sQ¶SU�|aUTcQO[9N�QOXÇÍ�_�[jNkQ

ki
À¾QZacprQO]eQ¶��ac_���XÇÍ�QAp�QA�9T

(fi, gi, hi)
g��¹�|prprQ

(Σ, R)
QASUT�]eds��bZ_�dsaUQ¶ê�=_�NkXÇÍ�Q�Ã;t'PR_�q�acwASJ]eQØqC�|de�=TìzÔt�N\TxÍ�bA�|acwAp�Q�Ã;]s_u¸�wZXÇÍ�Q

Φm(k)
À¾QZacprQØ��dsQA�h]eQì�kax_���XÇÍkQZprQZ�=T

(f, g, h)
g

�lbAXZdeq�ac�j[9N�QZprQZ�=T�Ã7SUN�q�q��|Sc����S�[jNkQ
(Σc, Rc)

QZSWTrXZ�|�k¸�N�QZ�=TrQATr[9N�Q
(u, v, w)

QASUTrN��y��ac_��oVXÇÍ�QAp�QA�9T\t�_���S
(Σ, R)

g®�¹�|prprQ«XZQ�t�QAac��deQZaOQASUT\]sde��b�_�deacQéê��=_�N�XÇÍ�Q�ÃGXZQ«Tcacdsqk]sQATOScQ�acQA]swn�|Q�QZ�ñN����ac_���XÇÍ�QAp�QA�9T
(Φ(u),Φ]u(v),Φ]u(w))

t�Q
(Σc, Rc)

Ão]sQA[jNkQZ]'QASUT�XA�|�k¸�N�QA�=T�g�¡O��XÇÍ��|deScdeT�_�]s��acS¹Nk��Q¸�wAXÇÍ�Q
t
t�Q
LΣc [9N�d�À¾QZaUp�QÈXZQOt�QAac��deQZaì��ax_��kXÇÍ�QZprQZ�=Tª��tkQ¶q�]eN�SZÃ t _éqC��N�a¹��NoTOz«�o_�]s��acSZÃ π(t)

QASUTN���TxQAacprQ�[jNkd'À¾QZacprQ^]sQ���ac_���XÇÍ�QAp�QA�=T
(u, v, w)

t�Q^t�bZq�_�aUT�g
º�TC½ j %�.�!$#�#ª¡p#�%£¢$� !$#¿�m�4� .N41�-2$0H4N1�!$#k> ��0���'ml-! 9

µO_���S�]eQ�XZ_�S�t'PºN��ÎSUvjSWTxwZprQÛt�QÊaUbZbAXZacd~TxN�aUQÊt�Q�TcQZaUp�QAS�]sde��b�_�deacQ/êå�=_�NkXÇÍ�Q�Ã����+qCQANkT�t�����XScdep«N�]eQZaé]s_�acbAbZXAacdeTcN�acQÙt�_���S�N��kQ��|qCbAax_�tkQ�]sde��acQ�g Ó de���|�'ÃH�|� QASUT��|��]eds�|b�t�QÙTcax_���_�ds]e]sQZa^t�_���S�N��[9N���TcdsQZ�=TZÃÔQnTÙtk�|��X�pr�jt�N�]s�ñt�QASÙaUQZ]`_;Txds����S��Øds]�À¨_�NkT�Qnmoq�]e�|acQAa�tkQZSÙXA]`_�SUScQASÙt'PºbZ[9N�d~��_�]sQZ�kXZQ�gì¡O�acQnTxaU�|Nk�|Qét��|��Xhê�XAQé��d~�|Q�_�N�Tx�|NoTxQZSÈ]sQASÈt�d ÛrXZN�]~TxbZSlq�aU�E��QZ��_��9TOt�QZSOSWvjSUTxwAp�QASOt�QhacbZbAXZaUdeTxNkacQ\���|�]sde��b�_�dsacQAS¶ê��=_�N�XÇÍ�Q�XA�|prp�Q�ÃCq�_�a¶QnmoQAp�q�]eQ�ÃC]sQZSlTxQASUTxS�tãPRbA�=_�]sd~Txb\qC��N�a¶�|bAacd~��QZaOSUd¬�|�Ûq�QZNoT^_�q�q�]ed~V[9N�QZa¹N���QOaUwZ�|]eQ¶_�v=_��9T�N���Q¶��_�aUd`_���]eQÈtk�|N���]ebZQ¶t�_���S¹SU�|��prQZp«��aUQ¶t�QÈ�=_�N�XÇÍkQf~¨XAQZ]`_hXZ�|aUacQZSUqC����t�êQnmoq�]e�|acQAauN���Q^XZ]s_�ScSUQ\tãPRbA[jNkde��_�]sQA��XZQx�ng
} QuTcÍ�bZ��acwZprQuq�acbAXZbAt�QZ�=T�SUQZp«�k]sQuq�ac��Nk�|QAaÔ[9N�Ql]sQ�aUQZ]ewA�|QAp�QA�=T¹t�QASØSUvjSUTcwZprQZS¹tkQlaUbZbAXZacd~TxN�aUQut�QTxQAacprQZS�t�_���S�N��kQ��|qCbAax_�tkQ¶XZaUbZQ�t�QAS�q�ac����]swAp�QAS¹]`êh��º�ds]��'P vÙQA��_���_�d~T¹q�_�SZg�¡���q�QZNoT�XZQAqCQA��t�_��=T�|��dsa�]sQAS�XÇÍ��|SUQZSO_�NkTxaUQZprQZ�=TlQATup,lZprQ�p��|�=TcacQZa�[9N�Q\]ÅPº�|��q�QZNkTlaUbZSc��N�t�acQ\t�QASltkdVÛrXZN�]~TxbASZg
�J�|NkaÈXA�|p�prQZ�kXZQZaAÃÞ]sQ�À¨_�deTu[9N�Q\]sQASu�|qCbAax_�Tcds�|�kSltkQh�|QASUTcds�|��t�QZSu��_�acds_���]eQZSuSc�|deQZ�=TlQnmjTxbAacdeQZN�aUQZS_�N�XZ_�]sXAN�]ãaUQZ�=�|�|deQ�]sQAS�q�ac����]swAp�QAS�[9N'PRQA]s]eQZS�XAacbZQA�=Tlê«]ÅPºdsprq�]`_��=Tx_�Txde�|���kq�_�a¹QnmoQZprq�]sQ�Ãk]s_éq�acbAScQA��XZQt'PºN���Q\acwA�|]sQ������/]eds��bZ_�dsaUQ�ê��=_�N�XÇÍ�Q\�|��]eds�|Q¶]sQ�X�_�]sXZNk]`_�TcQZN�auê�Q��CQZXnTxN�QAaÈt�QAS�TxQZSWTxSlt'PºbZ�=_�]edeTcb�qC�|Nka�|bAacd~��QZaÈScdHXZQATUTxQ«aUwZ�|]eQhQASUTO_�q�q�]edsX�_���]sQ\êÙN��/TxQZaUp�Q\t��|�k��b�g } QhÀ¨_�d~T¶t'Pºds�kXZ]sNkacQ\]sQZSl�|q�bZac_�Txde�|��Slt�Q�|QASUTxde�|��t�QAS���_�acd`_���]sQASìt�_���S�]sQOSWvjSUTxwAp�Q�tkQ�acbZbAXZaUdeTxNkacQOq�QZaUp�QnT�t�QOac_�p�QA��QZa¹t�_���S�]s_hTxÍ�bA�|acdeQ¶XAQZSt�d Û�XAN�]eTcbZS�q�ac_�Txde[9N�QZSuQATlq�QZaUp�QnTut��|��X^t�Q^prdsQZNjm�]sQASubATxNkt�dsQAaZg
� �|NkS�_�]e]s�|�kS�bA���o[9N�QAaÊê q�acbAScQA�9T�t�QZNjm �|�|deQZS/êyQ½moq�]s�|aUQZa�q�ac��Nk��_��=T�Ã�q��|N�a�]ÅPºN���Q�Ã�[jNkQá]s_acbAbZXAacdeTcN�acQÙQZ�yt�dsprQZ�kScds���ÚScN�q�bZaUdsQAN�acQ�q�QZNoT�acbZNkScScdea«]`ê/��º ]`_�aUbZbAXZacd~TxN�aUQ�t�QÙTcQZacprQZS�bAXÇÍ��|N�Q�QnT]`_�dsScSc_��=T�QAScq�bZacQAaZÃ�q��|N�aì]ÅPR_�NkTcacQ�Ãj[9N�Q�]`_\]sdep�d~TÇ_�Tcds�|��_�Njm�aUwZ�|]eQZS�]eds��bZ_�dsaUQZSìêé�=_�N�XÇÍkQ�qC�|Nkacax_�deT)lATxaUQXZ���9Tc�|N�aU��bZQ�g

$VÔ0&5Ô×Ö 
 ©ª©ª«¬§Y­°¯Y±Ã§®³Æ´²³:¯P³�§(¶¨³ª¹	¶¨·3´²±�èn· «t·é¶ ¶µ±Ã¯P¦¸¯P­���­"¯P©
} _ÊacbZbAXZaUdeTxNkacQÙtkQÙTxQAacprQZS«QASUT«TcacwZSéScbZaUdsQAN�ScQAp�QA�9T�]edsprdeTcbZQ�t�_���Sé]ÅPºbATxNkt�QÙt�QÙ]`_�q�]eN�q�_�aWT«t�QASSUTcacN�XnTxN�aUQZS¶_�]s�|bA��acde[9N�QZSAg��¶PRQASUTOQA��q�_�aUTxdeXZN�]edsQAa�]sQ^X�_�SÈq��|N�aut�QASO_�]e�|wZ��aUQZSuq��|ScSUbZt�_��=T¶t�QZSl�|q�bZax_EV

Ü|Ïe+



ù [¼��[ ò ]�� ���3�����n]n�<�²�}��\�_Y\»�âdá\�� . dý^`���g;�0 . bCc
n��ao

TxQAN�acSìXZ�|prp«NkTx_�Txd~À¾SZg } _hqk]sN�SÔScdep�q�]eQut'PRQA�=TxacQ¶QZ]s]eQ�Ã=XAQZ]s]eQÈtkQZS¹p�_��|p�_�SØXZ��p�p«NoTÇ_�TcdeÀ¾SZÃ=�kQlTcQZacprds�kQûc_�p�_�dsSì�=�|�r_�ScQZNk]sQZprQZ�=TÔN��r�|q�bZax_;TxQZNka
µ
tãP·_�aUdeTcb

2
QATØ]ÅPºbZ[9N�_;Txds���

µ(x, y) = µ(y, x)
g|ÕY]�QASUTÔXZ]s_�dsa[9N�Q\]ÅPº�|��_�N��/XÇÍkQZprds��t�Q^acbZtkN�XATcds�|��ds�o����d �

µ(x, y)→µ(y, x)→µ(x, y)→µ(y, x)→...

�¹QZq�QZ��t�_��=T�ÃÞ]sQ¶À¨_�deT�[9N�Q^]sQAS��|q�bZax_;TxQZNkacS�X�_�aUTxbAScdeQZ��SuSc��dsQZ�=TuQ½mkqk]sdsXAdeTcQZS�q�QZaUp�QnTut�Q�XZ�|�kSUTxaUN�dsaUQN���Q�qkacbZSUQZ�=TÇ_;Txds����XZ�|�=�|QAac�|QA�=TxQ^t�Q�]ÅPº�|q�bZac_�t�Q¶tkQZS�p�_��|p�_�SìXA�|prp«NkTÇ_;TxdeÀ¾SAgo�¹�|p�prQ¶XAQATUTxQ�SUTcacN�X½VTxNkacQy_�]e�|bZ��aUds[9N�QÚ�ãPRQASUT q�_�SÊ��bZacd~TÇ_��k]sQZprQZ�=TÛde�=TxbZaUQZSUSx_��=TxQ�Ã^�|��QZ� acQA�=_�actkQ N���Qy_�NkTcacQ [9N�d�]s_XZ���9TcdsQA�9T�VÔ]s_éTxQZaUp�de��_�deSc�|��t�Q^]s_«q�]sN�Su�|ac_���t�Q�tk�|����QAax_�XZQZ]e]sQ�t�Q^]s_«q�]sN�Suq�QATcdeTxQ�g
¡O�ÚXZ�|�kScdstkwZacQ�]ÅPº�|q�bZax_�t�Q�t�QZS«QAScq�_�XZQZSh�|QZXnTx�|aUdsQA]sS\ScN�ah]sQrXZ�|aUq�S

Z/2Z
g } _�q�acbAScQZ�=Tx_�Txde�|�Út�QXZQnTcTcQ��|qCbAax_�tkQ�Ã'deScScNkQ�t�Q�= } _�À¨£��C>ðÃ'_�t�bYûcê�bnTxb�t�������bZQ�QA� �kgËÁjgËÁog � �|NkSOvÛ_��|�|�kS�p��|�=Tcacb«Sc_�TcQZa×Vprds��_�deSc�|�ãg��¹�|prprQ�]`_«XZ���k¸�N�QA��XZQh]s�jX�_�]eQ¶bATx_�deTutkb×ûcê�XZ�|���9N�Q�Ã��|���|�kTxdeQZ�=T^�

� �®±9DÞ8 ¯j° 6 î c æ ß/c D£WÀhLkCM?�½O�W
(Σ, R)

WLKNQfMsXtW8�½GJILK?WNX(Q°SUQjiTkCX hLkCX(�UWNGvqsWNX(QnWygsWyO$FekL�(INGuS�gsWAgsWLK
WLK"�YSshLWLKH�UWLhNQ"kCG6iTWNOáKÍKNMPG

Z/2Z k
Ð¶��_�]evjSc�|�kSÈXAQhaUbZScNk]eTÇ_;T�g } _rqkacQZprdswAacQ^t�QASÈXÇÍ���ScQZS¶[jNkQh]ðPR�|��XZ����SUTx_�TxQ\QZSWT¶[9N�Q\]`_«Txac_�t�N�XnTxde�|��'PºQZSWT¶q�_�S�XZQZ]e]sQ�[9N�d®_�bATcb\tkbZXZaUdeTcQ�q�acbAXZbZtkQZprp�QA�9TZg Ò ��Q��CQATZÃ��|�/_�N�ax_�deT��

Φ(µ(x, y)→µ(y, x)) = µ→µ ◦ τ

[9N�d�t��|�k��QZac_�deT7bn�jdst�QAp�prQZ�=T7N���SWvjSUTxwAp�Qu[9N�d��kQ¹TxQAacprds��Q�q�_�SZg�ÕY]�QZSWTØXZ]`_�dsaH[jNkQ�XZQATUTxQ�aUQZ]`_;Txds���t��|d~T�lnTxacQ�qkacdsSUQ�t�_���S�]ðP·_�NkTxaUQOScQA��SZg��¹QAXZdGq�aU�E���o[9N�Q\_�]e�|acSì]ÅPR_�q�q�_�acdeTcds�|��t'PºN���Q�acwA�|]sQ¶���|��]sde��b�_�deacQê«�=_�NkXÇÍ�Q�goÕY]ãÀ¨_�NkT¹acb�_�p�bA��_��|QAa�]sQAS¹acwA�|]sQAS�t�Q
RΣ/∆

q��|N�aìXZ�|�kScQZaW�|QAal]s_éXZ���k¸�N�QA��XZQ�g��¹QZq�QZ��t�_��9TZÃ]sQ\À¨_�deTÈ[9N�Q
µ
SU�|deT¶Qnmk_�XATcQZprQZ�=T�]eQéSUvjprbATcacds[9N�Qét�Q

δ
ÃCTx_��=T^_�NÊ��d~�|QZ_�NÛt�QZS¶Sc�|N�aUXZQAS�QAT���NoTxS�[9N�Qt�N�XZ�|prq��|aUTcQZprQZ�=T�Ã�q�QZaUp�QnTut�Q^acbANkTxde]sdsSUQZa�]eQZS�aUQZ]`_;Txds����S�t�Q

∆
QA�/]eQZSuacQA�9��QZaUSx_��=T�g

Ð¶de��ScdðÃ��|��QASUTOQA��q�aUbZSUQZ��XAQ�t'PRNk��QnmoQAp�q�]eQ�ûUNkSUTxd~�Þ_��=T¶ê�]sNkdGScQZNk]J]ðPRbnTxN�t�Q\t�Qh]`_�acbZbAXZaUdeTxNkacQ\QZ�t�dep�QA��Scde�|� ScN�q�bZaUdsQAN�acQ�QATZÃ7q�]sNkS�q�_�aUTcdsXAN�]sdewZacQAp�QA�=T�Ã¬tkQZSrq�acbAScQZ�=Tx_�Txde�|��S�t'Pº�|qCbAax_�tkQZS��7QZ�àQ��CQATZÃ]`_�SUTxaUN�XATcN�acQ�tkQ
Z/2Z

V�QZScq�_�XZQ«��QZXATc�|acdeQZ] �kQ«qCQANkT�q�_�SÍlATcacQ�t�bAXZacd~TxQ«q�_�a¶N��ñSWvoSWTxwAp�Q�t�QéacbZbAXZaUd~VTxNkacQrt�QrTcQZaUp�QAS8~¾QZ� N���QÙtkdsprQZ��SUds�|�{�¶XA�|�=�|QAac�|QA�9T«ê�XZ_�N�SUQÙt�Qr]`_�acQA]`_�Tcds�|�ñt�QrXZ��p�p«NoTÇ_�Tcde�jdeTcb�g�¹QZq�QZ�kt�_��=T�Ã'de]®QnmodsSWTxQ«N��kQ«q�acbAScQA�9Tx_�Txde�|�ÛXZ���9��QZaU�|QZ�=TxQ�t�Qh]ÅPº�|q�bZax_�t�Qét����9TO]sQZS¶_�]s��wZ��aUQZS¶t�_���SO]s_X�_;TxbZ���|acdeQ«t�QZS\QZ�kScQZpé��]sQAS\SU�|�=T\XZQZS^p,lZprQZS
Z/2Z

VYQZSUq�_�XAQZS^�|QZXnTx�|aUdsQA]sSZg'µ¶Q�q�]sN�SAÃ'�|� _�_�ds�kScd N��q�aUQZprdsQZa¹QnmoQZprq�]sQ¶t�Q�q�acbAScQA�9Tx_�Txde�|��XZ�|�=��QZac��QZ�=TxQhpÙ_�]e�|acbl]`_«qkacbZSUQZ��XAQhtkQ�acwZ��]sQZS¹���|�oV�]sds�kb�_�deacQZS¹ê�=_�NkXÇÍ�Q^t�_���Su]sQ�SWvjSUTxwAp�Q\t�Q^acbAbZXAacdeTcN�acQ^t�Q�TcQZacprQZSuXA�|acaUQZScq��|��t�_��=T�g
�¹QATéQnmoQZprq�]sQ�t�Qn�jax_�d~T�lnTxaUQ�SUN�de�jdØq�_�a\��dsQA�átãP·_�NoTxacQASZÃHds��_�XZXZQAScSUds��]eQZS\_�NomñTcQZacprQZSr�®�|� qCQANkTQZSUqCbAacQAar���kTxQA��dsaAÃJq�aU�oXÇÍ�_�ds��QAp�QA�=T�Ã N��kQ�q�acbAScQZ�=Tx_�Txde�|� XZ�|�=��QZac��QZ�=TxQ�t�Q�]ÅPº�|q�bZac_�t�Q�t�QAS��|ac��N�qCQAS[9N�_��=Txde[9N�QZS�
�_�]s��wZ��aUQZSÔt�QÃ@È�|qkÀs�9XZQnTcTcQu���|dsQut�QlacQAXÇÍ�QZaUXÇÍ�Q¶q��|SUScwZtkQÈt�QuÀ¾�|aWTxSØ]sdeQZ��SØ_��|QAXÈ]s_OTxÍ�bA�|acdeQ

Ü�Ï�Z
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t�QASÈXAdsacXAN�deTcS�XZ]s_�ScSUds[9N�QASÈQnTu[jN�_��=Txds[9N�QASZÃÞXZ��p�prQ�bA���o[9N�b\t�_���S�= } _�À¨£|�C>ðg
µéPR_�NkTxaUQ�q�_�aWT�Ãã]s_Ùq��|ScSUds��de]sdeTcbhtkQ�t�bZXAacdsaUQ«]sQASOQZ�kXÇÍ�QA�UlATxaUQZprQZ�=TxSAÃJXAQ�[9N�d QZSWT�Tx�|NoT^_�NkTx_��=T�ds�oV_�XAXZQZSUScde��]sQ/_�Nom TcÍ�bZ��acdsQAS�bZ[9N�_�Tcds�|���kQZ]s]eQZSAÃ7QZSUTrde�9TcbZaUQZScSc_��=TxQá�7QZ]s]eQ��|Nk�jacQ�]`_Ê���|dsQ�êñ]ÅPºbATxNkt�Q�t�Qq�aUbZScQA�=TÇ_�Tcds�|��S^t'Pº�|�jûUQnTxS\NkTxde]sdeScbZS¶t�_���S^]`_ÙTcÍ�bZ��acdsQ«Tx_���_;¢9deQZ����Q�Ã'acQA]sds_��=T�ÃãtãPRN��kQ�q�_�aUT�Ããt�QZS^SUTcacN�X½VTxNkacQZS¶ScN�aÈ]sQZSÈ�|ac��N�qCQASO[9N�_��=Txde[9N�QZSOQnTO]eQZSO_�]s�|wA��acQAS¶t�Q�@l�|qkÀØQnT�Ã�t'P·_�NkTxaUQZSOq�_�aUT�Ã�t�QASOSUTcacN�XnTxN�aUQZSTxaUQZSUScbZQAS¶QnTÈQA�/aUN���_��kSlSUN�au]sQAS�X�_�TcbZ�|�|aUdsQASlpr�|����¿�t�_�]eQZSAg

$VÔ0&5ÔÜÓ ¥m³ÿ«¬¦é¹	´²³ª¹ ¹qp3¹�¯V1£¶¨³ª¹ïì�·Áì è�­nì²©ª¦é­"§Y³ª¹
� �|NkS�_�]s]e�|��S\ax_�qkdst�QAp�QA�9Tét�dsSUXZNkTcQZaht�N X�_�Sé]`_�deScScbrt�Q�X�E�Txb�Ã¬XAQZ]sNkdìt�QAS�acwA�|]sQASé���|�å]sds�kb�_�deacQZSêÙ�=_�N�XÇÍ�Q�g � ��N�S¶�|QA���|��S¶t�Qh���|dsaÈ[jNãPRde]HQ½modsSUTx_�deT¶_�NÊpr�|de��SÈNk�ÊX�_�SÈt�QéqkacbZSUQZ�=TÇ_;Txds���Ût'PR��qCbAax_�t�QASXZ���9��QZaU�|QZ�=TxQ�p�_�]e�|acbu]`_\q�acbAScQA��XZQ�t�QÈacwA�|]sQAS¹���|�Ù]sds�kb�_�deacQZSÔê\�=_�N�XÇÍ�Q¶t�_���Sì]sQ¶SWvjSUTxwAp�Q¶t�Q¶aUbZbZXAacdÝVTxNkacQétkQ\TcQZacprQZSÈXZ�|aUacQAScq��|��t�_��=TZg'�¹QAXZdÞûUNkSUTxd~��Q\[jNkQé]ÅPº�|��Qnmoq�]e�|acQhN���q�QZNÊqk]sN�Sl]`_�qC��ScScde��ds]edeTcb�t�QTxac_�t�N�deacQ�t�Q^p�_���dewZacQO_�NkTx��pÙ_�Tcds[9N�Q�N���SWvoSWTxwAp�Q\t�Q^acbAbZXZaUdeTcN�acQ^���|��]sde��b�_�dsacQ�g
ÐH��QZX^]`_\Txax_�t�N�XATcds�|�

Φ
NkTcds]sdeScbAQÈq��|N�a�]eQ¶TxÍkbZ�|aUwZprQ\�og·��ikÃo����XZacbAQ^t�QZS�t�bnÀ¨_�NkTcS�t�Q�XZ�|�o¸�N�QZ�kXZQq��|N�aìTc�|NkTcQ¶acwA�|]sQl���|��]eds��bZ_�dsaUQlêh�=_�NkXÇÍ�Q�gk�¬_�a�Q½moQZprq�]sQ�Ãj�kmo�|�kS�N���QOSUds�|��_�TxN�aUQ

Σ
XA�|�=TxQZ��_��=T�N���|q�bZac_�TxQAN�a���de��_�dsaUQ

ϕ
_�de��ScdC[jNãPRN����|q�bZac_�TxQAN�a�N���_�dsaUQ

ψ
g � �|NkSu_�]s]e�|��SÔNkTxde]sdsSUQZaì]`_éaUQZq�aUbZScQA�=TÇ_�Tcds�|��|ac_�q�Í�de[jNkQ�t�Q^]`_«���|N�aUQh�ogez��kg

È)ÉzÊ3Ë �og~z���Ìm�ªÓ�ã�ÐTÑuÒvÓ�Ï}Ø°ÔLØvÙáßNÏ=�NÐ°Ô6ã�ùCÙá÷}Õ�Ó¸Ö?ÓuÒ7Ö?Ó�Õ?ö	þzÿuø°ù�ÓFÒªÖ?ÓBàýÔ�ÒvÙ¯�NÏCÔ6ØvÕ�ÐTÓ
Σ
Ú

 ¬d~mo�|�kSu_�N�ScSUd®N���Q^acwA�|]sQ
α
�

ϕ(x, x)→α ψ(x).

�¹QATUTxQ\acwZ��]sQ�t��|�k��Q
Φ(α)

ScN�a
LΣc

�
ϕ ◦ δ →Φ(α)ψ.

} _�����N�acQ\�og~z���pr�|�=TxacQ^]s_«acQZqkacbZSUQZ�=TÇ_;Txds���/�|ac_�q�Í�de[9N�Q^t�Q
Φ(α)

g
Ò � ac_EûU�|NkTx_��=T

Φ(α)
ê�]`_�À¨_�prds]e]sQ

R∆,Σ

ÃC�|�Ê�|�oTxdsQA�=T�ÃãQA�=TxacQ�_�NkTxaUQZSZÃC]`_Ùq�_�dsaUQéXZaUdeTcds[9N�Qépr�|�oVTxaUbZQhq�_�al]`_r���|N�acQé�og~zE�ogC�¹QATUTxQ«q�_�dsaUQhXAacdeTcds[9N�Q�Ã�QA���|QA��t�acbAQ«q�_�al]sQASÈaUwZ�|]eQZS
Φ(α)

QnT
ϕδ
ÃÞQZSWTO���|�XZ���k¸�N�QA�9TcQ�Ã'XZ_�aO]eQZSOt�QANom�acbZtkN�XATcds�|��S¶qC�|SUScde��]sQAS�_����|NkTxdeScSUQZ�=T^êÙt�QAS

Rc
V�À¾�|aUp�QASÈ�k�|acp�_�]sQASZÃ�XZ]s_�d~VacQAp�QA�=TÈtkdsSUTcds��XnTxQASZg

Ü ë �



ù [¼��[ ò ]�� ���3�����n]n�<�²�}��\�_Y\»�âdá\�� . dý^`���g;�0 . bCc
n��ao

ÈéÉzÊ3Ë �og~z��¾Ì��£Ó�ã�ÐTÑuÒvÓ�Ï}ØTÔ6ØvÙáßNÏ=�NÐ°Ô6ã�ù�Ùý÷}Õ�ÓBÖ?Ó¸àáÔ�ÐÜÿ×��àâÓ
Φ(α)
Ú

ÈéÉzÊ3Ë �og~zE��ÌpÎ7ÏÍÓnö?Ó�õ�ã�àáÓÁÖ?Ó¸ãCÔ6ÙáÐTÓ¸ø�ÐvÙâØvÙý÷}Õ�ÓBønÐTÑ�ÑuÓ5ã<Ô6ÐªÕ�Ï�ÓBÐÜÿ×��àâÓ5Ï�ß�Ï²àáÙâÏCÑuÔ6ÙáÐTÓûý~�}Ô6ÕCø°ù�Ó�Ú

¡O� p��|�=TcacQ�_�dsScbAp�QA�=T«[9N�Q�]sQ�SUvjSUTcwZprQ�t�Q�aUbZbAXZacd~TxN�aUQ�t�QÙTcQZaUp�QAS
(Σ, R)

QZSWT�XZ�|�=��QZac��QZ�=T��q��|N�al]`_rTcQZaUp�de��_�dsSU�|�'Ã�]ðPR��act�aUQ
> ÄÑÐ�H QA���|QZ�kt�acb«q�_�a ϕ > ψ

À¾�|��XnTxds������Q^TxacwAS¶��deQZ�'Ã�Tx_���t�deSÈ[9N�Q«]s_XZ���k¸�N�QA��XZQO]e�oXZ_�]sQuQASUT�tk�|����bAQOq�_�aÔ]sQuÀ¨_�deTì[9N�Q
α
��QÈXZacbAQOq�_�Sìt�Q¶q�_�dsaUQÈXAacdeTcds[9N�QÈ_��|QZX¶QZ]s]eQnV�p»lAp�Q

~¨]eQéSWvoSWTxwAp�Q�t�QéacbZbAXZaUdeTxNkacQ«QASUTpkCG6Qz�(kFqskCX½SUOj�ngã�¹QZq�QZ��t�_��9TZÃGSx_ÙTcax_�t�NkXATxde�|�
(Σc, Rc)

�'PºQZSWT�p,lZprQq�_�SlXZ���k¸�N�QA�9TcQ�gã¡O�/SUQht�QApÙ_���t�Qh_�]s�|aUS�SZPºds]GQ½mkdeSUTcQhN��kQéq�aUbZScQA�=TÇ_�Tcds�|��XZ�|�=��QZac��QZ�=TxQ
(Σc, R′)

ÃÞ�|NbA��QZ�=TxNkQZ]s]eQZprQZ�=T
(Σ′, R′)

Ã�bA[9N�de��_�]eQZ�=TxQ^ê
(Σc, Rc)

g
} _åq�acQAp�dewZaUQ/q�deSUTcQ/XA�|��ScdeSUTcQÛêå_�qkq�]sde[jNkQZarN��Î_�]e�|�|acd~TxÍ�prQ�t�Q/XZ�|prq�]sbnTxde�|�3ê ]`_ q�acbAScQZ�=Tx_;VTxde�|�
(Σc, Rc)

��dsXZdðÃE�|���|�kTcdsQZ�kt�ax_O_�dsScbAp�QA�=T N���Q¹q�acbAScQZ�=Tx_�Txde�|��XZ�|�=��QZac��QZ�=TxQuQZ��aUQZ�=�|QAacSc_��=T
Φ(α)

gµO_��kS�]sQOXZ_�S�t�Q
L(Z2)

ÃoXZQA]`_éÀ¾�|��XnTxde�|����Q�_�N�ScSUdÅÃ�[9N�d~TcTxQOê«ds�=TxaU�ot�NkdsacQÈN������|Nk��QZ]G�|q�bZac_�TxQAN�a�t�_���S]`_�SUds�|��_;TxN�aUQ�g®�¹QAqCQA��t�_��=T�Ã®]s_�aUbZN�SUScd~TxQrt�Q�]`_�XZ��p�q�]ebATcds�|�ÛSUQZp«��]eQ�TxacwAS^t�bZq�QZ��t�_��=TxQÙtkQr]s_�q�acb½VScQA�=TÇ_�Tcds�|��bATcN�t�debZQ�g
�J�|Nkah]eQZS^X�_�S\��º ]`_�XZ��p�q�]ebATcds�|�ÛbAXÇÍ��|N�Q�ÃJ�|� XÇÍ�QAacXÇÍ�Q�N���QrSc�|]eNkTxde�|�Ût�QracQZprq�]s_�XZQAp�QA�9T��®]s_ScQAXZ�|�kt�QOq�deSUTxQlQZSWT�_�]e�|acSÔt'Pºdsprq�]`_��9TcQZa7t�_���S¹]eQÈXZ_�]sXAN�]Þ]sQZSÔ�|q�bZac_�Txde�|��SØ[9N�dãp�_���[9N�QA�9Tìq��|N�aÔSx_��|�|deaScd¬N���Q�acwA�|]sQh���|�ñ]sde��b�_�dsacQ\QZSWT\_�q�q�]edsXZ_���]sQ\�|NÛ�����ñê�N���Q«¸�wAXÇÍ�Q¸�®ds]HSZPR_��|d~T�Ã�q�acde��XZdeq�_�]sQAp�QA�=T�Ã�t�QXZ�jt�QAaé]sQAS\TcQZSWTxS«t'PºbZ�|_�]sd~Txb�gH�¹QA]`_�qC�|Nkacax_�deT\ScQrÀ¨_�dsaUQ�ÃGq�_�ahQnmoQZprq�]eQ�Ã®QZ�Úde�=Txac�jt�N�deSx_��=T\N��Ú�k�|Nk�|QA]�|q�bZac_�TxQAN�a

δo : 2 −→ 1
Ã�_�de��Scd'[9N�Q\t�QASlaUwZ�|]eQZS

T
tkN�TYvjq�Qr�

δo ◦ (ϕ⊗ ϕ)→Tϕ ϕ ◦ δ
o
n

δo ◦ τ →Tτ δ
o

δo ◦ δ →Tδ 1.
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} _/q�aUQZprdswZaUQ�aUQZ]s_�Txde�|�áQASUTéQZ�åÀ¨_�d~T\N���Q�À¨_�p�de]s]sQhds��tkQnmobZQ�q�_�ah]eQZS^¸�wZXÇÍkQZS
ϕ
tkQ

Σ
QnT
δon
QZSWTt�bn����dãq�_�aìaUbZXAN�acaUQZ��XAQOt�QOp�_���dewZacQut�N�_�]sQÈê

δn
g � ��Tc�|��Sì[jNãPRde]�À¨_�NoT�_�NkScScdã_EûU�|NkTcQZaìê

T
t�QAS�acwA�|]sQASt�Q�XA�|Í�bZaUQZ��XAQ�Ã=XA�|p�prQ

T5
QnT
T6
Ã�[9N�dkSc�|�=TØQnmk_�XnTxQAp�QA�9TØ]eQZS7p,lZprQZSJ[jNkQl]eQZS aUwZ�|]eQZS

5
QAT

6
t�Q
R∆

g
¡O�/q��|ScQ

Σt = Σc q {δo}
g�µ¶QANom�¸�wZXÇÍkQZS

f, g ∈ LΣc(n, 1)
Sc���9T¶_�]e�|acS�bA�=_�]sQAS�p��jt�N�]e�

R∆,ΣScd®QnTÈSUQZN�]eQZprQZ�=TÈScd®]`_«À¾�|aUp�Q�����acp�_�]sQ�t�Q
δo ◦ (f ⊗ g)

QASUTÈN���Q^¸�wZXÇÍkQét�Q
LΣc

��t�_���SÈXAQhXZ_�SZÃÞ]s_À¾�|aUp�Q�����acp�_�]sQÈ�|�kTxQA�9N�QhQASUTlt'PR_�ds]e]sQAN�acS
f = g

g
Ð¶de��ScdðÃJN��kQ�acwA�|]sQrt�NÚTYvjqCQ

ϕ(x, x) → ψ(x)
q��|N�aUax_�d~T¾lnTxaUQ�Txac_�t�N�d~TxQ�Sc�|N�Sé]`_�À¾��acprQÙt'PºN���QacwA�|]sQ�XA�|��t�d~Txde�|����QA]s]sQ

Φ′(α)
QZ�k�|QZ��tkax_��=Tl]`_�acQA]`_�Tcds�|���

ϕ ◦ (f ⊗ g)→Φ′(α) ψ(h)
SUd
h = T (δo ◦ (f ⊗ g)) ∈ FlLΣc.

} PRbnTxN�t�Qìt�QìTcQZ]e]sQZS®aUwZ�|]eQZSH��bZXAQZScSUdeTcQ¹XZQAqCQA��t�_��=T7tkQìt�bn����deaJN��hX�_�tkacQ¹q��|N�a®]s_laUbZbZXAacd~TxN�aUQìXA�|��t�dÝVTxde�|����QA]s]eQ7t'PR��act�aUQìSUN�qCbAacdeQZN�aAg|�¹QA]`_up�bAacdeTcQØt'PâlnTxaUQ¹Qnmoq�]e�|acb�ÃEq�N�dsSU[9N�Q¹]s_uq�_�dsaUQìXAacdeTcds[9N�QØt�QÔ]`_����|N�aUQ�og~zE��QZSWT¬ê�q�aUbZSUQZ�=T¬XA�|�k¸�NkQZ�=TxQ�Ã;��a)#�XAQØêuNk��QÔ_�q�q�]edsX�_;Txds���OXZ�|�kt�deTcds�|���kbZQ t�QØ]s_�acwZ��]sQ
Φ′(α)

Ã�XZ�|prprQ]`_«pr�|�=TxaUQ^]`_é���|NkacQh�og~z��kg

ϕT T T5 δ

Φ(α)’

Alors :

Puisque :

È)ÉzÊ3Ë �og~z���Ì�ü(ö?Ó�õ�ã�àáÓÁÖ�å ÔNã�ã�àáÙáøuÔLØTÙâß�Ï�ø�ßNÏCÖ?ÙâØvÙáßNÏCÏ�Ñ�ÓBÖ?ÓBàýÔ�ÐâÿC�NàáÓ
Φ′(α)

Ú
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λ v
�à!#$ª�	�{$xw

�¹QOXÇÍ�_�qkdeTxaUQ�_éq��|N�aì�|�jûUQAT�t'PRQ½mk_�p�de��QZaÔ]sQAS�t�d~�|QZaUScQAS�qC�|SUScde��ds]edeTxbASØ[jNkdãSZPº�U�CacQA�9T�êé���|N�SAÃkt�_���S]sQ��kNkTØt'Pº�|�kTxQA��dsa7Nk��Quq�acbAScQZ�=Tx_�Txde�|���ÁX(iTW�ScdspéN�]`_��=T¬]sQ
λ
VYX�_�]sXZNk]Åg|µÈQl�k�|p«��aUQZN�SUQZSØq�dsSWTxQASÔ���9TØtkb×ûcêbATcb^Qnmoq�]s��acbZQASZÃÞp�_�dsS�_�N�XZN��kQ\�ãPRQASUT�Ã�ê�XZQ¹ûU�|NkaZÃ�Tx��TÇ_�]eQZprQZ�=T�Sx_;TxdsSWÀ¨_�dsSc_��=TxQ�g

ÐH��_��=TlTx�|NoT�Ã�ac_�q�q�QZ]s����SuXZQ\[jNãPRQASUTÈ]sQ
λ
VYX�_�]sXZNk]Á~¨������TYvjq�bhQnT¶_���QZX

β
QAT
η
aUbZt�N�XnTxde�|��SL�½Ã�t��|�=T�|��TxaU�|Nk��QZax_rN���Q^t�QAScXZaUdsqkTcds�|����deQZ��q�]eN�SuXZ�|prq�]swnTxQOt�_���S�=RÑ¹_�ax ��<>Åg

½�T1S ¦ !
λ
&®'�0H.}'���.

&5ÔCÖ�Ô×Ö y ì²¹P³£¶Æî�è�³ÿ´�³ª¹
λ ç ¯P³�§(¶¨³ª¹z�L·B§(¶¨³ªèn¹¡O�«XZ�|prprQZ��XAQìq�_�aJXA�|��SUTcacN�deacQÔ]ÅPºQZ��SUQZp«�k]sQ

Λ̄
t�QAS

λ
:"QnWNG6opWLK¬wxkCG6opWNOáKnÃ�X�PºQZSUTWV×ê;V�t�dsaUQì]ðPRQA��ScQAp«��]eQt�QASlTcQZacprQZS�tkN

λ
VYXZ_�]sXAN�]'���|��TYvjqCb»SU�CSUX(Q�[9N���TxdsQA�=Tuq�_�au]`_«aUQZ]`_;Txds����t'P

α
VYXA�|�=�|QZaUScde�|�'g

¡O�à�kmoQ�N��àQZ��SUQZp«�k]sQ
V
t�bZ����p«��ax_���]sQ�Ã t��|�=T�]sQAS�bZ]ebZprQZ�=TxS�Sc���9T�_�qkqCQA]sbZS��CSUG6ijS�|}O�WLKng7�¹QnTQZ�kScQZpé��]sQuScQAax_^ScN�qkqC�|SUb��kmobÈt�_���S7Tx�|NkTcQ�]`_OSUN�deTcQ�gj¡O��XZ�|��SWTxaUN�deTÔ_�]e�|acS7]ðPRQA��ScQAp«��]eQ

Λ̄
t�Q�]`_OÀ¨_�äA�|�ScNkde��_��=TxQ��

z|gu�|��q��|ScQ
Λ̄0 = V

�
�oguSUN�q�q��|Sc�|�kS¶[9N�Qé]ðPR����_rXZ�|��SWTxaUN�deT

Λ̄k
q��|N�a

0 ≤ k ≤ n
��º

n
QZSWTON���QZ�=TxdeQZau�kmob¸�C����q��|ScQ_�]e�|acS¶�

Λ̄n+1
λ = V × Λ̄n,t����9TlN���bZ]ebZprQZ�=T

(x, f)
QZSWTl����Txb

λx.f
ÃÞ_�ds�kScd'[9N�Q��

Λ̄n+1
µ =

∐

0≤k≤n

(

Λ̄k × Λ̄n
) ∐(

Λ̄n × Λ̄k
)

,
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��[V{ �C^`��b�\����<^��}���<\?] . ]Jde_Y\faPd . 0P^ . ��� . ]Jde�Yb���aYb
λ | c . � cCb��}o

t����9TlN���bZ]ebZprQZ�=T
(f, g)

QZSWTl����Txb
µ(f, g)

gkÐÈ]s�|aUSZÃ�����tkbA����d~T\�
Λ̄n+1 = Λ̄n+1

λ

∐

Λ̄n+1
µ .

Ò �k���'ÃÞ�|��q��|ScQ
Λ̄ =

∐

n∈N
Λ̄n
g

g èG6 ° 5J¦¾6 ©(c¶Ó d
x, y, z

SU�|�=T�t�QZSh��_�acd`_���]sQASZÃJ_�]s�|aUS
x
Ã
λx.µ(x, y)

Ã
λx.µ(λz.x, λy.y)

QnT
µ(z, x)Sc���9Tlt�QAS

λ
V�TcQZaUp�QAS�À¾�|acprQZ]eSZg

�¹QATUTxQ«XA�|��SUTcacN�XnTxde�|�'Ããqk]sN�SlTxQZXÇÍk��ds[9N�Q«[9N'PRêÙ]ðP·_�XAXZ�|NoTxN�prbZQ�Ãã_Ùq��|N�aÈ��NkT¶t�Q«t�bn����dsaÈN��	gsWTqUGJIq��|N�a�]sQAS
λ
V�TxQAacprQZS�À¾�|aUp�QA]sSÈ��qC��N�a

f ∈ Λ̄
Ã����/_�q�qCQA]s]eQ�gsWTqUGJI�gsW

f
QnTu�|������TcQ

|f |
]ðPRQA�=TxdsQAa

n
TxQA][9N�Q

f ∈ Λ̄n
g

g èG6 ° 5J¦¾6 ©(c
|x| = 0

Ã
|λx.µ(x, y)| = 2

Ã
|λx.µ(λz.x, λy.µ(y, y))| = 4

QAT
|µ(z, x)| = 1

g
Ò �k���'Ã��|�ét�bn����d~T¬]ðPüWNXYK?WNo,|}O�W�gsWLK��CSUG6ijS�|}O�WLK�ORij|}GJWLK¹t'PºN��

λ
V�TxQAacprQÔÀ¾��acprQZ]

f
Ã;����Tcb

V(f)
_�de��ScdÞ�

z|guSUd
f ∈ V

_�]s�|aUS
V(f) = {f}

�
�oguSUd

f = λx.g
_�]s�|aUS

V(f) = V(g) \ {x}
�

�kguSUd
f = µ(g, h)

_�]s�|aUS
V(f) = V(g) ∪ V(h)

g
g èG6 ° 5J¦¾6 ©(c

V(x) = {x},

V(λx.µ(x, y)) = {y},

V(λx.µ(λz.x, λy.µ(y, y))) = ∅,

V(µ(z, x)) = {x, z}.¡O�åq�QZNkT«_�N�ScSUd¹_����|dsa\�CQASc�|de�átkQÙ]`_�����Tcds�|� t�Q
λ
VÅTxQAacprQZS^À¾�|acprQZ]eS-WNX(G6iThL�si�KpgsW-hLkCXYKNQTSUX(QnWLKnÃXZ��p�prQ�t�_���SÔ]ÅPR_�q�q�QZ�kt�dsXAQÈÑÈg Ó �|deT

Γ
Nk�ÙQZ�kScQZpé��]sQlt��|�=Tì]sQZSØbA]sbZprQZ�=TcSìSU�|�=T�_�qkqCQA]sbZSÍhLkCXYKNQTSUX(QnWLKng¡O��t�bn����d~T¶]ðPRQA��ScQAp«��]sQ

Λ̄Γ

t�QAS
λ
:"Q"WNG6opWLKÁwxkCG6opWNOáK�SU�UWLh�hLkCXYKNQTSUX(Q"WLK�g�SUXYK

Γ
ÃÞ�|N

λΓ

:"Q"WNG6opWLKnÃÞt�Q]`_«p,lZprQOÀ¨_�äA�|��[jNkQ
Λ̄
p�_�dsS¹QZ��qC�|Sc_��=T

Λ̄0
Γ = V q Γ

_�N�]sdeQZN�t�Q
V
g

Ð�TcTcQZ�=Txde�|�'Ã��|����Q^acQAp�qk]`_�XAQ
V
q�_�a

V q Γ
[9N�Q\qC�|Nka�]sQ�t�QA�|acb^£���Scd

c ∈ Γ
QnT
f ∈ Λ̄Γ

_�]e�|acS]ÅPºQnmoq�aUQZSUScds���
λc.f

X�FeWLKNQª�YSCK\N��
λΓ

VÅTxQZaUp�QOÀ¾��acprQZ]Åg
¡O��t�bn����deTÈQnmk_�XnTxQAp�QA�9T¶XZ�|prprQ\q��|N�a

Λ̄
]sQZSu����Txds����SÈtkQht�QA�|acbhQATÈt�Q^��_�acd`_���]sQASl]eds��aUQZSut'PºN��

λΓ

V�TcQZaUp�Q�g
g èG6 ° 5J¦¾6 c µO_���S®]ðP·_�qkqCQA��t�dsXAQØÑ¶Ã�����N�SGacQA��XZ�|�=TcacQZaU�|��SH]sQ XZ_�S®��º

Γ = N∗ Ã�]ðPRQA��ScQAp«��]eQ7t�QZS®QZ�=TcdsQZaUS��_�TcN�acQA]sS������/�9N�]eSZgÞ�¬_�alQ½moQZprq�]sQ�Ã�Scd
x
QAT
y
SU�|�=TÈtkQZS���_�acds_���]sQASZÃ

λx.µ(y, 4)
QZSUTlt�_���S

Λ̄N∗

g
¥ 6 ° §�8 ô <®6 c�} PRQA��ScQAp«��]eQ

Λ̄
QASUT�t�����XébA�=_�]Jê

Λ̄∅

gC�J�|Nka¶Tx�|NoTOQZ�kScQZpé��]sQ
Γ
Ã�ds]®QnmodeSUTxQét��|��X«Nk��Qds�kXZ]sNkScds������_�TxNkacQZ]e]sQ«�

Λ̄ ↪→ Λ̄Γ

g�¡���]s_«����TxQ
i
t�_��kSl]eQ�X�_�Su��º

Γ = N∗
g
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λ | c . �ec�b��

&5ÔCÖ�ÔÜÓ y ì²¹P³£¶Æî�è�³ÿ´�³ª¹
λ ç «t·Áì)¯P³tÂ�¯P³ª¹¡O��q��|N�aUScN�d~TìQA��tkbA����deScSc_��=T¹]s_^�k��Txde�|��t�QlXZ�|�=TxQ½mjTxQZSìScN�aØ]eQZS

λ
VÅTxQAacprQZS7À¾�|acprQZ]eSZg|�¹QÈSU�|�=T¹t�QAS_�q�qk]sdsXZ_�Txde�|��SY�A]sde��b�_�dsacQAS,�ut�Q

Λ̄
SUN�a�]sN�dÝVYp,lZprQ�gj¡O��XZ����SUTcacN�d~T�]ÅPºQZ��SUQZp«�k]sQ

C(Λ̄)
t�QZS

λ
VYXA�|�=TxQ½moTcQZSt�Q^]`_éÀ¨_�äZ�|��ScN�d~��_��=TxQ��

z|gu�|�Ûq��|SUQ
C(Λ̄)0 = {�}

N��ÛQZ�kScQZpé��]sQ�aUbZt�N�d~T�ê�N��ÛbA]sbAp�QA�9TZÃã����Txb
�
QAT^_�q�qCQA]sb�hLkCX(Q"WC'�Q"W

�?ijgsW¸�
�ogu�|�ÛSUN�q�q��|ScQ�[9N�Q�]ðPR�|�Ê_�XZ�|��SWTxaUN�deT

C(Λ̄)k
q��|N�a

0 ≤ k ≤ n
��º

n
QASUT^N��ñQA�9TcdsQAa¶�kmob¸�G�|�t�bn����d~T^�

V
C(Λ̄)n+1

λ = V × C(Λ̄)n
Ãkt��|�=TlN��/bA]sbAp�QA�9T

(x, C)
QZSUTl����Txb

λx.C
�

V
C(Λ̄)n+1

µ1
= C(Λ̄)n × Λ̄

Ã�t��|�=TuN���bZ]sbAp�QA�=T
(C, f)

QASUTl����Tcb
µ(C, f)

�
V
C(Λ̄)n+1

µ2
= Λ̄× C(Λ̄)n

Ã�t��|�=TuN���bZ]sbAp�QA�=T
(f, C)

QASUTl����Tcb
µ(f, C)

�
�|��q��|ScQ\_�]e�|acS��

C(Λ̄)n+1 = C(Λ̄)n+1
λ

∐

C(Λ̄)n+1
µ1

∐

C(Λ̄)n+1
µ2

.

