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1 Introduction.

Recently, close connections have been established between simultaneous dio-
phantine approximation and algebraic independence. A survey of this topic
is given by M. Laurent in these proceedings [7]. These connections are one
of the main motivations to investigate systematically the question of algebraic
approximation to transcendental numbers. In view of the applications to al-
gebraic independence, a special attention is paid to the dependence on the
degree.
To each qualitative transcendence result telling:

one at least of the numbers 01, ... ,0,, is transcendental

one can associate a quantitative refinement, which is a lower bound for

max |05 — il

when v1,...,7, are algebraic numbers. Such estimates will depend on two
parameters: the degree [Q(71,...,Vm) : Q] of the number field generated by
the algebraic approximations, and the height

max h(y;).

1<i<m

Here it will be convenient to use the absolute logarithmic height h(v) of an alge-
braic number ~, which has several equivalent definitions (see for instance [12],
Chap. 3). One of these is

h(y) = 5 log M(),
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where d = [Q() : Q] is the degree of v over Q and M(+y) is Mahler’s measure of
~: if f € Z[X] is the minimal polynomial of v over Z, with leading coefficient
ap > 0 and roots YV, ... 4@ so that

FX) = ag(X —yW) - (X =4,

then .
. 1 .
M(3) = ao [T ma{L. |y} = exp [ log | (e™)lat).
i=1 0

Another equivalent definition for h(v) is

1
Z D, logmax{1, |v|,},

h(’y) N [KiQ] M

when K is any number field containing v, Mg denotes the set of (normalized)
places of K and D, denotes the local degree at v € M. The normalization is
done in such a way that the product formula reads

[T hPr=1

vEME

for any non zero vy € K.

In the classical theory of simultaneous rational approximation, given a tuple
(V1,...,9,) of real numbers, Khinchine’s transference theorem ([2] Chap. V
§ 3 Th. IV) exhibits a duality between lower bounds for

Db
q

qr— min _ ~ max
(prypm)e " 1SisM

and for

(p1,- - spm) — min [Py + -+ + puVy + 4l
qcZ

It is not known whether there is a similar transference theorem in the context
of algebraic diophantine approximation.

Here, we shall consider both questions: measures of simultaneous algebraic
approximation and measures of linear independence.

Such a study is worth of consideration in a general context; just to give an
example, the situation concerning almost all tuples (either in R™ or in C™,
for Lebesgue’s measure) is not yet described in a satisfactory way (see [1] for

recent results on this context).
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For simplicity, we shall restrict here our attention to a special case, where
we assume that the numbers e% are algebraic. We denote by

L=exp'(Q)={zeC;ecQ)

the set of complex logarithms of algebraic numbers. It is a Q-vector space,
which contains numbers like 7, log 2, log 3. . ..

It will be convenient to introduce the following definition.

Definition. Let § = (0y,...,0,,) be a tuple of complex numbers. A function
©: N X Ry — R-oU{oo} is a simultaneous approximation measure for 0
if there exist a positive integer Dy together with a real number hy > 1 such
that, for any integer D > Dy, any real number h > hy and any m-tuple
v = (71,...,7m) of algebraic numbers satisfying

[Q(v): Q] <D and @%h(%) <h,

we have
max [0; — ;| > exp{—@(D,h)}.

1<i<m

2 Main Conjectures.

Let A1, ..., Ay be logarithms of algebraic numbers with a; = et (1 <i < m).
Let (o, ..., 3, be algebraic numbers. Denote by D the degree of the number
field Q(av, ..., am, Bo, - -, Bm). Finally let h > 1/D satisfy

1
h > max. ha;), h> ) 1r%1ia>§1|)\i| and h > nax h(B;).

Conjecture 1. Assume Ay, ..., A\, are linearly independent over Q. Then

m

Z A — Bi| > eXp{—clleJf(l/m)h}’

i=1

where ¢ is a positive absolute constant.
Conjecture 2. Assume that the number

1s non zero. Then
A > exp{—cmD?h},
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where co 1S a positive absolute constant.

These conjectures are very simple and describe the situation in a clear way.
On the opposite, as we shall see, known results are more complicated to state,
so far.

In case m = 1, both conjectures 1 and 2 coincide:

A — 3| > exp{—cD?h} (7)

For D =1 (and m = 1), this is an open problem of Mahler [8]:

Does there exist an absolute constant ¢ > 0 such that, for any positive
rational integers a and b,
le? —a| > a™?

If |€® — al is small, then b and log a are of the same order of magnitude, hence
one can replace a~¢ = e ¢ in the right hand side by e~®. For the same
reason, since |e® — a|/a = |78 — 1] is close to |b — logal, one can replace
le® — a| in the left hand side by |b — loga| (replacing at the same time c¢ by
¢+ 1 in the right hand side).

The best known estimates on this question are due to K. Mahler [8]:

|€b o (I| Z b—cb

and

b —logal > a c°88* for q > 3.

Mabhler found a sharp explicit numerical value for ¢, namely ¢ = 33 (for both
estimates), provided that a (hence also b) is sufficiently large. A refinement is
due to Franck Wielonsky [13]: for sufficiently large a, these last two estimates
hold with ¢ = 20.

