ON THE CYCLIC HOMOLOGY OF EXACT CATEGORIES

BERNHARD KELLER

Abstract. The cyclic homology of an exact category was defined by R. Mc- Carthy [26] using the methods of F. Waldhausen [36]. McCarthy’s theory enjoys a number of desirable properties, the most basic being the agreement property, i.e. the fact that when applied to the category of finitely generated projective modules over an algebra it specializes to the cyclic homology of the algebra.

However, we show that McCarthy’s theory cannot be both compatible with localizations and invariant under functors inducing equivalences in the derived category.

This is our motivation for introducing a new theory for which all three properties hold: extension, invariance and localization. Thanks to these properties, the new theory can be computed explicitly for a number of categories of modules and sheaves.

Introduction

Overview of the results. Let k be a commutative ring and A an exact category in the sense of Quillen [30] which is moreover k-linear, i.e. the groups Hom_k(A, B), A, B ∈ A, are endowed with k-module structures such that the composition is bilinear.

In [26], R. McCarthy has defined the Hochschild, cyclic, negative and periodic homologies of A. He showed that they enjoy the following properties (1) Agreement. For the exact category of finitely generated projective modules over a (unital) algebra, the homologies agree with those of the algebra.

(2) Exact sequences. The different homologies are linked by the classical morphisms and long exact sequences.

(3) Additivity. The homologies are additive in the sense that the map induced by the middle term of a short exact sequence of functors is the sum of the maps induced by the outer terms.

(4) Products. The homologies admit product structures which agree with the classical structures in the situation of (1).

(5) Trace maps. There are trace maps linking the Quillen K-theory of A to its Hochschild resp. negative cyclic homology. Again these are compatible with the classical maps in the situation of (1), Now by analogy with K-theory, there are two other properties which we might expect to hold for a homology theory of exact categories, namely (6) Invariance. The theory should be preserved by exact functors inducing equivalences in the bounded derived categories [34] [35].

Date: September 27, 1997.

1991 Mathematics Subject Classification. 16E40, 18E10, 18E30, 18F25. Key words and phrases. Cyclic homology, Exact category, Derived category. 1

(7) Localization. It should be compatible with localizations (in a sense to be made precise).

These properties have been shown to hold for K-theory in many situations [32], [39], [38]. They have also been proved for cyclic homology of DG algebras in [19]. Unfortunately, the homologies defined by R. McCarthy cannot satisfy (1), (6), and (7). Indeed, we show in examples 1.8 and 1.9 that a theory satisfying (1), (6), and (7) necessarily takes non-zero values in arbitrarily negative degrees, whereas the homologies defined by R. McCarthy are concentrated positive degrees by their definition. This also shows that McCarthy’s cyclic homology cannot possibly satisfy the natural scheme-theoretic variant of property (1), which states that for the category vec X of vector bundles on a scheme X with an ample line bundle, there is a natural isomorphism

HC_∗(vec X)^∼→ HC_∗(X) ,

where HC_∗(X) is the cyclic homology of the scheme X as defined by Loday [22] and Weibel [37]. Indeed, HC_∗(X) contains the cohomology H^∗(X, O_X ) as a direct factor (concentrated in homologically negative degrees).

In this article, we propose a new definition of the Hochschild, cyclic . . . homologies of an exact category and show that the new theories do satisfy (1), (2), (3), (6) and (7). Thanks to the two last properties, we are able to compute them for a number of non-trivial examples (finitely generated modules over noetherian algebras of finite global dimension in 1.6, coherent sheaves on projective space in 1.7, finite-length modules over k[[X]] in 1.8, coherent sheaves on punctured affine space in 1.9, finitely generated modules over the dual numbers in 2.5). In many other cases, the computation may be reduced to that of the cyclic homology of a suitable differential graded algebra (example 2.6). The new theories can also be shown to satisfy the scheme-theoretic analog of property (1), cf. example 1.10.

We do not doubt that properties (4) and (5) also hold for the new theories. We provide evidence for this by proving a delooping theorem (1.13) for the new theories in the case of a flat exact category (i.e. Hom_A(A, B) is a flat k-module for all A, B ∈ A). We can then construct a natural transformation HC^{McC}_∗ A → HC^{new}_∗ A (and similarly for the other homologies) and define trace maps by composing this morphism with the trace maps constructed by R. McCarthy.

Organization of the article. In section 1, we state the main results of the article and give some examples: We define the mixed complex of a flat exact category in 1.4. The homologies associated with the category are derived from its mixed complex. This ensures the validity of property (2). The main theorem (1.5) states that properties (1), (6), and (7) hold. We illustrate the strength of (6) and (7) on some examples (1.6 to 1.8). In (1.12), the additivity property (3) is seen to be a consequence of the localization property (6). In turn, additivity is the essential ingredient for proving the delooping theorem in 1.13. Inspired by Kassel’s work [14] [16] on bivariant theories we show in (1.14) that certain (non-exact) k-linear functors which admit total derived functors induce maps in the new theories, and that (6) and (7) continue to hold for this wider class of functors. In the last paragraph of section 1, we prove a useful lemma which gives a sufficient condition for an exact sequence of abelian categories to induce an exact sequence of derived categories.

In section 2, we restate the main theorem in a setting which contains both the results of section 1 on exact categories and those of [19] on DG algebras as special cases. In this more general setting, categories of complexes or of DG modules are replaced by what we call ‘exact DG categories’ (2.1). Each exact DG category has an associated triangulated category which generalizes the homotopy category of a category of complexes or of DG modules. An exact category gives actually rise to a pair of exact DG categories: the category of complexes and its full subcategory of acyclic subcomplexes. This pair is an example of a ‘localization pair’ (2.4). Localization pairs are to be viewed as a more intrinsic variant of Thomason-Trobaugh’s bicomplicial Waldhausen categories [32]. Each localization pair has associated with it a mixed complex and a triangulated category. In the case of the localization pair associated with an exact category, these are respectively the mixed complex of the exact category and its derived category. The analog of the main theorem holds for localization pairs (2.4). This includes in particular the results of [19] for DG algebras as special cases. It improves on [19] in so far as we no longer have to make any hypothesis on the ground ring or on the underlying DG module of the algebra. This means, however, that we have to use a more elaborate definition of the mixed complex of a non-flat DG algebra using resolutions (3.2).

As an application, we compute the mixed complex of the category of finitedimensional modules over the dual numbers (2.5). By the same method, we reduce the computation of the mixed complex of the category of finite-dimensional modules over a finite-dimensional algebra A to the computation of the mixed complex of an associated DG algebra (whose homology is the Ext-algebra of the simple Amodules).

Sections 3 and 4 contain the proof of the main theorem for localization pairs. They form the technical heart of the article. In section 3, we prove existence and unicity up to homotopy of resolutions of exact DG categories. We start with the special case of DG algebras in 3.2. Here the only technical difficulty is that our DG algebras can have non-vanishing homology in positive and in negative degrees. The passage from DG algebras to exact DG categories in 3.6 then involves replacing an algebra by an ‘algebra with several objects’ and taking into account the exact structure. In fact, we do not only prove existence and unicity of resolutions but, more precisely, we show that if we quotient the category of exact DG categories by a suitable homotopy relation, then in the quotient, the multiplicative system of all functors inducing equivalences in the associated triangulated categories admits a calculus of right fractions. The corresponding localization is denoted by M^b. It is equivalent to its full subcategory whose objects are the flat exact DG categories. Using this equivalence we extend the mixed complex functor from flat exact DG categories to all exact DG categories.

By the definition of M^b, passing from an exact DG category to its associated triangulated category is a functor from M^b to the category of triangulated categories. We define a sequence of M^b to be exact iff the associated sequence of triangulated categories is exact.

In section 4, we study the ‘completion’ functor M^b → M. Its effect is to assign to each exact DG category a new, larger, exact DG category whose associated triangulated category admits ‘arbitrary’ coproducts. We deduce from the theorem of Neeman-Ravenel-Thomason-Trobaugh-Yao (4.12), that the completion functor preserves exactness (4.2) and that it becomes an equivalence when restricted to the full subcategory of M^b whose objects are the exact DG categories whose associated triangulated categories are Karoubian (4.1). The exactness of a sequence of M is of course defined by passing to the associated triangulated categories. Surprisingly enough, such sequences are actually exact in the pointed category M, i.e. the first term is a monomorphism, the second an epimorphism and the two form a kernel-cokernel pair (4.6). This allows us to associate with each localization pair a functorial exact sequence of M and in particular a ‘quotient category’ which depends functorially and exactly on the localization pair (4.7, 4.8). The final step is now to prove that the mixed complex functor is a ‘∂-functor’ on M. This is done in 4.9 and 4.13. The proof of 4.13 closely follows [19, section 6] but corrects an error which occurred in [19, lemma 5.2].

Acknowledgment. This work goes back to a question by P. Polo. I thank him for the interest he has continued to take in the subject.

I am grateful to the referee for his thorough reading of the manuscript. His remarks and questions have been a great help and encouragement in preparing the final version of the article.

1. Cyclic homology of exact categories

1.1. Exact categories and categories of complexes. Let k be a commutative ring and A a k-linear category (i.e. an additive category whose morphism spaces are k-modules such that the composition is bilinear). Suppose that A is exact in the sense of [30]. We use the terminology of [7, Ch. 9]: admissible monomorphisms are called inflations, admissible epimorphisms – deflations, and admissible short exact sequences – conflations. A complex N over A is acyclic in degree n if d^{n−1}_N factors as N^{n−1} N^n Z^{n−1}

-

d^{n−}1

QQs_{pn−1} ȷȷȷ3_{in−1}

where p^{n−1} is a cokernel for d^{n−2} and a deflation, and i^{n−1} is a kernel for d^n and an inflation. The complex N is acyclic if it is acyclic in each degree. We denote by Ac^bA the category of all acyclic complexes N which are bounded, i.e. we have N^n = 0 for all large |n|. We denote by C^bA the category of all bounded complexes over A.

If X and Y are two complexes over A, we have a differential Z-graded k-module Hom_A (X, Y ) whose nth component consists of the homogeneous morphisms f of degree n of Z-graded objects (X^p) → (Y^q) and whose differential is given by d(f) = d_Y ∘ f − (−1)^nf ∘ d_X , where f is of degree n. Note that for two composable morphisms g ∈ Hom_A (X, Y ) , f ∈ Hom_A (Y, Z)^n , we have the Leibniz rule d(fg) = (df) ∘ g + (−1)^nf ∘ dg. Thus any category of complexes over A may be viewed as a differential graded category in the sense of [13] and [18].

The homotopy category H^bA has the same objects as C^bA and its morphisms X → Y are in bijection with the elements of H^0Hom_A (X, Y ). It is a triangulated category. The full subcategory of the acyclic complexes forms a triangulated subcategory of H^bA. The derived category D^bA is the localization of H^bA with respect to the subcategory of acyclic complexes. Note that this makes sense although the subcategory of acyclic complexes may not be épaisse (cf. [28]). Indeed, if T is a triangulated category and S ⊂ T a full triangulated subcategory (which need not be épaisse), then the localization T /S exists and morphisms in the localization are given by a calculus of left or right fractions; the kernel of the localization functor T → T /S is the épaisse closure of S.

1.2. Reminder on mixed complexes. We use Kassel’s approach [14]. Recall that a mixed complex is a triple (C, b, B) such that (C, b) = (. . . → C_p → C_{p−1} → . . . ) is a complex of k-modules and B : C → C is a homogeneous morphism of Z-graded k-modules of degree 1 satisfying bB + Bb = 0. Let Λ be the DG algebra generated by an indeterminate ε of chain degree 1 with ε^2 = 0 and dε = 0. The underlying complex of Λ is · · · 0 → kε^0→ k → 0 · · · . Then a mixed complex may be identified with a DG left Λ-module whose underlying DG k-module is (C, b) and where ε acts by B. This interpretation leads to the following definitions: Suppose that C = (C, b, B) is a mixed complex. Then the shifted mixed complex C[1] is the mixed complex such that C[1]_p = C_{p−1} for all p, b_{C[1]} = −b_C , and B_{C[1]} = −B_C . Let f : C → C^′ be a morphism of mixed complexes. Then the mapping cone over f is the mixed complex (C^′ ⊕ C[1], [ b_C′ f 0 −b_C ] , [ B_C′ 0 0 −B_C ] ). We define Mix to be the category of mixed complexes and DMix to be the mixed derived category, i.e. the derived category of the DG algebra Λ. Its objects may be viewed as mixed complexes. Cyclic homology, Hochschild homology etc. may be interpreted as cohomological functors on DMix , cf. [19, 2.2]. Note that despite the notation, DMix is not the derived category of the abelian category Mix (the objects of the derived category of Mix would be complexes of mixed complexes . . . ). 1.3. The mixed complex of a flat DG category. Let B be a small DG category, i.e. a category enriched in differential graded k-modules (cf. for example [18]). Assume that B is flat, i.e. B (A, B) ⊗_k N is acyclic for each acyclic DG k-module N and all A, B ∈ B. In analogy with the construction of Hochschild-Mitchell homology [27] and with the case of DG algebras [9], [33], we associate a precyclic chain complex with B as follows: For each n ∈ N, its n-th term is ∐ B(B_n, B_0) ⊗ B(B_{n−1}, B_n) ⊗ B(B_{n−2}, B_{n−1}) ⊗ . . . ⊗ B(B_0, B_1) where the sum runs over all sequences B_0, . . . , B_n of objects of B. The degeneracy maps are given by d_i(f_n, . . . , f_i, f_{i−1}, . . . , f_0) = { (f_n, . . . , f_if_{i−1}, . . . f_0) if i > 0 (−1)^{(n+σ)}(f_0f_n, . . . , f_1) if i = 0

where σ = (deg f_0)(deg f_1 + · · · + deg f_{n−1}). The cyclic operator is given by

t_n(f_{n−1}, . . . , f_0) = (−1)^{n+σ} (f_0, f_{n−1}, f_{n−2}, . . . , f_1).

We associate a mixed complex C(B) with this precyclic chain complex as described in [19, Sect. 2]. We view C(B) as an object of the mixed derived category DMix as explained above (1.2). By definition, the cyclic homology of B is the cyclic homology of the mixed complex C(B), and similarly for the other variants of the theory (Hochschild, periodic, negative, . . . ). The cyclic complex of a DG category which is not necessarily flat will be defined via a flat resolution in section 3.2.

1.4. The mixed complex associated with an exact category (flat case). In the setting of (1.1), suppose that A is small and flat over k, i.e. A (A, B) is a flat k-module for all A, B ∈ A (this holds, for example, if k is a field; an important nonexample is the category of finitely generated abelian groups viewed as a Z-linear category). Then the mixed complex associated with the exact category A is defined to be C(A) = Cone(C(Ac^bA) −→ C(C^bA)). Here, Ac^bA and C^bA are viewed as differential graded categories and C is the functor defined in (1.3). Clearly C(A) is functorial with respect to exact functors.

The definition of C(A) for exact categories which are not necessarily flat over the ground ring is given in section 3.9 using flat resolutions.