Ò �k��� �
C(Λ̄) =

∐

n∈N

C(Λ̄)n.

Ò �Ût'P·_�NkTxaUQZS¶TcQZacprQZSAÃãN��
λ
V�XZ�|�=TxQ½mjTxQ�QZSWT�N��

λ
V�TcQZaUp�Q\À¾�|acprQZ]®XZ���9TcQZ��_��9TZÃGêÙ]s_�q�]s_�XZQht'PRNk��QQATlN��kQ\SUQZN�]eQ���_�acd`_���]sQ�ÃkN���X�_�ac_�XATcwZaUQ\SUqCbAXZds_�]'����Tcb
�
g

g èG6 ° 5J¦¾6 ©(c �¬_�a�Q½moQZprq�]sQ�Ã'Scd
x
QAT
y
Sc���9T^tkQZS���_�acds_���]sQASZÃ

λx.�
Ã
µ(λy.�, µ(y, x))

QAT
µ(x,�)Sc���9Tlt�QAS

λ
VYXA�|�=TxQ½moTcQZSAg

Ó d
Γ
QZSUTØNk�rQA��ScQAp«��]eQltkQ�XZ�|��SWTÇ_��=TcQZSZÃ=���rtkbA����d~T7t�Qup,lZprQ�]ÅPºQZ��SUQZp«�k]sQ

C(Λ̄Γ)
t�QZS7XA�|�=TxQ½moTcQZSScNkaÈ]eQZS

λΓ

V�TcQZacprQZS�À¾��acprQZ]sS�QA��aUQZprq�]`_�äZ_��=Tuq�_�aWTx�|NkT
Λ̄
q�_�a

Λ̄Γ

g } QZSlXZ����SUTcacN�XnTxds����SÈ[9N�dGSUN�de��QZ�=TScQ^�|bA��bZac_�]sdeScQA�9Tlt�Q^]s_«p»lAp�QOÀ¨_�äA�|�'g
ÉJ��NkTÙXA�|prp�Q�q��|N�a�]sQAS

λ
V�TcQZaUp�QAS�À¾��acprQZ]sSAÃ �|�àt�bA����deTrN���Q�����Tcds�|�àt�Q gsWTqUGJI�qC�|Nkar]eQZS

λ
VXZ���9TcQnmjTxQAS��ãScd

C
QASUT^N��

λ
VYXA�|�=TxQnmjTcQ�ÃG_�]e�|acSÈ�|�Ûq��|ScQ

|C| = n
_��|QAX

n
TxQA] [9N�Q

C ∈ C(Λ̄)n
g'¡O�t�bn����deTl_�N�ScSUdHNk�/QA��ScQAp«��]sQ^t�Qf�CSUG6ijS�|}O�WLK�ORij|}GJWLKh����Tcb

V(C)
QZ���kmk_��=T

V(�) = ∅
g

g èG6 ° 5J¦¾6 ©(c Ð®�|QAXh]eQZS�p,lZprQZS�QnmoQAp�q�]eQZSu[9N�Q\q�acbAXZbZtkQZprp�QA�9T\�
|λx.�| = 1, |µ(λy.�, µ(y, x))| = 2, |µ(x,�)| = 1.
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λ | c . � cCb��}o

ÉJ��NkT
λ
V�XZ�|�=TxQ½mjTxQ�t�bA����deT�N��kQ/_�q�q�]sdeX�_�Tcds�|�

Λ̄ −→ Λ̄
g Ó d

f
QASUTrN��

λ
VÅTxQZaUp�Q�À¾��acprQZ]¹QnT

CQZSWTéNk�
λ
VYXZ���9TcQnmjTxQ�ÃJ���á����TxQ

C[f ]
]ðPRdepÙ_���Q«t�Q

f
q�_�ahXAQATcTcQÙ_�q�q�]sdeX�_�Tcds�|�ãÃã[9N�QÙ]ðPR��� tkbA����d~Téq�_�aacbAXZN�aUacQA��XZQ\ScN�au]eQ�t�QZ�|aUb^t�N/XA�|�=TxQ½moTcQ

C
VÔ]eQ

λ
VÅTxQAacprQOÀ¾�|acprQZ]

f
QASUTlScNkq�qC��Scb^�kmobr�
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Ãk�|q�bZac_�Txde�|��[9N�Q]ÅPº�|������TcQ

[x := g]
QATlt��|�=Tl]sQ�aUbZSUN�]eTx_�TuQZSWTÈbAXZaUdeT

f [x := g]
g
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¡O�/t�bn����d~T�ÃkTc�|N;ûU�|N�aUSuq�_�a�acbAXZN�aUacQA��XZQhScN�au]sQ�tkQZ�|aUb\tkQ
f
�

z|guSUd
f = x

ÃÞ_�]s��acS
f [x := g] = g

�
�oguSUd

f ∈ V
QAT
f 6= x

ÃÞ_�]e�|acS
f [x := g] = f

�
�kguSUd

f = µ(h, k)
Ã�_�]s�|aUS

f [x := g] = µ(h[x := g], k[x := g])
�

��guSUd
f = λx.h

ÃÞ_�]s��acS
f [x := g] = f

�
�oguSUd

f = λy.h
_��|QAX

y ∈ V
XÇÍ��|dsSUdãTxQA]G[9N�Q

y 6= x
QAT
y /∈ V(g)

Ã�_�]s��acSO�
f [x := g] = λy.(h[x := g]).¡O�Út�bA����deTé_�]s��acS^]`_�acQZ]s_�Txde�|�

→β

tkQ
β
:"GJIFgUM{hNQjiTkCXyXZ�|prprQ�]s_�aUQZ]`_;Txds��� �kds��_�deacQ�ScNka

Λ
ScN�dÝV��_��=TxQá�ÔSUd

f
QAT
g
Sc���9TÙt�QZNjm

λ
V�TcQZacprQZSAÃÔ_�]s�|aUS

f → βg
Scdlds]�Q½modsSUTcQ�N��

λ
V�XZ�|�=TcQnmjTxQ

C
ÃØt�QANom

λ
V�TxQAacprQZS

h
QnT
k
QATlN���Q���_�acds_���]eQ

x
��bZacd~�Þ_��=T

f = C[µ(λx.h, k)]
QnT
g = C[h[x := k]]

g
¡O��_�qkqCQA]s]sQ

λβ
:FhFSUO�hNMPOûu°XtkCX�Qâ9L�(I�vé]sQ�XZ��N�q�]sQ

(Λ,→β)
g

¥ 6j¦¾§ BEK D @ FÔÜ
η õ 8E±jFH<JI BEK D @} _�aUQZ]`_;Txds���Ût'P

η
VYaUbZt�NkXATxde�|� QZSWThNk��Q�bA�=_�]edeTxbhÀ¾�|��XATcds�|�k��QZ]e]sQ��GScd7Nk�

λ
V�TxQAacprQ

f
bn��_�]sN�béV��?ijS

β
VYaUbZt�N�XnTxde�|�/VuQA�ÛXÇÍ�_�[9N�Q�TxQAacprQ

a
t��|����Q«Tc�|N;ûU�|NkacS

µ(g, a)
Ã���º

g
QZSWT^N��ÊTxQAacprQ«ds��tkbZq�QZ��t�_��9Tt�Q

a
ÃÞ_�]e�|acS

f
QAT
g
t�QA�jac_�dsQA�9TÃlnTxaUQ\det�QZ�=Tcde��bASZg��¶PºQZSUTÈ]sQ�auE|]sQ¶t�Q^]ÅP

η
V�acbZtkN�XATcds�|�'g

¡O�åt�bn����deT\]s_�aUQZ]s_�Txde�|�Ût'P
η
:"GJIFgUM(hNQviTkCX

→η

XA�|p�prQ�]`_�aUQZ]`_;Txds���Û��ds��_�dsacQ�SUN�a
Λ
tk�|����bAQ�q�_�a

f →ηg
SZPºds]GQ½mkdeSUTcQ\Nk�

λ
VYXA�|�=TxQ½moTcQ

C
Ã�N��kQ^��_�aUd`_��k]sQ

x
QATuN���TxQAacprQ

h
TxQA]sSu[9N�Q��







x /∈ V(h)

f = C[λx.µ(h, x)]

g = C[h]¡O�Ût�bA���kdeT�_�]s�|aUS¶ScNka
Λ
]s_�acQA]`_�Tcds�|�

→βη =→β∪ →η

QAT����ñ_�q�q�QZ]s]eQ
λβη

:FhFSUO�hNMsO~u°XtkCXyQB96�(I�v]sQ�XA�|N�q�]eQ
(Λ,→βη)

g
½�T){ ¦ !¤��1�!$� 4N!�1 � �» -¢3.N! ~�.�0 .��4��4}*,�-! '~��� � 4X��0H%}��4615!

} _á]s���|ds[9N�Q�XA�|p«��de��_�Tx��dsacQÙQZSUTÙN��3SWvjSUTxwAp�Q/t�Q�acbZbAXZaUdeTxNkacQ�t�Q�TcQZaUp�QASZÃÔ_�NàScQZ�kSÙXZ]s_�ScSUds[9N�Q�ÃX�PºQZSWTUVYê;VYt�deacQ�XA�|p�prQOt�bn����d®_�N�XÇÍ�_�q�deTcacQh�og Ò ]s]eQOQZSWTlt�bA���kdsQ�q�_�au]s_«Scds����_�TxNkacQ
Σ
qC�|SUScbAt�_��=T¶Nk��Q¸�wAXÇÍ�Q

µ : 2 −→ 1
QAT�TxaU�|dsS�XA�|��SWTÇ_��=TxQAS

S,K, I : 0 −→ 1
Ã�_�ds��SUdã[9N�Q^q�_�a�]ðPRQA��ScQAp«��]sQ

R
t�QOTcac�|deSacwA�|]sQAS��

µ(I, x)→I x

µ(µ(K, x), y)→K x

µ(µ(µ(S, x), y), z)→S µ(µ(x, z), µ(y, z)).
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λ | c . � cCb��}o

ÕY�=TxN�d~Txde��QZprQZ�=T�ÃÞde]GSZPR_��|deTZÃ�XZ��p�prQ^]sQ
λ
V�X�_�]eXZN�]ðÃkt�Q\t�bAXZacdeacQ\XZ�|prprQZ�=TlN���Q^À¾�|��XATcds�|��Qnmoq�]edsXAdeTxQSZPR_�q�qk]sds[9N�QéêÙN��ñ_�aU�|N�prQZ�=T«�

I
QZSUTO]ÅPºdst�QA�9TcdeTcb�Ã

K
QZSUTON��ÛQ��ã_�XZQAN�aOQnT

S
N��Ût�N�qk]sdsXZ_�TxQAN�aZgC¡O�ñ_N���Q�Tcax_�t�NkXATxde�|�

Ψ
tkQZSuTxQZaUp�QASut�Q^]`_«]s���|ds[9N�QO]eds��bZ_�dsaUQ¶�|QAacSl]sQAS

λ
VÅTxQZaUp�QAS�t��|���kbZQ\q�_�a��

V
Ψ(x) = x

�
V

Ψ(µ(u, v)) = µ(Ψ(u),Ψ(v))
�

V
Ψ(I) = λx.x

�
V

Ψ(K) = λxy.x
�

V
Ψ(S) = λxyz.µ(µ(x, z), µ(y, z))

g
¡O�+_ _�N�ScSUduN���Q�Txax_�t�N�XATcds�|�

Φ
t�_���S�]ðP·_�NkTxaUQ�ScQZ�kSZg¹¡��2t��|d~T�t'P·_��C�|aUt2tkbA����deaZÃØq��|N�a�Tx�|NoT

x ∈ V
ÃoNk��Q�_�q�qk]sdsXZ_�Txde�|�

ϕx : TΣ(V ) −→ TΣ(V )
ÃjXZQO[9N�QO]ðPR���ÙÀ¨_�deTÔq�_�a�acbAXZN�aUacQZ�kXZQ�ScNka¹]sQÈt�QZ��acbt�QASlTcQZacprQZS��

V
ϕx(x) = I

�
V
ϕx(u) = µ(K, u)

SUd
x /∈ V (u)

�
V
ϕx(µ(u, v)) = µ(µ(S, ϕx(u)), ϕx(v))

Scde���|�'g
� ��Tc�|��Sh[jNkQ�ÃHScd

u
QZSUTéN��åTcQZacprQ�TxQZ]Ô[9N�Q

u 6= x
QAT
x ∈ V (u)

ÃH_�]e�|acS
u
QASUTéÀ¾��acXZbAp�QA�=T«t�Qt�QA�|acb�_�Nåpr�|de��S

1
ÃGXAQÙ[9N�dØ���|N�Sh_�SUScN�aUQÙ[9N�Q�Ã®t�_���Sh]eQ�Txac��dsScdewZprQ�X�_�SAÃ

u
QZSWT«��deQZ� t�Q�]s_�À¾�|acprQ

µ(v, w)
g�¡O�/tkbA����d~T

Φ
�

V
Φ(x) = x

�
V

Φ(µ(f, g)) = µ(Φ(f),Φ(g))
�

V
Φ(λx.f) = ϕx(Φ(f))

g
�¹QZq�QZ��t�_��=T�Ã�XAQZSÙTcax_�t�NkXATxde�|��Srt�Q�TcQZacprQZS��'Pºds��t�NkdsScQA�=T�q�_�S�t�QZSÙp��|aUq�Í�deScprQZSrt'PRÐ¶� Ó g¹�J_�aQnmoQAp�q�]eQ�Ã'SUd ]ÅPº�|�ÊXA�|��SUdst�wAacQ�]sQ

λ
VÅTxQZaUp�QéacQZqkacbZSUQZ�=Txb�q�_�a

f = λx.µ(λy.y, x)
Ã�Sx_ÙTcax_�tkN�XATcds�|�ÛQA�]s���|ds[9N�QOXA�|p«��de��_�Tc�|dsaUQOQZSWTh�

Φ(λx.µ(λy.y, x)) = ϕxΦ(µ(λy.y, x))

= ϕxµ(Φ(λy.y),Φ(x))

= µ(µ(S, ϕxϕyΦ(y)), ϕx(x))

= µ(µ(S, ϕxϕy(y)), I)

= µ(µ(S, ϕx(I)), I)

= µ(µ(S, µ(K, I)), I).

¡Oa�XZQ�t�QAac��deQZaOTxQAacprQ�QZSWT^N���Q
R
V�À¾�|aUp�Qh���|aUpÙ_�]eQ�Ãã_�]s�|aUSO[9N�Q

f
ScQ
β
V�acbZtkN�deT�QA�

λx.x
ÃGt��|�=T]ÅPºdsp�_��|Qhq�_�a

Φ
QZSUT

I
g®¡O� _�t��|��X�t�QANom

λ
V�TxQAacprQZS

f
QAT
g
TxQA]sS�[9N�Q

f →βη g
p�_�deSO�|�ñ�'PR_�q�_�S

Φ(f)→R Φ(g)
g
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��[ºÏ�[^f · . b?]L^��}��]n�<^v������ôt� �}�$c . � cCb�� �$a����6b\_��n]Jd ]Lb?]Jde_P\��Ã�L�s���âdec�d ]n���

µO_���SJ]`_�]sd~TcTcbZax_;TxN�aUQ�Ã�XAQìq�aU�|��]ewZprQ7QZSUTJXZ�����9NéSc��N�S¬]eQ7���|p�t�QÃXtkCXÍ�½GLILK?WNG6�CSUQjiTkCX,gsW)O S�GJ�TqUO�W
ξ
ÃX�PºQZSWTUVYê;VYt�deacQ

Φ
��Q��|bZaUde��Q^q�_�S\�

Φ(f) ≡R Φ(g) =⇒ Φ(λx.f) ≡R Φ(λx.g).

�J�|NkalNk��QhbnTxN�tkQ\qk]sN�Su_�qkq�ac��À¾����t�dsQ�Ã��|��qC��N�acac_�SUQ^acbAÀ¾bAacQAaÈê�= Ó QZ]s£=�C>ðg
µ¶�|���k�|��S�N�� _�NoTxacQ/ds��XA�|�=�|bA��dsQA�9T�tkQ�XZQnTcTcQÊTxax_�t�N�XATcds�|�ø�ìQA]s]sQ/_�q�q�_�ax_<;eTÙqk]sN�S�XA�|prp�Q�N��_�XAXZdstkQZ�=T�]sdeb�êÛ]`_���_�TxN�aUQ�t�N

λ
V�X�_�]eXZN�]ì[9N�Q�XZ�|prp�QÙN���Q�p�_���dswAacQ�q�ac��À¾����t�Q�t'Pºds�=TxQAacq�aUbATcQZa�]sQASTxQAacprQZSAg7Ð¶ds�kScdÅÃJds]�QASUTr]s��ds� t'P¼lATcacQ�bA�jdstkQZ�=TÙtkQ�Tcac�|No�|QZa�N��kQ�Tcax_�tkN�XATcds�|�yt�Nàp»lAp�Q�TYvoq�Q�qC�|Nkat'PR_�NkTcacQZS�SWvjSUTxwAp�QAS�t�QÛacbAbZXZaUdeTcN�acQÊtãPR�|aUt�acQÛSUN�q�bZacdeQZN�aAÃ¹TxQA]sS�[9N�QÛ]eQ

π
V�X�_�]eXZN�]�=·Â/�m�âi|�<>O�|NÎ]eQX�_�]sXZNk]'t�QZSlÐ¶pé��dsQA�9TcS�=·���^£|£C>ðg

½�TC� U �n0��-%ª1�!$#ñ%£!�15� !$#k~,.N!$#¨'�0H.�'��-.}#¨ -! #£��� #�%£46%7�-%£4��4� # !��p��.�4L&
')4N%£!$#

} PR�|�9ûUQZXATcdeÀìt�Q�XZQnTcTxQ�q�deSUTcQ�Ã'TxaUwZS\_�XnTxde��Q�ÃGq�QZNkTHlnTxaUQraUbZSUN�p�b�q�_�a�]sQ�q�aU�|��]swAp�Q
88
t�Q�]`_�]sdeSUTcQ�¬ÉHÐ�t�Q�qkac�|��]ewZprQZSh�|Nk�|QAaUTcSZÃJ���|dsap=R�JÉJÐ�>È�¬QASUTWVYXZQÙ[jNãPRde]¹QnmodeSUTxQÙN���Q�SUdsp«N�]s_�Txde�|�ñXZ�|prq�]ewATxQ�t�N

λ
VYX�_�]sXZNk]'q�_�auN���SUvjSUTcwZprQhtkQhaUbZbZXAacd~TxN�aUQ\tkQ^TcQZaUp�QASltkQhq�aUbZSUQZ�=TÇ_�Tcds�|������deQ�[9N�d®ds��XA]sNkTZÃ�t�_���SuSUQZSacwA�|]sQASZÃ�t�QASu�|qCbAax_�Tcds�|�kS�ScdspéN�]`_��=T�]s_«ScN��kSUTxd~TxNkTcds�|��t�N

λ
VYX�_�]sXZNk]Åg

Ò �2QN�ãQnT�ÃØXZQnTcTxQ��|q�bZac_�Txde�|� QZSWTAWC'�Q"WNG6XtW�_�NàX�_�]eXZN�]ðg �H�|N�aUTx_��=T�ÃÔ_����yt'Pºdsprq�]s_��=TxQZaé]sQ�prbZX�_EV��deScprQOt�Q
β
VYacbAt�N�XnTxds���'Ãk�|��t��|d~T3lATcacQ�XZ_�q�_���]eQ�t�Q^t�bZXAacdeacQ�Qnmoq�]edsXAdeTxQAp�QA�=T�Sc�|��À¾�|��XnTxde�|����QAp�QA�9TO�ds]�À¨_�NkT¹q��|Nk���|dsaØXZ_�]sXAN�]sQAaÔ]eQ�TxQZaUp�Q

f [x := g]
q��|N�aØTx��NkTxQu��_�acds_���]sQ

x
QATÔTx�|N�SØTxQAacprQZS

f
QnT
g
Ã9_����t'Pº�|�kTcQZ��dea�]sQ�acbAScN�]~TÇ_�TutkQ\]s_

β
V�acbAt�N�XATcds�|��_�q�q�]sde[9N�bZQ^ê

(λx.f)g
g

} QZS�XZ_�]sXAN�]sSrt�Q�SUN���SWTxdeTcNkTxde�|��S�Qnmoq�]sdeXZd~TxQZSrt�bAXZacd~�|QA�9T�q�]sN�S���t�wA]sQAp�QA�9TÙt�Q/TcQZ]e]sQZSrdsprq�]s_��=TÇ_;VTxde�|��S��Gds]eS�bATcQZ��t�QA�=T«]`_�Scde�|��_�TcN�acQ�t�NáX�_�]eXZN�]7tkQrTcQZ]s]eQ�Sc�|aWTxQr[9N�Q
f [x := g]

XZ�|aUacQAScq��|��t�QÙê�N��TxQAacprQ�tkNÚX�_�]eXZN�]ÔQATé���|�áq�]sN�Sé_�NåaUbZSUN�]eTx_�T«t�Q�]ÅPºbA��_�]eN�_�Txde�|���'q�NkdsSZÃJê/]s_�aUwZ�|]eQ�tkQ
β
VYaUbZt�N�XnTxde�|�_�de��Scdl_<�ã_�ds�k]sdsQ�Ã QZSWT�_�tEûU�|ds�=TrN��+XZ_�]sXAN�]uXZ�|�=�|QAac�|QA�=T�t��|�=T�]eQ/�kNkTÙQASUTÙt�Q/À¨_�deacQ�t�dsSUq�_�ac_<;sTcacQ�]sQASScNk��SUTcdeTxNoTxds����S7ds�=TxaU�otkN�deTcQZSZg�Ð¶ds�kScdÅÃ�]ÅPºbA��_�]sN�_�Txde�|��_�bATcblXZ_�TxbA�|�|aUde��bAQ�Ã=QZ�racQAp�qk]`_�äZ_��=T7]sQAS
λ
V�TcQZaUp�QASq�_�aÔt�QASìXA�|p�q��|Sc_��=TxQZSìXZ�|�k��QnmoQZS¹t'PRNk�ÙÐO� Ó qk]sN�SÔ�|ax_���t'gj�¶PºQZSUT¹XZQnTcTxQÈp»lAp�Qudet�bZQl[9N�d�_ht�bYûcêhbATcbNkTcds]sdeScbAQ�_�NrXÇÍ�_�q�d~TxacQÈ��qC��N�aØQnmoq�]sdeXZd~TxQZa7]eQZS7�|q�bZac_�Txde�|��SØt�Qu�|QASUTxde�|��t�QZSÔacQAScSU�|N�acXAQZS�tãPRN��rSUvjSWTxwZprQt�Q^acbAbZXAacdeTcN�acQ^t�Q�TcQZacprQZSu]eds��bZ_�dsaUQOê��=_�N�XÇÍkQ�g

ÕY] QnmodeSUTxQrê�q�aUbZSUQZ�=T\t�Q����|p«�kacQZNjmñX�_�]eXZN�]eSOt�Q�SUN���SUTcdeTcNkTxde�|��SOQ½mkqk]sdsXAdeTcQZSZÃCt�de��QZaUSZÃGt��|�=T^����N�S_�]e]s�|��S¹XZdeTcQZa�]eQZS�q�]eN�SuXZ�|���9N�SAg
} QÙq�aUQZprdsQZa^XZ_�]sXAN�]Øt�Q�SUN���SWTxdeTcNkTxde�|��S\Qnmoq�]edsXZd~TxQAShQASUTht®þ ê � dsXA�|]`_|_�S�t�Q�Ñ¹aUN�d ûU�ãÃÁ=ºt�Ñ�Á� <>ðÃHQnTQZSWT�t�deacQZXnTxQAp�QA�9T�]sdsbÈêéSU�|��Txac_���_�de]CSUN�a�]eQZS¹de��t�deXZQZSAÃot�_���SH= t�Ñ�Á|�?>Åg Ò ��QN�ãQnT�ÃoQZ��t�bn�|QZ]e�|q�q�_��9TuNk��Q
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λ | c . � cCb��}o

_�]~TxQZaU��_�Tcde�|Q¹ê¶]ÅPºNkTcds]sdeSx_�Tcds�|��tkQZS ��_�acds_���]eQZSHt�_���S7]eQ
λ
VYX�_�]sXZNk]ÅÃE]sQAS�izX½gUiThLWLK3gsW²gsW��$G6Msi ©6X�Ã�XAQATØ_�NkTxQAN�a_��|�oTxQZ�9N t�QAS«acQA]`_�Tcds�|�kSh_�]s�|bA��acde[jNkQZSh��bZaUde��bAQZS«q�_�aé]sQASéSUN���SUTcdeTcNkTxde�|��SZg¬�¶PºQZSUT«QZ� �|aUdsQZ�=Tx_��=TéXAQZSacQA]`_�Tcds�|�kS�[9N'PRde]®_��|�kTxQA�9N/]eQ�X�_�]eXZN�]G_�q�qCQA]sb

Cλξϕ
g

�7N�dsSAÃCQA� z�i|ikz|Ã��jde�9T¶]sQ
λσ
VYX�_�]sXZNk]HtkQ�Â�_�aWTxds�/Ð¶��_�t�dÅÃ } N�X�_���_�act�QA]s]edÅÃÞ�7dsQAacacQ½V } �|N�deSÈ�¹N�acdeQZ�QAT � Q�_��oV � _�XZ[9N�QAS } bA�9vr= Ðl��� } ikzx>ÅgoÕY]ãSAP·_���deT�tãPRN���SWvjSUTxwAp�Q�tkQOacbAbZXZaUdeTcN�acQOtkQ¶TxQAacprQZS�_��|QAX�t�QZNjmSc��aUTxQAS

t
QAT
s
Ãk]s_éq�aUQZprdswZaUQOXZ��acacQAScq��|��t�_��9Tl_�NomÙTcQZaUp�QAS�QAT�]s_éScQAXZ�|��tkQh_�Nom�SUN���SWTxdeTcNkTxde�|��SAgkÕY]'QASUTt��|�k��b^q�_�au]`_«SUds�|��_;TxN�aUQ

Σ
ê�t�QZNjm�XZ�|N�]eQZN�aUSZÃ

t
QAT
s
�

0

p

��

i //
q

// s s⊗ s◦oo
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} Q�q�ac�|�k]swZprQétkQ�XZQ�X�_�]sXZNk]¬QZSWT�[9N'Pºds]¬�kbZXZQAScSUdeTxQ�N��kQ�[jN�_��=TxdeTcb«ds�o����dsQét�Q«�|bA��bZac_�TxQAN�acS^QATOt�QacQA]`_�Tcds�|�kSZg � �|N�S���QZacaU�|��Suq��|N�ac[9N���dÅÃkSUd']ÅPº�|��QAScSx_�v�Qht�Q^SUQ�acQZSWTxaUQZds�kt�acQ\ê«N���Q�qkacbZSUQZ�=TÇ_;Txds�������kdsQ�Ã]sQ�XZ_�]sXAN�]'SAPRQN�ã�|�kt�acQ�g

&5Ô��	ÔÜÓ ¥m³ª¹À§®©ª¹s³ª¦Á±ÃÂ ´��j­nì)¯P³�§Y¦é«{¯P­�·Áì
} QZSOaUbZScQZ_�NomÊt'PRde�=TxQZac_�XATcds�|��Sc�|�=T�t�QASOSUvjSWTxwZprQZS�tkQ«X�_�]eXZN�]

2
V�t�dsprQZ��SUds�|�k��QZ]eSlQnT�ds�=Tcacds�kScwZ[9N�Q½VprQZ�=T®q�_�ac_�]s]ewZ]sQAS'XZaUbZbASJq�_�at
Ø�|QZS } _�À¾�|�=T�ÃA�|�|deaÁ= } _�À¨i|£�>Åg D XAQ7TxdeTcacQ�Ã�ds]eS'acQAScScQAp«��]eQZ�=TJTcacwAS®À¾��aUTxQAp�QA�=Tê�t�QZSl[9N���TcdsQZ�=TcSltkQ\qkacbZSUQZ�=TÇ_;Txds����Sut'PR��qCbAax_�t�QASZÃ�_��|QAXht�QASuXZ�|��tkdeTxde�|��S�dep�q��|ScbAQZS�SUN�au]sQZSuaUwZ�|]eQZSZg

 �acbZtkbZacdeX } _����å_ábnTxN�t�deb�ÃÔt�_���S�Sx_áTcÍ�wZSUQï= } _���i| <>ðÃØN���QÊdep�q�]s_��=TÇ_�Tcds�|� tkQ�]`_
β
VYaUbZt�N�XnTxde�|�t�_��kSÔtkQZSØacbAScQ�_�Nomrt'Pºds�=TxQAax_�XnTxds���'Ã�de��Scq�deacbAQ�t�N�X�_�]eXZN�]�tkQ } _�prq�de����Ã�p�_�deS¬QZ�rbZ]edsprds��_��9TJt�QASìXA�|p�V

Ü ù|ë



�&[ ë [ÁÀ ^`_Pd �6d �<�²�e��_Pde��ô(aPd ���<^`�$c . � cCb�� ��0Y^ . ��n�d �Yb����

q�]edsX�_;Txds����Sé��bAXZQAScSx_�dsacQAS�êÛ]ÅPº�|qkTcdsp�_�]sd~Txb�gGÕY]��|�kTxdeQZ�=Tr_�de��Scd�Nk�3_�]e�|�|aUdeTxÍkp�Q�ÃJ_�q�qCQA]sbWH ��� I�qC�|Nka�ubZScQZ_�NÛt'PºÕY�=TxQZac_�XATcds�|� � �|�ñ¡OqkTcdsp�_�]ÅÃ�[9N�dJqCQAacprQATOtãPRQN�ãQAXATxNkQZaOt�QAS
β
VYacbAt�N�XnTxds����S¶t�_���S¶t�QAS�acb½VScQZ_�Nom�tãPRde�9TcQZac_�XATcds�|�'g } Q�p»lAp�Q¹q�ac�|�k]swZprQ�[9N�Quq��|N�a ]ðP·_�]e�|�|aUdeTxÍkp�QØt�Q } _�prq�ds�k��_�q�q�_�ax_<;eT7_�]e�|acSì�ds]ãQZSUTl��bAXZQAScSx_�dsacQ\t'PR_��|�|dea�N��/�k�|p«��aUQ�ds�k���kdGt�Q^�|bZ��bAax_�TcQZN�aUSZg

Ó vj]e��_�de� } deq�q�d�_ñq�aU�|qC��Scb�Ã¬t�_���S�= } deq�£=�x>ÅÃ7N��kQ�Tcax_�tkN�XATcds�|�yt�N
λ
V�X�_�]eXZN�]ìQZ�yTxQAacprQZS�t�Q�acb½VScQZ_�Nom2t'Pºds�=TxQAax_�XnTxde�|�'g Ò �2À¨_�d~T�Ã de]�SZPR_��|d~T�q�]sNkTFE�Trt�Q�t�QZNomàTcax_�t�NkXATxde�|��SAÃ7XÇÍ�_�XZNk��Q�SUdsp«N�]s_��=T�N��TYvjqCQ�t�QrSUTxac_�TxbA�|dsQAShtkQÙacbAt�N�XnTxds���åScNkah]eQZS

λ
VÅTxQZaUp�QASZg®Ð¶de��ScdðÃG�|�åQASUTé�|��]sde�|b�t'PºNkTxde]sdeScQZa�tkQZSé��qCb½Vax_;TxQZNkacS�_��k��QnmoQZSAÃ7]ÅPºQZ��XA�ot�_��|Q�QnT�]sQ�t�bZXA�ot�_��|Q�Ã7_�ds��SUdì[9N�Q�t�QAS�acwA�|]sQAS«t�bZXAacd~��_��9T«]sQZNkaéXZ��p�q��|aWVTxQAp�QA�=Tr�jdeSWV×êEV��jdsS�t�QASÙ_�NkTxaUQZSr�|qCbAax_�TcQZN�aUSZÃØq��|N�a�q�_�SUScQAaÙt'PºN���Q�Txac_�t�N�XnTxds���2êñ]ÅPR_�NkTcacQ�gØ¡O�2�'PR_t��|�kXrq�_�S^t�Q�ScdspéN�]`_�Tcds�|�ãÃCq�NkdsSc[9N�Q�]ðPR�|�ñ�'PºQZSWTéq�_�S^SFþ�a^t�Q�q��|Nk�|��dsa��|�kTcQZ��dea

Φ(f) → Φ(g)
t�wZS[9N�Q

f →βg
g �¹QZq�QZ��t�_��=T�Ã7XZQ�XZ_�]sXAN�]¹QASUT�t�Q�qkacbZSUQZ�=TÇ_;Txds���Ú����dsQÙQAT�]ÅPºdstkbZQ�Sc�|N�S×Veûc_�XAQZ�=TxQ�q�_�ax_<;eTt�bAXZacdeacQ�q�]eN�S�]`_/��_�TxNkacQ�t�QAS���_�aUd`_��k]sQZSé]sdsbAQZS«QnT�t�QZS�SUN���SUTcdeTcNkTxde�|��S«[9N�Q�]sQ

λ
V�X�_�]eXZN�]ì]sN�dÝVYp,lZprQ�ÃXZQ�[9N�d¹QZSUT�de�=TxbZaUQZSUSx_��=T�QZ� �jN�Q�t�Q�]ðPRNoTxds]edsSUQZa^qC��N�aéTxac_�t�N�deacQ�t'P·_�NkTxaUQZS�SUvjSUTcwZprQZS�t�Q�aUbZbAXZacd~TxN�aUQt'Pº�|actkacQ^ScN�q�bZaUdsQAN�aZg

&5Ô��	ÔBð ¥m³ª¹À§®©ª¹s³ª¦Á±ÃÂ ´²³ ��§Y³ª±=�Á³ª¹
} QZS�acbAScQ�_�Nomàt�Q�q�acQANk�|QASÙ_�ScSc�jXZdebZSr_�N À¾ax_��|p�QA�=T�p«N�]~Txdsqk]sdsXZ_�Txd~À�Q½mkq��|��QA�=TxdsQA]�t�Q�]`_Ê]e�|�|ds[9N�Q]sde��b�_�dsacQ�~ÅÂ ÒØ}®} �7À¾�|Nkac��deScScQA�=T¹N��Ù_�NkTcacQup���v�QZ��t�Q�Tcax_�t�NkdsacQu]eQ

λ
VYXZ_�]sXAN�]�Sc��N�SÔÀ¾��acprQl��ax_�q�Íkds[9N�Q�Ã_�SUScQ}
�Scdep�de]`_�deacQh_�Nomñt�QANomáq�acbAXZbAt�QZ�=TxQASéTxac_�t�N�XnTxde�|��SZg � �|N�S\�'PR_�]s]e�|��S�q�_�S^����N�ShbnTxQA��t�acQrScNkah]eQScNEûUQAT�Ã�TcacwASl��_�SWTxQ^QATuXA�|p�qk]sQnmoQ�Ã�t�Q^]`_«]s���|ds[9N�QO]eds��bZ_�dsaUQ�g

} PRde�9TcbZaulATOqkacds�kXZdsq�_�]Gt�QéXAQATUTxQéTcax_�t�NkXATxde�|��QASUT¶[jNãPRQA]s]sQ^À¾�|N�aU��deTlN��kQ«Scdep«N�]`_;Txds����XZ�|prq�]swnTxQ\t�N
λ
VYX�_�]sXZNk]Åg��H�|N�aWTÇ_��=T�Ã�QA]s]eQOqC��ScScwAt�Q\q�]sN�SUdsQAN�acSuds�kXZ�|�=�|bA��dsQA�=TxSZg
} Q�q�acQAp�deQZaOQASUT^[9N'PºQZ]s]eQ«��bAXZQZSUScd~TxQ�QZ��XA�|acQ�tkQ�]`_ÙSWTxacNkXATxNkacQ�QnmjTxQAac��Qr_�NñXZ_�]sXAN�]¹�C]`_����U;sTcQ�g�ÕY]SZPR_��|d~T\t'PRNk��QÙ�|q�bZac_�Txde�|�á_��|dsSUSx_��=T^À¾�|aUp�QA]s]sQAp�QA�=T^ScN�ah]sQZS\acbAScQZ_�NomCÃJtkQÙSc��aUTxQr[9N�Q�ÃHq��|N�a\XÇÍ�_�[9N�QacbAScQZ_�N

π
Ã��|� _y_�NkTcacQÛacbAScQZ_�N

�π
[9N�dOQASUT�t�dV�CbZaUQZ�=T�t�N q�aUbZXZbAt�QZ�=TZg¶¡O� �'PR_Út��|��Xñq�_�S�N���QSUTcacN�XnTxN�aUQhtkbZXZaUdeTcQ�t�Q^pÙ_��kdswZaUQ�bZ[9N�_�Tcds�|�k��QZ]e]sQ�ÃoScdep�de]`_�deacQÈê�XAQZ]e]sQ�t�Q\Ñ¹N�aUac�|�kd'qC��N�a�]sQASl��qCbAax_�t�QASX�_�aUTxbAScdeQZ����QASZg

} QrtkQZNomodswAp�Q�de��XZ�|�=��bZ��deQZ�=Téqkac���jdsQZ�=T\t�Q�]`_�À¾�|aUp�Q�tkQZS^acwA�|]sQASr�G]s_��C�<;sTxQ�QASUThNkTxde]sdeScbZQéqC�|NkaQZ�2t�bA����dsarXZQAaUTÇ_�ds��QASZÃÔXZ�|prp�Q�XAQZ]s]eQ�t��|����_��9T�]ÅPR_�XnTxds���2t�Q�]`_ñXZ���9Tcax_�XnTxde�|�Æ~¾[9N�dÈXA�|acaUQZSUqC�|�ktÎêN�� t�N�q�]edsXZ_�TxQAN�aL�½gãÐ¶de��ScdðÃã�|� _�N���Q�[9N�_��=TcdeTxb�de�k����deQ«t�Q�acwA�|]sQASZÃGt����9T^XAQZaWTÇ_�de��QZS^Sc���9TZÃG[9N�d7q�]sNkSQZSWT�Ã��|]e�|��_�]eQZSAÃoX�PRQASUTUVYê;VYtkdsacQ¶[jNãPRQA]s]sQAS���Q�Sc���9Tlq�_�S�t�bA���kdsQZS�SUQZN�]eQZprQZ�=TlScN�a�Nk��Q�q�_�aWTxdsQ¶]sdsprdeTcbZQlt�NacbAScQZ_�N�p�_�dsSØScNkaìTx��NkT¹]eQuacbZSUQ�_�Nãg��¶PºQZSUT¹]sQlX�_�Sìt�Ql]`_^acwZ��]sQlt�Q¶t�Nkq�]sdeX�_�Tcds�|�'Ã�XZQ¶[9N�d��|��]eds�|Quêh_��|�|deaN���Qé�|qCbAax_�Tcds�|��t�Q«t�N�qk]sdsXZ_�Txde�|���|]s�|��_�]sQ\t�QZS�aUbZSUQ�_�NomCÃ'XA�|prp�Qht�_���SO]eQéXZ_�SOt�Q«]s_ÙacbAbZXAacdeTcN�acQét�QTxQAacprQZSAg®�¹Q�t�QZaU��dsQAa�q�ac�|�k]swZprQéQASUT\N��ÛÀ¾acQAds�ÛXA�|��ScbA[9N�QZ�=Téê�]ðPRNoTxds]edsSc_�Txde�|�/tkN q�_�ax_�]e]sbA]sdsSUp�Q^t�_���S]`_«aUbZt�NkXATxde�|��t�QZSuacbAScQZ_�Nom�t�Q^q�aUQZNk��QZSZg

Ü ù|ù



��[V{ �C^`��b�\����<^��}���<\?] . ]Jde_Y\faPd . 0P^ . ��� . ]Jde�Yb���aYb
λ | c . � cCb��}o

ÌÈ�rp���v�QZ�ÙtkQlaUQZprbZt�deQZaØê�XZQA]`ê�XZ����ScdeSUTxQÈê�acbANkTxde]sdsSUQZa ]eQ�X�_�]eXZN�]�tkQ } _�prq�de����qC��N�a7ScN�qkq�acdep�QAa]sQAS��C�U;eTxQASZgÔ�¹QZXAdl_ bnTxb�À¨_�deT�t�_���S�=ºÐl� } i=��>ðgì�¹QZq�QZ��t�_��9TZÃØ�|�2QA�3aUQA�jdsQA�9TÙêÛN���Q�q�acbAScQA�9Tx_�Txde�|�_�v=_��=TlN���Q\ds�o����deTcbOt�Q^�|bA��bZac_�TxQAN�acSlQATlt�Q^acQA]`_�Tcds�|�kSZg
ÌÈ��Q�q�deSUTcQ�ds�=TxbAacQAScSx_��9TcQ�QZSUTrXAQZ]s]eQÙt�NyXZ_�]sXAN�]�t�QAS�SUTxaUN�XATcN�acQASZÃØt�bn�|QZ]e�|q�q�b�q�_�a«ÐÈ]sQAScScde� �^NjV�|]edsQZ]ep�dðÃ'�|�|dea-=R� Ó £oz�>ðg Ó �|�yq�aUds��XAdsq�_�]Ôds�=TcbZaFlnT�QZSWT�[9N�Q�]ðPR��� qCQANkT�t�bZXA�|prqC�|SUQZa�t�QAS�acwZ��]sQZSé���|�]s�jX�_�]sQZSØt�QOÂ ÒØ}®} QA��acwA�|]sQAS¹_;Tx�|prds[9N�QASZgo�¹QZXAdÅÃ9XZ�|pé��ds��bÈêh]s_\tkbA����d~Txde�|�Ùt�QÈacbAScQ�_�Nom�t�Q¶q�aUQZNk��QZSq��|N�a ]eQ�X�_�]eXZN�]ot�QZSØSUTcacN�XnTxN�aUQZSAÃ=qC�|Nkacax_�deT q�QZaUp�QnTcTcacQ�t�Q�SUQ�acQZSWTxaUQZds�kt�acQlêON���Quq�aUbZSUQZ�=TÇ_�Tcds�|�����kdsQ�ÃSx_���Su�C�U;eTxQ�g

½�T)º 7 ��!¤�-1�2$#£!5��%70�%£4X�4�   �����r2�1¸0� -!$# 0�#£#/�,'�4�23! 0��
λ
&®'�0H.}'���.²9

� �|NkSO_�]e]s�|��Subn��_�]sN�QAaÈdeXZdG]`_�q��|ScSUds��de]sdeTcb�t�QéSUdsp«Nk]sQZauXA�|p�qk]swATcQZprQZ�=Tl]sQ
λ
V�X�_�]eXZN�]®êr]ÅPR_�dstkQ\Nk��Qq�aUbZScQA�=TÇ_�Tcds�|��tãPR�|q�bZac_�t�Q�g�¡O�Ù��QZNkT�Q½moq�]sdeXZdeTcQZaØt�QANomÙTYvjq�QZS�tãPR�|q�bZac_�Txde�|��SÔQnmjTxQAac��QASu_�NÙXZ_�]sXAN�]H�o]s_�|QASUTxde�|��t�QZSlacQAScSU�|N�acXAQZSlQATl]`_«SUN���SWTxdeTcNkTxde�|�'g

&5Ôh$VÔ×Ö Ý ì²³ÿ·Þ��©�§®¦Á´�³:¹P·Á±=�Á³�§Y¦Á­�ì²³��¾·Á±Ã§ èn³
λ ç «t¦Áèn«t±²èfè�­nì²©ª¦é­"§Y³�lQA�=_�aUt��|��SAÃãt�_��kS�N��Ûq�acQAp�deQZalTxQZprq�SAÃã]sQhX�_�S�tkN

λ
V�X�_�]eXZN�]H]sde��b�_�deacQr�ãXAQZSOTxQAacprQZSO�ãPR�|�=T�q�_�S��QZSc��ds��t�Q^�|QZSWTxds����tkQZSlacQZSUSc�|NkacXZQASOq��|N�a3lATcacQ\acbAt�N�deTcSZÃ�XAQ\[9N�d®q�QZaUp�QnTÈtkQ\SUQhXA�|��XAQZ�=TxaUQZalScN�al]sQAS�|q�bZac_�Txde�|��S�t�Q^ScNk��SUTcdeTxNoTxds���'g

�¹�|prp�QA��äZ�|�kS�q�_�a�t�bA���kdsaÙXAQÊ[9N'PºQZSUT�]sQ
λ
VYXZ_�]sXAN�]u]sde��b�_�deacQ�g¹¡O�+]edsprdeTcQ�]ÅPºQZ��SUQZp«��]eQ�t�QAS

λ
VTxQAacprQZSlê�XZQANom�[9N�dGSc�|�=Tlt�d~TxS�]sde��b�_�dsacQAS�QATlt�bn����deSlXA�|prp�Q�SUN�deT^�

a ±\b @HK¾B�K D @�c ÌÈ�
λ
V�TcQZacprQ

f
QZSWT�t�deT²ORizXtIFSUizGJWOSUdã]eQZS¹tkQZNomÙXZ�|�kt�deTcds�|��SìScN�d~��_��=TxQZS¹Sc�|�=T�aUQZprq�]sdeQZSl�

z|guq��|N�a�Tc�|NkTuSc��N�SWVÅTxQZaUp�Q^t�Q
f
t�Q^]s_�À¾��acprQ

µ(g, h)
Ã�]sQAS���_�acds_���]sQAS�]sde��acQAS�t�Q

g
QnTlt�Q

h
Sc�|�=Tt�deSUTcds��XnTxQZSt�

�oguq��|N�a�Tx��NkTéSU�|N�S×V�TxQAacprQ�tkQ
f
t�Qr]`_�À¾�|acprQ

λx.g
ÃG]sQ�TxQAacprQ

g
XZ���9TcdsQA�9ThN���Q�QAThN���QrScQAN�]sQ�jXZXAN�acQA��XZQ\]sde��acQOtkQ\]s_é��_�acds_���]sQ

x
g

¡O�/����TxQ
ΛI

]ÅPºQZ��SUQZp«�k]sQ�t�QASuTcQZaUp�QASl]eds��bZ_�dsaUQZS�tkN
λ
VYXZ_�]sXAN�]Åg

�¡O�/t�bAp����9TcacQ\_�deScbZprQZ�=Tu[9N�Q��
j 6 °å° 6 ß^ce³/c Z{i

f
WLKNQ�MsX

λ
:"Q"WNG6opW�ORizXtIFSUizGLW�WNQVA}M{W

g
WLKNQ�MsX

λ
:"Q"WNG6opW�QnWNO¶A}M(W

f →βηg
%�SUO�kCGJK

g
WLKNQéORizXtIFSUizGLW k
� ��TcacQh��NkT�QASUT�_�]s�|aUSÈt�QéScdspéN�]sQAal]ðPRÐ¶� Ó

