Michel Waldschmaidt Interpolation, January 2021

Exercices on the third course.

1. Let sg,s1,s2 be three complex numbers. Give a necessary and sufficient condition for
the following to hold. There exist three sequences of polynomials (A, 0(2))n>0, (An,1(2))n>0,
(An 2(2))n>0 such that any polynomial f € C[z]| can be written in a unique way as a finite sum

£(2) = 30 (9 (5000 2) + £ (50) A (2) + £ () 0(2))

n>0
What is the degree of A, ;j(#)? The leading term? Write the six polynomials

A[LO(Z), 1\()}1(,2)7 AO,Q(Z), AL()(Z), Al’l(z), ALQ(Z).

2. Let sg, s1,82 be three complex numbers. Give a necessary and sufficient condition for the
following to hold. There exist three sequences of polynomials (M, 0(2))n>0, (Mn,1(2))n>0,
(M,,,2(2))n>0 such that any polynomial f € C[z] can be written in a unique way as a finite
sum

£2) = 32 (£ (s0)My0(2) + 7O (50) M1 (2) 4+ £ (s0)M, (2))

n>0

What is the degree of M, ;(2)? The leading term? Write the six polynomials

MO’()(Z), Mo’l(z), M()’Q(Z), ]\41’0(2)7 MLl(Z), Ml’z(z).

3. Let sg,s1,52 be three complex numbers. Give a necessary and sufficient condition for
the following to hold. There exist three sequences of polynomials (Ny, 0(2))n>0, (Nn,1(2))n>0,
(Np,2(2))n>0 such that any polynomial f € C[z] can be written in a unique way as a finite sum

£(2) = 30 (5O (s0)No(2) + 7O (s0)Naa (2) + £ (52)N,(2))

n>0
What is the degree of N, ;j(2)? The leading term? Write the six polynomials

Novo(z), N()J(Z), N072(Z), NL()(Z), val(z), NLQ(Z).

4. On p. 11, check that if the determinant D(s) does not vanish, then r; < j for all j =
0,1,...,m—1.

5. Prove the proposition p. 11.

6. Poritsky’s interpolation p. 31. Prove that the condition D(s) = 0 means that sg, $1,. .., Sm—1
are pairwise distinct.

Prove also that the function A(t) has a zero at the origin of multiplicity at least m(m — 1)/2.
N.B. The fact that the multiplicity is exactly m(m — 1)/2 follows from the fact that the coefficient of



t™(m=1/2 4n the Taylor ewpansion at the origin of A(t) is gien by a product of two Vandermonde

determinants
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But this is not so easy to prove [Macintyre 1954] §3].

7. Let w = (wp)n>0 be a sequence of complex numbers. Prove that the sequence of polynomials
(Quwowr,..own_1 (2))n>0 defined by Qg =1 and

z t1 tn—1
Qa1 (2) = / at, / dty - / dt,
wo w1 Wn—1

for n > 1 satisfy Q,,(2) = 2 — wp and for n > 0, Qg wy,we,...,w, (Wo) =0,

Qiuo,wl,wQ,...,wn (Z) = Qwth,u»ywn (Z)'
What are the degree and the leading term of Qg wy ws,....w, (2)7 Check

97(1];()),701,702,..‘,111” (wk) = 5kn

for n > 0 and k£ > 0. Deduce that any polynomial is a finite sum

F(2) =D £ (W) Quig wr w0, (2)-

n>0

Check the formula for the Gontcharoff determinant p. 39.

Give a close formula for these polynomials Qg w, ... w,_, (#) When
o w, =0 for all n > 0.

e w, =1 for even n > 0, w, =0 for odd n > 1.

e w, =n for all n > 0.
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