1.5. The main theorem. Let k be a commutative ring. All exact categories below are assumed to be k-linear and small. By an exact functor, we always mean a k-linear exact functor. Statements b) and c) below will be extended to certain non-exact functors in section 1.14.

A factor-dense subcategory A^′ of an additive category A is a full subcategory such that each object of A is a direct factor of a finite direct sum of objects of A^′. An equivalence up to factors is an additive functor A → B which induces an equivalence onto a factor-dense subcategory of B. A sequence

0 → T^′ → T^Q→ T^{′′} → 0

of triangulated categories is exact up to factors if T^′ identifies with a factor-dense subcategory of the kernel of Q and Q induces an equivalence from T / ker Q onto a factor-dense subcategory of T^{′′}.

Theorem. a) If A is a k-algebra, there is a natural isomorphism in the mixed derived category

C(A)^∼→ C(proj A).

b) If F : A → B is an exact functor between exact categories which induces an equivalence up to factors D^bA → D^bB, then F induces an isomorphism in the mixed derived category C(A)^∼→ C(B).

c) If F : A^′ → A and G : A → A^{′′} are exact functors between exact categories such that the sequence 0 → D^bA^′ → D^bA → D^bA^{′′} → 0 is exact up to factors, then there is a canonical morphism ∂(F, G) such that the sequence C(A^′) → C(A) → C(A^{′′})^{∂(F,G)}−−−−→ C(A^′)[1] is a triangle in the mixed derived category.

The theorem is a consequence of (2.4) below. Statement b) is often applied in the following situation: Suppose that A ⊂ B is a full subcategory closed under extensions. Consider the conditions

a) For each B ∈ B, there is an acyclic complex of B 0 → B → A_0 → . . . → A_n → 0 with A_i ∈ A for all i.

b) For each conflation A → B → B^′ of B with A ∈ A, there is a commutative diagram A B B^′

A A^′ A^{′′}

?^1

  -

    ?

      -

        ?
  - -

whose second row is a conflation of A.

If b) (or its dual) holds, then the inclusion induces a fully faithful functor D^bA → D^bB. If moreover condition a) (or its dual) holds, then this functor is an equivalence (cf. also 1.15).

1.6. Example: Algebras of finite global dimension. Let A be a noetherian algebra of finite global dimension over a commutative ring k. Let mod A denote the category of all finitely generated A-modules. I claim that the inclusion proj A → mod A induces an isomorphism C(proj A)^∼→ C(mod A) in the mixed derived category. Indeed, the inclusion is an exact functor and the induced functor D^b proj A → D^b mod A is an equivalence by the above remark. So the claim follows from (1.5 b). If we combine it with (1.5 a), we find that if A is noetherian of finite global dimension, then we have a canonical isomorphism C(A)^∼→ C(mod A) in the mixed derived category.

1.7. Example: Projective space. Suppose that k is a field. Let n be a positive integer and V a vector space of dimension n + 1 over k. Let A be the algebra of upper triangular matrices (a_{ij})_{0≤i,j≤n} with a_{ij} ∈ S^{j−i}V for j ≥ i and a_{ij} = 0 for j < i. Let P be the projectivization of V and coh P the category of coherent sheaves on P. There is a canonical fully faithful functor proj A → coh P taking the indecomposable projective right A-module e_{ii}A to the sheaf OP(−i). By a theorem of Beilinson’s [1], this functor induces an equivalence

D^b proj A^∼→ D^b coh P.

Thus by (1.5 b) and (1.5 a), we have isomorphisms

C(coh P)^∼← C(proj A)^∼← C(A).

By [23, 1.2.15], we know that the inclusion of the diagonal matrices D ⊂ A induces an isomorphism C(D)^∼→ C(A) in the mixed derived category. So we finally get the isomorphism

C(coh P)^∼→ n⨁ i=0 C(k). 1.8. Example: Nilpotent matrices. Suppose that k is a field. Let N be the category of finite-length modules over the power series ring over k in one variable. An object of N is a finite-dimensional vector space endowed with a nilpotent endomorphism. The category N embeds into mod k[X] and its image equals the kernel of the localization functor mod k[X] → mod k[X, X^{−1}]. At the level of derived categories, we obtain a short exact sequence

0 → D^bN → D^b mod k[X] → D^b mod k[X, X^{−1}] → 0.

Hence by (1.5 c), we have a triangle

C(N ) → C(mod k[X]) → C(mod k[X, X^{−1}]) → C(N )[1]

in the mixed derived category. By example (1.6), it is isomorphic to a triangle C(N ) → C(k[X]) → C(k[X, X^{−1}]) → C(N )[1]. Now if we take homology in degree 0, then the second morphism identifies with the injection k[X] → k[X, X^{−1}] so that we get HC_{−1} N = cok(k[X] → k[X, X^{−1}]). To deduce this isomorphism, we have only used the statements in theorem (1.5). Thus, any homology theory satisfying theorem (1.5) must take non-zero values in negative degrees. The theories defined by R. McCarthy in [26] are concentrated in positive degrees by definition. So they cannot satisfy theorem (1.5).

1.9. Example: Punctured affine space. Let k be a field, n ≥ 2 and A the category coh X of coherent sheaves on the scheme X = A^n \ {0}. We will show that any homology theory satisfying theorem (1.5) is non-zero in degree −n + 1 when evaluated at the category A.

This phenomenon admits the following simple explanation: The inclusion of the category of algebraic vector bundles vec X into coh X yields an equivalence in the bounded derived categories. Now at least for the theory defined in (1.4), we know from theorem (1.10) below that the cyclic homology of vec X is the cyclic homology of the scheme X in the sense of Loday [22] and Weibel [37]. The latter contains the cohomology of the scheme with coefficients in the structure sheaf as a direct factor and in the case of punctured affine space X we have H^{n−1}(X, O_X ) ≠ 0.

To compute HC_{−n+1} (A), we use the exact sequence of abelian categories 0 → N → M → A → 0.

where M is the category of finitely generated modules over A = k[X_1, . . . , X_n] and N its full subcategory formed by the modules supported in {0}, i.e. such that all the X_i act nilpotently. Using example b) of 1.15, we see that the functor D^bN → D^bM is fully faithful. Thus we obtain an exact sequence of derived categories 0 → D^bN → D^bM → D^bA → 0. and an exact sequence HC_{−n+1} (M) → HC_{−n+1} (A) → HC_{−n} (N ) → HC_{−n} (M) by theorem (1.5 c). We know from (1.5 a) and example (1.6) that HC_i (M) vanishes for all i < 0. Thus we have an isomorphism HC_{−n+1} (A)^∼→ HC_{−n} (N ). To compute HC_{−n} (N ), we need to introduce some notation: For two subsets I, J of the set {1, . . . , n} let M^J_I denote the category of modules over A = k[X_1, . . . , X_n] where the X_i, i ∈ I act nilpotently and the X_j , j ∈ J, invertibly, and which are finitely generated as modules over A[X^{−1}_j | j ∈ J]. Note that if I ∩ J ≠ ∅, then M^J_I is the zero category. If I or J is empty, we omit the corresponding symbol from the notation. Thus M is the category of finitely generated A-modules as defined before, and N = M_{{1,... ,n}}.

We will show by induction on r = |I| that HC_p (M^J_I ) = 0 for p < −r and that HC_{−r} (M^J_I ) = A^J_I , where we define A^J_I = A[X^{−1}_k | k ∈ I ∪ J]/ ∑ i∈I A[X^{−1}_k | k ∈ I ∪ J \ {i}]. In particular, we have HC_{−n} M = A[X^{−1}_1 , . . . , X^{−1}_n ]/ n∑ i=1 A[X^{−1}_1 , . . . , ^X^{−1}_i , . . . X^{−1}_n ]. To start with the induction, note that we have HC_0 (M^J ) = A[X^{−1}_j | j ∈ J] and HC_p (M^J ) = 0 for p < 0 by (1.5 a) and example (1.6). For the step from r to r + 1 let j_{r+1} ∉ J and put J^+ = J ∪ {j_{r+1}}, I^+ = I ∪ {j_{r+1}}. Consider the exact sequence of abelian categories 0 → M^J_I+ → M^J_I → M^{J+}_I → 0.

By example b) of 1.15, this sequence induces an exact sequence in the derived categories. So from (1.5 c) we get the exact sequence HC_{−r} (M^J_I ) → HC_{−r} (M^{J+}_I ) → HC_{−r−1} (M^J_I+ ) → HC_{−r−1} (M^J_I ). Using the induction hypothesis we see that this sequence is isomorphic to A^J_I → A^{J+}_I → HC_{−r−1} (M^J_I+ ) → 0. It follows that HC_{−r−1} (M^J_{I+} ) identifies with A^{J+}_I /A^J_I^∼→ A^J_{I+} .

1.10. Cyclic homology of schemes. Let X be a scheme over a field k which admits an ample line bundle (for example a quasi-projective variety). Let vec(X) denote the category of locally finitely generated free sheaves on X (i.e. the category of algebraic vector bundles). It is an exact subcategory of the category of quasicoherent sheaves on X.

Theorem. [20] There is a canonical isomorphism

HC_∗(X)^∼→ HC_∗(vec(X)).

Here HC_∗(X) denotes the cyclic homology of the scheme X as defined by Loday [22] and Weibel [37]. For an affine scheme X = Spec(A), the category vec(X) is equivalent to proj A and on the other hand, Weibel has shown in [loc. cit.] that HC_∗(X) is canonically isomorphic to HC_∗(A). So the theorem reduces to (1.5 a) in this case.

It will be shown in [20] that the theorem above generalizes to arbitrary quasicompact quasi-separated schemes if we replace the exact category vec(X) by the localization pair (2.4) associated with the category of perfect complexes on X.

1.11. A counterexample to devissage. Suppose that k is a field. Let A = k[ε]/(ε^2). In (2.5) below we will show that HH_∗(mod A) = A ⊗_k k[T ] where T is of homological degree −1. As a graded k-module, this is clearly non isomorphic to HH_∗(mod k) = k[u], where u is of homological degree 2. This example shows that the analogue of the dévissage theorem 4 of [30] does not hold for the invariant A → HH_∗(mod A). 1.12. Application: Additivity. Let k be a commutative ring and A a small k-linear exact category. Let con A denote the category of conflations ε : A^i→ B^d→ C of A. It becomes an exact category if we endow it with the componentwise conflations. Let P : con A → A be the functor ε → C and R : con A → A the functor ε → A. Theorem. The functors P and R induce an isomorphism in the mixed derived category C(con A)^∼→ C(A) ⊕ C(A). Proof. Let I : A → con A denote the functor A → (A 1^A−−→ A −→ 0). Then we have a short exact sequence of derived categories

0 → D^bA^I→ D^b con A^P→ D^bA → 0.

Hence by (1.5 c), we have a triangle C(A)^{C(I)}−−−→ C(con A)^{C(P )}−−−→ C(A) → C(A)[1] in DMix . Now the functor R satisfies RI = 1_A. So the triangle splits and we get the isomorphism of the theorem. √

1.13. Application: Delooping. Let k be a commutative ring and A a small k-linear flat exact category. Recall from 1.4 that C(A) = Cone(C(Ac^bA) −→ C(C^bA)). This definition clearly defines a functor from the category of small exact flat categories and exact functors to the category of mixed complexes. Hence it admits a natural extension to a functor from simplicial exact categories to simplicial mixed complexes. In particular, if S_•A denotes the Waldhausen construction (see [36], [26, 3.1]), we have a simplicial object of mixed complexes C(S_•A). We denote by Tot C(S_•A) the mixed complex obtained by passing from the simplicial object C(S_•A) to its associated reduced chain complex (whose components are mixed complexes) and then to the (sum) total mixed complex.

Theorem. There is a canonical isomorphism in the mixed derived category Tot C(S_•A)^∼→ C(A)[1].

Proof. Consider the sequence 0 → const_•A → P_•S_•A → S_•A → 0 of simplicial exact categories: here const_•A denotes the constant simplicial category with value A and P_•S_•A is the ‘path object’ of S_•A (see [26, 3.3]). Let I_nA denote the category whose objects are the sequences A_0 → A_1 → . . . → A_n of inflations of A. The nth component of the above sequence is given (up to equivalence) by 0 → A^F→ I_nA^G→ I_{n−1}A → 0 where F maps A ∈ A to the constant sequence A 1→ A 1→ . . . 1→ A and G maps a sequence A_0 → . . . → A_n to A_1/A_0 → . . . → A_n/A_0. This is clearly a (split) exact sequence of exact categories. By the additivity (1.12), this implies that in C(const_nA) → C(P_nS_•A) → C(S_nA) the first morphism is a quasi-isomorphism onto the kernel of the second, which is surjective in each component. Now if B_• is a simplicial exact category, then Tot C(B_•) is filtered by a complete, bounded below filtration with subquotients the C(B_n) suitably shifted. This implies that the morphism Tot C(const_•A) → Tot C(P_•S_•A) is a quasi-isomorphism onto the kernel of the morphism Tot C(P_•S_•A) → Tot C(S_•A) , which is surjective in each component. Hence we have a canonical triangle in the mixed derived category Tot C(const_•A) → Tot C(P_•S_•A) → Tot C(S_•A) → Tot C(const_•A)[1].

Now we have a canonical isomorphism of mixed complexes Tot C(const_•A)^∼→ C(A). Moreover P_•S_•A is contractible as a simplicial object, so Tot C(P_•S_•A) is a zero object in DMix . So we have a canonical isomorphism Tot C(S_•A) → C(A)[1] in DMix . √ 1.14. Extended functoriality. Let k be a commutative ring, A and B small klinear exact categories and F : A → B a k-linear functor which is not necessarily exact. Inspired by Kassel’s work [14] [16] we would like to assign to F a morphism C(A) → C(B) of the mixed derived category. For this, we assume that the functor F is right derivable, i.e. that A admits a full exact subcategory A^′ ⊂ A satisfying conditions a) and b) of the remark following theorem 1.5 and such that the restriction of F to A^′ is exact. Then the total derived functor RF : D^bA → D^bB exists in the sense of Deligne [4] and we have a diagram (commutative up to isomorphism) D^bA^′ D^bB

D^bA^′ D^bA.

?^1

   -^{F |A′}

   -^∼

     6_{RF}

Accordingly, we define the morphism C(RF ) in the mixed derived category by the commutative diagram C(A^′) C(B)

C(A^′) C(A).

?^1

   -^{C(F |A′)}

   -^∼

     6_{C(RF )}

We see that if RF is an equivalence up to factors, then C(RF ) is an isomorphism by (1.5 b). Similarly, one can define C(LF ) if F is left derivable (left to the reader).