(ΛI,→βη)
êÙ]ÅPR_�dstkQht'PºN���Qéq�acbAScQZ�=Tx_�Txde�|�Êt'Pº�|q�bZax_�t�Q

(Λ, R)
g9�¹�|prp�Q�]ðPR�|�=TÔpr�|�=Txacb�]eQZS7Txac_���_�Nom�t�QÈÑ¹N�aUac�|��d�QnTÔt�Q } _;À¾�|�=Tìt�_���SØt'PR_�NkTxaUQZSÔX�_�SAÃ9]`_�q�acQ½VprdswZaUQ^bATÇ_�qCQ\t�Q\XZQATUTxQht�bZp�_�acXÇÍkQhQASUTOtkQ\Tcac�|Nk��QZaÈN���Q\q�acbAScQZ�=Tx_�Txde�|�ÊbZ[9N�_;Txds������QZ]e]sQ�t�N

λ
V�X�_�]eXZN�]]sde��b�_�dsacQ�ÃÞX�PºQZSUTWV×ê;V�t�dsaUQéN��kQ«q�acbAScQA�9Tx_�Txde�|�Ût'Pº�|q�bZax_�t�Q

(Λ, R)
_�ds��SUdJ[9N'PºN���Q�de�;ûUQZXnTxds����t�Q

ΛI/≡βη

Ü ù �



�&[ ù [@8 \����C^`�}���<\?] . ]Jde_P\fa�·â_P���<^ . a���� . ����_Yc?de�}� . b
λ | c . � cCb��}o

t�_��kS
LΛ/≡R

g } PRbnTÇ_�q�Q�ScN�d~��_��=TxQ�XZ����ScdeSUTxQAax_�ê�QZSUSx_�v|QAaht�Q�Tcac�|Nk��QZa�N��kQrqkacbZSUQZ�=TÇ_;Txds��� XA�|�=�|QAaWV�|QA�9TcQ^t�Q
LΛ/ ≡R

g
�J�|Nka¶]ÅPºds�kSUTÇ_��9TZÃ����|N�SÈ_�]e]s�|��Su����N�SÈXA�|�=TxQA�9TcQZaOtkQhq�aU�|q��|ScQAaÈN��/X�_��kt�dst�_;T¶q��|N�a

(Λ, R)
QATÈt�Qt�deScXZNoTxQZaut�Q^]s_«qC�|SUScde��ds]edeTxbÈt�Q^]sN�dCTxac��Nk�|QAaÈN��kQ\qkacbZSUQZ�=TÇ_;Txds���/XA�|�=�|QZaU�|QZ�=TcQ�g

µO_���S¶]sQ
λ
VYXZ_�]sXAN�]ÅÃÞ�|�Ê_Ùt�QZNjmÊ�|q�bZac_�Txde�|��S\�ã]ðP·_�qkq�]sdeX�_�Tcds�|�

µ
QnT�]ÅPR_���SWTxac_�XATcds�|�

λ
g } P·_�qkq�]sdeX�_;VTxde�|��SUQZp«�k]sQéSUQ�XZ�|prq��|aUTcQZalXZ�|prp�Q\N��Û�|q�bZac_�TxQAN�a¶XA]`_�SUScde[jNkQ«t�Qé]s_�aUbZbZXAacd~TxN�aUQ«t�QéTcQZacprQZSh�ãq�_�aQnmoQAp�q�]eQ�ÃG]eQZS^ScN��kSUTxd~TxNkTcds�|�kS\SUQ�qkac�|q�_��|QZ�=T\t�_���S\ScQAShSU�|N�S×V�TxQAacprQZS\Sx_��kS�lnTxaUQ�pr�otkde��bAQZS��G�|�ñ��_]sNkdG_�ScSU�oXAdsQAa�N��/��qCbAax_�TcQZN�a

µ : 2 −→ 1
XZ]s_�ScSUds[9N�Q�g

Ò �ÚacQn��_���XÇÍ�Q�ÃJ]ÅPR_���SWTxax_�XATxde�|�ñQZSWT«QZSUScQA�9TcdsQA]s]sQAp�QA�=Tét�d �ãbAacQA�9TcQ��®t'PºN���Q�q�_�aUTZÃJNk��Q�tkQÙScQASéQA�oVTxaUbZQAS�acQZäA�|deT�N���ds[9N�QAp�QA�=Tut�QZS���_�acds_���]eQZS��jt'PR_�NkTxaUQ�q�_�aWT�Ãk]eQZS�SUN���SUTcdeTcNkTxde�|��S���Q�SUQ�q�ac��q�_��|QA�9Tuq�_�S���|aUpÙ_�]sQZprQZ�=T«êÛTcax_��|QAacS�N���Q�_���SUTcax_�XnTxds���'g �H�|N�a�]sQ�qkacQZprdsQAaéq�aU�|��]ewZprQ�Ã¬���y��_ hLkCO�kCG6iTWNGÊ_���QZXt�QAS¶XZ��N�]sQAN�acSÈt�dV�CbZaUQZ�=TxQAS¶]ÅPºQZ�=TcacbZQ��nTxQAacprQZS �\QAT¶]ÅPºQZ�=TxaUbZQ��n��_�acds_���]sQAS,�Ot�Qh]ÅPR_���SUTcax_�XnTxde�|�'gÞ�J��N�a¶]eQScQAXZ�|�kt'ÃÞ�|����_�q�ac��q�_��|QAal]eQZS�SUN���SUTcdeTcNkTxde�|��Suq�_�auN��/_�NkTcacQ^XÇÍ�QZprds�ãÃª�?ijSÙt�QZSl�|q�bZax_;TxQZNkacSu���|�/_�]~V�|bA��acde[jNkQZSØScq�bZXAd`_�Nom��|]ÅPºbA��_�]eN�_�Txde�|�éQnTÔ]`_OXZ�jbA��_�]eN�_�Tcds�|�'Ã;t��|�k��bZQASÔq�_�a7N���QuSUTcacN�XnTxN�aUQÈSU�|Nk��QZax_�ds��Q�g
�J�|NkaÔNk��QubATxNkt�Q�TxacwASØXZ�|prq�]swnTxQ�tkQZSØX�_�TcbZ�|��acdsQAS7p«N���deQZS7t�Q�SWTxaUN�XATcN�acQASìSUdsprds]`_�dsacQASZÃE�|��q��|N�acac_ScQìacbnÀ¾bZacQAa ê�=·Â�_�]`i=�x>Åg��J��N�a¬]s_lSUN�deTcQ�ÃEds]=����N�S¬SUNYÛ�T XZQAqCQA��t�_��=T¬t�Q¹t�������QZaJ]`_ut�bA����deTcds�|�\ScN�d~��_��=TxQl�

a ±\b @HK¾B�K D @�c ÌÈ��QáX�_�TcbZ�|��acdsQñpr�|����¿Åt�_�]eQÊSUTcacdsXnTxQ
(C,⊗, ∗)

QZSWTÊt�d~TxQÀK?kCMP�UWNGuSUizXtW�uvKNQjG6iThNQnW�våScdðÃq��|N�aÈTc�|NkTÈ�|�jûUQnT
x
t�Q
C
Ã�ds]®QnmodsSWTxQ«Nk�Ê�|�jûUQnT

xo
t�_��kS

C
Ã'_�q�q�QZ]ebh]eQ8gUMYSUO5gsW

x
ÃC_�ds�kScdH[jNkQét�QANom¸�wAXÇÍ�QZS

ηx : xo ⊗ x −→ ∗
QnT
γx : ∗ −→ x⊗ xo

Ã��|bZaUde�Þ_��9T\�
V

(xo)o = x
�

V
∗o = ∗

QnT
η∗ = γ∗ = ∗

�
V

(x⊗ ηx) ◦ (γx ⊗ x) = x
�

V
(ηx ⊗ x

o) ◦ (xo ⊗ γx) = xo
g

�

¡O� qkac�|q��|ScQ�_�]s�|aUS¶XZ��p�prQ«X�_���t�dst�_�T�]ÅPº�|q�bZac_�t�Q«SWvoprbATcacde[jNkQ�Sc�|Nk��QZac_�ds��Q�]eds��aUQZprQZ�=TOQA���|QA�oVt�aUbZQÊq�_�a�]`_ Scds����_�TxNkacQÊaUbZt�N�d~TxQ�êÚt�QZNom2¸�wAXÇÍ�QZS
µ : t ⊗ t −→ t

QAT
λ : t ⊗ l −→ t

Ã�_��|QAX]`_�t�N�_�]sd~Txb«QA���|QZ�kt�acbAQ�q�_�a
to = l

gJ�¹QATUTxQ��|q�bZax_�t�Qr_�t�prQAT^N���Qrq�aUbZScQA�=TÇ_�Tcds�|�
(Λ, R)

[9N�Qr���|N�S_�]e]s�|��S¹t��|����QAaZg } _�Scde�|��_�TcN�acQ
Λ
QZSWTlXZ�|��SWTxd~TxN�bAQ\tkQ\tk�|N®
ZQ�¸�wAXÇÍ�QZSh�

t⊗ tτtt
44 µ // t t⊗ l

λoo

ηl

��

τtl

##GG
GG

GG
GG

G l
λo

oo µo

// l ⊗ l τllrr

0

γt

OO

γl //
l ⊗ t

ηt

oo

τltGGGG

ccGGGG
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} QZS�t�QZNjm �|q�bZax_;TxQZNkacS
λ
QnT
µ
XA�|acaUQZSUqC�|�kt�QZ�=T/_�Nom+XZ�|��SWTxaUN�XATcQZN�aUS/t�Qñ]ðPRQA��ScQAp«��]sQ�t�QZS

λ
VTxQAacprQZSf~²À¾�|acprQZ]eSL�^�

µ
ê�]ÅPR_�q�qk]sdsXZ_�Txde�|��QAT

λ
ê�]ÅPR_���SWTxax_�XATxde�|�'g � ��Tc�|��SO[9N�Q�]eQZSOtkQZNomÛ_�ac�|Nkp�QA�9TcSt�Q

λ
Sc�|�=T�deXZd�ds�=�|QAacSUbZSuQAT¹XZQ�q��|N�a¹tkQZS�ax_�dsSc����S¹t�Q¶Scdsprq�]ede��XZ_�Txde�|��t�QO]`_hacQZ]s_�Txde�|�ÙXA�|acaUQZSUqC�|�kt�_��=Tê�]`_
β
V�acbZtkN�XATcds�|�'g } QZS^�|q�bZax_;TxQZNkacS

ηx
QnT
γx
ûU�|NkQZ�=T^acQAScq�QZXATcde��QZprQZ�=T\]sQ�aFE�]sQ«t'PºN���Q�bn��_�]sN�_;Txds���QATht'PºN���Q�XA�obn��_�]sN�_;Txds���'g } QZS\¸�wZXÇÍ�QAS«t�N�_�]sQZS
λo
QAT
µo
qCQANk�|QA�=T�lATcacQ��jN�QAS«XZ��p�prQ�t�QZS\TxQZaUp�QASQZ��XZ��N�acSlt'PºbA��_�]sN�_�Txde�|�'g } _����|N�aUQ\�kgez\t��|�k��Q^N���Q\acQZqkacbZSUQZ�=TÇ_;Txds�����|ac_�q�Í�de[jNkQ�t�QZSu¸�wZXÇÍkQZS¶tkQh]s_Scde�|��_�TcN�acQ

Λ
g

yx
τ

t

t

t

t

t l l

l l

l

l t

λµλµ η

x y

y x

o o γ

x

x

ο

ο

x

x

xx

È)ÉzÊ3Ë �kg~zÍÌ��ªÓ�ãCÐvÑFÒjÓuÏ�Ø°ÔLØTÙâß�ÏCÒ^�NÐ°Ô6ã�ùCÙá÷}Õ�ÓFÒtÖ�ÓuÒªÖ?ß�Õ\[�Ó8þzÿFø°ù�ÓuÒªÖ?ÓBàýÔ�ÒjÙ¯�NÏ<ÔLØvÕCÐvÓ
Λ
Ú

} QZS aUQZ]`_;Txds����SJaUQZSUScQZpé��]sQA�9T7ê¶XZQA]s]sQAS¬t�Q¹]ÅPº�|qCbAax_�tkQìt�QAS QZ�kXÇÍ�QA�UlATxaUQZprQZ�=TxSÔ�|aUdsQZ�=TcbZSZÃ;��deQZ�«[9N'PºQZ����|pé��acQ\ds�kÀ¾bAacdeQZN�aubATx_��=TOt�������b\[jNkQ«]ÅPº�|����QhXA�|��SUdst�wAacQé[9N'PºN���TYvjq�Qét�QhXZaU�|dsSUQZprQZ�=T¶QA�=TxacQht�QZNjm��aUds��S�t�������bZSAgC¡���t�bn����deT
R
XZ�|prprQO]ÅPºQZ��SUQZp«�k]sQ�t�QAS¶�=�«aUQZ]s_�Txde�|��SO�

B
g
µ ◦ (λ⊗ l) = t⊗ ηt

�
E
g
λ ◦ (µ⊗ l) ◦ (t⊗ γt) = t

�
γlηt

g
ηt ◦ γl = 0

�
γxηx

g
(x⊗ ηx) ◦ (γx ⊗ x) = x

q��|N�a�Tc�|NkT
x ∈ {t, l}

�
ηxγx

g
(ηx ⊗ x

o) ◦ (xo ⊗ ηx) = xo
qC�|Nka�Tx�|NkT

x ∈ {t, l}
�

τηt
g
ηt ◦ τlt = ηl

�
γtτ

g
τtl ◦ γt = γl

�
5xy

g
τyx ◦ τxy = x⊗ y

q��|N�a�Tx��N�S
x, y ∈ {t, l}

�
6xyz

g
(z⊗τxy)◦(τxz⊗y)◦(x⊗τyz) = (τyz⊗x)◦(y⊗τxz)◦(τxy⊗z)

qC��N�a¬Tx��N�S
x, y, z ∈ {t, l}

�
µx
g
τtx ◦ (µ⊗ x) = (x⊗ µ) ◦ (τtx ⊗ t) ◦ (t⊗ τtx)

q��|N�a�Tx��NkT
x ∈ {t, l}

�
λx
g
τtx ◦ (λ⊗ x) = (x⊗ λ) ◦ (τtx ⊗ t) ◦ (t⊗ τlx)

qC�|Nka�Tx�|NkT
x ∈ {t, l}

�
µη
g
ηt ◦ (l ⊗ µ) = ηt ◦ (l ⊗ ηt ⊗ t) ◦ (µo ⊗ t⊗ t)

�
λη
g
ηt ◦ (l ⊗ λ) = ηt ◦ (l ⊗ ηl ⊗ t) ◦ (λo ⊗ l ⊗ t)

�
ηxy

g
(ηx ⊗ y) ◦ (xo ⊗ τyx) = (y ⊗ ηx) ◦ (τxoy ⊗ x)

qC�|NkauTc�|N�S
x, y ∈ {t, l}

�
γxy

g
(x⊗ τxoy) ◦ (γx ⊗ y) = (τyx ⊗ x

o) ◦ (y ⊗ γx)
q��|N�a�Tc�|N�S

x, y ∈ {t, l}
g

Ü ù +
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È)ÉzÊ3Ë �kg·�-Ì ÝæÓFÒM�T�ÍÐvÓuàáÔ6ØvÙáßNÏCÒéÖ?Ó
R
ÒvßNÏ}ØéßNä�ØvÓ�ÏxÕCÒéÓ�Ï,ø�ßNàáßNÐTÙáÔNÏ}ØéÖ?Ó3Øvß�Õ?ØvÓFÒéàáÓuÒéõ3Ô6Ï�Ù¯ÿ�ÐTÓuÒéã<ß}ÒvÒvÙâäCàâÓFÒéønÓFÒéÖ?ÙýÔ d�NÐ°Ô6õ�õ�ÓuÒuÚ

} _Û���|N�acQ��ogË�Êpr�|�=TxacQ�Nk��Q��|QZaUScde�|�y�|ax_�qkÍ�ds[9N�Q�t�Q�XAQZS�acQA]`_�Tcds�|��SAg � ��Tx����S�[jNkQ�]s_Êq�acbAScQA�oVTÇ_;Txds���Ú�'PºQZSUTrq�_�S�p�de��dsp�_�]sQ�q�NkdsSc[9N�Q�Ã q�_�a�Q½moQZprq�]sQ�Ã
µo

QASUTrt�bA����dsSUSx_���]eQ�êÛq�_�aWTxdsaht�QZSr_�NoTxacQAS�|bA��bZac_�TxQAN�acSAg
ÕY]�ScQAp«��]sQ�q��|SUScds�k]sQ�t�Q�Tcax_�t�NkdsacQ�]eQZS

λ
V�TcQZacprQZSéXZ�|prp�Q�tkQZS�¸�wZXÇÍkQZSrt�Q

LΛ
g } _Û���|N�acQ��kgR�pr�|�=TxacQ�tkQZSlQnmoQZprq�]sQASut�Q�Txax_�t�N�XATcds�|�kS�QATl]`_é����N�acQ\�kgº��XZ�|prp�QA�=Tu]ÅPºbZ[9N�de��_�]eQZ��XAQ

(λxy.xy)(λz.z) ≡βη λx.xScQlTxax_�t�N�deTìSc��N�SìÀ¾�|aUp�Qut'PºbZ�|_�]sd~TxbuQZ�=TxaUQOt�QASì¸�wAXÇÍ�QZS�q�_�ax_�]e]swA]sQZSØt�Q
LΛ/R

gj�¹QZq�QZ�kt�_��=T�Ãk_���_��=Tt�Q�XÇÍ�QAacXÇÍ�QAa�Nk��Q�q�acbAScQA�9Tx_�Txde�|�yXZ�|�=��QZac��QZ�=TxQ�t�Q�XAQATcTcQ��|qCbAax_�tkQ�Ã¬��Nàp,lZprQ�t�Q�À¾�|acp�_�]sdeScQAahXAQZSTxac_�t�N�XnTxde�|��SZÃk���|N�Sl_�]e]s�|��S¹t�dsSUXZNkTcQZaut�Q^t�QZNjm�q�ac�|�k]swZprQZS�p�_EûUQAN�acSu[9N�dGScQAac�|�=TlacQA��XZ���9TcacbASZg

Ü ù Z
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ÈéÉzÊ3Ë �kgR�¾Ì�ü(ö?Ó�õ�ã�àáÓuÒ£Ö?Ó5ØTÐTÔ�Ö?ÕCø"ØTÙâß�Ï�Ö�Ó
λx.x

ù(ý~��ÔNÕCø°ù�Ó�ù
µ(x2, x1)

ù<Ô6ÕÍõ�ÙâàáÙâÓuÕ�ù�Ó�Ø
λxy.yx

ùzý�Ö?ÐTßNÙâØvÓ�Ú

È)ÉzÊ3Ë �ogR�¾Ì�ü{öxÓuõ�ã�àâÓÁÖ�Ó�ØTÐTÔ�Ö?ÕCønØvÙáßNÏÍÖ�å ÕCÏ�Ó
βη d ÑF÷�ÕCÙâÞLÔ6àáÓ�Ï<ønÓÁÖ�ÔNÏCÒ LΛ/R

Ú

&5Ôh$VÔÜÓ Ý ì ��§Y³£¶¨­n³�§��²§®·BîÍè21£¶¨³��Íèn³ª¹�^=1ª«�ß²³ª¹	­�ì�±Ã¯P­nè�³ª¹
} Q�q�acQAp�deQZa¹de��XZ���9��bZ��deQZ�=Tlt'PºN���QOTxQA]s]eQÈTxac_�t�N�XnTxde�|��QZSWTl]`_é[9N�_��=TcdeTxb¶t�QO¸�wZXÇÍkQZSut�Q

LΛ/R
[9N�d��QOXA�|acaUQZSUqC�|�kt�QZ�=Tlq�_�S�ê«tkQZS

λ
V�TcQZacprQZS¹]sds�kb�_�deacQZSAg9ÕY]Cv�_���_�d~T¹t�bYûcê«t�Q����|pé��acQAN�ScQAS�¸�wZXÇÍ�QASZÃ�t�_���S]ÅPº�|q�bZac_�t�QÙqkacbZSUQZ�=TxbAQ�q�_�a

(Σc, Rc)
ÃJ��º

(Σ, R)
QZSWT�N�� SWvoSWTxwAp�Q�tkQ�acbAbZXZaUdeTcN�acQ�tkQ�TxQAacprQZSAÃ¬[9N�d��Q�XA�|acaUQZScq��|��t�_�dsQA�9TOq�_�S�ê�t�QASOTxQAacprQZS�p�_�dsSÈê�t�QZSOÀ¨_�p�de]s]sQASut�Q«TxQAacprQZS«�CqC�|Nka¶Tx�|NoTxQé¸�wAXÇÍ�Q

ft�_��kS
LΣc(m,n)

Ã�SU�|�/depÙ_��|Q¶t�_���S
TΣ

QZSUTlN��
n
VYN�q�]eQATut�Q�TcQZacprQZS^�

(f1(x1, . . . , xm), . . . , fn(x1, . . . , xm)).

�¹QZq�QZ��t�_��=T�ÃkdeXZdðÃ|]`_^Scd~TxN�_�Tcds�|��QASUT��kdsQZ��q�dsaUQ�Ã=q�NkdsSc[9N�QÈ]ÅPº�|�r�|�kTxdeQZ�=TÔt�QZSÔ¸�wZXÇÍkQZS�[9N�d��'Pº�|�=T�_�NjVXZNk��Q«ds�=TcQZacqkacbATx_�Txde�|��q��|SUScds�k]sQéaUQZ]s_�Txd~�|QZprQZ�=T¶_�Nom
λ
VÅTxQAacprQZSZg } _����|NkacQ«�ogË��pr�|�=TxaUQét�QANom/TxQZ]e]sQAS¸�wAXÇÍ�QZSAÃCq�_�acprd'XZQA]s]sQAS�[9N�dGSc�|�=Tl]sQASup��|de��S�bA]s�|de�|��bZQAS�t�Q

λ
VÅTxQAacprQZSZg

È)ÉzÊ3Ë �ogË��Ì���Ó�Õ?ö=þzÿuø°ùCÓuÒªÖ?Ó
LΛ
÷}Õ�ÙsÏ�ÓBÒjß�Ï�ØªãCÔ�ÒªÖ?ÓuÒ

λ d ØvÓuÐvõ�ÓuÒuÚ
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} _Ùq�acQAp�dewZaUQh¸�wAXÇÍ�Q�ScQAp«��]sQhXZ�|aUacQAScq��|��t�aUQ�_�N
λ
V�TxQAacprQ

(λx.x1)(xx2)
�Cq�_�a¶XA�|�=TxacQ�ÃG_�NÊ]edsQANt�Q�ScQ�aUbZt�NkdsacQ�QA�

x1

Ãã�|�ñ�|�kTxdeQZ�=T^N���Q�¸�wAXÇÍ�Q�[9N�Q�]ðPR���ÛqCQANkT^t�dVÛrXAds]sQAp�QA�=T�ds�=TxQAacq�aUbATcQZa��'QA�áQnÀ`VÀ¾QATZÃ7]sQ
λ
]sdeQ�]sQ

x
qkacbZSUQZ�=T�t�_���Sr]ÅPR_�ac�|Nkp�QA�9TZÃ XZQ�[9N�d�À¨_�deT�[9N�Q�]ÅPR_�q�qk]sdsXZ_�Txde�|�Út�Q

λx.x1

ê
xx2t��|�k��Q

(xx2)[x := xx2]
g

} _ñSUQZXA�|��t�Q�¸�wAXÇÍ�Q�QZSUT�Nk�àq�QZNypr�|ds�kSébATc�|����_��9TcQ�Ã7t�_���S�]sQ�SUQZ��S���ºyQA]s]sQ�QZSWT�q�]sN�S�qkac�jXÇÍ�Qt'PºN��
λ
V�TcQZacprQ�Ãl��deQZ�ø[9N�Qå]ÅPº�|�øaUQATxaU�|Nk��QÚ]sQ p»lAp�Q q�Í�bA���|prwZ��Q3�ÈQA]s]sQ ScQAp«��]eQáXA�|acaUQZScq��|��tkacQê

x((λx.x1)x2)
p�_�deS���º'ÃØQZ��XA�|acQ/N���Q�À¾�|dsSAÃ7]sQ

λ
]sdeQ�]s_ñ��_�aUd`_��k]sQ

x
[9N�duQZSWT�ê ]ÅPºQnmjTxbAacdsQAN�a�t�NTxQAacprQ�g �¹QATcTcQ�À¾�|dsSAÃ¬ds]Ô�'P vy_Êq�]eN�S«t'PR_�q�q�]edsXZ_�Txde�|�åQA�2���|N�XA]sQ�ÃJQAT��|� ���kTxdeQZ�=T�Ã¬_�q�acwAS�acbAt�N�XATcds�|�ãÃ]ÅPºQnmoq�aUQZSUScds���

x2x1

~¨QnTÈ�k�|�/q�_�S
xx1

XA�|p�prQ^_�N�ac_�deT�t®þ/SUQ^acbZtkN�dsaUQ\]eQ
λ
VÅTxQAacprQOt�Q^t�bZq�_�aUTL�ng

¡O��q�QZNkTÔXA�|��Scdet�bZaUQZaØ[9N�Qu]ÅPº�|���|�kTcdsQZ�=TØN��kQlQ½mjTxQZ�kScds����t�N
λ
VYX�_�]sXZNk]�]sde��b�_�deacQ�Ã�X�PRQASUTUVYê;VYtkdsacQ�Nk��Q�|QAacSUds�|�

2
V�t�dsprQZ�kScds������QZ]e]sQrqC��Nk��_��=T�t�bZXAacdsaUQ�t�QZS�TcQZacprQZS�[9N�Q�]sQ

λ
V�X�_�]eXZN�]ì��Q�qCQANkTr_�q�q�aUbZÍ�QA�oVt�QAaZgC�¹QZq�QZ��t�_��=T�Ã�t�_���Sl]sQ���NoT¶t'Pº�|�kTcQZ��deauN���Q\acQZqkacbZSUQZ�=TÇ_;Txds���/��t�wA]sQ^t�N

λ
V�X�_�]eXZN�]ðÃ���º�]ÅPº�|��qCQANkTXZ��p�q�aUQZ��tkacQ^Sx_���_�TcN�acQ\_�]e�|bZ��aUds[9N�Q�ÃkXZQ\�'PºQZSWTÈq�_�SuSx_�TcdsSUÀ¨_�dsSx_��9TZg

&5Ôh$VÔBð ¥m³ �²§®·BîÍè21£¶¨³µ¶¨¦��æ³ª±²§ �Íè��ü³tÂ�¯P³ªì�¹s­n·Áì ¦Á±
λ ç «¬¦Áè�«¬±�è} P·_�NoTxacQ¶q�ac�|�k]swZprQl[jNkQO���|N�S¹Sc�|N�]eQA���|��S�QASUT���deQZ��qk]sN�Sì�|ax_��|Q¶[jNkQOXZQA]sN�d�t�N�q�_�ac_��|ac_�q�Í�QÈq�acb½VXZbAt�QZ�=TZg Ò � Q��CQAT�Ã®SUdÔ]ðPR��� tkbZXZaUdeT\]`_�SUN���SUTcdeTcNkTxde�|� ê�]ðP·_�det�Q«t'PºN���QrSUTcacN�XnTxN�aUQÙSU�|Nk�|QAax_�de��Q�Ã®�|�ñ��_�|��N�]s�|deaZÃGq��|N�a\�|�kTcQZ��deah]eQ

λ
VYXZ_�]sXAN�]7Tx�|NkThQZ�=TcdsQZaAÃJ]s_�prbZ]s_����|QAaé_���QZX�]eQZS\�|qCbAax_�TcQZN�aUSét�Q��|QZSWTxde�|�t�QASÈaUQZScSU�|N�aUXZQZSl[9N�Q\���|N�Sl_��|�|�kSÈt�bYûcê�bATxNkt�dsb�g

¡O�åSZPR_�XÇÍ�QAp�de��Q�t��|��X��|QAacSh]`_�acQAXÇÍ�QZaUXÇÍ�Q�t'PºN���Qrq�acbAScQA�9Tx_�Txde�|�åXA�|�=�|QAac�|QA�9TcQ�t'PºN���Qr�|q�bZax_�t�QX�_�aUTxbAScdeQZ����Q^SU�|Nk�|QAax_�de��Qr�

a ±\b @HK¾B�K D @�c ÌÈ�kQÊ�|q�bZax_�t�QÊQZSWT�t�d~TxQ hFSUG6Q"ILKNiTWNX(XtW-K?kCMP�UWNGuSUizXtW�ScdÈQZ]s]eQ�q��|ScSUwZt�Qñêá]`_ À¾��dsSÙNk��QSUTcacN�XnTxN�aUQhSU�|Nk��QZax_�ds��Q^QATlN��kQ\SWTxaUN�XATcN�acQ\X�_�aWTxbAScdsQA����Q�g
�

�¹QZq�QZ��t�_��=T�ÃÞ�|�/_�acaUde�|Q�ac_�q�det�QZprQZ�=Tlê��

» 8;DÞ57D ©�K²BEK D @åß^cs´^c D�S�K?WNMPO�WHkL�(INGuS�gsW�hFSUG6QnILKNiTWNX(XtW�WNQ7K?kCMP�UWNGuSUizXtW�WLKNQ5O$FekL�(INGuS�gsWÃQ"WNG6o�izX½SUO�W�%ÞA}Msi
�(k?KLK?�FgsWmWC'æSshNQ"WNopWNX(QÁMPXtWB�$�LhL�(W�WNX(QjGLW�hL�YS\A}M(WmhLkCM?�½O�W�gGFekU|â©xWNQzK k
n INopkCXYKNQjGuSUQviTkCX k Ó �|d~T C

N���Q��|q�bZac_�t�Q
Γ
V�XZ�|]e�|acbAQ�XZ_�aUTcbZSUdsQZ�k��Q�Sc�|No�|QZac_�ds�kQ�g Ó �|deT

f
N���QÙ¸�wZXÇÍ�Qt�Q

x
��QZaUS

y
Ã�_��|QAX

x, y ∈ 〈Γ〉
gkÐ¶]s��acS��

f = (y ⊗ ηy) ◦ (γy ⊗ f).
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¡Oa
ηy
QZSUTuNk��QO¸�wZXÇÍkQ\tkQ

yo⊗ y
�|QAacS

0
g��¹QZq�QZ��t�_��=T�Ã�XZ��p�prQ

C
QASUTuXZ_�aUTcbZScdeQZ���kQ�Ã�de]ã�'PºQnmodsSWTxQ[9N'PºN���Q^TxQZ]e]sQ¶¸�wZXÇÍ�Qr�

εyo ⊗ εy
gÞ¡O�/�|�oTxdsQA�=Tut��|��X��

f = (y ⊗ ηy) ◦ (γy ⊗ f)

= (y ⊗ εyo ⊗ εy) ◦ (γy ⊗ f)

= εoy ⊗ εx.µ¶�|��X^Tx��NkTxQASl]eQZS�¸�wAXÇÍ�QZS
x −→ y

SU�|�=TÈbA�=_�]eQZSZg
♦Ð¶de��ScdðÃkTx�|NoTxQ^ds�=TxQAacq�aUbATx_�Txde�|��t�QZS

λ
V�TcQZacprQZSut�_���SuN���Q�TxQA]s]sQ¶�|qCbAax_�tkQ\]eQZS�det�QZ�=Txd~��QZac_�deT¹Tx�|N�SAg

ÕY]¬QASUT�XAQZq�QZ��t�_��9T^XAQZaWTÇ_�de��QZprQZ�=TOq��|SUScds�k]sQétkQéTxaU�|Nk�|QAaON���Q�qkacbZSUQZ�=TÇ_;Txds���Ê[9N�d �'PºQZSWT�q�_�SONk��QScdep«N�]s_�Txde�|�^XZ�|prq�]swnTxQ�Ã;q��|N�aH]`_uax_�dsSc���é[9N�Q�����N�SJ��QZ���|�kS t�Q¹tk�|����QAaZÃ;pÙ_�deSJt�_���S¬]s_�[9N�QZ]e]sQØ�|�hqCQANkTTxac_�t�N�deacQO]eQZS�TcQZacprQZS�QnTu]sQAS�acbZtkN�dsaUQ^ê�]ðP·_�dst�QÈt'PRNk��Q^SUTxac_�TxbA�|dsQ��kdsQZ��XÇÍk�|dsSUdsQ�Ãk[jNkdGbA�jdeTcQ�]sQZS�bAXZN�QAds]eS]sdebZSJêOt�QZS¬q�ac�|�k]swZprQZSJt�Q�XA�|�k¸�N�QA��XZQ�g=�¬_�a QnmoQZprq�]eQ�Ã�]eQZSH���|N�aUQZS7�kgR�¶QnTØ�kg·ÁÈt��|���kQZ�=T7N���XZ_���t�det�_�T�g
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�¹QATUTxQ«q�aUbZSUQZ�=TÇ_�Tcds�|��qC�|SUScwAt�Q«t�QASOt�bAÀ¨_�NkTxSOtkQéXZ���k¸�N�QA��XZQ�Ã'XZ�|prprQ\XAQZ]eN�dJ[9N�dJQZSWTOt�bAXZacd~TOq�_�a]`_é���|N�acQ\�kgR kg
�¹Q�t�bAÀ¨_�NkT��'PR_«q�_�S�bnTxbOXÇÍ���dsScdã_�N�Í�_�Sc_�actÛ�kds]�SZPR_��|deT¹t�N�q�aU�|��]swAp�Q�Ãotkb×ûcê«����TcbOq�_�a } _�p�q�de����Ãt�Q«Sc_��|�|deaOScdJt�QZNomÊt�N�q�]edsXZ_�TxQAN�acSÈScQ�XZ��acacQAScq��|��t�QA�=T^�|NÊ���|�ãg Ó dJ]ÅPº�|�ÊXZ��p�q�]ewATcQé]`_rq�acbAScQA�9Tx_�Txde�|�q��|N�aJÀ¨_�dsacQØt�deScq�_�ax_<;eTxacQÔXZQìt�bAÀ¨_�NkT�ÃETx�|NoTxQZS¬]sQZSH¸�wZXÇÍkQZS q�_�ax_�]e]swZ]eQZS®t�Qn�odeQZ��tkac�|�=TØ_�]e�|acSHbZ[9N�d~��_�]sQA�9TcQZSAgµ¶�|�kX\tkQZNom

λ
V�TcQZacprQZSu_�v|_��=T¶]eQZS�p,lZprQZS���_�acds_���]eQZS�]eds��aUQZS�ScQAac�|�=TÈdst�QA�=Txde��bZS�q�_�au]s_éTxax_�t�N�XATcds�|�ãg

µO_���Sl]sQAS�X�_�]eXZN�]eS�t�b×ûcê�prQZ�=Txde�|����bASZÃ�XAQ\qkac�|��]ewZprQ�QZSWTÈaUbZSU�|]sN�q�_�a�t�d~�|QAacSup���v�QZ��S\�
V�t�_���Sé]eQ�XZ_�]sXAN�]Øt�Q } _�prq�ds�k��ÃG]sQASht�Nkq�]sdeX�_�TcQZN�aUShSU�|�=T«ds�kt�QnmobZSAÃ¬p�_�dsS^]ðPR�|� XZaUbZQ�_�ds��SUdÔNk��Qde�k����d~TxbOt�Q^�|bA��bZac_�TxQAN�acSlQATlt�Q^aUwZ�|]eQZS��
V�t�_���Su]sQZS�aUbZSUQ�_�Nom�t�Q^q�acQANk�|QASZÃ��|��ds�=TxaU�ot�NkdeT�]s_«�C�<;sTxQ¶QATl�|��t�N�q�]eds[9N�Q�XÇÍ�_�[jNkQh���U;sTcQOt'PºN��XA�|N�q'Ã�p�_�dsS¹�|�/�ãP·_�q�]eN�S�t�Q\acwZ��]sQOt�Q\t�N�qk]sdsXZ_�Txde�|��_�Tc�|prds[9N�Q¸�
V�t�_���SÈ]eQZSuacbAScQZ_�Nom/t'Pºds�=TxQAax_�XnTxds���'Ã��|�/XZ�jt�Q^�|N/����t�bAXZ�jt�Qh]eQZS�TxQAacprQZSlqC��N�aubA�jdeTcQZauXZQ\q�ac�;V��]ewZprQ�Ã�p�_�deS��|��qCQAact�]`_«q��|ScSUds��de]sd~Txb¶tkQ\SUdsp«Nk]sQZa�Tc�|NkTcQZSu]sQAS�acbZtkN�XATcds�|��Suq��|ScSUds��]eQZSAg
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�7ac�|q��|Sc����S^dsXZd¬_�N�SUScd7N�� q�_�]e]sd`_;TxdeÀ×g�¡O�Ûq�QZNkT\SUbZq�_�aUQZa^]sQAS�acwA�|]sQAS�QZ�ñt�QZNjmñ�|ac��N�qCQAS�[9N�Q�]ÅPº�|�À¨_�d~T�_���dsaØ]ÅPºN���_�qkacwZSì]ÅPR_�NkTcacQé�j]ÅPºN���SZPº�oXAXZN�q�QOt�QAS�t�N�q�]edsXZ_�Txde�|��SZÃ9]ðP·_�NoTxacQlt�QÈ]`_h�k�|acp�_�]sdeSx_�Tcds�|��t�QASTxQAacprQZSAg } QAShtkQZNom aUwZ�|]eQZS^[9N�dØXZacbAQ�]eQ�q�ac����]swAp�Q�t�Q�XA�|�k¸�N�QA��XZQ�Sc�|�=Té_�]s��acS�ScbAq�_�aUbZQZSAÃJtkQrSU�|aUTcQ[9N�Q�]ÅPº�|�Ê�kQ«qCQANkTìûc_�p�_�deS¶_�qkq�]sde[jNkQZa¶]eQZSÈt�QZNomÛ_�NÛp,lZprQépr�|p�QA�=T�g � ��Tc�|��SOdeXZdH]ÅPºds�=TxbAaFlAT¶t'P¼lATxaUQt�_��kS7N���Q�X�_;TxbZ���|acdeQ�p�������¿�t�_�]sQìQATØ���|��t�_���S7N����|ac_�q�Í�Q��|]eQZS ��qCbAax_�TcQZN�aUS
δ
QAT
δo
Sc�|�=TØt�deSUTcds��XnTxSZÃt�Q^Sc��aUTxQ^[9N'Pºds]eS�qCQANk�|QA�9TÈacbZ_��|deauê�tkQZSuacwA�|]sQASltkdV�CbZacQA�=TxQZSAg

� �|NkS¬_��|����S¬t�bYûcêlaUQZp�_�ac[9N�bÔ[9N�QÔXZQATUTxQÔSc�|]eNkTxde�|�^QZSWT¬q�QZNhSx_�TcdsSUÀ¨_�dsSx_��9TcQØt�_���S®]sQØ��NoT¬t�QØÀ¾�|N�aU��dsaN��/p��jt�wZ]eQ^_�]s��bZ��aUds[9N�Q^qC��N�au]sQ
λ
V�X�_�]eXZN�]ðgkÕY]GÀ¨_�NkT¶_EûU�|NkTcQZalê�XAQZ]s_r[9N�Q�ÃCp,lZprQ�ScdH]ÅPº�|��acbASc�|NkT¶]sQASq�aU�|��]swAp�QAS�t�Q^XZ���k¸�N�QA��XZQ^QZ��XZ����t�deTcds�|�k��_��=T�]ðP·_�qkq�]sdeX�_�Tcds�|��t�QZSuacwA�|]sQASZÃo]`_éTxQAacprds��_�dsSc����QZSWTu]s�|de�t'P¼lATcacQ�bn�odet�QZ�=TcQuê¶q�ac��Nk�|QAaZg=�J_�a QnmoQAp�q�]eQ�Ã�]sQZSJacwA�|]sQAS dsprq�]sde[9N�_��=TH]sQZSJ�|q�bZax_;TxQZNkacS

η
QAT
γ
aUQZ��t�QA�=T�Ãq��|N�a�]`_�q�]eN�q�_�aWT�ÃodsprqC�|SUScde��]sQO]ðPRNoTxds]edsSc_�Txde�|��tkQ\]s_éTxQAXÇÍ���ds[9N�Q\bZ]s_����|acbAQ�QZ�/�kgËÁjg
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ÕY]ÞScQZpé��]sQl[9N�Q¶]ðPRde�9TcQZaUq�acbnTÇ_�Tcds�|��t�N
λ
V�X�_�]eXZN�]�ê^]ÅPR_�dst�Qut'PºN���QÈq�acbAScQA�9Tx_�Txde�|�ÙtãPR�|q�bZac_�t�QASZÃjX�PºQZSUTWVê;V�t�dsaUQ�_��|QZXut�QAS7TxQZaUp�QASØt�Q�t�dsprQZ�kScds���

2
QATØt�QASÔaUQZ]s_�Txde�|��S t�Q�tkdsprQZ��SUds�|�

3
Ã�Sc�|d~T �|�|NkbZQÈêO]ÅPºbZXÇÍ�QAX�g¡O�/q�QZNoTuXZQZq�QZ�kt�_��=T¶SUQhq��|SUQZau]`_«p,lZprQ�[9N�QZSWTxds���/QA�/t�dep�QA��Scde�|��ScNkqCbAacdsQAN�acQ�g

D XZQ ûU�|N�aZÃ�]ÅPºds�=TxQAacq�aUbATÇ_;Txds����]`_�q�]sNkSØ��t�wZ]eQltkN
λ
VYXZ_�]sXAN�]�acQASUTcQÈXAQZ]s]eQ�t�Q } _�p«��Q1¢«QnT Ó XZ��TUT�Ã9[9N�Q]ÅPº�|� Txac��Nk�|Q�t�_���Sp= }HÓ  |�C>ÅgHÕY]Ôv QASUT«pr�|�=TxaUbÙN��kQÙbZ[9N�d~��_�]sQA��XZQ�QZ�=TxaUQÙ]sQAS

λ
VYXZ_�]sXAN�]sS�TYvjqCbAS�~ð_���QZXSUTcacN�XnTxN�aUQ�_�t�t�d~Txde�|����QA]s]sQx��QAT�]eQZS¶XZ_�TxbA�|�|aUdsQZS¶X�_�aWTxbZSUdsQA����QZSOÀ¾QAacprbZQASZÃãSWTxaUN�XATcN�acQ�[9N�dHTxax_�t�N�deT¶q�_�a×VÀ¨_�d~TxQZprQZ�=TØ]ðP·_�qkq�]sdeX�_�Tcds�|�hQATÔ]ÅPR_���SWTxax_�XATxde�|��t�N

λ
V�X�_�]eXZN�]ðg|µO_���Sì]eQ�X�_�SØ�����rTYvjq�b�Ã9]sQ

λ
VYXZ_�]sXAN�]£~ð_���QZXSUTcacN�XnTxN�aUQO_�tkt�deTcds�|���kQZ]s]eQ?�¬SAPRdet�QZ�=Txd~��QÈ_�N

C
VYpr�|����¿Åt�Q�ds�kdeTxds_�]Åg � ��Tc�|��SÔ[9N�Q¶XAQ¶�'PºQZSWT�q�_�SÔ]`_^p,lZprQds�=TcQZacqkacbATx_�Txde�|� [9N�Q�XZQA]s]sQÙNkTxde]sdsSUbZQ�qC�|Nka�]sQZS�XZ_�]sXAN�]sSét�Q�ScN��kSUTxd~TxNkTcds�|�kS�Qnmoq�]sdeXZd~TxQZSAÃ ����Tx_�prp�QA�9TXZQA]sN�dGtkQ\]ðP·_�����QnmoQ\Ñ¶g

�¹QZq�QZ��t�_��=T�ÃHXZ�|prp�Q�t�_���S\]sQ�X�_�Sht'PºN���QrX�_;TxbZ���|acdeQ�X�_�aWTxbZSUdsQA����Q�Ã®de] QZSWTé]e�|ds�Ût'P¼lATcacQrbA�jdstkQZ�=Tt'Pº�|�kTcQZ��dea�N���QÛaUQZq�aUbZScQA�=TÇ_�Tcds�|� �|ac_�q�Í�de[jNkQÛt�QZS�¸�wAXÇÍ�QZS�t'PºN���QÛXZ_�TxbA�|�|acdeQÊX�_�aUTxbAScdeQZ����QÊÀ¾QAacprbZQ�gÐ¶de��ScdðÃ¹N�� q�aU�|�|ac_�p�prQÊt�QÛaUQZXÇÍ�QAacXÇÍ�Qáds�=TxbAacQAScSx_��9T�XA�|��ScdeSUTcQñêy���kTxQA��dsa�Nk�úaUbZScNk]eTÇ_;T�Scdep�de]`_�deacQê�XAQZ]sNkdìt�Q�=RÑìN�axi|�C>¹q��|N�ah]sQZShX�_�TcbZ�|��acdsQAShXZ_�aUTcbZSUdsQZ�k��QZS«À¾QAacprbZQZSAÃJX�PRQASUTWV×ê;V�t�dsaUQÙN���Q�X�_�ac_�XATcbZaUdsSx_EVTxde�|��bZ[9N�_�Tcds�|�k��QZ]e]sQOt�Q^]s_�SWTxaUN�XATcN�acQ�gã�¹Q\ScQAax_�d~TuQZ��Q��CQATl]sQ^q�aUQZprdsQAa�q�_�S��|QAacSÈN���Q^q�acbAScQA�9Tx_�Txde�|�XZ���9��QZaU�|QZ�=TxQut�Q¹]`_ÈSWTxaUN�XATcN�acQ�t�Q¹X�_�TcbZ�|�|aUdsQìX�_�aWTxbZSUdsQA����Q�À¾QZaUp�bAQ�g;ÕY]kaUQZSUTcQuê¶t�bnTxQZaUp�de��QZaJ[9N�QZ]kTYvjq�Qt'Pº�|�jûUQnTxSlXZQZSuq�aUbZSUQZ�=TÇ_�Tcds�|�kSÈt�bn����deQZax_�dsQZ�=TZg
¡O��q�QZNkTÈt��|���kQZa¶Nk��t�bA��NkTOtkQhaUbZq��|��ScQhQZ��À¨_�dsSx_��9TlN��kQhXA�|��SUTx_�TÇ_;Txds���'g } QZS¶qkac�|��]ewZprQZSl[9N�Q���|NkS¹_��|����S¹aUQZ��XA�|�=TxacbAS¹SU�|�=T¹]edsbZSÔ_�N�À¨_�d~TØ[jNkQÈ]ðPR�|q�bZac_�TxQAN�a

λ
bATÇ_�deTØds�=TcQZacqkacbATcbÈXA�|prp�Q�N����|q�bZax_EVTxQAN�aut�N�p»lAp�QOTYvjq�Qh[9N�Q^]sQASl_�NkTxaUQZS^��t�Q^t�dep�QA��Scde�|�

2
Ã�ê

2
QZ�=TxaUbZQZSuVÔbA��QZ�=TxN�QA]s]eQZprQZ�=TlXZ�|]e�|acbAQZSVlQAT

1
Sc�|aWTxdeQ�g®¡OaZÃGde] ScQAax_�d~T\XZQZaWTÇ_�de��QZprQZ�=T\q�]eN�S���t�wZ]eQ�t�Q�]sQ�XZ�|�kScdstkbZacQAa^XZ�|prp�Q�Nk�á�|q�bZac_�TxQAN�aq�aUQZ��_��=ThN���Q

2
VÅ¸�wZXÇÍ�Q�_��|QAXÙN���QrQZ�=TcacbZQrQAThN���QrSc��aUTxdeQ�QAT\QZ�áacQZ�kt�_��=TéNk��QÙ_���QZX

0
QZ�=TcacbZQrQAT

1Sc��aUTxdeQ�g�ÐÈds��SUdÅÃ�XAQ^���|Nk��QZ]®�|q�bZax_;TxQZNka
λ
��Q��od~�jax_�d~T�q�]sNkS�QZ��t�dsprQZ��SUds�|�

2
p�_�dsS

3
g

�¹QATUTxQ\XZ�|��SWTÇ_�Tx_�Txde�|���'PºQZSWT¶XAQZq�QZ��t�_��9TÈ[9N�Q^]sQ�t�bA��NkTÈt'PºN���Q^]s�|�k�|N�Q�q�deSUTxQ\ê�Qnmoq�]e�|acQAaZg
F
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ÞTÒÔÐ�ÏÝÏ-ÙÔàqÎFÖ�ÏTã9ä�Ì'ØåØ�ÖTÕ!æTÌ'ÕFÏÍÛçÐ�Ú_Ú�Ð�Û!ÛCÖ�ÒÔÖTÚ_ÒèÐ�áFÜ�éFÕFÙÓßÝÙÔÌ'Õ�áFÖ�Þ�ÖTÏ=á!ÖTÚÝÕ!ÙÔêTÚ-ÖTÏ�ë°ßÝÖTÒÔÒÓÖ<àqÎFÖ<áFÌ'ÕFÕ!ÜTÖ�ÛçÐìÚ
í:ÖZß�Ö�Ú=î�Ð)ï"áFÐ�ÕFÏ¿ðñî¥Ðòï!ó'ôìõ0ã
ö"÷�ø�ù�ú�ûòú�ü°ùNýÿþ_ÕFÖ��������	��

