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ABSTRACT. It is known that many (upper) cluster algebras are not unique fac-
torization domains. We exhibit the local factorization properties with respect
to any given seed ¢: any non-zero element in a full rank upper cluster algebra
can be uniquely written as the product of a cluster monomial in ¢t and another
element not divisible by the cluster variables in ¢t. Our approach is based on
introducing the valuation pairing on an upper cluster algebra: it counts the
maximal multiplicity of a cluster variable among the factorizations of any given
element.

We apply the valuation pairing to obtain many results concerning factori-
ality, d-vectors, F-polynomials and the combinatorics of cluster Poisson vari-
ables. In particular, we obtain that full rank and primitive upper cluster alge-
bras are factorial; an explanation of d-vectors using valuation pairing; a cluster
monomial in non-initial cluster variables is determined by its F-polynomial; the
F-polynomials of non-initial cluster variables are irreducible; and the cluster
Poisson variables parametrize the exchange pairs of the corresponding upper
cluster algebra.
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1. INTRODUCTION

1.1. Background. Around the year 2000, Fomin and Zelevinsky introduced [FZ02]
cluster algebras with the aim of developing a combinatorial approach to the the-
ory of canonical bases in quantum groups and the closely related theory of total
positivity in algebraic groups. Since then, cluster algebras have been linked to nu-
merous other subjects and their study has flourished, cf. for example the surveys

[LecI0) [Fom10, Kel12) [KD20].
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A cluster algebra A is a subalgebra of an ambient field F generated by certain
combinatorially defined generators (called cluster variables), which are grouped into
overlapping sets (called clusters) of constant cardinality n. Different clusters are
obtained from each other by a sequence of mutations. One remarkable feature of
cluster algebras is the Laurent phenomenon [FZ02], that is, for any given cluster

Ay, = (A1, - -5 Aty ), €ach cluster variable Ay, can be written as
A _ P(Al;toa cee 7A7l;t0)
kit = AD Adn ’
1;to e n;ito

where P is a polynomial in variables from A, such that A;,;, does not divide P for
any ¢. The vector

d(Ag,) = (dy, ..., dy)7T
is called the d-vector of Ay, with respect to A;, and the polynomial P is called the
numerator polynomial of Ay, with respect to Ay, .

For each cluster algebra A, Fock—Goncharov defined [FGQ9] a pair of varieties:
the cluster Ko-variety and the cluster Poisson variety (we follow the terminology of
the appendix to [SW20]). The upper cluster algebra U is defined to be the algebra
of global functions on the cluster Ks-variety, and the cluster Poisson algebra X is
defined to be the algebra of the global functions on the cluster Poisson variety. The
clusters of U correspond to local toric charts and the cluster variables correspond to
local coordinates (which happen to be global functions) of the cluster Ks-variety.
The cluster Poisson variety admits a canonical atlas of dual toric charts whose
coordinates are the cluster Poisson variables (but they are not global) of X'.

1.2. Main results. An upper cluster algebra is constructed from seeds. Each seed
contains a cluster and a skew-symmetrizable matrix B called its exchange matrix,
see Section 2] Moreover, when the upper cluster algebra has geometric type, we
can associate to t the extended exchange matrix B , see Definition m The upper
cluster algebra is said to be full rank or primitive if B is. Such properties are
independent of the choice of the seed.

Valuation pairings, factoriality and the ray fish theorem. It is known from [GLSI3]
that many (upper) cluster algebras are not unique factorization domains. In order
to study the local factorization properties of upper cluster algebras, we introduce
the valuation pairing (see Definition on any upper cluster algebra /. To each
pair (Ag,, M) consisting of a cluster variable Ay, and an element M in U, it
associates the largest integer s (possibly infinity) such that M/Aj, still belongs to
U. We write (Ag,||M), = s. Using the valuation pairing we prove that any full
rank upper cluster algebra has the following local unique factorization property: For
each seed t of U, any non-zero element M can be uniquely factorized as M = N - L,
where N is a cluster monomial in ¢ and L is an element in U not divisible by any
cluster variable in t. We will give many applications to d-vectors, F-polynomials,
factoriality of upper cluster algebras and combinatorics of cluster Poisson variables.

As an application to factoriality of upper cluster algebras, we prove that a full
rank upper cluster algebra U with initial seed tg is factorial if and only if each
exchange binomial of tg is irreducible in the corresponding polynomial ring (see
Theorem. In particular, full rank, primitive upper cluster algebras are factorial
(see Theorem [4.8) (i)). These include principal coefficient upper cluster algebras as
a special case. For full rank, primitive upper cluster algebras, we also prove that the
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numerator polynomials of non-initial cluster variables are irreducible (see Theorem
4.8) (ii)).

The starfish theorem in [BFZ05], cf. also Theorem of the present paper,
plays a very important role in this paper. It states that any full rank upper cluster
algebra U can be written as the intersection of n+1 Laurent polynomial rings. Here
n is the rank of ¢/. Thanks to the results on factoriality of upper cluster algebras,
we show that any full rank, primitive upper cluster algebra can be written as the
intersection of two Laurent polynomial rings (see Theorem . We call this the
ray fish theorem.

Application to d-vectors. In [CL20], Li and the first author of the present paper
proved that there exists a well-defined function (—||—)4 on the set of cluster vari-
ables, which is called the d-compatibility degree. The values of the d-compatibility
degree (—||—)q are given by the components of the d-vectors. One remarkable
property of the d-compatibility degree is that it uniquely determines how the set of
cluster variables is grouped into clusters. As an application to d-vectors, we show
how to express the d-compatibility degree and the d-vectors using the valuation
pairing for full rank upper cluster algebras (see Theorem . As an application,
in the full rank, primitive case, we prove that if M is a monomial in non-initial clus-
ter variables, then M and its d-vector are uniquely determined by the numerator
polynomial Py; of M (see Proposition .

Application to F-polynomials. Let B be an n X n skew-symmetrizable integer ma-
trix. The F-polynomial F,fgto associated with (B, to; k, t) may be constructed by an
explicit recursion or using the cluster algebra .4 with principal coefficients [FZ07]
associated with (B, tg): Let Ayy = (A1.to,- - -5 Anit,) be the initial cluster of A and
Ap;t a cluster variable of A. In this case, the cluster variable Ay, can be written
as a Laurent polynomial in Z[Z1, ..., Z,] [Aftlo, e 7A#fo]' Then the F-polynomial
of Ay, is the specialization given by

B;
Fk;tto (Z1,...,2y) = Ak§t‘A1§t0:-~v:An;t0:1 €ELZy,...,2Zy).
When B and tj is clear, we just write F,f t;to for Fi.;.

S
Let M = [] M; be a monomial in cluster variables, where each M; is a cluster
i=1
S

variable of A. The F-polynomial of M is the polynomial Fj; := [] Fas,, where
i=1
Fyy, is the F-polynomial of the cluster variable M;.

The F-polynomials are the non tropical ingredients of the canonical expressions
[NZ12] for both, the cluster variables and the cluster Poisson variables. They are
fundamental in the additive categorification of cluster algebras (see for example
[CC06, DWZ10] and the surveys [BM06, [GLS08| [Kel10} [Kel12| [PIa1g]) and in their
link to Donaldson—-Thomas theory (see for example [KS08, Nagl3| Bril7]). It is
known that F-polynomials enjoy many nice properties, for example, they have
positive coefficients and constant term 1. We refer the readers to [LS15, [DWZ10,
GHKK1§]| for these results and to [GY20, [Gyo21], [FG19al, [Feil9al [Feil9bl [LP22] for
some recent work on F-polynomials.

As an application to F-polynomials, we prove that if M is a monomial in non-
initial cluster variables, then M is uniquely determined by its F-polynomial Fs



4 PEIGEN CAO, BERNHARD KELLER, AND FAN QIN

(see Theorem [6.1). We also prove that the F-polynomials of non-initial cluster
variables are irreducible (see Theorem [6.2)).

Application to cluster Poisson variables. As an application to combinatorics of
cluster Poisson variables, we give several equivalent characterizations of when two
cluster Poisson variables are equal (see Theorem [7.5). Recall that each mutation
t' = i (t) gives an o7 -exchange pair (Ag,t, Ar.r) of the upper cluster algebra U and
an 2 -exchange pair (Xi.t, Xg) of the cluster Poisson algebra X.

As the first application of Theorem we prove that the cluster Poisson vari-
ables of a cluster Poisson algebra X’ parametrize the o/-exchange pairs of the up-
per cluster algebra U of the same type as X (see Theorem [7.6)). This extends the
corresponding result by Sherman-Bennett [SB19] from the finite type case to full
generality.

As the second application of Theorem we prove that the 2 -seeds of X
whose Poisson clusters contain particular cluster Poisson variables form a connected
subgraph of the exchange graph of X’ (see Theorem . This is analogous to the
result on the exchange graphs of cluster algebras given in [CL20], cf. also Theorem

of this paper.

1.3. Contents. This paper is organized as follows: In Section [2} some basic defi-
nitions, notations and known results are introduced. In Section [3] we introduce the
valuation pairing (—||—), on any upper cluster algebra and prove the local unique
factorization property for full rank upper cluster algebras (see Theorem . In
Sections [ [B] [6} [7} we give the applications to d-vectors, F-polynomials, factorial-
ity of upper cluster algebras and combinatorics of cluster Poisson variables. To be
more precise:

In Section 4.1} we prove that a full rank upper cluster algebra U with initial
seed tg is factorial if and only if each exchange binomial of #; is irreducible in the
corresponding polynomial ring (see Theorem [4.4). In particular, we show in Section
that full rank, primitive upper cluster algebras are factorial (see Theorem 4.8
(i)). Moreover, for these upper cluster algebras, we also show that the numerator
polynomials of non-initial cluster variables are irreducible (see Theorem (ii)).
In Section 4.3 we give some examples of non-factorial upper cluster algebras. In
Section[4:4] we prove the ray fish theorem, which states that any full rank, primitive
upper cluster algebra U can be written as the intersection of two Laurent polynomial
rings (see Theorem [4.18).

In Section [5.1} we show how to express the d-compatibility degree and the d-
vectors using the valuation pairing for full rank upper cluster algebras (see Theorem
5.1]). In Section we give a local factorization for cluster monomials (see Theorem
5.4). As an application, in the full rank, primitive case, we prove that if M is a
monomial in non-initial cluster variables, then M and its d-vector are uniquely
determined by the numerator polynomial Py of M (see Proposition .

In Section we prove that if M is a monomial in non-initial cluster variables,
then M is uniquely determined by its F-polynomial Fj; (see Theorem . In
Section we prove that the F-polynomials of non-initial cluster variables are
irreducible (see Theorem [6.2)).

In Section [7] we give several equivalent characterizations of when two cluster
Poisson variables are equal (see Theorem . As the first application, we prove
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that the cluster Poisson variables of a cluster Poisson algebra X' parametrize the o7 -
exchange pairs of the upper cluster algebra U of the same type as X (see Theorem
. As the second application, we prove that the 2 -seeds of X whose Poisson
clusters contain particular cluster Poisson variables form a connected subgraph of
the exchange graph of X (see Theorem .

The following diagram gives the logical dependence among the proofs of the main
theorems in this paper.

Theorem 3.1 ——— Theorem [5.1] Theorem [5.4]
Theorem .18 +—— Theorem [4.4] [1.§ Theorem [6.2] Theorem [6.1]

Theorem < Theorem —— Theorem [7.10]

1.4. Convention and assumption. Throughout this article, K is a field of char-
acteristic 0 or K = Z and all upper cluster algebras are considered as algebras over
KP, where P is some abelian multiplicative group and KP the corresponding group
ring.

