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AND LIOUVILLE FIELDS
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ABSTRACT. Following earlier work by E. Maillet 100 years ago, we introduce
the definition of a Liouwville set, which extends the definition of a Liouville
number. We also define a Liouville field, which is a field generated by a
Liouville set. Any Liouville number belongs to a Liouville set S having the
power of continuum and such that QU S is a Liouville field.
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1. INTRODUCTION
For any integer ¢ and any real number x € R, we denote by

llgz|| = mi gz — m|

the distance of gz to the nearest integer. Following E. Maillet [3L 4], an irrational
real number ¢ is said to be a Liouville number if, for each integer n > 1, there exists

an integer ¢, > 2 such that the sequence (un(f))n>1 of real numbers defined by

log [|gn€
un(g) = —2E 1]

satisfies lim w,(§) = oo. If p, is the integer such that ||¢,&|| = |£gn — pnl, then
n—00
the definition of u, (&) can be written

1

|gn€ — pnl = NG
dn

An equivalent definition is to saying that a Liouville number is a real number &
such that, for each integer n > 1, there exists a rational number p,, /g, with ¢, > 2

such that
0< ‘ e bl L
In|  dn
We denote by L the set of Liouville numbers. Following [2], any Liouville number
is transcendental.
We introduce the notions of a Liouwville set and of a Liouwville field. They extend

what was done by E. Maillet in Chap. III of [3].

Definition. A Liouwville set is a subset S of IL for which there exists an increasing
sequence (g )n>1 of positive integers having the following property: for any £ € S,
there exists a sequence (bn) of positive rational integers and there exist two

n>1
positive constants k1 and ko such that, for any sufficiently large n,

1
(1) 1<by, < gy and [0y < P

1
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It would not make a difference if we were requesting these inequalities to hold
for any n > 1: it suffices to change the constants x; and ks.

Definition. A Liouville field is a field of the form Q(S) where S is a Liouville set.

From the definitions, it follows that, for a real number £, the following conditions
are equivalent:

(1) € is a Liouville number.

(73) & belongs to some Liouville set.
(7i1) The set {¢} is a Liouville set.
(iv) The field Q(&) is a Liouville field.

If we agree that the empty set is a Liouville set and that Q is a Liouville field,
then any subset of a Liouville set is a Liouville set, and also (see Theorem [I)) any
subfield of a Liouville field is a Liouville field.

Definition. Let ¢ = (g,)n>1 be an increasing sequence of positive integers and let
u = (un)n>1 be a sequence of positive real numbers such that u,, — oo as n — oo.
Denote by S, ., the set of £ € L such that there exist two positive constants x; and

ko and there exists a sequence (b")n>1 of positive rational integers with

1
1< b, < g and (b€l < e

K2Un
n

Denote by n the sequence u = (up)n>1 = (1,2,3,...) with u,, = n (n > 1). For
any increasing sequence ¢ = (gn)n>1 of positive integers, we denote by S, the set
Sg.n-

Hence, by definition, a Liouville set is a subset of some S,. In section we prove
the following lemma:

Lemma 1. For any increasing sequence q of positive integers and any sequence u
of positive real numbers which tends to infinity, the set Sq . is a Liouville set.

Notice that if (m,)n>1 is an increasing sequence of positive integers, then for
the subsequence ¢ = (¢, Jn>1 of the sequence g, we have Sy, D Sg 4.

Example. Let u = (un)n>1 be a sequence of positive real numbers which tends to
infinity. Define f: N — R+ by f(1) =1 and

fn) =wug-up1  (n>2),
so that f(n +1)/f(n) = u, for n > 1. Define the sequence ¢ = (¢n)n>1 by
¢n = [27(™ |, Then, for any real number ¢ > 1, the number

1
&= ) 5
¢ Tgl [tF() ]

belongs to Sy. The set {§; | t > 1} has the power of continuum, since &, < &,
for t; >ty > 1.
The sets Sy, have the following property (compare with Theorem I3 in [3]):

Theorem 1. For any increasing sequence q of positive integers and any sequence
u of positive real numbers which tends to infinity, the set QU Sy, is a field.

