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A
bstract

A
fter

the
proof

by
R
.
A
péry

of
the

irrationality
of

ζ(3)
in

1976,
a

num
ber

of
papers

have
been

devoted
to

the
study

of
D

iophantine
properties

of
values

of
the

R
iem

ann
zeta

function
at

positive
integers.

A
survey

has
been

w
ritten

by
S
.
F
ischler

for
the

B
ourbaki

S
em

inar
in

N
ovem

ber
2002.

W
e

review
m

ore
recent

results
including

contributions
by

S
.
F
ischler,

M
.
H

ata,
C
.
K

rattenthaler,
R
.
M

arcovecchio,
R
.
M

urty,
G

.
R
hin,

T
.
R
ivoal,

C
.
V
iola,

W
.
Z
udilin.

W
e

plan
also

to
say

a
few

w
ords

on
the

analog
of

this
theory

in
finite

characteristic,
w

ith
w
orks

of
W

.D
.
B
row

naw
ell,

M
.
P
appanikolas,

D
.
T

hakur,
C
hieh-Y

u
C
hang,

Jing
Y
u

and
others.
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Z
eta•

R
iem

ann
zeta

values

•
M

ultizeta
values

•
W

eierstraß
zeta

function

•
F
ibonacci

zeta
values

•
H

urw
itz

zeta
function

•
C
arlitz

zeta
values

•
(O

ther
zeta

functions
:
D

edekind,
H

asse-W
eil,

Lerch,
S
elberg,

W
itten,

M
ilnor,

dynam
ical

system
s...)

•
L

–
functions...
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R
iem

ann
zeta

function

ζ(s)=
∑n≥

1

1n
s

=
∏

p

1

1
−

p
−

s

E
uler

:
s
∈

R
.

R
iem

ann
:
s
∈

C
.
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Special
values

of
R
iem

ann
zeta

function

Leonard
E
uler

(1739)
ζ(s)

for
s
∈

Z

ζ(2)
=

π
26
,

ζ(4)
=

π
4

90
,

ζ(6)
=

π
6

945
,

ζ(8)
=

π
8

9450 ·

π
−

2
kζ(2k

)∈
Q

for
k
≥

1
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B
ernoulli

num
bers

Jacques
B
ernoulli

(1654–1705),
B
ernoulli

num
bers

:
B

2
=

1/6
B

4
=
−

1/30
B

6
=

1/42
B

8
=
−

1/30
B

10
=

5/66

z

e
z−

1
=

∞∑n
=

0

B
n
z

n

n
! ,

ζ(2k
)

=
(−

1)
k−

12
2
k−

1
B

2
k

(2k
)! π

2
k

(k
≥

1).
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T
ranscendence

of
even

zeta
values

•
F
.
Lindem

ann
:

π
is

transcendental,
hence

ζ(2k
)

also
for

k
≥

1.

T
heorem

(H
erm

ite–Lindem
ann).

For
any

non-zero
com

plex
num

ber
z,

one
at

least
of

the
tw

o
num

bers
z

and
e

z
is

transcendental.
C
orollaries.

T
ranscendence

of
log

α
and

of
e

β
for

α
and

β
non-zero

algebraic
com

plex
num

bers,
provided

log
α
%=

0.
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D
iophantine

question
O

dd
positive

integers
:
ζ(2k

+
1),

k
≥

1
?

Q
uestion.

For
n
≥

1,
is

the
kum

ber

ζ(2k
+

1)

π
2
k
+

1

rational?
D

escribe
all

algebraic
relations

am
ong

the
num

bers

ζ(2),
ζ(3),

ζ(5),
ζ(7),...

C
o
n
jectu

re.
T

here
is

no
relation

at
all

:
the

num
bers

ζ(2),
ζ(3),

ζ(5),
ζ(7),...

are
algebraically

independent.
In

particular
the

num
bers

ζ(2k
+

1)
and

ζ(2k
+

1)/π
2
k
+

1
for

k
≥

1
are

conjectured
to

be
transcendental.
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V
alues

of
ζ

at
odd

positive
integers

•
A
péry

(1978)
:

T
he

num
ber

ζ(3)
=

∑n≥
1

1n
3

=
1.202

056
903

159
594

285
399

738
161

511
...

is
irrational.

•
R
ivoal

(2000)
&

B
all,

Z
udilin...

Infinitely
m

any
ζ(2k

+
1)

are
irrational

&
low

er
bound

for
the

dim
ension

of
the

Q
-span.
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Infinitely
m

any
odd

zeta
are

irrational

T
anguy

R
ivoal

(2000)

Let
ε

>
0.

For
any

suffi
ciently

large
odd

integer
a,

the
dim

ension
of

the
Q

–vector
space

spanned
by

the
num

bers
1,

ζ(3),
ζ(5),

···
,ζ(a)

is
at

least

1
−

ε

1
+

log
2

log
a.
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W
adim

Z
udilin

•
A
t

least
one

of
the

four
num

bers
ζ(5),

ζ(7),
ζ(9),

ζ(11)
is

irrational.