We always assume that the exchange binomials of upper cluster algebras in this
article are not invertible in KP. Note that when K = Z, this condition is always
satisfied. When K is a field and we have a trivial exchange relation

Ay A, = P, € (KP)*

in an upper cluster algebra U, we can always freeze the cluster variable Ay and
consider the upper cluster algebra ¢! with smaller rank over KP' = KIE”[A%]. Note
that 4T and U are isomorphic as K-algebras.
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2. PRELIMINARIES

2.1. Basics on cluster algebras and cluster Poisson algebras. An n x n
integer matrix B is skew-symmetrizable if there is an integer diagonal matrix S
with strictly positive diagonal entries such that SB is skew-symmetric. Such an S
is said to be a skew-symmetrizer of B.

Can
integer matrix with B skew-symmetrizable. The mutation j(B) of B at k €

Definition 2.1 (Matrix mutation). Let B = <B"X”) = (b;;) be an (n+m) x n
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C/

mxXn

~ - !
{1,...,n} is the new matrix ux(B) = B’ = (B”X"> = (b;) given by

;) —bi, ifi=korj=k;
9] by + sgn(big)max(bixbgj,0) , otherwise.

It is not hard to check that the submatrix B’ of B’ is still skew-symmetrizable
with the same skew-symmetrizer as B and py is an involution.

Proposition 2.2. [BFZ05, Lemma 3.2] Matriz mutations preserve the rank of B.

Recall that (P,®,-) is a semifield if (P,) is an abelian multiplicative group
endowed with a binary operation of auxiliary addition @& which is commutative,
associative and satisfies that the multiplication distributes over the auxiliary addi-
tion.

The tropical semifield P = Trop(Zy, ..., Zy) is the free (multiplicative) abelian
group generated by Zi,..., Z,, with auxiliary addition & defined by

7o o [ 20 = Tzt
[zl =11

Let Qs (Z1, . .., Zim) be the set of all non-zero rational functions in m independent
variables 71, ..., Z,,, which can be written as subtraction-free rational expressions
in Z1,...,Zm. The set Qs(Z1,...,Zy) is a semifield with respect to the usual
operations of multiplication and addition. It is called an universal semifield.

Definition 2.3 (£ -seed and cluster Poisson seed). (i) A (labeled) 2 -seed over a
semifield P is a pair (B, X), where
e B = (b;;) is an n x n skew-symmetrizable integer matrix, called an exzchange
matric ;
e X =(Xy,...,X,) is an n-tuple of elements in P. We call X the 2 -cluster
and X1,..., X, the 2 -variables of (B, X).
(ii) Let (B, X) be an 2 "-seed over a semifield P. If P = Qg (X7, ..., X, ), we call
(B, X) a cluster Poisson seed, X the Poisson cluster, and X1,..., X, the cluster
Poisson variables of (B, X).

Throughout this article, we assume that K is a field of characteristic 0 or K = Z
and we take the ambient field F to be the field of rational functions in n independent
variables with coefficients in KP.

Definition 2.4 (o/-seed). A (labeled) <7 -seed over P is a triple (B, X, A), where
e (B, X) forms an 2 -seed over P;
e A=(Ay,...,A,) is an n-tuple such that {Ay,..., A, } is a free generating
set of F over KP. We call A the cluster and A4, ..., A, the cluster variables
of (B, X, A);
Definition 2.5 (2 -seed mutation and 2 -exchange pair). Let (B, X) be an 2 -
seed over P. Define the 2 -seed mutation of (B, X) at k € {1,...,n} as a new pair
ur (B, X) = (B, X’"), where B’ = p(B) and X' = (X1,...,X]) is given by

, X, if i = k;
Xz' = ymax(bgi,0) —br; e
Xi X, (16 Xx) , if i # k.

In this case, (X, X},) is called an 2 -exchange pair.
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Definition 2.6 (7-seed mutation and «/-exchange pair). Let (B, X, A) be an /-
seed over P. Define the mutation of (B,X,A) at k € {1,...,n} as a new triple
pr(B, X, A) = (B, X', A", where (B',X') = pp(B,X) and A" = (A],...,A]) is
given by

Al = -1/ X bjk 1 —bjk e
i AL (1®Xk 11 Aj + Tox 11 Aj ), ifi=k.
b]‘k>0 bjk<0

In this case, (Ag, A}) is called an & -exchange pair. The binomial

X bin 1 —b;
A7F Ak
1@Xka J +1@Xka J

k>0 k<0

is called the k-th exchange binomial of (B, X, A).

It is not hard to check that each mutation p maps a seed (£ -seed or cluster
Poisson seed or o7-seed) to a new seed of the same type and that py, is an involution.

Let T,, be the n-regular tree. Let us label the edges of T,, by 1,...,n such that
the n different edges adjacent to the same vertex of T,, receive different labels.

Definition 2.7 (Seed pattern). A seed pattern S over PP is an assignment of a seed
¢ (2 -seed or cluster Poisson seed or o7-seed) to every vertex t of the n-regular
tree T,, such that ¥y = g (X;) for any edge t —E— t/.

Note that the datum of an initial seed at a vertex ty determines a unique seed
pattern. Now we give some symbols which are used in the sequel. We always write
B; = (bgj)7 X = (X4, ..., Xpny) and Ay = (Aqy, ..., Ayy). For simplicity, we will
also use t to denote the seed at t € T,,.

Two (labeled) seeds are equivalent if they are the same up to relabeling.

Definition 2.8 (Exchange graph). Let S be a seed pattern. The exchange graph
EG(S) of S is a graph whose vertices are in bijection with the seeds (up to equiv-
alence) of § and whose edges correspond to the seed mutations.

Proposition 2.9. [FZ07, Proposition 3.9] Let & be an o -seed pattern. With
each of -seed t = (B, Xy, At), we associate an X -seed (B, X:), where X; =

N ~ . . N 7 bév A ~
(X1, .-, Xngt) 1s given by X0 = X [ Ai;tj. Then § = {(By, X¢) }ter,, forms
i=1
an 2 -seed pattern.
Now we recall some seed patterns (2 -seed patterns or <-seed patterns) over

particular semifields.

e A seed pattern S over P is said to be of geometric type, if P is a tropical
semifield, say P = Trop(Z1, ..., Zn).

e A seed pattern S over P is said to be with principal coefficients at tg, if
P = Trop(Zi,...,2Z,) and X;4, = Z, fori=1,...,n.

e A seed pattern S over P is said to be with universal coefficient semifield, if
P = Qu(X1:t0s- - - » Xnyt,) for some seed tg of S.

Definition 2.10 (Coefficient matrices and extended exchange matrices). Let S be
a seed pattern of geometric type with coefficient semifield P = Trop(Zy, ..., Zm).
We know that each 2 -variable X}, has the form

Ct Ct
Xk‘;t — lek .. Zn{nk'
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The matrix Cy := (¢};)mxn is called the coefficient matriz at t and the (n+m) x n

matrix B, = <gt> is called the extended exchange matriz at t.
t
Proposition 2.11. [FZ02, Proposition 5.8] Let S be a seed pattern of geometric

type. Then for any edge t —E— t' in T,,, we have By = uy(By), where B, and By
are the extended exchange matrices at t and t'.

Definition 2.12 (Cluster Poisson algebra). Let Sy. be an %2 -seed pattern with
universal coefficient semifield. The cluster Poisson algebra X = X (Sy¢) associated
with S, is the intersection

X =)L),

teT,
where L(t) = K[Xli;tl, .. ,X,ﬂ]

Definition 2.13 (Cluster algebra and upper cluster algebra). Let S be an «7-seed
pattern over a semifield P.

(i) The cluster algebra A = A(S) associated with S is the KP-subalgebra of F
generated by the cluster variables of S, namely, A = KP[A1,,..., Ayt € T,).

(ii) The upper cluster algebra U = U(S) associated with S is the intersection

U= L),

teT,
where L(t) = KP[AL;, ..., AL]].

Since cluster Poisson algebras and (upper) cluster algebras are defined from seed
patterns, we can talk about the exchange graphs of these algebras. We can also
talk about the (upper) cluster algebras of geometric type, with principal coefficients
and with universal coefficient semifield.

Theorem 2.14 (Laurent phenomenon and positivity). Let A be a cluster algebra
with coefficient semifield P and initial seed tg. The following statements hold.

(i) [FZ02] Each cluster variable Ayt of A can be written as a Laurent polyno-
mial in ZP[AY,] ..., Axy -
(ii) [GHKKIS] The coefficients in above Laurent polynomial are positive.
(ii) |[FZO3] If P = Trop(Z1,...,Zm), then each cluster variable Ay, of A can

be written as a Laurent polynomial in Z[Z1, . . ., Zm][AI—L;th, ce Aféo],

A geometric upper cluster algebra with initial seed o is called a full rank upper
cluster algebra if its initial extended exchange matrix By, has full rank.

Remark 2.15. For a full rank upper cluster algebra ¢, we know that every extended
exchange matrix B; of U has full rank, since mutations preserve the rank of the
extended exchange matrices (see Proposition [2.2]).

Theorem 2.16 (Starfish theorem). Let U be a full rank upper cluster algebra and
to a seed of U. Then we have

U=()L),
i=0
wheret; = p;i(to) forj=1,...,n and L(t;) = KIP’[Ali;i, . 7Ai1i] fori=0,1,...,n.
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Proof. For the case K = Z, the proof can be found in [BFZ05] and the proof there
also works for the case where K is a field of characteristic 0. O

Theorem 2.17. [CL20] Let A be a cluster algebra with coefficient semifield P. Then
the seeds of A whose clusters contain particular cluster variables form a connected
subgraph of the exchange graph of A.

The following result is a direct corollary.

Corollary 2.18. [CL20] Let A be a cluster algebra with coefficient semifield IP and
t1,ts two seeds of A. If t; and t5 have at least n — 1 common cluster variables, then
in the exchange graph of A either ¢; and 2 represent the same vertex or there is
an edge between t; and ts.

Recall that a cluster algebra is acyclic if it has an acyclic seed: a seed with an
exchange matrix B = (b;;), such that there is no sequence of indices i1,... 441 €
{1,...,n} with b > 0 for all j and ip41 = 471.

155054+1

Proposition 2.19. [BFZ05, Mulld] Let A be an acyclic cluster algebra and U the
corresponding upper cluster algebra. Then A =U.

2.2. d-vectors, f-vectors, g-vectors, c-vectors and F-polynomials. Let M
be any non-zero element in L(tg) = ]KIP[A{E;%O, .., AR ]. Then M has the form

n;to
P]\/I(Al;tm e 7An;to)
M = ye Yz ,
Lito ~ " " Hinsto

where Py € KP[A1.4y, ..., Anyt,) With A4 § Par for j =1,...,n. The vector
dio(M) = (dy,...,d,)7T

is called the d-vector of M with respect to Ay, = (A1, - - -5 Any,) and the polyno-
mial Py is called the numerator polynomial of M with respect to Ay,.

Remark 2.20. Notice that for any 0 # M, N € L(ty), we have
d"(M - N) =d" (M) +d"(N).

Definition 2.21 (F-polynomial). Let B be an n x n skew-symmetrizable integer
matrix and A a principal coefficient cluster algebra at ¢ty with By, = B. Let Ay
be a cluster variable of .4, which can be written as a Laurent polynomial in

Z[Zy, ..., Z)|ATS, .- ASL)

nito
by the Laurent phenomenon. The polynomial
Flft;to (Z1,- s Zn) = Akl Aryy=..=Any=1 € Z[Z1, ..., Zn],
which only depends on (B, tg; k,t), is called an F-polynomial of B. Note that we
always view F,ft;t" as a polynomial in new variables Y1,...,Y, in the sequel.
Proposition 2.22. [FZ07, Proposition 5.2] The F-polynomial F,ft;to (Yr,...,Y,) is
not divisible by any Y.

Let B be an n X n skew-symmetrizable matrix and ¢y a vertex of T,,. Now we
define two families of integer matrices {DZ"}er and {FF"},cr, .
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Definition 2.23 (D-matrices and F-matrices). Let B be an nxn skew-symmetrizable
matrix and ty a vertex of T,,.

