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Abstract. We prove that the Harish-Chandra’s Schwartz space associated with a
discrete subgroup of a semisimple Lie group is a dense subalgebra of the reduced
C∗-algebra of the discrete subgroup. Then, we prove that the reduced C∗-norm is con-
trolled by the norm of the Harish-Chandra’s Schwartz space. This inequality is weaker
than property RD and holds for any discrete group acting isometrically, properly on a
Riemannian symmetric space.

1. Introduction

A length function on a locally compact group G is a measurable function L : G→ R∗+
satisfying L(e) = 0 where e is the neutral element of the group, L(g−1) = L(g) and
L(gh) ≤ L(g) + L(h) for all g, h in G. Define the Sobolev norm of parameter d > 0 as

‖f‖Hd
L(G) :=

(∫
G
|f(g)|2(1 + L(g))2ddg

) 1
2

where f is in Cc(G) the space of complex-valued continuous functions on G with compact
support and dg a (left) Haar measure onG. The Sobolev space associated withG denoted
by Hd

L(G) is the completion of Cc(G) with respect to ‖ · ‖Hd
L(G).

A locally compact group G has property RD (rapid decay) with respect to L if there
exists d > 0 such that Hd

L(G) convolves L2(G) in L2(G) in the following manner: there
exists C > 0 such that for all compactly supported functions f in Cc(G), we have

(1) ‖λG(f)‖op ≤ C‖f‖Hd
L(G),

where λG denotes the left regular representation of G, namely λG(f)v = f ∗v where f in
Cc(G), where v ∈ L2(G) and ‖ · ‖op denotes the operator norm. Notice that ‖λG(f)‖op
is nothing but ‖f‖C∗r (G) i.e. the norm of f in the reduced C∗-algebra of G denoted by
C∗r (G).
For an introduction to property RD we refer to the recent and exhaustive survey of
Chatterji [8] and to the survey of Sapir [25] for different methods of proving or disprov-
ing property RD.
The semisimple Lie groups satisfy property RD and this fact could be traced back to the
work of Herz [17] (of course he did not use this terminology) and it is essentially based
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on the estimates of the Harish-Chandra function [5]. This suggests that the essence of
property RD is in harmonic analysis. For a characterization of Lie groups having prop-
erty RD we refer to [11].
As for discrete groups, it has been first established for the free groups by Haagerup in
[15]. The terminology Property RD has been introduced and studied as such by Jolissaint
in [18], who notably established it for groups of polynomial growth and some hyperbolic
gloups although the general case of hyperbolic groups is due to de la Harpe [16]. In [19],
Jolissaint showed in particular that the space of rapidly decreasing functions associated
with a discrete group Γ endowed with a length function L, namely the space ∩d>0H

d
L(Γ),

is a dense subalgebra of C∗r (Γ) and the inclusion induces isomorphisms in topological
K-theory.
The first example of higher rank discrete groups having property RD is due to Ra-
magge, Robertson and Steger [24]. Then, Lafforgue, inspired by the methods of [24],
proved that cocompact lattices in SL3(R) and SL3(C) satisfy property RD. Note that
Lafforgue proved in [22] that for d large enough, the Sobolev space Hd

L(Γ) associated
with any discrete group Γ is a dense Banach subalgebra of C∗r (Γ) and the inclusion
induces isomorphisms in topological K-theory. For examples of other groups satisfying
property RD we refer to [1], [2], [9], [10], [13].
This property also plays a crucial role in the proof of the Novikov conjecture for hy-
perbolic groups by Connes and Moscovici in [12], and Lafforgue used it to prove Baum-
Connes conjecture for some groups having property (T). The major problem related to
property RD is the Valette conjecture:

Conjecture 1.1. (The Valette conjecture)
Property RD holds for any discrete group acting isometrically, properly and cocompactly
either on a Riemannian symmetric space or on an affine building.

This problem in this generality is considered very difficult. In this paper we restrict
our attention to discrete subgroups of semisimple Lie groups. We investigate another
inequality involving convolutor norm of finitely supported functions and the decay of
the Harish-Chandra function.

Let G be a (non compact) connected semisimple real Lie group with finite center. Let
g be its Lie algebra. Let θ be a Cartan involution. Define the bilinear form denoted: for
all X,Y ∈ g, 〈X,Y 〉 = −B(X, θ(Y )) where B is the Killing form. Set |X| =

√
〈X,X〉.

