
N
ovem

ber
3,

2009
K

hon
K

aen
U

niversity.

N
um

ber
T

heory
D

ays
in

K
K

U
http

://202.28.94.202/m
ath/thai/

D
iscrete

m
ath

em
atics

an
d

D
io

p
h
an

tin
e

P
ro

b
lem

s

M
ichel

W
aldschm

idt

Institut
de

M
athém

atiques
de

Jussieu
&

C
IM

P
A

http
://www.math.jussieu.fr/∼

miw/
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A
bstract

O
ne

of
the

first
goals

of
D

iophantine
A
nalysis

is
to

decide
w

hether
a

given
num

ber
is

rational,
algebraic

or
else

transcendental.
S
uch

a
num

ber
m

ay
be

given
by

its
binary

or
decim

al
expansion,

by
its

continued
fraction

expansion,
or

by
other

lim
it

process
(sum

of
a

series,
infinite

product,
integrals...).

Language
theory

provides
som

etim
es

convenient
tools

for
the

study
of

num
bers

given
by

expansions.
W

e
survey

som
e

of
the

m
ain

recent
results

on
D

iophantine
problem

s
related

w
ith

the
com

plexity
of

w
ords.
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É
m

ile
B

orel
(1871–1956)

!
Les

probabilités
dénom

brables
et

leurs
applications

arithm
étiques,

P
alerm

o
R
end.

2
7
,
247-271

(1909).
Jahrbuch

D
atabase

JF
M

40.0283.01
http

://www.emis.de/MATH/JFM/JFM.html

!
S
ur

les
chiff

res
décim

aux
de
√

2
et

divers
problèm

es
de

probabilités
en

châınes,
C
.
R
.
A
cad.

S
ci.,

P
aris

2
3
0
,
591-593

(1950).
Z
bl

0035.08302

3
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É
m

ile
B

orel
:
1950

Let
g
≥

2
be

an
integer

and
x

a
real

irrational
algebraic

num
ber.

T
he

expansion
in

base
g

of
x

should
satisfy

som
e

of
the

law
s

w
hich

are
valid

for
alm

ost
all

real
num

bers
(for

Lebesgue’s
m

easure).
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F
irst

decim
als

of √
2

http://w
im

s.unice.fr/w
im

s/w
im

s.cgi

1.41421356237309504880168872420969807856967187537694807317667973
799073247846210703885038753432764157273501384623091229702492483
605585073721264412149709993583141322266592750559275579995050115
278206057147010955997160597027453459686201472851741864088919860
955232923048430871432145083976260362799525140798968725339654633
180882964062061525835239505474575028775996172983557522033753185
701135437460340849884716038689997069900481503054402779031645424
782306849293691862158057846311159666871301301561856898723723528
850926486124949771542183342042856860601468247207714358548741556
570696776537202264854470158588016207584749226572260020855844665
214583988939443709265918003113882464681570826301005948587040031
864803421948972782906410450726368813137398552561173220402450912
277002269411275736272804957381089675040183698683684507257993647
290607629969413804756548237289971803268024744206292691248590521
810044598421505911202494413417285314781058036033710773091828693
1471017111168391658172688941975871658215212822951848847

...
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F
irst

binary
digits

of √
2

http://w
im

s.unice.fr/w
im

s/w
im

s.cgi

1.011010100000100111100110011001111111001110111100110010010000...
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T
he

fabulous
destiny

of √
2

•
B
enôıt

R
ittaud,

É
ditions

Le
P
om

m
ier

(2006).

http://www.math.univ-paris13.fr/∼
rittaud/RacineDeDeux
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C
om

putation
of

decim
als

of √
2

1
542

com
puted

by
hand

by
H

orace
U

hler
in

1951

14
000

decim
als

com
puted

in
1967

1
000

000
decim

als
in

1971

137
·10

9
decim

als
com

puted
by

Y
asum

asa
K

anada
and

D
aisuke

T
akahashi

in
1997

w
ith

H
itachi

S
R
2201

in
7

hours
and

31
m

inutes.

•
M

otivation
:
com

putation
of

π
.
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E
xpansion

in
base

g
of

a
real

num
ber

Let
g

be
an

integer≥
2.

A
ny

real
num

ber
x

has
an

expansion
w

hich
is

unic
if

x
is

irrational

x
=

a
−

k g
k

+
···+

a
−

1 g
+

a
0
+

a
1 g
−

1
+

a
2 g
−

2
+
···

w
here

k
is

an
integer≥

0
and

w
here

the
a
i
for

i≥
−

k
(digits

of
x

in
the

base
g

expansion
of

x
)

belong
to

the
set

{0,1,...,g
−

1}.
W

e
w

rite
x

=
a
−

k ···a
−

1 a
0 ,a

1 a
2 ···

E
xam

ples
:
in

base
10

(decim
al

expansion)
:

√
2

=
1,41421356237309504880168872420

...

and
in

base
2

(binary
expansion)

:
√

2
=

1,0110101000001001111001100110011111110
...

9
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C
om

plexity
of

the
g
–ary

expansion
of

an
irrational

algebraic
real

num
ber

Let
g
≥

2
be

an
integer.