(i) [FZ07] The matrix D = (dﬁi”) is uniquely determined by the initial con-

dition By, = B and DtB; to — —1,, together with the following recurrence relations:
Bito ep . .
dB;tO = d”,tB :fo Bitopt Bitopt lf] 7& k7
it =)~y + max{ >  d;’ it Ol > —dy; 40 ) =k,
bj), >0 bj;, <0

Bitol, e are called the D-matrices

of B.
(ii) [FG19b] Let F,ft;to (Zy,...,Zy,) be the F-polynomial given in Definition

and fB 0 he the maximal exponent of Z; appearing in F,ft;t". The vector

fB§to _ (£Bsto B;to)T

_( 1kst o2 Inkst

is called an f-vector of B and the matrix F% = (fg;fo)nxn is called an F-matriz
of B.

Remark 2.24. Let A be a cluster algebra with initial exchange matrix B at tg. Then
the k-th column vector df,;tto of Df;to is exactly the d-vector d"(Ag.;) of Ay with
respect to Ay, by [FZ07, (7.7)].

Proposition 2.25. Let U be an upper cluster algebra and M a non-zero element
in U. Let to,t; be two seeds of U with t; = ug(ty). Let d = (di,...,d,)T and
d' = (dy,...,d,)T be the d-vectors of M with respect to to and t; respectively.
Then d; = d for any i # k.

Proof. The proof is the same as that of [RS18| Proposition 2.5]. O

Theorem 2.26 (Canonical expressions). Let B be an n x n skew-symmetrizable
matric and

{Fl, . F2"}er,
the F-polynomials given in Definition [2.21]

(i) [FZ07] Let A be a cluster algebra with principal coefficients at to and with
B, = B. Then for any cluster variable Ay of A, there exists a unique

= (gDito BT  7n guch that

tor gDito
vector gy} ikt - Inbat

Bitg
_ ABkst Bito (% %
A = Ato ) Fk;t (Xl;tm cee ,Xn;t0)7

glito

whereA’“ —HA”“, Jtof ]tolHALJ_ZHAztO

3 to
(ii) [NZ12] Let X be the cluster Poisson algebm with By, = B. Then for any
cluster Poisson variable Xy of X, there exists a unique vector Cf;t =

Bt Bito\T
(Chitse-sCrpet) € Z™ such that

Bitg n
th _X S H(FBtO(Xl tov'“?Xn;to))bik'

=1
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Definition 2.27 (g-vectors and c-vectors). Keep the notations of Theorem [2.26]

(i) The vector gg; (gfktto, ... ,gfktg) € Z", which only depends on (B, to; k, t),
is called a g-vector of B. The matrix GZ* = (ggiio)nxn is called a G-matriz of B
at t.

(ii) The vector ckB;t" = (cﬁgtt", el cfjfi’)T € Z", which only depends on (B, to; k, t),
is called a c-vector of B. The matrix C’B to = (cﬁii")nx” is called a C'-matriz of B

at t.

Theorem 2.28. [NZ12| [CL18| Let B be an n x n skew-symmetrizable matriz and
S a skew-symmetrizer of B. Then for any vertices to,t € T,,, we have

SCPSTHG )T = I,.

2.3. Compatibility degrees on the set of cluster variables. In this subsec-
tion, we recall that the d-compatibility degree given in [CL20] and f-compatibility
degree given in [FG19al.

Definition 2.29 (Compatibility degrees). Let A be a cluster algebra and A the
set of cluster variables of A.
(i) [CL20] The d-compatibility degree (—||—)q: A x A — Z>_; is defined by
Byt
(Ai‘toHAjit) dl]g 0’
where d;; ’O’to is the (i, j)-entry of the D-matrix Dy ™.
(ii) [FG19aJ The f-compatibility degree (—||—)s : A x A — N is defined by

Bfo to

(Aisto|[Ajst) p = it
where f,/f Pt i the (4, j)-entry of the F-matrix F, 0"

Now we summarize some properties of the d-compatibility degree (—||—)q and
the f-compatibility degree (—||—);. We mainly refer to [CL20] and [FG19a].

Proposition 2.30. [CL20, [FG19a] The d-compatibility degree (—||—)q and the f-
compatibility degree (—||—)s have the following properties.

(1) They are well-defined.
(2) The following statements are equivalent.
(i) There exists a cluster Ay containing both Ay and Ajy;
( ( 1t0||AJ7 )d<0
(ili) (AjiellAseo)a < 0;
(V) (Ase, 15207 = 0;
(v) (Ajiel[Aizee) g = 0.
(3) The following statements are equivalent.
(i) There exists no cluster Ay containing both A;y, and Aj.;
(i) (AitollAjie)a > 0;

(A
(iil) (AjellAio)a > 0;
(iv) (Aitol|Ajie) p > 0;
(V) (AjiellAiste) g > 0.
(4) Th f llowmg statements are equivalent.

(1 1t07
(i) (A 7t0||AJt)d <0;

i)
)
)
)
)
)
)
)
)
) A
)
(iif) (Ajiel[ Ao )a < 0;
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(iv) (Aigy [ Ajit)a = =1
(v) (Ajiel|Aistg)a = =1
(5) The following statements are equivalent.
(i) Ai, # Aj and there exists a cluster Ay containing both Ay, and
Aj;t;
(i) (At [[Ajit)a = 0;
(i) (Ajiel[Aisto)a = 0;
Remark 2.31. (i) Roughly speaking, the integer (A;.,||A4;:¢)q is defined to be the
i-th component of the d-vector of A;,; with respect to A;,. By Proposition
and Theorem the d-compatibility degree (—||—)q is actually a well-defined

function on A x (U\{0}), where U is the corresponding upper cluster algebra.
(ii) By Remark for any 0 £ M, N € U, we have

(Aisto 1M - N)a = (Aito || M) + (Aisto| [N ) a-
Recall that a cluster monomial in seed ¢ is a monomial in cluster variables in ¢.

Corollary 2.32. Let A be a cluster algebra with coefficient semifield P and Ay, a
cluster variable of A. Let t be a seed of A and M = AT}, --- A}, a cluster monomial
in ¢. Denote I = {i|c; > 0}. The following statements hold.
(1) If (Agto||M)a < 0, then there exists jo € I such that Ay, = Aj,.;. Namely,
A, appears in M.
(ii) If (Akto||M)a < 0, then (Ag.o||Ait)a <0 for any i € I.

Proof. (i) By c1,...,¢, > 0 and (Ag.,||M)a < 0, we have

(Aksto|M)a =D iAol Ais)a = Y €i(Apsno || Ai)a < 0.
i=1 iel

So there must exist some jo € I such that (Ag.,||Ajy:¢)a < 0. Then by Proposition
2.30[ (4), we get Ag,y = Ajout-
(ii) Assume by contradiction there exists some ig € I such that
(Akstol[Aigs)a > 0.
Then by (Ak:t,[|M)a = > ci(Akito||Ait)a < 0, there must exist some ¢; € I such
i€l

that (Al Aie)a < 0. So we get Ak, = Ay, by Proposition (4). Thus
Ayt and Apy, = A;, ¢ are in the same cluster. Then by Proposition (2), we
get (Agiiol|Aigit)a < 0. This contradicts (Ak.i,||Aigit)a > 0. So (Ao l|Ai)a < 0
for any i € I. O

Let A be a cluster algebra and A the set of cluster variables of A. We say that
two cluster variables A;;, and A;,; of A are compatible if there exists a cluster Ay
of A containing both A;;, and Aj, which is equivalent to (A, ||A4j¢)a < 0, by
Proposition 2.30] (2). A subset U of A is called a compatible set if any two cluster
variables in U are compatible.

Theorem 2.33. [CL20] Let A be a cluster algebra and A the set of cluster variables
of A. Then
(i) a subset U of A is a compatible set if and only if it is a subset of some
cluster of A;
(ii) a subset U of A is a mazimal compatible set if and only it is a cluster of A.
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2.4. Unique factorization domains. Recall that an integral domain is a non
zero commutative ring without zero divisors. From now on, we always assume that
R is an integral domain and we denote by R* the set of invertible elements in R.

Two non-zero elements r{,r7, € R are associate if there exists some invertible
element s € R* such that ro = srq. A non-invertible element r in R is irreducible,
if any factorization r = rire with 71,79 € R implies that either r; or ro belongs
to R*. A non-invertible element r in R is prime, if whenever r | rire for some
ri,72 € R, then r | r1 or r | ro. Every prime element is irreducible, but the
converse is not true in general.

Definition 2.34. An integral domain R is factorial if the following hold:

(i) Every non-zero non-invertible element r € R can be written as a product
r =ay ---ag of irreducible elements a; € R.

(i) If ay---as = by --- by with a;,b; € R irreducible for all ¢ and j, then s = ¢
and there is a bijection o : {1,...,s} — {1,...,s} such that a; and b,
are associate for all 1 <i <s.

Factorial domains are often also called unique factorization domains.
It is easy to see that in a factorial domain, all irreducible elements are prime.

Theorem 2.35. Let A be a geometric cluster algebra with coefficient semifield
P = Trop(Zi,...,Zm) and U the corresponding upper cluster algebra. Then we
have

(i) |[GLS13, Theorem 1.3]
(a) A ={AZ' - Zem A e KX, c1,...,cm € Z}.
(b) any cluster variable is irreducible in A.
(i) (a) U ={\Z7---Zs N e K™, c1,...,cm € LY.
(b) any cluster variable is irreducible in U.
Proof. The proof of (i) can be found in [GLS13] and the proof of (ii) is the same
as that of (i). O

3. THE VALUATION PAIRING ON AN UPPER CLUSTER ALGEBRA

In this section, we introduce the valuation pairing (—||—), on an upper cluster
algebra and prove the local unique factorization property for full rank upper cluster
algebras.

Definition 3.1 (Valuation pairing). Let U be an upper cluster algebra and A the
set of cluster variables of /. The pairing

(=l-)v:AxU — NU{oo}
(Ap;t, M) — max{s € N\M/A}, €U}
is called the valuation pairing on U.
It is easy to see that (Ag,||M), = 0 if and only if M/Ak., ¢ U.
Example 3.2. Let U/ be an upper cluster algebra with a seed ¢t and M a cluster
variable in t. Then
1, it M = Apy;

Ap. Mv:
(Ap;e|| M) {0’ if M = Aj,; and j # k.
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Now we summarize some useful and easy facts on the valuation pairing in the
following proposition.

Proposition 3.3. Let U be an upper cluster algebra and ty a seed of U. Let M
and L be two elements in U. The following statements hold.

(i) If M/A},, ¢ U for some m € Z, then we also have M/AZ?;FOI ¢U.

(il) If M # 0, then there exists m > 0 such that

M/A, ¢U,
In particular, (Agq,|| M), < 00.

(iil) (Agito|| M)y = 00 if and only if M = 0.