Write g = l⊕ p the eigenvector space decomposition associated to θ (l for the eigenvalue
1). Let K be the compact subgroup defined as the connected subgroup whose Lie algebra
l is the set of fixed points of θ. Fix a ⊂ p a maximal abelian subalgebra of p. Consider
the root system Σ associated to a and let Σ+ be the set of positive roots, and define the
corresponding positive Weyl chamber as

a+ :=
{
H ∈ a such that α(H) > 0, ∀α ∈ Σ+

}
.

Let A+ = exp(a+) be the closure of exp(a+). Consider the corresponding Cartan

decomposition KA+K, with the Cartan projection H : g ∈ G 7→ H(g) ∈ a+. From now
on let L be the length function

L(g) = L(keH(g)k′) := |H(g)|
where g = keH(g)k′ with eH(g) ∈ A+ and k, k′ ∈ K. Notice that L is K bi-invariant.
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Let (G/P, ν) be the Furstenberg boundary where P denotes a minimal parabolic
subgroup of G and ν denotes the unique K-invariant probability measure which is G-
quasi-invariant. Then consider the Harish-Chandra function

Ξ : g ∈ G 7→
∫
G/P

(
dg∗ν

dν

) 1
2

(b)dν(b) ∈ R+.

Define now the Harish-Chandra’s Schwartz norm associated with a subgroup H of G as

‖f‖SdL(H) := sup
g∈H

|f(g)|(1 + L(g))d

Ξ(g)
,

where f is in Cc(H). The Harish-Chandra’s Schwartz space associated with H denoted
by SdL(H) is defined as the completion of Cc(H) with respect to the norm ‖ · ‖SdL(H).

It is a well known fact that for G there exist C, d > 0 so that for all f in Cc(G) the
following inequality holds:

(2) ‖λG(f)‖op ≤ C‖f‖SdL(G),

and we refer to [23, Chapitre 4] for proofs. The aim of this note is to give a proof of the
following result.

Theorem 1.2. Let Γ be a discrete group of a connected real semisimple Lie group. Then
there exist d > 0 and C > 0 such that

(1) SdL(Γ) is a Banach convolution algebra.

(2) ‖λΓ(f)‖op ≤ C‖f‖SdL(Γ) for all f ∈ SdL(Γ).

In particular SdL(Γ) is a dense subalgebra of C∗r (Γ).

Note that this algebra has already been studied in the context of hyperbolic groups
and rank one semisimple Lie groups in [7].

Property RD and Inequality (2). One of the fundamental properties of the Harish-
Chandra function is the following integrability condition∫

G

Ξ2(g)

(1 + L(g))2d
dg <∞,

for d > 0 large enough depending on G, see Subsection 2.2 for more details. Moreover,
it is still true that for any discrete group Γ in the ambient semisimple Lie group G we
have for all d > 0 large enough ∑

Γ

Ξ2(γ)

(1 + L(γ))2d
<∞,

see [6, Proposition 3.1] for further details. In the context of semisimple Lie groups it is
clear that there exist d, d′ and C > 0 such that ‖f‖Hd

L
≤ C‖f‖

Sd
′
L

for either f in Cc(G)

or in Cc(Γ) of a discrete subgroup Γ of G. Hence Inequality (1), namely Property RD,
implies Inequality (2) for G and its discrete subgroups. The converse is wrong since all
non-uniform lattices satisfy Inequality (2) whereas they cannot satisfy property RD.



HARISH-CHANDRA’S SCHWARTZ ALGEBRAS 4

The Baum-Connes conjecture and the work of V. Lafforgue. We freely rely on
[28] where the reader could consult for further details about property RD, its connection
with K-theory and the Baum-Connes conjecture. We refer also to the Bourbaki seminar
of Skandalis [27] for a summary of the work of Lafforgue.

Let Γ be a countable group. The Baum-Connes conjecture identifies two objects
associated with Γ, one analytical and one geometrical/topological. The right-hand side
of the conjecture, or analytical side, involves the K-theory of C∗r (Γ). The K-theory used
here denoted by Ki(C

∗
r (Γ)) for i = 0, 1; is the usual topological K-theory for Banach

algebras. The left-hand side of the conjecture, or geometrical/topological side, is the Γ-
equivariant K-homology with Γ- compact supports of the classifying space EΓ for proper
actions of Γ.