In (1.5 c), instead of supposing that F and G are exact, it is enough to assume that they are right derivable and that the sequence 0 → D^bA^′ R^F−−→ D^bA R^G−−→ D^bA^{′′} → 0. is exact up to factors (similarly with ‘right’ replaced by ‘left’ for F , G, or both). Then we still have a canonical triangle

C(A^′)^{C(}

RF ) −−−−→ C(A)^{C(} RG) −−−−→ C(A^{′′})^{∂(} RF,RG) −−−−−−−→ C(A^′)[1]. This is not a consequence of (1.5 c) but of its proof: Indeed, in the proof, we pass from an exact category to the corresponding localization pair (2.4), to objects of the categories L^b and L, and finally to objects of the category M (4.8). For an exact category A, denote by M (A) the corresponding object of M. Each object M of M has an associated triangulated category T M and T M (A) is a triangulated category whose subcategory of compact objects is equivalent up to factors to D^bA (4.8). The object M (A) is functorial in A and an exact functor A^′ → A inducing an equivalence up to factors in the derived categories induces an isomorphism M (A^′) → M (A) (4.8). It follows that we can define M (RF ) for a right derivable functor F in the natural way. Moreover, it follows from (4.8) that under the above hypotheses, the sequence

0 → M (A^′)^{M(}

RF ) −−−−−→ M (A)^{M(} RG) −−−−−→ M (A^{′′}) → 0 is an exact sequence of M (4.6). Now the assertion follows from (4.9 b).

1.15. Localization: Abelian vs. derived categories. We refer to [6] for an introduction to the localization theory of abelian categories.

Let B be an abelian category and A a Serre subcategory. By definition, we have an exact sequence of abelian categories 0 → A → B → B/A → 0. Such a sequence may or may not induce an exact sequence of derived categories, as we will see in the (non-) examples below. A sufficient condition is given in the following lemma. Even if the induced sequence in the derived categories is not exact, statement a) of the lemma shows that we have an exact sequence of localization pairs, which still yields information on cyclic homology by theorem 2.4 below.

Lemma. a) We have an exact sequence of triangulated categories 0 → D^b_BA → D^bB → D^b(B/A) → 0 , where D^b_AB denotes the full subcategory of complexes whose homology lies in A. b) We have an exact sequence of derived categories 0 → D^bA → D^bB → D^b(B/A) → 0 iff the canonical functor D^bA → D^b_AB is an equivalence and this holds iff it is fully faithful.

c) The condition of b) holds and the canonical functor D^bA → D^b_AB is an equivalence in each of the following cases c1) For each exact sequence 0 → A → B → C → 0 of A with A ∈ A, there is a commutative diagram with exact rows 0 A B C 0

0 A A^′ A^{′′} 0

-

  ?^1

    -

      ?

        -

          ?

            -

- - - -

where A^′ and A^{′′} belong to A.

c2) The abelian category A is generated by objects X of projective dimension at most 1 (i.e. we have Ext^i_A(X, ?) = 0 for all i ≥ 2).

Proof. a) The canonical functor C^b(B)/C^b(A) → C^b(B/A) is easily seen to be an equivalence. Its quasi-inverse induces a quasi-inverse to the canonical functor D^b(B)/D^b_A(A) → D^b(B/A). b) By a), the canonical functor is an equivalence iff the sequence is exact. If the functor is fully faithful, then it is an equivalence by devissage.

c1) is well-known [10].

c2) For i ≤ 1 and L, M ∈ A, we have isomorphisms

Ext^i_A(L, M )^∼→ Ext^i_B(L, M ) since A is a Serre subcategory. Now fix M ∈ A and, for L ∈ A, put E^i_AL = Ext^i_A(L, M ) and E^i_BL = Ext^i_B(L, M ). The canonical map E^i_AL → E^i_BL is clearly a morphism of δ-functors and it is invertible for i = 0, 1. To show that it is invertible for all i ∈ N, it is enough to show that the functor E^i_B : A → Mod Z is effaceable for i ≥ 2. This is immediate from the assumption. Thus the canonical map Ext^i_A(L, M )^∼→ Ext^i_B(L, M )

is an isomorphism for all L, M ∈ A and all i ∈ N. By devissage, this implies that the canonical functor D^bA → D^b_AB is fully faithful. √ Example. a) Localization of non-commutative rings. Let B be a right coherent algebra and S ⊂ B a subset such that

a) 1 ∈ S and SS ⊂ S, b) For s ∈ S and b ∈ B, there are t ∈ S and c ∈ B such that cs = tb. c) For t ∈ S and c ∈ B, there are s ∈ S and b ∈ B such that cs = tb. d) For each s ∈ S, left multiplication by s is injective.

That is to say that S is a multiplicative subset (a) satisfying both Ore conditions (b,c) and consisting of left non-zero divisors (d), cf. [5]. The ring of fractions B[S^{−1}] is again right coherent. Let B = mod B denote the category of finitely presented right B-modules and A the kernel of the localization functor mod B → mod B[S^{−1}]. It is well-known (and easy to check) that the canonical functor B/A → mod B[S^{−1}] is an equivalence. Thus we have an exact sequence of abelian categories

0 → A → mod B → mod B[S^{−1}] → 0.

The category A is generated by the B/sB, s ∈ S, which are clearly of projective dimension at most 1 in mod B. So by the lemma, we have an exact sequence of derived categories

0 → D^bA → D^b mod B → D^b mod B[S^{−1}] → 0.

b) Modules supported on a closed affine subscheme. Let B be a commutative noetherian ring and I ⊂ B an ideal. Let B = mod B be the category of finitely generated B-modules and A its full subcategory consisting of the modules annihilated by some power of I. Let S = B \ I. Then we have an exact sequence of abelian categories

0 → A → mod B → mod B[S^{−1}] → 0

and it does induce an exact sequence of derived categories. Indeed, we can use condition c1): Let 0 → N → M → L → 0 be an exact sequence of B-modules with N ∈ A. Then by the Artin–Rees lemma [25, Theorem 8.5], there is an integer c ≥ 0 such that I^nM ∩ N = I^{n−c}(I^cM ∩ N ) for all n > c. So if we choose n such that

I^{n−c}N = 0, we have a diagram with exact rows 0 N M L 0

0 N M/I^nM M/(I^nM + N ) 0

-

  ?^1

       -

         ?

               -

                 ?

                       -

- - - -

whose second row belongs to A.

c) A Non-example. Let k be a field and B the algebra of upper triangular 3×3 matrices over k divided by the ideal generated by the matrix E_{13}. Denote by S_i the simple right B-module given by the character sending ∑ a_{jk}E_{jk} to a_{ii}. Let B be the category of all finitely generated A-modules and A the full subcategory whose objects are the finite direct sums of copies of S_1 and S_3. We have Ext^1_B (S_1, S_3) = 0 = Ext^1_B (S_3, S_1). So A is closed under extensions. Clearly it is closed under subobjects and quotients. Thus it is a Serre subcategory. As an abelian category, A is semisimple and in particular Ext^2_A(S_1, S_3) = 0. On the other hand, an easy computation shows that Ext^2_B (S_1, S_3) = k. Hence the canonical functor D^bA → D^b_AB is not an equivalence in this case.

2. Exact DG categories

2.1. Definitions. Let k be a commutative ring and B a small DG k-category (cf. [18]).

For example, let A be a small k-linear category. Then the category B = CA of chain complexes

A = (. . . A^{p d}→ A^{p+1} → . . . ) , p ∈ Z , d^2 = 0 ,

over A becomes a DG k-category if we take B(A, B) to be the morphism complex (the n-th component of B(A, B) is formed by the families f = (f^p) of morphisms A^p → B^{n+p} and the differential is given by d(f) = d ∘ f − (−1)^nf ∘ d).

Recall that a DG (right) B-module is a DG functor M : B^{op} → Dif k, where Dif k denotes the category of differential graded k-modules. The module M is given by differential graded k-modules M (B), B ∈ B, and morphisms of chain complexes B (B, C) → (Dif k) (M (C), M (B)) , b → M (b) such that M (b)M (a) = (−1)^{pq} M (ab) for a ∈ B (B, C)^q and b ∈ B (A, B)^p. For a DG module M , we denote by M [1] the shifted module: By definition, we have M [1](B)^p = M (B)^{p+1} and d_{M[1](B)} = −d_{M(B)} for all B ∈ B, p ∈ Z; moreover, for b ∈ B (B, C)^p we have M [1](b)^q = (−1)^{pq}M (b)^{q+1}. A morphism of graded Bmodules f : M → N is the datum of a morphism of Z-graded k-modules f(B) : M (B) → N (B) for each B ∈ B such that we have f(B)M (b) = N (b)f(C) for each b ∈ B (B, C). A morphism of differential graded B-modules is a morphism f of graded B-modules such that f(B) commutes with the differential for each B ∈ B. If f : M → N is a morphism of DG modules, the mapping cone Cone(f) is the DG module K defined by K(f)(B)^p = N (B)^p ⊕ M (B)^{p+1},

d^p_{K(f)}(B) = [ d^p_{N(B)} f(B)^{p+1} 0 −d^{p+1}_{M(B)} ] , K(f)(b)^p = [ N (b)^p 0 0 (−1)^{pq} M (b) ] . for B, C ∈ B, p, q ∈ Z, and b ∈ B (B, C)^q. The category of DG B-modules is denoted by Dif B. It carries an exact structure in the sense of Quillen [30] whose admissible short exact sequences are the short exact sequences 0 → L^i→ M^p→ N → 0 which split as sequences of graded B-modules.

We denote by Z^0 B the category with the same objects as B and whose morphisms A → B correspond bijectively to the elements of Z^0 B(A, B). In the example B = CA, the category Z^0 B is the category of chain complexes and morphisms of chain complexes (commuting with the differential).

Clearly, the functor Y : Z^0 B → Dif B , B → Y B = B^∧ = B(?, B) is fully faithful (Y stands for ‘Yoneda’). A DG B-module is representable if it is isomorphic to a functor of the form Y B for some B ∈ B. The category B is an exact DG category if the full subcategory of of Dif B formed by the representable functors is stable under the translation functors M → M [n], n ∈ Z, and closed under extensions. A typical example of an exact DG category is the category B = CA.

It is easy to see that each extension of Y A[1] by Y B in Dif B is isomorphic to the mapping cone Cone(g) of some morphism of DG B-modules g = Y f : Y A → Y B. Whence the

Lemma. The category B is an exact DG category if and only if the following two conditions hold

a) For each A ∈ B and each n ∈ Z, there is an object A[n] in B and an isomorphism of DG B-modules Y (A[n])^∼→ (Y A)[n] b) For each morphism f : A → B of Z^0 B, there is an object Cone(f) of B and an isomorphism of DG B-modules Y (Cone(f))^∼→ Cone(Y f).

If B is an exact DG category, then Z^0 B becomes a Frobenius category for the exact structure induced from Dif B, i.e. an exact category with enough injectives, enough projectives and where the classes of projectives and injectives coincide. The stable category associated with a Frobenius category is obtained by dividing by the ideal of morphisms factoring through a projective-injective; it is a triangulated category (cf. [12], [11], [21]). By abuse of notation, we will denote the stable category associated with Z^0 B by B. In the example of B = CA, the stable category B is nothing but the homotopy category of complexes over A.

2.2. Examples of exact DG categories. a) Categories of complexes. Let A be an additive category and B a full subcategory of the category CA of complexes over A which is closed under (degreewise split) extensions and shifts. Then B is an exact DG category whose mapping cones are the usual mapping cones of complexes.

b) Exact DG subcategories. Let B be an exact DG category and B^′ an exact DG subcategory, i.e. a full DG subcategory such that Z^0 B^′ is closed in Z^0 B under shifts and extensions. Then B^′ is an exact DG category.

b) Examples arising from Frobenius categories. Let E be a Frobenius category. Let B be the category of acyclic complexes with projective-injective components over E. This is an exact DG category by example a). The zero cycle functor induces a triangle equivalence B → E. Hence, up to triangle equivalence, all stable categories of Frobenius categories are obtained as stable categories of exact DG categories.

c) Exact envelopes of DG categories. Let A be a DG category. Up to equivalence, the category Dif A contains a unique smallest subcategory containing the Y A, A ∈ A, closed under shifts and (graded split) extensions. This subcategory will be denote by dgfree A. It is an exact DG category and the functor A → dgfree A is universal among DG functors from A to exact DG categories. The category dgfree A may also be constructed more explicitly as follows (cf. also [13, 2.2]): First define ZA to be the category whose objects are the pairs (A, r) consisting of an object A ∈ A and an integer r; the DG module of morphisms from (A, r) to (B, s) is in bijection with Hom_A (A, B)[s − r]. The composition of a morphism f : (A, r) → (B, s) of degree n with g : (B, s) → (C, t) of degree m is given by g ∘Z_A f = (−1)^{n+m+nr+ms}g ∘_A f. Now the objects of dgfree A are the sequences (A_1, . . . , A_n) of objects of ZA together with matrices δ = (δ_{ij} ) of morphisms δ_{ij} ∈ Hom Z_A (A_j , A_i) such that δ_{ij} = 0 for i ≥ j and d(δ_{ij}) + ∑ k δ_{ik}δ_{kj} = 0 for all i, j. The DG module of morphisms from (A_1, . . . , A_n) to (B_1, . . . , B_m) is given by matrices f = (f_{ij} ), f_{ij} ∈ Hom Z_A (A_j , B_i). The differential of a homogeneous morphism f of degree n is defined to be dZ_Af + δ ∘ f − (−1)^nf ∘ δ where dZ_A is applied to each entry of the matrix f and δ ∘ f and f ∘ δ are matrix products. The canonical functor Φ : ZA → Dif A sends an object (A, r) to A^∧[r] and the canonical functor dgfree A → Dif A sends an object (A_1, . . . , A_n) to the graded module ΦA_1 ⊕ · · · ⊕ ΦA_n endowed with the differential d + Φδ.

d) Functor categories. Let A be a small DG category (for example any kcategory) and B an exact DG category. We will define an exact DG category Fun (A, B) whose objects are k-linear DG functors A → B. If F and G are two such functors, let Hom (F, G)^n denote the set of homogeneous morphisms of degree n of the underlying graded functors; thus an element φ of Hom (F, G)^n is the datum of a morphism φA ∈ Hom_B (F A, GA)^n such that (Gf)(φA) = (−1)^{nm}(φA^′)(F f) for each f ∈ Hom_A (A, A^′)^m, m ∈ Z. The differential of Hom (F, G) is defined by (dφ)(A) = d(φA). Then it is straightforward to check that Fun (A, B) is an exact DG category (the mapping cone over φ ∈ Z^0 Hom (F, G) is given by A → Cone(φ(A))).

We define Rep(A, B) to be the localization of the stable category of Fun (A, B) at the class of morphisms f : F → G such that fA : F A → GA becomes invertible in B for all A ∈ A.

e) Filtered objects. Let F : A → B be a DG functor between exact DG categories. Let Fil F be the DG category whose objects are pairs (A, i), where

A ∈ A and i : F A → B is an inflation of Z^0 B. By definition, the DG module of morphisms from (A, F A^i→ B) to (A^′, F A^{′ i′}→ B^′) is the pullback of the diagram Hom_B (B, B^′)

Hom_A (A, A^′) Hom_B (F A, B^′).

    ?^{i∗}
-

Then Fil F is an exact DG category and a morphism (u, v) of Z^0 Fil F is invertible in the stable category iff u and v become invertible in the stable categories of A resp. B.

2.3. DG functors between exact DG categories. Let B and B^′ be exact DG categories and let F : B → B^′ be a DG functor. Recall from [18, 1.1, 1.2] that this means in particular that F is k-linear.