(iv) (Aksto[[M + L)y = min{(Apseq [| M), (Aksto| L)}

(v) For any s >0, we have (Ak;t,||Aj., - M)o = 5+ (Aksto [[M ).
Proof. (i) Assume by contradiction that M /Akmgz '€ U, then

M/AR, = Agg, - (M/AR) €U,

This is a contradiction. So M/A;"_;;l ¢U.
(ii) Without loss of generality, we can assume that &k = n. As an element in

L(to) = KP[AT,,,..., A5 ] = KPAT,, ..., AL, AR,

n;to n—1;to n;ito

M can be written as

M= A;, L,
SEZL
where L is a Laurent polynomial in KP[AEO, e ,A,ilil;to]7 i.e., Ly does not contain

any Ai%. By M # 0, we know that there exists some sg such that Ls, # 0. Let
t1 = pn(to) and thus tg = p,(t1). Applying the exchange relation, we have

Ai;to = Ai;tl and An;to = A_l P

n;ty

where i = 1,...,n— 1 and P € ]KIP’[A%E;;17 cee, Afil;tl] is the n-th exchange bino-
mial of the seed ¢t;. Now each L, can be also viewed as a Laurent polynomial in

KIF’[Ali;%l, ..., A%l 1. By our assumption in Subsectionu, we know that P is not

n—1;t1
: Ml £1 +1 +1 +1 :
invertible in KP[A7; ,..., A, "1, ]. Then by the fact that KP[A7,; ,..., A", ]is
factorial and L, belongs to K]P’[AI—L;%I, ce Afil;tl], we know that there must exist

some my large enough such that
Ly, /P™ ¢ KP[AT, ..., A1, ).

n—1;t;
Set m = mg + so. Then we know that
MUAT, =S Az L, = 3 AT (L, P
SEZ SEZ

cannot be a Laurent polynomial in KIP[A%I, . ,Aiil]. So M/A}Y, is not in U.
Then by (i), we know that (A, ||M), < m < co.

(i) follows from (ii) and the fact (A, ]0), = 0.

(iv) and (v) follow from the definition of the valuation pairing. O

Definition 3.4 (Local factorization). Let U be an upper cluster algebra and t a
seed of U. Let M = N - L be a factorization in &. If N is a cluster monomial in
t and L € U satisfies (Ag,||L), = 0, that is, L/Agy ¢ U for k =1,...,n, we call
M = N - L a local factorization of M with respect to .
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Proposition 3.5 (Existence of local factorization). Let U be an upper cluster al-
gebra with coefficient semifield P and to a seed of U. Then any 0 #= M € U admits
a local factorization with respect to tg.

Proof. We first define a cluster monomial N = Ay --- A% in to. Let my :=

(A14]| M), and mo, ..., my are defined by induction. If mj has been defined,
myy1 is defined as follows:

M
M1 = (At sito | g Jo-
Lito Esto
Thus the non-negative integers myq, ..., m, are defined. So we get a cluster mono-

mial N = A"} - A% in to and we know that L := M/N € U.
Now we show that L = M /N satisfies (Ag.1,||L)» = 0, that is, L/Ak,, ¢ U for

k=1,...,n. Assume by contradiction that there exists some k € {1,...,n} such
that
M
L/Ak'to = o eu.
; - F14m
A;?tlo "'Ak—kl;ioAkm;I’;g Akff;lto "'A;Ln;tu
Thus we get
M m
A™ A1 metl Akﬁiio T AZto (L/Ak;t(J) €U,
Lito ~ " k—15to ksto

which contradicts the choice of my. So L/Ayy, ¢ U for k = 1,...,n. Thus
M = N - L is a local factorization of M with respect to tg. This completes the
proof. (Il

Lemma 3.6 (Reduction Lemma). Let U be a full rank upper cluster algebra and
to a seed of U. Let L be a non-zero element inU and N = AV} --- Ay a cluster
monomial in tg. Then the following statements hold.

(i) L/A;,, €U if and only if L/A7,, € L(t), where s € N, ty = py(to) and
L(ty) =KPAT] ..., AZL ).

sty
(i) (Agstol| L)y = max{s € N|L/Aj , € L(tx)}.
(iil) (Agstol|N - L)y = mi + (At | L)o-

Proof. (i) By the starfish Theorem [2.16, we know that & = () L(¢;). Since Ay,

=0

is a cluster variable in L(t;) for any i € {0,1,...,n}\{k}, we know that L/A}, €
L(t;) for any i € {0,1,...,n}\{k}. Thus we get that L/A7, € U if and only if
LA}, € L(tr).

(ii) follows from (i) and the definition of the valuation pairing.

(iii) Without loss of generality, we assume k = 1. Since Ay'7 --- A7l is invertible
in £(t1) and by (ii), we have

N-L

n;to

(Avto|IN - L)y = (Ao || Jo = (Asstol[ AT}, - L)o-

Then by Proposition (v), we get
(A1;t0|[ AT, - L)o = ma + (A1sto|[L) -
This completes the proof. [
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Theorem 3.7 (Local unique factorization property). Let U be a full rank upper
cluster algebra and ty a seed of U. Then any 0 % M € U admits a unique local
factorization with respect to tg.

Proof. The existence of local factorization of M with respect to ¢y is known from
Proposition [3:5] Now we show the uniqueness. Let M = N - L be a local factoriza-
tion of M with respect to to, where N = AT} --- AT' is a cluster monomial in o
and L € U satisfies (Ap.,||L)y =0 for k =1,...,n. By the Reduction Lemma
(iii), we have

(Ak;to [IM)y = (Agsto| [N - L)y = mp + (Aksto [| L) 0 = M.
So my, = (Ao || M)y is uniquely determined by M. Namely, N is uniquely deter-
mined by M. This completes the proof. (]

Now we give a counter-example to the local unique factorization property in the
case where By, is not full rank.

Example 3.8. Let U be a geometric upper cluster algebra with initial extended
exchange matrix By, given by

) 0 -1 0
Bt(J:BtOZ

—
o
I
—

0 1 0

Clearly, By, is not full rank. Denote t; = u;(to) and t3 = us(to). Applying the
exchange relations, we have the following equality.

(3.1) Avo Ay, = Agay + 1= Ay Asyy,.

It is easy to check that both Ay, and As,, are not divisible by any cluster variable
in ¢y (alternatively, one can also refer to Theorem (ii)). So the equality (3.1
gives two different local factorizations of Ag., + 1 with respect to the initial seed
to.

4. APPLICATION TO FACTORIALITY OF UPPER CLUSTER ALGEBRAS

In this section we give several equivalent characterizations for the factoriality of
upper cluster algebras. As an application, we show that full rank, primitive upper
cluster algebras are factorial.

4.1. Characterizations for the factoriality of upper cluster algebras. We
first give an observation which shows why the valuation pairing can be used to
study the factoriality of upper cluster algebras.

Proposition 4.1 (Observation). Let U be a geometric upper cluster algebra and
Apt a cluster variable of U. Then the following two statements are equivalent.

(1) Agy is prime in U.

(ii) For any non-zero elements M and L in U, we have the following equality:
(4.1) (A/c;tHM : L)v = (Ak;tHM)v + (Ak;tHL)v'

Proof. (i)= (ii): This is clear from the definition of the valuation pairing.
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(ii)= (i): For any 0 # M, L € Y with Ay¢|M-L in U, we claim that either Ay..|M
in U or Apy|L in U. Otherwise, we have that both M and L are not divisible by
Ay, in Y. Then we have

(Agse|[M)y = 0 = (Apse||L)o-
Now by our assumption, we have
(Apse|M - L)y = (Agst|[M )y + (Agse||L)w = 0.

This contradicts A, |M - L in U. So either Ag|M or Ag,|L in U.
By Theorem M (ii), we know that Ay, is not invertible in /. Hence, Ay, is
prime in U. (]

It is natural to ask under which conditions the equality (4.1) always holds.
Thanks to Reduction Lemma we can answer this question for full rank up-
per cluster algebras.

Proposition 4.2. Let U be a full rank upper cluster algebra and t a seed of U.
Put t, = pi(t) and let Py be the k-th exchange binomial of t. Then the following
statements are equivalent.
(1) (Agel|M - L)y = (Agy)| M)y + (A||L)y holds for any non-zero elements
M and L inlU.
(i) Agy is prime in L(te) = K[Z7", ..., ZE[AT,, ... An, )
(iii) Pgy is prime in L(tx).
(iv) Pyy is prime in K[Z1,..., Zy][A14, - .. ,Ak;t, ooy Apyl, which is actually
equal to K[Z1, ..., Zn)[Aviys - Aty - - - » A’Pt’“]'
(V) Pry ts irreducible in K[Z1, ..., Zp)[Ai, oo Akt oo Ayl

Proof. (i)== (ii): By our assumption in Subsection we know that A, is not
invertible in £(¢x). Now assume by contradiction that A, is not prime in £(¢x).
Then there exists M', L' € L(tx) such that both M’ and L’ are not divisible by
Ay in L(tg), but the product M’ - L' is divisible by Ay in L(t). Since M’ and
L’ are in
E(tk) - K[Zitlv R ZrzglMAit,tlkv cee 7A1:’|L:;1k}7

there exists a cluster monomial A} in t; such that M := Ay M’ and L := A} L’
belong to U.

Because A}, is invertible in £(t), we know that both M and L are not divisible
by Ak in L(tx), but the product M - L is divisible by Ag; in L(tx). By the
Reduction Lemma (ii), we have

(Agitl[M)y = 0= (Agy||L)y but (Agy||M - L), > 0.

This contradicts that (Ag.||M-L), = (Ak.e||M)y+(Ag;e]| L), holds for any non-zero
elements M and L in U.

(ii)== (i): This follows from the Reduction Lemma (ii).

(ii)<= (iii): Applying the exchange relation, we have Ay.; Ak, = Pgy. Since
Ay, is invertible in £(t), we know that Ay, is prime in L£(¢;) if and only if Py,
is prime in L(tx).

(i) <= (iv): Notice that L£(tx) is a localization of K[Z1, ..., Zp][A1:tss - - - » Anity ]
at Zi,...,Zm, Ai:ty,- - Anst,,. Since Py = Pyy, is a binomial in

K[Z1, ... Zunl[Aritys - -5 Aniti )
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and it is not divisible by any Z; and A,., , we know that Py is prime in L£(t}) if
and only if it is prime in K[Z1, ..., Zpn][A1,4,, - - - » Anyt, ). Because Py is actually a
binomial in variables from

{Zla cee 7ZmaA1;tk7 e 7Ak;tka e aAn;tk} = {Zla e aZ’m’Al;b e 7Ak;ta e aAn;t}v
we know that Py, is prime in K[Z1,..., Zn][A1.40,- - -5 Anst,) if and only if it is
prime in

K[Z1,. .., Zo)[Avits - -+ Arsty oy At
Hence, Py, is prime in £(¢x) if and only if it is prime in
K[Z1, -y Zon)[Avits - s Apats -y Apt].
(iv)<= (v): This follows from the fact that the polynomial ring
K[Z1,. .., Zm)[Avsts - -+ Agsty - -+, Apt]

is factorial. 0

Lemma 4.3. [GELST9, Corollary 1.23] Let R be a domain and S C R\ {0} a
multiplicative set generated by prime elements. Then R is factorial if and only if
the localization S™1R is.

Theorem 4.4. Let U be a full rank upper cluster algebra with initial seed ty. Then
the following statements are equivalent.
(i) U is factorial.
(ii) Any initial cluster variable Ay, is prime in U.
(i) Any indtial cluster variable Ay, satisfies

(Aksto[[M - L)y = (Apsto [[M)w + (Aksto |[1L) o,

for any non-zero elements M and L in U.
(iv) Any exchange binomial Py, of to is irreducible in

K[Z1,. s Zo)[Avitgs - - - Aty - - - Ancto]-

Proof. ()= (ii): By Theorem [2.3F] (i), we know that any cluster variable is
irreducible in Y. Because U is factorial, we get that any irreducible element is
prime in Y. In particular, any initial cluster variable Ay, is prime in U.

(ii)== (i): Let S be the multiplicative set generated by initial cluster variables.
By the Laurent phenomenon, we have

s “instg

ST = L(to) =Z[ZF, ..., ZF[ATL,, - A,

which is factorial. Since the initial cluster variables are prime in ¢/ and by Lemma
we get that U is factorial.
The equivalence of (ii), (iii) and (iv) follows from Proposition O

Remark 4.5. Garcia Elsener et al. in [GELST9, Theorem 5.1] prove the equivalence
of (i) and (iv) in Theorem for geometric cluster algebra A (possibly not full
rank) with an acyclic initial seed. Note that in acyclic case, A = U, by Proposition
Our method here is very different with that in [GELST9].
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4.2. Full rank, primitive upper cluster algebras are factorial. In this sub-

section, we show that full rank and primitive upper cluster algebras are factorial.
Recall that a vector (by,...,bnem)T € Z"F™ is primitive if the greatest common

divisor d € N of by, ..., bytm is 1. An extended exchange matrix By is primitive if

each column vector of B; is primitive.