The link between both sides of the conjecture is provided by the analytic assembly
map, or index map or Baum-Connes map which is a well-defined group homomorphism:

(3) µΓ
i : RKΓ

i (EΓ)→ Ki(C∗r (Γ)).

The definition of the assembly map can be traced back to [20] and to [3].

Conjecture 1.3. (The Baum-Connes conjecture)
For i = 0, 1 the assembly map µΓ

i is an isomorphism.

In the important paper [23] of Lafforgue, containing breakthrough ideas about the
Baum-Connes conjecture, a Banach algebra AΓ is an unconditional completion of the
group algebra CΓ if it contains CΓ as a dense subalgebra and if, for f1, f2 in CΓ such
that |f1(γ)| ≤ |f2(γ)| for all γ in Γ, we have ‖f1‖AΓ ≤ ‖f2‖AΓ. If AΓ is an unconditional
completion one may define an assembly map

(4) µAΓ
i : RKΓ

i (EΓ)→ Ki(AΓ).

In the proof of Lafforgue of the Baum-Connes conjecture for discrete groups having
property (T), one of the fundamental step is the following:

Theorem 1.4. (V. Lafforgue)
If Γ is a group acting properly isometrically either on a simply connected complete Rie-
mannian manifold with non-positive curvature, bounded from below, or on a Euclidean
building then for i = 0, 1 the map µAΓ

i : RKΓ
i (EΓ)→ Ki(AΓ) is an isomorphism.

Since the Harish-Chandra’s Schwartz algebras are unconditional completions, we ob-
tain as an immediate corollary:

Corollary 1.5. If Γ is a discrete subgroup of G then for i = 0, 1 there exists d > 0 such

that the map µ
SdL(Γ)
i : RKΓ

i (EΓ)→ Ki(SdL(Γ)) is an isomorphism.

After having observed that the assembly maps µΓ
i and µAΓ

i are compatible, it remains
to determine when one can find an embedding AΓ ↪→ C∗r (Γ) that induces an isomor-
phism of K-theory of Ki(AΓ) and Ki(C

∗
r (Γ)). It turns out that if a discrete group

Γ satisfies property RD the inclusion of the unconditionnal algebra Hd
L(Γ) for d large

enough induces isomorphism in topological K-theory and enables Lafforgue to prove the
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Baum-Connes conjecture for discrete group having property RD, as the cocompact lat-
tices in rank one semisimple Lie group and in SL3(k) where k is a local field.
Unfortunately, the Harish-Chandra’s Schwartz algebra is not stable by holomorphic func-
tional calculus and does not automatically induce isomorphism in topological K-theory.
Consider an element γ in Γ so that limL(γn)/n→ 0. It is clear that the unit Dirac mass
centered at γ does not have the same spectral radius in C∗r (Γ) and in SdL(Γ).

Nevertheless, it might be true that the embedding SdL(Γ) ↪→ C∗r (Γ), for d large enough,

induces isomorphism of K-theory of Ki(S
d
L(Γ)) and Ki(C

∗
r (Γ)). It is probably worth not-

ing that in some cases it is true (e.g. uniform lattices in SL(3,R)), thanks to Lafforgue’s
work, and this is equivalent to the Baum-Connes conjecture.

Structure of the paper. In Section 2 we recall some standard facts about the quasi-
regular representation, the Harish-Chandra function and we state a lemma due to
Shalom. In Section 3 we prove several elementary inequalities. Finally in Section 4
we give the proof of Theorem 1.2.

Acknowledgements. I am grateful to Nigel Higson who suggested that I investigate the
structure of convolution algebra of Harish-Chandra’s Schwartz spaces of discrete groups
and for helpful discussions concerning the work of Vincent Lafforgue and the Baum-
Connes conjecture. I would like to thank Vincent Lafforgue for fruitful discussions and
for pointing out that these algebras are not stable by holomorphic functional calculus. I
thank Vladimir Finkelshtein for helpful comments on this paper. Finally, I am grateful
to the referee for his careful reading and his remarks.