•
É
.
B
orel

(1909
and

1950)
:
the

g
–ary

expansion
of

an
algebraic

irrational
num

ber
should

satisfy
som

e
of

the
law

s
shared

by
alm

ost
all

num
bers

(w
ith

respect
to

Lebesgue’s
m

easure).

•
R
em

ark
:
no

num
ber

satisfies
all

the
law

s
w

hich
are

shared
by

all
num

bers
outside

a
set

of
m

easure
zero,

because
the

intersection
of

all
these

sets
of

full
m

easure
is

em
pty

!

⋂x∈
R

R
\
{x}

=
∅.

•
M

ore
precise

statem
ents

by
B
.
A
dam

czew
ski

and
Y
.
B
ugeaud.
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First
conjecture

of
É
m

ile
B

orel

C
o
n
jectu

re
1

(É
.
B
orel).

Let
x

be
an

irrational
algebraic

real
num

ber,
g
≥

3
a

positive
integer

and
a

an
integer

in
the

range
0
≤

a
≤

g
−

1.
T

hen
the

digit
a

occurs
at

least
once

in
the

g
–ary

expansion
of

x
.

C
oro

llary.
•

E
ach

given
sequence

of
digits

should
occur

infinitely
often

in
the

g
–ary

expansion
of

any
real

irrational
algebraic

num
ber.

(consider
pow

ers
of

g
).

•
For

instance,
B
orel’s

C
onjecture

1
w

ith
g

=
4

im
plies

that
each

of
the

four
sequences

(0,0),
(0,1),

(1,0),
(1,1)

should
occur

infinitely
often

in
the

binary
expansion

of
each

irrational
algebraic

real
num

ber
x
.

11
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T
he

state
of

the
art

T
here

is
no

explicitly
know

n
exam

ple
of

a
triple

(g
,a,x

),
w

here
g
≥

3
is

an
integer,

a
a

digit
in
{0,...,g

−
1}

and
x

an
algebraic

irrational
num

ber,
for

w
hich

one
can

claim
that

the
digit

a
occurs

infinitely
often

in
the

g
–ary

expansion
of

x
.
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K
urt

M
ahler

K
urt

M
ahler

(1903
-
1988)

For
any

g
≥

2
and

any
n
≥

1,
there

exist
algebraic

irrational
num

bers
x

such
that

any
block

of
n

digits
occurs

infinitely
often

in
the

g
–ary

expansion
of

x
.
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Sim
ply

norm
al

num
bers

in
base

g

•
A

real
num

ber
x

is
called

sim
ply

norm
al

in
base

g
if

each
digit

occurs
w

ith
frequency

1/g
in

its
g
–ary

expansion.
•

For
instance

the
decim

al
num

ber

0,123456789012345678901234567890
...

is
sim

ply
norm

al
in

base
10.

T
his

num
ber

is
rational

:

=
1

234
567

890

9
999

999
999

=
137

174
210

1
111

111
111 ·

14
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N
orm

al
num

bers
in

base
g

•
A

real
num

ber
x

is
called

norm
al

in
base

g
or

g
–norm

al
if

it
is

sim
ply

norm
al

in
base

g
m

for
all

m
≥

1.

H
ence

a
real

num
ber

x
is

norm
al

in
base

g
if

and
only

if,
for

any
m
≥

1,
each

sequence
of

m
digits

occurs
w

ith
frequency

1/g
m

in
its

g
–ary

expansion.
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N
orm

al
num

bers

•
A

real
num

ber
is

called
norm

al
if

it
is

norm
al

in
any

base
g
≥

2.
H

ence
a

real
num

ber
is

norm
al

if
and

only
if

it
is

sim
ply

norm
al

in
any

base
g
≥

2.

C
o
n
jectu

re
2

(É
.
B
orel).

A
ny

irrational
algebraic

real
num

ber
is

norm
al.

•
A
lm

ost
all

real
num

bers
(for

Lebesgue’s
m

easure)
are

norm
al.

•
E
xam

ples
of

com
putable

norm
al

num
bers

have
been

constructed
(W

.
S
ierpinski

1917,
H

.
Lebesgue

1917,
V
.
B
echer

and
S
.
F
igueira

2002),
but

the
know

n
algorithm

s
to

com
pute

such
exam

ples
are

fairly
com

plicated
(“ridiculously

exponential”,
according

to
S
.
F
igueira).
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E
xam

ple
of

norm
al

num
bers

A
n

exam
ple

of
a

2–norm
al

num
ber

(C
ham

pernow
ne

1933,
B
ailey

and
C
randall

2001)
is

the
binary

C
ham

pernow
ne

num
ber,

obtained
by

the
concatenation

of
the

sequence
of

integers

0.1
10

11
100

101
110

111
1000

1001
1010

1011
1100

...

=
∑k≥

1

k
2
−

c
k

w
ith

c
k

=
k

+
k

∑j=
1 [log

2
j].

•
S
.
S
.
P
illai

(1940),
C
ollected

papers
edited

by
R
.
B
alasubram

anian
and

R
.
T

hangadurai,
(2009

or
2010).