���	��������������������������� �!�"� �#�%$�&��'�(�����*)��+�

P
ÖTÏ-ß_ÒÔÐ á!Ì'ÕFÕFÜ�Ö�,

-�. á0/ ÎFÕ!Ö21�Ð�Ø�ÙÔÒÓÒÔÖ
(Pn)n∈N∗

á0/ Ö�ÕFÏÝÖ�Ø43FÒÔÖ�Ï65
78. Û°Ì'ÎFÚ�ßÝÌ'Î!ß

n ∈ N∗ ëçá6/ ÎFÕFÖ¿Ð�Þ�ßÝÙÔÌ'Õ:9�áFÚ-Ì'ÙÓßÝÖeáFÖ
Sn

Ï-ÎFÚ
Pn

5
;8. Û°Ì'ÎFÚ�ßÝÌ'Î!ß

n ∈ N∗ ÖZß_ßÝÌ'ÎFÏ i1 . . . in ∈ N∗ ëçá0/ ÎFÕ!Ö<ÐìÛFÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ

c : Pn × Pi1 × · · · × Pin −→ Pi1+···+in

5
àqÎFÙ6<'Ü�ÚÝÙ éçÖTÕ�ßÍÒÔÖTÏgÐ\×!ÙÓÌ'Ø�ÖTÏ�ÏÝÎ!Ù=<ìÐ�Õ�ß�Ï>,
?A@B@ ü6C�ú*D!ûòúFEaú ûò÷HG=Û°Ì'ÎFÚ¿ß�Ì'ÎFÏ

n
ë
i1 . . . in

ë
j1,1 . . . j1,i1 . . . jn,1 . . . jn,in

áçÐ�Õ!Ï
N∗ ë:ÒÓÖåá!ÙèÐ�â'ÚÝÐ�Ø�ØåÖÏ-ÎFÙ=<ìÐ�Õ�ßgÞTÌ�ØåØ�ÎVß�ÖI,

P1 × Pi1 × · · · × Pin × Pj1,1 × · · · × Pjn,in

c×id //

id×cn

��

Pi1+···+in × Pj1,1 × · · · × Pjn,in

c

��

Þ
©

Pn × Pj1,1+···+j1,i1
× · · · × Pjn,1+···+jn,in c

// Pj1,1+···+jn,in

5
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p[qsr�ùCû\ú ûò÷tGeÙÔÒ4Ö�×VÙÔÏ-ßÝÖ ÎFÕ¥Ü�ÒÔÜ�ØåÖ�Õqß
1 ∈ P1

ß�Ö�Ò@àqÎFÖ�ëçÛ°Ì'ÎFÚ¼ßÝÌ'Î!ß
f ∈ Pn

ë!Ì'Õ�ÐA,

1 ◦ f = f ◦
(
1, . . . , 1
︸ ︷︷ ︸

n uwv%xzy
)

= f
5

{�|6} ú E~D~�
úFDçù�CMrtGeÛ°Ì'ÎFÚ�ß�Ì'Î!Ï
f ∈ Pn

ë
g1 ∈ Pi1 . . . gn ∈ Pin

ëFÌ'Õ¥Ð�,
� ÛCÌ�ÎFÚ

σ ∈ Sn

ë
fσ ◦

(
gσ(1), . . . , gσ(n)

)
= f ◦

(
g1, . . . , gn

)σ∗ ë@ÌM�
σ∗ ∈ Si1+···+in

Ð�â'ÙÓß
ÛçÐ�ÚgÛ°ÖTÚÝØ�Î!ß�ÐìßÝÙÔÌ'Õ"á!ÖTÏ_3FÒÔÌ�ÞTÏ05

� ÛCÌ�ÎFÚ
σ1 ∈ Si1 . . . σn ∈ Sin

ë
f ◦

(
gσ1 , . . . , gσn

)
= f ◦

(
g1, . . . , gn

)σ1...σn ëFÌM�
σ1 . . . σnÖTÏ}ßÑÒ�/ Ü�ÒÔÜTØ�ÖTÕ�ß�á!Ö

Si1+···+in

ÌM3!ßÝÖTÕqÎ¥ÛFÐ�Ú��-ÎV×�ß�Ð�Û°Ì'Ï-ÙÓß�ÙÓÌ'Õ"áFÖ�ÏÍÛ°ÖTÚ-Ø�Î!ß�Ð
ß�ÙÔÌ�ÕFÏ
σ1

ë
. . .
ë
σn
ã

�@ÖTÏ�Ì'Û°ÜTÚÝÐ�áFÖ�Ï�ÞTÒÔÐ�ÏÝÏ-ÙÔàqÎFÖ�Ï�Ö�ß�ÒÔÖTÎ!ÚÝÏ�Ø�Ì'Ú-Û~�FÙÔÏ-ØåÖ�ÏTëaáFÜZéçÕFÙÔÏ<áFÖ�1�Ð�æ�Ì'Õ�Ü�<�ÙÔáFÖ�ÕqßÝÖ�ës1�Ì'ÚÝØ�ÖTÕ�ß�Î!ÕFÖ
Þ)Ð
ß�ÜTâ�Ì'ÚÝÙÓÖÑÕFÌ�ßÝÜTÖ

O
ã~�_Ì'ÎFÏgÐ�ÒÓÒÔÌ'Õ!ÏÿØ�Ì'Õ�ß�Ú-ÖTÚ¼àqÎ6/ ÙÔÒCÏ�/ Ð�â'ÙÓß�á6/ ÎFÕFÖeÏÝÌ�ÎFÏo�hÞ)ÐìßÝÜTâ'Ì'Ú-ÙÔÖÍÛFÒÔÖ�ÙÔÕFÖÍáFÖeÒèÐ�ÞTÐìß�Ü��

â'Ì'Ú-ÙÔÖ
P
áFÖTÏ¼í��\� í�ëVÖ�ÒÔÒÓÖ�� Ø��TØ�Ö�Ü�ß�Ð�Õ�ß¼ÎFÕ!ÖÑÏÝÌ�ÎFÏo�hÞ)ÐìßÝÜTâ'Ì'Ú-ÙÔÖ_áFÖ=Þ�ÖTÒÔÒÓÖgáFÖTÏ¼Ì�ÛCÜ�Ú�Ð�áFÖ�ÏTë�ÞTÌ'Ø�Ø�ÖÍÕFÌ�ÎFÏ

ÒÔÖS<�ÖTÚ-ÚÝÌ'ÕFÏ_ÛFÒÓÎFÏ�ÒÔÌ'ÙÓÕºã
�

�2�
ü+�mü @ ú û\ú�üCù ? ý - ý��6��&��"���!�
�(���!�
O

�����\�����(���(�������4���
�0�����(������&��"�%�!�
�(���!�_������� �0�4

�
P ��� ���^�

���#��&��������������F ¡� ���	¢M�������£

���¥¤B�(�0&������
�#�
L : O −→ P

���
U : P −→ O

�%���w��)����
U ◦ L = idO �

ä�Ö�ß-ß�Ö�Û!ÚÝÌ'Û°Ì'ÏÝÙ ß�ÙÓÌ'Õ�ÏÝÙÓâ'ÕFÙÓéFÖ�àqÎFÖ�ÒÔÖ�Ï�í��\� í�ëNÖ�ßåÛçÐ�Ú ÞTÌ'Õ!ÏÝÜTàqÎFÖ�Õ�ß"ÒÔÖ�ÏåÌ'Û°ÜTÚÝÐ�áFÖ�ÏTëNÏÝÌ'Õ�ß¦3FÙÔÖ�Õ
ÎFÕFÖ�â'ÜTÕFÜ�Ú�Ð�ÒÓÙÔÏÝÐìß�ÙÓÌ'Õ�áFÖ�Ï�Ì'Û°ÜTÚ�ÐìáFÖTÏ�Þ�ÒèÐ�Ï-ÏÝÙÓà�Î!ÖTÏTã¥�=Õ�ÛCÖ�Î!ß�Ï�/ ÖTÕzÛ°ÖTÚ-ÏÝÎçÐ�á!ÖTÚ Ð�ÙÓÕFÏÝÙa,YÎFÕ!ÖXÌ'Û°ÜTÚ�ÐìáFÖ
ÞTÒÔÐ�ÏÝÏ-ÙÔàqÎFÖ�ÕFÖ�ÞTÌ'Õ�ß�ÙÓÖTÕ�ß<à�Î!Ö�áFÖ�Ï<Ì'Û°ÜTÚÝÐìß�Ö�ÎFÚÝÏ<áFÖ§<�ÐìÒÔÖTÕ!ÞTÖ

(n, 1)
ëaÐìÒÔÌ'Ú-Ï¿àqÎFÖ�ÞTÖ�ÎV×¨áFÖTÏ�í¨�P�eí�Ö�ß

áFÖ�ÏÍÌ'Û°ÜTÚÝÐ�áFÖ�Ï_Û°ÖTÎ�<'ÖTÕ�ßÑÐB<'Ì'ÙÓÚ�Õ6/ ÙÓØåÛ°Ì'Ú}ß�Ö=àqÎFÖ�ÒÔÒÔÖS<ìÐ�ÒÓÖTÕFÞ�Ö
(m,n)

ã
©4�����(�����*�	�"���!�(� �aª Ì'Ù ß P ÎFÕFÖ Ì'Û°ÜTÚ�ÐìáFÖ ÞTÒèÐìÏÝÏÝÙÓàqÎFÖ�ã+�=Õ�ÛCÌ�ÏÝÖ

LP(n, 1) = Pn
ÖZß�,

LP(n,m) =
( ∐

n1+···+nm=n

(Pn1 × · · · × Pnm)
)
×Sm.

�=Õ áFÜ�éFÕFÙÓßÍÒèÐ ÞTÌ'Ø�Û°Ì'ÏÝÙ ß�ÙÔÌ�Õ�áFÐ�ÕFÏ
LP

ÐìÙÔÕFÏ-Ù�, Ï-Ù
f1 ∈ Pn1

ë
. . .
ë
fm ∈ Pnm

ë
g1 ∈ Pm1

ë
. . .
ë

gp ∈ Pmp

ë
σ ∈ Sm

ë
τ ∈ Sp

ë

(g1 . . . gp; τ) ◦ (f1 . . . fm; σ)

=
(

g1 ◦ (fσ−1(1) . . . fσ−1(m1)) . . . gp ◦ (fσ−1(m−mp+1) . . . fσ−1(m)) ; τ
)

.

�@ÖXÛFÚÝÌ�áFÎFÙ ß�á!Ö
LP

ÖTÏ}ß�áFÌ'ÕFÕ!Ü�ÛçÐ�Ú�,:Û°Ì'ÎFÚ
(f1 . . . fm; σ)

áçÐ�ÕFÏ
LP(n,m)

ÖZß
(g1 . . . gq; τ)áçÐ�Õ!Ï

LP(p, q)
ë

(f1 . . . fm; σ)⊗ (g1 . . . gq; τ) = (f1 . . . fm, g1 . . . gq; στ).

«mÕ!éçÕ4ë Ò!/ ÙÔá!ÖTÕ�ß�Ù ß�Ü=áFÖ
n
ÖTÏ}ß (

1 . . . 1
︸ ︷︷ ︸

n uev%xzy
; idSn

) ã
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�_Ü�ÞTÙÓÛFÚÝÌ�àqÎFÖTØ�ÖTÕ�ß)ë�Ï-Ì'ÙÓß
C
Î!Õ í¨�P�eí:ã��=Õ ÛCÌ�ÏÝÖ

UCn = C(n, 1)
ã\�¨/ ÎFÕFÙ ß�Ü áFÖ Ò!/ Ì'Û°ÜTÚÝÐ�áFÖ

ÞTÒÔÐ�ÏÝÏ-ÙÔàqÎFÖ�ÖTÏ}ß
id1

ãs«mÕFÏ-ÎFÙÓßÝÖ�ë�ÒèÐÁÞTÌ'Ø�ÛCÌ�ÏÝÙÓßÝÙÔÌ'ÕºÖ�Ï-ß�áFÌ'ÕFÕFÜ�Ö�ÛçÐìÚ¦,aÏÝÙ
f ∈ UCn

ë
g1 ∈ UCi1

ë
. . .
ë

gn ∈ UCin

ÐìÒÔÌ'Ú-ÏS,
f ◦

(
g1 . . . gn

)
= f ◦

(
g1 ⊗ · · · ⊗ gn

)
.

�¡/ñÐ�ÞZß�ÙÓÌ'ÕÁáFÖ
Sn

Ö�Ï-ß_áFÌ'ÕFÕ!ÜTÖ¿ÛçÐ�Ú�,
fσ = f ◦ ΣC(σ)

ã
♦

²´³#² ¶¸·º¹¼»Y½¿¾ÁÀgÂ´³�µ � ¶ À¼Ä¶µ � ¶·µ
�ÍÌ'Î!ÏeÐ�ÒÔÒÓÌ'ÕFÏ_ÖZ×!Ð�Ø�ÙÔÕFÖ�ÚÍÙÓÞTÙ�áFÖTÏeÞ�ÚÝÙ ß�êTÚ-ÖTÏÍÞ)Ð�ÚÝÐ�Þ�ßÝÜTÚÝÙÓÏ�Ð�Õ�ßeÒÓÖTÏÍÌ'ÛCÜ�Ú�Ð�á!ÖTÏ=àqÎFÙ:ÏÝÌ'Õ�ßeáFÖ�Ïeí¨�P� Ì'Î

áFÖ�ÏÑí¨�P�eí:ã+�_Ð�ÛFÛ°ÖTÒÓÌ'ÕFÏ�ÒÔÐ�áFÜ�éçÕ!ÙÓß�ÙÓÌ'Õ"áFÖ�ð î��¯¸�¹
õ¨,
ö"÷�ø�ù�ú�ûòú�ü°ùNý�þ_Õ �¨º2» Ö�Ï-ßeÎFÕ!Ö�Û°Ö�ß�Ù ß�Ö¿Þ)ÐìßÝÜTâ'Ì�ÚÝÙÔÖ Ø�Ì'ÕFÌ"¼%áçÐ�ÒÓÖ¿á!Ì'Õ�ß=ÒÔÖ�ÏÍÌ"3
�-Ö�ßÝÏÑÏÝÌ�Õqß=ÒÔÖTÏ_ÖTÕ�ßÝÙÔÖTÚ-Ï
ÕçÐìßÝÎFÚÝÖ�ÒÔÏaÖ�ßaßÝÖTÒÔÒÓÖ�àqÎFÖMÒèÐ�ÚÝÖ�Ï-ß�Ú-ÙÔÞZß�ÙÔÌ�Õ<ÐìÎV× ÌM3
�-ÖZß�Ï�áFÎ¿ÛFÚÝÌ�áFÎFÙ ßaØåÌ'Õ!Ì'Õ�¼háFÐ�Ò�Þ�Ì"¼hÕFÞ�ÙÔáFÖMÐB<'Ö�ÞÿÒ�/ñÐìáFáFÙÓßÝÙÔÌ'Õ
áFÖ�Ï�ÖTÕ�ßÝÙÔÖTÚ-ÏTã�þÍÕ �¨º2»½� ÖTÏ}ß�ÎFÕ�í¨�P� àqÎFÙCÖ�Ï-ßÿÏ-ï�Ø�Ü�ß�Ú-ÙÔàqÎFÖÍÖTÕåß�Ð�Õ�ß�àqÎFÖ_Þ)Ð
ß�ÜTâ�Ì'ÚÝÙÓÖ_Ø�Ì'ÕFÌi¼háçÐ�ÒÓÖ�ã

�

�=Õ¥áFÜ�áFÎFÙ ßgáFÖ ÒèÐ�áFÜ�éFÕFÙÓßÝÙÔÌ'Õ¾,
�2�
ü+�mü @ ú û\ú�üCù ? ý 7 ýa�s��� ��º>» ���(���_�������������	��

���I���(�0��&��
�#�(���������a����� �¨º2»½� ���(���_�������������
�	��

���>���(�0��&��
�#�(�����¿��À(���������*)������ �

Á Ò9Õ6/ ïåÐ�áFÌ'Õ!ÞÑÛçÐ�Ï´3CÖ�ÏÝÌ'ÙÓÕXáFÖÑÞ�ÚÝÙ ß�êTÚ-ÖÑÛ°Ì'ÎFÚÿÒÔÖTÏ�í¨�P��ã�«mÕXÞ�Ö=àqÎFÙ9Þ�Ì'ÕFÞTÖ�ÚÝÕFÖÑÒÔÖTÏ�í¨�P�eí:ë!Ì�ÕXÒÔÖ�Ï
Þ)ÐìÚ�Ð�ÞZß�ÜTÚ-ÙÔÏ-Ö�áFÖ¿Ø�ÐìÕFÙÔê�ÚÝÖ¿ÜTàqÎçÐìßÝÙÔÌ'ÕFÕ!ÖTÒÔÒÓÖ�ã��=Õ�Õ!Ì�ß�ÖìëCÛ°Ì'ÎFÚgß�Ì'ÎVß�Ö¿Þ)ÐìßÝÜTâ'Ì'Ú-ÙÔÖ

C
ë
σC
Ò!/ ÖTÕ!áFÌ"1�Ì'ÕFÞZß�Ö�ÎFÚ

áFÖ¥Ï-ï�ØåÜZß�Ú-ÙÔÖ
C2 −→ C2 Ð�ÏÝÏ-ÌVÞ�ÙÔÜ¥Ð�ÎOÛFÚ-ÌVá!ÎFÙÓß�Þ)ÐìÚ-ß�Ü�ÏÝÙÓÖTÕOá!ÖTÏ�ÞTÐìß�Ü�â'Ì'Ú-ÙÔÖTÏ�ëNÞ"/ ÖTÏ-ßo��9(�háFÙÔÚ-Ö¥àqÎFÙ_ÖTÏ}ß

áFÜZéçÕFÙ�ÛçÐ�Ú
σC(x, y) = (y, x)

ã ª Ù0ëYáFÖÁÛFÒÓÎFÏTë C ÖTÏ}ßåØ�Ì'ÕFÌi¼háçÐ�ÒÓÖ�ë�Ì'Õ�ÕFÌ�ßÝÖ
⊗op

ÒÔÐ�ÞTÌ�ØåÛ°Ì'ÏÝÜ�Ö"áFÎ
ÛFÚ-ÌVáFÎ!ÙÓß¼ßÝÖTÕFÏ-Ì'ÚÝÙÓÖTÒaÐB<'Ö�Þ

σC
ëFÞi/ Ö�Ï-ß	�%9(� á!ÙÔÚÝÖeàqÎFÖ

x⊗op y = y ⊗ x
ã
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τ : ⊗ −→ ⊗op
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Ì τy,x ◦ τx,y = x⊗ y
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C ÎÌ (τy,z ⊗ x) ◦ (y ⊗ τx,z) ◦ (τx,y ⊗ z) = (z ⊗ τx,y) ◦ (τx,z ⊗ y) ◦ (x⊗ τy,z)
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Ì τy,x ◦ τx,y = x⊗ y
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C ÎÌ (τy,z ⊗ x) ◦ (y ⊗ τx,z) ◦ (τx,y ⊗ z) = (z ⊗ τx,y) ◦ (τx,z ⊗ y) ◦ (x⊗ τy,z)
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τ : 2 −→ 2
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Ü � τ ◦ τ = 2 ÎÝ � (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) = (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) Î�"� �����¨)����� Ï���(���>�%�(�^�I�����*�!���#�
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n
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f ∈ C(m,n)
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τn+1,1 = (τn,1 ⊗ 1) ◦ (n⊗ τ).
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τn+1,1 = (τn,1 ⊗ 1) ◦ (n⊗ τ).
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ëaÏÝÌ�Õqß<áFÖ�Ï<ÞTÐ�Ï<ÛFÐ�Ú-ßÝÙÔÞTÎ!ÒÔÙÔÖ�ÚÝÏeáFÖ

ÞTÖ�ÒÔÒÓÖTÏ�áFÌ'Õ!ÕFÜTÖ�ÏÍáçÐìÕFÏgÒÔÖeÛ°Ì'ÙÔÕ�ß
3
áFÖ ÒèÐ�ÛFÚ-Ì'Û°Ì'ÏÝÙ ß�ÙÔÌ�Õ�Þ�ãeà!ã

�_Ü�ÞTÙÓÛFÚÝÌ�àqÎFÖTØ�ÖTÕ�ß)ëNÏ-Ù
C
Þ�Ì'Õ�ß�ÙÓÖTÕ�ß�Î!ÕFÖ:áFêTÞ��FÖ

τ
<�ÜTÚ-ÙÓé Ð�Õ�ßåÒÔÖ�Ï�Ú-ÖTÒÔÐìß�ÙÓÌ'ÕFÏ

5
ë
6
Ö�ß
fτ1

Û°Ì'ÎFÚ
ß�Ì�Î!ß�Ö£áFêTÞ��FÖ
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τm,n
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ÛçÐ�Ú
τ0,0 = 0
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τ1,0 = τ0,1 = 1
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τ1,1 = τ

ëçÛFÎFÙÓÏ>,
{

τm+1,n = (τm,n ⊗ 1) ◦ (m⊗ τ1,n)

τm,n+1 = (1⊗ τm,n) ◦ (τm,1 ⊗ n).
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τn,m ◦ τm,n = m⊗ n
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m
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(τn,p ⊗m) ◦ (n⊗ τm,p) ◦ (τm,n ⊗ p) = (p⊗ τm,n) ◦ (τm,p ⊗ n) ◦ (m ⊗ τn,p)
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τn,p ◦ (f ⊗ p) = (p⊗ f) ◦ τm,p
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���
ε : idC −→ ∗C
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Ì ε∗ = ∗ ÎÌ (x⊗ εy ⊗ εx ⊗ y) ◦ δx⊗y = x⊗ y
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Ì ε∗ = ∗ ÎÌ (x⊗ εy ⊗ εx ⊗ y) ◦ δx⊗y = x⊗ y
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Ì (δx ⊗ x) ◦ (δx) = (x⊗ δx) ◦ δx
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Ì (δx ⊗ x) ◦ (δx) = (x⊗ δx) ◦ δx
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f ∈ C(x, y) ÎÌ δy ◦ f = (f ⊗ f) ◦ δx
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f ∈ C(x, y) ÎÌ τy,z ◦ (f ⊗ z) = (z ⊗ f) ◦ τx,z
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f ∈ C(x, y) �÷�r
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2
Ö�ß
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ã
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Ö�ß

2
ÖTÏ}ß�áFÌ�ÕFÕFÜTÖ�ÛçÐ�ÚeÒÔÐ"áFÜ�éçÕ!ÙÓß�ÙÓÌ'Õ áFÖ
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�¡/ Ü�àqÎFÙ=<ìÐ�ÒÓÖTÕFÞ�ÖÑÖTÕ�ßÝÚÝÖ
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�=Õ¥áFÜ�áFÎFÙ ßgáFÖ ÞTÖ¿ÚÝÜTÏ-ÎFÒÓß�Ðìß>,
Õ ü+�
ü�Ö*Ö*DFú*�nr ? ýjú9ýÊÙ¯�0�û�������	��
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�#�(���

C
�����:&��"���%�����!�����0�¾�������������
������������������� ���

&��(���*�!�����¿�*���(���aÑ_Ò�&������
τ : 2 −→ 2

 
δ : 1 −→ 2

���
ε : 1 −→ 0

)����_Ä"����� Ë\�����¿��������)����"���!�(���
���
� Ä(�"��������Å

Æ � (δ ⊗ 1) ◦ δ = (1⊗ δ) ◦ δ ÎÈ � (ε⊗ 1) ◦ δ = 1 Îö � τ ◦ δ = δ ÎÜ � τ ◦ τ = 2 ÎÝ � (τ ⊗ 1) ◦ (1⊗ τ) ◦ (τ ⊗ 1) = (1⊗ τ) ◦ (τ ⊗ 1) ◦ (1⊗ τ) Îü � (1⊗ δ) ◦ τ = (τ ⊗ 1) ◦ (1⊗ τ) ◦ (δ ⊗ 1) Îý � (1⊗ ε) ◦ τ = ε⊗ 1 Î
�"� �����¨)����� Ï���(���>�%�(���_�������!���

n
���½�%�(���%��ÑaÒ�&����

f ∈ C(n, 1)
Å

fδ � δ ◦ f = (f ⊗ f) ◦ δn Î
fε � ε ◦ f = εn Î
fτ1 � τ ◦ (f ⊗ 1)→(1⊗ f) ◦ τn,1 �

» �t�¦�
��� �������2�����2�0�(�!�"���!�(���¿����� Ä(�"���%����Å
Ì ρn : 2n −→ 2n

�����½�'��Ñ_Ò�&�����

�FË¨���!�� 6���"���#��&��
���#���0&������
�
n

 Ï���"�
ρ0 = 0

 Ï�������

ρn+1 = (1⊗ ρn ⊗ 1) ◦ (1⊗ τn ⊗ 1) Î
Ì δn : n −→ 2n

�����½�'��Ñ_Ò�&����
ρn ◦ δ

n ÎÌ ���(�
�
τn,1 : n + 1 −→ n + 1

 ��(�:���#��&�Ò�

�I

�4�0�(�
Ä"���"�����"�4�#��&������#���0&��2�����
n

Å
τ0,1 = 1���
���

τn+1,1 = (τ ⊗ n) ◦ (1⊗ τn,1)

©4�����(�����*�	�"���!�(� �aª Ù C Ö�Ï-ß�Þ)Ð�Ú}ß�ÜTÏ-ÙÔÖ�ÕFÕFÖ�ë�Ì'ÕåÎ!ß�ÙÓÒÔÙÔÏ-Ö�ÒÔÖ_ÛCÌ�ÙÔÕ�ß
5
áFÖ_ÒèÐ ÛFÚ-Ì'ÛCÌ�ÏÝÙÓßÝÙÔÌ'Õ§Þ<ãw¸!ë�ÏÝÛ°ÜTÞ�ÙèÐ�ÒÓÙÔÏ-Ü

áçÐ�Õ!Ï_ÒÓÖeÞ)Ð�Ïgá6/ ÎFÕFÖ¿Ì'Û°ÜTÚÝÐ�áFÖeØ�Ì'ÕFÌ�Þ��FÚÝÌ'Ø�Ö�ã��eÕÁáFÜZéçÕFÙ ßÍÒÓÖTÏ¼ßÝÚÝÌ'ÙÓÏ\áçêTÞ��FÖ�ÏÑÛçÐìÚ�,

τ = τ1,1, δ = δ1, ε = ε1.

�=Õ:<�ÜTÚÝÙ éçÖ àqÎFÖ
δ0 = 0

ë
τ0,0 = 0

ÖZß
τ1,0 = 1

ÛFÎFÙÓÏTëFÛçÐìÚ_Ú-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö<Ï-ÎFÚ
n
ëçàqÎFÖ�,

{

δn = ρn ◦ δ
n

τn+1,1 = (τ ⊗ n) ◦ (1⊗ τn,1).

J"L å



NPO+QSRMT(U V(WMX�YPX[Z\V^]�Z�U�X�Y_Y�Z�U!](`�Z�]�U�X�YaWMXIbdceV^b fMgih(UjXI]�kMl mnXiUjYoXibeb X
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5
á!Ö�ÒÔÐ

ÛFÚ-Ì'ÛCÌ�ÏÝÙÓßÝÙÔÌ'ÕAÞ<ãw¸Vã
�_Ü�ÞTÙÓÛFÚÝÌ�àqÎFÖTØ�ÖTÕ�ß)ëYÌ'ÕzÞTÌ'ÕFÏ}ß�Ú-ÎFÙÓß�ÒÓÖTÏ�ßÝÚÝÌ'ÙÓÏ£1�Ð�Ø�ÙÔÒÓÒÔÖTÏ¿áFÖ�áçê�Þ��FÖTÏ áFÎzÛ°Ì'ÙÔÕ�ß

5
áFÖÁÒèÐ�ÛFÚ-Ì'Û°Ì'ÏÝÙØ�

ß�ÙÓÌ'ÕAÞ�ãe¸!ã��=Õ�ÛCÌ'Ï-Ö�ëçÛ°Ì'ÎFÚ¼ßÝÌ'Î!ß
n
ë
εn = εn

ëçÐ�ÙÓÕFÏÝÙ9à�Î!Ö¦,

δ0 = 0, δ1 = δ, τ0,0 = 0, τ1,0 = τ0,1 = 1, τ1,1 = τ.

ímÎFÙÔÏ�ë'Ì'Õ áFÜ�éFÕFÙÓß
δn
Ö�ß
τn,1

ë�ÛçÐ�ÚmÚ-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö_Ï-ÎFÚ
n
ë�ÞTÌ'Ø�ØåÖ�áçÐ�ÕFÏmÒ�/ Ü�ÕFÌ'ÕFÞ�Ü�áFÎ ÞTÌ'Ú-Ì'ÒÔÒÔÐ�ÙÔÚ-Ö�Þ<ã ó�ã

þ�Ì'Î(�-Ì'ÎFÚ-ÏgÛçÐ�Ú�ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖ<ÏÝÎFÚ
n
ëçÌ�Õ�Û°Ì'Ï-Ö�,

τ1,n+1 = (n⊗ τ) ◦ (τ1,n ⊗ 1).

«mÕ!éçÕ4ë ÛçÐ�Ú�Ú-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö�ÏÝÎ!Ú
m
Ö�ß
n

,
{

τm+1,n = (τm,n ⊗ 1) ◦ (m⊗ τ1,n)

τm,n+1 = (1⊗ τm,n) ◦ (τm,1 ⊗ n).

�@ÖTÏ�ÚÝÖ�ÒèÐìßÝÙÔÌ'Õ!Ï�áFÎ"Û°Ì'ÙÔÕ�ß
5
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ÖTÕ�ßÝÙÔÖTÚ-ÏgÐ�ÛFÛçÐìÚ�ÐiÿÔÏÝÏ�ÐìÕqßgÖ�ÕÁÙÔÕFáFÙÓÞTÖ=á!ÖTÏPáçêTÞ��!ÖTÏ
τm,n

ë
δn
ÖZß
εn
Î!ß�ÙÓÒÔÙÓÏÝÜTÖ�Ï�áçÐìÕFÏgÒ!/ ÜTÞTÚ-ÙÓßÝÎFÚÝÖ=á!ÖeÞ��çÐ�àqÎFÖ
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��Î!ÕFÖ ÛçÐ�Ú-ßÝÙÔÖ=á!Ö��¼ÒèÐ�Ï}ß�ÚÝÎ!Þ�ß�Î!ÚÝÖ
áFÖ

C
� Ø�Ì'ÕFÌi¼háFÖ¿Ö�ß Ø�Ì'Õ�ß�Ú-ÖTÚÑàqÎFÖ�Þ�Ö�Þ)ÐìÒÔÞTÎ!ÒYÕFÖ�Û°Ì'Ï-ÏÝêTá!Ö�Ø�Ð�Ò=�FÖTÎ!ÚÝÖTÎ!ÏÝÖTØ�ÖTÕ�ßeÛFÐ�ÏÑß�Ì�Î!ß�Ö�Ï=ÒÔÖ�Ï=ÛFÚÝÌ(�

ÛFÚ-ÙÔÜ�ßÝÜTÏgàqÎFÖ Ò!/ Ì'ÕÁÏÝÌ'Î��çÐ�ÙÓßÝÖ�ã
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R�belé`�l Z�X[Y

� ³Tµ  �½ Â@Ä@»YËÁÇÿÄ�ËX»YÀ ¾"À
C !#" Å%$"Å'&ç¾"À

�¡/ Ö�ÕFÏÝÖ�Ø43FÒÔÖ
Λ/ ≡βη

áFÖTÏ
λ
�%ß�ÖTÚ-ØåÖ�Ï:Ø�Ì�áFÎFÒÔÌgÒÔÐ_Þ�Ì'ÕFâ'Ú-ÎFÖTÕFÞ�Ö¼ÖTÕ!â'ÖTÕFá!ÚÝÜTÖÿÛçÐ�Ú�ÒÔÖ�ÏYÚÝÖ�ÒèÐìßÝÙÔÌ'Õ!Ï@áFÖ

βÖ�ß¿á6/
η
� ÞTÌ�Õ^<�ÖTÚ-ÏÝÙÔÌ�Õ Û°Ì'Ï-ÏÝêTá!ÖåÎFÕ!Ö�ß�Ú�ÐìÕFÏÝÞ�ÚÝÙÔÛVß�ÙÔÌ�Õ Ð�ÒÔâ'Ü[3FÚÝÙÓàqÎFÖA,4ÙÔÒYÖTÏ-ß¿ÙÓÕFÞTÒÓÎFÏ=áçÐ�Õ!Ï¿ÒÓÖ

C
�hØåÌ�ÕFÌ"¼há!Ö

ÙÔÕ!ÙÓß�ÙÔÐ�Ò%ã
ö"÷�ø�ù�ú�ûòú�ü°ùNýÑþ_Õ

C
�%���(�0�(Ã*

�ÁÖTÏ}ßXÎFÕ ÖTÕFÏ-ÖTØ43!ÒÔÖ

M
ÐB<'Ö�Þ¥ß�Ú-Ì'ÙÔÏ Ü�ÒÔÜTØ�ÖTÕ�ßÝÏåáFÙÓÏ-ßÝÙÔÕFâ'Î!ÜTÏ

p
ë
q
ë
i
ë

Ø�ÎFÕ!ÙYá6/ Ð�ÛFÛFÒÓÙÔÞTÐìß�ÙÓÌ'ÕFÏ
λ : M −→ M

ÖZß
∗, γ, µ : M 2 −→ M

<�ÜTÚ-ÙÓé Ð�Õ�ß ÒÓÖTÏeÜTâ'Ð�ÒÔÙ ß�ÜTÏÍÏÝÎFÙ'<ìÐ�Õ�ß�ÖTÏ�ë
Û°Ì'ÎFÚ¼ß�Ì�ÎFÏ

x, y, z ∈M
,

Þ�ã
∗
ÖTÏ}ßÍÐ�ÏÝÏ-ÌVÞ�ÙèÐìßÝÙ=<'ÖI,

(x ∗ y) ∗ z = x ∗ (y ∗ z)
5

Á�ã
i
ÕFÖ�Î!ß�Ú-Ö�9�â�ÐìÎFÞ��FÖ¿ÛCÌ'Î!Ú

∗
,
i ∗ x = x

5
(!ã
i
ÕFÖ�Î!ß�Ú-Ö�9�áFÚ-Ì'ÙÓßÝÖeÛCÌ�ÎFÚ

∗
,
x ∗ i = x

5
í:ã

p
Ö�Ï-ßÍÒèÐ�ÛFÚ-ÖTØ�ÙÔêTÚ-ÖeÛFÚÝÌn�-ÖTÞ�ßÝÙÔÌ'ÕÁÛ°Ì'ÎFÚ

γ
,
p ∗ γ(x, y) = x

5
) ã

q
Ö�Ï-ß_ÒèÐ�Ï-ÖTÞTÌ�ÕFáFÖ¿ÛFÚÝÌ(�-Ö�Þ�ßÝÙÔÌ'ÕÁÛ°Ì'ÎFÚ

γ
,
q ∗ γ(x, y) = y

5
* ãgÞ�ÌM�FÜTÚ-ÖTÕFÞ�Ö<á!Ö

γ
ÐB<'ÖTÞ¿ÒÔÖ�Ï�ÛFÚÝÌn�-ÖTÞ�ßÝÙÔÌ'Õ!Ï

p
ÖZß
q

,
γ(p, q) = i

5
Ô�ã
∗
ÖTÏ}ß_áFÙÔÏ}ß�ÚÝÙ=3FÎ!ßÝÙ=<'Ö>9�áFÚ-Ì'ÙÓßÝÖeÚÝÖ�ÒèÐìßÝÙ=<'Ö�ØåÖ�Õ�ßa9

γ
,
γ(x, y) ∗ z = γ(x ∗ z, y ∗ z)

5
î¨ã
∗
ÖTÏ}ß_áFÙÔÏ}ß�ÚÝÙ=3FÎ!ßÝÙ=<'Ö>9�áFÚ-Ì'ÙÓßÝÖeÚÝÖ�ÒèÐìßÝÙ=<'Ö�ØåÖ�Õ�ßa9

µ
,
µ(x, y) ∗ z = µ(x ∗ z, y ∗ z)

5
�NãgÚ-êTâ'ÒÓÖeáFÖ ÞTÌ'Ø�Ø�Î!ß�Ðìß�ÙÓÌ'ÕXáFÖ

λ
Ö�ß
∗

,
λ(x) ∗ y = λ(x ∗ γ(p, y ∗ q))

5
îÑã

β
� Þ�Ì'Õ�<'Ö�ÚÝÏÝÙÓÌ'Õt,

µ(λ(x), y) = x ∗ γ(y, i)
5

«gã
η
� Þ�Ì'Õ�<'ÖTÚ-ÏÝÙÓÌ'ÕÊ,

λ(µ(x ∗ q, p)) = x
ã

�

Á Ò�Ö�×!ÙÓÏ-ßÝÖ�ÎFÕFÖ�ÕFÌ�ß�ÙÓÌ'Õ�á!Ö
C

� Ø�Ì'ÕFÌ"¼%áFÖåÒÓÙ�3FÚ-ÖTØ�ÖTÕ�ß¿ÖTÕFâ�ÖTÕFáFÚ-Ü"ÛçÐ�Ú¿ÎFÕ�ÖTÕ!ÏÝÖTØ£3FÒÔÖ
X
ã�ÔÑÐ�ÕFÏ�ÒÓÖ

Þ)ÐìÏÍÌM�
X = ∅

ëçÙÓÒ@ÖZ×VÙÔÏ}ß�Ö�Î!ÕFÖ<ÙÓÕ(�-ÖTÞZß�ÙÓÌ'ÕÁáFÖ<Ò�/ Ö�ÕFÏÝÖ�Ø43FÒÓÖ
Λ/ ≡βη

áçÐ�ÕFÏ_ÒÔÖ
C

� Ø�Ì'ÕFÌ"¼%áFÖ ÙÔÕFÙ ß�ÙèÐìÒM5VÞ�Ö
ÏÝÖ�Ú�ÐeÜ[<�ÙÓáFÖTÕ�ßNÛFÒÓÎFÏ�ÒÔÌ�ÙÔÕ4ãìä�ÖTÛ°ÖTÕ!áçÐ�Õ�ß)ë�Ò�/ Ö�×!ÙÓÏ-ßÝÖTÕFÞ�Ö�á6/ Î!ÕFÖ�ÛFÚÝÜ�ÏÝÖ�Õqß�Ðìß�ÙÓÌ'Õ ÛçÐ�Ú�Ï-ÙÔâ'ÕFÐìß�ÎFÚ-Ö�ÖZßNÚÝêTâ�ÒÔÖTÏYáFÖ
ÚÝÜ�ÜTÞ�ÚÝÙÓßÝÎFÚÝÖìë9Û°Ì'ÏÝÏ-ÜTáçÐìÕqß=ÒÔÖTÏÍØ¦��ØåÖ�ÏÑÛFÚ-Ì'ÛFÚ-ÙÔÜ�ßÝÜTÏÍà�Î!Ö�ÒÔÖ

λ
�hÞ)Ð�ÒÓÞTÎFÒ0ëçáFÖ�ÞTÖ

C
�hØåÌ�ÕFÌ"¼há!Ö¿ÙÓÕFÙÓßÝÙèÐ�Ò@Ú-ÖTÏ}ß�Ö

ÎFÕFÖeàqÎFÖ�Ï-ßÝÙÔÌ'Õ"Ì'Î�<'ÖTÚ}ß�Ö¥5çÖ�ÕA1�Ð�ÙÓßTëVÙÓÒCÖ�Ï-ßgÞTÌ�Õ(�-ÖTÞZß�ÎFÚ-Üeà�Î0/ ÙÓÒ4Õ6/ ÖTÕÁÖZ×VÙÔÏ}ß�Ö=ÛFÐ�ÏTã+�=Õ"ÕFÖeÛ°ÖTÎVß�áFÌ'ÕFÞeÛFÐ�Ï
ß�Ú-Ì'ÛÁÖTÏ-ÛCÜ�ÚÝÖTÚ_áFÖ ÞTÖZßÝßÝÖ2<�Ì'ÙÔÖeÛ°Ì'ÎFÚgÐ�Ï-ÏÝÌ�ÞTÙÓÖTÚgÎFÕFÖ ÛFÚ-ÜTÏÝÖ�Õ�ß�ÐìßÝÙÔÌ'Õ�á6/ Ì'ÛCÜ�Ú�Ð�á!Ö<ÐìÎ

λ
� ÞTÐ�ÒÔÞ�ÎFÒ%ã

� ³#²  ¨À�Â�+XÂ4Ä-, " À ¾"À »:¹�¹gÇÿ»:ÉZÄ�ËX»:À
K

.0/213/54 63798;:=<?>A@CB#D�DE>FBHGI8KJLDIMONPDQB#RIRISTBH7U>H@CB#D�N=D
K

�aÐXÏÝÙÔâ�ÕçÐìß�Î!ÚÝÖ
Σ
áFÖ

K
ÞTÌ'Õ�ß�ÙÓÖTÕ�ßeÏ-ÖTÛ!ß Ü�ÒÔÜTØ�ÖTÕ�ßÝÏ4,CßÝÚÝÌ'ÙÓÏ=ÖTÕºáFÖ�â'ÚÝÜ

0
ë
Σ(0, 1) = {p, q, i}

ë°ÎFÕ
ÖTÕ�áFÖ�â'ÚÝÜ

1
ë
Σ(1, 1) = {λ}

ëFÖZß_ßÝÚÝÌ'ÙÓÏ�ÖTÕ�áFÖTâ�ÚÝÜ
2
ë
Σ(2, 1) = {∗, γ, µ}

ã

JMLMK



�¡O J O�V(X>Y9WnY�Z�g � X£WMXIU�T�TB`nU�l Z�]�UjX
K

�=Õ¥Þ�Ì'ÕFÏ-ßÝÚÝÎFÙ ßgÒ!/ ÖTÕFÏ-ÖTØ43!ÒÔÖ
T
áFÖ�Ï�ß�ÖTÚ-ØåÖ�ÏgáFÖ Ø�Ð�Õ!ÙÔêTÚ-Ö=ÞTÒÔÐ�ÏÝÏ-ÙÔàqÎFÖ§,

X ã��=ÕÁÞTÌ'Ø�Ø�ÖTÕFÞ�Ö<ÐB<�ÖTÞ
T 0 = V q {p, q, i}

ã
ôVã ª Ù4ßÝÌ'ÎFÏgÒÔÖ�Ï T k ë k ≤ n

ëçÏ-Ì'Õ�ß_ÞTÌ'ÕFÏ}ß�Ú-ÎFÙÓßÝÏTëçÌ'ÕÁÛ°Ì'ÏÝÖ§,
�
T n+1
λ = T n

ëçáFÌ'Õ�ß_ÒÔÖ�Ï�ÜTÒÓÜTØ�ÖTÕ�ß�ÏgÏÝÌ�Õqß_ÕFÌìß�ÜTÏ
λ(a)

Ì'Î£�-ÎFÏ}ß�Ö
λa
ã

�
T n+1
∗ =

(

q0≤k≤n T
n q T k

)
∐

(

q0≤k≤n T
k q T n

) ëgáFÌ'Õ�ß ÒÓÖTÏ�ÜTÒÔÜ�ØåÖ�Õ�ß�Ï�Ï-Ì'Õ�ß
Õ!Ì�ß�Ü�Ï

a ∗ b
ã

�
T n+1
γ =

(

q0≤k≤n T
n q T k

)
∐

(

q0≤k≤n T
k q T n

) ëgáFÌ'Õ�ß ÒÓÖTÏ�ÜTÒÔÜ�ØåÖ�Õ�ß�Ï�Ï-Ì'Õ�ß
Õ!Ì�ß�Ü�Ï

γ(a, b)
ã

�
T n+1
µ =

(

q0≤k≤n T
n q T k

)
∐

(

q0≤k≤n T
k q T n

) ëgáFÌ'Õ�ß ÒÓÖTÏ�ÜTÒÔÜ�ØåÖ�Õ�ß�Ï�Ï-Ì'Õ�ß
Õ!Ì�ß�Ü�Ï

µ(a, b)
ã

ímÎFÙÓÏ�,
T n+1 = T n+1

λ q T n+1
∗ q T n+1

γ q T n+1
µ

ã
à!ã��=ÕÁÛCÌ�ÏÝÖ

T = qn∈NT
n ã

�=Õ�áFÜZéçÕFÙÓßÿÒÔÖgáFÖ�â'ÚÝÜ_á6/ ÎFÕ�Ü�ÒÔÜ�ØåÖ�ÕqßTëqÒÔÖTÏNÞ�Ì'Õ�ß�ÖZ×�ßÝÖTÏTëVÒÔÖ�ÏÿÏ-Î~3FÏ-ßÝÙÓßÝÎ!ß�ÙÓÌ'ÕFÏTë�ÖZß�ÞìãVÞ�Ì'ØåØ�ÖP�çÐ"3!ÙÓß�Î!ÖTÒ'�
ÒÔÖ�ØåÖ�Õ�ßgÖTÕ�ÚÝÜTÜ�ÞTÚ-ÙÓß�Î!ÚÝÖ áFÖeß�Ö�ÚÝØ�ÖTÏTã

�@ÖTÏ�Ú-êTâ'ÒÓÖTÏ�áFÖ�Ú-ÜTÜ�ÞTÚÝÙ ß�ÎFÚ-Ö¥Ï-Ì'Õ�ßXáFÌ�ÕFÕFÜTÖ�Ï"Ð�ÙÓÕFÏÝÙ0ëNÐ�<�ÖTÞ
a, b, c

á!ÖTÏ¦<ìÐ�Ú-ÙèÐ"3!ÒÔÖTÏ�Ð�Ú	3FÙÓßÝÚ�Ð�ÙÓÚÝÖ�ØåÖ�Õqß
Þ��FÌ'ÙÓÏÝÙÓÖTÏ���áFÖ�ÎV×:9�áFÖ�ÎV×�áFÙÔÏ}ß�ÙÓÕFÞ�ßÝÖTÏgÞTÖ�ÛCÖ�ÕFáçÐ�Õ�ßY��,

(a ∗ b) ∗ c −→A a ∗ (b ∗ c)

i ∗ a −→I a

a ∗ i −→J a

p ∗ γ(a, b) −→P a

q ∗ γ(a, b) −→Q b

γ(p, q) −→G i

γ(p ∗ a, q ∗ a) −→X a

γ(a, b) ∗ c −→D γ(a ∗ c, b ∗ c)

µ(a, b) ∗ c −→M µ(a ∗ c, b ∗ c)

λ(a) ∗ b −→L λ(a ∗ γ(p, b ∗ q))

µ(λ(a), b) −→B a ∗ γ(b, i)

ä�Ö�ß-ß�Ö ÛFÚÝÜ�ÏÝÖ�Õqß�Ðìß�ÙÓÌ'Õ ÖTÏ}ß<Ì"3!ß�Ö�Õ�Î!Ö¦9"ÛçÐìÚ-ß�ÙÓÚÑáFÖ Þ�ÖTÒÔÒÓÖ�áFÎ
λσ