We denote this field by Kg,u, and by Kg for the sequence © = n. From Theorem
it follows that a field is a Liouville field if and only if it is a subfield of some K.
Another consequence is that, if S is a Liouville set, then Q(S) \ Q is a Liouville set.
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It is easily checked that if
lim inf =2 > 0,
n—oo Ul
then Ky , is a subfield of Kg .. In particular if

..o
liminf — > 0,
n—oo N

then Kg .y is a subfield of K, while if

. Un
limsup — < 400
n—oo 1

then K, is a subfield of K 4.

If R € Q(Xy,...,X,) is a rational fraction and if &, ...,& are elements of a
Liouville set S such that n = R(&,...,&) is defined, then Theorem [I{implies that
7 is either a rational number or a Liouville number, and in the second case SU {n}
is a Liouville set. For instance, if, in addition, R is not constant and &i,...,&; are
algebraically independent over Q, then 7 is a Liouville number and SU {n} is a
Liouville set. For £ = 1, this yields:

Corollary 1. Let R € Q(X) be a rational fraction and let £ be a Liouville number.
Then R(&) is a Liouville number and {£, R(§)} is a Liouwville set.

We now show that S, ,, is either empty or else uncountable and we characterize
such sets.

Theorem 2. Let q be an increasing sequence of positive integers and u = (un)n>1
be an increasing sequence of positive real numbers such that un,+1 > u, + 1. Then
the Liouville set Sq,, s non empty if and only if

. log gnt1
msup ————
n—oco Un l0gqy

Moreover, if the set Sq. is non empty, then it has the power of continuum.

> 0.

Let ¢ be an irrational real number which is not a Liouville number. By a result
due to P. Erdds [I], we can write ¢t = £ +n with two Liouville numbers £ and 1. Let
q be an increasing sequence of positive integers and u be an increasing sequence of
real numbers such that € € S, ,,. Since any irrational number in the field K, is in
Sq.u, it follows that the Liouville number 7 = ¢ — ¢ does not belong to S, ...

~ One defines a reflexive and symmetric relation R between two Liouville numbers
by &Rn if {£,n} is a Liouville set. The equivalence relation which is induced by R
is trivial, as shown by the next result, which is a consequence of Theorem [2]

Corollary 2. Let & and n be Liouville numbers. Then there exists a subset ¥ of L
having the power of continuum such that, for each such o € ¥, both sets {&, o} and
{n, 0} are Liouwville sets.

In [3], E Maillet introduces the definition of Liouville numbers corresponding
to a given Liouville number. However this definition depends on the choice of a
given sequence ¢ giving the rational approximations. This is why we start with a
sequence ¢ instead of starting with a given Liouville number.

The intersection of two nonempty Liouville sets maybe empty. More generally,
we show that there are uncountably many Liouville sets S, with pairwise empty
intersections. B
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Proposition 1. For 0 < 7 < 1, define Q(T) as the sequence (qr(f))nzl with

Then the sets Sy, 0 < 7 < 1, are nonempty (hence uncountable) and pairwise
disjoint. -

To prove that a real number is not a Liouville number is most often difficult.
But to prove that a given real number does not belong to some Liouville set S is

easier. If ¢’ is a subsequence of a sequence g, one may expect that S + may often
contain strictly S Here is an example.

Proposition 2. Define the sequences q, ¢’ and q" by

n=2" g =g =2 and g = qoay1 =20 (n> 1),

so that q is the increasing sequence deduced from the union of ¢ and q". Let X, be
a sequence of positive integers such that

A
lim A\, =00 and lim —= =0.
n—roo n—oo n
Then the number
Z (2n—1)!
n>1
belongs to S but not to Sy. Moreover
Sg = Sg/ n SE”’
When ¢ is the increasing sequence deduced form the union of ¢’ and ¢”, we

always have Sq C S¢ N'Syr; Proposition [1| gives an example where Sy # V) and
Sy # 0, while Sq is the empty set. In the example from Proposition l the set S¢
001n01des with S N S ». This is not always the case.

Proposition 3. There exists two increasing sequences q and q " of positive integers
with union q such that Sy is a strict nonempty subset of Sg N Sqrr.