Stronger estimates than Conjecture 2 are suggested in [6] in the special
case D = 1 and By = 0. When ay,...,a, are positive rational numbers
and by, ...,b,, are rational numbers, one can remove the logarithms from the
statement, replacing

biloga; + - - - + by, loga,,
by the number

bl 1
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which is a close aproximation:

Conjecture 3. For any e > 0, there ezists a constant C(€) > 0 such that,
for any non-zero rational integers ay, ..., am, b, ..., by with a’ --- alm #£ 1,

Cle)™

b1 .. bm _ I S
‘al U, 1‘ = Bm—1+e gm+te’

where A = maxi<i<m |a;| and B = maxj<j<m, |bi].

Links between measures of linear independence of logarithms and the abc-

conjecture are discussed in [9].

3 Results: Simultaneous Approximation.

Here is the state of the art concerning Conjecture 1. Until recently, only
N.I. Fel"dman considered such a question [3] and [4]; see also [5] Th. 3.34:

Theorem 1 (Fel'dman) . Let Aq,..., A\, be Q-linearly independent loga-
rithms of algebraic numbers. There exists a positive constant ¢ = c¢(A1, ..., Ay)
such that

cD**Y™(h 4-log D)(log D)~}

18 a stmultaneous approrimation measure for the numbers Ay, ..., Apy,.
Further estimates have been produced more recently [10], [11], [12]. We

select a few examples.
A rather general statement is the following (cf. Chap. 16 of [12]).

Theorem 2. Let m and n be two positive rational integers. Define
¢ = 28m3n2(2m)™/".

Let N\ij (1 <i<m,1<j <mn)be elements of L, K a number field of
degree D = [K : Q] such that the algebraic numbers a;; = e belong to K*,
By Bns Brs. ., B, elements of K, Ai; (1<i<m,1<j<n) B, B and
E positive real numbers satisfying, for 1 < i < m and 1 < j < n, the following
conditions:

h(ay;) <logA;;, |N\ij] < glog Aij,

h(l:6y:--:6,) <logB, h(l:8]:---:0),) <logB,
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B>e, B >e B>DlogB', B >DlogB

and
1 <log E < Dlog A;; < min{B, B'}.

Assume that the m x n matriz (log A;;) 1<i<m has rank 1:
1<j<n

lOg Aij log AH = IOg Ail IOg Alj
for1<i<mand1<j <n.
Define
Uyt = D™+ (log B)"(log B')™ (H I log Aij> (log E)=™".

i=1j=1

Assume further that for any t € Z™\{0} satisfying |t;] < (cUs)? for1 <i < m,
we have

BB+ -+ b, # 0,
and that for any s € Z™ \ {0} satisfying |s;| < (cUs)? for 1 < j < n, we have

s101+ -+ $p0n # 0.
Assume furthermore
Dlog B< U, DlogB <U,,
Dlog B'log Aqy - - -log Ay, > (log A1) log E
for1 <753 <n and
Dlog Blog Ay -+ -log A1 > (log Ay )™ log E

for 1 <i<m. Then

n

‘ >INy — B8] > e,

i=1j=1

In the special case m = 1 the statement is slightly simpler:

Corollary 1. Let n be a positive integer. Define

c=2"n?
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Let aq, ..., and By,..., 0, be algebraic numbers, let D be the degree of the
number field they generate, and let Ay, ..., A,, A, B, B', E be real numbers
which satisfy

B>e, B >e, A= max Aj,
1<j<n
h(oy) <logA; (1<j<mn) and h(l:f:--:3,) <logB.

For 1 < j <n, assume that the number «; is non zero, choose \; € L such

that e¥ = a; and assume
D
Al < = log A;.

Let U be a positive real number satisfying
U > D* /" (log B)(log B'log A; - - -log A,,)™(log E)~1~(/m);

U > D*(log B)(log A)(log E)~1=(/™).

Further, assume
1<logE < DlogA; < B, logB <DlogA,

B'> Dlog A, U > DlogB,
logE < DlogB<B" and logE < DlogB' < B.

Furthermore, assume
Slﬁl‘i_"'"i_snﬁn#()

for any s € Z" \ {0} with

| < 2
0< 11£1]§LS>%|SJ| < (cU)".

Then, we have

n
YN =Bl = e
=1

Before giving a few examples, we introduce the following definition.

Definition. A tuple § = (6y,...,0,) € C" of complex numbers satisfies a linear
independence measure condition if, for any € > 0, there exists Sy > 0 such
that, for any S > Sy and any s € Z" satisfying 0 < max;<j<,|s;| < S, we
have

|5101 + -+ - + $,0,] > e .
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The following three examples are easily deduced from Corollary 1.