� ÞTÐ�ÒÔÞ�ÎFÒ%ë°ÖTÕ ÙÔá!ÖTÕ�ß�Ù é Ð�Õ�ß ÒÔÖ�Ï=áFÖTÎ�×
ÏÝÌ�Ú-ß�Ö�ÏTë

t = s
ë'ÖZßmáFÖTÎ�× Ì'Û°ÜTÚ�Ð
ß�ÖTÎ!ÚÝÏTë

∗ = ◦
ã�í:Ì�ÎFÚmÚÝÜ�1�ÜTÚÝÖ�ÕFÞTÖgÎFÒ ß�Ü�ÚÝÙÔÖ�ÎFÚÝÖìë�Ì'Õ�Õ!Ì�ß�Ö�Ú�Ð

K0

ÒèÐ=ÚÝÜ�ÎFÕFÙÓÌ'Õ
áFÖ ß�Ì'ÎVß�ÖTÏ¿ÞTÖ�Ï<Ú-ÖTÒÔÐìß�ÙÓÌ'ÕFÏ>9ÁÒ!/ ÖZ×VÞTÒÓÎFÏÝÙÓÌ'Õ áFÖ

L
Ö�ß
B
ë
K = K0 ∪ {L}

Ö�ß
KB = K ∪ {B}

ãs�=Õ
ÕFÌ�ßÝÖ

K = (Σ, KB)
ã��eÕ�<ìÐ�ØåÌ'Õ�ßÝÚÝÖTÚ�àqÎFÖ

K
ß�ÖTÚ-ØåÙÓÕFÖ=ÖZßÍàqÎFÖ

KB
ÖTÏ}ßÍÞ�Ì'Õ�áçÎ!ÖTÕ�ß�Öìã
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ä�ÖTÛ°ÖTÕFáFÐ�Õ�ß)ë ÞTÖ�ÏÍÚ-êTâ'ÒÓÖTÏgÕFÖ ÛCÖ�ÚÝØ�Ö�ß-ß�ÖTÕ�ß_ÛçÐ�Ï�Ò�/ñÐìÛFÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ�áFÖTÏgØ�Ü�ß#�!ÌVáFÖ�ÏgÎFÏÝÎFÖ�ÒÔÒÓÖTÏ�,
�åÒÔÐXÚÝêTâ�ÒÔÖ

L
ÖTØ�Û8��Þ��FÖ á6/ ÎVß�ÙÔÒÓÙÔÏ-ÖTÚÑÎ!Õ Ì�ÚÝáFÚ-Ö�ÒÔÖZ×VÙÓÞTÌ'â'ÚÝÐ�Û~�FÙÓàqÎFÖ�Ì'Î ÎFÕFÖ�ÙÓÕ�ß�ÖTÚ-ÛFÚÝÜZß�ÐìßÝÙÔÌ'ÕºÛ°Ì'Ò ï^�

Õ#Z�ØåÙÔÐ�ÒÔÖåÛCÌ'Î!Ú�Û!ÚÝÌ'Î�<�ÖTÚ�àqÎFÖ
K
ß�ÖTÚ-ØåÙÓÕFÖ¥5�Ì�Õû<ìÐ áFÌ'ÕFÞ�ØåÌ�ÕqßÝÚÝÖ�Ú�à�Î!Ö

K0

ß�Ö�ÚÝØ�ÙÔÕFÖÁÐB<�ÖTÞ
ÎFÕºÌ�ÚÝáFÚ-Ö�ÒÔÖZ×VÙÓÞTÌ'â'ÚÝÐ�Û~�FÙÓàqÎFÖ�ë°ÛFÎFÙÓÏ=Î!ß�ÙÓÒÔÙÓÏÝÖTÚ_ÎFÕFÖ4<ìÐ�Ú-ÙèÐ�Õ�ßÝÖ�áFÖ�ÒèÐ�ß�ÖTÞ��!ÕFÙÔàqÎFÖ�áFÖ�ÏeÞTÌ'Î!ÛFÒÔÖ�ÏeáFÖ
áFÜ�ÛCÖ�ÕFáçÐ�Õ!ÞTÖ¿ÛCÌ'Î!Ú�ÌM3!ß�Ö�ÕFÙÔÚ�ÒÔÐ�ß�ÖTÚ-ØåÙÓÕçÐ�ÙÓÏÝÌ'ÕXá!Ö

K
5

�åÒÔÐ Ú-ÜTÎFÕ!ÙÔÌ'Õ
KB

Õ!Ö ßÝÖTÚ-ØåÙÓÕFÖ ÛçÐ�Ï2,çÙÔÒ4Õ6/ ÖTÏ}ß=áFÌ�ÕFÞ<ÛFÐ�ÏgÛCÌ'Ï-ÏÝÙ=3FÒÔÖ áFÖ¿ÛFÚÝÌ�Î�<'Ö�ÚÍÏÝÐåÞTÌ�Õ�áçÎFÖ�ÕFÞTÖ
â'Ú���ÞTÖ�9¨ÒÔÐ¨ÞTÌ�Õ�áçÎFÖ�ÕFÞTÖ ÒÓÌVÞTÐ�ÒÔÖÁÖZß"Ð�Î¢ÒÓÖTØ�ØåÖÁáFÖ��ÍÖ�ñgØ�Ð�Õ�5ÿÌ'ÕOÕ!Ö ÛCÖ�Î!ßXÛFÐ�Ï�ÕFÌ�Õ¢ÛFÒÔÎ!Ï
Î!ßÝÙÔÒÓÙÔÏÝÖ�Ú9áFÙÓÚÝÖ�Þ�ß�Ö�ØåÖ�Õ�ßaÒèÐ�ß�Ö�Þ��FÕFÙÓà�Î!ÖMá0/ ÙÓÕqßÝÖTÚ-ÛFÚÝÜZß�ÐìßÝÙÔÌ'ÕeáFÖ;[ÍÐ�ÚÝá!ÙÔÕ4ë�<�Ì'ÙÔÚ�ð\[ÍÐ�Ú�]Mð
õ%ë)Õ!Ù'ÒÔÖ�ÒÓÖTØ�ØåÖ
áFÖ�ð\[_^>ða`
õ%ë�9�ÞTÐ�ÎFÏÝÖ¥áFÖ�ÒÔÐ¨Ú-êTâ'ÒÓÖ

X
ëNÕFÌ�Õ¢ÒÔÙÓÕFÜ)Ð�ÙÓÚÝÖ�9�â'Ð�ÎFÞ��FÖ¥5MÌ'ÕÛ<ìÐ ÛFÚÝÌ�ÞTÜ�áFÖTÚ�Ð�ÙÔÕFÏ-Ù>,

Ø�Ì'Õ�ß�Ú-ÖTÚ�à�Î!Ö
K
ßÝÖTÚÝØ�ÙÔÕ!Ö�ÖZßXÖ�Ï-ßXÒÓÌVÞTÐ�ÒÔÖ�ØåÖ�Õ�ß ÞTÌ'Õ�áFÎFÖTÕ�ß�ÖF��Ö�ßåáFÌ'Õ!Þ�ÞTÌ�Õ^<�ÖTÚ-â'ÖTÕ�ß�Öò<�ÙÔÐ ÒÓÖ

ÒÓÖTØ�ØåÖmáFÖ½�ÍÖ�ñgØ�ÐìÕb�aÛ!ÎFÙÔÏ�ÛFÚÝÌ�Î�<'Ö�ÚYÎFÕFÖNß�Ö�Þ��FÕFÙÓà�Î!Ö�á6/ ÙÔÕ�ß�Ö�ÚÝÛFÚ-Ü�ß�Ðìß�ÙÓÌ'Õ<ÒÓÜTâ'ê�ÚÝÖ�ØåÖ�Õqß:Ø�ÌVáFÙ éçÜTÖ
Ð�Û!ÛFÒÔÙÓÞ)Ð"3FÒÓÖÑÙÓÞTÙ4ÖZßÍÖ�Õ¥Þ�Ì'ÕFÞ�ÒÔÎFÚ-Ö¿àqÎFÖ

KB
ÖTÏ}ßÑÞ�Ì'Õ�áçÎ!ÖTÕ�ß�Öìã

.0/213/U1 cd<eBHDIJL<?>A7Lf;:
K0

>AD�B#ge79:=D
�=Õß<ìÐ�Ø�ÎFÕFÙÔÚ

K
á0/ ÎFÕ �(�	
"�������	¢M�!&����"�	�����
�*)���� Ö�ß_Ø�Ì'Õ�ß�ÚÝÖ�Úgà�Î!Ö�ÒÔÖ�ÏgÚÝêTâ�ÒÔÖTÏgáFÖ

K0

ÏÝÌ'Õ�ßÍÏ-ß�Ú-ÙÔÞ��
ß�Ö�ØåÖ�Õ�ß áFÜTÞ�ÚÝÌ'ÙÓÏÝÏ�ÐìÕqßÝÖTÏ Û°Ì'ÎFÚ�ÞTÖZß Ì'ÚÝá!ÚÝÖ�ã¡�eÕzÎ!ßÝÙÔÒÓÙÔÏÝÖ�Ú�Ð�ÒÓÖTÏ�Ú-ÜTÏ-ÎFÒÓß�Ðìß�Ï�Ï-ÎFÙ=<ìÐ�Õ�ß�Ï£�¿àqÎFÖ"Ò�/ Ì�Õ�ÛCÖ�Î!ß
ÚÝÖZß�Ú-Ì'Î�<'Ö�ÚTë ÛçÐ�Ú�Ö�×VÖTØ�ÛFÒÔÖìëçáçÐ�ÕFÏ¿ðïî\�¿ða]
õ0�MÛCÌ�ÎFÚgÞTÌ'ÕFÞ�ÒÔÎFÚ-ÖI,

�åÎFÕ�Ì'Ú-áFÚÝÖeÒÓÖZ×VÙÔÞ�Ì'â'Ú�ÐìÛ~�FÙÔàqÎFÖeÖ�Ï-ß_ÎFÕ�Ì'ÚÝá!ÚÝÖ áFÖ ÏÝÙÓØåÛFÒÓÙÓéçÞTÐìß�ÙÓÌ'Õ�5
�åÎFÕ�Ì'Ú-áFÚÝÖeáFÖ Ï-ÙÔØ�ÛFÒÔÙ éçÞ)ÐìßÝÙÔÌ'ÕåÏÝÎFÚgÒÓÖTÏ¼ß�Ö�ÚÝØ�ÖTÏ_Ð�Ï-ÏÝÌ�ÞTÙÔÜ�Ïa9 Î!ÕFÖ ÏÝÙÔâ�ÕçÐìß�Î!ÚÝÖ\Ë¨���!� Ö�Ï-ßÍÎFÕÁÌ'ÚÝáFÚ-Ö
áFÖ Ú-ÜTáFÎFÞZß�ÙÓÌ'Õ�5

�åÎFÕ�Ï-ï�Ï-ßÝêTØ�Ö=áFÖÑÚ-ÜTÜ�ÞTÚÝÙ ß�ÎFÚ-ÖÑáFÖ_ß�Ö�ÚÝØ�ÖTÏÿßÝÖTÚ-ØåÙÓÕFÖÍÏ-ÙCÖZß¼Ï-ÖTÎFÒÓÖTØ�ÖTÕ�ß¼Ï-ÙCÌ'ÕåÛCÖ�Î!ß¼ÒÓÖÍØ�ÎFÕFÙÔÚMá6/ ÎFÕ
Ì'Ú-áFÚÝÖgáFÖgÚ-ÜTáFÎFÞZß�ÙÓÌ'Õ ÛCÌ'Î!ÚMÒÓÖTàqÎFÖ�ÒFß�Ì'Î!ßÝÖgÚÝêTâ�ÒÔÖ�áFÖgÚÝÜ�ÜTÞ�ÚÝÙÓßÝÎFÚÝÖgÖ�Ï-ßÿÏ-ß�Ú-ÙÔÞZß�ÖTØ�ÖTÕ�ßNáFÜ�ÞTÚ-Ì'ÙÔÏ-Ï�Ð�Õ�ß�Öìã

�=Õ¨Ø�Î!ÕFÙÓßeÒÔÐXÏÝÙÓâ'ÕçÐìßÝÎFÚÝÖ
Σ
áFÖ

K
áFÖ Ò!/ Ì'Ú-áFÚÝÖ�Ï}ß�ÚÝÙÓÞ�ß

>
áFÌ'ÕFÕFÜ ÛçÐìÚ

∗ > µ
ë
∗ > γ

Ö�ß
p > i

ã
�¡/ Ì�ÚÝáFÚ-Ö�ÒÓÖZ×VÙÔÞ�Ì'â'ÚÝÐ�Û~�FÙÓà�Î!Ö�á!ÖTÏ¿Þ��FÖTØ�ÙÔÕFÏ ÙÓÕFáFÎFÙ ß ÏÝÎFÚ

T
ë4ß�Ì'Î(�-Ì�ÎFÚÝÏ ÕFÌ�ßÝÜ

>
ë�Ö�Ï-ß�Ð�ÒÔÌ�ÚÝÏeáFÌ'Õ!ÕFÜåÛFÐ�Ú

ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖ�ÏÝÎFÚ�ÒÔÖ"á!ÖTâ'Ú-Ü�á!ÖTÏ�ß�Ö�ÚÝØ�ÖTÏTãNí�Ì'ÎFÚ�áFÖTÎ�×zÜTÒÓÜTØ�ÖTÕ�ß�Ï
a
ÖZß
b
áFÖ

T
ë�Ì'ÕQÐ

a > b
Ï-Ù�Ö�ß

ÏÝÖ�ÎFÒÔÖ�ØåÖ�Õ�ßÍÏ-Ù@Ò!/ ÎFÕFÖeáFÖ Þ�ÖTÏ_ÞTÌ'ÕFá!ÙÓß�ÙÓÌ'ÕFÏ�Ö�Ï-ß_ÚÝÖ�ØåÛFÒÓÙÔÖ4,
X ã
a
ÞTÌ'Õ�ß�ÙÓÖTÕ�ßgÎFÕ�ÏÝÌ'Î!Ïo�hßÝÖTÚ-ØåÖ Ï-ßÝÚÝÙÓÞ�ß

c
ß�Ö�Ò@àqÎFÖ

c ≥ b
5

ôVã
a = p

Ö�ß
b = i

5
à!ã
a = a1 ∗ a2

ë
b = ϕ(b1, b2)

Ð�<�ÖTÞ
ϕ ∈ {µ, γ}

ë
a > b1

Ö�ß
a > b2

5
h ã
a = ϕ(a1, a2)

ÖZß
b = ϕ(b1, b2)

ÐB<�ÖTÞ
ϕ ∈ {∗, γ, µ}

ë
a > b2

Ö�ß
a1 > b1

5
¹Vã
a = ϕ(a1, a2)

ÖZß
b = ϕ(b1, b2)

ÐB<�ÖTÞ
ϕ ∈ {∗, γ, µ}

ë
a1 = b1

ÖZß
a2 > b2

ã
�=Õ:<�ÜTÚÝÙ éçÖ§,

�2�
ü+�mü @ ú û\ú�üCùjiXý - ý � �(���>�%�(���%�2�#Ò!�"���
(l, r)



�
K0

 P�(�H�AÅ
l > r �

JMLM¬



�¡O J O�V(X>Y9WnY�Z�g � X£WMXIU�T�TB`nU�l Z�]�UjX
K

©4�����(�����*�	�"���!�(� �Þ�ã
(a ∗ b) ∗ c > a ∗ (b ∗ c)

á6/ñÐìÛFÚÝê�Ï<ÒÓÖ�ÞTÐ�Ï h ã¯Ô£/ ÎFÕFÖ�ÛFÐ�Ú-ßTë
(a ∗ b) ∗ c > b ∗ c

á6/ñÐìÛFÚÝê�Ï h ,
(a ∗ b) ∗ c > c

� X ��Ö�ß
a ∗ b > b

� X �Zã�Ô£/ Ð�Î!ßÝÚÝÖ¿ÛçÐ�Ú}ß)ë
a ∗ b > a

� X �Zã
Á�ã
i ∗ a > a

ÛçÐ�Ú X ã
(!ã
a ∗ i > a

ÛçÐ�Ú X ã
í:ã

p ∗ γ(a, b) > a
ÛçÐ�Ú X ã

) ã
q ∗ γ(a, b) > b

ÛçÐìÚ X ã
* ã

γ(p, q) > i
ÛçÐìÚ X ÐB<'Ö�Þ

p > i
�0ôa�Zã

k�ã
γ(p ∗ a, q ∗ a) > a

ÛçÐ�Ú X ã
Ô�ã

γ(a, b) ∗ c > γ(a ∗ c, b ∗ c)
ÛçÐ�ÚSà!ã6«mÕ ÖmlCÖ�ßTë

γ(a, b) ∗ c > a ∗ c
ÐB<'ÖTÞ h ë9ÖTÕºÕ!Ì�ß�Ð�Õ�ß àqÎFÖ

γ(a, b) ∗ c > c
� X ��Ö�ß_àqÎFÖ

γ(a, b) > a
� X �ZãFí:Ì'ÎFÚgÒÓÖTÏ�Ø��TØ�ÖTÏ�Ú�ÐìÙÔÏÝÌ�ÕFÏTë

γ(a, b) ∗ c > b ∗ c
ã

î¨ã
µ(a, b) ∗ c∗ > µ(a ∗ c, b ∗ c)

ÛçÐ�Ú½à!ã
«NÕ�ÖmlCÖ�ß)ë
µ(a, b) ∗ c > a ∗ c

ÛFÐ�Ú h ÐB<'ÖTÞ
µ(a, b) ∗ c > c� X ��Ö�ß

µ(a, b) > a
� X �Zã~ÔÑÖ Ø¦��ØåÖìë

µ(a, b) ∗ c > b ∗ c
ã

♦

�=Õ¥Þ�Ì'ÕFÞTÒÓÎ!ßgáFÌ'Õ!Þ�,
�2�
ü+�mü @ ú û\ú�üCùjiXý 7 ýa�6���#���'�"���!�(�

K0

�%�����I� �0�����
�
T �

.0/213/on cd<eBHDIJL<?>A7Lf;:
K

>AD�Bpge7L:PD
�=Õ�<ìÐeÎ!ß�ÙÓÒÔÙÓÏÝÖTÚ:ÒÔÖ�ÏmØåÜZß#�FÌ�áFÖTÏ¡1�Ì'Î!ÚÝÕFÙÓÖTÏmÛçÐ�ÚmÒÔÐ=ÕFÌ�ßÝÙÔÌ'Õ�áFÖ4&��(����������

�¿

�%������
��"�0&��Zë
ÙÔÕ�ß�Ú-ÌVáFÎ!ÙÓß�Ö

áçÐ�Õ!Ï<ðéÞ * `a`ìõ0ã��ÍÐìÛFÛCÖ�ÒÔÌ'Õ!Ï�à�Î!ÖTÒÔàqÎFÖ�ÏÍÕ!Ì�ß�ÙÓÌ'ÕFÏ�Ö�ß_Ú-ÜTÏÝÎ!ÒÓß�Ð
ß�ÏTã
ö"÷�ø�ù�ú�ûòú�ü°ùNý ª Ì'ÙÓß (Σ, R)

ÎFÕ�Ï-ï�Ï}ß�êTØ�Ö�áFÖ�Ú-ÜTÜTÞ�ÚÝÙ ß�ÎFÚ-Ö¼áFÖ�ßÝÖTÚÝØ�ÖTÏ�ã��=Õ Ð�ÛFÛ°ÖTÒÓÒÔÖa�	�
&�� �0�¼á6/ ÎFÕ�ß�Ö�ÚÝØ�Ö
a
Ò!/ ÜTÒÓÜTØ�ÖTÕ�ß

ϕ
áFÖ

Σ
ß�Ö�Ò:àqÎFÖ

a = ϕ(a1, . . . , an)
ã°þÍÕ�ÜTÒÔÜ�ØåÖ�Õ�ßÑáFÖ

Σ
ÖTÏ}ßeÐ�Û!ÛCÖ�ÒÔÜI��Ài�����(���£

�FË¨���

Ï�/ ÙÔÒ9ÖTÏ-ßÍÒèÐ�ÚÝÐ�ÞTÙÓÕFÖeá6/ Ð�Î�ØåÌ'ÙÓÕFÏ¼ÎFÕ!Ö¿Ú-êTâ'ÒÓÖeáFÖ
R
ã

þÍÕÇ&��(�������2

��

�%������
��"�0&��q�0Ð�Ï-ÏÝÌ�ÞTÙÓÜ�9�ÎFÕFÖ ÚÝê�â'ÒÔÖ
(s, t)

��áFÖ
R
ÖTÏ}ßgÎFÕÁÞTÌ'Î!ÛFÒÔÖ

(s, u)
ß�Ö�Ò4àqÎ6/ ÙÔÒ

ÖZ×VÙÓÏ-ß�Ö ÎFÕ�ÞTÌ�ÕqßÝÖZ×�ß�Ö
C

<'Ü�ÚÝÙ é Ð�Õ�ß
t = C[u]

Ö�ßgßÝÖTÒ@àqÎFÖ ÒèÐ�Ú�ÐìÞTÙÔÕ!ÖeáFÖ
u
ÖTÏ}ß_ÎFÕ¥Ï}ï�Ø43CÌ�ÒÔÖeáFÜZéçÕFÙ%ã

þÍÕFÖ
R

��&�����r �0� Ö�Ï-ß¿ÎFÕFÖ§1�Ð�Ø�ÙÔÒÔÒÓÖ
(si, ti)i∈I

ë@ÌM�
I = {1 . . . n}

Ì'Î
I = N

ë4ßÝÖTÒÓÒÔÖ�àqÎ6/ ÙÔÒmÖ�×!ÙÓÏ-ßÝÖ
ÎFÕFÖ Ï-Î~3FÏ-ßÝÙÓßÝÎ!ß�ÙÓÌ'Õ

f ∈ SΣ

ÐB<'ÖTÞ
f(ti) �Rf(si+1)

ÛCÌ�ÎFÚ¼ß�Ì'ÎVß
i
ã

�

þ:Ì�Î(�-Ì'ÎFÚ-Ï_áFÐ�ÕFÏ¿ðïÞ * `a`ìõ¥,
s%t ÷qü+�vu
øÚrwiXý ; ýßÙ¯� ��Àn���%Ò�����

�¦�#����&���� ���
�#�

(Σ, R)
�%�����I� �0���������������
�����������a���a� �¨�E�z�	¢M�������

���(��

�
R

��&�����r �0�>� �BË¨���!� �

J"LMÓ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

ÞÑÛFÚ-êTÏ_ÞTÖ�ÏÍÚÝÐ�ÛFÛ°ÖTÒÔÏ�ëFÕFÌ'Î!ÏÍÐìÒÔÒÔÌ�ÕFÏ¼áFÜ�ØåÌ'Õ�ßÝÚÝÖTÚ�Î!ÕFÖ2<ìÐ�Ú-ÙèÐ�Õ�ßÝÖeá6/ Î!Õ¥Ú-ÜTÏÝÎ!ÒÓß�Ð
ßgáFÖ�ðïÞ * `a`
õ¨,
�2�
ü+�mü @ ú û\ú�üCùFiXýØ×aý\Â6�(�!�����

(Σ, R)
������Àn���%Ò�����

�S�#����&���� ���
�#�2

�¿�����������>)����s�������I� �0�2���

(a, b)�
�0�H�#Ò!�"���Ê

�¾�#����&���� ���
�#�ò���������������������"� �#� �¦» �±�0�(���
(a, b1)

 
. . .

 
(a, bk)

�����Ç&��(�n�������H

�Ê

���
������
��"�0&����(������&��!�����

(a, b)
���
R̄ = R ∪ {(a, b)} � Â+�����������(����)��;� � �S�	¢M�����%�ß���0�ò���������!&��"�*�!�(�

| · | : TΣ −→ N
Ä"����� Ë½�"���½Å

�����(�
�>���(�
���2�#Ò!�"���4�(�I���"� �#��

��

�%������
��"�0&��
(s, t)



�
R

�������(�
�%�����~�����*� ���
�*�!�(�
f ∈ SΣ

 P�(�
�
|f(s)| ≥ |f(t)] Î�����(�
�>���(�
�������������*� ���
���!�(�

f ∈ SΣ
 \�(�t�

|f(a)| ≥ |f(b)| Î�����(�
�>���(�
�
i ∈ {1 . . . k}

���½�%�(�
��������������� �*�
���!�(�
f ∈ SΣ

 P�(�t�
|f(a)| > |f(bi)| Î�����(�
�>���(�
�_&��(���%�	¢M�%�

C ∈ CΣ
�����%�(�^�

a, b ∈ TΣ
�����w��)����

|a| ≥ |b|
 \�(�t�

|C[a]| ≥ |C[b]| �
x ���(�#�

R̄
�������I� �0� �

©4�����(�����*�	�"���!�(� � �=ÕÊ<ìÐ¥Ø�Ì'Õ�ß�Ú-ÖTÚ àqÎ6/ ÙÓÒNÕ6/ Ö�×VÙÔÏ-ßÝÖ�ÛçÐìÏ<áFÖ
R̄

� Þ��çÐ(ÿèÕFÖ�ÙÔÕ!éFÕFÙÔÖìã¯�_Ö�Ø�Ð�Ú-àqÎFÌ'ÕFÏ ß�Ì'ÎVß
á6/ Ð"3°Ì'ÚÝá àqÎFÖ�ëqÞ�Ì'ØåØ�Ö�ÒÔÖ�ÏmÞTÌ'Õ�ßÝÖZ×�ß�Ö�Ï�Ö�ßMÒÓÖTÏmÏÝÎ�3FÏ-ßÝÙÓß�ÎVß�ÙÔÌ�ÕFÏNÛFÚÝÜ�ÏÝÖTÚo<'Ö�Õqß�Ò!/ Ì'ÚÝá!ÚÝÖ�ë�Ì'Õ�ÐVë'ÛCÌ�ÎFÚ�ß�Ì'Î!Ï

aÖ�ß
b
áFÐ�ÕFÏ

TΣ
,

a �R̄b =⇒ |a| ≥ |b|.

î�Ð�ÙÓÕqßÝÖTÕçÐìÕqß Ï-ÎFÛFÛ°Ì'ÏÝÌ�ÕFÏ�àqÎ6/ ÙÓÒ�Ö�×!ÙÓÏ-ßÝÖXÎFÕFÖ
R̄

�hÞ��çÐiÿèÕ!ÖXÙÔÕ!éFÕFÙÔÖ
(sn, tn)n∈N

,:ÒÔÖTÏ
(sn, tn)

Ï-Ì'Õ�ß
áFÖ�Ï�ÞTÌ'ÎFÛ!ÒÔÖTÏ�á!Ö=áFÜTÛ°ÖTÕ!áçÐ�ÕFÞ�Ö¿á!Ö

R̄
ÖZßgÙÔÒ°ÖZ×VÙÔÏ}ß�ÖeÎFÕ!ÖeÏÝÎ~3FÏ}ß�Ù ß�Î!ßÝÙÔÌ'Õ

f
ß�ÖTÒÓÒÔÖÍà�Î!Ö

f(tn) �R̄f(sn+1)Û°Ì'ÎFÚ¼ß�Ì�Î!ß
n
ã

«mÕQÛçÐìÚ-ß�ÙÓÞTÎFÒÓÙÔÖ�ÚTë
|f(sn)| ≥ |f(tn)|

ÛFÐ�Ú4��ï�ÛCÌ�ß��FêTÏ-Ö¥ÖZß
|f(tn)| ≥ |f(sn+1)|

á6/ñÐìÛFÚÝê�Ï�ÒÔÐ ÚÝÖ��
ØåÐ�ÚÝàqÎFÖeÛFÚ-ÜTÞ�ÜTáFÖ�ÕqßÝÖ�ã9ä�Ì'Ø�ØåÖ

R
ß�ÖTÚ-ØåÙÓÕFÖ�ëVÙÔÒ4Õ0/ Ö�×!ÙÓÏ-ßÝÖ¿ÛFÐ�ÏgáFÖ

R
� Þ��çÐ(ÿèÕFÖ ÙÔÕVéçÕFÙÔÖìã

Á ÒaÖZ×VÙÔÏ}ß�Ö¿áFÌ'ÕFÞ¿ÎFÕFÖ<ÏÝÌ'ÎFÏ�� Ï-ÎFÙÓßÝÖ
(skn, tkn)n∈N

áFÖ
(sn, tn)n∈N

ßÝÖTÒÓÒÔÖeàqÎFÖ
skn = a

Ö�ß
tkn = bin

ã
�=Õ�Ð�áFÌ�ÕFÞ§,

|skn| = |a| > |bin | = |tkn| ≥ · · · ≥ |skn+1 | = |a|.

ä¿/ Ö�Ï-ß¥ÙÔØ�ÛCÌ�ÏÝÏÝÙ=3FÒÔÖt,¼ÙÓÒÑÕ6/ ÖZ×VÙÔÏ}ß�Ö áFÌ'Õ!Þ ÛFÐ�Ï"áFÖ
R̄

� Þ��çÐ(ÿèÕFÖ ÙÓÕ!éçÕFÙÓÖ�ëÿÞTÖ àqÎFÙeÙÔØ�ÛFÒÔÙÓàqÎFÖ¥àqÎFÖ
R̄ß�Ö�ÚÝØ�ÙÔÕFÖìã
♦

�=ÕH<ìÐÁÐ�ÛFÛ!ÒÔÙÔàqÎFÖ�Ú=ÞTÖ Ú-ÜTÏÝÎ!ÒÓß�Ð
ß ÐB<'ÖTÞ
R = K0

Ö�ß
(a, b) = L

ãÏ�gÖTÏ-ßÝÖ�9XÞTÌ'ÕFÏ}ß�Ú-ÎFÙÔÚ-Ö�Ò!/ Ð�ÛFÛFÒÓÙÔÞ)Ðn�
ß�ÙÓÌ'Õ
| · | : T −→ N

ã~Á Õ�ß�ÎFÙ ß�Ù=<�ÖTØ�ÖTÕ�ß)ë
|a|
ÖTÏ-ß_ÒÓÖeÕFÌ'Ø43FÚ-Ö áFÖ Ï-ï�Ø43°Ì'ÒÔÖ�Ï

λ
���(�������*�!���w�¿áçÐ�ÕFÏ

a
ã

JM¬Mä



�¡O J O�V(X>Y9WnY�Z�g � X£WMXIU�T�TB`nU�l Z�]�UjX
K

�=ÕXÞTÌ'Ø�Ø�ÖTÕFÞ�ÖÑÛçÐ�ÚÿáFÜ�éFÕFÙÔÚÿÎFÕFÖeÐ�Û!ÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ�Ð�ÎV×VÙÓÒÔÙèÐìÙÔÚÝÖ
m : T −→ N

ÛçÐ�Ú�Ú-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�ÖeÏÝÎFÚÿÒÔÖ
áFÖ�â'ÚÝÜ áFÖ�Ï_ßÝÖTÚÝØ�ÖTÏ�,

�
m(p) = m(q) = m(i) = m(x) = 1

5
�
m(λ(a)) = m(a)

5
�
m(µ(a, b)) = m(a) +m(b)

5
�
m(γ(a, b)) = max(m(a), m(b))

5
�
m(a ∗ b) = m(a)×m(b)

ã
�aÐA<ìÐ�ÒÓÖTÎFÚÍáFÖ

m(a)
Ö�Ï-ß¿ÎFÕ Ø�ÎFÒ ß�ÙÓÛFÒÔÙÓÞ)ÐìßÝÖTÎFÚgáFÎ ÕFÌ'Ø£3FÚÝÖ�á!Ö

λ
ÛCÌìß�ÖTÕ�ßÝÙÔÖTÒÓÏ=áçÐ�Õ!ÏeÎFÕºß�ÖTÚ-ØåÖ

bÛFÒÔÐ�ÞTÜeáçÐìÕFÏgÒÔÖeÞTÌ�ÕqßÝÖZ×�ß�Ö
a ∗�

ã í:Ì'Î!Ú
| · |

,
�
|p| = |q| = |i| = |x| = 0

5
�
|λ(a)| = |a|+ 1

5
�
|µ(a, b)| = |a|+ |b|

5
�
|γ(a, b)| = max(|a|, |b|)

5
�
|a ∗ b| = |a|+m(a).|b|

ã
�=Õ ÚÝÖ�Ø�Ð�Ú-àqÎFÖ�ÙÓØåØ�ÜTáFÙÔÐìß�Ö�ØåÖ�Õ�ßgà�Î!Ö

m
Ö�ß
| · |

ÏÝÌ'Õ�ßÑáFÖTÏeÐìÛFÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ!Ï�9§<ìÐ�ÒÔÖ�ÎFÚÝÏ_áçÐ�ÕFÏ
N
Ö�ß

àqÎFÖ
m(a) ≥ 1

Û°Ì'ÎFÚgß�Ì�Î!ß
a
áFÖ

T
ã0ÔÑÖ<ÛFÒÔÎ!ÏTë°ÙÔÒaÖTÏ}ß=Ü[<�ÙÓáFÖTÕ�ßeàqÎFÖìëCÏ-Ù

|a| ≥ |b|
Ö�ß
m(a) ≥ m(b)

ë
Ð�ÒÓÌ'ÚÝÏ�ëçÛCÌ'Î!ÚgßÝÌ'Î!ß_ÞTÌ�ÕqßÝÖZ×�ß�Ö

C
ë
|C[a]| ≥ |C[b]|

ã8«mÕ!éFÕ4ë ÏÝÙ
C
ÖTÏ-ßÍÎFÕ¥ÞTÌ'Õ�ß�Ö�×�ß�Ö�ëCÐ�ÒÓÌ'ÚÝÏ�ëçÛCÌ'Î!ÚgßÝÌ'Î!ß

ß�Ö�ÚÝØ�Ö
a
ë
|C[a]| ≥ |a|

ÖZß
m(C[a]) ≥ m(a)

ã
�@ÖTÏ�Ï}ï�Ø43CÌ�ÒÔÖTÏMáFÜZéçÕFÙÔÏÿáFÖ

K
ÏÝÌ'Õ�ß

γ
��Ú-êTâ'ÒÓÖTÏ * ÖZßyk'�NÖZß

∗
��ß�Ì�Î!ß�Ö�Ï�ÒÔÖ�Ï�ÐìÎ!ß�Ú-ÖTÏ���ã�ÔÍÜ�ß�Ö�ÚÝØ�ÙÔÕFÌ�ÕFÏ

ÒÔÖ�Ï�ÞTÌ'Î!ÛFÒÔÖ�Ï_á!Ö¿á!ÜTÛ°ÖTÕFáçÐìÕFÞTÖ<áFÖ
K

,
Þ�ã

(a ∗ b) ∗ c
Ð�<�ÖTÞ

a ∗ (b ∗ c)
ÖZß
b ∗ c

ã
Á�ëz(!ëñí�ë ) ë * ë{k�ã_ÞÍÎFÞTÎFÕ!Ö�ë ÒÔÖ�Ï�ØåÖ�Ø43FÚÝÖ�ÏgáFÖ áFÚÝÌ'Ù ß�ÖeáFÖ Þ�ÖTÏgÚÝê�â'ÒÔÖ�Ï_Õ!Ö¿Þ�Ì'Õ�ß�Ö�ÕçÐ�Õ�ßÑÛFÐ�Ï�áFÖ Ï-ï�Ø43°Ì'ÒÔÖ

∗
ÕFÙ
γ
ã

Ô�ã
γ(a, b) ∗ c

ÐB<�ÖTÞ
γ(a ∗ c, b ∗ c)

ë
a ∗ c

Ö�ß
b ∗ c

ã
î¨ã

µ(a, b) ∗ c
ÐB<'ÖTÞ

a ∗ c
ë
b ∗ c

ã
�Nã

λ(a) ∗ b
ÐB<'Ö�Þ

a ∗ γ(p, b ∗ q)
ë
γ(p, b ∗ q)

Ö�ß
b ∗ q

ã
«mÕ4<'ÖTÚ}ß�Î áFÖ�Ï�ÚÝÖ�Ø�Ð�Ú-àqÎFÖTÏ¥1�Ð�Ù ß�Ö�Ï:ÛFÚ-ÜTÞ�ÜTáFÖ�ØåØ�ÖTÕ�ß)ë�ÙÔÒ�ÏÝÎ�ù ßmØåÐ�ÙÔÕ�ßÝÖTÕçÐ�Õ�ßYáFÖ¼ÛFÚ-Ì'Î�<'Ö�Ú�àqÎFÖ�ë�ÛCÌ'Î!Ú

ß�Ì�Î!ß�Ö ÏÝÎ�3FÏ-ßÝÙÓß�ÎVß�ÙÔÌ�Õ
f
ëFÒÔÖ�Ï�ÙÔÕFÜ�â�Ð�ÒÓÙÓß�Ü�Ï¼ÏÝÎ!Ù=<ìÐ�Õ�ß�Ö�Ï_Ï-Ì'Õ�ß_Ï�ÐìßÝÙÔÏ	1�ÐìÙÓß�Ö�Ï�,

�
m(f(a)) ≥ m(f(b))

ÖZß
|f(a)| ≥ |f(b)|

ÛCÌ'Î!Ú¼ß�Ì'Î!ßÝÖ ÚÝêTâ�ÒÔÖ
(a, b)

á!Ö
K0

5
�
m(f(λ(a) ∗ b)) ≥ m(f(λ(a ∗ γ(p, b ∗ q))))

Ö�ß
|f(λ(a) ∗ b)| ≥ |f(λ(a ∗ γ(p, b ∗ q)))|

5
�
|f(λ(a) ∗ b)| > |f(a ∗ γ(p, b ∗ q))|

ã
|¨r�øÚøÚr}iXý=ó4ý � �(�
�>���(�
�����#Ò!�"���

(a, b)


�
K

�������(�
�������������*� ���
���!�(�
f

 \�(�t��Å

m(f(a)) ≥ m(f(b)).

J"¬�õ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

©4�����(�����*�	�"���!�(� � �_Ö�Ø�ÐìÚÝàqÎFÌ'ÕFÏ�ëYß�Ì�Î!ß�á6/ Ð"3°Ì'ÚÝá9ëYàqÎFÖ"Ø�Ì'Õ�ß�ÚÝÖ�Ú�ÒÔÖ�ÚÝÜTÏ-ÎFÒÓß�Ðìß�Û°Ì'ÎFÚ~�*Þ'�¿ÚÝÖ[<�ÙÓÖTÕ�ß�9
Ø�Ì'Õ�ß�ÚÝÖ�ÚeàqÎFÖ

m((a ∗ b) ∗ γ(c, d)) ≥ m(a ∗ (b ∗ γ(c, d)))
Û°Ì'ÎFÚeß�Ì'Î!Ï

a, b, c, d ∈ T
ë9áFÖ Ø¦��ØåÖ

Û°Ì'ÎFÚ�ÒÔÖ�Ï_Ð�Î!ß�Ú-ÖTÏgÚÝê�â'ÒÔÖ�Ï�Ö�ß_Û°Ì'ÎFÚ�ÒÔÖ�ÏP1�Î!ß�ÎFÚ-ÖTÏgÛFÚ-ÖTÎ�<�ÖTÏTã
Þ�ã

m((a ∗ b) ∗ c) = m(a).m(b).m(c) = m(a ∗ (b ∗ c))
ã

Á�ã
m(i ∗ a) = m(a)

ã
(!ã
m(a ∗ i) = m(a)

ã
í:ã

m(p ∗ γ(a, b)) = max(m(a), m(b)) ≥ m(a)
ã

) ã
m(q ∗ γ(a, b)) = max(m(a), m(b)) ≥ m(b)

ã
* ã

m(γ(p, q)) = 1 = m(i)
ã

k�ã
m(γ(p ∗ a, q ∗ a)) = m(a)

ã
Ô�ã

m(γ(a, b) ∗ c) = max(m(a), m(b)).m(c) = m(γ(a ∗ c, b ∗ c))
ã

î¨ã
m(µ(a, b) ∗ c) = (m(a) +m(b)).m(c) = m(µ(a ∗ c, b ∗ c))

ã
�Nã

m(λ(a) ∗ b) = m(a).m(b) = m(λ(a ∗ γ(p, b ∗ q)))
ã

♦
Á Ò@ÕFÖ ÚÝÖ�Ï-ß�Ö¿ÛFÒÓÎFÏ�àqÎ6/w9 Ø�Ì'Õ�ß�ÚÝÖ�Ú�,

�2�
ü+�mü @ ú û\ú�üCùjiXý=ô4ý � �(���>�%�(���%�2�#Ò!�"���
(a, b)


��"���
K

���½�%�(�
���>����������� �*���*�!�(�
f

 ´�(�t�AÅ

|f(a)| ≥ |f(b)|.

©4�P�������� 6���(���>�%�(�^�2�%���������
a
 
b

���
c

���¯���(�
�>���(�
�%�����~�����*� ���
�*�!�(�
f

 \�(�t��Å

|f(λ(a) ∗ γ(b, c))| > |f(a ∗ γ(p, γ(b ∗ q)))|.

©4�����(�����*�	�"���!�(� � �=Õ�é!×VÖ
a, b, c ∈ T

ã
Þ�ã
|(a ∗ b) ∗ c| = |a|+m(a).|b|+m(a).m(b).|c| = |a ∗ (b ∗ c)|

ã
Á�ã
|i ∗ a| = |a|

ã
(!ã
|a ∗ i| = |a|

ã
í:ã
|p ∗ γ(a, b)| = max(|a|, |b|) ≥ |a|

ã
) ã
|q ∗ γ(a, b)| = max(|a|, |b|) ≥ |b|

ã
* ã
|γ(p, q)| = 0 = |i|

ã
k�ã
|γ(p ∗ a, q ∗ a)| = |a|

ã
Ô�ã {

|γ(a, b) ∗ c| = max(|a|, |b|) + max(m(a), m(b)).|c|

|γ(a ∗ c, b ∗ c)| = max(|a|+m(a).|c|, |b|+m(b).|c|)Ô£/ ÌM�
|γ(a, b) ∗ c| ≥ |γ(a ∗ c, b ∗ c)|

ã

JM¬MJ
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K

î¨ã
|µ(a, b) ∗ c| = |a|+ |b|+ (m(a) +m(b)).|c| = |µ(a ∗ c, b ∗ c)|

ã
�Nã {

|λ(a) ∗ b| = 1 + |a|+m(a).|b| = |λ(a ∗ γ(p, b ∗ q))|

|a ∗ γ(p, b ∗ q)| = |a|+m(a).|b|Ô£/ ÌM�
|λ(a) ∗ b| − |a ∗ γ(p, b ∗ q)| = 1 > 0

ã
♦

�=Õ¥Ö�Õ¥Þ�Ì'ÕFÞTÒÓÎ!ßgáFÌ'Õ!Þ�,
s%t ÷qü+�vu
øÚr�iXýjú9ý_�6�¦�#���'�"���!�(�

K
�%�����I� �0�S�����

T �
.0/213/�� cd<eBHDIJL<?>A7Lf;:

K
DIM�>FSEf;:=�P@PDI:y>AD

ímÎFÙÔÏ-à�Î!Ö¿ÒÔÐ�ÚÝÖ�ÒèÐìßÝÙÔÌ'Õ
K
ßÝÖTÚ-ØåÙÓÕFÖ=Ö�ßTë!Ö�Õ�<�ÖTÚ}ß�Î�áFÎÁÒÔÖTØ�Ø�ÖÑáFÖ��_Ö[ñgØåÐ�Õ4ëFÙÓÒ9Ï-Î�ù ßgáFÖeØåÌ�ÕqßÝÚÝÖ�Ú

àqÎFÖ
K
Ö�Ï-ß<ÒÔÌ�Þ)Ð�ÒÓÖTØ�ÖTÕ�ß=Þ�Ì'Õ�áçÎFÖ�Õ�ß)ã:ä¿/ Ö�Ï-ß<ÒÔÖ�ÞTÐ�Ï ÏÝÙ�ß�Ì�Î!ß�Ö�Ï<ÒÓÖTÏeÛçÐ�ÙÓÚÝÖ�ÏeÞTÚÝÙ ß�ÙÓà�Î!ÖTÏ áFÖ

K
Û°ÖTÎ�<�ÖTÕ�ß

��ßÝÚÝÖA1�ÖTÚ-ØåÜ�ÖTÏ�ëMÞi/ Ö�Ï-ßo��9(�háFÙÔÚ-Ö"à�Î!Ö�ëNÛCÌ�ÎFÚ�ß�Ì'ÎVß¦3!Ú�Ð�ÕFÞ��!ÖTØ�ÖTÕ�ß�Þ�ÚÝÙ ß�ÙÔàqÎFÖ
b ←Ka →Kc

áçÐ�ÕFÏ
T
ë�ÙÔÒ

ÖZ×VÙÓÏ-ß�Ö
d ∈ T

ßÝÖTÒ@àqÎFÖ
b �Kd �Kc

ã
�aÐ Ú-ÖTÒÔÐìß�ÙÓÌ'Õ

K
ÛCÌ'Ï-ÏÝê�áFÖa<�ÙÓÕFâ�ß	�háFÖTÎ�×�ÛçÐ�ÙÓÚÝÖ�ÏmÞTÚÝÙ ß�ÙÓà�Î!ÖTÏ65'Õ!Ì'ÎFÏNÐ�ÒÓÒÔÌ'ÕFÏ�<'Ì'ÙÓÚ�àqÎ6/ Ö�ÒÔÒÓÖTÏmÏÝÌ�ÕqßNßÝÌ'Î!ß�Ö�Ï

ÞTÌ�Õ�áçÎFÖ�ÕqßÝÖTÏ�ã
Þ��iÞ�ãaÔ£/ ÎFÕFÖ¿ÛçÐ�Ú}ß>,

((a ∗ b) ∗ c) ∗ d→A(a ∗ b) ∗ (c ∗ d)

→Aa ∗ (b ∗ (c ∗ d)).

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,

((a ∗ b) ∗ c) ∗ d→A(a ∗ (b ∗ c)) ∗ d

→Aa ∗ ((b ∗ c) ∗ d)

→Aa ∗ (b ∗ (c ∗ d)).

Þ'�iÁ�ã��=Õ�Ð:,

(i ∗ a) ∗ b→Ai ∗ (a ∗ b)

→Ia ∗ b.

«�ß2,

(i ∗ a) ∗ b→Ia ∗ b.

J"¬ å



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

Þ'��((� X ãa�=Õ�Ð:,
(a ∗ i) ∗ b→Aa ∗ (i ∗ b)

→Ia ∗ b.«�ß2,
(a ∗ i) ∗ b→Ja ∗ b.Þ'��((�}ôVãa�=Õ�Ð:,
(a ∗ b) ∗ i→Aa ∗ (b ∗ i)

→Ja ∗ b.«�ß2,
(a ∗ b) ∗ i→Ja ∗ b.Þ���í:ã��=Õ�Ð:,
(p ∗ γ(a, b)) ∗ c→Ap ∗ (γ(a, b) ∗ c)

→Dp ∗ γ(a ∗ c, b ∗ c)

→Pa ∗ c.«�ß2,
(p ∗ γ(a, b)) ∗ c→Pa ∗ c.Þ'� ) ã��=Õ�Ð:,
(q ∗ γ(a, b)) ∗ c→Aq ∗ (γ(a, b) ∗ c)

→Dq ∗ γ(a ∗ c, b ∗ c)

→Qb ∗ c.«�ß2,
(q ∗ γ(a, b)) ∗ c→Qb ∗ c.Þ'�"Ô�ã��=Õ�Ð:,
(γ(a, b) ∗ c) ∗ d→Aγ(a, b) ∗ (c ∗ d)

→Dγ(a ∗ (c ∗ d), b ∗ (c ∗ d)).«�ß2,
(γ(a, b) ∗ c) ∗ d→Dγ(a ∗ c, b ∗ c) ∗ d

→Dγ((a ∗ c) ∗ d, (b ∗ c) ∗ d)

�Aγ(a ∗ (c ∗ d), b ∗ (c ∗ d)).

JM¬��
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Þ'�'î¨ã��=Õ�Ð:,
(µ(a, b) ∗ c) ∗ d→Aµ(a, b) ∗ (c ∗ d)

→Mµ(a ∗ (c ∗ d), b ∗ (c ∗ d)).
«�ß2,

(µ(a, b) ∗ c) ∗ d→Mµ(a ∗ c, b ∗ c) ∗ d

→Mµ((a ∗ c) ∗ d, (b ∗ c) ∗ d)

�Aµ(a ∗ (c ∗ d), b ∗ (c ∗ d)).
Þ'�i�Nã��=Õ�Ð:,

(λ(a) ∗ b) ∗ c→Aλ(a) ∗ (b ∗ c)

→Lλ(a ∗ γ(p, (b ∗ c) ∗ q))

→Aλ(a ∗ γ(p, b ∗ (c ∗ q))).
«�ß2,

(λ(a) ∗ b) ∗ c→Lλ(a ∗ γ(p, b ∗ q)) ∗ c

→Lλ((a ∗ γ(p, b ∗ q)) ∗ γ(p, c ∗ q))

→Aλ(a ∗ (γ(p, b ∗ q) ∗ γ(p, c ∗ q)))

→Dλ(a ∗ γ(p ∗ γ(p, c ∗ q), (b ∗ q) ∗ γ(p, c ∗ q)))

→Pλ(a ∗ γ(p, (b ∗ q) ∗ γ(p, c ∗ q)))

→Aλ(a ∗ γ(p, b ∗ (q ∗ γ(p, c ∗ q))))

→Qλ(a ∗ γ(p, b ∗ (c ∗ q))).
Á9�a(!ã��=Õ�Ð:,

i←Ii ∗ i→Ji
ã

(��vk�ã��=Õ�Ð:,
γ(p ∗ i, q ∗ i) �Jγ(p, q)

→Gi.«�ß2,
γ(p ∗ i, q ∗ i)→Xi.(��"Ô�ã��=Õ�Ð:,
γ(a, b) ∗ i→Dγ(a ∗ i, b ∗ i)

�Jγ(a, b).«�ß2,
γ(a, b) ∗ i→Jγ(a, b).