17
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Further
exam

ples
of

norm
al

num
bers

•
(S

toneham
N

um
bers

...)
:
if

a
and

g
are

coprim
e

integers
>

1,
then

∑n≥
0

a
−

ng
−

a
n

is
norm

al
in

base
g
.

R
eferen

ce
:
R
.
S
toneham

(1973),
D

.H
.
B
ailey,

J.M
.
B
orw

ein,
R
.E

.
C
randall

and
C
.
P
om

erance
(2004).
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C
opeland

–
E
rdős

0.2
3

5
7

11
13

17
19

23
29

31
37

41
43

47
53

59
61

67
...

P
aul

E
rdös

(1913
-

1996)

A
.H

.
C
opeland

and
P
.
E
rdős

(1946)
:
a

norm
al

num
ber

in
base

10
is

obtained
by

concatenation
of

the
sequence

of
prim

e
num

bers

19
/
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Infinite
w
ords

LetA
be

a
finite

alphabet
w

ith
g

elem
ents.

•
W

e
shall

consider
infinite

w
ords

w
=

a
1
...a

n
...

A
factor

of
length

m
of

w
is

a
w
ord

of
the

form
a
k a

k
+

1
...a

k
+

m
−

1
for

som
e

k
≥

1.

•
T

he
com

plexity
p

=
p

w
of

w
is

the
function

w
hich

counts,
for

each
m
≥

1,
the

num
ber

p
(m

)
of

distinct
factors

of
w

of
length

m
.

•
H

ence
1
≤

p
(m

)≤
g

m
and

the
function

m
'→

p
(m

)
is

non–decreasing.

•
A
ccording

to
B
orel’s

C
onjecture

1,
the

com
plexity

of
the

sequence
of

digits
in

base
g

of
an

irrational
algebraic

num
ber

should
be

p
(m

)
=

g
m
.
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Sturm
ian

w
ords

A
ssum

e
g

=
2,

say
A

=
{0,

1}.

•
A

w
ord

is
periodic

if
and

only
if

its
com

plexity
is

bounded.

•
If

the
com

plexity
p
(m

)
a

w
ord

w
satisfies

p
(m

)
=

p
(m

+
1)

for
one

value
of

m
,
then

p
(m

+
k
)

=
p
(m

)
for

all
k
≥

0
,

hence
the

w
ord

is
periodic.

It
follow

s
that

a
non–periodic

w
has

a
com

plexity
p
(m

)≥
m

+
1.

•
A
n

infinite
w
ord

of
m

inim
al

com
plexity

p
(m

)
=

m
+

1
is

called
S
turm

ian
(M

orse
and

H
edlund,

1938).

•
E
xam

ples
of

S
turm

ian
w
ords

are
given

by
2–dim

ensional
billiards.
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Sturm
and

M
orse

Jacques
C
harles

François
S
turm

(1803
-
1855)

H
arold

C
alvin

M
arston

M
orse

(1892
-

1977)
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T
he

Fibonacci
w
ord

•
D

efine
f1

=
1,

f2
=

0
and,

for
n
≥

3
(concatenation)

:
fn

=
fn−

1 fn−
2 .

Leonardo
P
isano

F
ibonacci

(1170
-

1250)
f3

=
01,

f4
=

010,
f5

=
01001,

f6
=

01001010,...

T
he

F
ibonacci

w
ord

w
=

0100101001001010010100100101001001
...

is
S
turm

ian.

•
For

each
m
≥

1,
there

is
exactly

one
factor

v
of

w
of

length
m

such
that

both
v
0

and
v
1

are
factors

of
w

of
length

m
+

1.

23
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T
he

Fibonacci
w
ord

0100101001001010010100100101001001
...

is
Sturm

ian

00100
↗

0
→

00
→

001
→

0010
→

00101
↘

01
→

010
→

0100
→

01001
↘

0101
→

01010
1
→

10
→

100
→

1001
→

10010
↘

101
→

1010
→

10100

24
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T
ranscendence

and
Sturm

ian
w
ords

•
S
.
Ferenczi,

C
.
M

auduit,
1997

:
A

num
ber

w
hose

sequence
of

digits
is

S
turm

ian
is

transcendental.
C
om

binatorial
criterion

:
the

com
plexity

of
the

g
–ary

expansion
of

every
irrational

algebraic
num

ber
satisfies

lim
inf

m
→
∞

(p
(m

)−
m

)
=

+
∞

.

•
T
ool

:
a

p
–adic

version
of

the
T

hue–S
iegel–R

oth-S
chm

idt
T

heorem
due

to
R
idout

(1957).
•

R
eferen

ce
:
Y
uri

B
ilu’s

Lecture
in

the
B
ourbaki

S
em

inar,
N

ovem
ber

2006
:

T
he

m
any

faces
of

the
S
ubspace

T
heorem

[after
A
dam

czew
ski,

B
ugeaud,

C
orvaja,

Z
annier...]

http://www.math.u-bordeaux.fr/∼
yuri/publ/subspace.pdf
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C
om

plexity
of

the
g
-ary

expansion
of

an
algebraic

num
ber

•
T
h
eorem

(B
.
A
dam

czew
ski,

Y
.
B
ugeaud,

F
.
Luca

2004).
T

he
binary

com
plexity

p
of

a
real

irrational
algebraic

num
ber

x
satisfies

lim
inf

m
→
∞

p
(m

)

m
=

+
∞

.