Also, we prove that given any increasing sequence ¢, there exists a subsequence
¢ of g such that S, is a strict subset of S;/. More generally, we prove

Proposition 4. Let u = (un)n>1 be a sequence of positive real numbers such that
for every n > 1, we have \/uni1 < up +1 < upyr. Then any increasing sequence
q of positive integers has a subsequence q' for which Sy ., strictly contains Sq .. In
particular, for any increasing sequence q of positive integers has a subsequence q'
for which Sy is strictly contains Sq. B B

Proposition 5. The sets Sy, are not Gs subsets of R. If they are non empty, then
they are dense in R.

The proof of lemma [I]is given in section [} the proof of Theorem [I]in section
the proof of Theorem 2]in section[d] the proof of Corollary [2]in section[5] The proofs
of Propositions [I] 2} 3] and [4] are given in section [6] and the proof of Proposition [5]
is given in section [7}
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2. PROOF OF LEMMA [I]

Proof of Lemmalll Given q and u, define inductively a sequence of positive integers
(mp)n>1 as follows. Let m; be the least integer m > 1 such that w,, > 1. Once

mi,...,My_1 are known, define m,, as the least integer m > m,_; for which
Uy, > n. Consider the subsequence ¢’ of ¢ defined by g;, = ¢n,,. Then Sy, C Sy,
hence S ., is a Liouville set. a

Remark 1. In the definition of a Liouville set, if assumption is satisfied for
some K1, then it is also satisfied with sy replaced by any &} > x1. Hence there is
no loss of generality to assume x; > 1. Then, in this definition, one could add to
the condition ¢, < b,. Indeed, if, for some n, we have b,, < ¢q,, then we set

e

Denote by a,, the nearest integer to b,£ and set

;| 4n
an = bf Q.
n

Then, for kf < ko and, for sufficiently large n, we have
q q 1
[t = an| = [bﬂ |bn€ — an| < 5 <
n

" (qn)%n
Hence condition can be replaced by

so that

o

1
an < by, < gt and ||bnf|| < qﬁ
n

Also, one deduces from Theorem [2| that the sequence (b")n>1 is increasing for
sufficiently large n. Note also that same way we can assume that

qn < bn, < g, and ||bn§H <

K2Un *
n

3. PROOF OF THEOREM [I]
We first prove the following:

Lemma 2. Let q be an increasing sequence of positive integers and u = (Un)n>1
be an increasing sequence of real numbers. Let £ € S,.,. Then 1/§ € S, .

As a consequence, if S is a Liouville set, then, for any £ € S, the set SU{1/£} is
a Liouville set.

Proof of Lemma[2l Let ¢ = (gn)n>1 be an increasing sequence of positive integers
such that, for sufficiently large n,

I 0néll < g5,

where b, < ¢fi*. Write ||b,¢|| = [bn,€ — ap| with a,, € Z. Since £ ¢ Q, the sequence
(lan|)n>1 tends to infinity; in particular, for sufficiently large n, we have a, # 0.

Writing
1 bn 7b'n, an
e (R
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one easily checks that, for sufficiently large n,
I anl€ Ml < lan ™/ and 1< |an| < b} < g™
O

Proof of Theorem[l]. Let us check that for £ and ¢ in QU S, ,, we have £ — ¢’ €
QUS, . and £ € QUS, 4. Clearly, it suffices to check -

(1) For £ in S, and ¢’ in Q, we have £ — ¢’ €S, and €€’ € S,

(2) For £ in S, and ¢’ in S, with & — &' ¢ Q, we have £ — &' €S, .

(3) For £ in S, ,, and ¢’ in S, with &' ¢ Q, we have €6’ €S,,.

The idea of the proof is as follows. When ¢ € Sgu is approximated by ay, /b,
and when & = r/s € Q, then & — ¢ is approximated by (sa, — rby,) /b, and £€" by
Tay/sb,. When ¢ € S, ,, is approximated by a, /b, and ¢’ € Sy, by al, /b, then
¢ — ¢ is approximated by (a,b, — al,b,)/bnb!, and £€' by anal, /b,b,. The proofs
which follow amount to writing down carefully these simple observations.