J"¬��



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

(��'î¨ã��=Õ�Ð:,
µ(a, b) ∗ i→Dµ(a ∗ i, b ∗ i)

�Jµ(a, b).
«�ß2,

µ(a, b) ∗ i→Jµ(a, b).

(��i�Nã��=Õ�Ð:,
λ(a) ∗ i→Lλ(a ∗ γ(p, i ∗ q))

→Iλ(a ∗ γ(p, q))

→Gλ(a ∗ i)

→Jλ(a).
«�ß2,

λ(a) ∗ i→Jλ(a).

íK� * ã��=Õ�Ð:,
p ∗ γ(p, q)→Gp ∗ i

→Jp.«�ß2,
p ∗ γ(p, q)→Pp.

íK�vka� X ã
p ∗ a←Pp ∗ γ(p ∗ a, q ∗ a)→Xp ∗ a

ã
íK�vka�}ôVãa�=Õ�Ð:,

γ(p ∗ γ(a, b), q ∗ γ(a, b))→Pγ(a, q ∗ γ(a, b))

→Qγ(a, b).«�ß2,
γ(p ∗ γ(a, b), q ∗ γ(a, b))→Xγ(a, b).) � * ãa�=Õ�Ð:,
q ∗ γ(p, q)→Gq ∗ i

→Jq.«�ß2,
q ∗ γ(p, q)→Qq.

JM¬MK



�¡O J O�V(X>Y9WnY�Z�g � X£WMXIU�T�TB`nU�l Z�]�UjX
K

) �vka� X ã
q ∗ a←Qq ∗ γ(p ∗ a, q ∗ a)→Xq ∗ a

ã
) �vka�}ôVãa�=Õ�Ð:,

γ(p ∗ γ(a, b), q ∗ γ(a, b))→Qγ(p ∗ γ(a, b), b)

→Pγ(a, b).

«�ß2,
γ(p ∗ γ(a, b), q ∗ γ(a, b))→Xγ(a, b).

* �"Ô�ã��=Õ�Ð:,
γ(p, q) ∗ a→Gi ∗ a

→Ia.

«�ß2,
γ(p, q) ∗ a→Dγ(p ∗ a, q ∗ a)

→Xa.

k��"Ô�ã��=Õ�Ð:,
γ(p ∗ a, q ∗ a) ∗ b→Dγ((p ∗ a) ∗ b, (q ∗ a) ∗ b)

�Aγ(p ∗ (a ∗ b), q ∗ (a ∗ b))

→Xa ∗ b.

«�ß2,
γ(p ∗ a, q ∗ a) ∗ b→Xa ∗ b.

î}�"îÑã_Á Ò:Õ6/ Ö�Ï-ß¿ÛçÐ�ÏÑÕFÜTÞ�ÖTÏÝÏÝÐ�ÙÔÚ-Ö á6/ ÜZß�ÎFá!ÙÔÖTÚÑÞTÖ�ß-ß�Ö�ÛçÐìÙÔÚÝÖ�ÞTÚÝÙ ß�ÙÓà�Î!Ö�ÛCÌ�ÎFÚ=ÒèÐåÞTÌ'Õ�áFÎFÖTÕFÞ�Ö áFÖ
K
ë4ØåÐ�ÙÔÏ

Ì'ÕÁÖ�Õ�Ð�Î!Ú�Ð§3CÖ�ÏÝÌ'ÙÓÕ�Û!ÒÔÎFÏ¼ß�Ð�ÚÝá4ã��=Õ�ÐA,
µ(λ(a), b) ∗ c→Mµ(λ(a) ∗ c, b ∗ c)

→Lµ(λ(a ∗ γ(p, c ∗ q)), b ∗ c)

→B(a ∗ γ(p, c ∗ q)) ∗ γ(b ∗ c, i)

→Aa ∗ (γ(p, c ∗ q) ∗ γ(b ∗ c, i))

→Da ∗ γ(p ∗ γ(b ∗ c, i), (c ∗ q) ∗ γ(b ∗ c, i))

→Pa ∗ γ(b ∗ c, (c ∗ q) ∗ γ(b ∗ c, i))

→Aa ∗ γ(b ∗ c, c ∗ (q ∗ γ(b ∗ c, i)))

→Qa ∗ γ(b ∗ c, c ∗ i)

→Ja ∗ γ(b ∗ c, c).

J"¬ML
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λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

«�ß2,

µ(λ(a), b) ∗ c→B(a ∗ γ(b, i)) ∗ c

→Aa ∗ (γ(b, i) ∗ c)

→Da ∗ γ(b ∗ c, i ∗ c)

→Ia ∗ γ(b ∗ c, c).

ímÎFÙÔÏ-à�Î!Ö
K
ß�ÖTÚ-ØåÙÓÕFÖ�ëVÌ'Õ�ÖTÕ�ÞTÌ'ÕFÞ�ÒÔÎ!ß>,

�2�
ü+�mü @ ú û\ú�üCùjiXý��4ýa�6���#���'�"���!�(�
K

�����P&��(�BÑ½�+�����%�S���
�
T �

.0/213/U� cd<eBHDIJL<?>A7Lf;:
KB

DIM�>OSEf;:=�P@PDI:y>AD
�=Õ¥Þ�Ì'ØåØ�ÖTÕ!ÞTÖeÛçÐ�Ú>,

|¨r�øÚøÚr}iXý��4ý_�6���#���'�"�*�!�(�
B

�����P&��(��Ä"���!�
�����%�S���
�
T �

©4�����(�����*�	�"���!�(� � í:Ì'Î!Ú�ÒèÐ�Þ�Ì'Õ�áçÎ!ÖTÕFÞ�Ö�ë�ÙÓÒÿÏ-Î�ù ß�áFÖXÕFÌìß�ÖTÚ�à�Î!Ö
B
ÖTÏ}ß�ÒÔÙÓÕFÜ)ÐìÙÔÚÝÖ¦9�â�ÐìÎFÞ��FÖXÖZß�ÕFÖ

ÞTÚ-ÜTÖeÛçÐìÏ�áFÖeÛçÐ�ÙÓÚÝÖ=Þ�ÚÝÙÓßÝÙÔàqÎFÖeÐB<�ÖTÞ ÖTÒÓÒÔÖ��hØ¦��ØåÖìãVä¿/ Ö�Ï-ßgáFÌ'Õ!ÞeÎFÕFÖeÚÝÖ�ÒèÐìßÝÙÔÌ'Õt�(��� �����
�(���"���ÑÖ�ß)ë!ÖTÕÁÛçÐ�Ú��
ß�ÙÓÞTÎFÒÓÙÔÖ�ÚTë!Þ�Ì'Õ�áçÎ!ÖTÕ�ß�Öìã

í:Ì'Î!Ú=ÒèÐ ß�ÖTÚ-ØåÙÓÕçÐ�ÙÓÏÝÌ'Õ4ëçÌ�Õ Ø�ÎFÕFÙ ß
Σ
áFÖ�Ò!/ Ì'ÚÝáFÚ-Ö<Ï}ß�Ú-ÙÔÞ�ß

µ >Σ ∗
ë
µ >Σ γ

Ö�ß
µ >Σ i

ë9Û!ÎFÙÔÏÍÌ'Õ
ÞTÌ�ÕFÏ-ßÝÚÝÎFÙ ß

>
Ò!/ Ì'Ú-áFÚÝÖ_ÒÔÖ�×!ÙÓÞTÌ'â�Ú�Ð�Û~�!ÙÔàqÎFÖ_ÏÝÎFÚ

T
ÐìÏÝÏÝÌ�ÞTÙÓÜS9

>Σ

ã��eÕXÐ�Ð�ÒÔÌ�ÚÝÏ
µ(λ(a), b) > a ∗ γ(b, i)

ã
«mÕ ÖmlCÖ�ßTëCÞ�Ì'Ø�ØåÖ

µ >Σ ∗
ë°ÙÓÒaÏÝÎ�ù ßeáFÖ2<'Ü�ÚÝÙÓéFÖTÚÑàqÎFÖ

µ(λ(a), b) > a
Ö�ß
µ(λ(a), b) > γ(b, i)

ã8��Ð
ÛFÚ-ÖTØ�ÙÔêTÚ-ÖeÙÔÕFÜ�â�Ð�ÒÓÙÓß�Ü_ÖTÏ}ß_áFÌ'ÕFÕFÜ�Ö<ÛFÐ�Ú�ÒÔÖ¿1�ÐìÙÓß�àqÎFÖ

a
Ö�Ï-ß_ÎFÕÁÏÝÌ�ÎFÏo�%ß�ÖTÚ-ØåÖ Ï}ß�ÚÝÙÓÞ�ßgáFÖ

µ(λ(a), b)
Ö�ß_ÒèÐ

ÏÝÖ�ÞTÌ'Õ!áFÖeÛçÐ�Ú
µ >Σ γ

ë
µ(λ(a), b) > b

��Þ)Ð�Ú
b
ÏÝÌ'ÎFÏ��hßÝÖTÚÝØ�Ö=Ï}ß�ÚÝÙÓÞ�ßÿáFÖ

µ(λ(a), b)
�MÖZß

µ(λ(a), b) > i��ÞTÐ�Ú
µ >Σ i

��ã
♦

�=Õ�Ð¥áFÌ�ÕFÞ�áFÖ�ÎV×�ÚÝÖTÒÔÐìß�ÙÓÌ'ÕFÏ ÞTÌ�Õ^<�ÖTÚ-â'ÖTÕ�ß�Ö�Ï
K
Ö�ß
B
Ï-ÎFÚ

T
ãsþ:Ì'ÎVß�ÜTÒÓÜTØ�ÖTÕ�ß

a
á!Ö

T
Ð¥á!Ì'ÕFÞ

ÎFÕFÖºÎ!ÕFÙÔàqÎFÖ�1�Ì�ÚÝØ�Ö ÕFÌ'Ú-Ø�Ð�ÒÓÖ
K(a)

Û°Ì'ÎFÚ
K
Ö�ß"Î!ÕFÖºÎFÕFÙÓà�Î!Ö�1�Ì'ÚÝØ�Ö ÕFÌ�ÚÝØåÐ�ÒÔÖ

B(a)
ÛCÌ�ÎFÚ

B
ã

�=Õ ÕFÌ�ßÝÖ
K(T )

Ò!/ ÖTÕ!ÏÝÖTØ£3FÒÔÖåáFÖTÏ
K

�!1�Ì'ÚÝØ�ÖTÏ¿ÕFÌ'Ú-Ø�ÐìÒÔÖTÏ¿áFÖ
T
ã��ÍÐìÛFÛCÖ�ÒÔÌ'Õ!Ï<àqÎFÖ�ÒÔàqÎFÖTÏ�Õ!Ì�ß�ÙÓÌ'ÕFÏ¿Ö�ß

ÚÝÜ�ÏÝÎFÒ ß�ÐìßÝÏ>,
÷�D~�s�¡r
Ö @ ý ª Ì�ÙÔÖTÕ�ß X ÎFÕÁÖTÕ!ÏÝÖTØ£3FÒÔÖeÖZß

R, S
á!ÖTÎV×ÁÚ-ÖTÒÔÐìß�ÙÓÌ'ÕFÏ\3FÙÓÕçÐ�ÙÓÚÝÖTÏ�ÏÝÎFÚ

X
ã��eÕÁáFÙ ß�àqÎFÖ

S
Ö�Ï-ß

ÎFÕt�	�5� �0���������ÿáFÖ
R
Ï-Ù
R ⊆ S∗ Ö�ß_àqÎFÖ<Þ�Ö Ú�Ðiù�ÕFÖ�ØåÖ�Õqß_Ö�Ï-ßI&��(�¿���"���*�����eÏÝÙ¡,

ÛCÌ�ÎFÚ¼ß�Ì'Î!Ï
a, b, c ∈ X,

ÏÝÙ
a→Sb �Rc

Ð�ÒÓÌ'ÚÝÏ�ÙÓÒ4ÖZ×VÙÔÏ}ß�Ö ÎFÕ
d ∈ X,

ß�ÖTÒ9à�Î!Ö
a �Rd �Rc.

ª Ù S Ö�Ï-ßÑÎFÕ Ú�Ð(ùåÕ!ÖTØ�ÖTÕ�ß=Þ�Ì'ØåÛFÐìß�Ù=3FÒÔÖeáFÖ
R
Ð�ÒÓÌ'ÚÝÏ2,

R
ÖTÏ-ßÑÞTÌ'Õ�áçÎFÖTÕ�ßÝÖ�ÏÝÙ�Ö�ß=Ï-ÖTÎFÒÓÖTØ�ÖTÕ�ß=Ï-Ù

SÖTÏ}ß_ÞTÌ'Õ�áFÎFÖTÕ�ß�Öìã
�=Õ:<ìÐ�ØåÌ�ÕqßÝÚÝÖ�Ú�,

|¨r�øÚøÚr}iXý -�� ý_�6���#���'�"���!�(�
KB

�����P&��(�BÑ´�������������
�
K(T ) �

JM¬M¬
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K

©4�����(�����*�	�"���!�(� � �=Õ áFÜ�éçÕ!ÙÓß ÒÓÖTÏ Ú-ÖTÒÔÐìß�ÙÓÌ'ÕFÏ
K∞ Ö�ß

B∞ ÛFÐ�Ú
a → K∞b

��ÚÝÖ�ÏÝÛ4ã
a → B∞b

�
ÏÝÙ
b = K(a)

��ÚÝÖ�ÏÝÛ4ã
b = B(a)

��ãPÔÑÖ ÛFÒÔÎ!ÏTë¼Ì'Õ áFÜZéçÕFÙ ß
B∞ · K∞ Þ�Ì'Ø�ØåÖ ÒÔÐ ÞTÌ'Ø�Û°Ì'ÏÝÜ�ÖºáFÖ

ÞTÖ�ÏgáFÖTÎV×"ÚÝÖTÒÔÐìß�ÙÓÌ'ÕFÏ�ë!Þ"/ ÖTÏ}ß	�%9(� áFÙÓÚÝÖ=àqÎFÖ
a→B∞

·K∞b
ÏÝÙ@ÙÓÒ9ÖZ×VÙÓÏ-ß�Ö

c ∈ T
<�ÜTÚÝÙ é Ð�Õ�ß

a→B∞c→K∞b
,

ÖTÕ�á6/ Ð�Î!ßÝÚÝÖTÏ�ßÝÖTÚÝØ�ÖTÏ�ë
c = B(a)

Ö�ß
b = K(c) = K(B(a))

ã
�=Õ�<ìÐ�ØåÌ�ÕqßÝÚÝÖ�ÚÑàqÎFÖ

KB
ÖTÏ-ßÑÎFÕºÚ�Ð(ùåÕ!ÖTØ�ÖTÕ�ß=Þ�Ì'ØåÛFÐìß�Ù=3FÒÔÖ áFÖ

B∞ ·K∞ ÏÝÎFÚ
K(T )

ÖZßeàqÎFÖ
ÞTÖZßÝßÝÖ�ÚÝÖ�ÒèÐìßÝÙÔÌ'Õ¥ÖTÏ-ß=ÞTÌ'Õ�áFÎFÖTÕ�ß�Öìãs�=ÕºÐò,

B∞ ⊆ B∗ ÖZß K∞ ⊆ K∗ áFÌ�ÕFÞ B∞ ·K∞ ⊆ (KB)∗
ÖZß

áFÌ'Õ!Þ
KB

Ö�Ï-ß_ÎFÕ�Ú�Ðiù�ÕFÖ�ØåÖ�Õqß_áFÖ
B∞ ·K∞ ã ª Ì'ÙÓÖTÕ�ß a, b, c ∈ K(T )

<'ÜTÚ-ÙÓé ÐìÕqß2,

a→KBb �B∞
·K∞c.

Á ÒÑÖ�Ï-ß"ÙÓØåÛ°Ì'ÏÝÏ-Ù�3FÒÓÖÁà�Î!Ö
a → Kb

ÞTÐ�Ú
a ∈ K(T )

áFÌ'ÕFÞ
a → Bb

ã ª Ù b = c
ë�Ì'Õ¢Ð

a → BcáFÌ'Õ!Þ
B(a) = B(c)

Ö�ßNáFÌ�ÕFÞ
K(B(a)) = K(B(c))

ã��eÕ�Ð=áFÌ�ÕFÞ_3FÙÔÖ�Õ4ë'ÖTÕ Û°Ì'Ï�ÐìÕqß
d = K(B(a))

,

a �B∞
·K∞d �B∞

·K∞c.

ª Ù b 6= c
Ð�ÒÔÌ'Ú-ÏaÒèÐ¼ÚÝÜ�áFÎFÞZß�ÙÔÌ�Õ<áFÖ

b
9
c
ÞTÌ�ØåØ�ÖTÕFÞ�ÖNÛçÐ�Ú�Ð�Î¿ØåÌ'ÙÓÕFÏ@ÎFÕ

B∞ Ö�ß�áFÌ'Õ!Þ
B(b) = B(a)

ë
á6/ ÌM�

a �B∞
·K∞c

Ö�ß=áFÌ'ÕFÞ
d = c

Þ�Ì'Õ�<VÙÓÖTÕ�ß)ãs�=Õ ÐXáFÌ�ÕFÞ�Ø�Ì'Õ�ß�ÚÝÜ�à�Î!Ö
KB

Ö�Ï-ß ÎFÕºÚÝÐiù�ÕFÖTØ�ÖTÕ�ß
ÞTÌ�ØåÛçÐ
ß�Ù�3!ÒÔÖÑá!Ö

B∞ ·K∞ ÏÝÎFÚ
K(T )

ã~Á Ò@ÚÝÖ�Ï-ßÝÖ�9I<'Ì�ÙÔÚ�àqÎFÖ
B∞ ·K∞ ÖTÏ}ßÑÞ�Ì'Õ�áçÎ!ÖTÕ�ß�Öìã

ª Ì'ÙÓÖTÕ�ß a, b, c ∈ T
ß�Ö�ÒÔÏ�àqÎFÖ

a �B∞
·K∞b

Ö�ß
a �B∞

·K∞c
ã�ÞÍÒÔÌ'Ú-Ï�ÙÔÒMÖZ×VÙÓÏ-ß�Ö

m,n ∈ N
ß�ÖTÒÓÏ

àqÎFÖ
b = (K ◦B)m(a)

ÖZß
c = (K ◦B)n(a)

ã ª Ù m = n
Ð�ÒÔÌ�ÚÝÏ

b = c
ã ª ÙÔÕ!Ì'Õ4ëqÌ'Õ�Ï-ÎFÛFÛ°Ì'ÏÝÖÍàqÎFÖÑÒ�/ Ì'ÕÐ

m > n
,çÐ�ÒÓÌ'ÚÝÏ

b = (K ◦B)m−n(c)
ã�Ô=Ð�Õ!Ï�ÒÔÖTÏ�áFÖTÎV×"Þ)Ð�Ï

b �B∞
·K∞c

��ÏÝÙ
n > m

ëFÒèÐ�Ú-ÜTáFÎ!Þ�ß�ÙÓÌ'Õ
ÖTÏ}ß_áçÐ�ÕFÏgÒ!/ Ð�Î!ßÝÚÝÖeÏ-ÖTÕFÏ��Zã

�=Õ¥Ö�Õ¥Þ�Ì'ÕFÞTÒÓÎ!ßgàqÎFÖ
B∞ ·K∞ ÖTÏ}ß_ÞTÌ'Õ�áFÎFÖTÕ�ß�Ö¿Ö�ß_áFÌ�ÕFÞ à�Î!Ö

KB
ÖTÏ}ß_ÞTÌ'Õ�áFÎFÖTÕ�ß�Ö¿ÏÝÎ!Ú

K(T )
ã
♦

�=ÕXáFÜ�éFÕFÙÓß\9<ÛFÚ-ÜTÏÝÖ�Õ�ßgÎFÕFÖÑÚ-ÖTÒÔÐìß�ÙÓÌ'Õ
B̃
áFÜTÚ-Ù=<'Ü�Ö=áFÖ

B
ãçä�ÖZßÝßÝÖÑÚÝÜ�áFÎFÞZß�ÙÔÌ�Õ"Ð�â'Ù ßÿÞ�Ì'Ø�ØåÖ

B
ë�Ï�Ð�Î�1

àqÎ6/ ÖTÒÔÒÓÖ�ÚÝÜ�áFÎFÙ ßÑß�Ì�ÎFÏeÒÔÖ�Ï
B

�hÚÝÖTá!ÖZ×VÖTÏ ÙÔá!ÖTÕ�ß�ÙÓà�Î!ÖTÏeá6/ ÎFÕ ßÝÖTÚÝØ�Ö¥5CÛCÌ'Î!Ú=áFÖTÏeÚÝÐ�ÙÔÏ-Ì'ÕFÏÑßÝÖTÞ��FÕ!ÙÔàqÎFÖTÏ�ë@Ì'Õ
<ìÐ�Ð�ÎFÏ-ÏÝÙ°áFÖTØåÐ�ÕFá!ÖTÚ\9

B̃
á6/ï��ß�Ú-ÖÑÚ-Ü[áçÖ�×!Ù'<'Öìã#�çÌ'ÚÝØ�ÖTÒÓÒÔÖ�ØåÖ�ÕqßTë

a→B̃b
ÏÝÙ
a = b

Ì'Î�ÏÝÙ°ÙÔÒ ÖZ×VÙÔÏ}ß�Ö
n ≥ 1Ö�ß

a0, . . . , an, c, d ∈ T
ßÝÖTÒÓÏ�àqÎFÖ

a = a0
ÖZß
b = bn

Ð�ÙÓÕFÏÝÙ�àqÎFÖÿáFÖTÏ:ÞTÌ'Õ�ßÝÖZ×�ß�Ö�Ï
C0, . . . , Cn

<�ÜTÚÝÙ é Ð�Õ�ß½,
�åÛ°Ì'ÎFÚ¼ßÝÌ'Î!ß

k ∈ {0, . . . , n− 1}
ë
ak = Ck[µ(λ(c), d)]

ÖZß
ak+1 = Ck+1[c ∗ γ(d, i)]

5
�åÙÓÒ4Õ6/ ÖZ×VÙÔÏ}ß�Ö ÛçÐ�ÏgáFÖ ÞTÌ�ÕqßÝÖZ×�ß�Ö

D
ß�Ö�Ò@à�Î!Ö

b = D[µ(λ(c), d)]
ã

íYÐ�ÚgÖ�×!Ö�ØåÛ!ÒÔÖ§,

γ(p ∗ µ(λ(c), d), q ∗ µ(λ(c), d)) −→B̃γ(p ∗ (c ∗ γ(d, i)), q ∗ (c ∗ γ(d, i))).

�aÐÁÚ-ÖTÒÔÐìß�ÙÓÌ'Õ
B̃
ÖTÏ}ß¿ÎFÕFÖ�ÞTÌ�ØåÛ°Ì'ÏÝÜ�Ö�ÛçÐ�Ú}ß�ÙÔÞ�ÎFÒÔÙÓêTÚ-Ö�áFÖ

B
� ÚÝÜ�áFÎFÞZß�ÙÔÌ�ÕFÏTãaä�Ö�ÛCÖ�ÕFáçÐ�Õ�ßTë@ÙÔÒYÖ�Ï-ß Þ�ÒèÐ�ÙÓÚ

àqÎFÖ�ë
B
ÜZß�Ð�Õ�ß¿Ì'Ú-ß��FÌ'â'Ì�ÕçÐ�ÒÔÖìë9Ò�/ Ì'Ú-áFÚÝÖ�áçÐ�ÕFÏ ÒÔÖ�àqÎFÖTÒ�Ì�Õ Ö�l9Ö�Þ�ßÝÎFÖ�ÒÔÖTÏ

B
� ÚÝÜ�áFÎFÞZß�ÙÔÌ�ÕFÏeÕ6/ ÐÁÛFÐ�Ïeá6/ ÙÔØI�

Û°Ì'Ú-ß�Ð�ÕFÞTÖìã

J"¬MÓ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

�=Õ:<�ÜTÚÝÙ éçÖ§,
|¨r�øÚøÚr}iXý -+- ý » �H�������2� �0&��������!�(���2Å

B̃ ⊆ Bt ���
B∞ ⊆ B̃t ��@Ö¿ÒÓÖTØ�ØåÖÑÏÝÎFÙ'<�ÐìÕqßgÛ!ÚÝÜTÞ�ÙÔÏ-Ö<ÒÔÐ£1�Ì'ÚÝØ�ÖeáFÖTÏgáFÙÔÐ�â'ÚÝÐ�ØåØ�ÖTÏÿáFÖ¿ÞTÌ'Ø�Ø�Î!ß�Ðìß�ÙÓÌ'ÕXÖTÕ�ßÝÚÝÖ

B̃
ÖZß
K
ã

|¨r�øÚøÚr�iXý -
7 ýIÂ+�
a, b, c

���(����

���Ç�������������F�H

�
T

�����w�t)��+�
a → B̃b

���
a → Kc

�"���(�#�H� �
�	¢M�����%�

d1

 
d2

 P���
d3


��"���
T

�%���w�£)�����Å

a B̃ //

K

��

b

K
����

c
K

// // d1
B̃

// d2 K
// // d3

©4�����(�����*�	�"���!�(� �aª Ù a = b
ë°Ì�Õ�Û!ÚÝÖTÕ!á

d1 = d2 = d3 = c
ã��=ÕÁÏÝÎFÛFÛ°Ì'Ï-Ö<áFÌ�ÕFÞ à�Î!Ö

a 6= b
ã

ª Ì'Ù ß x = µ(λ(y), z)
ÒÓÖ
B

� ÚÝÖ�áFÖZ×�ÚÝÜ�áFÎFÙ ß�ÒÓÌ'ÚÝÏ¿áFÖ
a → B̃b

ã¥�=ÕÊ<ìÐ�Û!ÚÝÌ�ÞTÜTá!ÖTÚ�Ö�Õ ÖZ×!Ð�Ø�ÙÔÕFÐ�Õ�ß
àqÎFÖTÒÓÒÔÖ=Ú-êTâ'ÒÓÖeÙÔÕ�ß�Ö�Ú	<�ÙÔÖ�Õ�ßgÒÔÌ'Ú-Ï¼áFÖ

a→Kc
Ö�ßgÒÔÐ�ÛCÌ'Ï-ÙÓßÝÙÔÌ'ÕXá!Î

K
�hÚÝÖTá!ÖZ×"ÛFÐ�Ú�Ú�Ð�Û!ÛCÌ'Ú}ß_Ð�ÎV×XÛCÌ'Ï-ÙÓßÝÙÔÌ'ÕFÏ

áFÖ
c
áçÐ�Õ!Ï

a
ã

þ:Ì�Î!ßMá6/ñÐi3CÌ'Ú-á4ë�Ì�Õ�Ì"3FÏÝÖ�Ú	<'Ö_àqÎFÖgÏÝÖ�ÎFÒÔÖgÒèÐ=Ú-êTâ'ÒÓÖ
M
ÙÔÕFáFÎ!ÙÓßmÎFÕ!Ö�ÛçÐ�ÙÔÚ-Ö�ÞTÚ-ÙÓß�ÙÓàqÎFÖ�ÐB<'Ö�Þ

B
,�ßÝÌ'Î!ßÝÖTÏ

ÒÔÖ�Ï�Ð�Î!ßÝÚÝÖ�Ï¼ÒÔÎFÙ°ÏÝÌ�ÕqßgÌ�Ú-ß#�!Ì'â'Ì'ÕçÐìÒÔÖTÏ�ã�ÔÍÖ=ÛFÒÔÎ!ÏTë!ÛFÐ�ÚÝØ�ÙCÒÓÖTÏ�ÐìÎ!ß�Ú-ÖTÏ�ÚÝê�â'ÒÔÖ�ÏTë
D
Ö�ß
X
Ï-Ì'Õ�ß�ÒÔÖ�Ï¼ÏÝÖ�ÎFÒÔÖ�Ï_9

ÕFÖ=ÛFÐ�Ï\��ßÝÚÝÖ=ÒÓÙÔÕFÜTÐ�ÙÔÚ-ÖTÏMÖ�ß
P
Ö�ß
Q
Ï-Ì'Õ�ß�ÒÔÖ�Ï�ÏÝÖ�ÎFÒÔÖ�Ï_9�ÕFÖ=ÛFÐ�Ï�ÐB<'Ì'ÙÓÚ�ÒÓÖTÏ¼Ø��TØ�ÖTÏ�<�ÐìÚÝÙèÐi3FÒÔÖ�Ï´9�â�ÐìÎFÞ��FÖ

Ö�ß�9�áFÚ-Ì'ÙÓßÝÖ�ã ä�Ö�ÛCÖ�ÕFáçÐ�Õ�ß)ëçßÝÌ'Î!ß
B

�hÚÝÖTá!ÖZ×
x
áFÖ

a
ÖTÏ}ßÑÏ-Ì'ÙÓß¼ÛFÚÝÜ�ÏÝÖTÚo<'ÜìëCÏ-Ì'ÙÓßgáFÎ!ÛFÒÔÙÓà�Î!Ü�ëFÏ-Ì'ÙÓßgÖ�l4Ð�Þ�Ü�ã

�¡/ñÐ�Û!ÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ�á!ÖÍÒÔÐ=ÚÝêTâ�ÒÔÖ
B̃
��ÞTÌ�ÕqßÝÚ�Ð�ÞZß�Ð�Õ�ßÿÒÔÖ�Ú-ÖTáFÖ�×

x
�¡9

c
Ö�Ï-ßÿáFÌ'ÕFÞgÛ°Ì'ÏÝÏ-Ù�3FÒÓÖ�ë'ÖZßMÌ'ÕåÌ"3!ß�ÙÓÖTÕ�ß

ÎFÕ�áFÙèÐìâ'Ú�Ð�Ø�Ø�Ö£,

a B̃ //

K

��

b

K
��

c
B̃

// d

�_Ö�Ø�ÐìÚÝàqÎFÌ'ÕFÏgàqÎFÖìë°Ø��TØ�Ö=Ï-Ù@ÒÔÖ
B

�hÚÝÖTá!ÖZ×
x
Õ6/ Ö�Ï-ß_ÛFÒÓÎFÏgáçÐ�ÕFÏ

c
ëFÌ'Õ¥Ð

c→B̃c
ã

Á Ò:Ú-ÖTÏ}ß�Ö49 ß�ÚÝÐ�ÙÓßÝÖTÚgÒÔÖ¿Þ)Ð�ÏÍÌM�
a →Mc

ã ª Ù�ÒÓÖ<Ú-ÖTáFÖ�× Ú-ÜTáFÎ!ÙÓßÍÛçÐ�Ú M ÕFÖ<ÞTÖTÒÓÎFÙaÚÝÜ�áFÎFÙÓßÍÛçÐ�Ú
B
ë°Ì'Õ

ÖTÏ}ßgáçÐ�ÕFÏ�ÒÓÖ=Þ)ÐìÏ�ÛFÚÝÜ�ÞTÜTá!ÖTÕ�ßq��ÞTÌ'Ø�Ø�Ö=ÐB<'Ö�Þ
D
�Zã ª ÙÔÕFÌ'Õ9ë!ÙÔÒCÖZ×VÙÔÏ}ß�ÖeÖ�×FÐìÞ�ß�Ö�ØåÖ�Õ�ßÍÎ!Õ�Ú-ÖTáFÖ�× x áçÐ�ÕFÏ aß�Ö�Ò4àqÎFÖ

a = C[x ∗ t]
ã��eÕ�Ð�áFÜ%��94<VÎÁàqÎFÖìëçáçÐ�ÕFÏ�ÎFÕ"ßÝÖTÒ4ÞTÐ�ÏTëçÏ-Ù4Ì'ÕÁÕFÌ�ßÝÖ

a′ = C[(y ∗ γ(z, i)) ∗ t]
ë

ÙÔÒ9ÖZ×VÙÔÏ}ß�Ö
e1
ë
e2
Ö�ß
e3
ßÝÖTÒÓÏ_àqÎFÖ§,

a B //

M

��

a′

K
����

c
K

// // e1
B

// e2
K

// // e3

JMÓMä
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K

ÔÑÖ�ÛFÒÓÎFÏTëCÒèÐ�Ú-êTâ'ÒÓÖ
M

Õ6/ Ð�ÛFÛçÐ�ÚÝÐiÿÔßÑÛçÐ�Ï=áFÐ�ÕFÏ=ÒÓÖTÏ
a′ �Ke3

ë
c �Ke1

ë
e2 �Ke3

ã0ÞÍÙÔÕFÏ-Ù%ë ß�Ì'Î!ßÝÖ
Ð�Î!ßÝÚÝÖ

B
� Ú-ÜTáFÎFÞZß�ÙÓÌ'Õ�ÖmlCÖTÞZß�ÎFÜ�Ö�ÏÝÎFÚ

a
ÞTÌ'Ø�Ø�Î!ßÝÖ¼ÐB<'Ö�Þ¼ß�Ì'Î!ßÝÖTÏ�Þ�ÖTÏ

K
�hÚÝÜ�áFÎFÞ�ßÝÙÔÌ'Õ!ÏTã(ÞÑÙÔÕ!ÏÝÙ%ë
Ì'Õ�Ì"3!ß�ÙÓÖTÕ�ß

3FÙÓÖTÕÁÎFÕ�áFÙèÐ�â�Ú�Ð�Ø�ØåÖ�,

a B̃ //

K

��

b

K
����

c
K

// // d1
B̃

// d2 K
// // d3

♦

|¨r�øÚøÚr}iXý -
; ý � �(�
�2�%�(���
a, b


��"���
T

�����w�£)����
a→B̃B

 \�(�t�
K(a) �KBK(b)

Å

a B̃ //

K
����

b

K
����

K(a)
KB

// // K(b)

©4�����(�����*�	�"���!�(� � ä�Ì'Ø�ØåÖ K ß�ÖTÚ-ØåÙÓÕFÖeÌ'Õ�ÛCÖ�Î!ßÍÐ�ÛFÛFÒÓÙÔàqÎFÖ�Ú�ÒÔÖeÛFÚ-ÙÔÕFÞ�ÙÔÛ°ÖeáFÖ ÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö�Û°Ì'ÎFÚ�áFÜ��
Ø�Ì'Õ�ß�ÚÝÖ�Ú"ÒÔÖ Ú-ÜTÏ-ÎFÒÓß�Ðìß)ã ª Ì'ÙÓß a ∈ T

ã ª Ù a ∈ K(T )
ë¼Ð�ÒÔÌ'Ú-Ï

K(a) = a
ë¼áFÌ'Õ!Þ

K(a) � Bb
ÖZß

áFÌ'Õ!Þ
K(a) �KBK(b)

ã4î�Ð�ÙÔÕ�ßÝÖTÕçÐ�Õ�ßTë9ÏÝÎ!ÛFÛCÌ�ÏÝÌ'ÕFÏeàqÎFÖ
a /∈ K(T )

Ö�ßeàqÎFÖìë9Û°Ì'ÎFÚÑßÝÌ'Î!ß
c
áçÐ�Õ!Ï

Tß�Ö�ÒNà�Î!Ö
a �+

K
c
ëaÌ'Õ¨Ð

P (c)
ã�ä�Ì'Ø�ØåÖ

a /∈ K(T )
ë@ÙÓÒmÖZ×VÙÔÏ}ß�Ö

c ∈ T
ßÝÖTÒmàqÎFÖ

a →Kc �KK(a)
ã

Ô£/ Ð�ÛFÚ-êTÏ_ÒÔÖeÒÔÖ�ØåØ�Ö=ÛFÚ-ÜTÞ�ÜTáFÖ�ÕqßTë ÙÔÒ4Ö�×!ÙÓÏ-ßÝÖ
d1, d2, d3

ßÝÖTÒÓÏ_àqÎFÖ§,

a B̃ //

K

��

b

K
����

c
K

// // d1
B̃

// d2 K
// // d3

ä�Ì'Ø�ØåÖ
a→Kc �Kd1

ë�Ì'Õ�Ð
a �+

K
d1
ã^�=Õ ÛCÖ�Î!ßMáFÌ'ÕFÞgÐìÛFÛFÒÔÙÓàqÎFÖTÚmÒ�/e��ï�ÛCÌìß#�Fê�ÏÝÖgáFÖgÚÝÜ�ÞTÎFÚ-ÚÝÖTÕ!ÞTÖ

9
d1 →B̃d2

,

a B̃ //

K

��

b

K
����

c
K

// //

K
����

d1
B̃

//

K
����

d2 K
// //

K
����

d3

K
����

K(a) K(d1) KB
// // K(d2) K(b)

J"Ó�õ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

ä�Ì'Ø�ØåÖ
a �Kd1

Ö�ß�àqÎFÖ
K
Ö�Ï-ß�Þ�Ì'Õ�<'Ö�ÚÝâ'Ö�ÕqßÝÖ�ë:Ì'Õ Ð

K(a) = K(d1)
ãsÔÑÖåØ¦��ØåÖìë

b �Kd3Ö�ß
d2 �Kd3

ëçáFÌ�ÕFÞ
K(d2) = K(d3) = K(b)

á6/ ÌM�t,

a B̃ //

K

��

b

K
����

c K // //

K
����

d1
B̃

//

Kxxxxqqqqqqqqqqq
d2

K // //

K && &&MMMMMMMMMMM d3

K
����

K(a) = K(d1) KB
// // K(d2) = K(b)

�=Õ�Ð�áFÌ'Õ!Þ¿Û!ÚÝÌ'Î�<�Ü<ÒÓÖeÒÔÖ�ØåØ�Ö�ã
♦

|¨r�øÚøÚr}iXý - ×aý � �(�
�2�%�(�
�
a



�
T

 \�(�H�
K(a) �KBK(B(a))

Å

a B // //

K
����

B(a)

K
����

K(a)
KB

// // K(B(a))

©4�����(�����*�	�"���!�(� � �=ÕÚ<ìÐ�ÛFÚÝÌ�ÞTÜ�áFÖTÚ<ÛçÐ�Ú<ÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö�ë:ÖTÕ�Î!ßÝÙÔÒÔÙÓÏ�Ð�Õ�ß Þ�Ö�ßÝßÝÖ�1�Ì'ÙÓÏ<ÒÓÖ�1�Ð�Ù ß¿à�Î!Ö
B
Ö�Ï-ß

ÞTÌ�Õ^<�ÖTÚ-â'ÖTÕ�ß�Öìã ª Ù a = B(a)
ë�Ð�ÒÔÌ�ÚÝÏ

K(a) = KB(a)
ãYî¥Ð�ÙÔÕ�ß�Ö�ÕçÐ�Õ�ß)ëaÏ-ÎFÛFÛ°Ì'ÏÝÌ'Õ!Ï�àqÎFÖ

a 6= B(a)
ã

�=Õ Ð <�Î à�Î!Ö
B∞ ⊆ B̃∗ ã_ä�Ì'Ø�Ø�Ö a → B∞B(a)

ë�ÙÔÒ=Ö�×!ÙÓÏ-ßÝÖ
a1, . . . , an

ßÝÖTÒÔÏÁàqÎFÖ
a → B̃a1

ë
an →B̃B(a)

ÖZß)ëFÛ°Ì'ÎFÚ¼ßÝÌ'Î!ß
i
ë
ai →B̃ai+1

5!áFÖ ÛFÒÔÎFÏ�ë!ÙÓÒCïÁÐ�Ð�ÎÁØ�Ì'ÙÔÕ!Ï¼ÎFÕ
i
ß�Ö�Ò@à�Î!Ö

ai 6= ai+1
ÞTÐ�Ú

ÏÝÙÓÕFÌ'Õ
a = B(a)

ã"�=Õ�Û°ÖTÎ!ßYÏÝÎFÛFÛ°Ì'Ï-ÖTÚ�àqÎFÖ
a 6= a1

Û!ÎFÙÔÏ-à�Î!Ö¼Ò!/ Ì'ÚÝá!ÚÝÖMáFÖTÏ:ÚÝÜTá!ÎFÞ�ßÝÙÔÌ'ÕFÏYÖTÏ-ßYÙÔÕFá!Ù�lCÜTÚÝÖ�Õ�ß�
B
ÖTÏ}ß_Ì'Ú-ß��FÌ'â'Ì'ÕFÐ�ÒÔÖ��Zã��=Õ�Ð�ÛFÛ!ÒÔÙÔàqÎFÖ ÐìÒÔÌ'Ú-Ï�ÒÔÖeÒÔÖ�ØåØ�ÖÑÛ!ÚÝÜ�ÞTÜTá!ÖTÕ�ß=Û°Ì'ÎFÚ�ÌM3Vß�ÖTÕ!ÙÔÚ�,

a B̃ //

K
����

a1
B // //

K
����

B(a)

K
����

K(a)
KB

// // K(a1) K(B(a))

ä�Ì'Ø�ØåÖ
a →B̃a1

Ö�ß àqÎFÖ
B̃ ⊆ Bt ë4Ì'Õ Ð B(a) = B(a1)

54áFÖ ÛFÒÓÎFÏTë
a 6= a1

ë4áFÌ'Õ!Þ�Ì'Õ ÛCÖ�Î!ß
Ð�ÛFÛ!ÒÔÙÔàqÎFÖ�Ú�Ò!/ï��ïVÛ°Ì�ß��FêTÏ-Ö¿á!Ö¿Ú-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö49

a1

Þ�Ö¿àqÎFÙaáFÌ�ÕFÕFÖ§,

a B̃ //

K
����

a1
B // //

K
����

B(a)

K
����

K(a)
KB

// // K(a1) KB
// // K(B(a))

ä�Ö<àqÎFÙ@Þ�Ì'ÕFÞ�ÒÔÎ!ßgÒÔÐ Û!ÚÝÖTÎ�<'Ö�ã
♦

JMÓMJ



�¡O J O�V(X>Y9WnY�Z�g � X£WMXIU�T�TB`nU�l Z�]�UjX
K

Õ ü+�
ü�Ö*Ö*DFú*�nr�iXý - ó4ý � �(���>�%�(�^�
a, b ∈ T

�����w�£)����
a→Bb

 �� ���	¢M�����%�
c ∈ K(T )

�%���s)����£Å
K(a) �KB c �KB K(b).

©4�����(�����*�	�"���!�(� � �=ÕºÞTÌ'Ø�ØåÖ�ÕFÞTÖ<ÛçÐ�ÚÑÐ�ÛFÛFÒÓÙÔàqÎFÖTÚÍÒÔÖ<ÒÔÖTØ�Ø�Ö<ÛFÚ-ÜTÞ�ÜTáFÖ�Õqß29
a
ÖZß
b
ãÏ�=ÕºÖTÕºá!ÜTáFÎFÙ ß

àqÎFÖ
K(a) �KBK(B(a))

ÖZß
K(b) �KBK(B(b))

ã6�=Ú
a →Bb

Ö�ßeáFÌ�ÕFÞ�ë°ÞTÌ'Ø�Ø�Ö
B
Ö�Ï-ßÑÞTÌ'Õ�<'Ö�Úo�

â'Ö�ÕqßÝÖ�ë
B(a) = B(b)

ã+Ô£/ ÌM�
K(a) �KBc �KBK(b)

ÐB<'ÖTÞ
c = K(B(a)) = K(B(b)) ∈ K(T )

ã
♦

�=Õ:<ìÐ�Ø�ÐìÙÔÕ�ß�Ö�ÕçÐ�Õ�ß�áFÜ�ØåÌ'Õ�ßÝÚÝÖTÚgÎFÕ!Ö><ìÐ�Ú-ÙèÐ�Õ�ßÝÖ=áFÖ ÒèÐ�ßÝÖTÞ��FÕFÙÓàqÎFÖ<á0/ ÙÓÕqßÝÖTÚ-ÛFÚÝÜZß�ÐìßÝÙÔÌ'Õ"áFÖ
[ÍÐ�ÚÝáFÙÓÕ
àqÎFÙ@Û°ÖTÚÝØ�Ö�ß-ß�ÚÝÐ á!Ö¿Þ�Ì'ÕFÞ�ÒÔÎFÚ-Ö�ã
�2�
ü+�mü @ ú û\ú�üCù0iXý - ô4ý�Â6�(� �

X
�
� ���������������>�I�
���½

�£

���"¢A�#���'�"�*�!�(���£��� ���"� �����

R
���
S

�"Ä"��&
R&��(��Ä"�����
������� �¨» �:�0�(���

R(x)
�'�
R

�d¤B�(�����¿�0�(�����"���>
�� �
�t�������������
x



�
X

���
R(X)

���z���������������


���

R
�d¤B�(���������0�(�����"������

�

X � Â+�n���������(���´)��?� � �~�	¢M�������
U ⊆ (R∪S)t|R(X)

Ä"����� Ë½�"���0�'��&��(��
"� �*�!�(�
���
� Ä(�"������Å

� �(�
�2�%�(���
x

���
y


��"���
X

�����w�£)����
x→S y

 ¡� ���	¢M�������2�
�
z ∈ R(X)

 �Ä"����� Ë½�"���
R(x) �Uz �UR(y).

x ���(�#�� ��'��&��(�BÑ´�����0&���

�
U

�����*����r �0�£&���� ���£

�
R ∪ S �

©4�����(�����*�	�"���!�(� � �=Õ�<ìÐåØ�Ì'Õ�ß�ÚÝÖ�ÚÍàqÎFÖ
R ∪ S

Ö�Ï-ßeÏ-ÖTØ�Ù'� Þ�Ì'Õ�áçÎ!ÖTÕ�ß�ÖìëCÞ�Ö�àqÎFÙ�ÏÝÎ�ù ß�9åÛFÚÝÌ'Î�<'ÖTÚÍÏ�Ð
ÞTÌ�Õ�áçÎFÖ�ÕFÞTÖìãÏþ:Ì'ÎVß=á6/ Ð"3°Ì'ÚÝá4ëCÕFÌ�ßÝÌ'ÕFÏ=àqÎFÖ

x �R∪Sy
Ï-Ù�Ö�ßÑÏÝÖTÎ!ÒÔÖTØ�ÖTÕ�ßeÏ-ÙYÙÓÒ:Ö�×!ÙÓÏ-ßÝÖ

x1, . . . , xn
ßÝÖTÒÓÏ

àqÎFÖ�,
x �Rx1 →Sx2 �Rx3 →S · · · →Sxn �Ry.

ª Ì'ÙÓÖTÕ�ß x Ö�ß y ßÝÖTÒÔÏÿàqÎFÖ x→R∪Sy
ã�ÔÑÖ�ÎV×ÁÞ)ÐìÏ¼ÏÝÌ'Õ�ß�Û°Ì'Ï-ÏÝÙ�3!ÒÔÖTÏ¿,

x→Ry
ÖZß
x→Sy

ã ª ÎFÛFÛ°Ì'Ï-Ì'ÕFÏàqÎFÖ¿Ò!/ Ì'Õ"ÖTÏ}ßÍáFÐ�ÕFÏgÒÔÖeÛFÚ-ÖTØ�ÙÔÖ�Ú�Þ)Ð�Ï�ã°î�Ð�ÙÔÕ�ßÝÖTÕçÐ�Õ�ß_ÏÝÌ�ÙÔÖTÕ�ß
x1, . . . , xn

ßÝÖTÒÓÏ�à�Î!Ö¦,
x �Rx1 →Sx2 �Rx3 →S · · ·�Rxn.