Definition 4.6 (Primitive upper cluster algebra). Let U be a geometric upper
cluster algebra with initial seed 9. We say that U is a primitive upper cluster
algebra, if the initial extended exchange matrix By, is primitive.

Proposition 4.7. Let U be a primitive upper cluster algebra. Then for any seed t,
the following statements hold.

(i) [LPI6, Lemma 4.3] B; is primitive.

(ii) [LP16l Lemma 4.1] The k-th exchange binomial of t is irreducible in

K(Ziy o, Zw)[Avsts o Akt -5 Anitl,s
where k =1,...,n.

Theorem 4.8. Let U be a full rank, primitive upper cluster algebra with initial

seed tg, and let
PM(Al;tm ey An;to)
A(f;lto e Adn

n;to

M =

be a non-initial cluster variable of U, where d := (dy, .. .,d,)T is the d-vector of M
with respect to tg. Then

(i) U is factorial.

(ii) the numerator polynomial Pyy of M is irreducible in

K[Zl’ Tt Zm] [Al;tm o 7An;tg]'

Proof. (i) By Proposition (ii), we know that every exchange binomial of ¢ is
irreducible in the corresponding polynomial ring. Then the result follows from
Theorem (1) (iv).

(ii) We first show that Py is not invertible in K[Z1,..., Zn]|[A1:40s - - - Ansto]-
Since M is a non-initial cluster variable and by Proposition m (4), we have
d € N" and thus A € Y. By M = Py /AY, we get MAY = Py By Theorem

2.35| (2), we know that both M and Af are not invertible in U. So Ppy = MA§ is
not invertible in ¢/. Namely, we have

Py gU* ={N\Z7 - ZiM A e KX, c1,...,0m € Z}.

In particular, Py ¢ K*. So Py is not invertible in K[Z1, ..., Z][A1itg, - - -5 Ansto]-
We claim that P is not divisible by any Z; and Aj,;, in

K[Z1, ..., Zol[Avites - - -+ Anity -

Since Py is a numerator polynomial, it is not divisible by any Aj.;,. There are two

approaches to prove Z; t Py;. The first one is that we prove the result by induction

on the minimal length of a sequence of mutations from the initial seed to the final

seed. The second one is that we just view Z; as an exchangeable cluster variable.

Then by the fact that M and Z; are in the same cluster and are not equal, we get

(Zi||M)4 = 0, by Proposition [2.30] (5). This implies that Py is not divisible by Z;.
We claim that P, is not invertible in

L(to) =K[ZF', ..., ZE ATy, ..., AL ).

n;to
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This follows from the two facts that P is not invertible in
K[Z1,..., Znl[A1itos - - - s Ansto)

and Py is not divisible by any Z; and A, in K[Z1, ..., Zp][A1:e, - - - s Anito]-
Now we show that Py is irreducible in L(tp). Assume that Py; = L Lo for some
Ly, Ly € L(tp). We know that there exist vectors vy, vy € N™ such that

U, .= A;:;Ll €U and U; := A;’;’LQ clu.

P LiL U, U:
By M = Aly = Xd 2 = Ad+1113-7\,2 , we get
to to to
(4.2) MAFIY2 = U1 U,

which is an equality in U, since d,vy,vy € N". Because U is factorial and M is
irreducible in U, we get that either U; or U, is divisible by M in U. Without loss
of generality, we assume that U] := U;/M € U. Then by the equality , we get
UUs = Ag)+v1+v2, which implies that both U] and U, are invertible in L(tg). So
Ly = Uy /A}? is invertible in L(to). Hence, Py is irreducible in L(tp).

Since Py is irreducible in L(¢y) and by the fact that Pps is not divisible by
any Z; and Aj in K[Z1,..., Zpn][A14, - Anto), We get that Py is irreducible
in K[Z1,...,Zn][A1,40, - - - » Ansto]- This completes the proof. |
Remark 4.9. (i) Note that any principal coefficient upper cluster algebra is primitive
and has full rank. So principal coefficient upper cluster algebras are always factorial.

(ii) A different proof of Theorem [4.8) (i) via the factoriality of Cox rings can be
found in [GHKI5| Corollary 4.7].

(iii) Garcia Elsener et al. in [GELS19] prove that any principal coefficient cluster

algebra A with an acyclic initial exchange matrixz is factorial. Note that in the
acyclic case, we have A = U, by Proposition

Corollary 4.10. Let U be a full rank, primitive upper cluster algebra and Ay, a
cluster variable of &. Then for any non-zero elements M and L in U, we have

(Aksto M- L), = (Aksto [ M), + (Ak;toHL)v~
Proof. This follows from Theorem (i)(iii) and Theorem (i). O
4.3. Examples of non-factorial upper cluster algebras.

Proposition 4.11. [GLS13| Corollary 6.5] Let A be a geometric cluster algebra
with initial extended exchange matrix

. 0 —
Bto = Bto — <d OC> 7

where ¢ > 1 and d > 3 an odd number. Then A is not factorial.

Remark 4.12. Note that in Proposition [{.11] A is an acyclic cluster algebra. In
this case, A coincides with its upper cluster algebra U, by Proposition 2.19] So
Proposition provides many upper cluster algebras which have full rank but are
not factorial.

Let U be the geometric upper cluster algebra with initial extended exchange

matrix
~ 0 -1
R ()
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We know that U/ is a full rank cluster algebra. It is non-factorial, by Remark [£.12]
In the view point of Theorem the non-factoriality of U is due to the fact that
the first exchange binomial A3, + 1 = (Agy, + 1)(A43,, — A2y, + 1) of fo is not
irreducible.

The following is a concrete example where I/ is primitive but not factorial.

Example 4.13. Let A be a geometric cluster algebra with the following initial
extended exchange matrix

i 0 -1 0
By,=B,=|1 0 -1
0 1 0

It is easy to see that Bto is primitive and acyclic but not full rank. It is known from
[GLS13, Proposition 6.1] that A is not factorial. Since A is acyclic, A coincides
with its upper cluster algebra U, by Proposition So U = A is not factorial.

4.4. Ray fish theorem. Recall that the starfish theorem states that any full rank
upper cluster algebra U can be written as the intersection of n + 1 Laurent polyno-
mial rings. In this subsection, we show that any full rank, primitive upper cluster
algebra can be written as the intersection of two Laurent polynomial rings. We call
this the ray fish theorem.

Proposition 4.14. [GLST3| Corollary 4.2] Let A be a geometric cluster algebra
with coefficient semifield P = Trop(Za,...,Zy) and U its upper cluster algebra.
Let t,tg be two seeds of A with no common cluster variables. If A is factorial, then

A=U=L(t)N L(ty),
where L(t) = KP[AT}, ..., AZ}] and L(to) = KP[AT, ,..., AL} ].

n;to

Remark 4.15. By Proposition [4.14] a factorial geometric cluster algebra must co-
incide with its upper cluster algebra. This provides a reason why we focus on the
factoriality of upper cluster algebras rather than cluster algebras.

Corollary 4.16. Let U be a full rank, primitive upper cluster algebra and A the
corresponding cluster algebra. Then A = U if and only if A is factorial.

Proof. “=": Since U is full rank and primitive and by Theorem we know that
U is factorial. Then the factoriality of A follows from A = U.
“«=": This follows from Proposition [4.14 O

Lemma 4.17. Let U be a geometric upper cluster algebra with coefficient semifield

P = Trop(Z1,...,Zp) and Aiy,, Ajy two cluster variables of U. Then Ay, and

Aj. are associate in U if and only if Ay, = Ajye.

Proof. Assume that A;., and Aj,; are associate in /. Then

(43) Aj;t == AZlcl e Z’r(;LmAi§t0

for some A € K* and ¢y, ...,¢p € Z, by Theoremm (2). Notice that the equality

(4.3) can be viewed as the Laurent expansion of A;,; with respect to to. It is easy

to see that (A;.,||A4;j:¢)a = —1. Then by Propositionm (4), we get Ajp = Aiyy-
Conversely, assume A;;, = Aj;;. Clearly, we have that A;,, and A;,; are asso-

ciate in Y. This completes the proof. O

Inspired by Proposition we give the following result.
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Theorem 4.18 (Ray fish theorem). Let U be a full rank, primitive upper clus-
ter algebra with coefficient semifield P = Trop(Zi,...,Zy) and t,tg two seeds
of U with no common cluster variables. Then U = L(t) N L(ty), where L(t) =
KP[AL], ..., AE]] and L(to) = KP[AT,,,..., AZ} ].

1itoo * n;to
Proof. The proof is the same as that of [GLS13, Corollary 4.2]. For convenience of
the reader, we repeat it here.
Notice that the inclusion U C L(t) N L(tp) is clear. Now we show the converse
inclusion. We know that any M € L(t) N L(ty) has the following form:

P(Al;ta“';An;t) Q(Al;tov“-’An;to)

M = v v = S S i
Afy - Ay ALl - Al
where P € KP[A14,...,Any), Q € KP[A1.4y, ..., Any,] CU and v;,s; > 0 for any
i=1,...,n. Thus we have A}}, --- A}, P = QA7 - Apry.

By Theorem (2), we know that A;;, and A, are irreducible in U for any
i and j. By Lemma and the fact that ¢ and tp have no common cluster
variables, we know that A;;, and A;,; are non-associate for all 1 < 4,5 < n. Since
U is full rank and primitive and by Theorem [£.8] we know that U/ is factorial. So the
equality A7, --- Ay P = QAT --- Ayr, implies that P is divisible by A7, --- A7
in U. Namely, there exists P’ € U such that P = A7}, --- Ay, P'. Thus
_ P

Al Ay
So we have L(t) N L(tg) CU and thus U = L(t) N L(tg). O

M =P cl.

5. APPLICATIONS TO d-VECTORS

5.1. d-compatibility degree and d-vectors via the valuation pairing. In
this subsection, we show how to express d-compatibility and d-vectors using the
valuation pairing for full rank upper cluster algebras.

Theorem 5.1. Let U be a full rank upper cluster algebra with initial seed ty. Let
PM(Al;toa s 7An;to)
d dn
Al A

nito

M =

be a non-zero element in U, where dys == (di,...,d,)" is the d-vector of M with
respect to A;,. Then the following statements hold.

(i) For any k =1,...,n, we have
dy. = (Agsto [[M)a = (Aksto || Par)o = (Aksto||M)o-
(ii) If (Agyo||M)y = 0 for some k, that is, M /Ay, ¢ U, then
di = (Apsto] [M)a = (Apsto || Par)o = 0.
(iil) If (AgtollM)y = 0 for k = 1,...,n, then dpr is uniquely determined by
Py
Proof. (i) We know that there exist two vectors
dt =@df,....d)T, d” =(dy,...,d;)T eN"
such that
dy =d" —d .
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By M = Py /A% = Py /AL 97 e have A" M = A™ Py, By the Reduction
Lemma (iil), we get

(At |M )y + d = (At || A M)y = (Apto || A5 Par)o = (Agst||Par)o + di

So we have
di = dif — di; = (Apsto||Prr)o — (Aksto | |M).
(ii) and (iii) follow from (i). O

5.2. Local factorizations of cluster monomials. Let I/ be an upper cluster
algebra with coefficient semifield P and initial seed ty. In this subsection, we prove
that if M is a cluster monomial in non-initial cluster variables, then M /Ay, ¢
U, that is, (Ags,||M)y = 0 for & = 1,...,n. In particular, we can give a local
factorization for any cluster monomial.

Lemma 5.2. Let U be an upper cluster algebra with coefficient semifield P and
t aseed of . If N = A??tAgft---AZ?t € U for some by, ba,...,b, € Z, then
bi,ba, ..., b, > 0.