Lemma. For each A, B ∈ B, n ∈ Z and f ∈ Z^0 B (A, B) there are canonical isomorphisms

F (A[n])^∼→ (F A)[n] and F (Cone(f))^∼→ Cone(F f).

Proof. We use the terminology of [18, 6.1]. Define the B-B^′-bimodule X by X (A, B) = B (A, F B) for A ∈ B^′, B ∈ B. Clearly the functor T_X : Dif B → Dif B^′ admits canonical isomorphisms as in the claim. Now we have a canonical isomorphism T_X Y^∼→ Y F . Whence the claim. √ 2.4. Localization pairs. A localization pair B is an exact DG category B_1 endowed with a full subcategory B_0 ⊂ B_1 such that Z^0 B_0 is an exact subcategory of Z^0 B_1 which is stable under shifts and closed under extensions. Then B_0 identifies with a full triangulated subcategory of B_1. This suffices for the localization B_1/B_0 to be well-defined (it is not necessary for B_0 to be épaisse; the kernel of the quotient functor B_1 → B_1/B_0 is the épaisse closure of B_0). By definition, the triangulated category associated with the localization pair B is

T B := B_1/B_0.

For example, if A is an exact k-linear category, then the pair consisting of C^bA and of its subcategory of acyclic complexes is a localization pair and the associated triangulated category is the derived category of A.

Similarly, if A is a DG algebra, then dgfree A endowed with the zero subcategory is a localization pair (which will also be denoted by dgfree A). The associated triangulated category is equivalent to a full subcategory of the category per A of perfect objects (=compact objects = small objects [19, 7.10]) in the derived category DA. Moreover, each perfect object is a direct factor (in DA) of an object of dgfree A (this follows from the proof of the theorem of Ravenel-Neeman [31], [29], as explained in [18, 5.2]).

A DG k-module M is flat (resp. closed) if M ⊗_k N (resp. Hom_k (M, N )) is acyclic for each (possibly unbounded) acyclic DG k-module N . A DG category A is flat if A (A, B) is a flat DG k-module for all A, B ∈ A. A localization pair B is flat if B_0, and hence B_1, are flat DG categories. Similarly, one defines the notion of closed DG category and closed localization pair.

The mixed complex associated with a flat localization pair B is the cone

C(B) := Cone(C(B_0) → C(B_1)).

The definition of C(B) for an arbitrary localization pair B will be given in (3.9).

If B and B^′ are localization pairs, an exact functor F : B^′ → B is an exact functor B^′_1 → B_1 taking B^′_0 to B_0. Such a functor induces a triangulated functor T B^′ → T B and a morphism C(F ) : C(B^′) → C(B) in the category of mixed complexes (and therefore in the mixed derived category).

Theorem. a) If A is a DG algebra over k, there is a canonical isomorphism C(A)^∼→ C(dgfree A) in the mixed derived category.

b) If F : B^′ → B is an exact functor between localization pairs such that F induces an equivalence up to factors T B^′ → T B, then F induces an isomorphism C(B^′)^∼→ C(B) in the mixed derived category.

c) If we have exact functors between localization pairs B^{′ F}→ B^G→ B^{′′} such that the sequence of triangulated categories 0 → T B^′ → T B → T B^{′′} → 0 is exact up to factors, then there is a canonical triangle C(B^′)^{C(F )}→ C(B)^{C(G)}→ C(B^{′′})^{∂(F,G)}−−−−→ C(B^′)[1] in the mixed derived category.

The theorem will be proved in (4.11).

2.5. Example: Dual numbers. Let k be a field and A = k[ε]/(ε^2). Using the above theorem we will compute C(mod A). Consider the following categories: the category B of bounded complexes over mod A; the category B^′ of right bounded complexes over mod A which are acyclic in all degrees ≪ 0; the smallest full subcategory B^{′′} of B^′ closed under shifts and degreewise split extensions and containing the complex P = (· · · A^ε→ A^ε→ A → 0 → 0 · · · ), where the last component A is in degree 0. Then B gives rise to a localization pair if we consider it together with its full subcategory of acyclic complexes and similarly for B^′ and B^{′′}. We denote these localization pairs by the same symbols. Then clearly the inclusion functors B → B^′ ← B^{′′} induce equivalences in the associated triangulated categories. Finally, we have T B^{′′ ∼}← B^{′′} and this category is generated by P as a triangulated category. Now consider B = k[T ] as a differential graded algebra with differential zero where the generator T is of (cohomological) degree 1. Then we have a morphism of DG algebras φ : B → Hom_A (P, P ) mapping T to the morphism P → P [1] which is the identity in all degrees except 0. The morphism φ is in fact a quasi-isomorphism. Hence the functor Q → Q ⊗_B P induces an equivalence from T (dgfree B) onto T B^{′′}. It follows from theorem (2.4) that we have isomorphisms C(mod A)^∼← C(B^{′′})^∼← C(B). in the mixed derived category. For example, we have HH_∗(mod A)^∼→ HH_∗(B)^∼→ A ⊗ B as graded k-modules, where T is of (homological) degree −1 and ε of degree 0. 2.6. Example: Finite-dimensional algebras. Let k be a field and A a finitedimensional algebra over k. If A is of finite global dimension, we have C(mod A)^∼→ C(A) by example (1.6). In the general case, let S_1, . . . S_n be a system of representatives of the simple A-modules and P a projective resolution of the direct sum of the S_i. Put B = Hom_A (P, P ). Note that the homology of B is the Ext-algebra ⨁ i,j Ext^∗_A(S_i, S_j).

Then the argument of example (2.5) shows that we have an isomorphism C(mod A)^∼→ C(B) in the mixed derived category. J. Rickard asks: Are there finite-dimensional algebras A such that some HH_n (mod A) or HC_n (mod A) is infinite-dimensional ? 2.7. Mayer-Vietoris squares and triangles. A triangle functor F : T → T^{′′} is a localization functor if it induces an equivalence T / ker F^∼→ T^{′′}. A square of triangle functors S S^{′′}

T T^{′′}

?

  -^G

    ?-_L

is a Mayer-Vietoris square if all four functors are localization functors and the induced triangle functor ker G → ker L is an equivalence. Theorem. Let B^′ B B^{′′}

C^′ C C^{′′}

?^{H′}

  -^F -^G
    ?^H ?^{H′′}
  -^K -^L

be a diagram of localization pairs and exact functors such that in the associated triangulated categories, the lines induce exact sequences and the right hand square induces a Mayer-Vietoris square. Then if δ denotes the composition C(C^{′′})^{∂(K,L)} −−−−→ C(C^′)[1]^{C(H′ )[1]−1} −−−−−−−→ C(B^′)[1]^{C(F )[1]}−−−−−→ C(B)[1] (which is well defined in the mixed derived category), the sequence C(B)^α→ C(B^{′′}) ⊕ C(C)^β→ C(C^{′′})^δ→ C(B)[1] , where α = [ −C(G) C(H) ] , β = [C(H^{′′}), C(L)] , is a triangle (the Mayer-Vietoris triangle associated with the square).

The theorem will be proved in (4.11). The corresponding Mayer-Vietoris sequence in homology can of course be derived from the homology sequence obtained from the localization theorem. However, the existence of a functorial Mayer-Vietoris triangle does not follow from the existence of triangles for localizations.

3. Homotopy and Localization

3.1. Homotopy between morphisms of DG algebras. Let k be a commutative ring. Let α, β : A → B be morphisms of DG algebras. An α-β-derivation of degree r is a morphism Δ : A → B of graded k-modules which is homogeneous of degree r and satisfies

Δ(xy) = Δ(x)β(y) + (−1)^{r n}α(x)Δ(y)

for all x ∈ A^n, y ∈ A. For example, the map α − β is an α-β-derivation of degree 0. An homotopy from α to β is an α-β-derivation h of degree −1 such that α − β = d_Bh + hd_A. The morphism α is homotopic to β if there is an homotopy from α to β. Clearly homotopy is a bifunctorial relation on the set of morphisms from A to B. An homotopy equivalence is a morphism which becomes invertible after quotienting the category of DG algebras by the equivalence relation generated by the homotopy relation.

For a given DG algebra B, there is a ‘universal’ pair of homotopic morphisms p_1, p_2 : B^′ → B constructed as follows: Let Y = B[−1] viewed as a B-B-bimodule. Note that the right action of B on Y is right B-multiplication whereas the left action is twisted left B-multiplication: x.y = (−1)^{pq} xy , y ∈ B^p, x ∈ B^q and that d_{B[−1]} = −d_B . Let B^′ be the algebra of upper triangular matrices ( B Y 0 B ) . View B^′ as a subalgebra of the graded endomorphism algebra of B ⊕ B[1] and as such, endow it with the differential given by the supercommutator with ( d 1 0 −d ) . Then B^′ is a DG algebra (it is a subalgebra of the graded endomorphism algebra of the mapping cone over the identity of B). The two diagonal projections p_1, p_2 : B^′ → B are DG algebra morphisms and the map

h_0 : ( b_1 y 0 b_2 ) → y is an homotopy from p_1 to p_2. It is universal in the sense that if h is an homotopy from α to β : A → B, then the map γ : a → ( α(a) h(a) 0 β(a) )

is a morphism of DG algebras such that p_1γ = α, p_2γ = β and h_0γ = h and clearly it is the unique morphism with these properties.

Note that both p_i are homotopy equivalences of the underlying chain complexes and that the diagonal map δ : b → ( b 0 0 b )

is a DG algebra morphism satisfying p_1 δ = 1_B = p_2 δ.

Hence if F is a functor defined on the category of DG algebras which inverts morphisms inducing homotopy equivalences of the underlying chain complexes, then F (δ) is invertible and we have F (p_1) = F (p_2) and hence F (α) = F (β) for each pair of homotopic morphisms. In particular, homotopic morphisms A → B induce the same morphism C(A) → C(B) in the mixed derived category. We leave it to the reader as an exercise to provide a direct proof of this fact.

3.2. Resolutions of DG algebras. Let k be a commutative ring. Let A be a DG k-algebra. Recall that by definition, A is flat if A ⊗_k N is acyclic for each (possibly unbounded) acyclic DG k-module N . This is the case for example if A is closed as a DG k-module, i.e. Hom_k (A, N ) is acyclic for each acyclic complex N (cf. [19, 7.5]).

A flat (resp. closed) resolution of A is a morphism of DG algebras φ : B → A inducing an isomorphism in homology and such that B is flat (resp. closed) as a DG k-module. Part a) of the following lemma is well-known for the case of DG algebras concentrated in negative degrees [23, 5.3.6].

Using part a) of the lemma we define the mixed complex associated with A to be C(A) = C(B) where φ : B → A is any flat resolution. Thanks to parts b) and c) of the lemma, C(A) is well-defined up to canonical isomorphism in DMix and functorial with respect to morphisms of DG algebras. This definition can easily be generalized from DG algebras to small DG categories (Left to the reader. Homotopy is defined only between functors which coincide on objects, and quasi-isomorphisms between small DG k-categories are required to induce bijections between objects).

Note that the lemma shows that in the category of DG algebras and homotopy classes of morphisms, the class of quasi-isomorphisms admits a calculus of right fractions [8] and that the corresponding localization is equivalent to its full subcategory whose objects are the closed DG algebras.

Lemma. a) There is a closed (hence flat) resolution φ : B → A.

b) Each diagram of DG algebras B

A^′ A

?^φ-_f

where φ is a quasi-isomorphism, can be completed to a square commutative up to homotopy B^′ B

A^′ A

?^{φ′}

  -^f

    ?^φ-_f

where φ^′ is a quasi-isomorphism.

c) If α, β : A → A^′ and γ : A^′ → A^{′′} are morphisms of DG algebras such that γ is a quasi-isomorphism and γα is homotopic to γβ, then there is a closed resolution φ : B → A such that αφ is homotopic to βφ.

Proof. a) We endow the category of DG k-modules with the following exact structure (cf. [24, XII, 15]): A sequence 0 → K → L → M → 0 is a conflation iff the sequences

0 → K^n → L^n → M^n → 0 and 0 → H^nK → H^nL → H^nM → 0 are exact for all n ∈ Z. Then the class F formed by all direct sums of shifted copies of the DG modules (=complexes) . . . 0 → k → 0 . . . and . . . 0 → k 1→ k → 0 . . . contains enough projectives. Choose a deflation p_0 : V_0 → A with V_0 ∈ F. Let B_0 = T (V_0) be the DG tensor algebra on V_0 and φ_0 : B_0 → A the morphism extending p_0. Clearly φ_0 : B_0 → A is still a deflation. Choose a morphism p_1 : V_1 → B_0 with V_1 ∈ F which induces a deflation onto the kernel of φ_0. Let B_1 be the DG algebra obtained by endowing the free product B_0 ∗_k T (V_1[1]) with the unique differential whose restriction to B_0 is the differential of B_0 and whose restriction to V_1[1] is −d_{V1} + p_1. Let φ_1 : B_1 → A be the unique morphism of algebras whose restriction to B_0 is φ_0 and whose restriction to V_1[1] vanishes. Then φ_1 is compatible with the differential. Continuing in this way we obtain a direct system B_p, p ∈ N, of DG algebras and a compatible family of morphisms φ_p : B_p → A. We let B = lim−→ B_p and take φ : B → A to be the morphism induced by the φ_p. Then B is closed: indeed, each B_p is closed and B fits into the Milnor triangle ⨁ p∈N B_p^Φ−→ ⨁ q∈N B_q^{can}−−→ B → ( ⨁ p∈N B_p)[1]

where Φ has the components

B_p^[ 1 −ι] −−−→ B_p ⊕ B_{p+1}^{can}−−→ ⨁ q∈N B_q , ι = incl.

Clearly φ is a deflation. It is easy to see that it induces in fact an isomorphism in homology.

b) Choose a surjective morphism p : V → A with contractible V ∈ F. Then the inclusion B → B ∗_k T (V ) is an homotopy equivalence and the morphism B ∗_k T (V ) → A defined by φ and p is a surjective resolution. Therefore we may and will assume that φ : B → A is surjective. Form the pullback diagram B^′ B

A^′ A.

?^{φ′}

  -^{f ′}

    ?^φ-_f

Then clearly φ^′ is a quasi-isomorphism.

c) We may and will assume that γ : A^′ → A^{′′} is a deflation (cf. the proof of b). Let m : A → A^{′′} be a homotopy from γα to γβ. As in the proof of a), we choose a deflation p_0 : V_0 → A with V_0 ∈ F, we let B_0 = T (V_0) and take φ_0 : B_0 → A to be the morphism induced by p_0. Since γ is a deflation, the morphism mp_0 equals γh^′_0 for some h^′_0 : V_0 → A^′ which is homogeneous of degree −1. By construction, the composition of αp_0 − βp_0 − d h^′_0 − h^′_0 d with γ vanishes. Since ker γ is acyclic and V_0 ∈ F, there is an h^{′′}_0 : V_0 → ker γ ⊂ A^′ such that αp_0 − βp_0 − d h^′_0 − h^′_0 d = d h^{′′}_0 + h^{′′}_0 d. We put h_0 = h^′_0 + h^{′′}_0 and α_0 = αφ_0, β_0 = βφ_0. We extend h_0 to an α_0-β_0-derivation h_0 : B_0 → A^′ of degree −1. Now we choose a morphism p_1 : V_1 → B_0 with V_1 in F inducing a deflation onto ker φ_0. We define B_1, φ_1, α_1 and β_1 as in the proof of a). We will now construct an homotopy h_1 between α_1 and β_1. Note first that we have

0 = (α_0 − β_0) ∘ p_1 = d h_0 p_1 + h_0 d p_1 = d (h_0p_1) + (h_0p_1) d.