�=Õt<ìÐÁØåÌ'Õ�ßÝÚÝÖTÚeÛFÐ�Ú ÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�ÖåàqÎFÖìëaÛCÌ'Î!Ú ßÝÌ'Î!ß
i ∈ {1, . . . , n}

ë@ÙÔÒYÖZ×VÙÔÏ}ß�Ö
yi ∈ R(X)

ß�Ö�Ò
àqÎFÖ

R(y) �Uyi �UR(xi)
ã�í�Ì'ÎFÚ

i = 1
ëaÌ'Õ�Ð

x �Rx1

Ö�ß
x →Ry

5aáFÌ'ÕFÞìë:ÛFÐ�Ú<Þ�Ì'Õ�<'Ö�ÚÝâ'Ö�ÕFÞTÖ
áFÖ

R
ë
R(y) = R(x1)

ÖZßgáFÌ'ÕFÞ
y1 = R(y)

Þ�Ì'Õ�<�ÙÔÖTÕ�ßTã ª ÎFÛFÛ°Ì'ÏÝÌ�ÕFÏ�àqÎFÖ Ò!/ Ì'Õ"Ð�ÞTÌ'Õ!Ï-ß�Ú-ÎFÙÓß¼ÎFÕ"ß�ÖTÒ yiÛ°Ì'ÎFÚ
i ∈ {1, . . . , n− 1}

é!×VÜ�ã°ä�Ì'Õ!Ï-ß�Ú-ÎFÙÔÏ-Ì'ÕFÏ
yi+1

ÏÝÖTÒÓÌ'ÕÁÒèÐ�ÛçÐ�Ú-ÙÓßÝÜ=áFÖ
i
ã ª Ù i Ö�Ï-ß_ÛçÐ�ÙÓÚTëFÌ'Õ�ÐA,

xi
R // //

R
����

xi+1

R
����

R(xi)

U
����

R(xi+1)

R(y)
U

// // yi

J"Ó å



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

ä�Ì'Ø�ØåÖ
R
ÖTÏ}ß=Þ�Ì'Õ�<'ÖTÚ-â'ÖTÕ�ßÝÖ�Ö�ß=àqÎFÖ

xi �Rxi+1

ë°Ì�ÕºÐ
R(xi) = R(xi+1)

Ö�ßÑáFÌ'ÕFÞ
yi+1 = yiÞTÌ�Õ^<�ÙÓÖTÕ�ß)ã

î�Ð�ÙÓÕqßÝÖTÕçÐìÕqßTëçÏÝÎFÛ!ÛCÌ'Ï-Ì'ÕFÏ_àqÎFÖ
i
Ö�Ï-ßÍÙÔØ�ÛçÐ�ÙÓÚ�,

xi
S //

R
����

xi+1

R
����

R(xi)

U
����

R(xi+1)

R(y)
U

// // yi

íYÐ�Ú_��ï�ÛCÌìß#�Fê�ÏÝÖ�ë°ÙÔÒCÖZ×VÙÔÏ}ß�Ö
z ∈ R(X)

ë!ßÝÖTÒ@àqÎFÖ�,
R(xi) �U z �U R(xi+1).

�=Õ ÐÁáFÌ'ÕFÞ�,
R(xi) �Uz

ÖZß
R(xi) �Uyi

ã�ä�Ì'Ø�ØåÖ Ì'Õ¨ÐÁÏÝÎFÛFÛ°Ì'Ï-Ü
U
Þ�Ì'Õ�áçÎFÖ�Õ�ß�Ö�ë�ÙÔÒmÖ�×VÙÔÏ-ßÝÖ

yi+1 ∈ R(X)
ßÝÖTÒ@àqÎFÖ§,

y �Uyi �Uyi+1

ÖZß
R(xi+1) �Uz �Uyi+1.

�=Õ�Ð�áFÌ'Õ!Þ¿Þ�Ì'ÕFÏ}ß�ÚÝÎ!ÙÓßgÎFÕFÖ>1�Ð�Ø�ÙÔÒÓÒÔÖ
(y1, . . . , yn)

ã~«NÕ�ÛçÐ�Ú}ß�ÙÓÞTÎFÒÓÙÔÖTÚ�ë
yn

<'Ü�ÚÝÙÓéFÖ�,

x R∪S // //

R
����

xn

U
����

y
R

// // R(y)
U

// // yn

�=Õ¥Þ�Ì'ÕFÞTÒÓÎ!ßgÖTÕ�Ú�ÐìÛFÛCÖ�ÒèÐ�Õ�ßgàqÎFÖ
U ⊆ (R ∪ S)t|R(X)

ã
«Y×FÐìØåÙÓÕFÌ'ÕFÏ_9 ÛFÚÝÜ�ÏÝÖ�ÕqßÍÒÔÖeÞTÐ�Ï

x→Sy
ã ª Ì'ÙÔÖ�Õqß x1, . . . , xn

ß�ÖTÒÓÏ�àqÎFÖ¦,
x �Rx1 →Sx2 �Rx3 →S · · ·�Rxn.

�=Õ <�Ð Ø�Ì'Õ�ß�Ú-ÖTÚXÛFÐ�Ú�Ú-ÜTÞTÎ!ÚÝÚÝÖ�ÕFÞTÖ àqÎFÖìë¼ÛCÌ�ÎFÚ�ß�Ì�Î!ß
i ∈ {1, . . . , n}

ëÿÙÔÒ_ÖZ×VÙÔÏ}ß�Ö
yi ∈ R(X)ß�Ö�Ò�àqÎFÖ

R(y) �Uyi �UR(xi)
ãYí�Ì'ÎFÚ

i = 1
,�ÛçÐ�Ú4��ï�ÛCÌìß#�Fê�ÏÝÖ�ëYÙÔÒMÖZ×VÙÔÏ}ß�Ö

y1 ∈ R(X)
ß�Ö�Ò�àqÎFÖ

R(y) �Uy1 �UR(x)
ã8�=Ú

R
ÖTÏ}ßÑÞ�Ì'Õ�<'Ö�ÚÝâ'Ö�ÕqßÝÖ�ÖZß

x �Rx1

áFÌ'ÕFÞ
R(x) = R(x1)

ã+�aÐ�Ï-ÎFÙÓßÝÖ¿á!Ö<ÒÔÐ
ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖ¿ÖTÏ}ßÑÙÓáFÖTÕ�ß�ÙÓàqÎFÖ Ð�Î�Þ)Ð�ÏgÛFÚ-ÜTÞTÜ�áFÖTÕ�ßTã

♦
�=Õ Ð�ÛFÛ!ÒÔÙÔàqÎFÖ�Ð�ÒÓÌ'ÚÝÏeÞ�ÖåÚ-ÜTÏ-ÎFÒÓß�Ðìß<Ð�<�ÖTÞ

X = T
ë
R = K

ë
S = B

ÖZß
U = (KB)t|K(T )

ÛCÌ'Î!Ú
ÌM3!ßÝÖTÕFÙÓÚ�,
s%t ÷qü+�vu
øÚr�iXý - úCý_�Ï�������'�"�*�!�(�

KB
�����P&��(�BÑ½�+�����%�S���
�

T �

JMÓ��



�¡Oïå~OI�¥Tm��kMl Z#l ç�kIW�]£WMTibïlzX � Xik�Z

� ³	ê ��¹3��$"ÉZÄaÉZÅ�$ ¾�Ë ¾"¹�È�ÉZÀ " À�$ Ä
.0/�n�/54 ��R���:=7U>H7Lf;:�N=@�N=RIJL79D-geDI:K>jMA@CB0JLDIM

λ � >HD�B#geDIMO��f;B#geDIJLM
�=Õ"áFÜ�éçÕ!ÙÓß¼ÙÓÞTÙ°Ò!/ Ð�ÛFÛFÒÓÙÔÞTÐìß�ÙÓÌ'Õ

Φ : Λ̄ −→ T
ë�àqÎFÙ4Õ6/ ÖTÏ}ß�ÚÝÙÓÖTÕXá6/ Ð�Î!ßÝÚÝÖ=àqÎFÖeÒÔÐ¿ßÝÚ�Ð�ÕFÏ-ÞTÚ-ÙÔÛ!ßÝÙÔÌ'ÕXá!ÖTÏ

λ
�hß�Ö�ÚÝØ�ÖTÏ<ÖTÕ�ÕFÌ�ß�Ðìß�ÙÓÌ'Õ�á!ÖXáFÖAî�Ú-ÎFÙé�-Õ9ë�ßÝÖTÒÔÒÓÖ�àqÎ6/ ÖTÒÓÒÔÖ�Ö�Ï-ß�á!Ü�éçÕFÙÓÖXáçÐ�Õ!Ï"ð á~î�ó'ô
õ0ë:Þ�Ì'Ø�ÛCÌ'Ï-ÜTÖ"ÐB<�ÖTÞ
Ò!/ Ð�ÛFÛ!ÒÔÙÔÞTÐìß�ÙÓÌ'Õ

n 7−→ p ∗ qn
ã

í:Ì'Î!ÚåÞ�Ì'ØåØ�ÖTÕ!ÞTÖTÚ�ë�Ì'Õ áFÜ�éFÕFÙÓßTëmÛCÌ'Î!Ú ßÝÌ'Î!ß
x ∈ V

ÖZß ß�Ì'Î!ß
n ∈ N∗ ëmÎFÕFÖ�Ð�Û!ÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ σnxáFÖ

Λ̄N∗

áFÐ�ÕFÏ�ÒÓÎFÙ'�hØ¦��ØåÖìë'àqÎFÙ9Ú-ÖTØ�ÛFÒèÐìÞTÖ_Þ��çÐ�àqÎFÖ=Ì�ÞTÞ�ÎFÚÝÚ-ÖTÕFÞ�ÖeáFÖ
x
ÛçÐìÚ

n+ k
ÌM�

k
ÖTÏ}ß¼ÒÔÖÍÕFÌ'Ø43!ÚÝÖ

áFÖ
λ
Ú-ÖTÕFÞ�Ì'Õ�ß�ÚÝÜ�Ï¡�-Î!ÏÝàqÎ6/e9�Ö�ÒÔÒÔÖìãFímÒÔÎ!Ï\1�Ì'ÚÝØ�ÖTÒÓÒÔÖTØ�ÖTÕ�ßTëVÏ-Ù

f
ÖTÏ-ß_ÎFÕ

λN∗

�hßÝÖTÚ-ØåÖS1�Ì'Ú-ØåÖ�Ò%ë�Ö�ßgß�Ì�Î(�-Ì'ÎFÚ-Ï
ÛçÐ�Ú�Ú-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö�ÏÝÎ!Ú_Ï-Ì'Õ�áFÖTâ'Ú-Ü§,
X ãgÏ-Ù

f = x
ë Ð�ÒÔÌ�ÚÝÏ

σnx(f) = n
5

ôVãgÏ-Ù
f ∈ V

Ö�ß
f 6= x

ë Ð�ÒÓÌ'ÚÝÏ
σnx(f) = f

5
à!ãgÏ-Ù

f ∈ N∗ ëçÐìÒÔÌ'Ú-Ï σnx(f) = f
5

h ãgÏ-Ù
f = µ(g, h)

ëFÐ�ÒÓÌ'ÚÝÏ
σnx(f) = µ(σnx(g), σ

n
x(h))

5
¹VãgÏ-Ù

f = λx.g
ëçÐ�ÒÓÌ'ÚÝÏ

σnx(f) = f
5

¸!ãgÏ-Ù
f = λy.g

ÐB<�ÖTÞ
y 6= x

ë ÐìÒÔÌ'Ú-Ï
σnx(f) = λy.(σn+1

x (g))
ã

�=Õ¥Þ�Ì'ØåØ�ÖTÕ!ÞTÖeÛçÐ�ÚgáFÜ�ØåÌ�ÕqßÝÚÝÖ�Ú�,
|¨r�øÚøÚr}iXý - �4ý � �(�
�2�%�(���

n ∈ N∗  
x ∈ V

���
f ∈ Λ̄N∗

�����w�£)����
x /∈ V(f)

 P�(�H�
σnx(f) = f �

©4�����(�����*�	�"���!�(� � íYÐ�ÚÑÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö ÏÝÎFÚeÒÓÖ�áFÖ�â'ÚÝÜ�á!Ö f ã ª Ù f ∈ V ë4ÐìÒÔÌ'Ú-ÏÑÌ'Õ Ð�1�Ì'Ú-ÞTÜ�ØåÖ�Õqß
f 6= xÛFÎFÙÓÏÝàqÎFÖ

x /∈ V(f)
Ö�ß_áFÌ'ÕFÞ

σnx(f) = f
ëFÛçÐìÚ�áFÜ�éçÕ!ÙÓß�ÙÓÌ'ÕÁáFÖ

σnx
5çáFÖ Ø��TØ�Ö=ÛCÌ�ÎFÚ

f ∈ N∗ ã
î�Ð�ÙÓÕqßÝÖTÕçÐìÕqßTë�Ï-ÎFÛFÛ°Ì'ÏÝÌ'Õ!Ï àqÎFÖ ÒèÐ¤ÛFÚ-Ì'ÛFÚ-ÙÔÜ�ßÝÜ Ö�Ï-ß <�Ú�Ð�ÙÓÖ Û°Ì'ÎFÚQÒÔÖTÏQß�ÖTÚ-ØåÖ�Ï¢áFÖ�á!ÖTâ'Ú-Ü Ð�Î

ÛFÒÓÎFÏ
k ∈ N∗ é!×VÜ<ÖZßgàqÎFÖ |f | = k + 1

ã��=ÕÁáFÙÓÏ-ß�ÙÓÕFâ'ÎFÖeÒÓÖTÏgÞ)ÐìÏ_Ï-ÎFÙ=<ìÐ�Õ�ßÝÏTã
� ª Ù f = µ(g, h)

ÐB<'Ö�Þ
g
ÖZß

h
áFÖ áFÖ�â'ÚÝÜOÐ�Î¤ÛFÒÓÎFÏ

k
ã��eÕ¤Ð

V(f) = V(g) ∪ V(h)
ë

áFÌ�ÕFÞ
y /∈ V(g)

Ö�ß
y /∈ V(h)

ã�ÞÑÒÓÌ'ÚÝÏ�,

σnx(f) = σnx(µ(g, h))

= µ(σnx(g), σ
n
x(h))

= µ(g, h)
��[¿�=�

= f.

� ª Ù f = λx.g
,!ÒèÐ�áFÜ�éFÕFÙÓßÝÙÔÌ'Õ"áFÖ

σnx
áFÌ'Õ!ÕFÖ áFÙÔÚ-ÖTÞ�ßÝÖTØ�ÖTÕ�ß_ÒÔÖeÚ-ÜTÏÝÎ!ÒÓß�Ð
ß)ã

J"Ó��



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

� ª Ù f = λy.g
ÐB<'Ö�Þ

y 6= g
Ö�ß
|g| ≤ k

ã��=Õ¥Ð
V(f) = V(g) \ {y}

áFÌ'ÕFÞ
x /∈ V(g)

ã~ÞÑÒÓÌ'ÚÝÏ�,

σnx(f) = σnx(λy.g)

= λy.(σn+1
x (g))

= λy.g
�o[��P�

= f.

♦

�=Õ:<�ÜTÚÝÙ éçÖ§,
|¨r�øÚøÚr}iXý - �4ý Æ ��� �(�
�>���(���

n ∈ N∗  
x ∈ V

���
f ∈ Λ̄N∗

 P�(�t�
V(σnx(f)) = V(f) \ {x} �È �>� �(�
�2�%�(���

n,m ∈ N∗  
x, y ∈ V

�����w�£)����
x 6= y

�(�H�
σnx ◦ σ

m
y = σmy ◦ σ

n
x �Ð �>� �(�
�����(���

n ∈ N∗   x, y, z ∈ V �%���w��)����
z /∈ {x, y}

 ½�(�¾�
σnz ◦ [x := y] = [x := y] ◦ σnz �

�YÙ ×VÌ'Õ!ÏeØ�Ð�ÙÓÕ�ß�ÖTÕFÐ�Õ�ß áFÖTÎV×ºÕFÌ�ß�Ð
ß�ÙÔÌ�ÕFÏTãÏ�¡/ ÖTÕFÏ-ÖTØ43!ÒÔÖ
V
áFÖTÏ�<ìÐ�ÚÝÙÔÐ"3FÒÓÖTÏ=Ö�Ï-ß¿áFÜTÕ!Ì'Ø43FÚÝÐ"3FÒÔÖ�5@Ì'Õ

Þ��FÌ'ÙÓÏÝÙ ß<Î!ÕFÖ�3FÙz�-ÖTÞZß�ÙÔÌ�Õ
χ : V −→ N∗ ãsÔÑÖåÛFÒÔÎFÏ�ëaÛCÌ'Î!Ú¿ßÝÌ'Î!ß

n ∈ N∗ ëaÌ'Õ�Û°Ì'ÏÝÖ qn+1 = q ∗ qn
ë

ÐB<'Ö�Þ
q1 = q

ã
î�Ð�ÙÓÕqßÝÖTÕçÐìÕqßTë!Ì'Õ�ÛCÖ�Î!ß�áFÜZéçÕFÙÔÚ�ëVÛ°Ì'ÎFÚÿß�Ì'Î!ß

n ∈ N
ëVÎFÕ!ÖeÐ�ÛFÛFÒÓÙÔÞTÐìß�ÙÓÌ'Õ

Φn : Λ̄N∗ −→ T
ÞTÌ'Ø�Ø�Ö

ÏÝÎ!ÙÓß)ã ª Ù f ÖTÏ-ßÍÎFÕ λN∗

�hßÝÖTÚ-ØåÖS1�Ì'Ú-ØåÖ�Ò%ëVÖ�ßgß�Ì'În�-Ì'ÎFÚÝÏ�ÛFÐ�ÚgÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö<Ï-ÎFÚgÏÝÌ'Õ�áFÖ�â'ÚÝÜ§,

X ãgÏ-Ù
f ∈ V

ë Ð�ÒÓÌ'ÚÝÏ
Φn(f) =

{

p
Ï-Ù
n = 0

Ö�ß
χ(f) = 1

5
p ∗ qχ(f)+n−1 Ï-ÙÔÕFÌ'Õ�5

ôVãgÏ-Ù
f ∈ N∗ ëçÐìÒÔÌ'Ú-Ï Φn(f) =

{

p
ÏÝÙ
f = 1

5
p ∗ qf−1 ÏÝÙÓÕFÌ'Õ�5

à!ãgÏ-Ù
f = µ(g, h)

ëFÐ�ÒÓÌ'ÚÝÏ
Φn(f) = µ(Φn(g),Φn(h))

5
h ãgÏ-Ù

f = λx.g
ëçÐ�ÒÓÌ'ÚÝÏ

Φn(f) = λ(Φn+1(σ1
x(g)))

ã
«mÕ!éçÕ4ëeÌ'Õ ÐìÛFÛCÖ�ÒÔÒÓÖ 

�����!����������Ò!/ Ð�ÛFÛFÒÓÙÔÞ)Ð
ß�ÙÔÌ�Õ

Φ : Λ̄ −→ T
ÌM3Vß�ÖTÕqÎFÖzÛçÐìÚ ÞTÌ'Ø�Û°Ì'ÏÝÙ ß�ÙÔÌ�Õ

áFÖ
i : Λ̄ −→ Λ̄N∗

ÐB<�ÖTÞ
Φ0 : Λ̄N∗ −→ T

ã
÷�r
øÚD~� |6} r ý�ä�ÖZßÝß�Ö�Ð�ÛFÛFÒÓÙÔÞTÐìß�ÙÓÌ'Õ"áFÌ'ÕFÕ!Ö�ë°ÞTÌ'Ø�ØåÖ ÕFÌ�ÎFÏÍÒÓÖ2<�ÖTÚ-ÚÝÌ'ÕFÏÍÛFÒÔÎ!ÏÍÒÓÌ'ÙÔÕ4ë!ÎFÕFÖ¿ÙÔÕ(�-Ö�Þ�ß�ÙÓÌ'Õ�áFÖ
Ò!/ ÖTÕ!ÏÝÖTØ£3FÒÔÖ�áFÖ�ÏmÞTÒÔÐ�ÏÝÏ-ÖTÏNáFÖTÏ

λ
�hßÝÖTÚÝØ�ÖTÏP����
"�
���

αβη
� ÜTàqÎFÙ'<ìÐ�ÒÔÖ�ÕFÞTÖÿáçÐ�ÕFÏNÒÔÖ

C
�hØåÌ'Õ!Ì"¼háFÖ�ÙÔÕFÙ ß�ÙèÐìÒ%ã
ä�Ö

Õ6/ ÖTÏ}ß�ÛçÐ�Ï�ÒèÐ�Ø��TØ�ÖNÞTÌ'ÕFÏ}ß�Ú-ÎFÞ�ßÝÙÔÌ'Õ<à�Î!ÖÿÞ�ÖTÒÔÒÓÖNáFÖÑðï� ª ]M¸ìõqàqÎFÙ�Ü�ß�Ð"3FÒÓÙÓßaÎFÕFÖMÜTàqÎFÙ'<ìÐ�ÒÔÖ�ÕFÞTÖMáFÖMÞ)ÐìßÝÜTâ'Ì'Ú-ÙÔÖ�Ï
ÖTÕ�ßÝÚÝÖ¿ÞTÖTÒÓÒÔÖ=á!ÖTÏ

λ
�hÞ)Ð�ÒÓÞTÎFÒÓÏ¼ÕFÌ'ÕÁß ï�ÛCÜ�ÏÑÐB<'Ö�Þ<Þ�Ì'ÎFÛFÒÔÐ�â'Ö=Ï-ÎFÚF�-Ö�Þ�ßÝÙ=1�ÖZß_ÞTÖTÒÓÒÔÖ=á!ÖTÏ

C
�hØåÌ�ÕFÌ"¼há!ÖTÏTã

JMÓMK



�¡Oïå~OI�¥Tm��kMl Z#l ç�kIW�]£WMTibïlzX � Xik�Z

�P Ïr
øÚ��ÖFr @ ý X ãa�eÕ�ÏÝÎFÛFÛ°Ì'Ï-ÖXàqÎFÖ
x, y, z, t

ÏÝÌ'Õ�ß�á!ÖTÏ£<ìÐ�Ú-ÙèÐ"3FÒÓÖTÏ¿áFÖTÎ�× 9�áFÖTÎV×�áFÙÓÏ-ß�ÙÓÕFÞ�ßÝÖTÏ<Ö�ß
àqÎFÖ

χ(t) = 1
ã~ÞÑÒÓÌ'ÚÝÏ�,

Φ(λx.λy.µ(λz.µ(z, t), µ(x, y)))

=Φ0(λx.λy.µ(λz.µ(z, t), µ(x, y)))

=λ(Φ1(σ1
x(λy.µ(λz.µ(z, t), µ(x, y)))))

=λ(Φ1(λy.σ2
x(µ(λz.µ(z, t), µ(x, y)))))

=λλ(Φ2(σ1
y(µ(σ2

x(λz.µ(z, t)), σ2
x(µ(x, y))))))

=λλ(Φ2(µ(σ1
y(λz.σ

3
x(µ(z, t)), σ1

y(µ(σ2
x(x), σ

2
x(y)))))))

=λλµ(Φ2(λz.σ2
y(µ(σ3

x(z), σ
3
x(t)))),Φ

2(µ(σ1
y(2), σ1

y(y))))

=λλµ(λ(Φ3(σ1
z(µ(σ2

y(z), σ
2
y(t))))), µ(Φ2(2),Φ2(1)))

=λλµ(λ(Φ3(µ(σ1
z(z), σ

1
z(t)))), µ(p ∗ q, p))

=λλµ(λµ(Φ3(1),Φ3(t)), µ(p ∗ q, p))

=λλµ(λµ(p, p ∗ q3), µ(p ∗ q, p)).

ôVã ª Ù x 6= y
Ö�ß_ÖTÕ¥Ð�ÒÔÒÔÐ�Õ�ß¼ÛFÒÓÎFÏP<�ÙÓß�ÖI,

Φ(λx.λy.µ(λx.y, x) = λλµ(λ(p ∗ q), p ∗ q).

.0/�n�/U1 ��R���:=7U>H7Lf;:�N=@�N=RIJL79D-geDI:K>jMA@CB0JLDIM
λ � SEf;:y>ADE¡3>ADIM

�=Õ:<ìÐ�Ü�ßÝÖTÕFáFÚ-Ö<ÒÓÖTÏ�áFÜZéçÕFÙ ß�ÙÔÌ�ÕFÏ�ÛFÚÝÜ�ÞTÜ�áFÖTÕ�ß�Ö�ÏeÐ�ÎV×
λ
�hÞTÌ'Õ�ß�Ö�×�ß�ÖTÏ�ã+ÞÑÙÔÕ!ÏÝÙ%ëVÌ'Õ�<�Ð�áFÜZéçÕFÙÓÚ�,

��í�Ì'ÎFÚ¼ß�Ì�ÎFÏ
x ∈ V

ë
n ∈ N∗ ë C ∈ C(Λ̄)

ëFÎFÕFÖ ÐìÛFÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ
σnx(C) : Λ̄N∗ −→ Λ̄N∗

<�ÜTÚ-ÙÓé Ð�Õ�ßTë
Û°Ì'ÎFÚ¼ßÝÌ'Î!ß

f ∈ Λ̄N∗

ë
σnx(C[f ]) = σnx(C)(f)

ã
��í�Ì'ÎFÚÍßÝÌ'ÎFÏ

n ∈ N∗ Ö�ß C ∈ C(Λ̄)
ë ÎFÕ!Ö�Ð�ÛFÛ!ÒÔÙÔÞTÐìß�ÙÓÌ'Õ

Φn(C) : Λ̄N∗ −→ K
<'Ü�ÚÝÙ é Ð�Õ�ß)ë°ÛCÌ�ÎFÚ

ßÝÌ'Î!ß
f ∈ Λ̄N∗

ë
Φn(C[f ]) = Φn(C)(f)

ã
�=Õ é!×VÖ

x ∈ V
ë
n ∈ N∗ ÖZß C ∈ C(Λ̄)

ã¡�=Õ áFÜZéçÕFÙ ß
σnx(C)

ÛçÐìÚ�ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖ"Ï-ÎFÚ�ÒÔÖåáFÖTâ�ÚÝÜ
áFÖ

C
,

X ãgÏ-Ù
C = �

ë Ð�ÒÔÌ�ÚÝÏ
σnx(C) = σnx

5
ôVãgÏ-Ù

C = µ(D, f)
ëFÐìÒÔÌ'Ú-Ï

σnx(C) = µ(σnx(D), σnx(f))
5

à!ãgÏ-Ù
C = µ(f,D)

ëçÐìÒÔÌ'Ú-Ï
σnx(C) = µ(σnx(f), σnx(D))

5
h ãgÏ-Ù

C = λx.D
ë Ð�ÒÔÌ'Ú-Ï

σnx(C) = C
5

¹VãgÏ-Ù
C = λy.D

ÐB<'Ö�Þ
y 6= x

ë Ð�ÒÓÌ'ÚÝÏ
σnx(C) = λy.(σn+1

x (D))
ã

�¡/ñÐ�ÞZß�ÙÓÌ'Õåá!Ö
σnx(C)

Ï-ÎFÚÿÎ!Õ
λ
�hß�Ö�ÚÝØ�Ö\1�Ì'ÚÝØ�ÖTÒ

f
Ö�Ï-ßÿáFÜ�éçÕ!ÙÔÖ_ÛçÐ�ÚNÚÝÜ�ÞTÎFÚ-ÚÝÖTÕ!ÞTÖÑÏ-ÎFÚMÒÔÖ�áFÖ�â'ÚÝÜ_áFÖ

CáFÖ ØåÐ�ÕFÙÔê�ÚÝÖ=Ï-ÙÔØ�ÙÔÒÔÐ�ÙÔÚ-Ö�ã�íYÐ�ÚgÖ�×!Ö�ØåÛ!ÒÔÖ�ëçÏ-Ù
C = µ(D, g)

ë!Ì'ÕÁÛ°Ì'ÏÝÖ§,
σnx(C)(f) = µ(σnx(D)(f), σnx(g)).

J"ÓML



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

í:Ì'Î!ÚmáFÖTÏ¨3°ÖTÏÝÌ�ÙÔÕFÏ�ßÝÖTÞ��FÕFÙÓàqÎFÖTÏ�ë�Ì'Õ áFÜ�éçÕ!ÙÓß)ë"9=ÛçÐ�Ú}ß�ÙÔÚYáFÖ
σnx
ë�ÎFÕFÖ_Ð�Û!ÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'Õ

τnx
áFÖ
C(Λ̄)

<'Ö�ÚÝÏ
ÒÔÎ!Ù'� Ø��TØ�Ö�ã�«mÕ:1�ÐìÙÓß)ëVÌ'ÕÁÕFÖ ØåÌ�áFÙ éçÖ=ÒèÐ�áFÜZéçÕFÙ ß�ÙÔÌ�Õ"áFÖ

σnx
àqÎFÖ ÛCÌ'Î!Ú

�
ëçÖ�Õ¥Û°Ì'Ï�ÐìÕqß2,

τnx (�) = �
ã

�P Ïr
øÚ��ÖFr°ý½�=Õ¥Ð�,
τnx (λy.µ(x,�)) = λy.(µ(n+ 1,�))

Ð�ÒÔÌ�ÚÝÏ�àqÎFÖ§,
σnx(λy.µ(x,�)) = λy.(µ(n+ 1, σn+1

x )).

í:Ì'Î!ÚgßÝÌ'Î!ß
λ
� ÞTÌ�ÕqßÝÖZ×�ß�Ö

C
ë
τnx (C)

ÖTÏ}ßÍÎ!Õ
λ
� Þ�Ì'Õ�ß�ÖZ×�ßÝÖ><�ÜTÚ-ÙÓé Ð�Õ�ß_ÒÔÖ�ÏgÜTâ�Ð�ÒÓÙÓßÝÜTÏS,

|τnx (C)| = |C|, |τnx (C)|λ = |C|λ, L(τnx (C)) = L(C).

ÔÑÖ¿ÛFÒÔÎFÏ�ëFÒÔÖ�Ï_Ð�ÛFÛFÒÓÙÔÞ)Ð
ß�ÙÔÌ�ÕFÏ
σ
Ö�ß
τ
ÏÝÌ�Õqß_Ú-ÖTÒÔÙÓÜTÖ�Ï_ÛFÐ�Ú�ÒÔÖeÚ-ÜTÏÝÎ!ÒÓß�Ð
ßgÏÝÎFÙ'<�ÐìÕqß>,

|¨r�øÚøÚr}iXý 7p� ýaÂ6�(�!�����
n ∈ N∗   x ∈ V ���

C ∈ C(Λ̄) � x ���(�#��Å

σnx(C) =

{

τnx (C)
���
x ∈ L(C)

τnx (C) ◦ σn+k
x

���
x /∈ L(C)

���¡���
|C|λ = k.

ª Ù n ÖTÏ}ß_ÎFÕ¥Ö�Õ�ß�ÙÔÖ�Ú�Ö�ß C ÎFÕ�ÞTÌ�Õ�ß�ÖZ×�ßÝÖ�ë°Ì'ÕÁáFÜ�éçÕ!ÙÓß
Φn(C)

ÐìÙÔÕFÏ-Ù¥,
X ãgÏ-Ù

C = �
ë Ð�ÒÔÌ�ÚÝÏ

Φn(C) = Φn 5
ôVãgÏ-Ù

C = µ(D, f)
ëFÐìÒÔÌ'Ú-Ï

Φn(C) = µ(Φn(D),Φn(f))
5

à!ãgÏ-Ù
C = µ(f,D)

ëçÐìÒÔÌ'Ú-Ï
Φn(C) = µ(Φn(f),Φn(D))

5
h ãgÏ-Ù

C = λx.D
ë Ð�ÒÔÌ'Ú-Ï

Φn(C) = λ(Φn+1(σ1
x(D)))

ã
�=Õ:<ìÐ�ØåÐ�ÙÔÕ�ß�Ö�ÕçÐ�Õ�ßP<'Ü�ÚÝÙ éçÖTÚgàqÎFÖ Ò!/ Ì'Õ�ÐI3FÙÔÖ�Õ�Þ�Ö<àqÎFÖ Ò�/ Ì'ÕA<�Ì'ÎFÒèÐìÙÓß)ã
�2�
ü+�mü @ ú û\ú�üCùjiXý 7Ï- ýaÂ6�(�!�����

n ∈ N∗  
C ∈ C(Λ̄)

���
f ∈ Λ̄ � x ���(�#��Å

Æ �>� �(�
�2�%�(�
�
x ∈ V

 P�(�t�
σnx(C[f ]) = σnx(C)(f) ÎÈ ��» �H�

Φn(C[f ]) = Φn(C)(f) �
©4�����(�����*�	�"���!�(� � Ô=Ð�ÕFÏÃÒÔÖ�ÏÃáFÖ�ÎV× Þ)Ð�Ï�ëQÌ'Õ <ìÐ�ÛFÚ-ÌVÞ�ÜTáFÖ�ÚÆÛçÐ�Ú¸ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖ�Ï-ÎFÚ¸ÒÔÖ?áFÖTâ'Ú-Ü
áFÎ

λ
�hÞTÌ'Õ�ßÝÖZ×�ß�Öìã

X ã ª Ì�ÙÔÖTÕ�ß n ∈ N∗ ë x ∈ V ÖZß
f ∈ Λ̄

ã�ÞÑÒÓÌ'ÚÝÏ�,
σnx(�[f ]) = σnx(f)

= σnx(�)(f).

î�ÐìÙÔÕ�ß�Ö�ÕçÐ�Õ�ß)ë¿ÏÝÎFÛ!ÛCÌ'Ï-Ì'ÕFÏ�àqÎFÖ¢Ò�/ Ì�ÕfÐ áFÜ�ØåÌ�ÕqßÝÚÝÜQÒÔÖ ÚÝÜTÏ-ÎFÒÓß�Ðìß Û°Ì'ÎFÚ ß�Ì'ÎVß�Þ�Ì'Õ�ß�ÖZ×�ßÝÖ áFÖ
áFÖ�â'ÚÝÜ

k ∈ N
éV×!Üìã ª Ì'ÙÓß C ÎFÕ�ÞTÌ'Õ�ßÝÖZ×�ß�Ö_áFÖgáFÖTâ�ÚÝÜ

k+1
ãiÞÑÒÓÌ'ÚÝÏ�ë'Ì'ÕåÐ àqÎçÐ
ß�ÚÝÖgÞTÐ�ÏNÛCÌ'Ï-ÏÝÙ=3FÒÔÖ�ÏTã

JMÓM¬



�¡Oïå~OI�¥Tm��kMl Z#l ç�kIW�]£WMTibïlzX � Xik�Z

� ª Ù C = µ(D, g)
ÐB<�ÖTÞ

|D| = k
ë Ð�ÒÓÌ'ÚÝÏ�,

σnx(C[f ]) = σnx(µ(D[f ], g))

= µ(σnx(D[f ]), σnx(g))

= µ(σnx(D)(f), σnx(g))

= µ(σnx(D), σnx(g))(f)

= σnx(µ(D, g))(f)

= σnx(C)(f).� ª Ù C = µ(g,D)
ÐB<�ÖTÞ

|D| = k
ëçÌ'Õ�ÛFÚÝÌ�ÞTê�áFÖ áFÖ Ø¦��ØåÖìã

� ª Ù C = λx.D
ÐB<'Ö�Þ

|D| = k
ë Ð�ÒÔÌ'Ú-Ï�,

σnx(C[f ]) = σnx(λx.D[f ])

= λx.D[f ]

= (λx.D)(f)

= σnx(λx.D)(f)

= σnx(C)(f).� ª Ù C = λy.D
ÐB<'ÖTÞ

|D| = k
Ö�ß
y 6= x

ë Ð�ÒÓÌ'ÚÝÏS,
σnx(C[f ]) = σnx(λy.D[f ])

= λy.(σn+1
x (D[f ]))

= λy.(σn+1
x (D)(f))

= λy.(σn+1
x (D))(f)

= σnx(λy.D)(f)

= σnx(C)(f).Ô=ÐìÕFÏ�ß�Ì'ÎFÏgÒÓÖTÏgÞ)Ð�Ï�ëçÌ'Õ�ÐI3FÙÔÖ�Õ
σnx(C[f ]) = σnx(C)(f)

ã
ôVã��=Õ�Û!ÚÝÌ�ÞTêTá!Ö<Ö�×FÐìÞ�ß�Ö�ØåÖ�Õ�ß=ÞTÌ�ØåØ�Ö ÛCÌ'Î!Ú

σ
ã8«mÕ¥áFÙÔÏ}ß�ÙÔÕ!â'ÎçÐ�Õ�ß_ÒÔÖ�ÏÍÞTÐ�Ï

C = �
ë ÛCÌ�ÎFÚÍÙÓÕFÙÓßÝÙÔÖ�Ú

ÒÔÐåÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖìë@ÛFÎFÙÔÏ
C = µ(D, g)

ë
C = µ(g,D)

Ö�ß
C = λx.D

ã0�@ÖTÏÑßÝÚÝÌ'ÙÓÏÑÛFÚ-ÖTØ�ÙÔÖTÚ-ÏÑÞTÐ�Ï
Ï-Ö ßÝÚ�Ð�Ù ß�Ö�Õqß_ÐìÙÔÏÝÜ�ØåÖ�Õ�ß)ãçí�Ì'ÎFÚgÒÔÖeÞTÐ�Ï

C = λx.D
ë!Ì'Õ�ÐA,

Φn(C[f ]) = Φn(λx.D[f ])

= λx.(Φn+1(σ1
x(D[f ])))

= λx.(Φn+1(σ1
x(D)(f)))

á6/ Ð�ÛFÚ-êTÏgÒÔÖ X
= λx.(Φn+1(σ1

x(D))(f))
�o[��P�

= (λx.(Φn+1(σ1
x(D))))(f)

= Φn(λx.D)(f)

= Φn(C)(f).

♦

J"ÓMÓ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

� ³£¢  ¨À Â�+�Â4Ä-, " À ¾ÁÀ´»:¹�¹gÇÿ»:ÉZÄ�ËX»:À
K

$"À Â@É " Ë"ÈZÀ ·�½¿Â ÇÿÅ " ·ÁÈ�, !ÄaÀ " À�$�ÄÃÈZÀ
λ ! Ç¼½ ÈTÇ¼Ë"È

�=ÕºØåÌ'Õ�ßÝÚÝÖ�ÙÓÞTÙ�à�Î!Ö
(K,Φ)

Ö�Ï-ßeÎFÕ!Ö�ÏÝÙÔØ�ÎFÒèÐìßÝÙÔÌ'ÕÁáFÖ
(Λ,→β)

ë9ØåÐ�ÙÔÏ_àqÎFÖ
K
Õ!Ö�ß�Ö�ÚÝØ�ÙÔÕFÖ<ÛçÐ�Ï

ÖTÕ�ÞTÖ�Ú-ß�Ð�ÙÔÕFÏ�ßÝÖTÚÝØ�ÖTÏ�á!Ö¿ÒÔÐ41�Ì'ÚÝØ�Ö
Φ(f)

ÌM�
f
Ö�Ï-ß_ÎFÕ

λ
�%ß�Ö�ÚÝØ�ÖeÏÝÎFÚgÒÔÖ�àqÎFÖTÒ

β
ß�ÖTÚ-ØåÙÓÕFÖ�ã

.0/¤�C/54 cdD¥NPRIJL7LD-geDI:y>jDIM�>jSTfKg§¦�<¨>A7L©PJLDª<�«;DISQJ�¬
α � SEf;:­«;D�B#M®7Lf;:

�=Õ:<ìÐ áFÌ'ÕFÞ¿áFÜTØ�Ì'Õ�ß�Ú-ÖTÚ�ëçáçÐ�ÕFÏ_ÞTÖ ÛçÐ�ÚÝÐ�â'ÚÝÐ�Û~�FÖìëçà�Î!Ö<Ï-Ù
f
ÖZß
g
ÏÝÌ'Õ�ßÍáFÖTÎ�×

λ
�%ß�ÖTÚ-ØåÖ�ÏP1�Ì'ÚÝØ�ÖTÒÓÏ

àqÎFÙ@ÏÝÌ�ÕqßgáFÐ�ÕFÏgÒèÐ�Ø��TØ�ÖeÞTÒÔÐ�ÏÝÏ-Öeá6/
α

� Ü�àqÎFÙ=<ìÐ�ÒÓÖTÕFÞ�Ö�ëçÐ�ÒÓÌ'ÚÝÏ
Φ(f) = Φ(g)

ã��=ÚTëFá!ÖTÎV×"ßÝÖTÚ-ØåÖ�Ï
f
Ö�ß
gÏÝÌ�Õqß

α
�hÜTàqÎFÙ=<ìÐ�ÒÓÖTÕ�ß�ÏMÏÝÙ°Ö�ßÿÏÝÖ�ÎFÒÔÖ�ØåÖ�Õ�ß¼ÏÝÙ°Ì'ÕåÛCÖ�Î!ß�ßÝÚÝÌ'Î�<�ÖTÚÿÎFÕFÖ�1�ÐìØåÙÓÒÔÒÔÖÿéçÕFÙÔÖ_áFÖ

λ
�%ß�ÖTÚ-ØåÖ�Ï�1�Ì�ÚÝØ�ÖTÒÔÏ

f1, . . . , fk
ßÝÖTÒÔÏgàqÎFÖ§,

f →αf1 ←αf2 →α · · · →αfk ←αg.

ÞÑÙÓÕFÏÝÙ0ëFÛCÌ�ÎFÚ�ØåÌ�ÕqßÝÚÝÖ�Ú�ÒÔÖ=Ú-ÜTÏÝÎ!ÒèÐìß_Ð�Õ!ÕFÌ'ÕFÞ�Ü�ë ÙÔÒCÏÝÎ�ù ß_áFÖ áFÜTØ�Ì'Õ�ß�Ú-ÖTÚgÒèÐ�Û!ÚÝÌ'Û°Ì'ÏÝÙ ß�ÙÓÌ'ÕXÏÝÎ!Ù=<ìÐ�Õ�ß�Öìã

�2�
ü+�mü @ ú û\ú�üCù¯iXý 7+7 ý�Â6�(�!�����
f

���
g



���"¢
λ

�%�%���������\¤B�(�������w�4�%���w��)����
f →αg

 _�"���(�#�
Φ(f) =

Φ(g) �
�=Õ:<ìÐ�áFÜTØ�Ì'Õ�ß�Ú-ÖTÚgÒèÐ�Û!ÚÝÌ'Û°Ì'ÏÝÙ ß�ÙÓÌ'Õ"ÖTÕ�ÛFÒÔÎ!ÏÝÙÔÖ�ÎFÚÝÏ¼ßÝÖTØ�ÛFÏTã

|¨r�øÚøÚr}iXý 7+; ý � �(�
�2�%�(���
m ∈ N

 
n ∈ N∗  

x, y ∈ V
���
f ∈ Λ̄N∗

�����w�£)����
y /∈ V(f)

 P�(�t��Å

Φm(σnx(f)) = Φm(σny (f [x := y])).

©4�����(�����*�	�"���!�(� � �=ÕºÏÝÎFÛFÛ°Ì'Ï-Ö�à�Î!Ö
y 6= x

ëCÒÔÖ�ÞTÐ�Ïeá6/ ÜTâ�ÐìÒÔÙÓßÝÜ<ÜZß�Ð�Õ�ß=ßÝÚÝÙ'<VÙÔÐ�Ò%ã��=ÕºÛFÚ-ÌVÞ�êTáFÖ�Ö�ÕFÞTÌ�ÚÝÖ
ÛçÐ�Ú¿ÚÝÜ�ÞTÎFÚ-ÚÝÖ�ÕFÞTÖXÏ-ÎFÚ¿ÒÔÖ�áFÖTâ'Ú-Üåá!Ö

f
ã¯þ�Ì'Î!ß<á6/ Ð"3CÌ�ÚÝá4ëaÏÝÎ!ÛFÛCÌ�ÏÝÌ'ÕFÏ<àqÎFÖ

|f | = 0
ãÏÞÑÒÓÌ'ÚÝÏ¿áFÖ�ÎV×¨Þ)Ð�Ï

ÏÝÌ�Õqß_Û°Ì'ÏÝÏ-Ù�3FÒÓÖTÏ�ã
� ª Ù f = x

ë Ð�ÒÔÌ'Ú-Ï
σnx(f) = n

Ö�ß
σny (f [x := y]) = σny (y) = n

ã
� ª Ù f 6= x

ë9Ð�ÒÔÌ'Ú-Ï
σnx(f) = f

ÖZß
σny (f [x := y]) = σny (f) = f

5CÖTÕ ÖmlCÖ�ßTë4Ì'Õ Ð�1�Ì'Ú-ÞTÜTØ�ÖTÕ�ß
f 6= y

ÛFÎFÙÓÏÝàqÎ6/ Ì'Õ Ð�ÏÝÎ!ÛFÛCÌ�ÏÝÜ¿à�Î!Ö
y /∈ V(f)

ã
ª ÎFÛFÛ°Ì'Ï-Ì'ÕFÏ_Ø�Ð�ÙÓÕ�ß�ÖTÕFÐ�Õ�ßgà�Î!Ö¿Ò�/ Ì�Õ¥Ð�áFÜ�ØåÌ�ÕqßÝÚÝÜeÒÓÖeÚÝÜTÏ-ÎFÒÓß�ÐìßgÛ°Ì'ÎFÚ�ß�Ì'Î!Ï�ÒÔÖTÏ λ �hßÝÖTÚÝØ�ÖTÏ\1�Ì�ÚÝØ�ÖTÒÔÏ

áFÖ<áFÖTâ'Ú-Ü�Ð�Î¥ÛFÒÔÎ!Ï
k
ë°Ì"�

k
Ö�Ï-ß=Î!Õ ÖTÕ�ß�ÙÓÖTÚgé!×VÜ�ã ª Ì'Ù ß f ÎFÕ¥ßÝÖTÚ-ØåÖ¿áFÖ�á!ÖTâ'Ú-Ü k + 1

ã0�=Õ ÐåàqÎçÐ
ß�ÚÝÖ
Þ)ÐìÏ_Û°Ì'Ï-ÏÝÙ�3!ÒÔÖTÏ�ã

å äMä



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

� ª Ù f = µ(g, h)
ÐB<'Ö�Þ

g
ÖZß
h
áFÖ�ÎV×

λ
�hßÝÖTÚÝØ�ÖTÏ¦1�Ì'ÚÝØ�ÖTÒÓÏ�áFÖºáFÖ�â'ÚÝÜ ÐìÎ Û!ÒÔÎFÏ

k
ëÿÒ!/ ÎFÕ áFÖTÏ

áFÖ�ÎV×�Ü�ß�ÐìÕqßÑáFÖ�áFÖ�â'ÚÝÜ
k
ã8�_Ö�Ø�Ð�Ú-àqÎFÌ'ÕFÏ_ß�Ì'Î!ßÑá6/ Ð"3CÌ�ÚÝá àqÎFÖ

V(f) = V(g) ∪ V(h)
ÖZß=áFÌ'Õ!Þ

àqÎFÖ
y /∈ V(g)

ÖZß
y /∈ V(h)

ã��=Õ�Ð�áFÌ�ÕFÞ§,
Φm(σnx(f)) = Φm(σnx(µ(g, h)))

= µ(Φm(σnx(g)),Φ
m(σnx(h)))

= µ(Φm(σny (g[x := y])),Φm(σny (h[x := y])))
�o[��P�

= Φm(σny (µ(g[x := y], h[x := y])))

= Φm(σny ((µ(g, h))[x := y]))

= Φm(σny (f [x := y])).

� ª Ù f = λx.g
Ð�<�ÖTÞ

g
ÎFÕ

λ
�%ß�ÖTÚ-ØåÖH1�Ì'Ú-ØåÖ�Ò¿á!Ö áFÖTâ�ÚÝÜ

k
ãS�=Õ Ð

V(f) = V(g) \ {x}
ë

á6/ ÌM�
y /∈ V(g)

��Ì'Õ�Ð�Ï-ÎFÛFÛ°Ì'ÏÝÜ
y 6= x

�Zã�ÞÑÒÓÌ'ÚÝÏ�,
Φm(σnx(f)) = Φm(σnx(λx.g))

= Φm(λx.g).

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,
Φm(σny (f [x := y])) = Φm(σny ((λx.g)[x := y]))

= Φm(σny (λx.g))

= Φm(λx.(σn+1
y (g)))

= Φm(λx.g)
Þ)Ð�Ú

y /∈ V(g).

