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Liouville's inequality

Liouville’s inequality. Let « Joseph Liouville, 1844
be an algebraic number of
degree d > 2, P € Z[X] its
minimal polynomial,

¢ =|P'(«)| and € > 0. There
exists qo such that, for any
p/q € Q with g > qo,
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Abstract

The main tool for solving Diophantine equations is to study
Diophantine approximation. In this talk we explain the
connection between the two topics, and we survey some of the
related results. Among the very powerful tools is Schmidt's
Subspace Theorem, which has a large variety of applications,
but does not yield effective results so far.

Improvements of Liouville's inequality

In the lower bound

for «v real algebraic number of degree d > 3, the exponent d
of g in the denominator of the right hand side was replaced by
K with

e any k > (d/2) + 1 by A. Thue (1909),

e 2\/d by C.L. Siegel in 1921,

e \/2d by F. Dyson and A.O. Gel'fond in 1947,

e any xk > 2 by K.F. Roth in 1955.
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Thue—-Siegel-Roth Theorem

Axel Thue
(1863 - 1922)

Carl Ludwig Siegel  Klaus Friedrich
(1896 - 1981) Roth (1925 -)

For any real algebraic number «, for any ¢ > 0, the set of
p/q € Q with |a — p/q| < q=27¢ is finite.

Schmidt’s Subspace Theorem (1970)

Form>2letLy,...,L,h_1 be
m independent linear forms in
m variables with algebraic
coefficients. Let € > 0. Then
the set

Wolfgang M. Schmidt

{X: (X07"'7Xm71) S Zm’

|Lo(x) - -+ Lm-1(x)| < |x[}
is contained in the union of
finitely many proper
subspaces of Q™.

Thue-Siegel-Roth Theorem

An equivalent statement is that, for any real algebraic number
« and for any € > 0, there exists gy > 0 such that, for
p/q € Q with ¢ > qo, we have

la—p/q| >q >

Schmidt's Subspace Theorem
For x = (xo,...,Xm—1) € Z™, define x| = max{|xo|, ..., |Xm-1|}.

W.M. Schmidt (1970) : Form > 2 let Ly,..., L1 be m
independent linear forms in m variables with algebraic
coefficients. Let € > 0. Then the set

(X = (X0 Xmo1) € 27 |Lo(X) -+ Lpna(x)] < |x|7}

is contained in the union of finitely many proper subspaces of

Q™.

Example : m =2, Lo(x0,x1) = xo0, L1(x0,Xx1) = axo — x1.
Roth's Theorem : for any real algebraic irrational number «, for
any € > 0, the set of p/q € Q with |o — p/q| < q~2¢ is finite.
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An exponential Diophantine equation S—unit equations — rational case

The only solutions of the equation Let S = {p1,...,ps} be a finite set of prime numbers. Then
the equation

27 4+ 3b = 5¢ up + Uy = us,

L where the unknowns uy, Uy, us are relatively prime integers
where the unknowns a, b, ¢ are nonnegative integers are divisibl v by the bri bersin S h v finitel
(a,b,c) = (1,1,1), (2,0,1), (4,2,2) - ivisible only by the prime numbers in 5, has only finitely

many solutions.

2+3=5 4+1=5 16+9=25. Notice that for any prime number p, the equation

. . . . U+ u+u3=u
The more general exponential Diophantine equation ! 2 3 4

pm3e L 3bigh | 5age has infinitely many solutions in rational integers Uy, Ua, Us

divisible only by p and gecd(us, up, us, ug) = 1 : for instance
has only finitely many solutions in nonnegative integers P4 (—p*)+1=1.
ai, a2, b17 b27 ¢, G
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A consequence of Schmidt's Subspace Theorem Schmidt's subspace Theorem — Several places

Let S ={p1,...,ps} be a finite set of prime numbers. Then

: Let m > 2 be a positive integer, S a finite set of places of Q
the equation

containing the infinite place. For each v € S let
mtuttus =1,

Lo,...,Ln_1, be m independent linear forms in m variables
where the unknowns us, s, - - - , us are rational numbers with with algebraic coefficients in the completion of Q at v. Let
numerators and denominators divisible only by the prime ¢ > 0. Then the set of x = (X, ..., Xm—1) € Z™ such that

numbers in S for which no nontrivial subsum
T tou(®) -+ Lon-1u(X)], < x|
Z u; veES
iel
0#IC (1,5} is contained in the union of finitely many proper subspaces of

Q™.

vanishes, has only finitely many solutions.
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Diophantine equations

A Diophantine equation is an equation of the form
f(x1,...,%,) =0

where f(X1,...,X,) € Z[X1, ..., X,] is a given polynomial and
the variables Xi, ..., X, take their values x,...,x, in Z"
(integer points) or in Q" (rational points).