EXAMPLE 1. Let (x1,...,2,) be a tuple of complex numbers which satisfies
a linear independence measure condition. There exists a positive constant ¢ =

c(n,zy,...,x,) such that the function
DY (h 4 log D)(log h + log D)~

1 a stmultaneous approrimation measure for the 2n numbers

Ty, Ty, €™t €™,
EXAMPLE 2. Let 34,..., B, be Q-linearly independent algebraic numbers.
There exists a positive constant ¢ = c(3y, ..., Bm) such that the function

D /™ h(log h + Dlog D)(log h +log D)~}
is a simultaneous approzimation measure for the numbers ef, ... ePm.

ExamMpPLE 3. Let aq,...,q,, be non zero algebraic numbers. For 1 <
i < m, let \; be a determination of the logarithm of o;. Assume the numbers

Ay ooy A are Q-linearly independent. Then there exists a positive constant
c=1c(A1,. .., A\m) such that

eD*Y™(h 4-log D)(log h + log D)™ (log D)~ *~1/™

s a stmultaneous approrimation measure for the numbers Ay, ..., Apy,.

The next three examples are consequences of Theorem 2.

EXAMPLE 4. Let m > 1 and n > 1 be positive integers, (z1,...,%y)
be a m-tuple of complex numbers satisfying a linear independence measure
condition, and (y1,...,Yyn) be also a n-tuple of complex numbers satisfying a
linear independence measure condition. There exists a constant ¢ > 0 such
that a simultaneous approximation measure for the m + n + mn numbers

ri, y;, € (1<i<m, 1<j<n)

18

m—+n
mn

DY h(h + log D) e (log h + log D)~
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EXAMPLE 5. Let K be a number field of degree D, (3, 31,3, be elements
of K, M\, Ao A, Ay elements in L such that the algebraic numbers

/ /
ap =M, g =e of =eM, o) =M
are in K. Assume A1, Ay are linearly independent over Q and (3 is irrational.

Let B > e and B’ > e be real numbers with
h(8) <logB, h(l:f,: M) <logB.

Let Ay, Ay, A}, Ay be positive numbers, all > €2, and E a real number > e,
which satisfy
log A; log A, = log As log A}

and, fori=1,2,
h(as) <logA;,  h(a)) < log A,

and D D
RYRs ElogAia A} < ElogA;-
Assume
log E < Dlog A; <min{B, B'}, logE < Dlog A, < min{B, B},
logE < Dlog B, logB'<B, logB<HB
and log A log A
logESDlogBOg 1, logESDlogBOg 2
log A, log Ay
Define
U = D?(log B)"*(log B')"/*(log A; log Ay log A} log Ay)Y*(log E) ™.
Then

A = BU + Ao = 85 + |BA = Xi| + [BAa — Ny| > exp{—2°°U}.

EXAMPLE 6. Let Aj, Ay be two elements of L which are linearly indepen-
dent over Q and let 0 be a complex irrational number which satisfies a linear
independence measure condition. Then there exists a constant ¢ > 0 such that

the function
cD?(h 4+ log D)h'*(log D)™

131



1s a simultaneous approzimation measure for the five numbers i, Ao, 0,
0o

e e

Theorem 2 can be extended: in place of 3,3/, on may consider more gen-
erally algebraic numbers 3;;. Here is an example dealing with simultaneous
approximation of logarithms of algebraic numbers (compare with [11] § 10,
Th. 10.1 and remark p. 423-424).

Theorem 3. Let di and (; be positive integers and let M = (\;;) be a
dy X {1 matriz with coefficients in L. Let r be the rank of M. Assume the
the dil; numbers X;; are linearly independent. Set k = (1/dy) + (1/41). Then,

there exists a positive constant ¢ such that the function
cD™ Y (h + log D) (log D)™™

is a simultaneous approzimation measure for the dily numbers A\;; (1 <i < dj,
1<j<t).

4 Results: Measures of Linear Independence.

The story concerning Conjecture 2 is quite rich. We refer to [5] and [12]
for extensive references, including works of A.O. Gel’fond, N.I. Fel’”dman and
A. Baker, just to name a few.

Here is the state of the art on this topic.

Theorem 4. For each m > 1 there exists a positive number C'(m) with the
following property. Let \i,..., A\, be logarithms of algebraic numbers, define
a; =exp(A;) (1 <j<m), and let By, ..., By be algebraic numbers. Denote
by D the degree of the number field Q(a, . . ., G, Bo, - - -, Bm) over Q. Further,
let B, EZ, E* be positive real numbers, each > e and let Ay, ..., A,, be positive
real numbers. Assume

ElX\;| logFE
logAjZmax{h(ozj), |Dj|’ olg) } (1<j<m)

1 D
log E* > —logF, 1
og _max{ D og I, log (logE)}

and B > E*. Further, assume either
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(i)  (general case)

Dlog A;
B > max o8

> .
2 DX g E and logB > [nax h(5;)

<i<m

or

(ii))  (homogeneous rational case)

and

B > .
- 1§5¥1§%{71 {log A, + log A,

If the number

18 non zero, then

|A| > exp{—C(m)D"™"*(log B)(log A;) - - - (log A,,,)(log E*)(log E)~™'}.

A discussion of the explicit value for C'(m) is given in Chapter 12 of [12].
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