•
C
oro

llary
(C

onjecture
of

A
.
C
obham

,
1968).

If
the

sequence
of

digits
of

an
irrational

real
num

ber
x

is
au

to
m

atic,
then

x
is

transcendental.
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A
utom

ata

A
finite

autom
aton

consists
of

•
the

input
alphabetA

,
usually

the
set

of
digits

{0,
1,

2,
...,

g
−

1}
;

•
the

setQ
of

states,
a

finite
set

of
2

or
m

ore
elem

ents,
w

ith
one

elem
ent

called
the

initial
state

i
singled

out;
•

the
transition

m
ap

Q
×
A
→

Q
,
w

hich
associates

to
every

state
a

new
state

depending
on

the
current

input;
•

the
output

alphabetB
,
together

w
ith

the
output

m
ap

f
:Q
→
B

.
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A
utom

ata
:
reference

Jean-P
aul

A
llouche

and
Jeff

rey
S
hallit

A
utom

atic
S
equences

:
T

heory,
A
pplications,

G
eneralizations,

C
am

bridge
U

niversity
P
ress

(2003).

http
://www.cs.uwaterloo.ca/∼

shallit/asas.html

28
/
62



E
xam

ple
:
pow

ers
of

2
T

he
sequence

of
binary

digits
of

the
num

ber

∑n≥
0

2
−

2
n
=

0.1101000100000001000···
=

0.a
1 a

2 a
3

...

w
ith

a
n

=

{
1

if
n

is
a

pow
er

of
2,

0
otherw

ise

is
autom

atic
:A

=
B

=
{0,

1},Q
=
{i,

a,
b},

f(i)
=

0,
f(a)

=
1,

f(b)
=

0,

!
0

!
0

!
0

i
1

−−−−→
a

1
−−−−→

b!
1
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A
utom

atic
sequences

•
Let

g
≥

2
be

an
integer.

A
n

infinite
sequence

(a
n )

n≥
0

is
said

to
be

g
–autom

atic
if

a
n

is
a

finite-state
function

of
the

base
g

representation
of

n
:
this

m
eans

that
there

exists
a

finite
autom

aton
starting

w
ith

the
g
–ary

expansion
of

n
as

input
and

producing
the

term
a
n

as
output.

•
A
.
C
obham

,
1972

:
A
utom

atic
sequences

have
a

com
plexity

p
(m

)
=

O
(m

).

A
utom

atic
sequences

are
betw

een
periodicity

and
chaos.

T
hey

occur
in

connection
w

ith
harm

onic
analysis,

ergodic
theory,

fractals,
Feigenbaum

cascades,
quasi–crystals.
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A
utom

atic
sequences

and
theoretical

physics

J.P
.
A
llouche

and
M

.
M

endes-France
:
com

putation
of

physical
constants

of
an

Ising
m

odel
in

one
dim

ension
involving

an
autom

atic
distribution.

R
eferen

ce
:
J-P

.
A
llouche

and
M

.
M

ignotte,
A
rithm

étique
et

A
utom

ates,
Im

ages
des

M
athém

atiques
1988,

C
ourrier

du
C
N

R
S

S
upplém

ent
au

N
◦

69,
5–9.

Ising
m

odel
:
to

study
phase

transition
in

statistical
m

echanics
:

R
eferen

ce
:
R
aphaël

C
erf,

Le
m

odèle
d’Ising

et
la

coexistence
des

phases,
Im

ages
des

M
athém

atiques
(2004),

47–51.
http

://www.spm.cnrs-dir.fr/actions/publications/IdM.htm
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P
ow

ers
of

2
(continued)

T
he

com
plexity

p
(m

)
of

the
autom

atic
sequence

of
binary

digits
of

the
num

ber

∑n≥
0

2
−

2
n
=

0.1101000100000001000···

is
at

m
ost

2m
:

m
=

1
2

3
4

5
6

···
p
(m

)
=

2
4

6
7

9
11

···
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P
rouhet–T

hue–M
orse

sequence

•
T

he
autom

aton

!
0

1
−−−−→

!
0

i
a

←−−−−
1

avec
f(i)

=
0,

f(a)
=

1

produces
the

sequence
a
0 a

1 a
2
...

w
here,

for
instance,

a
9

is
f(i)

=
0,

since
1001[i]

=
100[a]

=
10[a]

=
1[a]

=
i.

T
his

is
the

P
rouhet–T

hue–M
orse

sequence,
w

here
the

n
+

1-èm
e

term
a
n

is
1

if
the

num
ber

of
1

in
the

binary
expansion

of
n

is
odd,

0
if

it
is

even.
T

he
P
rouhet–T

hue–M
orse

num
ber

is
∑

n≥
0
a
n 2
−

n.
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T
he

B
aum

–Sw
eet

sequence

•
T

he
B
aum

–S
w
eet

sequence.
For

n
≥

0
define

a
n

=
1

if
the

binary
expansion

of
n

contains
no

block
of

consecutive
0’s

of
odd

length,
a
n

=
0

otherw
ise

:
the

sequence
(a

n )
n≥

0
starts

w
ith

1
1

0
1

1
0

0
1

0
1

0
0

1
0

0
1

1
0

0
1

0
...