Let &' = £—¢ and £ = ££'. Then the sequence (a!) and (b)) are corresponding
to &”; Similarly (a¥) and (bf) corresponds to &*.

Here is the proof of (1). Let { € S, , and &' =r/s € Q, with r and s in Z, s > 0.
There are two constants 1 and ko and there are sequences of rational integers
(an)n>1 and (b")n>1 such that

lgbnngl and O<|bn§7an|g

quun ’
Let K1 > k1 and Ko < ko. Then,

B! = b’ = sb,.

"

n = SGn — Tbn,
*
=Ty,

Then one easily checks that, for sufficiently large n, we have

0<]b§§ //_a;:’:s‘bnf—anlfﬁ;
n
1
n

Here is the proof of (2) and (3). Let  and ¢’ be in S, . There are constants
K}, kb k] and k5 and there are sequences of rational integers (ay)
(a! )n>1 and (b),) such that

n n>1

0<

bE" —al

n>1’ (b")nZI’

! 1
1<b, <gp' and 0< ’bn§—an‘ < ——,
KhUn
n

1" 1
1<V, <gnt and 0< |b;f’—a;| < T

n

Define &1 = ) + £ and let £o > 0 satisfy Ro < min{x5, k5 }. Set
b = b = by,

"

_ ’ /
a, = apb, —bna,,
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Then for sufficiently large n, we have
bpé" —ay =0, (bng - an) —bn (b;Lé-/ - a;)

and
bjzg* - a;; = bng (b;zgl - a;z) + aiz (bnf - an)a
hence
e’ e <
and
1

07" —ay| < P
Also we have
1<V <gfr and 1<0b <.

The assumption £ — & ¢ Q (resp &£’ ¢ Q) implies b//¢"” # a!! (respectively, bi&* #
ay). Hence £ — ¢ and &£ are in Sy ,,. This completes the proof of (2) and (3).

It follows from (1), (2) and (3) that QUS, , is a ring.

Finally, if £ € QUS,, is not 0, then 1/¢ € QUS, y, by Lemmaf2 This completes
the proof of Theorem [1] O

Remark 2. Since the field K, does not contain irrational algebraic numbers, 2
is not a square in Kg . For% € Sy, it follows that n = 262 is an element in
S, which is not the square of an element in S, ,. According to [I], we can write
V2 = €& with two Liouville numbers &1, £2; then the set {£1, &>} is not a Liouville
set.

Let N be a positive integer such that IV cannot be written as a sum of two squares
of an integer. Let us show that, for ¢ € S, the Liouville number No? € S, is not
the sum of two squares of elements in Sq,;. Dividing by 02, we are reduced to show
that the equation N = &2 + (¢)? has no solution (&,€') in Sq 4 X Sq.u. Otherwise,
we would have, for suitable positive constants k1 and ks,

a
L B 1<b, <q™,
3 b | S gL <bn <gq,
/ % ! K1
§ Y Sq”wn-&-l’ L<b, < qp'
hence ) s )
527% < 2|£|<i>1 ’(5/)2 (a’n) < 2|£ |+1
b% - quun+1’ (b%)2 — qgwn-&-l
and
2 2
2 ne _ (anby,)” + (anbn) 2(¢1+ 1€+ 1)
&+ (&) 5 < T
(bnb;) qn= "

Using &2 + (¢')? = N, we deduce
[N (babl,)? = (anbly)? — (alba)?| < 1.
The left hand side is an integer, hence it is O:
NBa1,)° = (anbl)? + (alba)>.

This is impossible, since the equation 22 + y?> = N2z2 has no solution in positive
rational integers.
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Therefore, if we write N = ¢2 + (¢)? with two Liouville numbers &, &', which is
possible by the above mentioned result from P. Erdés [I], then the set {&, £’} is not
a Liouville set.