Proof. Assume by contradiction that there exists some b;, < 0. Without loss of
generality, we just assume b; < 0. Let ¢/ = p1(t) and thus ¢t = p1(¢'). Applying the
exchange relation, we know that

Al;tAl;t/ =Pec K]P)[Ag;t/7 . ’An;t/},

where P is the first exchange binomial of /. Then we know that

A—b1 Ab2 . Abn
_ by by b, 1t 2t/ n;t’
N = Al;tA2;t T AnT:t - P 3

which is the expansion of N with respect to Ap. By N € U, we get that
—by 4b b
AT AR, A

N =1 o B e L(t) = KPIAT,, ..., AL,
Thus we have 1/P~% € L(#'). Because both P~% and 1/P~" are in L£(#'), we must
have P~01 = )\A%t, e Af;;t, for some invertible element A in KP and ¢y, ...,¢, € Z.
Since P is a polynomial in KP[As., ..., Apy] with A, § P for any i, we get
that ¢; = ... = ¢, = 0 and P~% = X is invertible in KP. By our assumption in
Subsection we know that P~ = X is not invertible in KP. This concludes a
contradiction. So we must have bq,...,b, > 0. ([l

Proposition 5.3. Let U be an upper cluster algebra with coefficient semifield P
and to,t two seeds of U. Let M = A, --- A%y be a cluster monomial in Ay, and

N = Alﬁt . 'Af[;‘t a Laurent monomial in A;. Let
I = {ile; >0} and J = {j|b; > 0}.
If there exists an invertible element X\ in KIP such that M = AN, then

(i) N is a cluster monomial in Ay, i.e., we have by, ..., b, > 0;
(ii) there exists a bijection o : I — J such that Ay, = Asgiy;e and ¢; = byjy.
In particular, we have M = N.
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Proof. (i) By M = AN, we know that N = A™'M € Y. Then by Lemma we
know that N is a cluster monomial in A,.

(ii) Let A;; be a cluster variable appearing in N. Then by (i), we have b; > 0
and j € J. Because we have

Y cilAgllAing)a = (AgelIM)a = (Al AN)a = (Azel|N)a = =b; <0,
i€l
there must exist some j’ € I such that
(Ajiel|Ajrt0)a < 0.
Then by Proposition [2.30] (4), we have Aj;; = Ajr;4,. So we have
cjr = —(Ajtol|M)a = =(Ajul|M)a = —(Ajul[N)a = b;.

Similarly, we can show that any cluster variable A4;,;, appearing in M also appears
in N, and the multiplicity of A;.;, in N is equal to the multiplicity of A;., in M.
Then the result follows. O

Theorem 5.4 (Local factorization of cluster monomials). LetU be an upper cluster
algebra with coefficient semifield P and initial seed to. Then the following statements
hold.
(i) If L is a cluster monomial of U which does not contain the initial cluster
variable Ay, for some k, then L/Ay,, ¢ U, that is, (Ag,|| L), = 0.
(ii) If L is a cluster monomial in non-initial cluster variables, then L/Ay., ¢ U,

that is, (Akt||L)y =0 fork=1,...,n.
(i) Let M = ] A?jt be a cluster monomial in a seed t of U and I = {i|4;+ €
i=1

Ag }, then M =[] Afjt 11 A;?t is a local factorization of M with respect
i€l jerI

to to.
Proof. (i) Assume by contradiction that L/Ay,, € U. In the following proof, we
will deduce a contradiction.

Because the initial cluster variable Ay, does not appear in L, there exists a

seed ¢ such that L is a cluster monomial in A; and Ay, does not belong to A;.
Consider the Laurent expansion of Ay, with respect to A;, say

P(Arq,..., Anyt)
di dj,
Al;t e An;t
where P € KP[Ay,, ..., Apy] with Ayt Pfori=1,...,n.
Now we have that

Ak;to =

)

a d,
L- (Al;t T An;t)
P b
which is the expansion of L/Ay,, with respect to A;. By L/Ay,., € U, we have
d, d
Lo (Ayy - Adh)
P
Because L - (Af:lt e AZ%;/) is a monic Laurent monomial in £(t), we get 1/P € L(¥).

Since both P and 1/P are in L(t), we must have P = AAT,--- A7, for some
invertible element A in KP and ¢y,...,¢, € Z. Because P is a polynomial in

L/Ak;to =

€ L(t) :==KP[AT,,..., Ay



THE VALUATION PAIRING ON AN UPPER CLUSTER ALGEBRA 25

KP[A14,...,Apy] with A, 1 P for any 4, we get ¢; = ... = ¢, = 0 and thus P = X
is invertible in KIP. Applying Proposition [5.3] to
_ Py g
Ak;to - A?:ltAi%lt = )\'Al;t "'An;t y

we get Ag., € Ag, which contradicts Ag,, € A So L/ Ak, € U.
(ii) follows from (i).
(iil) follows from (ii) and the definition of local factorization. O

Corollary 5.5. Let U be a full rank upper cluster algebra with initial seed ty. Let
PM(Al;toa ) An;to)
A(li;lto e Aln

nito

M =

be a cluster monomial of U, where dys := (dy,...,d,)T is the d-vector of M with
respect to A;,. Then the following statements hold.

(i) If M does not contain the initial cluster variable Ay, for some k, then we
have
di, = (Aksto[|M)a = (Apsto|| Par)o = 0.
(ii) If M is a cluster monomial in non-initial cluster variables, then d;; and M
are uniquely determined by the numerator polynomial Pj;.
Proof. (i) By Theorem (i), we know that (Ag.,||M), = 0. Then by Theorem
(ii), we get dx = (Ak;to[[M)a = (Akstol|[Prr)v > 0.
(ii) This follows from (i). O

Actually, the above result can be extended from cluster monomials to monomials
in cluster variables if we further assume that I/ is primitive or factorial.

Proposition 5.6. Let U be a full rank, primitive upper cluster algebra with initial

seed tg. Let
. PM(Al;tm ) An;to)
- d dn,
Ab, A

n;to

M

be a monomial in cluster variables of U (not necessarily a cluster monomial), where
dy = (di,...,dn)" is the d-vector of M with respect to Ay,. Then the following
statements hold.

(i) If M does not contain the initial cluster variable Ay, for some k, then we
have (Apyt,||[M)y =0 and d = (At [|M)a = (Apsto[[Prr)o = 0.

(ii) If M is a monomial in non-initial cluster variables, then dp and M are
uniquely determined by the numerator polynomial Pyy.

Proof. (i) Since M is a monomial in cluster variables and it does not contain Ag,,

we can assume that M = [] M;, where each M; is a cluster variable of U different
i=1
from Ag.,. By Theorem (1), we have (A, ||[Mi)y =0, fori=1,...,s.
Since U is a full rank, primitive upper cluster algebra, we know that U is factorial,
by Theorem [4.8f Then by Theorem (i)(iii), we know that

S
(Ak;toHM)'U = Z(Ak;tOHMi)U =0.
i=1
Then by Theorem (ii), we get di, = (Aksto||M)a = (Akito || Par)w > 0.
(ii) This follows from (i). O
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6. APPLICATION TO F-POLYNOMIALS

In this section, we always assume that U/ is an upper cluster algebra with principal
coefficients at tg.

6.1. From F-polynomials to monomials in non-initial cluster variables. In
this subsection, we prove that if M is a monomial in non-initial cluster variables,
then M is uniquely determined by its F-polynomial.

Let M be a monomial in cluster variables of U, say M = [[ M;, where each
i=1
M; is a cluster variable of . The F'-polynomial Fjp; of M is defined to be the
polynomial Fis := [] Fas,, where Fyy, is the F-polynomial of the cluster variable
i=1

S
M;. The g-vector of M is defined to be the vector gy := > gas,, where gy, is the
i=1
g-vector of M;.

Theorem 6.1. Let U be an upper cluster algebra with principal coefficients at tg.
Let M, N be two monomials in non-initial cluster variables of U and Fas, Fn their
F-polynomials. If Fy = Fy, then M = N. In particular, gy = gn, where gy
and gn are g-vectors of M and N.

Proof. Let djs and dy be the d-vectors of M and N with respect to A;,. We know
that M and N have the form
(6.1) M = Py /A$M and N = Py /AgN

to

where Py, Py € Z[Zl, .. .7Zn;A1;t0,. . -aAn;tg] with Ai;to Jf‘P]w and Ai;to fPN for
any 1 =1,...,n.
By Theorem [2.26] (i), we know that

M = AR Fu(Xuiug, - Xosty),
N = AthNFN(Xl;tov~-~’X"%f0)’

A noopto
where X, = Z; [[ A, So we can get the following equalities:
i=1

FM(Xl;toa'--7X7l;t0) = P]V[/Atdl)M+gM’
FN(Xl;toa---7Xn;t0) = PN/AZ)N+gN'

Because Pps and Py are not divisible by any A;,, we know that das + ga and
dy + gn are the d-vectors of Fiar(Xi.y, -5 Xnity) and Fn(Xi.y, - - Xni,) with
respect to tg. By Fiy = Fivy, we have

FM(Xl;tm s 7Xn;to) = FN(Xl;tm .. ~7Xn;tg)7

which implies that dy; + gy = dy + gy and Py = Py

By Py = Py and applying Proposition[5.6]to M and N, we get dpy = dn. Then
by the equality , we know that M = N. In particular, we have g); = gn. This
completes the proof. [
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6.2. F-polynomials of non-initial cluster variables are irreducible. In this
subsection, we prove that the F-polynomials of non-initial cluster variables are
irreducible in K[Z1,..., Z,].

Theorem 6.2. Let U be an upper cluster algebra with principal coefficients at tg
and Ay a non-initial cluster variable of U. Then the F-polynomial Fi.; of Ap: is
irreducible in K[Z1, ..., Zy)].

Proof. We claim that Fj.; is not a constant. Otherwise, the f-compatibility degree
(Ait||Akst)y = 0 for i = 1,...,n. Then by Proposition [2.30] (i), we get that Ay,
is compatible with any cluster variable in A;,. Thus A, € A;,, by Theorem
This contradicts that Ay is a non-initial cluster variable of U. So F}; is not a
constant.

Since Fj. is not a constant, it can not be invertible in K[Zi,...,Z,]. So
we can discuss its irreducibility. Assume there exist two polynomials Fy, Fy €
K[Z1,...,Zy,] such that
(62) Fk;t(Zla R Zn) = Fl(Zla cee Zn)FQ(Zla ) Zn)

We will show that either F; € K* or Fy € K*.
S nopto

For 1 < j <mn, put X; = Z; [[ 4,3

i=1

iiiy- Consider the Laurent polynomials

Fi(X1,...,X,) and Fa(X1,...,X,,) in K[Z1,..., Z,][AL),, ..., AL} ). We choose
two vectors di,ds in N” such that
M, = A?;Fl(f(l, . ,Xn) and M, = A?O?Fg(f(l, . ,Xn)

are polynomials in K[Z1,..., Z,][A1:, - - - s Anity] € U. By the local unique factor-
ization property, there exist unique cluster monomials Ny = A}', No = A}? such
that

Ly == M /Ny = ANV Ry (X, ..., Xy)
and

Ly = My /Ny = A2 Fy(Xy, ..., Xy,)
are in Y and satisfy

(Ajﬂfo”Ll)ﬂ =0= (Aj§t0||L2>U
for j =1,...,n. Then by Corollary [£.10, we have
(Ajitol L1 L2)w = (Ajito || L1)w + (Ajsto|[L2)0 = 0
forj=1,...,n.
By Theorem m (i), we know that the cluster variable Ay has the following

form:

Ak;t - Ai : Fk;t(Xla cee 7Xn)a

where g € Z™. By the equality (6.2), we have that
Fro(X1,...,Xn) = Fi(X1,..., X)) Fa (X1, ..., X0).