•
T

his
sequence

is
autom

atic,
associated

w
ith

the
autom

aton

!
1

0
−−−−→

!
0

i
a

1
−−−−→

b
←−−−−

0
!

1

w
ith

f(i)
=

1,
f(a)

=
0,

f(b)
=

0.
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T
he

R
udin–Shapiro

sequence

•
T

he
R
udin–S

hapiro
w
ord

aaabaabaaaabbbab
....

For
n
≥

0
define

rn
∈
{a,

b}
as

being
equal

to
a

(respectively
b)

if
the

num
ber

of
occurrences

of
the

pattern
11

in
the

binary
representation

of
n

is
even

(respectively
odd).

•
Let

σ
be

the
m

orphism
defined

from
the

m
onoid

B
∗

on
the

alphabet
B

=
{1,2,3,4}

into
B
∗

by
:
σ
(1)

=
12,

σ
(2)

=
13,

σ
(3)

=
42

and
σ
(4)

=
43.

Let

u
=

121312421213
...

be
the

fixed
point

of
σ

begining
w

ith
1

and
let

ϕ
be

the
m

orphism
defined

from
B
∗

to
{a,b}

∗
by

:
ϕ
(1)

=
aa,

ϕ
(2)

=
ab

and
ϕ
(3)

=
ba,

ϕ
(4)

=
bb.

T
hen

the
R
udin-S

hapiro
w
ord

is
ϕ
(u

).
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P
aper

folding
sequence

If
you

fold
a

long
piece

of
paper,

alw
ays

in
the

sam
e

direction,
and

then
you

unfold
it,

you
get

tw
o

kind
of

edges,
w

hich
you

encode
w

ith
0

or
1.

T
his

gives
rise

to
a

sequence

1101100111001001
...

w
hich

satisfiesu
4n

=
1,

u
4n

+
2

=
0,

u
2n

+
1

=
u

n

and
w

hich
is

produced
by

the
autom

aton

!
0

!
1

0
−−−−→

b
!

1

i
0

−−−−→
a

!
0

−−−−→1
c

!
1

w
ith

f(i)
=

f(a)
=

f(b)
=

1,
f(c)

=
0.

36
/
62



T
he

Fibonacci
num

ber
is

not
autom

atic

•
C
obham

(1972)
:
the

frequency
of

each
letter

in
an

autom
atic

w
ord

is
a

rational
num

ber.

•
C
onsequence

:
the

F
ibonacci

w
ord

010010100100101001010
...

is
not

autom
atic.

T
he

frequency
of

the
letter

0
(resp.

of
the

letter
1)

is
1/Φ

(resp.
1/Φ

2),
w

here
Φ

=
(1

+
√

5)/2
is

the
G

olden
R
atio

an
irrational

num
ber.
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C
om

plexity
of

the
expansion

in
base

g
of

a
real

irrational
algebraic

num
ber

T
h
eorem

(B
.
A
dam

czew
ski,

Y
.
B
ugeaud,

F
.
Luca

2004).
T

he
binary

com
plexity

p
of

a
real

algebraic
irrational

num
ber

x
satisfies

lim
inf

m
→
∞

p
(m

)

m
=

+
∞

.

C
oro

llary
(conjecture

of
A
.
C
obham

(1968))
:
If

the
sequence

of
binary

digits
of

a
real

irrational
num

ber
x

is
autom

atic,
then

x
is

a
transcendental

num
ber.
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T
ranscendence

of
autom

atic
num

bers

In
other

term
s

T
h
eorem

(B
.
A
dam

czew
ski,

Y
.
B
ugeaud,

F
.
Luca,

2004
–

conjecture
of

A
.
C
obham

,
1968)

:
T

he
sequence

of
digits

of
a

real
algebraic

irrational
num

ber
is

not
autom

atic.
T
ool

:
W

.M
.
S
chm

idt
S
ubspace

T
heorem

.
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Liouville
num

bers
and

exponent
of

irrationality

•
A
n

exponent
of

irrationality
for

ξ
∈

R
is

a
num

ber
κ
≥

2
such

that
there

exists
C

>
0

w
ith

∣∣∣∣ ξ
−

pq ∣∣∣∣ ≥
Cq
κ

for
all

pq
∈

Q
.

•
A

Liouville
num

ber
is

a
real

num
ber

w
ith

no
finite

exponent
of

irrationality.
•

L
io

u
ville’s

T
h
eorem

.
A
ny

Liouville
num

ber
is

transcendental.
•

In
the

theory
of

dynam
ical

system
s,

a
D

iophantine
num

ber
(or

a
num

ber
satisfying

a
D

iophantine
condition)

is
a

real
num

ber
w

hich
is

not
Liouville.

R
eferen

ces
:
M

.
H

erm
an,

J.C
.
Y
occoz.
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Irrationality
m

easures
for

autom
atic

num
bers

•
B
.
A
dam

czew
ski

and
J.