� ª Ù f = λy.g
ÐB<'Ö�Þ

|g| = k
ã�ÞÑÒÓÌ'ÚÝÏ�,

Φm(σnx(f)) = Φm(σnx(λy.g))

= Φm(λy.(σn+1
x (g)))

ÛFÎFÙÓÏÝàqÎFÖ
y 6= x

= λ(Φm+1(σ1
y(σ

n+1
x (g))))

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß)ë
Φm(σny (f [x := y])) = Φm(σny ((λy.g)[x := y]))

= Φm(σny ((λν.(g[y := ν][x := y]))))
Ö�Õ¥Û°Ì'ÏÝÐ�Õ�ß

ν = ν(g, y)

= Φm(λν.(σn+1
y (g[y := ν][x := y])))

ÛFÎ!ÙÔÏÝàqÎFÖ
ν 6= y

= Φm(λν.(σn+1
x (g[y := ν])))

�o[��P�
= λ(Φm+1(σ1

ν(σ
n+1
x (g[y := ν]))))

= λ(Φm+1(σ1
ν((σ

n+1
x (g))[y := ν])))

= λ(Φm+1(σ1
y(σ

n+1
x (g))))

�o[��P�
.

å ä�õ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

� ª Ù f = λz.g
Ð�<�ÖTÞ

|g| = k
ÖZß
z /∈ {x, y}

ã�ÞÑÒÓÌ'ÚÝÏ�,

Φm(σnx(f)) = Φm(σnx(λz.g))

= Φm(λz.(σn+1
x (g)))

ÛFÎFÙÔÏ-àqÎFÖ
z 6= x

= Φm(λz.(σn+1
y (g[x := y])))

�o[��P�
= Φm(σny (λz.(g[x := y])))

ÛFÎFÙÓÏÝàqÎFÖ
z 6= x

= Φm(σny ((λz.g)[x := y]))
ÛFÎFÙÓÏÝàqÎFÖ

z 6= x

= Φm(σny (f [x := y])).

♦

÷�r
øÚD~� |6} r ý��aÐ_ÛFÚÝÜ�ÏÝÖTÕ!ÞTÖ�áFÖ
Φm Õ6/ ÖTÏ}ßmÎ!ß�ÙÓÒÔÖNàqÎFÖ¼Û°Ì'ÎFÚ:Ò!/ Ð�<ìÐ�Õ�ßo� áFÖ�ÚÝÕFÙÓÖTÚ�Þ)Ð�Ï�ëìÞ�ÖTÒÔÎ!ÙVÌM�

f = λy.g
ã

ª Ð�Õ!Ï�Ð�Û!ÛFÒÔÙÓÞ)ÐìßÝÙÔÌ'ÕºáFÖ Φm ë�Þi/ Ö�Ï-ß�1�Ð�ÎV×Cã�íYÐ�Ú ÖZ×VÖ�ØåÛFÒÓÖ�ëaÏÝÙ
g = y

ë@Ì'Õ Ð
σnx(λy.y) = λy.y

ØåÐ�ÙÔÏ�ë
ÞTÌ�ØåØ�Ö

(λy.y)[x := y] = λν.ν
ë ÐB<'ÖTÞ

ν = ν(y, y)
��Ö�ßgá!Ì'ÕFÞ

ν 6= y
�ZëFÌ'Õ�Ð

σny (λν.ν) = λν.ν
ã

Õ ü+�
ü�Ö*Ö*DFú*�nr�iXý 7 ×aý � �(���>�%�(�^�
n ∈ N

 
x, y ∈ V

���
f ∈ Λ̄N∗

�%���w�£)��+�
y /∈ V(f)

 P�(�¾�AÅ

Φn(λx.f) = Φn(λy.(f [x := y])).

©4�����(�����*�	�"���!�(� � �=Õ�ÐA,

Φn(λx.f) = λ(Φn+1(σ1
x(f)))

= λ(Φn+1(σ1
y(f [x := y])))

á6/ñÐìÛFÚÝê�ÏÍÒÓÖ=ÚÝÜ�ÏÝÎFÒ ß�Ðìß_ÛFÚ-ÜTÞTÜ�áFÖTÕ�ß
= Φn(λy.(f [x := y])).

♦

|¨r�øÚøÚr~iXý 7 ó@ý\Â6�(�!�����
C ∈ C(Λ̄N∗)

 
n ∈ N

 
x, y ∈ V

���
f ∈ Λ̄N∗

�����w��)����
y /∈ V(f) � x ���(�#�>Å

Φn(C)(λx.f) = Φn(C)(λy.(f [x := y])).

©4�����(�����*�	�"���!�(� � �=Õß<ìÐåÛFÚ-ÌVÞ�ÜTáFÖ�ÚÍÛFÐ�ÚÍÚ-ÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�Ö�ÏÝÎ!ÚÍÒÓÖ<áFÖ�â'ÚÝÜ¿áFÖ
C
Ö�ß_ß�Ì'Î(�-Ì�ÎFÚÝÏgáçÐ�Õ!ÏÑÒÔÖ ÞTÐ�Ï

ÌM�
y 6= x

ãVí:Ì'Î!Ú
C = �

ë�Þ"/ ÖTÏ}ß¼ÒÔÖ_ÚÝÜ�ÏÝÎFÒ ß�ÐìßÿÛFÚ-ÜTÞTÜ�áFÖTÕ�ßTã î�Ð�ÙÓÕqßÝÖTÕçÐìÕqßTëVÏ-ÎFÛFÛ°Ì'ÏÝÌ�ÕFÏ�àqÎFÖ=ÒÔÐ¿Û!ÚÝÌ'Û°Ì'Ï-Ù'�
ß�ÙÓÌ'Õ�Ö�Ï-ß�<VÚÝÐ�ÙÔÖMÛ°Ì'ÎFÚ:ßÝÌ'Î!ß:ÞTÌ'Õ�ßÝÖZ×�ß�Ö¼á!Ö�áFÖ�â'ÚÝÜ

k
Ö�ßYàqÎFÖ

|C| = k+1
ãiþ�ÚÝÌ'ÙÓÏ:ÞTÐ�ÏYÏ-Ì'Õ�ß�Û°Ì'ÏÝÏ-Ù�3FÒÓÖTÏ�ã"�@ÖTÏ

áFÖ�ÎV× ÛFÚ-ÖTØ�ÙÔÖTÚ-ÏeÞ)Ð�Ï�ë
C = µ(D, g)

Ö�ß
C = µ(g,D)

ëCÏÝÖ�ß�ÚÝÐ�ÙÓßÝÖTÕ�ß Ï�ÐìÕFÏ áFÙ=ù�ÞTÎ!ÒÓß�Üìã6�@Ö�ß�Ú-Ì'ÙÔÏ-ÙÔê�ØåÖ
Þ)ÐìÏ_Ö�Ï-ß

C = λz.D
,

Φn(C)(λx.f) = Φn(λz.D)(λx.f)

= Φn(λz.D[λx.f ])

= λ(Φn(σ1
z(D[λx.f ])))

å äMJ



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

�=Õ¥á!Ì'ÙÓß�á!ÙÔÏ-ßÝÙÔÕFâ�ÎFÖTÚ�áFÖ�ÎV×ÁÏ-Ì'ÎFÏo�hÞ)Ð�Ï�ë ÏÝÖTÒÓÌ'ÕÁàqÎFÖ
z ∈ L(D)

Ì�Î¥ÕFÌ�Õ4ã ª Ù z ∈ L(D)
,

Φn(C)(λx.f) = λ(Φn+1(τ 1
z (D)(λx.f)))

= λ(Φn+1(τ 1
z (D))(λx.f))

= λ(Φn+1(τ 1
z (D))(λy.(f [x := y])))

��[¿�=�
= λ(Φn+1(σ1

z(D[λy.(f [x := y])])))

= Φn(λz.D[λy.(f [x := y])])

= Φn(C)(λy.(f [x := y])).

ª Ù z /∈ L(D)
ë�Ì'ÕOÛCÌ'Ï-Ö

l = |D|λ
ã´ÞÍÒÔÌ'Ú-Ïò,

Φn(C)(λx.f) = λ(Φn+1(τ 1
z (D)(σl+1

z (λx.f))))
ã

î�Ð�ÙÓÕ�ß�ÖTÕFÐ�Õ�ß)ëçÏÝÙ
z = x

,
Φn(C)(λx.f) = λ(Φn+1(τ 1

x(D)(λx.f)))

= λ(Φn+1(τ 1
x(D))(λy.(f [x := y])))

�o[��P�
= λ(Φn+1(τ 1

x(D))(σl+1
x (λy.(f [x := y]))))

ÛFÎFÙÓÏÝàqÎFÖ
x /∈ V(λy.(f [x := y]))

= λ(Φn+1(σ1
x(D[λy.(f [x := y])])))

= Φn(C)(λy.(f [x := y])).

ª Ù z /∈ {x, y} ,
Φn(C)(λx.f) = λ(Φn+1(τ 1

z (D)(λx.σl+2
z (f))))

= λ(Φn+1(τ 1
z (D)(λy.(σl+2

z (f))[x := y])))

= λ(Φn+1(τ 1
z (D)(σl+1

z (λy.f [x := y]))))
ÛFÎFÙÓÏÝàqÎFÖ

z /∈ {x, y}

= λ(Φn+1(σ1
z(D[λy.f [x := y]])))

= Φn(C)(λy.f [x := y]).
«mÕ!éçÕ4ëCÏÝÙ

z = y
5°Ì'Õ�Þ��!Ì'ÙÔÏ-ÙÓß

t ∈ V
ß�Ö�Ò�àqÎFÖ

t /∈ V(D[f ]) ∪ {x, y}
ÖZß=Ì'Õ¥ÏÝÖ�ÚÝÐ�Ø�êTÕFÖ<Ð�Î�ÞTÐ�Ï

ÛFÚ-ÜTÞTÜ�áFÖTÕ�ß£,
Φn(C)(λx.f)

=Φn(λy.D[λx.f ])

=Φn(λt.(D[λx.f ])[y := t])

=Φn(λt.(D[y := t])(λx.f [y := t]))
ÛFÎFÙÓÏÝàqÎFÖ

y /∈ L(D)

=Φn(λt.(D[y := t])(λx.f))
ÛFÎFÙÓÏÝàqÎFÖ

y /∈ V(f)

=Φn(λt.(D[y := t])(λy.(f [x := y])))
Ö�Õ�Ð�Û!ÛFÒÔÙÓà�ÎFÐ�Õ�ßgÞTÖ àqÎFÙ@ÛFÚÝÜ�ÞTê�áFÖ

=Φn(λt.(D[y := t])((λy.(f [x := y]))[y := t]))
Û!ÎFÙÔÏ-à�Î!Ö

y /∈ V(λy.(f [x := y]))

=Φn(λy.(D)(λy.(f [x := y])))

=Φn(C)(λy.(f [x := y])).

♦

å ä å



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

�=Õ�Ð�áFÌ'Õ!Þ¿á!ÜTØ�Ì'Õ�ß�ÚÝÜ ÒÔÐ�ÛFÚÝÌ'Û°Ì'Ï-ÙÓß�ÙÓÌ'ÕÁÐ�ÕFÕ!Ì'ÕFÞTÜ�Ö�ëçá6/ ÌM��ÒÔÖ=ß��FÜTÌ'Ú-êTØ�Ö§,
s%t ÷qü+�vu
øÚr°iXý 7 ô4ý¿��� ���������!&��"���!�(�

Φ
� ��
"��� �a���0�����������!&��"���!�(�

Φ : Λ −→ T
 S&p�z�����*�o�"�o
"� �#�¦)��+�

���(�
�2�%�(���
λ

�%�%���������¡¤B�(�������w�
f

���
g

�����w�£)����
f ≡α g

 ´�(�H�
Φ(f) = Φ(g) �

.0/¤�C/U1 cdD¥NPRIJL7LD-geDI:y>O¦PBHRIMAD�BA«;D�J9DIMORE>A<?¦%DIMFN=D
β � B#RIN=@PS±>A7Lf;:

�=Õ:<ìÐ�ØåÌ�ÕqßÝÚÝÖ�Ú�ÒÔÖeÚÝÜ�ÏÝÎFÒ ß�ÐìßgÏ-ÎFÙ=<ìÐ�Õ�ß2,
s%t ÷qü+�vu
øÚr�iXý 7 úCýaÂ6�(�!�����

f
���
g



���i¢
λ

�%����������� � Â+�
f →βg

 ½�"���(�#�
Φ(f) �KBΦ(g) �

�=Õ:<ìÐ�ÞTÌ'Ø�Ø�ÖTÕFÞ�ÖTÚ�ÛçÐ�Ú�Û°Ì'Ï-ÖTÚ�àqÎFÖTÒÓàqÎFÖTÏ_ÕFÌ�ß�Ðìß�ÙÓÌ'ÕFÏTëVÛCÖ�ÚÝØ�ÙÔÏ-ÖTÏ�ÛçÐ�Ú�ÒÓÖ=ß#�FÖ�Ì'ÚÝÖ�ØåÖ>îÍã ô"¸Vã~þ:Ì�Î!ß
á6/ Ð"3°Ì'ÚÝá4ë@Ì�Õ�áFÜZéçÕFÙÓß¿ÎFÕ!Ö¦<ìÐ�ÚÝÙÔÐ�Õ�ß�Ö�áFÖ

Φ
ë
Ψ : C(Λ) −→ C(T )

ãs�=Õ�ÛFÚ-ÌVÞ�êTáFÖ�ÞTÌ�ØåØ�Ö ÛCÌ'Î!Ú
Φ
ë

Ø�ÙÔÏP9 ÛçÐ�Ú}ß
Ψ(�) = �

ã
í:Ì'Î!ÚXÐ�ÒÓÒÔÜTâ�ÖTÚ�ÒÔÖ�Ï Þ)Ð�ÒÓÞTÎFÒÓÏ�Î!ÒÓß�Ü�ÚÝÙÓÖTÎFÚ-ÏTëNÌ'Õ <�Ð ÛCÌ�ÏÝÖTÚ�ëNÏÝÙ

n ∈ N∗ ÖZß�Ï-Ù x1, . . . , xn
Ï-Ì'Õ�ßXáFÖ�Ï

<ìÐ�ÚÝÙÔÐ"3FÒÓÖTÏ¼áFÖ�ÎV×ß9�áFÖTÎ�×�áFÙÔÏ}ß�ÙÔÕ!Þ�ß�Ö�Ï�,

Φx1,...,xn = Φn ◦ σ1
x1
◦ · · · ◦ σnxn

.

«mÕ¥ÛFÐ�Ú-ßÝÙÔÞTÎ!ÒÔÙÔÖ�ÚTëVÌ'Õ�Ð!ëFÛ°Ì'ÎFÚ
x ∈ V

,

Φx1,...,xn(x) =







p
ÏÝÙ
x = x1

p ∗ qi−1 ÏÝÙ
x = xi

ë
i ≥ 2

p ∗ qχ(x)+n−1 ÏÝÙÔÕ!Ì'Õ4ã
�@Ö<ß#�!ÜTÌ'Ú-êTØ�Ö£îÑãñô"¸ ÕFÌ'ÎFÏÑÐ�ÏÝÏ-ÎFÚÝÖ<àqÎFÖ�ë°ÛCÌ�ÎFÚÍÎ!Õ

λ
�%ß�Ö�ÚÝØ�Ö

f
é!×VÜ�, Û°Ì'ÎFÚgß�Ì'ÎVß

λ
� Þ�Ì'Õ�ß�Ö�×VßÝÖ

C
ë

Ì'ÕXÛ°ÖTÎVß�ÏÝÎFÛ!ÛCÌ'Ï-ÖTÚ�àqÎFÖ
]L(C) = |C|λ

ÛCÌ'Î!Ú�Þ)ÐìÒÔÞTÎ!ÒÔÖTÚ
Φ(C[f ])

ã~«mÕXÖ�l9ÖZß)ëFÏ-Ù9Þ�Ö=Õ6/ ÖTÏ-ß¼ÛçÐ�Ï¼ÒÓÖÑÞ)ÐìÏTë
ÙÔÒ9ÖZ×VÙÔÏ}ß�Ö ÎFÕFÖ�<ìÐ�ÚÝÙÔÐ"3FÒÓÖ

x
ÖZß_ßÝÚÝÌ'ÙÓÏ

λ
� ÞTÌ�ÕqßÝÖZ×�ß�Ö�Ï

D
ë
E
Ö�ß
F
ßÝÖTÒÔÏ�àqÎFÖ�,

C = D ◦ (λx.�) ◦ E ◦ (λx.�) ◦ F.

�=ÚTëVÏÝÙ9Ì�Õ"Þ��FÌ'ÙÔÏ-ÙÓß�ÎFÕFÖ¿<ìÐ�Ú-ÙèÐ"3FÒÓÖ
y
àqÎFÙCÕ6/ Ö�Ï-ßgÕFÙCáçÐ�ÕFÏ

V(C)
ë�ÕFÙ4áçÐìÕFÏ

L(C)
ëVÕ!Ù9áçÐ�Õ!Ï

V(f)
Ì'ÕÁÐ�,

Φ(C[f ]) = Φ(D ◦ (λy.�) ◦ (E[x := y]) ◦ (λx.�) ◦ F [f ]).

ÔÑÖ=Û!ÒÔÎFÏ�ë
L(C)

ÖTÏ}ß¼ß�Ììß�Ð�ÒÓÖTØ�ÖTÕ�ßMÌ'ÚÝáFÌ�ÕFÕçÐ"3FÒÓÖ=ÐB<'Ö�Þ³²�Ò!/ Ì'Ú-áFÚÝÖ_áçÐ�ÕFÏ�ÒÔÖTàqÎFÖ�ÒCÌ�ÕXÚÝÖ�ÕFÞTÌ'Õ�ßÝÚÝÖeÒÔÖ�Ï
λx

ÖTÕ
ÛçÐ�Ú}ß�Ð�Õ�ßÍáFÖ

�
²�5CÏ�Ð�ÕFÏÍÚÝÖ�ÕqßÝÚÝÖ�ÚÑáçÐ�Õ!ÏÑÒÔÖ�ÏÑáFÜZß�Ð�ÙÓÒÔÏ�ëçáçÐ�ÕFÏÍÒÔÖ¿Þ)Ð�ÏÍÛFÚÝÜ�ÞTÜTá!ÖTÕ�ß)ë4Ì�Õ Ð�ÎFÚÝÐ

x < y
ã�þ�Ì'Î!ß

ÞTÖ�ÞTÙaÛ°ÖTÚÝØ�Ö�ßgá0/ ÌM3Vß�ÖTÕ!ÙÔÚ�ÒÔÖeÚ-ÜTÏ-ÎFÒÓß�ÐìßgÏÝÎFÙ'<ìÐ�Õ�ß�,
�2�
ü+�mü @ ú û\ú�üCù�iXý 7 �4ý¿Â6�(�!�����

C
�
�

λ
��&��(���%�	¢M�������

f
���

λ
�%�%������� �P» �H�������������§)����

L(C)
�����

���z�����������������%�(�!�"�����������_�(�	

�(���0�
{x1 < · · · < xn}

�"Ä"��&
n = |C|λ � x ���(�#��Å

Φ(C[f ]) = Ψ(C)[Φx1,...,xn(f)].

å ä��



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

«mÕ!éçÕ4ëCÌ'Õß<ìÐåÎVß�ÙÔÒÓÙÔÏ-ÖTÚgÒÔÖ�ÏÍÕFÌìß�ÐìßÝÙÔÌ'ÕFÏgÏ-ÎFÙ=<ìÐ�Õ�ß�Ö�Ï=áçÐ�Õ!Ï
T
ã8�eÕ¥ÛCÌ�ÏÝÖ

q1 = q
Ö�ß
qn+1 = q ∗ qn

ã
�=Õ¥á!Ü�éçÕFÙ ß_ÒÔÖeÞTÌ�ÕqßÝÖZ×�ß�Ö

Q = q ∗�
ë ÐB<�ÖTÞ

Qn Ò!/ ÙÓß�Ü�ÚÝÜ n 1�Ì'ÙÓÏ�áFÖ
Q

5çÖTÕ¥ÛçÐ�Ú}ß�ÙÔÞ�ÎFÒÔÙÓÖTÚ�ë
Qn[i]→Jq

n ë
Qn−1[q] = qn

Ö�ß
Qn[γ(a, b)] →QQ

n−1[b]
ÛCÌ'Î!Ú<ß�Ì�Î!ß

n ∈ N∗ ã�«NÕVéçÕ4ëYÌ�Õ áFÜ�éFÕFÙÓß�ÒÔÖ�ÞTÌ'Õ�ß�Ö�×�ß�Ö
∆ ∈ C(K)

ÞTÌ�ØåØ�Ö
∆ = γ(p,� ∗ q)

ã+«mÕ!éFÕ4ë ÏÝÙ
C
ÖTÏ}ß_ÎFÕ¥Þ�Ì'Õ�ß�Ö�×VßÝÖ�ë°Ì'ÕÁÕFÌ�ßÝÖ

C0 = �
ë
C1 = CÖ�ß

Cn+1 = Cn ◦ C = C ◦ Cn ã
|¨r�øÚøÚr}iXý 7 �4ýaÂ6�(�!�����

n
���
m



���"¢��������!���#�2���"�*���#���w�I���
a ∈ K � x ���(�#��Å

p ∗Qn[∆m[a]] �K







p
���
m > n = 0

p ∗ qn
���
m > n ≥ 1

p ∗Qn[a]
���
m = 0

p ∗Qn−m[a ∗ qm]
���
n ≥ m ≥ 1.

©4�����(�����*�	�"���!�(� � íYÐ�ÚYÚÝÜTÞ�ÎFÚÝÚ-ÖTÕFÞ�ÖgÏÝÎFÚ m ã ª Ù m = 0
ëìÞ"/ ÖTÏ}ßNÜ[<�ÙÔáFÖ�Õ�ß)ã ª Î!ÛFÛCÌ�ÏÝÌ'ÕFÏYà�Î!Ö�ÒèÐÑÛFÚ-Ì'ÛFÚ-ÙÔÜ�ßÝÜÖTÏ}ß_<VÚÝÐ�ÙÔÖeÛ°Ì'ÎFÚgÎFÕ

m
é!×VÜ�ã+ÞÑÒÓÌ'ÚÝÏ�,

p ∗Qn[∆m+1[a]] = p ∗Qn[∆m[∆[a]]] �K







p
ÏÝÙ
m > n = 0

p ∗ qn
ÏÝÙ
m > n ≥ 1.

p ∗Qn[∆[a]]
ÏÝÙ
m = 0

p ∗Qn−m[∆[a] ∗ qm]
ÏÝÙ
n ≥ m ≥ 1.

Ô=Ð�ÕFÏ_ÒÔÖeÞTÐ�Ï
m = 0

ëçÌ'Õ�Ð�áFÖTÎ�×�ÛCÌ'Ï-ÏÝÙ=3FÙÔÒÓÙÓß�Ü�ÏTã ª Ù n = 0
,

p ∗∆[a] = p ∗ γ(p, a ∗ q)→Pp.

ª Ù n ≥ 1
,

p ∗Qn[∆[a]] = p ∗Qn−1[q ∗ γ(p, a ∗ q)]→Qp ∗Q
n−1[a ∗ q].

î�Ð�ÙÓÕqßÝÖTÕçÐìÕqßTëçÏÝÙ
n = m ≥ 1

,
p ∗ (∆[a] ∗ qn) = p ∗ (γ(p, a ∗ q) ∗ qn)

→Dp ∗ γ(p ∗ q
n, (a ∗ q) ∗ qn)

→Pp ∗ q
n.

«mÕ!éçÕ4ë ÏÝÙ
n > m ≥ 1

,
p ∗Qn−m[∆[a] ∗ qm] = p ∗Qn−(m+1)[q ∗ (∆[a] ∗ qm)]

→Dp ∗Q
n−(m+1)[q ∗ γ(p ∗ qm, (a ∗ q) ∗ qm)]

→Qp ∗Q
n−(m+1)[(a ∗ q) ∗ qm]

→Ap ∗Q
n−(m+1)[a ∗ qm+1].

♦

å ä��



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

Õ ü+�
ü�Ö*Ö*DFú*�nr�iXý ;b� ý_Â6�(�!�����
i, j,m



���£�������!���#�2���"�*���#���w� � x ���(�#�£Å

p ∗Qj[∆i[qm]] �K







p
���
i > j = 0

p ∗ qj
���
i > j ≥ 1

p ∗ qm+j ���
j ≥ i.

�2�
ü+�mü @ ú û\ú�üCùOiXý ;Ï- ýaÂ6�(�!�����
m,n ∈ N∗   i ∈ {0, . . . , n}   x1, . . . , xn, y1, . . . , ym



���>Ä(�"���*���������


���i¢���

���"¢�
"�����*� �0&��%���4���

f ∈ Λ
 ½�"Ä"��&

y1, . . . , ym /∈ V(f) � x ���(�#�£Å
Φx1,...,xn(f) ∗∆i[qm] �KΦx1,...,xi,y1,...,ym,xi+1,...,xn(f).

©4�����(�����*�	�"���!�(� � íYÐ�ÚgÚ-ÜTÞTÎ!ÚÝÚÝÖ�ÕFÞTÖ¿ÏÝÎ!ÚÍÒÓÖ=áFÖTâ�ÚÝÜ¿áFÖ f ã� ª Ù f = x1

,

Φx1,...,xn(x1) ∗∆i[qm] = p ∗∆i[qm] �K

{

p ∗ qm
ÏÝÙ
i = 0

p
ÏÝÙ
i ≥ 1.

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,

Φx1,...,xi,y1,...,ym,xi+1,...,xn(x1) =

{

p ∗ qm
ÏÝÙ
i = 0

p
Ï-Ù
i ≥ 1.

� ª Ù f = xj
ë
j ∈ {2, . . . , n}

,
Φx1,...,xn(xj) ∗∆i[qm] = (p ∗ qj−1) ∗∆i[qm]

�Ap ∗Q
j−1[∆i[qm]]

�K

{

p ∗ qj−1 Ï-Ù
i ≥ j

p ∗ qm+j−1 Ï-Ù
j > i.

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,

Φx1,...,xi,y1,...,ym,xi+1,...,xn(xj) =

{

p ∗ qj−1 ÏÝÙ
j ≤ i

p ∗ qm+j−1 ÏÝÙ
j > i.

� ª Ù f = x ∈ V \ {x1, . . . , xn, y1, . . . , ym}
,

Φx1,...,xn(x) ∗∆i[qm] = (p ∗ qχ(x)+n−1) ∗∆i[qm]

�Ap ∗Q
χ(x)+n−1[∆i[qm]]

�Kp ∗ q
χ(x)+n+m−1

= Φx1,...,xi,y1,...,ym,xi+1,...,xn(x).

å äMK



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

� ª Ù f = µ(g, h)
,

Φx1,...,xn(f) ∗∆i[qm]

=Φx1,...,xn(µ(g, h)) ∗∆i[qm]

=µ(Φx1,...,xn(g),Φx1,...,xn(h)) ∗∆i[qm]

→Mµ(Φx1,...,xn(g) ∗∆i[qm],Φx1,...,xn(h) ∗∆i[qm])

�Kµ(Φx1,...,xi,y1,...,ym,xi+1,...,xn(g),Φx1,...,xi,y1,...,ym,xi+1,...,xn(h))
��[¿�=�

=Φx1,...,xi,y1,...,ym,xi+1,...,xn(µ(g, h))

=Φx1,...,xi,y1,...,ym,xi+1,...,xn(f)

� ª Ù f = λz.g
ëFÌM��Ì'ÕÁÏÝÎ!ÛFÛCÌ�ÏÝÖ

z /∈ {x1, . . . , xn, y}
,

Φx1,...,xn(f) ∗∆i[qm]

=Φx1,...,xn(λz.g) ∗∆i[qm]

=λ(Φz,x1,...,xn(g)) ∗∆i[qm]

→Lλ(Φz,x1,...,xn(g) ∗∆i+1[qm])

�Kλ(Φz,x1,...,xi,y1,...,ym,xi+1,...,xn(g))
�o[��P�

=Φx1,...,xi,y1,...,ym,xi+1,...,xn(λz.g)

=Φx1,...,xi,y1,...,ym,xi+1,...,xn(f).

♦
�=Õ¥áFÜ�ØåÌ�ÕqßÝÚÝÖ áFÖ ÒèÐ�Ø��TØ�ÖS1�Ð�æ�Ì'ÕH,

�2�
ü+�mü @ ú û\ú�üCù´iXý ;+7 ý>Â6�(�!�����
m ∈ N∗   y1, . . . , ym ∈ V

���
f ∈ Λ

�"Ä"��&
y1, . . . , ym /∈ V(f) �x ���(�#��Å

Φ(f) ∗ qm �KΦy1,...,ym(f).�2�
ü+�mü @ ú û\ú�üCù�iXý ;+; ý¿Â6�(�!�����
n ∈ N∗   i ∈ {1, . . . , n}   x1, . . . , xn



���4Ä(�"���*���������I

���"¢ß��

���i¢

"�����*� �0&������4���

f, g ∈ Λ
 ´�"Ä"��&

x1, . . . , xi−1 /∈ V(g) � x ���(�#��Å
Φx1,...,xn(f) ∗∆i−1[γ(Φxi+1,...,xn(g), i)] �KΦx1,...,xi−1,xi+1,...,xn(f [xi := g]).©4�����(�����*�	�"���!�(� � íYÐ�ÚgÚ-ÜTÞTÎ!ÚÝÚÝÖ�ÕFÞTÖ¿ÏÝÎ!ÚÍÒÓÖ=áFÖTâ�ÚÝÜ¿áFÖ f ã� ª Ù f = x1

,
Φx1,...,xn(x1) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

=p ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

�K

{

p ∗ γ(Φx2,...,xn(g), i)→PΦx2,...,xn(g)
Ï-Ù
i = 1

p
Ï-Ù
i ≥ 2.

å äML



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,

Φx1,...,xi−1,xi+1,...,xn(x1[xi := g]) =

{

Φx2,...,xn(g)
ÏÝÙ
i = 1

Φx1,...,xi−1,xi+1,...,xn(x1) = p
ÏÝÙ
i ≥ 2.

� ª Ù f = xj
ë
j ∈ {2, . . . , n}

,
Φx1,...,xn(xj) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

=(p ∗ qj−1) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

�Ap ∗Q
j−1[∆i−1[γ(Φxi+1,...,xn(g), i)]]

�K







p ∗Q[γ(Φxi+1,...,xn(g), i)]→Qp ∗ i→Jp
Ï-Ù
j = 2

ÖZß
i = 1

p ∗Qj−1[γ(Φxi+1,...,xn(g), i)]→Qp ∗Q
j−2[i]→Jp ∗ q

j−2 Ï-Ù
i = 1

Ö�ß
j > 2

p ∗ qj−1 Ï-Ù
i > j

p ∗ (γ(Φxi+1,...,xn(g), i) ∗ qi−1) �KΦxi+1,...,xn(g) ∗ qi−1 Ï-Ù
i = j

p ∗Qj−i[γ(Φxi+1,...,xn(g), i) ∗ qi−1] �Kp ∗ q
j−2 Ï-Ù

j ≥ i ≥ 2.

Ô£/ Ð�Î!ßÝÚÝÖ ÛçÐ�Ú}ß>,
Φx1,...,xi−1,xi+1,...,xn(xj[xi := g])

=







Φx2,...,xn(x2) = p
Ï-Ù
i = 1

Ö�ß
j = 2

Φx2,...,xn(xj) = p ∗ qj−2 Ï-Ù
i = 1

Ö�ß
j > 2

Φx1,...,xj ,...,xi−1,xi+1,...,xn(xj) = p ∗ qj−1 Ï-Ù
i > j

Φx1,...,xi−1,xi+1,...,xn(g)
Ï-Ù
i = j

Φx1,...,xi−1,xi+1,...,xj ,...,xn(xj) = p ∗ qj−2 Ï-Ù
j ≥ i ≥ 2.

Á Ò@Ú-ÖTÏ-ßÝÖ29I<�Ì'ÙÔÚgàqÎFÖìëçÏÝÙ
i ≥ 2

,
Φxi+1,...,xn(g) ∗ qi−1 �KΦx1,...,xi−1,xi+1,...,xn(g).

ä�Ö àqÎFÙ@áFÜ�ÞTÌ'ÎFÒÓÖ ÒèÐ�ÛFÚÝÌ�ÛCÌ'Ï-ÙÓßÝÙÔÌ'ÕXÛ!ÚÝÜTÞ�ÜTáFÖ�Õ�ß�Ö�ã
� ª Ù f = x ∈ V \ {x1, . . . , xn}

,
Φx1,...,xn(x) ∗∆i−1[γ(Φxi+1,...,xn(g), i)] = (p ∗ qχ(x)+n−1) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

�Ap ∗Q
χ(x)+n−1[∆i−1[γ(Φxi+1,...,xn(g), i)]]

�Kp ∗Q
χ(x)+n−i[γ(Φxi+1,...,xn(g), i) ∗ qi−1]

�Kp ∗ q
χ(x)+n−2

= Φx1,...,xi−1,xi+1,...,xn(x)

= Φx1,...,xi−1,xi+1,...,xn(x[xi := g]).

å äM¬



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

� ª Ù f = µ(h, k)
,

Φx1,...,xn(µ(h, k)) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

=µ(Φx1,...,xn(h),Φx1,...,xn(k)) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

→Mµ(Φx1,...,xn(h) ∗∆i−1[γ(Φxi+1,...,xn(g), i)],Φx1,...,xn(k) ∗∆i−1[γ(Φxi+1,...,xn(g), i)])

�Kµ(Φx1,...,xi−1,xi+1,...,xn(h[xi := g]),Φx1,...,xi−1,xi+1,...,xn(k[xi := g]))
�o[��P�

=Φx1,...,xi−1,xi+1,...,xn(µ(h[xi := g], k[xi := g]))

=Φx1,...,xi−1,xi+1,...,xn((µ(h, k)[xi := g]))

=Φx1,...,xi−1,xi+1,...,xn(f [xi := g]).

� ª Ù f = λy.h
ÐB<'Ö�Þ

y /∈ V(g) ∪ {x1, . . . , xn}
,

Φx1,...,xn(λy.h) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

=λ(Φy,x1,...,xn(h)) ∗∆i−1[γ(Φxi+1,...,xn(g), i)]

→Lλ(Φy,x1,...,xn(h) ∗∆i[γ(Φxi+1,...,xn(g), i)])

�Kλ(Φy,x1,...,xi−1,xi+1,...,xn(h[xi := g]))
��[¿�=�

=Φx1,...,xi−1,xi+1,...,xn(λy.(h[xi := g]))

=Φx1,...,xi−1,xi+1,...,xn((λy.h)[xi := g])
ÛFÎ!ÙÔÏÝàqÎFÖ

y /∈ V(g) ∪ {xi}.

♦

Õ ü+�
ü�Ö*Ö*DFú*�nrµiXý ; ×aýSÂ6�(�!�����
n

�
�Û�����*�!���� 
x, x1, . . . , xn



���§Ä(�"���*����������

���i¢H�ò

���i¢¾
"������� �0&��%���
���
f

���
g



���"¢
λ

�%�%��������� � x ���(�#��Å

Φx,x1,...,xn(f) ∗ γ(Φx1,...,xn(g), i) �KΦx1,...,xn(f [x := g]).

÷�r
øÚD~� |6} r ý_�=ÕºáFÜTØ�Ì'Õ�ß�Ú-Ö�ÖZ×!Ð�ÞZß�ÖTØ�ÖTÕ�ß áFÖ�ÒèÐ�Ø��TØ�Ö£1�Ð�æ�Ì'ÕºàqÎFÖ�ë4Ï-Ù
x
ÖTÏ}ßeÎFÕFÖ4<ìÐ�Ú-ÙèÐ"3FÒÓÖ<ÖZß

fÖ�ß
g
áFÖTÎV×

λ
�%ß�Ö�ÚÝØ�ÖTÏTë ÐìÒÔÌ'Ú-ÏS,

Φx(f) ∗ γ(Φ(g), i) �KΦ(f [x := g]).

�=Õ¥Û°ÖTÎ!ß�9�ÛFÚ-ÜTÏÝÖ�Õ�ßÑáFÜ�ØåÌ�ÕqßÝÚÝÖ�Ú_ÒÓÖ=ß#�FÜ�Ì'ÚÝê�ØåÖ>îÍã ô'ó�ã
©4�����(�����*�	�"���!�(�ò
"�ß� �����(�#Ò����'� � È+ü ��ª Ì'ÙÔÖ�Õqß f ÖZß

g
áFÖ�ÎV×

λ
�%ß�Ö�ÚÝØ�ÖTÏ�ß�Ö�ÒÔÏ�àqÎFÖ

f → βg
ã�ÞÑÒÔÌ�ÚÝÏTë

ÛçÐ�Úeá!Ü�éçÕFÙ ß�ÙÓÌ'Õ áFÖ ÒèÐ
β

�hÚÝÜ�áFÎFÞ�ßÝÙÔÌ'Õ9ë9ÙÔÒ:ÖZ×VÙÔÏ}ß�Ö ÎFÕ
λ
� ÞTÌ�ÕqßÝÖZ×�ß�Ö

C
ë9á!ÖTÎV×

λ
�hßÝÖTÚ-ØåÖ�Ï

h
Ö�ß
k
ÖZß ÎFÕFÖ

<ìÐ�ÚÝÙÔÐ"3FÒÓÖ
x
ßÝÖTÒÔÏ�àqÎFÖ�,

f = C[µ(λx.h, k)]
Ö�ß
g = C[h[x := k]].

å äMÓ



�¡O6®ÏUjT[Y	X(k�ZoVnZ#l ç�k§W�]
C ��� ç�knç��FWMX�ldkMl Z#léV�b^X[Z

λ � `[V^b `(]�b
V�mnXB`�Y�]�hnYoZ#l Z�]�Z#lzç�knY_X��
R�belé`�l Z�X[Y

�=Õ¥Õ!Ì�ß�Ö
L(C) = {x1 < · · · < xn}

��áçÐ�ÕFÏgÒÔÖeÞTÐ�Ï
L(C) = ∅

ëFÞ"/ ÖTÏ}ßÑÛçÐìÚÝÖTÙÓÒ¶��ã�ÞÑÒÓÌ'ÚÝÏ�,

Φ(f) = Φ(C[µ(λx.h, k)])

= Ψ(C)[Φx1,...,xn(µ(λx.h, k))]

= Ψ(C)[µ(λ(Φx,x1,...,xn(h),Φx1,...,xn(k)))]

→BΨ(C)[Φx,x1,...,xn(h) ∗ γ(Φx1,...,xn(k), i)]

�KΨ(C)[Φx1,...,xn(h[x := k])]
á0/ñÐ�Û!ÚÝêTÏgÒÓÖeÞTÌ'Ú-Ì'ÒÔÒÔÐ�ÙÔÚ-ÖÑÛFÚ-ÜTÞTÜ�áFÖTÕ�ß

= Φ(C[h[x := k]])

= Φ(g).

♦

.0/¤�C/on cdD¥NPRIJL7LD-geDI:y>O¦PBHRIMAD�BA«;D�MADI@=J9D-geDI:K>jJ9<
β � :Pf?B#ge<KJL7LM®<?>A7Lf;:

�=Õ¥Þ�Ì'ØåØ�ÖTÕ!ÞTÖeÛçÐ�ÚgØ�Ì'Õ�ß�Ú-ÖTÚ�,
�2�
ü+�mü @ ú û\ú�üCùjiXý ; ó@ý_Â6�(� �

f
�
�

λ
�%���������\����������
��"���¡�
�0�

β
�d¤B�(�����>�0�(�����"��� � x ���(�#�

Φ(f)
�������

��Ò�

�>�
�0�
KB

�d¤B�(�����>�0�(�����"��� �
©4�����(�����*�	�"���!�(� � �ÍÌ�ßÝÌ'ÕFÏ

β(f)
Ò!/ ÎFÕFÙÔàqÎFÖ

β
�!1�Ì'ÚÝØ�Ö=ÕFÌ'Ú-Ø�ÐìÒÔÖÑá!Ö

f
ã

ÞÑÒÓÌ'ÚÝÏ
Φ(β(f))

ÕFÖ_ÞTÌ'Õ�ß�ÙÓÖTÕ�ßNàqÎFÖ_áFÖTÏMÌ'Û°ÜTÚ�Ð
ß�ÖTÎ!ÚÝÏ
p
ë
q
ë
λ
ë�Ö�ß

µ
ÛçÐ�ÚmÞTÌ�ÕFÏ-ßÝÚÝÎFÞZß�ÙÔÌ�ÕåáFÖ

Φ
ã�ä¿/ ÖTÏ}ß

áFÌ'Õ!Þ¿Î!ÕFÖ
K

��1�Ì'Ú-ØåÖ=Õ!Ì'ÚÝØåÐ�ÒÔÖìã
ÔÑÖ�ÛFÒÓÎFÏTë

β(f)
ÕFÖ�Þ�Ì'Õ�ß�ÙÓÖTÕ�ßeÛçÐ�ÏÍáFÖ

β
� Ú-ÖTáFÖ�×Ç,

Φ(β(f))
ÕFÖ�Û°ÖTÎVß=áFÌ'Õ!Þ�ÛçÐ�Ï=Þ�Ì'Õ�ß�Ö�ÕFÙÔÚÍáFÖ

B
�

ÚÝÖ�áFÖZ×Cë Þ"/ ÖTÏ}ßÑá!Ì'ÕFÞ¿Ð�ÎFÏ-ÏÝÙ@ÎFÕFÖ
B

�!1�Ì'ÚÝØ�ÖeÕFÌ'Ú-Ø�ÐìÒÔÖÑÖZß_áFÌ'ÕFÞ ÎFÕ!Ö
KB

��1�Ì'Ú-ØåÖeÕFÌ�ÚÝØåÐ�ÒÔÖìã
ä�Ì'Ø�ØåÖ

f �ββ(f)
ë°Ì'Õ Ð�3FÙÓÖTÕ

Φ(f) �KBΦ(β(f))
ëCÞTÖ�àqÎFÙ�Û!ÚÝÌ'Î�<�Ö à�Î!Ö

Φ(β(f))
Ö�Ï-ß ÎFÕ!Ö

KB
�!1�Ì'ÚÝØ�Ö=ÕFÌ�ÚÝØåÐ�ÒÔÖ=á!Ö

Φ(f)
ã

♦

ä�ÖTÛ°ÖTÕFáFÐ�Õ�ß)ë Ì'Õ¥Ð ÒÓÖeÚÝÜ�ÏÝÎFÒ ß�ÐìßgÕFÜ�â�ÐìßÝÙ=1:ÏÝÎFÙ'<�ÐìÕqß>,
�2�
ü+�mü @ ú û\ú�üCù·iXý ; ô@ý2�s�¾

�����!���������2�0�����#��������Ä"�§���(�ß�'�

β
�%�%�����I� ���"�����(� � x ���*�#���������§
"� �F £� �

�	¢M�����%�>���
λ

�%�%�������
f

�%���s)��+�
β

�%�����I� �0�£���
f

���"���
KB

�0�2�������I� �0�\���(�4���
Φ(f) �

©4�����(�����*�	�"���!�(� � Á ÒYÏ-Î�ù ßeáFÖ�ßÝÚ�Ð�áFÎ!ÙÔÚÝÖ<ÒÔÖ<ÞTÌ'Õ�ß�Ú-Ö��hÖZ×VÖTØ�ÛFÒÔÖ�áFÖ î¥Ö�ÒÔÒÔÙÓêTÏ<ðñî�ÖTÒjðM¹
õYáFÐ�ÕFÏ
K
ë4Þ�Ö�àqÎFÙ

áFÌ'Õ!ÕFÖ§,

m = µ(λµ(λp, µ(λp, p)), µ(λp, p)).

�=Õ:<�ÜTÚÝÙ éçÖ¿Ð�ÒÔÌ�ÚÝÏ�àqÎFÖ
KB

ÕFÖeß�ÖTÚ-ØåÙÓÕFÖ=ÛçÐìÏ_Ö�Õ
m
áFÖ ÒèÐ�Ø��TØ�Ö¿1�Ð�æTÌ�Õ¥àqÎFÖ áçÐ�Õ!Ï<ð î¥Ö�Òjð�¹
õ0ã

♦

å õ�ä



�¡O � OEViX>Y9WnY�Z�g � X�WMX4UjT�T�`(U*l Z�]�UjX
K

knX>Y�l � ]�b XIR(V(Y_`�ç � R�b g[Z�X � X(k�ZSb X
λ � `�V�bz`n]�b

«mÕ¥Ú-Ö[<ìÐ�ÕFÞ��FÖìë Ì'Õ�Ð�ÒÓÖeÚÝÜTÏ-ÎFÒÓß�ÐìßgÌ'Û°ÜTÚÝÐìß�ÙÓÌ'ÕFÕFÖ�Ò4ÏÝÎFÙ'<ìÐ�Õ�ß>,
�2�
ü+�mü @ ú û\ú�üCù�iXý ; úCý¿�Ï�������	�"�%�!�"�!�

S


�FË¨���!�a���"�

a →Sb
���
a →Bc

���
b = K(c)

�������I� �0�����
�%�(���

Φ(f)
���(�����
�

λ
�%���������

f
����������
��"�����
�0�

β
�d¤B�(�������0�(�����"��� �

©4�����(�����*�	�"���!�(� �aª ÎFÛFÛ°Ì'Ï-Ì'ÕFÏ àqÎ6/ ÙÓÒ¼ÖZ×VÙÓÏ-ß�Ö"Î!ÕFÖÁÏÝÎFÙ ß�ÖXÙÓÕ!éçÕFÙÓÖXáFÖ
S

� Ú-ÜTáFÎFÞZß�ÙÓÌ'ÕFÏ�ÙÔÏ-ÏÝÎFÖ"á!Ö
Φ(f)

ã
ÞÑÒÓÌ'ÚÝÏ�Ì�Õ�Û°ÖTÎVßÍÒ�/ Ü�ÞTÚ-ÙÔÚÝÖI,

Φ(f)→Ba1 �KK(a1) �Ba2 �KK(a2)→B . . .

�@Ö
B

� ÚÝÖ�áFÖZ×�ÚÝÜTá!ÎFÙÓßNÒÓÌ'ÚÝÏmáFÖ
Φ(f)→Ba1

ÞTÌ'Ú-ÚÝÖ�ÏÝÛ°Ì'ÕFá¦9 Î!Õ
β

� Ú-ÖTáFÖ�× áFÖ
f
ã��eÕ Ö�ÕåáFÜ�áFÎFÙ ßNà�Î!Ö�ë

ÏÝÙ
f1

ÖTÏ}ß�ÒÔÖ
λ
�hßÝÖTÚÝØ�ÖMÌM3!ß�Ö�ÕqÎI9_ÛFÐ�Ú-ßÝÙÔÚaáFÖ

f
ÛçÐ�Ú�ÞTÌ�ÕqßÝÚ�Ð�ÞZß�ÙÓÌ'Õ<á!Ö�ÞTÖ

β
� Ú-ÖTáFÖ�×9ë
Ì'Õ�Ð

K(a1) = Φ(f1)
ã

íYÐ�ÚÍÚÝÜ�ÞTÎFÚ-ÚÝÖTÕ!ÞTÖ�ë9Ì'Õ ÞTÌ�ÕFÏ-ßÝÚÝÎFÙ ß=Ð�ÒÓÌ'ÚÝÏ_ÎFÕFÖ<ÏÝÎFÙ ß�Ö<ÙÔÕ!éçÕ!ÙÔÖ¿áFÖ
β

� Ú-ÜTáFÎ!Þ�ß�ÙÓÌ'ÕFÏ_ÙÔÏ-ÏÝÎFÖ�á!Ö
f
ë Þ�Ö�àqÎFÙ

ÞTÌ�ÕqßÝÚÝÖ�áFÙÓßgÒÓÖS1�Ð�ÙÓßgàqÎFÖ
β
ßÝÖTÚ-ØåÙÓÕFÖeÖTÕ

f
ã

♦

å õMõ
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ðéÞ * ða]
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ðïî�ÎFÞòóiðìõ î�ÚÝÎ!ÕFÌ¾î�ÎFÞ��^3°ÖTÚ-â'ÖTÚ�ë x � �����(�����*�!&��"�½���(�����a¤B�(�¦� �����#��
"��&����!�(� ��¤����(��À(�0�(�I�*�"�w�����
&��"�0�(���!&��"�i¤B�(���£�Zã~Þ_ä�î ª Á * ª Þeî î�ÎFÒÔÒÓÖ�ßÝÙÔÕ X `a�"à!ëFÛçÐìâ'ÖTÏ X ð(�2ô"ð!ë X ð�ó"¸!ã

ðïî�ÎFÚ�] X õ ÞÑÒ=3CÖ�Ú-ßßî�ÎFÚ-ÚÝÌ'ÕFÙ0ë x �ï�
Ò����#���ß�"�	�����
�*)��+��� �������H�
� &��(�0&��%����

�t
"� ���������!�(�ã
��"���
�������'�"�
�����
���_¤B�(�������w�%$
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