So we know that

Ak;t/(LlLZ) _ Atg(J+V1+V2_d1_d2-
Thus we have Ay, = AY (L1L2), where v =g+ vy + vy —d; — da.

Now we show that v = 0 and Ay, = LiLs. We choose two vectors vt and v~

in N” such that v = vt — v~. Then by

Ag = AY, (L1 Ly) = AY ™Y (L1 Ly),

s
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we get that

\' vt
(63) M = Ato Ak;t = Ato LlLQ.
Since Fj.; is not a constant, we know that Ay is not an initial cluster variable.
Then by Theorem [5.4] we have (Aj,,||Ak:t)y = 0 for j = 1,...,n. On the other
hand, we know that L, Ly also satisfies that (A;,,|/L1L2), =0for j=1,...,n. So

the equality (6.3]) gives two local factorizations of M with respect to to. Then by
the uniqueness in Theorem we get that

vt =v~ and At = L1Lo.

By Theorem [2.35| (ii), we know that U™ = {\Z}* --- Ztn A € K*, ¢1,...,¢, € Z}
and that Ay is irreducible in Y. So the factorization Ay, = L;Lo implies either
Ly =MZ7 -+ Z8 or Ly = AZ7 -+ Z&» for some A € K* and (cy,...,¢,) € Z™. So
either

Fi(Z1, . Z0) = Li |y —m g =1 = AZS - 280

or

FQ(ZI7 LR} Zn) = L2|A1;t0:~':An;t0:1 = )\Zfl tee Z,ran
for some A € K* and (cy,...,c,) € Z"™. Because both F; and F5 are polynomials in
K[Zi,...,Zy,], we must have c1, ..., ¢, > 0. Now by Proposition we know that
Fy.y = F1Fy is not divisible by any Z;. So we must have ¢; = ... = ¢, = 0. Thus

either F; = A or Fy = X for some A € K*. So Fj; is irreducible n K[ 73, ..., Z,]. O

Remark 6.3. Garcia Elsener et al. in |[GELS19] prove that the F-polynomials of
non-initial cluster variables are irreducible for factorial principal coefficient cluster
algebras. In fact, their proof still works for factorial principal coefficient upper
cluster algebras. Note that the factoriality of principal coefficient upper cluster
algebras is no longer a problem, thanks to Theorem Thus one can also use
the method in [GELS19|] to show the irreducibility of F-polynomials of non-initial
cluster variables.

7. APPLICATION TO COMBINATORICS OF CLUSTER POISSON VARIABLES

7.1. Parametrization of &/-exchange pairs by cluster Poisson variables.
In this subsection, we give several equivalent characterizations of when two cluster
Poisson variables are equal. As an application, we prove that the o/-exchange pairs
are parameterized by the cluster Poisson variables.

Proposition 7.1. LetU be an upper cluster algebra with coefficient semifield P and
initial seed toy. Let My, My be two cluster monomials of U and N1, No two different
cluster monomials in ty. If

p1 My + poa My = pi Ny + pyNo

holds for some p1,pa,p},ph € P, then either (My, Ma, p1,p2) = (N1, No,pl, ph) or
(My, M2, p1,p2) = (N2, N1, ph, p}) holds.

Proof. Since both N7 and Ny are cluster monomials in A,,, we have
(AistolIP1N1)a = (Aisto[|N1)a < 0

and
(AistolIP5N2)a = (Aisto || N2)a < 0
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for i =1,...,n. By the positivity of the Laurent phenomenon and since the coeffi-
cients in p; My + paMs and pj Ny + p, Ny are positive, we have
max{(As¢o |[M1)a, (Aiseo || Mz)a}
= max{(Aixo|lp1M1)a, (Aisto|[p2M2)a}
= (Ait,]lp1 My 4 paMa)a = (Aito [l N1 + P5N2)a
max{(Asto|[PLN1)a, (Aisto[IP2N2)a} < 0,

fori=1,...,n.
We claim that M; and M, are cluster monomials in ¢y5. Let Ay, be a cluster
variable appearing in M; or My. By Corollary (ii) and

max{ (Aol [M1)a, (Ai, || M2)a} <0,

we know that Ay, is compatible with A;., for any ¢ =1,...,n. Then by Theorem
we get Agy € Ay So My and My are cluster monomials in t.

Hence, the polynomial py M7 + po Ms is actually a polynomial in variables from
Ay,. Since Ny and Ny are two different cluster monomials in ¢y, we must have
My # M. Otherwise, pj N1 + p5 N3 can not be equal to p; My + paMs. Now the
result follows from the algebraic independence of Aj., ..., An,- O

Proposition 7.2. Let U be an upper cluster algebra with coefficient semifield P
and initial seed to. Let Ay be a cluster variable of U. Then the following two
statements are equivalent.

(1) (Ajito, Ak:t) is an of -exchange pair associated with the mutation t; =

wj(to);
(i) (Ajitol|Arst)a > 0 and (Ai,||Akst)a = 0 for any i # j.

Proof. (i)= (ii): This is clear.

(ii)== (i): By Proposition m (4) and the assumption, we get that Ay, ¢
Ay and {Ap} U (A \{Aj4,}) is a compatible set with n elements. Then by
Theorem we know that {Ag;} U (A, \{A4;:4,}) is a cluster of U, say As, =
{Ak }U (A, \ {41, }). Since the seeds to and ¢o have exactly n —1 common cluster
variables, we get that there is an edge between t5 and ¢y in the exchange graph of
U, by Corollary Then the result follows. O

Proposition 7.3. Let U and U’ be any two upper cluster algebras with the same
initial exchange matriz By, at to. For any vertex t of T,, denote A; (respectively,
A} ) be the cluster of U (respectively, U') at t. Then we have

(i) Aip, = Aju, inU if and only if AL, =A%, inlU';

;t1 Jit2

(ii) The map p : Apy — A;c;t gives a bijection from the set of cluster variables
of U to that of U';

(iii) p induces a bijection from the set of <7 -exchange pairs of U to that of U’.

Proof. (i) Because U and U’ have the same initial exchange matrix By, at tg, we
know that they have the same exchange matrix at each vertex ¢ of T,. Notice
that both (A, [[Aj;t,)a and (A}, ||A%,,)q are defined by the (i, j)-entry of the

Jita
D-matrix DtB; “m’ which is independent of the choice of coefficient semifield. So
we have (A, [|Aji1,)a = (Al 1|A)4,)a- By Proposition (4), we know that
Aty = Aj, InU if and only if (Ai, [|Aji1,)a = —1ifand only if (47, [|A];,)a = —1
if and only if A}, = A%, inU'".

sb2
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(ii) follows from (i) and (iii) follows from (ii) and the characterization of /-
exchange pairs in Proposition ([

Lemma 7.4. Let U, be an upper cluster algebra with universal coeﬁicient semifield
and t,ty two seeds of Uye. Lett' = pug(t) and t1 = pj(to). Let Kt - M + 1+;(k Mo

1+X
be the k-th exchange binomial of t and 1+;<t° N; + 1+X N2 the j-th exchange
binomial of tg. If
Xt 1 Xt 1
—— M + My = 2 N3 + No,
]-+Xk:;t ! 1+Xk;t 2 1+X]‘;t0 ! 1+Xj;t0 2

then either
(Aksts Agser) = (Aj;toaAj;h) or (A, Agr) = (Aj;tuAj;to)-

Proof. By the assumption, we know that

Xk;t 1 Xj;tg 1
Apst Apyer = 1 +Xk;tM1 +1 T+ Xe Ms = T+ X, Ny + T+ Xom, Ns.

The above equality can be viewed as the Laurent expansion of Ay Ay, with respect
to A,. Clearly, this Laurent expansion is a polynomial in Ay, .

In the following proof, we distinguish two cases. Case (a): (Aj,||Ak;t)a < 0 for
any ¢ = 1,...,n. Case (b): there exists some ig such that (A;,.¢,||Ak:t)a > 0.

Case (a): If (A0 l|Aki)a <0 for any i =1,...,n, then Ay, is compatible with
any cluster variable in A; . By Theorem [2.33] we know that A, is a maximal
compatible set. So Ay, € Ay, say Agr = A; We will show that

2050

=A

0 =17 and Aio;to Jito-
We know that
_ Xy 1 _ Xy 1
App = A o Ny + Ny) = A; L L0 Ny + No),
it kit (1+Xj;t0 1 1+Xj;t0 2) osto (1+Xj;t0 1 1 +Xj;to 2)
which is the Laurent expansion of Ay, with respect to A;,. So we have
(Aigito | Akt )a =1>0 and  (Aj,||Ak;e)a =0
for any i # ig. Then by Proposition we get that

Ak;t’ =A,;

103t2 9

where to2 = p;, (to)-

Let lf;?i(t)oto L+ 1+X1 L5 be the ig-th exchange binomial of ¢ty. By Proposition

[7-1 and the following equahty,

X.. 1 X;. . 1
Jto N No = Apy Aper = Ajoge Ay o = ——20t0 1 Lo,
1+ X, 1+1 T Xom 2 kit Akt io3to Aigsto 1T Xim, +1 X
we get that either X, = X ., or Xji, = Xmlt0 Since X1y, ...,Xnst, are
algebraically independent, we must have X;.;, = Xj,.+, and j = ip. So
Ak;t = Aio;to - AJ ito-

Then by the following equality,

Xyt 1 X 1
Av Ay = ——— M My = 0 . No=A,, A
kit Akt = 7 o 1+ 15 Xo 2 15 X, 1+ 15 X0, 2 FitoAgste

we get App = Ajy, and thus (Agy, A ) = (Ajig, Ajity)-
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Case (b): There exists some iy such that (A;y.¢o||Ak)a > 0. By the fact that
the expansion of Ay Ay, with respect to A, is a polynomial, we know that

0> (Aio;toHAk;tAk;t’) = (Aio;toHAk;t)d + (Aio;toHAk;t’)d’
So we must have (Aj,||Ag;r)a < 0. Then by Proposition [2.30] (4), we get
A = Aigito-
Similarly to the proof in Case (a), we can prove that i = j and thus
Apar = Ajogy = Ajty.-
Then Ay, = Aj;;, follows from the following equality

Xt 1 X 1

Ap i Apy = —2 My + M, = Lo N, + No=A; Ay,
kst kst 1+Xk;t 1 1+Xl~c;t 2 1+Xj;t0 1 1+Xj;t0 2 Jito41g5t

So we have (Ag;t, Ape) = (Ajit,, Ajity). This completes the proof. ]

Theorem 7.5. Let Uy, be an upper cluster algebra with universal coefficient semi-

field and t,ty two seeds of Uy.. Let 1f§(;,:;tM1 + 1+)1(k;tM2 be the k-th exchange
Xjitg

1+)éj;t0 N; + ﬁ]\fg the j-th exchange binomial of tg. Then
the following statements are equivalent.

(i) KXkt = Xj;to;

binomial of t and

: _ 1. Xt 1 X 1
(Vl Ak:;t = A];to and 71+Xk;tM1 + T+ Xne M2 = T+ X500 N]_ + T+ X0 Ng.