C
assaigne

(2006)
–

S
olution

to
a

C
onjecture

of
J.

S
hallit

(1999)
:
A

Liouville
num

ber
cannot

be
generated

by
a

finite
autom

aton.

•
For

instance
for

the
P
rouhet–T

hue–M
orse–M

ahler
num

bers

ξ
g

=
∑n≥

0

a
n

g
n

(w
here

a
n

=
0

if
the

sum
of

the
binary

digits
in

the
expansion

of
n

is
even,

a
n

=
1

if
this

sum
is

odd)
the

exponent
of

irrationality
is
≤

5.
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Independence
of

expansions
of

algebraic
num

bers

Follow
ing

B
orel,

the
sequences

of
binary

digits
of

tw
o

num
bers

like
√

2
and

√
3

should
look

like
random

sequences.
O

ne
m

ay
ask

w
hether

these
sequences

of
digits

behave
like

independent
random

sequences.
B
.
A
dam

czew
ski

and
Y
.
B
ugeaud

rem
ark

that
this

is
true

for
alm

ost
all

pairs
of

real
num

bers
(using

the
B
orel-C

antelli
Lem

m
a),

they
suggest

that
this

property
should

hold
for

any
base

g
and

pair
of

irrational
num

bers,
unless

they
have

ultim
ately

the
sam

e
sequences

of
digits.
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Further
transcendence

results
on

g
–ary

expansions
of

real
num

bers

•
J-P

.
A
llouche

and
L.Q

.
Z
am

boni
(1998).

•
R
.N

.
R
isley

and
L.Q

.
Z
am

boni
(2000).

•
B
.
A
dam

czew
ski

and
J.

C
assaigne

(2003).
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C
hristol,

K
am

ae,
M

endes-France,
R
auzy

T
he

result
of

B
.
A
dam

czew
ski,

Y
.
B
ugeaud

and
F
.
Luca

im
plies

the
follow

ing
statem

ent
related

to
the

w
ork

of
G

.
C
hristol,

T
.
K

am
ae,

M
.
M

endès-France
and

G
.
R
auzy

(1980)
:

C
oro

llary.
Let

g
≥

2
be

an
integer,

p
be

a
prim

e
num

ber
and

(u
k )

k≥
1

a
sequence

of
integers

in
the

range
{0,...,p

−
1}.

T
he

form
al

pow
er

series

∑k≥
1

u
k X

k

and
the

real
num

ber
∑k≥

1

u
k g
−

k

are
both

algebraic
(over

F
p (X

)
and

over
Q

,
respectively)

if
and

only
if

they
are

rational.
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T
he

P
rouhet–T

hue–M
orse

sequence

Let
(a

n )
n≥

0
be

the
P
rouhet–T

hue–M
orse

sequence.
T

he
series

F
(X

)
=

∑n≥
0

a
n X

n

is
algebraic

over
the

field
F

2 (X
)

:

(1
+

X
)
3F

2
+

(1
+

X
)
2F

+
X

=
0.

T
his

produces
a

new
proof

of
M

ahler’s
result

on
the

transcendence
of

the
num

ber
∑n≥

0

a
n g
−

n.
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Further
transcendence

results

C
onsequences

of
N

esterenko
1996

result
on

the
transcendence

of
values

of
theta

series
at

rational
points.

•
T

he
num

ber ∑n≥
0

2
−

n
2

is
transcendental

(D
.
B
ertrand

1997
;

D
.
D

uverney,
K

.
N

ishioka,
K

.
N

ishioka
and

I.
S
hiokaw

a
1998)

•
For

the
w
ord

u
=

01212212221222212222212222221222
...

generated
by

0
'→

012,
1
'→

12,
2
'→

2,
the

num
ber

η
=

∑k≥
1

u
k 3
−

k
is

transcendental.
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C
om

plexity
of

the
continued

fraction
expansion

of
an

algebraic
num

ber

S
im

ilar
questions

arise
by

considering
the

continued
fraction

expansion
of

a
real

num
ber

instead
of

its
g
–ary

expansion.

A
leksandr

Y
akovlevich

K
hinchin

(1894
-
1959)

•
O

pen
question

–
A
.Y

a.
K

hintchin
(1949)

:
are

the
partial

quotients
of

the
continued

fraction
expansion

of
a

non–quadratic
irrational

algebraic
real

num
ber

bounded
?
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T
ranscendence

of
continued

fractions

•
J.

Liouville,
1844

•
É
.
M

aillet,
1906,

O
.
P
erron,

1929

•
H

.
D

avenport
and

K
.F

.
R
oth,

1955

•
A
.
B
aker,

1962

•
J.L.

D
avison,

1989
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T
ranscendence

of
continued

fractions
(continued)

•
M

.
Q

ueff
élec,

1998
:
transcendence

of
the

P
rouhet–T

hue–M
orse

continued
fraction.

•
P
.
Liardet

and
P
.
S
tam

bul,
2000.

•
J-P

.
A
llouche,

J.L.
D

avison,
M

Q
ueff

élec
and

L.Q
.
Z
am

boni,
2001

:
transcendence

of
S
turm

ian
or

m
orphic

continued
fractions.