4. PROOF OF THEOREM

We first prove the following lemma which will be required for the proof of part
(i) of Theorem

Lemma 3. Let £ be a real number, n, q and q' be positive integers. Assume that
there exist rational integers p and p’ such that p/q # p'/q" and

1 1
o€ —vl < oo WEvI < v

Then we have
either ¢ > 4" or q>(¢d)"

Proof of Lemma[3] From the assumptions we deduce

/

< pd —pd _ p 1 1
W | St g

qq’ - qq

p
q

§_

K

hence
qun(q/)un+1 < (q/)un+2 JrqunJrl.

q Up+1
q“"éq’+<q,) <q +1

Assume now ¢ > ¢’. Since the conclusion of Lemma |3|is trivial if u, = 1 and also
if ¢ =1, we assume u,, > 1 and ¢’ > 2. From

qun (q/)un+1 S (ql)un—&-Z +qun+1 S (q/)Qqun -l—q””+1

If ¢ < ¢, we deduce

we deduce
(@) = (d)? <q

From (¢')“»=1 > (¢')“»=2 we deduce (¢')*»~! > (¢')*»~2 + 1, which we write as
(@) = (d)? = ()"

Finally

log g»
Proof of Theorem |Z| Suppose lim sup 08 dnt1
n—oo Uy logqn

hm logqn+1 _

= 0. Then, we get,

n—=00 Unp 10g qn

Suppose Sy, # 0. Let £ € Squ. From Remark [1} it follows that there exists a
sequence (by) ., of positive integers and there exist two positive constants x; and
ko such that, for any sufficiently large n,

Gn < by < qzl and ||bn§H < q;mzim,



LIOUVILLE NUMBERS, LIOUVILLE SETS AND LIOUVILLE FIELDS 9

Let ng be an integer > k1 such that these inequalities are valid for n > ng and such
that, for n > ng, ¢} ; < ¢~ (by the assumption). Since the sequence (¢, )n>1 is
increasing, we have ¢;* < ¢, for n > ng. From the choice of ng we deduce

bnp1 < gy < gy < byt
and

bn < qnt < gptr < byt
for any m > mg. Denote by a, (resp. a,11) the nearest integer to &b, (resp. to
€bpt1). Lemma [3| with ¢ replaced by b, and ¢’ by b,41 implies that for each

n = ng
’ In _ Gntd

bn B bn+1
This contradicts the assumption that & is irrational. This proves that S, , = 0.

Conversely, assume
lo
lim sup 08 dnt1
n—oo Un 10g dn
Then there exists ¥ > 0 and there exists a sequence (Ng),>1 of positive integers
such that

> 0.

F(un, 1)
qn, > qN271['

for all £ > 1. Define a sequence (c¢)¢>1 of positive integers by
2 < g, < 201,
Let e = (es)¢>1 be a sequence of elements in {—1,1}. Define
= 5
e>1
It remains to check that € Sy, and that distinct e produce distinct &.

Let k1 =1 and let k2 be in the interval 0 < ko < . For sufficiently large n, let
£ be the integer such that Ny_1 <n < Ny. Set

-1 a
— n
by, = 26[_15 ap = E 6h2ce_1 Cha Tn = F
h=1 "

We have

1 (7 2
2Z<|§977"n}: 597;2ch SQZ

Since ko < ¥, n is sufficiently large and n < N, — 1, we have
KR2UN,—1

4g,7" < 4dqy, " < an,,

hence
2 4 1

K2Un

— < <
26 qn, dn
for sufficiently large n. This proves & € S, and hence S, ,, is not empty.

Finally, if e and ¢’ are two elements of {—1, +1}N for which ej, = e, for1 <h</{
and, say, e = —1, ej, = 1, then

-1
€Eh
69 < Z 2¢h < 69/’
h=1
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hence & # £./. This completes the proof of Theorem Q

5. PROOF OF COROLLARY

The proof of Corollary [2| as a consequence of Theorem [2| relies on the following
elementary lemma.

Lemma 4. Let (ap)n>1 and (bn)n>1 be two increasing sequences of positive inte-
gers. Then there exists an increasing sequence of positive integers (qn)n>1 satisfying
the following properties:

(i) The sequence (gon)n>1 05 a subsequence of the sequence (ap)n>1-

(#7) The sequence (qan+1)n>0 s a subsequence of the sequence (by)n>1.

(t3i1) Forn > 1, qui1 > .