We will mainly consider integral points.
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Pierre de Fermat (1601-1665)

Fermat’'s Last Theorem .
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Diophantus of Alexandria (250 £50)

Historical survey
Pierre de Fermat (1601 - 1665)
Leonhard Euler (1707 - 1783)

Esﬁ RS g . |
S SDTOPHANTE |
DALEXANDRIE |

LES SIX LIVRES ARITHMETIQUES
LITRE DES NOMBRES POLYGOKES

omess seenurras souk e rasiizs
Fois b ERic TN PAANTALS

AVEC UNE INTRODUCTION BT DES NOTES

Joseph Louis Lagrange (1736 - 1813)
XIXth Century : Hurwitz, Poincaré
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Thue equation and Diophantine approximation

Liouville’s estimate for the rational Diophantine approximation

of /2 :

for sufficiently large q.

Mike Bennett (1997) : for any p/q € Q,

\T—E'z :

9l = 45
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Connection between Diophantine approximation
and Diophantine equations
Let x satisfy 0 < x < 3.

The following conditions are equivalent :
(i) There exists ¢; > 0 such that

yg_e‘>&
q_ K

for any p/q € Q.
(ii) There exists c; > 0 such that

IxX* —2y3| > & x*~

for any (x,y) € Z? having x > 0.
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Mike Bennett
http://www.math.ubc.ca/~bennett/

For any p/q € Q,

1
4 g25 ’

%—E‘z
q

For any (x,y) € Z? with
x >0,

x> = 2y%| > Vx.

Thue's equation and approximation

Let f € Z[X] be an irreducible polynomial of degree d and let
F(X,Y) = Y?f(X/Y) be the associated homogeneous binary
form of degree d. Then the following two assertions are
equivalent :

(i) For any integer k # 0, the set of (x,y) € Z? verifying

F(x,y) =k

is finite.
(ii) For any real number x > 0 and for any root o € C of f,
the set of rational numbers p/q verifying

1% R
Oé——‘g—d

q q

is finite.
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Thue equation

Condition (/) above :

For any integer k # 0, the set of (x,y) € Z?
verifying
F(x,y) =k

is finite.
can also be phrased by stating that for any positive integer k,
the set of (x,y) € Z? verifying

0 <[F(x,y)l <k

is finite.
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Mordell's equation

e (M)
For any number field K and for any non—zero element k in K,
the Mordell equation

Y?=X3+k

has but a finite number of solutions (x,y) € Zx x Z.
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Number fields, ring of integers
We denote by
e K a number field,
e by Z the ring of integers of K

e and by Z the group of units of Z, (algebraic units in K).

Elliptic equation

* (E)
For any number field K and for any polynomial f in K[X] of
degree 3 with three distinct complex roots, the elliptic equation

Y2 = £(X)

has but a finite number of solutions (x,y) € Zx x Z.
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Hyperelliptic equation Superelliptic equation

e (SE)

For any number field K, for any integer m > 3 and for any
polynomial f in K[X] with at least two distinct complex roots
whose orders of multiplicity are prime to m, the superelliptic

Y2 = £(X) equation

e (HE)
For any number field K and for any polynomial f in K[X] with
at least three simple complex roots, the hyperelliptic equation

Y™ = £(X)

has but a finite number of solutions (x, y) € Zx x Zx. has but a finite number of solutions (x,y) € Zx x Zk.
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Thue's equation Siegel's unit equation
. (T) | | « (5)
For any number field K, for .any nor.1—zero element k in K and For any number field K and for any elements a; and a, in K
for any elements a4, ..., a, in K with Card{as,...,a,} >3, with aja, # 0, the Siegel equation

the Thue equation

E E,=1
X=—aY) - (X—a,Y)=k aib + ax b

. , has but a finite number of solutions (£1,£,) € Zx x Z.
has but a finite number of solutions (x,y) € Zx x Zg. (F1,22) € Zje x Z

27 /45 28 /45



Finiteness of the number of solutions

e (M) Mordell equation

Y2 =X+ k.
e (E) Elliptic equation : f in K[X] of degree 3
Y2 = f(X).
e (HE) Hyperelliptic equation : f in K[X] of degree > 3
Y? = f(X).
e (SE) Superelliptic equation
Y™ =f(X).

e (T) Thue equation
(X —a1Y) - (X —a,Y) =k
e (S) Siegel S—unit equation
a B+ aE = 1.
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Siegel's Theorem on integral points on curves

A further result which is equivalent to the six previous
statements is Siegel's fundamental theorem on the finiteness
of integral points on a curve of genus > 1.

But the six previous statements can be made effective, while
Siegel's Theorem is not yet effective, even for the special case
of genus 2.
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Proof of the equivalence

(SE) = (M) <« ()
fr Y fr
(T) < (5) = (HE)

The three implications which are not so easy to prove are

(T)=(SE), (S)=(T) and (S)= (HE).
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Thue—Mahler equation — rational case

Back to K = Q.