2. Preliminaries: Quasi-regular representation, the Harish-Chandra
function and Shalom’s lemma

2.1. Quasi-regular representation. A connected semisimple real Lie group with finite
center can be written G = KP , where K is a compact connected subgroup and P is a
minimal parabolic subgroup. We denote by ∆P the right-modular function of P . The
map ∆P extends to ∆ : G→ R∗+ by ∆(g) = ∆(kp) := ∆P (p). It is well defined because
K∩P is compact (observe that ∆P |K∩P = 1). The quotient G/P , called the Furstenberg
boundary, carries a unique quasi-invariant probability measure ν which is K-invariant,
such that the Radon-Nikodym derivative at (g, b) ∈ G×G/P denoted by

c(g, b) =
dg∗ν

dν
(b) =

∆(gb)

∆(b)
,

where g∗ν(A) = ν(g−1A) (notice that for all g ∈ G, the function b ∈ G/P 7→ ∆(gb)
∆(b) ∈ R∗+

is well defined). We refer to [4, Appendix B, Lemma B.1.3, p. 344-345] for more details.
Let L2(G/P, ν) the Hilbert space endowed with its inner product denoted by 〈·, ·〉 and
consider the quasi-regular representation πν : G → U(L2(G/P, ν)) associated to P ,
defined by

(5) (πν(g)ξ)(b) = c(g, b)
1
2 ξ(g−1b).

Denote by dk the Haar measure on K, and under the identification G/P = K/(K ∩P ),
denote by d[k] the measure ν on G/P .
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Let Γ be a discrete subgroup of a semisimple Lie group G. In this note we consider the
following unitary representation of Γ

(6) πν : γ ∈ Γ 7→ πν(γ) ∈ U(L2(G/P, ν)),

which is nothing but the restriction of the quasi-regular representation πν of G to Γ.
Observe that if L2

+(G/P ) denotes the cone of positive functions observe that πν(g)L2
+(G/P ) ⊂

L2
+(G/P ) for all g in G.

2.2. The Harish-Chandra function. The well-known Harish-Chandra function can
also be defined as

(7) Ξ : g ∈ G 7→
〈
πν(g)1G/P ,1G/P

〉
∈ R+,

where 1G/P denotes the characteristic function of the space G/P .

Observe that Ξ is bi-K-invariant and so Ξ(g) = Ξ(eH(g)) and Ξ(g) = Ξ(g−1) for all
g ∈ G.
Let r be the number of indivisible positive roots in a. We know that there exists C > 0
such that for all H ∈ a where eH ∈ A+ we have

Ξ(eH) ≤ Ce−ρ(H)
(
1 + L(eH)

)r
,

with ρ = 1
2

∑
α∈Σ+ nαα ∈ a+, see [14, Chap 4, Theorem 4.6.4, p.161]. Hence for 2d >

dim(a) + 2r, we set

(8) Cd :=

∫
a+

Ξ2(eH)

(1 + L(eH))2d
J(H)dH <∞,

where J denotes the density that occurs in the disintegration of the Haar measure on
G according to the Cartan decomposition. More precisely the Haar measure dg can be
written dg = dkJ(H)dHdk, where dk is the normalized Haar measure on K, dH the
Lebesgue measure on a+, and

J(H) =
∏
α∈Σ+

(
eα(H) − e−α(H)

2

)nα
,

where nα denotes the dimension of the root space associated to α. See [21, Chap.V,
section 5, Proposition 5.28, p.141-142], [14, Chap. 2, §2.2, p.65] and [14, Chap 2, Propo-
sition 2.4.6, p.73] for more details.

2.3. Shalom’s Lemma. The following lemma due to Shalom [26, Lemma 2.3] will be a
tool to study convolution operator norm via the Furstenberg boundary in the semisimple
Lie groups.

Lemma 2.1. Let π : G→ U(H) be a unitary representation of a locally compact group.
Assume that there exists a non-zero positive vector ξ in the following sense: 〈π(g)ξ, ξ〉 ≥
0 for all g ∈ G. Then for any bounded positive measure µ on G we have ‖λG(µ)‖ ≤
‖π(µ)‖.

It is obvious that 1G/P is a positive vector for πν .
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3. Elementary inequalities

A function f : G → C is called L-radial if f(g) = f(g′) whenever g and g′ satisfy
L(g) = L(g′). Note that the space of L-radial compactly supported functions is identified
by definition of L to the space of compactly supported bi-K-invariant functions denoted
by Cc(K\G/K).
The following proposition is based on standard facts in representation theory. Neverthe-
less, we give a proof for the convenience of the reader. In the following, we denote by
〈·, ·〉L2(G) the scalar product of L2(G) with respect to the Haar measure.