So h_0p_1 defines a morphism of complexes V_1[1] → A^′. We claim that its image is contained in ker γ. Indeed, we have γh_0 = mφ_0 since both are γα_0-γβ_0-derivations of degree −1 which coincide on V_0. Therefore, we have γh_0p_1 = mφ_0p_1 = 0, as we claimed. Since V_1 belongs to F and ker γ is acyclic, we can choose a graded morphism h^′_1 : V_1[1] → A^′ of degree −1 such that d h^′_1 + h^′_1d_{V1[1]} = −h_0p_1. We now define h_1 : B_0 ∗_k T (V_1[1]) to be the unique α_1-β_1-derivation of degree −1 which restricts to h_0 on B_0 and to h^′_1 on V_1[1]. It is then easy to check that α_1 − β_1 and d h_1 + h_1 d coincide on B_0 and V_1[1] and hence on B_1 = B_0 ∗_k T (V_1[1]).

Continuing in this way, we obtain a direct system as in the proof of a), and in addition we have a compatible family of graded morphisms h_p of degree −1. We define B = lim−→ B_p and let φ : B → A be the morphism induced by the φ_p. Then the morphism induced by the h_p yields a homotopy between αφ and βφ. √ 3.3. Homotopy between functors. Let k be a commutative ring and A, B small exact DG categories. Let F, G : A → B be DG functors.

An a-homotopy from F to G is the datum of a morphism of DG functors α : F → G such that αA is an inflation of Z^0 B which becomes invertible in H^0B for all A ∈ A.

A b-homotopy from F to G is the datum of • a morphism ηA : F A → GA of Z^0 B which becomes invertible in H^0B for all A ∈ A (but which will not be functorial in A, in general) • a morphism of graded k-modules homogeneous of degree −1 h = h(A, B) : A (A, B) → B (F A, GB) for all A, B ∈ A such that we have (ηB)(F f) − (Gf)(ηA) = d(h(f)) + h(d(f)) h(fg) = h(f)(F g) + (−1)^n(Gf)h(g) for all composable morphisms f, g of A, where f is of degree n.

A c-homotopy from F to G is an isomorphism from F to G in Rep(A, B). Let x = a, b or c. We write ∼_x for the smallest equivalence relation containing all pairs (F, G) such that there is an x-homotopy from F to G. Using statement a) of the following lemma, we define F to be homotopic to G if we have F ∼_x G for x = a, b, c. Lemma. a) The relations ∼_a, ∼_b and ∼_c coincide.

b) There is a universal pair P_1, P_2 : B^′ → B of a-homotopic DG functors (i.e. for each pair F, G : A → B of a-homotopic functors there is a functor Φ : A → B such that P_1 Φ = F , P_2 Φ = G). Moreover, there is a DG functor D : B → B^′ such that P_1 D = 1_B = P_2 D and D induces an equivalence in the associated stable categories and an isomorphism of DG k-modules B (A, B) → B^′ (DA, DB) for all A, B ∈ B.

Proof. a) If α : F → G is an a-homotopy, then by putting ηA = αA and h(A, B) = 0 for all A, B ∈ A we obtain a b-homotopy. Now suppose that we have an arbitrary b-homotopy (η, h) from F to G. Consider the sequences GA → IA → (F A)[1], A ∈ A where IA = Cone (ηA). By the assumption on ηA, the term IA is a zero object of B. We will now make A → IA into a DG functor A → B such that the above sequence becomes a sequence of DG functors. This will clearly imply that F is isomorphic to G in Rep (A, B). To define the morphisms A (A, B) → B (IA, IB) we identify B (IA, IB) with the module of matrices [ B (GA, GB) B(F A[1], GB) B (GA, F B[1]) B(F A[1], F B[1]) ]_∼ → [ B (GA, GB) B (F A, GB)[−1] B (GA, F B[1]) B (F A, F B) ] . Then the morphism A (A, B) → B (IA, IB) is given by f → [ Gf h(f) 0 F f ] . It is easy to check that this defines a morphism of complexes and a functor which is moreover compatible with the above sequences.

Finally, suppose that F is isomorphic to G in Rep (A, B). Then we apply lemma 3.5 below to B = Fun (A, B) and to the class Σ of morphisms φ such that φA is invertible in B for all A ∈ A. We conclude that there is a finite sequence connecting F to G and consisting of inflations of Fun (A, B) which become invertible in Rep (A, B). This clearly implies F ∼_a G.

b) Let B^′ be the full exact DG subcategory of Fil B (cf. example 2.2 f) whose objects are the inflations i : B_1 → B_2 which become invertible in B. The DG functors P_j : B^′ → B , i → B_j , j = 1, 2 , D : B → B^′ , B → (B 1→ B). satisfy the claim. Let α be an a-homotopy from F to G. Then clearly Φ : A → B^′ , A → (F A^{αA}→ GA) satisfies P_1 Φ = F , P_2 Φ = G. √

3.4. Homotopy invariance (exact DG categories). Let A and B be small exact DG categories and F : A → B a DG functor. We say that F is a resolution if F induces an equivalence A → B. It is a pure resolution if moreover F induces a quasi-isomorphism A (A, B) ⊗ V → B (F A, F B) ⊗ V for each DG k-module V , and all A, B ∈ B. Note that if F is a resolution and A, B are flat, then F is automatically a pure resolution.

Lemma. a) If F is a pure resolution, then F induces an isomorphism C(A) → C(B) in DMix . b) Two homotopic DG functors A → B induce the same morphism C(A) → C(B) in DMix . Proof. a) Let A^′ be the full DG category of B formed by the objects F A, A ∈ A. The assumption that F induces a quasi-isomorphism A (A, B) ⊗ V → B (F A, F B) ⊗ V for each DG k-module V , and all A, B ∈ B implies that F induces a quasiisomorphism C(A) → C(A^′). The DG category version of lemma 1.2 of [19] implies that the inclusion A^′ ⊂ B induces a quasi-isomorphism C(A^′) → C(B).

b) This follows from a) and lemma 3.3 b). √ 3.5. Isomorphisms in Localizations. If C is a small category, we denote by Iso C the category with the same objects as C and whose morphisms are the isomorphisms of C and by Quot C the localization of C at the class of all morphisms.

Let E be a Frobenius category and Σ a multiplicative system [34] in E. Let I_Σ denote the category whose objects are those of E and whose morphisms are the inflations of E which become invertible in E[Σ^{−1}].

Lemma. The canonical functor Quot (I_Σ) → Iso (E[Σ^{−1}]) is an isomorphism of categories.

Proof. Let E_Σ be the category whose objects are those of E and whose morphisms are those of E which become invertible in E[Σ^{−1}]. Then, since Σ admits a calculus of fractions, the canonical functor Quot (E_Σ) → Iso (E[Σ^{−1}]) is an isomorphism. So it remains to be proved that the canonical functor Quot (I_Σ) → Quot (E_Σ) is an isomorphism. Let Ω denote the class of morphisms of I_Σ which become invertible in E. Clearly Quot (I_Σ) identifies with Quot (I_Σ[Ω^{−1}]). So it is enough to prove that the canonical functor F : I_Σ[Ω^{−1}] → E_Σ is an isomorphism. We will construct an inverse G to this functor.

Let Q : I_Σ → I_Σ[Ω^{−1}] be the quotient functor. Let f : X → Y be a morphism of E_Σ. Choose an inflation i : X → I with injective I. Consider the morphisms [ f i ] : X → Y ⊕ I and [ 1_Y 0 ] : X → Y ⊕ I. Define G(f) = Q( [ 1_Y 0 ] )^{−1} ∘ Q( [ f i ] ). Let us show that this does not depend on the choice of the inflation i. Indeed, let i^′ : X → I^′ be another inflation with injective I^′. The claim will follow once we prove that the following diagram becomes commutative after applying Q Y ⊕ I

X Y ⊕ I ⊕ I^′ Y

Y ⊕ I^′

?

[ι1 ι2]

�

  �

   �`

[f i]^t

 -^{[f i i′]t}
@@
  @@
   @R

[f i^′]^t

    @@

  @@

 @I_{ιY}

  œ^{ιY}
    �
  �
 �^{ιY}

6_{[ι1 ι3]}

We have to prove that Q( f i 0 ) = Q( f i i^′ ) = Q( f 0 i^′ ).

To show the first equality, choose j : I → I^′ such that i^′ = ji. Then [f i i^′]^t is the composition of [f i 0]^t followed by

s = 1_Y ⊕ [ 1_I 0 j 1_I′ ] . The functor Q maps s to the identity of Y ⊕I ⊕I^′ since its composition with ι_Y is the identity and Q(ι_Y ) is invertible. The second equality is proved similarly. Now let us show that G(gf ) = G(g)G(f ). Indeed, this now follows from the commutativity of the diagram X Y ⊕ I Z ⊕ I ⊕ J

Y Z ⊕ J

Z

-^{[f i]t} -^u
  6_{ιY}
      -^{[g j]t}

        6_v

        6_{ιZ}

where j : Y → J is an inflation with injective J and u = g 0 0 1_I j 0 and v =

1_Z 0 0 0 0 1_J .

The fact that G(1_X ) = 1_{GX} follows from G(1_X ) = G(1^2_X ) = G(1_X )^2 because G(1_X ) is invertible (it is a composition of two isomorphisms of E.). This means that we have Q( [ 1_X i ] ) = Q( [ 1_X 0 ] ) if f : X → Y and i : X → I is an inflation with injective I. We will use this to show that G(f) = Q(f) if f is an inflation which becomes invertible in E[Σ^{−1}]. Indeed, in this case, we have i = jf for some j : Y → I. Therefore [ f i ] = [ f jf ] = [ 1_Y j ] ∘ f and Q( [ f i ] ) = Q( [ 1_Y j ] ) ∘ Q(f) = Q( [ 1_Y 0 ] ) ∘ Q(f) which implies that

G(f ) = Q( [ 1_Y 0 ] )^{−1} ∘ Q( [ f i ] ) = Q(f). If follows that G is full. But clearly, the composition F G is the identity of E_Σ. Thus, F and G are inverse isomorphisms. √ 3.6. Resolutions of exact DG categories. Let k be a commutative ring and A a small exact DG category. A DG functor F : B → A is a flat (resp. closed) resolution if it is a resolution (3.4) and B is a flat (resp. closed) exact DG category (2.4).

By definition, the mixed complex associated with A is C(B), where B → A is a flat resolution. By 3.4 and the following lemma, this is well-defined up to canonical isomorphism in DMix and functorial with respect to A.

Lemma. a) Each exact DG category A admits a closed resolution B → A.

b) Each diagram of exact DG categories and DG functors B

A^′ A? F

-^G

where F is a resolution, may be completed to a square B^′ B

A^′ A

?^{F ′}

  -^{G′}

    ?^F-_G

which is commutative up to homotopy and where F^′ is a resolution. c) Suppose that K, L : A → A^′ are DG functors and there is a DG functor G : A^′ → A^{′′} inducing a stable equivalence A^{′ ∼}→ A^{′′} and such that GK is homotopic to GL. Then there is a closed resolution F : B → A such that KF is homotopic to LF .

Proof. a) We imitate the proof of (3.2 a): We choose a deflation

p_0 = p_0(A, B) : V_0(A, B) → A (A, B)

with V_0(A, B) ∈ F for all A, B ∈ A. We let B_0 = T (V_0) be the category with the same objects as A and whose morphisms A → B are parametrized by the direct sum of the

V_0 (B_{n−1}, B) ⊗ V_0 (B_{n−2}, B_{n−1}) ⊗ . . . ⊗ V_0 (A, B_1)

where B_1, . . . , B_{n−1} runs through all finite sequences of objects of A, n ≥ 0. We let F_0 : B_0 → A be the functor extending p_0 etc.

This construction yields a DG functor F^′ : B^′ → A which is bijective on objects and induces quasi-isomorphisms B^′ (A, B) → A (F^′A, F^′B) for all A, B ∈ B^′. The DG category B^′ is closed but will not be exact, in general. We put B = dgfree B^′ and let F : B → A be the functor induced by F^′ (cf. example 2.2 c).

b) In a first step, we will replace F by a functor which induces deflations in the morphism spaces and a surjection of the object sets. Indeed, let B^′ be the full subcategory of Fil F (cf. example 2.2 e) formed by the pairs (B, i : F B → A) where i becomes invertible in B. Then the functors B → B^′ , B → (B, 1 : F B → F B) B^′ → B , (B, i : F B → A) → B are inverse to each other up to homotopy and the functor F^′ : B^′ → A , (B, i : F B → A) → A is surjective on objects. Using the method of he proof of (3.2 b) we can modify it so as to induce deflations of the morphism spaces. Let us therefore assume that F is surjective on objects and induces deflations of the morphism spaces. For each object A^′ of A^′, we choose a preimage G^′A^′ of GA^′ under F . Now let B^′ be the category with the same objects as A^′ and whose morphism spaces are given by pullback diagrams

B^′ (A^′_1, A^′_2) B^′ (G^′A^′_1, G^′A^′_2)

A^′ (A^′_1, A^′_2) A (GA^′_1, GA^′_2).

    -

? ?
    -

Then B^′ is an exact DG category and the obvious functors F^′ : B^′ → A^′ and G^′ : B^′ → B yield a commutative diagram as in the claim.

c) As in the proof of b) we may and will assume that K induces surjections of the morphism sets and deflations in the morphism spaces. Using 3.3 we may assume that we have a b-homotopy (η, h) : GK → GL.

For all A, B ∈ A, choose a deflation p_0 : V_0(A, B) → A (A, B) and let B_0 = T (V_0) and F_0 : B_0 → A be the functor extending p_0 as in the proof of a). B_0 = T (V_0)^{F0}→ A^{K,L}−−→ A^{′ G}→ A^{′′} For each A ∈ B_0, choose a morphism η̃A : KF_0A → LF_0A of Z^0 A such that G(η̃A) = ηA (this is possible, since G induces deflations in the morphism spaces). Let A, B ∈ B_0. Since G induces a deflation, there is a morphism h^′_0 such that the following diagram becomes commutative V_0 (A, B) A^′ (KA, LB)

A (A, B) A^{′′} (GKA, GLB).