Proof of Lemmad, We construct the sequence (g,),>1 inductively, starting with
q1 = b1 and with ¢o the least integer a; satisfying a; > b;. Once ¢, is known for
some n > 2, we take for g,41 the least integer satisfying the following properties:
e gni1 € {a1,a9,...} if nisodd, goi1 € {b1,be,...} if n is even.

® Gnt1 = qp- O

Proof of Corollary[2l Let £ and 7 be Liouville numbers. There exist two sequences
of positive integers (an)n>1 and (b, )n>1, which we may suppose to be increasing,
such that
lang]l < a,™ and [|bunl] < b,"

for sufficiently large n. Let ¢ = (gn)n>1 be an increasing sequence of positive inte-
gers satisfying the conclusion of Lemma[dl According to Theorem [ the Liouville
set S, is not empty. Let ¢ € S;. Denote by ¢’ the subsequence (2,4, ..., G2n,-- )
of ¢ and by q" the subsequence (¢1, 3, - -, Gont1,--.). We have p € Sg =Sy NSyr.
Since the sequence (ay,)n,>1 is increasing, we have gz, > ay, hence £e qu. Also,
since the sequence (by,),>1 is increasing, we have gap,+1 > by, hence n eéq//. Fi-
nally, ¢ and o belong to the Liouville set S,/, while 1 and ¢ belong to the Liouville
set Sqr. O

6. PROOFs OF PrOPOSITIONS [I], 2], [3] AND [4]

Proof of Proposition[l] The fact that for 0 < 7 < 1 the set S
follows from Theorem [2| since

g™ is not empty

y log (17(;)1
m ——
n—00 n log QSLT)

=1.
In fact, if (e,)n>1 is a bounded sequence of integers with infinitely many nonzero

terms, then
€n
Z 7(7_) S Sg(r).
n>1 an

Let 0 <1 <71 < 1. For n > 1, define
gon = ¢\ = 271" and  gonyq = ¢ =277
One easily checks that (g, )m>1 is an increasing sequence with

1 n 1 n
0g g2 +1_>0 and 0g gon+2

— 0.
nlog qon nlogqant1
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From Theorem [2 one deduces S (ry) NS ) = 0.

Proof of Proposition[2 For sufficiently large n, define

a, = Z 2(2n)!7(2m71)!)\m.
m=1

Then

1 an, 1 2
— < — = E < .
2n+1)A, 2m—D)\,, — 2n+1)A,
qgnn ) i 92n m>n+1 2( " ) qgnn ) i

The right inequality with the lower bound A,41 > 1 proves that £ € Sy/.

Let x1 and ko be positive numbers, n a sufficiently large integer, s an integer in
the interval go,41 < s < g5t 41 and 7 an integer. Since A, 41 < kon for sufficiently
large n, we have

T < e < g, <

Therefore, if r/s = a,/qon, then
‘5 r‘_ ¢ an 1 < 1 )
sl Gon |~ gD Aner T ghan

On the other hand, for r/s # ay/gan, we have

Ay, r

q2n

S 1 2
T @2nS qéinﬂ)/\nﬂ

HE

_‘5_%

q2n

Since \,, — oo, for sufficiently large n we have

141 (2n+1 2n4+1)A,
4q2,5 < 4anq2Hﬁ+1 = 4QQn ) < qénn Mns

hence
2 < 1
qéin"rl))wwrl - 2q2ns
Further
2g2n < @ant1 < q;ﬁi}l < sl
Therefore
r 1 1
MR N
sl ™ 2qops sh2n
which shows that £ & Sgrv. O

Proof of Proposition[3l Let (As)s>0 be a strictly increasing sequence of positive
rational integers with A9 = 1. Define two sequences (n},)r>1 and (n})s>1 of positive
integers as follows. The sequence (n},)x>1 is the increasing sequence of the positive
integers n for which there exists s > 0 with Aoy < n < Aggy1, while (n])p>1 is
the increasing sequence of the positive integers n for which there exists s > 0 with
A2s41 <1 < Agsyo.

For s > 0 and Aes <1 < Mgy, set

k=mn—2Xs+A2s—1 — Aos—2+ -+ A1

Then n = nj.
For s > 0 and Agg41 <1 < Aggyo, set

h=n—2Xgsp1+ Aos — Aas—1+ - — A+ 1.
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Then n = nj.