•
T

here
exists

an
odd

integer
j

in
the

range
[5,69]

such
that

the
three

num
bers

1,
ζ(3),

ζ(j)
are

Q
–linearly

independent.
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Z
udilin’s

hom
e

page
http://wain.mi.ras.ru/zw/index.html

R
eferences

to
w
orks

on
zeta

values
by

2000
M

.
H

ata,
T

.
R
ivoal

2001
K

.
B
all

and
T

.
R
ivoal,

L.A
.
G

utnik,
G

.
R
hin

and
C
.
V
iola,

T
.
V
asilyev,

W
.
Z
udilin

2002
T

.
R
ivoal,

V
.N

.
S
orokin,

W
.
Z
udilin

2003
Y
u.V

.
N

esterenko,
T

.
R
ivoal,

J.
S
ondow

,
C
.
V
iola,

W
.
Z
udilin

2004
S
.
F
isch

ler,
W

.
Z
udilin

2005
F
.
C
alegari,

S
.
Z
lobin

2006
M

.
H

uttner,
C
.
K

rattenthaler,
T

.
R
ivoal

and
Z
udilin

2007
C
.
K

rattenthaler
and

T
.
R
ivoal

2008
F
.
B
eukers

2009
S
.
F
ischler

and
W

.
Z
udilin

L
ast

m
odifi

ed
on

S
eptem

b
er

19,
2009
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Irrationality
of

zeta
values

S
.
F
ischler

Irrationalité
de

valeurs
de

zêta,
(d’après

A
péry,

R
ivoal,

...),
S
ém

.
N

icolas
B
ourbaki,

2002-2003,
N
◦

910
(N

ovem
bre

2002).
A
stérisque

2
9
4

(2004),
27-62

http://www.math.u-psud.fr/∼
fischler/publi.html
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C
hristian

K
rattenthaler

and
T
anguy

R
ivoal

http://www-fourier.ujf-grenoble.fr/∼
rivoal/articles.html

C
.
K

rattenthaler
et

T
.
R
ivoal,

H
ypergéom

étrie
et

fonction
zêta

de
R
iem

ann,
M

em
.

A
m

er.
M

ath.
S
oc.

1
8
6

(2007),
93

p.
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Irrationality
m

easures
:
the

state
of

the
art

ϑ
∈

R
∣∣∣∣ ϑ
−

pq ∣∣∣∣ ≥
1

q
µ
+

ε

µ
(ϑ

)
<

+
∞
⇐
⇒

ϑ
is

not
a

Liouville
num

ber

ϑ
year

author
µ
(ϑ

)
<

π
2008

V
.K

h.
S
alikhov

7.6063085
ζ(2)

=
π

2/6
1996

G
.
R
hin

and
C
.
V
iola

5.441243
ζ(3)

2001
G

.
R
hin

and
C
.
V
iola

5.513891
log

2
2008

R
.
M

arcovecchio
3.57455391
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Irrationality
m

easure
for

π
:
history

K
.
M

ahler
1953

:
π

is
not

a
Liouville

num
ber

and
µ
(π

)≤
30

M
.
M

ignotte
1974

:
µ
(π

)≤
20

G
.V

.
C
hudnovsky

1984
:
µ
(π

)≤
14.5

M
.
H

ata
1992

:
µ
(π

)≤
8.0161

V
.K

h.
S
alikhov

2008
:
µ
(π

)≤
7.6063

A
bound

µ
(ϑ

2)≤
κ

for
som

e
ϑ
∈

R
im

plies
µ
(ϑ

)≤
2κ

.
H

ence
the

result
of

R
hin

and
V
iola

µ
(ζ(2))≤

5.441
...

im
plies

only
µ
(π

)≤
11.882

....

C
onversely,

a
bound

for
the

irrationality
exponent

of
ϑ

does
not

yield
any

bound
for

µ
(ϑ

2)
!
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Irrationality
m

easure
for

ζ(2)
and

ζ(3)
:
history

ζ(2)

R
.
A
péry

1978,
F
.
B
eukers

1979
µ
(ζ(2))

<
11.85

R
.
D

vornicich
and

C
.
V
iola

1987
µ
(ζ(2))

<
10.02

M
.
H

ata
1990

µ
(ζ(2))

<
7.52

G
.
R
hin

and
C
.
V
iola

1993
µ
(ζ(2))

<
7.39

G
.
R
hin

and
C
.
V
iola

1996
µ
(ζ(2))

<
5.44

ζ(3)

R
.
A
péry

1978,
F
.
B
eukers

1979
µ
(ζ(3))

<
13.41

R
.
D

vornicich
and

C
.
V
iola

1987
µ
(ζ(3))

<
12.74

M
.
H

ata
1990

µ
(ζ(3))

<
8.83

G
.
R
hin

and
C
.
V
iola

2001
µ
(ζ(3))

<
5.51
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Irrationality
m

easure
for

log
2

:
history

log
2

H
erm

ite–Lindem
ann,

M
ahler,

B
aker,

G
el’fond,

Feldm
an,...

:
transcendence

m
easures

G
.
R
hin

1987
µ
(log

2)
<

4.07
E
.A

.
R
ukhadze

1987
µ
(log

2)
<

3.89
R
.
M

arcovecchio
2008

µ
(log

2)
<

3.57

R
eference

:
R
.
M

arcovecchio,
T

he
R
hin-V

iola
m

ethod
for

log
2,

A
cta

A
rithm

etica
vol.

1
3
9

no.2
(2009),

147–184.