?^{p0}

    -^{h′0}

        ?
   -^h

Then the morphism V_0 (A, B) → A^′ (KA, LB) , a → (η̃B)(Ka) − (La)(η̃A) − d(h^′_0(a)) − h^′_0(d(a)) factors through the acyclic subcomplex ker G ⊂ A^′ (KA, LB). Since V_0 (A, B) belongs to F, it equals d h^{′′}_0 + h^{′′}_0 d for some h^{′′}_0 : V_0(A, B) → ker G ⊂ A^′ (KA, LB). We put h_0 = h^′_0 + h^{′′}_0 . We can then extend h_0 uniquely to B_0 in such a way that (η̃, h_0) defines a b-homotopy from KF_0 to LF_0. Now we construct B_1 as in the proof of a) by choosing morphisms p_1 : V_1 (A, B) → B_0 (A, B) inducing deflations onto the kernel of B_0 (A, B) → A (A, B) and letting B_1 = B_0 ∗_k T (V_1[1]). To extend h_0 to B_1 we first note that we have

0 = (η̃B)(KF_0f) − (LF_0f)(η̃A) = d(h_0(f)) + h_0(d(f))

for f belonging to the kernel of F_0. So h_0 p_1 defines a morphism of complexes V_1[1] → A^′ (KA, LB). Moreover, its composition with G vanishes.

V_1 (A, B) ker G

B_0 (A, B) A^′ (KA, LB)

A (A, B) A^{′′} (GKA, GLB)

?^{p1}

      -

        ?

?^{F0}

    -^{h0}

        ?^G
   -_h

So it factors through ker G, which is acyclic, and since V_1[1] belongs to F, we have

h_0 p_1 = d h^′_1 + h^′_1d_{V1[1]}

for some morphism h^′_1 : V_1[1] → A^′(KA, LB) of degree −1. We can then define a unique b-homotopy (η, h_1) from KF_1 to LF_1 : B_1 → A^′ by requiring that h_1 restricts to h_0 on B_0 and to h^′_1 on V_1[1]. By iterating this construction we obtain a direct system of DG categories B_p and a compatible family of b-homotopies (η, h_p) from KF_p to LF_p. Passage to the limit yields the result. √ 3.7. Morphisms of mixed complexes. Let MorMix be the category of morphisms C_1 → C_2 of mixed complexes. If we identify a mixed complex with a DG Λ-module as in (1.2), a morphism f : C_1 → C_2 of mixed complexes may be identified with the DG module C_1 ⊕ C_2 over the DG algebra ( Λ Λ 0 Λ ) where e_{12} acts by (c_1, c_2) → (0, f(c_1)). Using this identification we view MorMix as a category of DG modules and we define DMorMix to be the associated derived category. Note that a morphism of DMorMix is invertible iff both of its components are invertible in DMix .

3.8. Homotopy invariance (localization pairs). Let k be a commutative ring. Let F, G : B → B^′ be exact functors between localization pairs. By definition, F is homotopic to G if the underlying exact functors B_1 → B^′_1 are homotopic (3.3). The functor F is a pure (resp. closed, resp. flat) resolution if this holds for the induced functors B_1 → B^′_1 and B_0 → B^′_0.

For a localization pair B = (B_0, B_1), the object Cm(B) ∈ DMorMix is defined to be the morphism

C(B_0) → C(B_1)

of Mix . This is clearly functorial in B.

Lemma. a) If F is a pure resolution, then F induces an isomorphism Cm(B) → Cm(B^′) in DMorMix . b) If F, G : B → B^′ are homotopic, they induce the same morphism Cm(B) → Cm(B^′) in DMorMix . Proof. Statement a) follows from (3.4) and the fact that a morphism of DMorMix is invertible iff its two components are invertible.

b) Suppose that we have an a-homotopy between F : B_1 → B^′_1 and F^′ : B_1 → B^′_1. Then we do not necessarily have F^′(B_0) ⊂ B^′_0. However, suppose that B^′_0 is saturated in B^′_1, i.e. the image of B^′_0 in B^′_1 is closed under isomorphisms. Then we do have F^′(B_0) ⊂ B^′_0. Now for any B^′_0 ⊂ B^′_1, there is a saturation sat(B^′_0) ⊂ B^′_1 and by a), the inclusion yields an isomorphism Cm(B^′_0, B^′_1)^∼→ Cm(sat(B^′_0), B^′_1). So we may assume that B^′_0 is saturated and then the claim is proved by a variant of the proof of (3.4 b). √ 3.9. Resolutions of localization pairs. If A = (A_0, A_1) is a localization pair, a (flat resp. closed) resolution of A is a morphism of localization pairs B → A such that B_1 → A_1 and B_0 → A_0 are (flat resp. closed) resolutions of exact DG categories.

Using part a) of the following lemma, for a localization pair A, we define the object Cm(A) to be Cm(B), where B → A is a flat resolution. Thanks to 3.8 and the lemma, this is well-defined up to canonical isomorphism in DMorMix and functorial in A. The mixed complex associated with A is defined to be Cone(Cm(A)).

If A is a (not necessarily flat) exact category, the mixed complex of A is defined to be the mixed complex associated with the localization pair Ac^bA ⊂ C^bA.

Lemma. a) For each localization pair A, there is a closed resolution F : B → A.

b) Each diagram of localization pairs B

A^′ A

?^F-_G

where F is a resolution, may be completed to a square B^′ B

A^′ A

?^{F ′}

  -^{G′}

    ?^F-_G

where F^′ is a resolution and GF^′ is homotopic to F G^′.

c) Suppose that K, L : A → A^′ are exact functors between localization pairs and there is an exact functor G : A^′ → A^{′′} which is a resolution of A^{′′} and such that GK is homotopic to GL. Then there is a resolution F : B → A such that KF is homotopic to LF .

Proof. This is a straightforward consequence of lemmas 3.6 and 3.8. For example, to prove a), we choose a flat resolution F_1 : B_1 → A_1 and let B_0 be the preimage of A_0 under F_1. √

4. Completion, Cokernels

4.1. The categories M^b and M. Let U be a universe containing an infinite set. A category C is a U-category if it is small and the set C (X, Y ) belongs to U for all X, Y ∈ C. It is U-small if the set of its morphisms belongs to U. It has Ucoproducts if each family (X_i)_{i∈I} of objects of C indexed by a set I of U admits a coproduct in C.

Fix k a commutative ring belonging to U. The ‘strict’ category M^b_{str} has as objects the U-small exact DG categories. Its morphisms are the DG functors. The homotopy category M^b_{htp} is obtained from M^b_{str} by identifying homotopic DG functors. Finally, the category M^b is obtained from M^b_{htp} by localization at the class of DG functors inducing equivalences in the stable categories. In (3.6), we have shown that this class admits a calculus of right fractions [8] and we have constructed the cyclic functor C : M^b → DMix , A → C(A). A triangulated category T is compactly U-generated if it is a U-category having U-coproducts and admitting a family (X_i)_{i∈I} , I ∈ U, of compact objects such that T coincides with its smallest triangulated subcategory containing all X_i and stable under U-coproducts. In this case, the family (X_i) is a family of U-generators of T . Such a category is Karoubian (as shown in [2]), i.e. idempotents split in T .

Let A be a U-small DG category. Let A^+ be the DG category of all DG modules P such that P is closed and P (A) belongs to U for all A ∈ A. Then A^+ is an exact DG category and the associated stable category A^+ is a compactly U-generated triangulated category. This results by inspection of the proofs from section 3 of [18].

The assignment A → A^+ is functorial in the following sense: Let A, B be Usmall DG categories and F : A → B a DG functor. Then the tensor product by the bimodule (A, B) → B(B, F A) yields an induced functor F^+ : A^+ → B^+ welldefined up to canonical isomorphism. The associated functor A^+ → B^+ preserves compactness and commutes with arbitrary coproducts. If F induces an equivalence in the stable categories, then so does F^+.

We denote by M_{str} the category whose objects are the exact DG U-categories A such that A is compactly U-generated. The morphisms of M_{str} are DG functors F : A → B such that the induced functor A → B preserves compactness and commutes with arbitrary coproducts. The category M_{htp} is obtained from M_{str} by identifying homotopic DG functors. Finally, the category M is the localization of M_{htp} at the class of DG functors inducing equivalences in the stable categories. As for M^b, this class admits a calculus of right fractions by (3.6).

An exact DG category A is stably Karoubian if A is Karoubian. If A is a DG category in M^b, then A^+ is stably Karoubian since A^+ is compactly U-generated. Clearly, there is a minimal Karoubian triangulated subcategory A_{Kar} of A^+ containing A. If we let A^′_{Kar} be the preimage of A_{Kar} in A^+, then the stable category of A^′_{Kar} is clearly isomorphic to A_{Kar}. However, A^′_{Kar} will not be U-small in general. Therefore, define A_{Kar} to be a minimal full subcategory of A^′_{Kar} containing A such that

a) A_{Kar} is closed under shifts and mapping cones, b) for each A ∈ A_{Kar} and each idempotent e of A^+ (A, A), A_{Kar} contains objects A^′ and A^{′′} which in A^+ become isomorphic to the kernel and the image of e.

Then clearly A_{Kar} is U-small and its stable category is still equivalent to A_{Kar} . In particular, it is stably Karoubian. By the theorem of Neeman-Ravenel (4.12), A_{Kar} is in fact equivalent to the subcategory of compact objects of A^+.

Let M^b_{Kar} be the full subcategory of M^b whose objects are the stably Karoubian categories.

Proposition. The functor M^b → M , A → A^+ admits a fully faithful right adjoint B → B^c. The functors A → A^+ and B → B^c induce quasi-inverse equivalences M^b_{Kar}^∼→ M.

The proposition shows that F^+ : A^+ → B^+ is invertible in M iff F is an equivalence up to factors. For A in M^b, we have a canonical isomorphism A_{Kar}^∼→ (A^+)^c. In particular, we have an equivalence up to factors

A → (A^+)^c.

For B ∈ M, we define the mixed complex C(B) := C(B^c). This means that C(B) = C(S) for some U-small stably Karoubian DG subcategory S ⊂ B containing a set of compact U-generators for B. Since for A ∈ M^b, the canonical morphism A → A_{Kar} induces an isomorphism C(A) → C(A_{Kar}), we have an isomorphism

C(A)^∼→ C(A^+)

which is functorial in A ∈ M^b.

Proof of the Proposition. We construct the right adjoint B → B^c. Let B be an object of M. Consider the set Cp(B) of stably Karoubian exact DG subcategories R of B such that R is U-small and contains a family of U-generators for B. The set Cp(B) is non-empty and if R, R^′ belong to Cp(B) there is R^{′′} ∈ Cp(B) containing both R and R^′. By the theorem of Neeman-Ravenel (4.12), the inclusion functors then yield equivalences R^∼→ R^{′′ ∼}← R^′. We put B^c = R for some R ∈ Cp(B). This is independent of the choice of R up to canonical isomorphism. Now let F : B_1 → B_2 be a functor such that F : B_1 → B_2 preserves compactness and commutes with arbitrary coproducts. We choose R_1 ∈ Cp(B_1) arbitrarily and R_2 ∈ Cp(B_2) such that F R_1 ⊂ R_2. This yields a well-defined morphism F^c : B^c_1 → B^c_2 of M and it is easy to check that B → B^c is a functor. We will now construct a natural transformation B → B^{c+}. By (3.6), we may and will assume that B (and hence B^c = R ⊂ B) is a closed DG category. Let I be the R-R-bimodule (X, Y ) → R (X, Y ) and Ĩ → I a closed resolution over R ⊗ R such that Ĩ(X, Y ) ∈ U for all X, Y ∈ R. Since R is closed, the DG module M ⊗_R Ĩ is closed for each R-module M such that M (X) is a closed DG k-module for all X ∈ R. In particular, we have a well-defined DG functor B → R^+ , B → B (?, B) ⊗_R Ĩ. The associated functor in the stable categories commutes with arbitrary coproducts and induces an equivalence of R onto its image in R^+. So this functor is indeed an equivalence B → R^+. If F : B_1 → B_2 is a DG functor as above, then we have to show that the diagram

B_1 B_2

R^+_1 R^+_2

?

   -^F

    ?
  -^{(F c )+}

commutes in M. We will even show that it commutes up to homotopy. Indeed with the obvious notations, the canonical morphism Ĩ_2 → I_2 yields an isomorphism

B_1 (?, X) ⊗_{R1} Ĩ_1 ⊗_{R1} R_2 (−, F ?) ⊗_{R2} Ĩ_2 → B_1(?, X) ⊗_{R1} Ĩ_1 ⊗_{R1} R_2(−, F ?)

of R^+_2 , for each X ∈ B_1. Now consider the composition

B_1 (?, X) ⊗_{R1} Ĩ_1 ⊗_{R1} R_2 (−, F ?) ⊗_{R2} Ĩ_2 → B_1 (?, X) ⊗_{R1} R_2 (−, F ?) ⊗_{R2} Ĩ_2 → B_2 (−, F X) ⊗_{R2} Ĩ_2 ,

where the first morphism is induced by the canonical morphism Ĩ_1 → I_1 and the second by the canonical morphism

B_1 (?, X) ⊗ R_2 (−, F ?) → B_2 (−, F X).

The above composition is clearly invertible in R^+_2 for X ∈ R_1. By infinite dévissage, this suffices to conclude that it is an isomorphism for arbitrary X ∈ B_1.

Finally, for A ∈ M_{Kar} , we have a canonical isomorphism A → (A^+)^c in M. Indeed, we can take for R ∈ Cp(A^+) the image of the Yoneda embedding A → A (?, A). This is clearly natural in A ∈ M_{Kar}. √

4.2. Exact sequences in M^b and M. Let A^F→ B^G→ C be a sequence of M^b.

Lemma. The induced sequence

0 → A^+ → B^+ → C^+ → 0

is exact in M if and only if the sequence of triangulated categories 0 → A → B → C → 0 is exact up to factors.

Proof. By the theorem of Neeman-Ravenel (4.12), the sequence

0 → A^+ → B^+ → C^+ → 0

is exact iff the subcategories of compact objects form a sequence which is exact up to factors. Now we know that the subcategory of compact objects of A^+ is equivalent to A_{Kar} . Clearly, exactness up to factors is preserved by passage between A and A_{Kar}. The claim follows. √ 4.3. The categories L^b and L. This is a relative version of (4.1). Let L^b_{str} denote the category whose objects are the localization pairs A_0 ⊂ A_1 with U-small A_1. Morphisms are morphisms of localization pairs. The category L^b_{htp} is obtained by identifying homotopic morhisms and the category L^b is obtained from L^b_{htp} by localization at the class of morphisms F : A → B inducing equivalences A_i^∼→ B_i, i = 0, 1. In (3.9), we have shown that this class admits a calculus of right fractions and we have constructed the functor Cm : L^b → DMorMix , A → Cm(A). Let L_{str} be the category whose objects are pairs A : A_0 ⊂ A_1 of exact DG categories belonging to M such that A_0 is saturated, i.e. its image in A_1 is closed under isomorphism. By definition the morphisms A → A^′ of L_{str} are DG functors F : A_1 → A^′_1 of M_{str} such that F A_0 ⊂ A^′_0. The category L_{htp} is obtained from L_{str} by identifying homotopic functors. The category L is deduced from L_{htp} by localizing at the class of functors inducing equivalences in the associated stable categories. This class admits a calculus of right fractions by lemma 3.9.

For a localization pair A = (A_0, A_1), we let A^+ ∈ L be the pair consisting of A^+_1 and the saturation of the image of A^+_0 in A^+_1 . This yields a functor L^b → L.