•
B
.
A
dam

czew
ski,

Y
.
B
ugeaud,

J.L.
D

avison,
2005

:
transcendence

of
the

R
udin–S

hapiro
and

of
the

B
aum

–S
w
eet

continued
fractions.
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O
pen

P
roblem

s

•
G

ive
an

exam
ple

of
a

real
autom

atic
num

ber
x

>
0

such
that

1/x
is

not
autom

atic.

•
S
how

that

log
2

=
∑n≥

1

1n
2
−

n

is
not

2-autom
atic.

•
S
how

that

π
=

∑n≥
0 (

4

8n
+

1
−

2

8n
+

4
−

1

8n
+

5
−

1

8n
+

6 )
2
−

4n

is
not

2-autom
atic.
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P
roblem

s
dealing

w
ith

norm
alnum

bers
(

T
.
R
ivoal)

•
G

ive
an

explicit
exam

ple
of

an
irrational

real
num

ber
w

hich
is

sim
ply

norm
al

in
base

g
and

such
that

1/x
is

not
sim

ply
norm

al
in

base
g

.

•
G

ive
an

explicit
exam

ple
of

an
irrationalrealnum

ber
w

hich
is

norm
al

in
base

g
and

such
that

1/x
is

not
norm

al
in

base
g

.

•
G

ive
an

explicit
exam

ple
of

an
irrational

real
num

ber
w

hich
is

norm
al

and
such

that
1/x

is
not

sim
ply

norm
al.
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O
ther

open
problem

•
Let

(e
n )

n≥
1

be
an

infinite
sequence

on
{0,1}

w
hich

is
not

ultim
ately

periodic.
Is–it

true
that

one
at

least
of

the
tw

o
num

bers
∑n≥

1

e
n 2
−

n,
∑n≥

1

e
n 3
−

n

is
transcendental?

A
ccording

to
B
orel,

the
second

num
ber

should
be

transcendental,
since

it
is

irrational
and

has
no

digit
2

in
its

base
3

expansion.
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Liouville
num

bers

•
L
io

u
ville’s

T
h
eorem

.
for

any
real

algebraic
num

ber
α

there
exists

a
constant

c
>

0
such

that
the

set
of

p
/q
∈

Q
w

ith
|α
−

p
/q|

<
q
−

c
is

finite.

•
Liouville’s

T
heorem

yields
the

transcendence
of

the
value

of
a

series
like

∑
n≥

0
2
−

u
n,

provided
that

the
sequence

(u
n )

n≥
0

is
increasing

and
satisfieslim

sup
n→

∞

u
n
+

1

u
n

=
+
∞

.

•
For

instance
u

n
=

n!
satisfies

this
condition

:
hence

the
num

ber ∑
n≥

0
2
−

n
!
is

transcendental.
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T
hue–Siegel–R

oth
T

heorem

A
xel

T
hue

(1863
-

1922)
C
arl

Ludw
ig

S
iegel

K
laus

Friedrich
R
oth

(1925
–

)

For
any

real
algebraic

num
ber

α
,
for

any
ε

>
0,

the
set

of
p
/q
∈

Q
w

ith
|α
−

p
/q|

<
q
−

2−
ε

is
finite.
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C
onsequences

of
R
oth’s

T
heorem

•
R
oth’s

T
heorem

yields
the

transcendence
of ∑

n≥
0
2
−

u
n

under
the

w
eaker

hypothesis

lim
sup

n→
∞

u
n
+

1

u
n

>
2.

•
T

he
sequence

u
n

=
[2

θn]
satisfies

this
condition

as
soon

as
θ

>
2.

For
exam

ple
the

num
ber

∑n≥
0

2
−

3
n

is
transcendental.
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T
ranscendence

of ∑
n≥

0
2 −

2
n

•
A

stronger
result

follow
s

from
R
idout’s

T
heorem

,
using

the
fact

that
the

denom
inators

2
u

n
are

pow
ers

of
2

:
the

condition

lim
sup

n→
∞

u
n
+

1

u
n

>
1

suffi
ces

to
im

ply
the

transcendence
of

the
sum

of
the

series
∑

n≥
0
2
−

u
n.

•
S
ince

u
n

=
2

n
satisfies

this
condition,

the
transcendence

of
∑

n≥
0
2
−

2
n

follow
s

(K
em

pner
1916).

•
R
id

o
u
t’s

T
h
eorem

.
for

any
real

algebraic
num

ber
α
,
for

any
ε

>
0,

the
set

of
p
/q
∈

Q
w

ith
q

=
2

k
and

|α
−

p
/q|

<
q
−

1−
ε

is
finite.
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C
onsequence

of
R
idout’s

T
heorem

•
Let

x
=

0.a
1 a

2
...

be
the

binary
expansion

of
a

real
algebraic

irrational
num

ber
x
∈

(0,1).
For

n
≥

0
set

*(n)
=

m
in{*≥

0
;

a
n
+

$ /=
0}.

T
hen

*(n)
=

o
(n)

•
For

the
num

ber ∑
n≥

0
2
−

2
n

the
sequence

of
digits

has
*(2

n)
=

2
n.