18
/
75

G
eorges

R
hin

and
C
arlo

V
iola

O
n

a
perm

utation
group

related
to

ζ(2),
A
cta

A
rith.

7
7

(1996),
no.1,

23–56.
T

he
group

structure
for

ζ(3),
A
cta

A
rith.

9
7

(2001),
no.3,

269–293.
T

he
perm

utation
group

m
ethod

for
the

dilogarithm
,
A
nn.

S
cuola

N
orm

.
S
up.

P
isa

C
l.

S
ci.

(5
)
4

(2005),
no.3,

389–437.
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C
riterion

of
Y
u.

V
.
N

esterenko
(qualitative)

Let
ϑ

1 ,...,ϑ
m

be
com

plex
num

bers.

Y
u.V

.N
esterenko

(1985)

Let
m

be
a

positive
integer

and
α

a
positive

real
num

ber
satisfying

α
>

m
−

1.
A
ssum

e
there

is
a

sequence
(L

n )
n≥

0
of

linear
form

s
in

Z
X

0
+

Z
X

1
+

...+
Z

X
m

of
height≤

e
n

such
that

|L
n (1,ϑ

1 ,...,ϑ
m

)|
=

e −
α

n
+

o(n
).

T
hen

1,ϑ
1 ,...,ϑ

m
are

linearly
independent

over
Q

.

E
xam

ple
:
m

=
1

–
irrationality

criterion.
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Sim
plified

proof
of

N
esterenko’s

T
heorem

Francesco
A
m

oroso
P
ierre

C
olm

ez

R
efinem

ents
:
R
aff

aele
M

arcovecchio,
P
ierre

B
el.
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R
ecent

developm
ents

S
téphane

F
ischler

and
W

adim
Z
udilin,

A
refinem

ent
of

N
esterenko’s

linear
independence

criterion
w

ith
applications

to
zeta

values.
T
o

appear
in

M
ath.

A
nnalen.

P
reprint

M
P
IM

2009-35.
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Fischler
and

Z
udilin,

2009

T
here

exist
positive

odd
integers

i≤
139

and
j
≤

1961
such

that
the

num
bers

1,
ζ(3),

ζ(i),
ζ(j)

are
linearly

independent
over

Q
.

T
here

exist
positive

odd
integers

i≤
93

and
j
≤

1151
such

that
the

num
bers

1,
log

2,
ζ(i),

ζ(j)
are

linearly
independent

over
Q

.
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M
ultizeta

values

For
s
1 ,...,s

k
positive

integers
w

ith
s
1 ≥

2,

ζ(s
1 ,...,s

k )
=

∑

n
1 >

···>
n

k ≥
1

1

n
s
1

1
···n

s
k

k

P
.
C
artier.

–
Fonctions

polylogarithm
es,

nom
bres

polyzêtas
et

groupes
pro-unipotents.
S
ém

.
B
ourbaki

no.
885

A
stérisque

2
8
2

(2002),
137-173.
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M
.
H

off
m

an’s
w
eb

site
http://www.usna.edu/Users/math/meh/biblio.html

R
eferences

on
m

ultizeta
values

and
E
uler

sum
s

A
D

ouble
harm

onic
series

48
references

B
T
riple

harm
onic

series
8

references
C

M
ultiple

harm
onic

series/m
ultiple

zeta
values

137
references

D
M

ultiple
zeta

values
over

function
fields

5
references

E
A
lternating

series
16

references
F

M
ultiple

polylogarithm
s/nested

sum
s

46
references

G
F
inite

m
ultiple

harm
onic

sum
s

25
references

In
2008

:
62

references
In

2009
:
30

references
+

preprints
:
66

references

L
ast

m
odifi

ed
on

A
ugust

18,
2009
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E
Z
Face

calculator
at

C
E
C
M

http://oldweb.cecm.sfu.ca/projects/EZFace/

C
en

tre
for

E
xp

erim
en

tal
an

d
C
o
n
stru

ctive
M

ath
em

atics
at

S
im

o
n

F
raser

U
n
iversity

T
he

calculator
gives

num
erical

values
of

M
Z
V
s

w
ith

up
to

100
decim

al
places

accuracy.
T

he
calculator

also
has

a
function

to
look

for
relations

of
linear

dependence
;

lin
d
ep

([a,b,c])
looks

for
a

vanishing
linear

com
bination

of
a,

b,
c

w
ith

integer
coeffi

cients.
T

his
m

akes
it

easy
(E

Z
?)

to
discover

new
identities

!
J.

B
lüm

lein,
D

.J.
B
roadhurst,

J.A
.M

.
V
erm

aseren
T

he
M

ultiple
Z
eta

V
alue

D
ata

M
ine

a
r
X
i
v
:
0
9
0
7
.
2
5
5
7
v
1
[
m
a
t
h
-
p
h
]
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G
am

m
a

and
B

eta
values

Γ
(z)

=

∫
∞0

e −
tt z·

dtt

=
e −

γ
zz
−

1
∞∏n
=

1 (
1

+
zn )

−
1

e
z
/n.

Γ
(n

+
1)

=
n
!,

(n
≥

0);
Γ
(1/2)

=
√

π
,

Γ
′(1)

=
−

γ
.