A pair A = (A_0, A_1) of L^b is stably Karoubian if both A_0 and A_1 are stably Karoubian. In analogy with (4.1), one can construct a canonical morphism A → A_{Kar} to a stably Karoubian pair A_{Kar}. The canonical morphism A^+ → (A_{Kar})^+ is an isomorphism. The following proposition now shows that A → A_{Kar} is universal among the morphisms from A to an object of L^b_{Kar}, the full subcategory of L^b whose objects are the stable Karoubian localization pairs.

Proposition. The functor L^b → L , A → A^+ induces an equivalence L^b_{Kar}^∼→ L.

The proof of the proposition is a variation on the proof of (4.1). Let B → B^c denote an quasi-inverse functor. For B ∈ L, we define the object Cm(B) := Cm(B^c). This means that Cm(B) = Cm(S) for a localization pair (S_0, S_1) such that S_i ⊂ B_i is a U-small stably Karoubian DG subcategory containing a set of compact Ugenerators for B_i, i = 1, 2. As in (4.1), we have an isomorphism Cm(A)^∼→ Cm(A^+) which is functorial in A ∈ L^b.

4.4. Exact sequences of M_{str}. As in (4.1) let U be a universe containing an infinite set and k a commutative ring in U. Let the sequence 0 → A^F→ B^G→ C → 0 of M_{str} be exact, i.e. the following conditions hold

a) We have GF = 0.

b) The functor F admits a right adjoint DG functor F_ρ such that the adjunction morphism 1_A → F_ρF is invertible.

c) The functor G admits a right adjoint DG functor G_ρ such that the adjunction morphism GG_ρ → 1_C is invertible.

d) For each B ∈ B, the sequence F F_ρB → B → G_ρGB is a conflation of B.

Note that the adjoint functors F_ρ and G_ρ are not required to be morphisms of M_{str}. In general, they will induce functors in the stable categories which do not preserve compactness. However, they commute with arbitrary coproducts by the following lemma.

Lemma. Let S be a compactly generated triangulated category, T a triangulated category with arbitrary coproducts and F : S → T a triangle functor preserving compactness and commuting with arbitrary coproducts. If F_ρ is right adjoint to F , then F_ρ commutes with arbitrary coproducts. Moreover F detects compactness, i.e. an object X of S is compact iff so is F X.

Proof. Let A ∈ S be small and B_i, i ∈ I, a family of T with I ∈ U. Using the compactness of F A and A we obtain the following chain of isomorphisms S (A, F_ρ( ∐ i∈I B_i))^∼→ T (F A, ∐ i∈I B_i)^∼→ ∐ i∈I T (F A, B_i)^∼→ ∐ i∈I T (A, F_ρB_i) ∼→ S (A, ∐ i∈I F_ρB_i). Since S is compactly generated, it follows that F_ρ commutes with coproducts. The second assertion is immediate from the faithfulness of F and the fact that it commutes with arbitrary coproducts. √

4.5. Exact sequences of M_{htp}. By definition, an exact sequence of M_{htp} is a sequence satisfying the hypothesis of part a) of the following lemma. Note that each exact sequence of M_{str} yields an exact sequence of M_{htp}. Lemma. a) Let A^{′ F ′}→ B^{′ G′}→ C^′ be a sequence of M_{htp} such that the induced sequence of triangulated categories 0 → A^′ → B^′ → C^′ → 0 is exact. Then there is an exact sequence 0 → A^F→ B^G→ C → 0 of M_{str} and a commutative diagram of M_{htp} A B C

A^′ B^′ C^′

?

  -
    ?

      -
        ?
  - -

such that the vertical arrows induce equivalences in the associated stable categories.

b) Let A^{′ F ′}→ B^′ be a morphism of M_{htp} inducing a fully faithful functor A^′ → B^′.

Then there is an exact sequence (F^′, G^′) of M_{htp}.

Proof. a) The proof is the one of [19, 6.1]. For completeness, we give the construction: Let A = A^′ and let B be the full subcategory of Fil F^′ whose objects are the pairs (A, i : F^′A → B) such that we have B^′(F A, cok i) = 0 for all A ∈ A. Let C be the subcategory of B whose objects are the pairs with A = 0. We have the functors A → B , A → (A, 1 : F^′A → F^′A) B → C , (A, i : F^′A → B) → (0, 0 → cok i) B → B^′ , (A, i : F^′A → B) → B C → C^′ , (0, 0 → C) → G^′C. This construction also yields a proof of b). √ 4.6. Exact sequences of M. By definition, an exact sequence of M is a sequence satisfying the hypothesis of part a) of the following Theorem. a) Let A^{′ F ′}→ B^{′ G′}→ C^′ be a sequence of M such that the induced sequence of triangulated categories 0 → A^′ → B^′ → C^′ → 0 is exact. Then the morphism F^′ is a monomorphism of M, the morphism G^′ is an epimorphism and the diagram A^′ B^′

0 C^′

?

  -
    ?-

is a pullback and a pushout in M.

b) Let A^{′ F ′}→ B^′ be a morphism of M such that the induced functor A^′ → B^′ is fully faithful. Then there is an exact sequence (F^′, G^′) of M.

Proof. a) Since M is obtained from M_{htp} by localizing at a class admitting a calculus of right fractions, and by lemma 4.5, we may assume that we have in fact an exact sequence of M_{str}

0 → A^F→ B^G→ C → 0. Again by the calculus of right fractions, to prove that F is a monomorphism and that the above square is cartesian, it is enough to prove the corresponding assertions in M_{htp}. Let X ∈ M. Recall the category Fun (X , A) from example 2.2 e). Let fun(X , A) denote the subcategory of functors H ∈ Fun (X , A) such that the induced functor in the stable categories preserves compactness and commutes with arbitrary coproducts. Denote by Σ the class of morphisms s of the stable category of Fun (X , A) such that sX is invertible in A for all X ∈ X . Clearly this system is compatible with the triangulated structure and if H is in fun (X , A) and s : H → H^′ is a morphism of Σ then H^′ belongs to fun (X , A). Let rep(X , A) denote the localization of the stable category of fun (X , A) at the class of morphisms of Σ between objects of fun (X , A). By what we have just seen, rep (X , A) identifies with a full subcategory of Rep (X , A), the localization of the stable category of Fun (X , A) at Σ. Consider the sequences

Fun (X , A) Fun(X , B) Fun (X , C)

fun (X , A) fun(X , B) fun (X , C) ,

    -^{F∗} -^{G∗}
6

    -

       6

           -

              6

The functors F_∗ and (F_ρ)_∗ are a pair of adjoint functors, they are compatible with Σ and the composition (F_ρ)_∗ F_∗ is isomorphic to the identity. Hence F_∗ induces a fully faithful functor Rep (X , A) → Rep(X , B). Moreover F_∗ takes rep (X , A) to rep(X , B). So it induces a fully faithful functor rep (X , A) → rep (X , B). Now by definition, the morphisms from X to A of M_{htp} are the isomorphism classes of functors in rep (X , A). So the map induced by F on the sets of morphisms of M_{htp} is injective and F is a monomorphism of M_{htp}. Now suppose that we have H ∈ rep (X , B) such that GH = 0 in M_{htp}. Then by the triangles F F_ρHX → HX → G_ρGHX → SF F_ρHX , X ∈ X , H becomes isomorphic to F F_ρH in rep (X , B). Since F detects compactness (4.4) and F_ρ commutes with arbitrary coproducts it follows that F_ρH belongs to the category rep (X , A). So the square of the assertion is a pullback.

We will now show that G is an epimorphism of M_{htp} and that the square is a pushout in M_{htp}. Indeed, consider the sequences

Fun (C, X ) Fun (B, X ) Fun (A, X )

fun (C, X ) fun (B, X ) fun (A, X )

    -^{G∗} -
6

    -^{G∗}

       6

           -

              6

As above, we see that G^∗ induces a fully faithful functor rep (C, X ) → rep (B, X ). Now suppose that we have H : B → X such that HF = 0 in M_{htp}. Then as above we see that H is isomorphic to HG_ρG in rep (B, X ). We claim that HG_ρ belongs to rep (C, X ). Indeed, the functor induced by G_ρ in the stable categories commutes with arbitrary coproducts. Hence so does HG_ρ. Moreover, we know from the theorem of Neeman-Ravenel (4.12) that the compact objects of C are direct factors of objects GB, where B is compact in B. For such an object, HG_ρ(GB)^∼→ HB is compact by assumption. Whence the claim.

The fact that G is an epimorphism of M and that the square is a pushout in M is now easily deduced from the calculus of fractions and lemma 4.5.

b) results from 4.5 b) by the calculus of fractions. √ 4.7. Comparison of L and short exact sequences of M. Denote by Ex the category of exact sequences of M. Let A = (A_0, A_1) be an object of L. The inclusion functor A_0 → A_1 is fully faithful so that by (4.6) we have an exact sequence

0 → A_0 → A_1 → A_2 → 0

of M, where A_2 is unique up to unique isomorphism in M. We thus obtain a functor

Φ : L → Ex .

On the other hand, suppose that

ε : 0 → A^F→ B^G→ C → 0

is an exact sequence of M. We define Ψ(ε) to be the pair consisting of B and the saturation of the image of F A in B.

Lemma. The functors Φ and Ψ are quasi-inverse equivalences.

Proof. Let Adm be the category of admissible monos of M i.e. of morphisms F : A → B of M such that the functor F : A → B is fully faithful. By (4.6), the canonical functor Ex → Adm is an equivalence. So it is enough to show that

Φ^′ : L → Adm , (A_0, A_1) → (A_0 → A_1)

is an equivalence whose quasi-inverse functor is Ψ^′ : Adm → L defined as follows: By definition the image of F : A → B under Ψ is the pair formed by B_1 = B and the saturation B_0 of the image of F . Clearly we have Ψ^′Φ^′ = 1. On the other hand, we have a canonical morphism Φ^′Ψ^′ → 1 given for F : A → B by the square

incl A B

B_0 B_0.

?

   -^F
    ?^1-

This morphism is clearly functorial and invertible in Adm. √ 4.8. Cokernels. Consider the functor M → Ex , A → (0 → A 1→ A). By (4.6), this functor admits a left adjoint. By (4.7), it follows that the functor I : M → L , A → (Sat(0), A) admits a left adjoint, where Sat(0) is the saturation of the zero subcategory, i.e. the subcategory of injectives of A. We denote the left adjoint by I_λ. If A = (A_0, A_1) is an object of L, we also write A_1/A_0 for I_λA. Note that by definition, we have an exact sequence 0 → A_0 → A_1 → A_1/A_0 → 0 of M.

Now suppose that A = B^+ for a localization pair B = (B_0, B_1). Put Q^+B = I_λB^+. Then we have an exact sequence of M 0 → B^+_0 → B^+_1 → Q^+B → 0 yielding an exact sequence of triangulated categories 0 → B^+_0 → B^+_1 → Q^+B → 0 By the theorem of Neeman-Ravenel (4.12), if we pass to the subcategories of compact objects, we obtain a sequence which is exact up to factors 0 → B^+_0^c → B^+_1^c → Q^+B^c → 0 Now for each object A of M^b, the canonical functor A → A^{+c} is an equivalence up to factors (4.1). Hence we have a diagram of triangulated categories 0 B^+_0^c B^+_1^c Q^+B^c 0

0 B0 B1 B1/B0 0.

- - - -

- -

  6
          -

       6
               -

            6

The first two vertical functors are equivalences up to factors and hence (exercise) so is the third. Recall that T B = B_1/B_0 by definition. So we have an equivalence up to factors T B → Q^+B^c.

By construction, this equivalence is functorial in B, up to isomorphism of triangulated functors. In particular, if F : B → B^′ induces an equivalence up to factors T B → T B^′, then it induces an isomorphism of M Q^+B → Q^+B^′ by corollary 4.12 c) and if B^{′ F}→ B^G→ B^{′′} yields a sequence 0 → T B^′ → T B → T B^{′′} → 0 which is exact up to factors, then by corollary 4.12 b), the sequence (F, G) induces an exact sequence 0 → Q^+B^′ → Q^+B → Q^+B^{′′} → 0 of M.

4.9. Cokernels and Cones. If ε : 0 → A^F→ B^G→ C → 0 is an exact sequence of M, we put, in the notations of (4.7), Cm(ε) := Cm(Ψ(ε)). For each object X = (X_1 → X_2) ∈ DMorMix , we define ∂X to be the connecting morphism of the canonical triangle X_0^f→ X_1 → Cone(X)^{∂X}−−→ X_1[1].

Theorem. a) The square L DMorMix

M DMix

?^{Iλ}

  -^{Cm}
      ?^{Cone}
   -^C

is commutative up to natural isomorphism.

b) For each exact sequence ε of M, there is a commutative diagram of DMix Cm(ε)_1 Cm(ε)_2 Cone(Cm(ε))

C(A) C(B) C(C)

?

    -
       ?

          -
              ?
     - -

whose vertical morphisms are invertible. This diagram is functorial in ε. In particular, if we define ∂ε by the commutative square Cone(Cm(ε)) Cm(ε)_1

C(A) C(A)[1]

?

    -^{∂Cm(ε)}
       ?
    -^{∂ε}

then we have a functorial triangle C(A) → C(B) → C(C)^{∂ε}→ C(A)[1]. Proof. For a pair (A_0, A_1), we have the adjunction morphism φ : (A_0, A_1) → (Sat(0), A_1/A_0). We therefore obtain a natural morphism

Cone(Cm(A_0, A_1))^ω−→ Cone(Cm(Sat(0), A_1/A_0))^∼→ C(A_1/A_0). We will show that the morphism ω = Cone(Cm(φ)) is invertible. This will show a). By the equivalence L^∼→ Ex, we may assume that we have an exact sequence 0 → A^F→ B^G→ C → 0 of M_{str} such that A, B and C are closed DG categories and and A_1 = B and A_0 = Sat(F A). Then the adjunction morphism is induced by the functor G and is given by the square Sat(F A) B

Sat(0) C

?

   -
     ?^G-

To compute the image of this morphism under Cone ∘Cm, we have to choose suitable U-small subcategories. In the notations of the proof of proposition 4.1, let S ∈ Cp(B) and R ∈ Cp(A) such that F R ⊂ S. Consider the square C(F R) C(S)

C(0) C(T )

?

   -
     ?

C(G)

-_{incl}

If we interpret its rows as objects of DMorMix , it represents the image of the adjunction morphism under the functor Cm. Now the functor F is fully faithful, so we have an isomorphism C(R)^∼→ C(F R). Hence we are reduced to showing that the square C(R) C(S)

0 C(T )

?

   -^{C(F )}
     ?^{C(G)}
   -

represents a morphism of DMorMix whose image under the Cone-functor is invertible in DMix . This is proved in 4.13. The above argument also proves b). √ 4.10. Mayer-Vietoris-diagrams. Let 0 A B C 0

0 A^′ B^′ C^′ 0

-
  ?^K

    -^F
      ?^L

        -^G
          ?^M

            -
- -^{F ′} -^{G′} -

be a diagram of M whose rows are exact such that K is invertible. We use the notations of (4.9).