•
M

ain
tool

of
A
dam

czew
ski

and
B
ugeaud

:
S
chm

idt’s
subspace

T
heorem

.

57
/
62

Schm
idt’s

subspace
T

heorem
(sim

plest
version)

For
x

=
(x

0 ,...,x
m
−

1 )∈
Z

m
,
define

|x|
=

m
ax{|x

0 |,...,|x
m
−

1 |}.

•
W

.M
.
S
chm

idt
(1970)

:
For

m
≥

2
let

L
0 ,...,L

m
−

1
be

m
independent

linear
form

s
in

m
variables

w
ith

com
plex

algebraic
coeffi

cients.
Let

ε
>

0.
T

hen
the

set

{x
=

(x
0 ,...,x

m
−

1 )∈
Z

m
;
|L

0 (x)···L
m
−

1 (x)|≤
|x| −

ε}

is
contained

in
the

union
of

finitely
m

any
proper

subspaces
of

Q
m
.

•
E
xam

ple
:

m
=

2,
L

0 (x
0 ,x

1 )
=

x
0 ,

L
1 (x

0 ,x
1 )

=
α
x
0 −

x
1 .

R
o
th

’s
T
h
eorem

.
for

any
real

algebraic
num

ber
α
,
for

any
ε

>
0,

the
set

of
p
/q
∈

Q
w

ith
|α
−

p
/q|

<
q
−

2−
ε

is
finite.
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Schm
idt’s

subspace
T

heorem
–

Several
places

For
x

=
(x

0 ,...,x
m
−

1 )∈
Z

m
,
define

|x|
=

m
ax{|x

0 |,...,|x
m
−

1 |}.
W

.M
.
S
chm

idt
(1970)

:
Let

m
≥

2
be

a
positive

integer,
S

a
finite

set
of

places
of

Q
containing

the
infinite

place.
For

each
v
∈

S
let

L
0
,v ,...,L

m
−

1
,v

be
m

independent
linear

form
s

in
m

variables
w

ith
algebraic

coeffi
cients

in
the

com
pletion

of
Q

at
v
.
Let

ε
>

0.
T

hen
the

set
of

x
=

(x
0 ,...,x

m
−

1 )∈
Z

m
such

that
∏v∈

S |L
0
,v (x)···L

m
−

1
,v (x)|v

≤
|x| −

ε

is
contained

in
the

union
of

finitely
m

any
proper

subspaces
of

Q
m
.
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C
onsequence

:
R
idout’s

T
heorem

•
R
id

o
u
t’s

T
h
eorem

.
For

any
real

algebraic
num

ber
α
,
for

any
ε

>
0,

the
set

of
p
/q
∈

Q
w

ith
q

=
2

k
and

|α
−

p
/q|

<
q
−

1−
ε

is
finite.

•
In

S
chm

idt’s
T

heorem
take

m
=

2,
S

=
{∞

,
2},

L
0
,∞

(x
0 ,x

1 )
=

L
0
,2 (x

0 ,x
1 )

=
x
0 ,

L
1
,∞

(x
0 ,x

1 )
=

α
x
0 −

x
1 ,

L
1
,2 (x

0 ,x
1 )

=
x
1 .

For
(x

0 ,x
1 )

=
(q

,p
)

w
ith

q
=

2
k,

w
e

have

|L
0
,∞

(x
0 ,x

1 )|∞
=

q
,

|L
1
,∞

(x
0 ,x

1 )|∞
=
|q

α
−

p|,
|L

0
,2 (x

0 ,x
1 )|2

=
q
−

1,
|L

1
,2 (x

0 ,x
1 )|2

=
|p|2 ≤

1.
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M
ahler’s

m
ethod

for
the

transcendence
of

∑
n≥

0
2 −

2
n

•
M

ahler
(1930,

1969)
:
the

function
f(z)

=
∑n≥

0

z
−

2
n

satisfies

f(z
2)

+
z

=
f(z)

for|z|
<

1.

•
J.H

.
Loxton

and
A
.J.

van
der

P
oorten

(1982–1988).

•
P
.G

.
B
ecker

(1994)
:
for

any
given

non–eventually
periodic

autom
atic

sequence
u

=
(u

1 ,u
2 ,...),

the
real

num
ber

∑k≥
1

u
k g
−

k

is
transcendental,

provided
that

the
integer

g
is

suffi
ciently

large
(in

term
s

of
u
).
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M
ore

on
M

ahler’s
m

ethod

•
K

.
N

ishioka
(1991)

:
algebraic

independence
m

easures
for

the
values

of
M

ahler’s
functions.

•
For

any
integer

d
≥

2,

∑n≥
0

2
−

d
n

is
a

S
–num

ber
in

the
classification

of
transcendental

num
bers

due
to...

M
ahler.

•
R
eferen

ce
:
K

.
N

ishioka,
M

ahler
functions

and
transcendence,

Lecture
N

otes
in

M
ath.

1
6
3
1
,
S
pringer

V
erlag,

1996.

•
C
onjecture

–
P
.G

.
B
ecker,

J.
S
hallitt

:
m

ore
generally

any
autom

atic
irrational

real
num

ber
is

a
S
–num

ber.
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