B
(a,b)

=
Γ
(a)Γ

(b)

Γ
(a

+
b)

=

∫
1

0

x
a−

1(1
−

x
)
b−

1dx
.
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W
eierstraß

functions

Let
Ω

=
Z

ω
1
+

Z
ω

2
be

a
lattice

in
C

.

T
he

canonical
product

attached
to

Ω
is

the
W

eierstraß
sigm

a
function

σ
(z)

=
σ

Ω
(z)

=
z

∏

ω
∈

Ω
\{

0} (
1
−

zω

)
e
(z

/ω
)+

(z
2/

2
ω

2)

T
he

logarithm
ic

derivative
of

the
sigm

a
function

is
the

W
eierstraß

zeta
function

σ
′

σ
=

ζ

and
the

derivative
of

ζ
is
−

℘
,
w

here
℘

is
the

W
eierstraß

elliptic
function

:

℘
′2

=
4℘

3−
g
2 ℘
−

g
3 ,

℘
(z

+
ω
)

=
℘
(z),

ζ(z
+

ω
)

=
ζ(z)

+
η.
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C
om

plex
m

ultiplication
:
Q

(i)

℘
′ 2

=
4℘

3−
4℘

,
g
2

=
4,

g
3

=
0,

ω
1

=

∫
1

0

dx
√

x
−

x
3

=
12
B

(1/4,1/2)
=

Γ
(1/4)

2

√
8π

=
2.622

057
554

2
...

ω
2

=
iω

1 .

η
1

=
πω
1

=
(2π

)
3
/
2

Γ
(1/4)

2 ,
η

2
=
−

iη
1 .

29
/
75

C
om

plex
m

ultiplication
:
Q

(-)

-
=

e
2
iπ

/
3

℘
′ 2

=
4℘

3−
4,

g
2

=
0,

g
3

=
4,

ω
1

=

∫
1

0

dx
√

1
−

x
3

=
13
B

(1/3,1/2)
=

Γ
(1/3)

3

2
4
/
3π

=
2.428

650
648

...
ω

2
=

-ω
1 ,

η
1

=
2π
√

3ω
1

=
2

7
/
3π

2

3
1
/
2Γ

(1/3)
3 ,

η
2

=
-

2η
1 .
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T
ranscendence

of
special

values
of

W
eierstraß

functions

T
h.

S
chneider

(1
9
3
4).

T
he

num
bers

Γ
(1/4)

4/π
3

and
Γ
(1/3)

3/π
2

are
transcendental.
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D
iophantine

approxim
ation

Γ
(1/4)

4/π
3

and
Γ
(1/3)

3/π
2

are
not

Liouville
num

bers.

Low
er

bounds
for

linear
com

binations
of

elliptic
logarithm

s
:

B
aker,

C
oates,

A
nderson

...in
the

C
M

case,
P
hilippon-W

aldschm
idt

in
the

general
case,

refinem
ents

by
N

.
H

irata
K

ohno,
S
.
D

avid,
É
.
G

audron
-
use

A
rakhelov’s

T
heory

(J-B
.
B
ost

:
slopes

inequalities).

M
otivation

:
m

ethod
of

S
.
Lang

for
solving

D
iophantine

equations
(integer

points
on

elliptic
curves).
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Sinnou
D

avid
and

N
oriko

H
irata

D
avid,

S
innou

;
H

irata-K
ohno,

N
oriko

Linear
form

s
in

elliptic
logarithm

s.
J.

R
eine

A
ngew

.
M

ath.
6
2
8

(2009),
37–89.
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A
belian

varieties

T
h.

S
chneider

(1
9
4
8).

For
a

and
b

in
Q

w
ith

a,
b

and
a

+
b

not
in

Z
,
the

num
berB

(a,b)
=

Γ
(a)Γ

(b)

Γ
(a

+
b)

is
transcendental.

T
he

proof
involves

A
belian

integrals
of

higher
genus,

related
w

ith
the

Jacobian
of

a
Ferm

at
curve.
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C
hudnovsky’s

algebraic
independence

T
heorem

G
.V

.
C
hudnovsky

(1978)
T
h
eorem

T
w
o

at
least

of
the

num
bers

g
2 ,

g
3 ,

ω
1 ,

ω
2 ,

η
1 ,

η
2

are
algebraically

independent.

C
oro

llary
:

π
and

Γ
(1/4)

=
3.625

609
908

2
...

are
algebraically

independent.
A
lso

π
and

Γ
(1/3)

=
2.678

938
534

7
...

are
algebraically

independent.
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D
iophantine

approxim
ation

T
ran

scen
d
en

ce
m

easu
res

for
Γ
(1/4)

(P
.
P
hilippon,

S
.
B
ruiltet)

For
P
∈

Z
[X

,Y
]
w

ith
degree

d
and

height
H

,

log|P
(π

,Γ
(1/4) )|

>
−

10
326 ((log

H
+

d
log(d

+
1) )

·d
2 (log(d

+
1) )

2

C
oro

llary
:

Γ
(1/4)

is
not

a
Liouville

num
ber

:
∣∣∣∣ Γ

(1/4)−
pq ∣∣∣∣

>
1

q
10

3
3
0 ·
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C
hudnovsky’s

m
ethod

(K
.G

.
V
asil ′ev

1996,
P
.
G

rinspan
2002).

T
w
o

at
least

of
the

three
num

bers
π
,
Γ
(1/5)

and
Γ
(2/5)

are
algebraically

independent.