Lemma. If δ denotes the composition C(C^′) → C(A^′)[1]^{C(K)[1]−1} −−−−−−→ C(A)[1] → C(B)[1] , the sequence C(B)^α→ C(C) ⊕ C(B^′)^β→ C(C^′)^{δC(B)[1]}→ C(B)[1] , α = [ −C(G) C(L) ] , β = [C(M ), C(G^′)] , is a triangle of DMix .

Proof. We are given a morphism ε → ε^′ of exact sequences of M. It induces amorphism Cm(ε) → Cm(ε^′) of DMorMix whose first component Cm(ε)_1 → Cm(ε^′)_1 is invertible. After replacing Cm(ε) and Cm(ε^′) by isomorphic objects, we may assume that the morphism is given by a morphism X_0 X_1

X^′_0 X^′_1

?^f

  -^i
    ?^g-_{i′}

of MorMix , where i and i^′ are componentwise injective and f is a quasi-isomor-phism. After replacing X_0 → X_1 by X^′_0 → X^′_0 ⊕_{X0} X_1 we may even assume that f is an isomorphism of Mix . Then we have a diagram with exact rows in Mix . By passing to the associated triangles in DMix we obtain the assertion. √

4.11. Proofs of theorems 2.4 and 2.7. Let B = (B_0, B_1) a be localization pair. We have a natural isomorphism Cm(B)^∼→ Cm(B^+) by (4.3). This yields the first isomorphism in Cone(Cm(B))^∼→ Cone(Cm(B^+))^∼→ C(I_λB^+) = C(Q^+B).

The second one is (4.9 a). Now theorem 2.4 follows from 4.8 and 4.9 b), and theorem 2.7 follows from 4.8 and 4.10.

4.12. The theorem of Neeman-Ravenel-Thomason-Trobaugh-Yao. Let S be a triangulated category admitting arbitrary set-indexed coproducts. An object X of S is compact if the functor Hom_S (X, ?) commutes with arbitrary coproducts. The category S is compactly generated if it contains a set of compact objects C such that T coincides with its smallest triangulated subcategory containing C and stable under forming coproducts.

The following theorem is due to Neeman [29, 2.1]. His proof is based on ideas of Ravenel [31]. Important special cases are due to Thomason-Trobaugh [32] and Yao [39].

Theorem. Let R and S be compactly generated triangulated categories. Suppose that R is a set of compact objects generating R. Let F : R → S be a fully faithful functor commuting with arbitrary coproducts and such that F X is compact for each X ∈ R. Put T = S/R. The functors F : R → S and G : S → T preserve compactness. The natural functor S^c/R^c → T^c is fully faithful and T^c is the closure of its image under forming direct factors.

The theorem (and its proof) admit the following

Corollary. a) Suppose that S is a triangulated category admitting arbitrary coproducts which is generated by a set R of compact objects. Then an object of S is compact iff it is a direct factor of a finite extension of objects of R.

b) Suppose that R, S, and T are compactly generated triangulated categories.

Then a sequence 0 → R → S → T → 0 of triangle functors preserving compactness and commuting with coproducts is exact iff the induced sequence 0 → R^c → S^c → T^c → 0 is exact up to factors (2.4).

c) Suppose that R and S are compactly generated triangulated categories. Then a triangle functor R → S preserving compactness and commuting with arbitrary coproducts is an equivalence iff it induces an equivalence up to factors R^c → S^c. This holds iff it induces an equivalence R^{c ∼}→ S^c.

Proof of the Corollary. Part a) is lemma 2.2 of [29]. The necessity in b) follows from the theorem. Now suppose that the second sequence is exact. Then R → S is fully faithful by the principle of infinite dévissage (cf. for example Lemma 4.2 b) of [18]). We then have to show that the canonical functor S/R → T is an equivalence. Now by the theorem, we know that S^c/R^c identifies with a factor-dense subcategory of (S/R)^c. By the assumption, S^c/R^c also identifies with a factor-dense subcategory of T^c. Hence the functor (R/S)^c → T^c is an equivalence onto a factor-dense subcategory. By the principle of infinite dévissage, it follows that R/S → T is an equivalence onto a factor-dense subcategory. Since this subcategory has infinite direct sums, it is in fact closed under forming direct summands [2, 3.2] and thus it coincides with T . c) is the special case where S = 0. The last statement is clear because R^c and S^c are closed under forming direct summands. √ 4.13. Localization. Let 0 → A^F→ B^G→ C → 0 be an exact sequence of M_{str} such that A, B and C are closed DG categories. In the notations of the proof of 4.1, let R ∈ Cp(A), S ∈ Cp(B), and T ∈ Cp(C) denote U-small subcategories such that F R ⊂ S and GS ⊂ T .

Theorem. The functor G induces a quasi-isomorphism Cone(C(R) → C(S)) → C(T ). Remark 1. The proof of the corresponding assertion in [19, section 6] contained an error: To prove that the functor E → HS of [19, Lemma 5.2] commutes with infinite sums, it is not enough to check that its composition with homology commutes with infinite sums. It is true that there is an equivalence E → DS, but probably in general, the functor E → HS does not have its image in H_pS. To correct the mistake, one needs that S is a closed DG category. We could not have reduced to this case with the methods at our disposal in [19], but we are now able to do so thanks to the results of section 3. The mistake is corrected in the proof below.

Proof. We adapt (and correct) the argument of section 6 of [19]. Consider the sequence 0 → B (X, F F_ρY ) → B (X, Y ) → B (X, G_ρGY ) → 0 as a sequence of S-S-bimodules (X and Y denote ‘variable’ objects of S). We will show that the image of this sequence under the relative left derived functor of ? ⊗_Se I, where I(X, Y ) = B (X, Y ), is isomorphic to the sequence H(R) → H(S) → H(T ) where H(S) denotes the Hochschild-Mitchell complex (= b-complex) of S. More precisely, if 0 → L → M → N → 0 denotes the bimodule sequence, we will construct a diagram of S-S-bimodules

L^′ M^′ N^′

0 L M N 0

  ?

    -

      ?

        -

          ?
- - - -

whose vertical morphisms are quasi-isomorphisms. It follows that the canonical morphism from the cone over L^′ → M^′ to N^′ is a quasi-isomorphism. As in the proof of proposition 4.1, we denote by Ĩ a closed resolution of the S-S-bimodule I. We will show that the image of the top row under the functor ? ⊗_Se Ĩ is quasiisomorphic to H(R) → H(S) → H(T ).

It follows that the canonical morphism from the cone over H(R) → H(S) to H(T ) is a quasi-isomorphism. This implies that the cone over C(R) → C(S) is canonically quasi-isomorphic to C(T ).

We now construct the resolutions L^′, M^′, and N^′. For the second term, we take a variation on the bar resolution over S.

For the first term, we take the submodule of the bar resolution over B which is given by the ⨁ B (F A_n, F F_ρY ) ⊗ S (F A_{n−1}, F A_n) ⊗ · · · ⊗ S (F A_0, F A_1) ⊗ S (X, F A_0) where A_0, . . . , A_n run through R. Since F R ⊂ S, this is well defined. We have to show that it is actually a resolution of the first term. For this we have to show that the DG k-module . . . → ⨁ A0 B (F A_0, F Z) ⊗ S(X, F A_0) → B (X, F Z) → 0 is acyclic for each Z = F_ρY , Y ∈ S. Indeed, view this DG module as a triangle functor from A to Dk, with Z varying in A. Clearly, the functor vanishes for Z ∈ R. Moreover, it commutes with arbitrary direct sums. Thus it vanishes for arbitrary Z ∈ A. Note that the third term N^′ = B (X, G_ρGY ) is isomorphic to T (GX, GY ). We take the bar resolution over T , which we view as an S-S-bimodule via the functor G. We will now compute the tensor products of L^′, M^′, and N^′ with Ĩ over S^e. For M^′, this amounts to computing (S (B_n, Y ) ⊗ O ⊗ S (X, B_0)) ⊗_Se Ĩ where O is a closed DG k-module. Since S (B_n, ?) and S (?, B_0) are free, this is quasi-isomorphic to (S (B_n, Y ) ⊗ O ⊗ S (X, B_0)) ⊗_Se I^∼→ S (X, B_0) ⊗_S S (B_n, Y ) ⊗ O ∼→ S (B_n, B_0) ⊗ O so that we do obtain the b-complex over S.

For L^′, we have to compute (A (A_n, F_ρY ) ⊗ O ⊗ S (X, F A_0)) ⊗_Se Ĩ Since S (?, F A_0) is free, this is quasi-isomorphic to (A (A_n, F_ρY ) ⊗ O ⊗ S (X, F A_0)) ⊗_Se I^∼→ S (X, F A_0) ⊗_S A (A_n, F_ρY ) ⊗ O ∼→ A (A_n, F_ρF A_0) ⊗ O ∼→ R (F A_n, F A_0) ⊗ O , which is the required result.

Finally, for N^′, we have to compute (T (C_n, GY ) ⊗ O ⊗ B (X, G_ρC_0)) ⊗_Se Ĩ. Let U = C (C_n, G?) viewed as a functor from B to DG k-modules. Consider the composition (U ⊗ B (?, Z)) ⊗_Se Ĩ → (U ⊗ B (?, Z)) ⊗_Se I ∼→ B (?, Z) ⊗_S U → U (Z).

for Z ∈ B. Clearly, it is invertible for Z ∈ S. Moreover, U viewed as a functor B → Dk commutes with arbitrary coproducts. Thus we have an isomorphism for all Z ∈ B. For Z = G_ρC_0 we find U (Z) ⊗ O = C (C_n, GG_ρC_0) ⊗ O^∼→ T (C_n, C_0) ⊗ O , which is the required result. √ References

[1] A. A. Beilinson, Coherent sheaves on P n and problems of linear algebra, Funct. anal. and appl. 12 (1979), 214-216.

[2] M. Bökstedt, A. Neeman, Homotopy limits in triangulated categories, Compositio Mathematica 86 (1993), 209–234.

[3] A. I. Bondal, M. M. Kapranov, Enhanced triangulated categories, Math. USSR Sbornik 70 (1991), 93-107.

[4] P. Deligne, Cohomologie à supports propres, Exposé XVII, SGA 4, Springer LNM 305 (1973), 252-480.

[5] C. Faith, Algebra: Rings, Modules and Categories I, Grundlehren 190, Springer-Verlag, 1973.

[6] P. Gabriel, Sur les catégories abéliennes, Bull. Soc. Math. France 90 (1962), 323-448. [7] P. Gabriel, A. Roiter, Representations of finite-dimensional algebras, Encyclopaedia of the Mathematical Sciences, Vol. 73, A. I. Kostrikin and I. V. Shafarevich (Eds.), Algebra VIII, Springer 1992.

[8] P. Gabriel, M. Zisman, Calculus of Fractions and Homotopy theory, Springer, 1967. [9] T. Goodwillie, Cyclic Homology, Derivations, and the free Loopspace, Topology 24 (1985), 187–215.

[10] A. Grothendieck, Groupes de classes des catégories abéliennes et triangulées, Complexes parfaits, SGA 5, Exposé VIII, Springer LNM 589 (1977), 351-371.

[11] D. Happel, On the derived category of a finite-dimensional algebra, Comment. Math. Helv.

62 (1987), 339-389.

[12] A. Heller, The loop space functor in homological algebra, Trans. Am. Math. Soc. 96 (1960), 382-394.

[13] M. M. Kapranov, On the derived categories of sheaves on some homogeneous spaces, Invent. Math. 92 (1988), 479–508.

[14] Chr. Kassel, Cyclic homology, comodules and mixed complexes, J. Alg. 107 (1987), 195–216. [15] Chr. Kassel, K-théorie algébrique et cohomologie cyclique bivariantes, C. R. Acad. Sci. Paris Sér. 1 306 (1988), 799–802.

[16] Chr. Kassel, Caractère de Chern bivariant, K-Theory 3 (1989), 367–400. [17] B. Keller, Chain complexes and stable categories, Manus. Math. 67 (1990), 379-417. [18] B. Keller, Deriving DG categories, Ann. scient. Ec. Norm. Sup., 4e série 27 (1994), 63–102. [19] B. Keller, Invariance and Localization for cyclic homology of DG algebras, Preprint, 1995, to appear in J. Pure and Appl. Algebra.

[20] B. Keller, Cyclic homology of exact categories and schemes, Preprint in preparation. [21] B. Keller, D. Vossieck, Sous les catégories dérivées, C. R. Acad. Sci. Paris 305 (1987), 225-228.

[22] J.-L. Loday, Cyclic homology: a survey, Banach Center Publications 18 (1986), 285–307. [23] J.-L. Loday, Cyclic homology, Grundlehren 301, Springer-Verlag Berlin Heidelberg, 1992. [24] S. MacLane, Homology, Springer-Verlag, 1963.

[25] H. Matsumura, Commutative ring theory, Cambridge Studies in advanced mathematics vol. 8, Cambridge University Press, 1986.

[26] R. McCarthy, The cyclic homology of an exact category, J. Pure and Appl. Alg. 93 (1994), 251–296.

[27] B. Mitchell, Rings with several objects, Adv. in Math. 8 (1972), 1–161. [28] A. Neeman, The Derived Category of an Exact Category, J. Alg. 135 (1990), 388–394. [29] A. Neeman, The Connection between the K-theory localization theorem of Thomason, Trobaugh and Yao and the smashing subcategories of Bousfield and Ravenel, Ann. Scient. Éc. Norm. Sup. 25 (1992), 547–566.

[30] D. Quillen, Higher Algebraic K-theory I, Springer LNM 341, 1973, 85–147.

[31] D. C. Ravenel, Localization with respect to certain periodic homology theories, Amer. J. of Math., 106, 1984, 351–414.

[32] R. W. Thomason, T. Trobaugh, Higher Algebraic K-Theory of Schemes and of Derived Categories, in The Grothendieck Festschrift, III, Birkhäuser, Progress in Mathematics 87 (1990), p. 247–436.

[33] M. Vigué-Poirrier, D. Burghelea, A model for cyclic homology and algebraic K-theory of 1-connected topological spaces, J. Diff. Geom. 22 (1985), 243–253.

[34] J.-L. Verdier, Catégories dérivées, état 0, SGA 4 1/2, Springer LNM 569 (1977), 262-311. [35] J.-L. Verdier, Des catégories dérivées des catégories abéliennes, Astérisque 239 (1996), 1– 253.

[36] F. Waldhausen, Algebraic K-theory of Spaces, Lecture Notes in Mathematics 1126, 318–419, Springer, 1985.

[37] C. A. Weibel, Cyclic Homology For Schemes, Proc. Amer. Math. Soc. 124 (1996), 1655-1662. [38] C. A. Weibel, Dongyuan Yao, Localization for the K-theory of commutative rings in: Algebraic K-theory, commutative algebra, and algebraic geometry (Santa Margherita Ligure, 1989), Contemporary Mathematics 125 (1992), 219–230.

[39] Dongyuan Yao, Higher algebraic K-theory of admissible abelian categories and localization theorems, J. Pure Appl. Alg. 77 (1992), 263–339.

UFR de Mathématiques, URA 748 du CNRS, Université Paris 7, 2, place Jussieu, 75251 Paris Cedex 05, France E-mail address: keller@math.jussieu.fr

www.math.jussieu.fr/ keller