For instance, when A\; = s+ 1, the sequence (n},)x>1 is the sequence (1,3,5...)
of odd positive integers, while (n}),>1 is the sequence (2,4,6...) of even positive
integers. Another example is Ay = s!, which occurs in the paper [I] by Erdés.

In general, for n = \os, we write n = n;(s) where

]4)(8) = Aog—1 — Agg—a + -+ A1 < A1

Notice that Ags — 1 = nj, with h = Ags — k(s).
Next, define two increasing sequences (d,,)n>1 and ¢ = (¢, )n>1 of positive inte-
gers by induction, with d; = 2,

dosr = kd, ifn=n],
"\ hd, ifn=n

for n > 1 and g, = 2% . Finally, let ¢ = (¢},)k>1 and ¢ = (g})n>1 be the two
subsequences of ¢ defined by

Hence g is the union of theses two subsequences. Now we check that the number
1
W

n>1 an

belongs to Sy (1Sy~. Note that by Theorem [2| that Sy # () as Sy # () and Sy # 0.

Define
n
Ay = Z 2dn—dm
m=1
Then
1 a 1 2
<te-It= > —< :
dn+1 dn m>n+1 dm dn+1
If n = nj, then
Ay 2
’f - 7/k '\ k
qy, (qk)
while if n = n}/, then
Ayt 2
g _ _h < -
‘ a | (a)"

This proves £ € Sg» N Sy
Now, we choose A\, = 22" for s > 2 and we prove that & does not belong to Sg.
Notice that Aos_1 = Vas. Let n = Mgy = n;c(s). We have k(s) < v/Ags and

N S
Gnr1 g

n

=
an

Let k1 and ko be two positive real numbers and assume s is sufficiently large.
Further, let u/v € Q with v < ¢%*. If u/v = a,, /¢y, then

U an, 1 1
_ | = — > —— > —.
’5 v‘ ‘5 | g™ @
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On the other hand, if u/v # a, /g, then

[y _’5_%
v U Qn an
with
U ap S 1 1 < 2
I A
and
‘g_an R
an| gY"
Hence
U 1 1
-t Lo
This proves Proposition [

Proof of Proposition[d. Let u = (uy),>1 be a sequence of positive real numbers
such that \/un1 < up +1 < uppi. We prove more precisely that for any sequence
q such that g,11 > ¢~ for all n > 1, the sequence ¢’ = (g2m41)m>1 has Sg/» #
Sq.u. This implies the proposition, since any increasing sequence has a subsequence
satisfying gn1 > ¢%r.

Assuming gn41 > ¢p» for all n > 1, we define

for even n,
- {

qnﬁj for odd n.
We check that the number

satisfies & € Sg”ﬂ and & ¢ Sg,y
Set b, = dids - -+ d,, and

so that

It is easy to check from the definition of d,, and ¢, that we have, for sufficiently
large n,
bn <1 n < 4y 7 a0 < g
and
1 Qn, 2
<¢{——< :
dn+1 bn dn+1

For odd n, since dp 11 = gnt+1 > ¢, we deduce

2
= Uy

dn

an

bn

hence £ € Sy -
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For even n, we plainly have
1 1
> =
d’n+1 qul Uni1)

an
i

Let k1 and ko be two positive real numbers, and let n be sufficiently large. Let s
be a positive integer with s < ¢%* and let r be an integer. If r/s = a,, /b, then

et g
Assume now r/s # a, /by,. From
' _an| _ 2 < 1
bo| — qTLl\/WJ = gt
we deduce
e o] LR Y e B P B
hence
e~ 1] > . 1.
sI = 2q0™ 7
This completes the proof that £ € S, .. O

7. PROOF OF PROPOSITION

Proof of Proposition[5] If Sg,u is non empty, let v € Sy . By Theorem |1} v+ Q is
contained in S, 4, hence S, ,, is dense in R.

Let ¢ be an irrational real number which is not Liouville. Hence ¢ ¢ K., and
therefore, by Theorem [1} Sy, N (¢ + Sg,4) = 0. This implies that S, ,, is not a G
dense subset of R.

([l
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