T
he

proof
involves

a
sim

ple
factor

of
dim

ension
2

of
the

Jacobian
of

the
Ferm

at
curve

X
5
+

Y
5

=
Z

5

w
hich

is
an

A
belian

variety
of

dim
ension

6.
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R
am

anujan
Functions

P
(q)

=
1
−

24
∞∑n
=

1

n
q

n

1
−

q
n
,

Q
(q)

=
1

+
240

∞∑n
=

1

n
3q

n

1
−

q
n
,

R
(q)

=
1
−

504
∞∑n
=

1

n
5q

n

1
−

q
n ·
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E
isenstein

Series

E
2
k (z)

=
1

+
(−

1)
k
4k

B
k

∞∑n
=

1

n
2
k−

1z
n

1
−

z
n
·

F
.
G

.
M

.
E
isenstein

(1823
-

1852)

P
(z)

=
E

2 (z),

Q
(z)

=
E

4 (z),

R
(z)

=
E

6 (z).
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Special
values

τ
=

i,
q

=
e −

2
π,

ω
1

=
Γ(1/4)

2

√
8π

=
2.622

057
554

2
...

P
(q)

=
3π
,

Q
(q)

=
3 (

ω
1

π

)
4
,

R
(q)

=
0.

τ
=

$,
q

=
−

e −
π √

3,
ω

1
=

Γ(1/3)
3

2
4
/
3π

=
2.428

650
648

...

P
(q)

=
2 √

3
π

,
Q

(q)
=

0,
R

(q)
=

272

(
ω

1

π

)
6
.
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Y
u.

V
.
N

esterenko

T
h
eorem

(N
esterenko,

1
9
9
6).

For
any

q
∈

C
w

ith
0

<
|q|

<
1,

three
at

least
of

the
four

num
bers

q,
P

(q),
Q

(q),
R

(q)
are

algebraically
independent.

T
o
o
l
s
:

T
he

functions
P

,
Q

,
R

are
algebraicaly

independent
over

C
(q)

(K
.
M

ahler)
and

satisfy
a

system
of

diff
erential

equations
for

D
=

q
d/dq

:

12
D

PP
=

P
−

QP
,

3
D

QQ
=

P
−

RQ
,

2
D

RR
=

P
−

Q
2

R
·
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C
onsequences

of
N

esterenko’s
T

heorem

T
he

three
num

bers

π
,

e
π,

Γ
(1/4)

are
algebraically

independent.

T
he

three
num

bers

π
,

e
π √

3,
Γ
(1/3)

are
algebraically

independent.
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Special
values

of
W

eierstraß
sigm

a
functions

T
he

num
ber

σ
Z

[i] (1/2)
=

2
5
/
4π

1
/
2e

π
/
8Γ

(1/4) −
2

is
transcendental.
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Fibonacci
zeta

values

F
0

=
0,

F
1

=
1,

F
n
+

1
=

F
n

+
F

n−
1

ζ
F
(s)

=
∑n≥

1

1F
sn

Iekata
S
hiokaw

a
(joint

w
orks

w
ith

C
arsten

E
lsner

and
S
hun

S
him

om
ura,

2006)

ζ
F
(2),

ζ
F
(4),

ζ
F
(6)

are
algebraically

independent.
C
onsequence

of
N

esterenko’s
T

heorem
.
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F
ibonacci

zeta
values

ζ
F
(s)

=
∑

n≥
1

1F
sn

u
=

ζ
F
(2),

v
=

ζ
F
(4)

ζ
F
(4s

+
2)∈

Q
(u

,v)
for

s
≥

0,
s
∈

Z
.

ζ
F
(4s)−

r
s ζ

F
(4)∈

Q
(u

,v)
for

s
≥

2,
s
∈

Z
,
w

ith
som

e
r
s ∈

Q
\
{0}.

For
s
1 ,

s
2 ,

s
3 ,

distinct
positive

integers,
the

num
bers

ζ
F
(2s

1 ),ζ
F
(2s

2 ),ζ
F
(2s

3 )
are

algebraically
dependent

if
and

only
if

the
three

integers
s

i
are

odd.
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Standard
relations

am
ong

G
am

m
a

values

T
ran

slation
:

Γ
(a

+
1)

=
aΓ

(a)

R
efl

exion
:

Γ
(a)Γ

(1
−

a)
=

π

sin
(π

a)

M
u
ltip

lication
:
for

any
p
ositive

integer
n
,

n−
1

∏k
=

0

Γ

(
a

+
kn )

=
(2π

)
(n−

1)/
2n
−

n
a
+

(1
/
2)Γ

(n
a).
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R
ohrlich’s

C
onjecture

C
o
n
jectu

re
(D

.
R

oh
rlich

)
A
ny

m
ultiplicative

relation

π
b/2 ∏a∈

Q

Γ
(a)

m
a
∈

Q

w
ith

b
and

m
a

in
Z

lies
in

the
ideal

generated
by

the
standard

relations.
E
xam

ples
:

Γ

(
114 )

Γ

(
914 )

Γ

(
1114 )

=
4π

3
/
2

∏1≤
k≤

n
(k

,n
)=

1

Γ
(k

/n
)

