THIRD KIND ELLIPTIC INTEGRALS AND TRANSCENDENCE

MICHEL WALDSCHMIDT

ABSTRACT. This short appendix aims at giving references on papers related with transcen-
dence results concerning elliptic integrals of the third kind. So far, results on transcendence
and linear independence are known, but there are very few results on algebraic independence.

In his book on transcendental numbers [Sc1957], Th. Schneider proposes eight open prob-
lems, the third of which is : Try to find transcendence results on elliptic integrals of the third
kind.

In [Lal966, Historical Note of Chapter IV], S. Lang explains the connections between
elliptic integrals of the second kind, Weierstrass zeta function and extensions of an elliptic
curve by G,. He applies the so—called Schneider—Lang criterion to the Weierstrass elliptic
and zeta functions and deduces the transcendence results due to Th. Schneider on elliptic
integrals of the first and second kind. At that time, it was not known how to use this method
for proving results on elliptic integrals of the third kind.

The solution came from [Se1979], where J-P. Serre introduces the functions f, (with the
notation of [B2019]) related to elliptic integrals of the third kind, which satisfy the hypotheses
of the Schneider-Lang criterion and are attached to extensions of an elliptic curve by G,,. This
is how the first transcendence results on these integrals were obtained [Wal979al, Wal979b)].
In [BeLaul981], D. Bertrand and M. Laurent give further applications of the Schneider-Lang
criterion involving elliptic integrals of the third kind. Applications are given in [Bel983a
Be1983bl [ST986], dealing with the Neron—Tate canonical height on an elliptic curve (including
the p—adic height) and the arithmetic nature of Fourier coefficients of Eisenstein series. A first
generalization to abelian integrals of the third kind is quoted in [Bel983b]. Transcendence
measures are given in [R1980a].

Properties of the smooth Serre compactification of a commutative algebraic group and of
the exponential map, together with the links with integrals, are studied in [FWuI1984]. See
also [KL1985]. In [M2016, Chapter 20 — Elliptic functions| (see in particular Theorem 20.11
and exercises 20.104 and 20.105) more details are given on the functions associated with
elliptic integrals of the third kind, the associated algebraic groups, which are extensions of
an elliptic curve by G,,, and the consequences of the Schneider-Lang criterion.

The first results of linear independence of periods of elliptic integrals of the third kind are
due to M. Laurent [Laul980, Laul982] (he announced his results in [Laul979a, [Laul979b]).
The proof uses Baker’s method. More general results on linear independence are due to
G. Wiistholz [Wu1984] (see also [BaW1ui2007, § 6.2]), including the following one, which
answers a conjecture that M. Laurent stated in [Laul982] where he proved special cases of
it. Let p be a Weierstrass elliptic function with algebraic invariants gs, gs. Let ( be the
corresponding Weierstrass zeta function, w a nonzero period of p and n the corresponding
quasi-period of . Let ug,...,u, be complex numbers which are not poles of o, which are Q
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linearly independent modulo Zw and such that p(u1),...,o(u,) are algebraic. Define
Mug, w) = wl(u;) — nu,.

Then the n + 3 numbers
Liw,my A(u), ..., Muy)

are linearly independent over Q.

The question of the transcendence of the nonvanishing periods of a meromorphic differ-
ential form on an elliptic curve defined over the field of algebraic numbers is now solved
[BaW1i2007, Theorem 6.6]. See also [HW1i2018], as well as [T2017, § 1.5] for abelian inte-
grals of the first and second kind. A reference of historical interest to a letter from Leibniz
to Huygens in 1691 is quoted in [BaWii2007, § 6.3] and [Wii20012].

The only results on algebraic independence related with elliptic integrals of the third kind
so far are those obtained by E. Reyssat [R1980b, [R1982] and by R. Tubbs [T1987, [T1990].
We are very far from anything close to the conjectures in [B2019].

For a survey (with an extensive bibliography including 254 entries), see [Wa2008].

The references below are listed by chronological order.
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