Proof. ()= (ii): By Theorem [2.26] (ii), we know that
Bygito T Buysto

Xk;t = Xtcok;t : H(Fi;t (Xl;to, <o aXn;to))bik~

i=1

By X+ = Xj., and Proposition , we get that ckB,ttO;tU is equal to the j-th
column vector of I,, and

n B it ?
TIOF ™ (Xt - s X)) = 1.

i=1
So we get that

Bigitoy bt Bigstoy —bt
(71) H (Fi;to O)blk = H (Fi;to 0) blk'

bt >0 bt <0

Let U be the upper cluster algebra with principal coefficients at ¢y and with
initial exchange matrix By,. We use (B, Xy, A¢) to denote the seed of U at vertex
t. By By, = By,, we know that B; = B; for any vertex ¢. For any cluster monomial
L= AV, Ay of Uy, we denote by

L= Zf:; LA

n;t
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. . il By,
the corresponding cluster monomial of I/ and we denote by FZ toito

— t _pt
of L. By the assumption, we know that M; = [] Aft" and My = [] Ai;tblk
bt >0 bt <0

the F-polynomial

we have )
-_— — b; -_— — —b
My= [ 4. and My= ] 4"
bt, >0 bt, <0
We claim that M; and M are cluster monomials in A;,. In order to prove this
claim, we first show that M, and M5 are cluster monomials in Ato
By Theorem (iii), we can always write the cluster monomial M (s = 1,2)
as
—_— — 1 =
Ms=M, -M,,
where M. is a cluster monomial in initial cluster variables of 7/ and M is a cluster

monomial in non-initial cluster variables of Z. By the equality (7.1]), we know that
By ito By ito

—_— /! -/ . . e ege
F = F;°"". Because M, and M, are cluster monomials in initial cluster
1 2
Bigito Bigito
variables, we have FftE’, = Fftﬁ’, =1.So
FEt‘,)’to _ FBtO7tD _ FBt07t0 _ Btoio.
Ml 2

Then by Theorem [6.1f and the fact that M 1 and M, 5 are two cluster monomials
in non-initial cluster variables, we get M, 1= =M, 5. Because M and My have no

common factor in Z[Ay., ..., Ay, the same holds for M1 and M2. So M1 = M2
implies that

M/ =M, =1.
Thus M; = Mll "and My = MQH are cluster monomials in Zto Then by Proposition
(i), we get that My and M are cluster monomials in Ay, .
By Proposition n we know that S = {(B;, X;) }rer, forms an % -seed pattern,

where X, = (Xl.t,... X, 1) is given by th = Xpu H A Since U, is an
upper cluster algebra with umversal coefficient semlﬁeld X kit = Xjit, implies that

Xk;t = Xt So we have Xp H Azt = Xt H AZ to Thus we get that

- T =TT =
i=1

Since M7, Ms, N1, N5 are monomials in Z[Al;to, ooy Apyo] and (M, M) and (N1, Na)
are relatively prime in Z[Aq,,,. .., An,], We get

M1 = N1 and M2 = NQ.
Then by Xj.; = X, we have

Xiot 1 Xy 1
M + My = —22 N, + No.
T4+ Xpr - 14+ Xpr o 14+ Xjuy - 1+ Xy
By Lemma we get that

A = Ajitg or - Apt = Ajiy,

where t1 = p1;(t0).
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Now we rule out the possibility of Ay, = A, with the help of the condition
Xkt = Xjyu,. Assume by contradiction that Ay = Aj,. Then the k-th column

ito -

of the G-matrix Gfto;to equals the j-th column of Gﬁto;to. In particular, we have
ngktOt 0 gjjtglto By t1 = p;(to), we get that

G = b = -1
By Theorem we know that
(7.2) S (GBzO,tO)TS CBf07t0 —1,,
where S = diag(si,...,s,) is a skew- symmetrizer of By,. By Xpy = Xju,, we

know that the k-th column of the C-matrix C’ toito equals the j-th column of I,,.
By comparing the k-th column of the two sides of the equality (7.2), we get that

the j-th column of S~ (GB”’ tO)TS equals the k-th column of I,,. In particular, the
(k,j)-entry s;* gﬂj‘; "0 g5 of ST LGP TS equals 1, and thus

This contradicts g, to 0 = —1. So Apy # Ajy, and thus Ag = Ajy,.
HGHCG X]“t = X]Jo implies (Ak;t,MhMg) = (Aj;tO,N17N2).
(ii):> (iii): It suffices to show that
{4 = {Aiys, 035 # 0}
Let A be the set of cluster variables of U,. and P € A. We first claim that
(P||M;y - Ms)gq < 0 if and only if P is a cluster variable appearing in the cluster
monomial My - Ms.

If P is a cluster variable appearing in the cluster monomial M; - Ms, then it
is easy to see that (P||M; - M2)q < 0. Conversely, if (P||M; - Ma)q < 0, then by
Corollary (i), we know that P is a cluster variable appearing in the cluster
monomial My - Ms.

By the discussion above, we get

{Aielbiy, # 0} = {P € A|(P||My - M2)a < 0}
Similarly, we have
{Ai;to|b§? # 0} = {P € A|(P||Ny - N2)q < 0}.
By (Ag.t, M1, Ms) = (Aj4y, N1, N2), we have My - My = Ny - No. Thus we get
{Auiebiy, # 0} = {Aige, b # 0}

(iii)== (iv): This is clear.
(iv)= (v): We know that

Xt 1

; L+
1+ Xk;t 1+ Xk;t
By Ai; = Aj., and the fact that M, M5 are monomials in variables from

{ A |bly # 0} C Ay,

A = Al My).

we know that
o X 1 ~ Xt 1
Ay = AL LM M) = A7} M M.
b = A (T, M T TR, M) = A Ty M T TR, M)
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can be viewed as the Laurent expansion of Ay, with respect to A;,. Thus we know
that

(Ajsto|[ Akt )a =1 >0 and (Ajo||Apser)a = 0,
for any i # j. Then by Proposition [7.2] we get Ag,r = Ajy,. So
(Apsts Arstr) = (Ajstor Ajsty )

(v)= (vi): This is clear.

(vi)= (i): If the j-th column of By, is zero, then the same holds for any
exchange matrices of Uy,.. In this case, the action of p; on any seed is very clear.
We can see that Ay, = Aj;;, implies that k = j and Xy = X,

If the j-th column of By, is non-zero, then N; and Ny are two different cluster
monomials in A;,. Then by Proposition and the following equality,

Xjto 1 Xt 1

Ny + Ny = 1+ M,
1 +‘Xj;% 1 +‘Xj;to 1 +Xk;t 1 JFXk;t
Xt _ X.‘:t Xk; _ 1
we get 1+X;;t = 1+a>7(j(;)t0 or 1+X;;t R ES e Namely, we get that
Xit = Xjity or Xpy = X

Similar to the argument for the statement (i)== (ii), now we rule out the pos-
sibility of Xp,; = X;tlo with the help of the condition Ay = Ajy,. Assume by
contradiction that X, = X jtlo. Then the k-th column of CtB 0% is the j-th col-
umn of —I,,, by Theorem (ii). So we have

Btgsto

Cikt = -1<0.
By Theorem [2.28] we know that
(7.3) (G ") (SC ST = I,
where S = diag(si, ..., Sp) is a skew-symmetrizer of By,.

By At = Ajt,, we know that the k-th column of Gfto;to equals the j-th column

vector of I,,. So the k-th row of (Gfto;to)T equals the j-th row of I,,. By comparing
the k-th row of the two sides of the equality (7.3, we know that the j-th row of

SC;BtC’;tOS_1 equals the k-th row of I,,. In particular, the (j, k)-entry sjcf,;ot;tos;l
of SCP*" 81 equals 1 and thus
By, s
cjkt;ot’t(J = ka > 0.
J
This contradicts cfkt;;to =-1<0. So X+ # X;tlo and thus Xp.; = X, . ([

Let U be an upper cluster algebra and & a cluster Poisson algebra. We say that
U and X have the same type if they have the same exchange matrix at a vertex tg
of T,,.

Theorem 7.6. Let X be a cluster Poisson algebra and U an upper cluster algebra
of the same type as X. Denote X, the Poisson cluster of X at t to distinguish
the Z -cluster Xy of U at t. Fach mutation ty, = u(t) gives an X -exchange pair
(Xkits Xioty) of X and an o -exchange pair (Ay.i, Aga,) of U. Then
(i) The map v : Xt — (Agit, Agt,) gives a bijection from the set of cluster
Poisson variables of X to the set of <7 -exchange pairs of U;
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(ii) The map 1 : (Xkwt, Xkity) = (Akts Akt ) gives a bijection from the set of
X -exchange pairs of X to the set of & -exchange pairs of U.

Proof. (i) Thanks to Proposition we can just assume that U = U, is an upper
cluster algebra with universal coefficient semifield. In this case, the cluster Poisson
variables of X' can be viewed as the 2 -variables of U = U,c. Then (i) follows from
Theorem 1) (v).

(i) follows from (i) and the fact that in any 2 -exchange pair (X s, X1, ), one
has X, = X - O

Remark 7.7. For (upper) cluster algebras of finite type, a different proof of Theorem
can be found in [SB19].

7.2. Exchange graphs of cluster Poisson algebras. Let X’ be a cluster Poisson
algebra. In this subsection, we prove that the seeds of X whose Poisson clusters con-
tain particular cluster Poisson variables form a connected subgraph of the exchange
graph of X.

Lemma 7.8. Let Uy be an upper cluster algebra with universal coefficient semifield,
and let tg and t1 be two seeds of Uy. with t1 = pg(ty). For a given 1 < j < n,
denote I(to) = {j} U {i[b}S # 0} and I(t1) = {j} U {ilbj} # 0}. If k ¢ I(to), then
we have Xj., = X, and I(to) = I(t1).

Proof. The results follow from k ¢ I(ty) and the definition of mutation. O

Lemma 7.9. Let U, be an upper cluster algebra with universal coefficient semifield
and t,ty two seeds of Uye. Then Xj,u, € Xy if and only if {A;4,} U {Ai;to\bfg #*
0} C A;.

Proof. =: This follows from Theorem (1) (iii).
<=: By {4,.4,} U {Ai;t0|b§§ # 0} C Ay, we know that

U :={Ajito } U {Ai, b3 # 0}
is a common subset of A; and A;,. Then by Theorem there exists a sequence of
mutations (g, , ..., pr,) such that the @7-seed at ts = ug, - - - i, (to) is equivalent
to the o7-seed at t and the cluster variables in U remain unchanged when we do each
mutation along the sequence of mutations (pg,, ..., pr, ). Set I = {j}U {z\bfg’ # 0}.
We know that k; ¢ I for any £ =1,...,s. Applying Lemma [7.8] iteratively, we get
X1, € Xy, . Because the two seeds t and ¢, are equivalent, we get X;.;, € X;. U

Theorem 7.10. Let X be a cluster Poisson algebra. Then the seeds of X whose
Poisson clusters contain particular cluster Poisson variables form a connected sub-
graph of the exchange graph of X.

Proof. Let U = U, be the upper cluster algebra with universal coefficient semifield
of the same type as X. In this case, the cluster Poisson variables (respectively,
Poisson clusters) of X can be viewed as the 2 -variables (respectively, 2 -clusters)
of U = Uy.. Now we work on the upper cluster algebra U.

Fix asubset V of X;,. Let t be a seed of U, whose 2 -cluster X, satisfies V' C X;.
It suffices for us to show that there exists a sequence of mutations (pg,, ..., fk,)
such that the 2 -seed at t5 = u, - - - pg, (to) is equivalent to the 2 -seed at t and the
Z -variables in V remain unchanged when we do each mutation along the sequence
of mutations (pg,, ..., tk, )
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Let U:= U ({A4jtU {Ai;t0|bf‘; # 0}). By Lemma [7.9] we know that for a
Xj;toe
seed t' of U, its 2 -cluster Xy satisfies V' C Xy if and only if its cluster Ay satisfies
UC Ayp.

By X;, 2 V and X; DV, we get that A, O U and A; O U. Then by Theorem
there exists a sequence of mutations (ug,, ..., g, ) such that the o/-seed at
ts = [k, -+ Mk, (to) 1S equivalent to the @7-seed at ¢ and the cluster variables in
U remain unchanged when we do each mutation along the sequence of mutations
(Hkys- -y pk, ). So the Z'-seed at ty = g, - - - fir, (to) is equivalent to the 2 -seed
at t and the Z -variables in V remain unchanged when we do each mutation along
the sequence of mutations (g, , ..., pr, ). This completes the proof. ]
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