=

{
(2π

)
ϕ
(n

)/
2/ √

p
if

n
=

p
r

is
a

prim
e

pow
er,

(2π
)
ϕ
(n

)/
2

otherw
ise.
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Sm
all

G
am

m
a

P
roducts

w
ith

Sim
ple

V
alues

T
he

tw
o

previous
exam

ples
are

due
respectively

to

A
lbert

N
ijenhuis,

S
m

all
G

am
m

a
products

w
ith

S
im

ple
V
alues

http
://arxiv.org/abs/0907.1689,

July
9,

2009.

and
to

G
reg

M
artin,

A
product

of
G

am
m

a
function

values
at

fractions
w

ith
the

sam
e

denom
inator

http
://arxiv.org/abs/0907.4384,

July
24,

2009.
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Lang’s
C
onjecture

C
o
n
jectu

re
(S

.
L
an

g)
A
ny

algebraic
dependence

relation
am

ong
the

num
bers

(2π
) −

1
/
2Γ

(a)
w

ith
a
∈

Q
lies

in
the

ideal
generated

by
the

standard
relations.

(U
n
iversal

od
d

d
istrib

u
tion

).
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C
onsequence

of
the

R
ohrlich–Lang

C
onjecture

A
s

an
exam

ple,
the

R
ohrlich–Lang

C
onjecture

im
plies

that
for

any
q

>
1,

the
transcendence

degree
of

the
field

generated
by

num
bers

π
,

Γ
(a/q)

1
≤

a
≤

q,
(a,q)

=
1

is
1

+
ϕ
(q)/2.
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V
ariant

of
the

R
ohrlich–Lang

C
onjecture

C
onjecture

of
S
.
G

un,
R
.
M

urty,
P
.
R
ath

(2009)
:
for

any
q

>
1,

the
num

bers

log
Γ
(a/q)

1
≤

a
≤

q,
(a,q)

=
1

are
linearly

independent
over

the
field

Q
of

algebraic
num

bers.

A
consequence

is
that

for
any

q
>

1,
there

is
at

m
ost

one
prim

itive
odd

character
χ

m
odulo

q
for

w
hich

L
′(1,χ

)
=

0.
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R
am

and
K

um
ar

M
urty

(2009)

R
am

M
urty

K
um

ar
M

urty

T
ranscendental

values
of

class
group

L
–functions.
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P
eter

B
undschuh

(1979)
.

For
p/q

∈
Q

w
ith

0
<

|p/q|
<

1,

∞∑n
=

2

ζ(n
)(p/q)

n

is
transcendental.

For
p/q

∈
Q

\
Z

,

Γ
′

Γ

(
pq )

+
γ

is
transcendental
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P
eter

B
undschuh

(1979)
(P

.
B

u
n
d
schu

h
)

:
A
s

a
consequence

of
N

esterenko’s
T

heorem
,

the
num

ber
∞∑n
=

0

1

n
2
+

1
=

12
+

π2
·
e

π
+

e −
π

e
π
−

e −
π

=
2.076

674
047

4
...

is
transcendental,

w
hile

∞∑n
=

0

1

n
2−

1
=

34

(telescoping
series).

H
ence

the
num

ber
∞∑n
=

2

1

n
s−

1

is
transcendental

over
Q

for
s

=
4.

T
he

transcendence
of

this
num

ber
for

even
integers

s
≥

4
w
ould

follow
as

a
consequence

of
S
chanuel’s

C
onjecture.
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∑
n≥

1
A

(n
)/B

(n
)

A
rithm

etic
nature

of
∑n≥

1

A
(n

)

B
(n

)

w
here

A
/B
∈

Q
(X

).

In
case

B
has

distinct
zeroes,

by
decom

posing
A

/B
in

sim
ple

fractions
one

gets
linear

com
binations

of
logarithm

s
of

algebraic
num

bers
(B

aker’s
m

ethod).
T

he
exam

ple
A

(X
)/B

(X
)

=
1/X

3
show

s
that

the
general

case
is

hard.
W

ork
by

S
.D

.
A
dhikari,

N
.
S
aradha,

T
.N

.
S
horey

and
R
.
T

ijdem
an

(2001),
S
anoli

G
un,

R
am

M
urty

and
P
urusottam

R
ath

(2009).
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A
dolf

H
urw

itz
(1859

-
1919)H

urw
itz

zeta
function

:
for

z
∈

C
z
%=

0
and

+
e(s)

>
1,

ζ(s,z)
=

∞∑n
=

0

1

(n
+

z)
s

ζ(s,1)
=

ζ(s)

(R
iem

ann
zeta

function)
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C
onjecture

of
C
how

la
and

M
ilnor

S
arvadam

an
C
how

la
(1907

-
1995)

John
W

illard
M

ilnor
(1931

-
)

For
k

and
q

integers
>

1,
the

ϕ
(q)

num
bers

ζ(k
,a/q),

1
≤

a
≤

q,
(a,q)

=
1

are
linearly

independent
over

Q
.
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Sanoli
G

un,
R
am

M
urty

and
P
urusottam

R
ath

T
he

C
how

la-M
ilnor

C
onjecture

for
q

=
4

im
plies

the
irrationality

of
the

num
bers

ζ(2n
+

1)/π
2
n
+

1
for

n
≥

1.
S
tro

n
g

C
h
ow

la-M
iln

or
C
o
n
jectu

re
(2009)

:
For

k
and

q
integers

>
1,

the
1

+
ϕ
(q)

num
bers

1
and

ζ(k
,a/q),

1
≤

a
≤

q,
(a,q)

=
1

are
linearly

independent
over

Q
.