(1) For any finite set S = {py, ..., ps} of prime numbers, for
any k € Q* and for any binary homogeneous form

F(X,Y) € Q[X, Y] with the property that the polynomial
F(X,1) € Q[X] has at least three linear factors involving three
distinct roots in Q, the Thue-Mahler equation

F(X,Y) = tkp{*--- pZ

has only finitely many solutions (x,y, zi, . .., z) in Z*" with
ged(xy, pr---ps) = 1.
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Thue—Mahler - special cubic rational case S—integers - rational case

(iii) For any finite set S = {ps,..., ps} of prime numbers, the
S—unit equation
EE+E=1
(i) For any finite set S = {p1, ..., ps} of prime numbers, the

_ has but a finite number of solutions (¢1, ¢5) in
Thue-Mahler equation

(512)% x (51Z)*.
XY (X = Y) = +kp{*--- p&

has but a finite number of solutions (x,y, z, ..., z) in Z?** (5712)% = {ipal copr | ... a€ Z} c Q* (S—units),
with ged(xy, p1---ps) = 1. ' ’

S7'Z:={a/b | acZ be(5'2)*} CQ (S—integers).
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Siegel's S—unit equation - rational case S—integers — rational case

Finiteness of the set of integral points .
(/) Thue-Mahler equation over Z***

F(X,Y) = +kp? ... pZ.
(iv) For any finite set S = {p1, ..., ps} of prime numbers,
every set of S—integral points of P'(Q) minus three points is
finite.

(ii) Thue-Mahler equation over Z2*+*
XY(X = Y) = £kp? - - pZ.
(iii) Siegel’s S—unit equation over (($71Z)*)?
Es+E =1

(iv) S—-integral points of P1(Q) \ {0, 1, 0c0}.
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S—integers - number fields Thue—Mahler equation — general form

We will consider an algebraic number field K and a finite set S
of places of K containing all the archimedean places. Moreover
F will denote a binary homogeneous form with coefficients in
K. We will consider the Thue-Mabhler equations F(X,Y) = E
where the two unknowns X, Y take respectively values x, y in
a given set Og of S—integers of K while the unknown E takes

Let K be an algebraic number field.

The following four assertions are equivalent.
(1) For any finite set S of places of K containing all the
archimedean places, for every k € K* and for any binary
homogeneous form F (X, Y) with the property that the
its values ¢ in the set OF of S—units of K. If (x,y,¢) is a : :

s Vs polynomial F(X,1) € K[X] has at least three linear factors

solution and if m denotes the de@free of £, ther\, for all involving three distinct roots in K, the Thue-Mahler equation
n € OF, the triple (nx,ny,n™e) is also a solution.

Definition. Two solutions (x, y,) and (x',y’,&’) in 0% x O% F(X,Y)=kE

of the equation F(X,Y) = E are said to be equivalent modulo
OZ if the points of P!(K) with projective coordinates (x : y)
and (x" : y’) are the same.

has but a finite number of classes of solutions
(x,y,e) € 0% x OF.
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Thue—Mahler equation — special cubic form Siegel S—unit equation

(i) For any finite set S of places of K containing all the

iii) For any finite set S of places of K containing all the
archimedean places, the Thue-Mahler equation (i) Y P &

archimedean places, the S—unit equation

has but a finite number of classes of solutions

has but a finite number of solutions (g1,25) in O x OF.
(x,y,e) € 0% x OF. (e1,€2) 5 s
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Vojta Thue, Mabhler, Siegel, Vojta

Let K be an algebraic number field. Finiteness of the set of
integral points .
(/) Thue~Mahler equation over 0% x OF :

F(X,Y)=kE.
(iv) For any finite set S of places of K containing all the (X.Y)
archimedean places, every set of S—integral points of P!(K) (i7) Thue-Mahler equation over O2 x OF :

minus three points is finite.
XY(X —Y)=E.
(iii) Siegel's S—unit equation over (OZ)? :

E +E =1

(iv) S—integral points on P*(K)\ {0,1, 0o}.
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Generalized Siegel unit equation and integral points Reference
Let K be a number field. The following two assertions are
equivalent.
(i) Let n > 1 be an integer and let S a finite set of places of Claude Levesque and Michel Waldschmidt

K including the archimedean places. Then the equation Some remarks on diophantine equations and diophantine

approximation ;

0 Vietnam Journal of Mathematics 39 :3 (2011) 343-368.

has only finitely many classes modulo Og of solutions

(€0,...,€n) € (OF)" for which no proper subsum 3", ¢;
vanishes, with / being a subset of {0, ..., n}, with at least two The PDF file is made freely available by the editors until the
elements and at most n. end of 2012

(i) Let n > 1 be an integer and let S a finite set of places of
K including the archimedean places. Then for any set of n+ 2
distinct hyperplanes Hy, ..., Hy,1 in P"(K), the set of
S—integral points of P"(K) \ (Ho U - -- U H,1) is contained in
a finite union of hyperplanes of P"(K).

http://www.math.ac.vn/publications/vjm/VIM_39/toc_39_3.htm
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