For
k

>
1

odd,
the

num
ber

ζ(k
)

is
irrational

if
and

only
if

the
strong

C
how

la-M
ilnor

C
onjecture

holds
for

this
value

of
k

and
for

at
least

one
of

the
tw

o
values

q
=

3
and

q
=

4.
H

ence
the

strong
C
how

la-M
ilnor

C
onjecture

holds
for

k
=

3
(A

péry)
and

also
for

infinitely
m

any
k

(R
ivoal).
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Linear
independence

of
polylogarithm

s

For
k
≥

1
and

|z|
<

1,L
ik (z)

=
∞∑n
=

1

z
n

n
k ·

T
hus

L
i1 (z)

=
log(1

−
z)

and
L
ik (1)

=
ζ(k

)
for

k
≥

2.

P
olylog

C
onjecture

of
S
.
G

un,
R
.
M

urty,
P
.
R
ath

:
Let

k
>

1
be

an
integer

and
α

1 ,...,α
n

algebraic
num

bers
such

that
L
ik (α

1 ),...,L
ik (α

n )
are

linearly
independent

over
Q

.
T

hen
these

num
bers

L
ik (α

1 ),...,L
ik (α

n )
are

linearly
independent

over
the

field
Q

of
algebraic

num
bers.

S
.
G

un,
R
.
M

urty,
P
.
R
ath

:
if

the
polylog

C
onjecture

is
true,

then
the

C
how

la-M
ilnor

C
onjecture

is
true

for
all

k
and

all
q.
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T
he

digam
m

a
function

For
z
∈

C
\
{0,−

1,−
2,...},

ψ
(x

)
=

ddz
log

Γ
(z)

=
Γ
′(z)

Γ
(z) ·

ψ
(z)

=
−

γ
−

1z
−

∞∑n
=

1 (
1

n
+

z
−

1n )

ψ
(1

+
z)

=
−

γ
+

∞∑n
=

2 (−
1)

nζ(n
)z

n−
1.
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Special
values

of
the

digam
m

a
function

ψ
(1)

=
−

γ
,

ψ

(
12 )

=
−

2
log(2)−

γ
,

ψ

(
2k
−

12 )
=
−

2
log(2)−

γ
+

2
k−

1
∑n

=
1

1

n
+

1/2
,

ψ

(
14 )

=
−

π2
−

3
log(2)−

γ
,

ψ

(
34 )

=
π2
−

3
log(2)−

γ
.

H
ence

ψ
(1)

+
ψ

(1/4)−
3ψ

(1/2)
+

ψ
(3/4)

=
0.
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R
am

M
urty

and
N

.
Saradha

C
onjecture

(2007)
:
Let

K
be

a
num

ber
field

over
w

hich
the

q-th
cyclotom

ic
polynom

ial
is

irreducible.
T

hen
the

ϕ
(q)

num
bers

ψ
(a/q)

w
ith

1
≤

a
≤

q
and

(a,q)
=

1
are

linearly
independent

over
K

.
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R
am

M
urty

and
N

.
Saradha

B
aker

periods
:
elem

ents
of

the
Q

–vector
space

spanned
by

the
logarithm

s
of

algebraic
num

bers.
A

B
aker

period
is

a
period

in
the

sense
of

K
ontsevich

and
Z
agier,

and
is

either
zero

or
else

transcendental,
by

B
aker’s

T
heorem

.
M

urty
and

S
aradha

:
one

at
least

of
the

tw
o

follow
ing

statem
ents

is
true

:
•

E
uler’s

C
onstant

γ
is

not
a

B
aker

period
•

the
ϕ
(q)

num
bers

ψ
(a/q)

w
ith

1
≤

a
≤

q
and

(a,q)
=

1
are

linearly
independent

over
K

,
w

henever
K

be
a

num
ber

field
over

w
hich

the
q-th

cyclotom
ic

polynom
ial

is
irreducible.
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E
uler

constant
E
uler–M

ascheroni
constant

γ
=

lim
n→

∞

(
1

+
12

+
13

+
···+

1n
−

log
n )

=
0.577

215
664

9
...

N
eil

J.
A
.
S
loane’s

encyclopaedia
http

://w
w

w
.research.att.com

/∼
njas/sequences/A

001620
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Jonathan
Sondow

http://home.earthlink.net/∼
jsondow/

γ
=

∫
∞0

∞∑k
=

2

1

k
2 (

t+
k

k

)
dt

γ
=

lim
s→

1+

∞∑n
=

1 (
1n
s
−

1s
n )

γ
=

∫
∞1

1

2t(t
+

1) F

(
1,

2,
2

3,
t
+

2 )
dt.
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E
uler’s

constant
γ

A
.I.

A
ptekarev

(2007)
:
A
pproxim

ation
to

E
uler’s

constant.

T
anguy

R
ivoal

(2009)
:
A
pproxim

ation
to

the
function

γ
+

log
x
.

C
onsequence

:
approxim

ation
to

γ
and

to
ζ(2)−

γ
2.

O
p
en

P
ro

b
lem

s.
•

Is
the

E
uler

constant
γ

irrational?
•

Is
γ

transcendental?
•

K
ontsevich

–
Z
agier

:
γ

is
not

a
period
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C
arlitz

zeta
values

Leonard
C
arlitz

(1907
-
1999)

A
=

F
q [t],

A
+
⊂

A
m

onic
polynom

ials,

P
=

prim
e

polynom
ials

in
A

+
,

K
=

F
q (t),

K
∞

=
F

q ((1/t)),

C
arlitz

zeta
values

:
for

s
∈

Z
,

ζ
A
(s)

=
∑a∈

A
+

1a
s

=
∏p∈

P

(1
−

p
−

s) −
1∈

K
∞

.
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T
hakur

G
am

m
a

function

D
inesh

T
hakur

Γ
(z)

=
1z

∏a∈
A

+ (
1

+
za )
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T
hakur

G
am

m
a

values

Independence
of

G
am

m
a

values
in

positive
characteristic

:
Linear

relations
(

W
.D

.
B
row

naw
ell

and
M

.
P
apanikolas,

2002)
and

algebraic
relations

(w
ith

G
.
A
nderson,

2004).

D
ale

B
row

naw
ell

M
att

P
apanikolas
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C
arlitz

zeta
values

at
even

A
–integers

D
efine

π̃
=

(t−
t q)

1
/
(q−

1)
∞∏n
=

1 (
1
−

t q
n
−

t

t q
n
+

1−
t )

For
m

a
m

ultiple
of

q
−

1,

π̃
−

m
ζ
A
(m

)∈
A

C
arlitz

–
B
ernoulli

num
bers.
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G
reg

A
nderson,

D
inesh

T
hakur,

Jing
Y
u

For
m

a
positive

integer,
ζ
A
(m

)
is

transcendental
over

K
.

For
m

a
positive

integer
not

a
m

ultiple
of

q
−

1,
ζ
A
(m

)/π̃
m

is
transcendental

over
K

.

D
inesh

T
hakur

Jing
Y
u
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B
ourbaki

Sem
inar

Federico
P
E
LLA

R
IN

A
spects

de
l’indépendance

algébrique
en

caractéristique
non

nulle

A
spects

of
algebraic

independence
in

non–zero
characteristic

S
ém

inaire
B
ourbaki

-
V
olum

e
2006/2007

-
E
xposés

967-981

A
stérisque

3
1
7

(2008),
205–242
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C
hieh-Y

u
C
hang,

M
atthew

A
.
P
apanikolas,

Jing
Y
u

T
itle

:
G

eom
etric

G
am

m
a

values
and

zeta
values

in
positive

characteristic
arX

iv
:0905.2876

A
bstract

:
In

analogy
w

ith
values

of
the

classical
E
uler

G
am

m
a-function

at
rational

num
bers

and
the

R
iem

ann
zeta-function

at
positive

integers,
w
e

consider
T

hakur’s
geom

etric
G

am
m

a-function
evaluated

at
rational

argum
ents

and
C
arlitz

zeta-values
at

positive
integers.

W
e

prove
that,

w
hen

considered
together,

all
of

the
algebraic

relations
am

ong
these

special
values

arise
from

the
standard

functional
equations

of
the

G
am

m
a-function

and
from

the
E
uler-C

arlitz
relations

and
Frobenius

p-th
pow

er
relations

of
the

zeta-function.
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C
hieh-Y

u
C
hang,

M
atthew

A
.
P
apanikolas,

D
inesh

S.
T

hakur,
Jing

Y
u

T
itle

:
A
lgebraic

independence
of

arithm
etic

gam
m

a
values

and
C
arlitz

zeta
values

arX
iv

:0909.0096
A
bstract

:
W

e
consider

the
values

at
proper

fractions
of

the
arithm

etic
gam

m
a

function
and

the
values

at
positive

integers
of

the
zeta

function
for

F
q [θ]

and
provide

com
plete

algebraic
independence

results
for

them
.
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C
hieh-Y

u
C
hang

T
itle

:
P
eriods

of
third

kind
for

rank
2

D
rinfeld

m
odules

and
algebraic

independence
of

logarithm
s

arX
iv

:0909.0101

A
bstract

:
In

analogy
w

ith
the

p
eriods

of
ab

elian
integrals

of

diff
erentials

of
third

kind
for

an
elliptic

curve
defi

ned
over

a
num

b
er

fi
eld,

w
e

introduce
a

notion
of

p
eriods

of
third

kind
for

a
rank

2
D

rinfeld

F
q [t]–m

odule
rho

defi
ned

over
an

algebraic
function

fi
eld

and
derive

explicit
form

ulae
for

them
.
W

hen
rho

has
com

plex
m

ultiplication
by

a

separable
extension,

w
e

prove
the

algebraic
indep

endence
of

rho-logarithm
s

of
algebraic

p
oints

that
are

linearly
indep

endent
over

the

C
M

fi
eld

of
rho.

T
ogether

w
ith

the
m

ain
result

in
[C

P
08],

w
e

com
pletely

determ
ine

all
the

algebraic
relations

am
ong

the
p
eriods

of
fi
rst,

second

and
third

kinds
for

rank
2

D
rinfeld

F
q [t]–m

odules
in

odd
characteristic.
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