Proposition 3.1. For all ξ, η in L2(G/P, ν) and f in Cc(K\G/K) we have∫
G
f(g)〈πν(g)ξ, η〉dg = 〈ξ,1G/P 〉〈1G/P , η〉〈f,Ξ〉L2(G).

In particular for all d satisfying 2d > dim(a) + 2r we have for all ξ, η in L2(G/P, ν) and
for all L-radial functions f in Hd

L(G)∣∣∣∣ ∫
G
f(g)〈πν(g)ξ, η〉dg

∣∣∣∣ ≤ Cd‖f‖Hd
L
‖ξ‖1‖η‖1.

Proof. Let ξ in L2(G/P, ν) and observe that the function ξK : x ∈ G/P 7→
∫
K ξ(k

−1x)dk ∈
C is constant. By integration we compute its value and we have

ξK = 〈ξ,1G/P 〉1G/P .

Thus, for all functions f ∈ Cc(K\G/K) and for all vectors ξ, η ∈ L2(G/P ) we have:∫
G
f(g)〈πν(g)ξ, η〉dg =

∫
K

∫
a+

∫
K
f(keHk′)〈πν(keHk′)ξ, η〉dkdk′J(H)dH

=

∫
K

∫
a+

∫
K
f(eH)〈πν(eH)πν(k′)ξ, πν(k−1)η〉dkdk′J(H)dH

=

∫
a+
f(eH)〈πν(eH)

(∫
K
πν(k′)ξdk

)
,

(∫
K
πν(k−1)ηdk

)
〉J(H)dH

=

∫
a+
f(eH)〈πν(eH)ξK , ηK〉J(H)dH

= 〈ξ,1G/P 〉〈η,1G/P 〉
∫
a+
f(eH)〈πν(eH)1G/P ,1G/P 〉J(H)dH

= 〈ξ,1G/P 〉〈1G/P , η〉〈f,Ξ〉L2(G).

Then for all d satisfying 2d > dim(a) + 2r we have by taking the absolute value of the
above expression
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∣∣∣∣ ∫
G
f(g)〈πν(g)ξ, η〉dg

∣∣∣∣ = |〈ξ,1G/P 〉||〈1G/P , η〉|
∣∣∣∣ ∫

a+
f(eH)Ξ(eH)J(H)dH

∣∣∣∣
≤ ‖ξ‖1‖η‖1

(∫
a+

Ξ2(eH)

(1 + L(eH))2d
J(H)dH

) 1
2
(∫

a+
|f |2(eH)(1 + L(eH))2dJ(H)dH

) 1
2

= Cd‖f‖Hd
L
‖ξ‖1‖η‖1,

where Cd is the constant defined in (8) and where the last inequality follows from Cauchy-
Schwarz inequality. The proof is complete.

�

3.1. Stability. Let Γ be a discrete subgroup of G. A positive function g ∈ G 7→ f(g) ∈
R+ is stable on G relative to Γ if there exists a relatively compact neighborhood U of
the neutral element e ∈ G and C > 0 such that

f(γ) ≤ Cf(g)

for all γ ∈ Γ and for all g in γU .
The next lemma gives examples of interesting stable functions.

Lemma 3.1. Let Γ be a discrete group in a semisimple Lie group G. Let d be a positive
real number and consider the function on G defined as

g ∈ G 7→
〈πν(g)1G/P , ξ〉

(1 + L(g))d
∈ R+,

with ξ ∈ L1
+(G/P, ν) a positive function. Then this function is stable on G relative to Γ.

Proof. By [6, Lemma 3.8], there exist a relatively compact neighborhood U of the neutral
element e ∈ G and a positive constant c such that for all x ∈ U and for all γ ∈ Γ
〈πν(γx)1G/P , ξ〉 ≥ c〈πν(γ)1G/P , ξ〉 where ξ is positive in L2(G/P, ν). Observe also that
the triangle inequality implies for all γ ∈ Γ and x ∈ G

1

1 + L(γ)
≤ 1 + L(x)

(1 + L(γx))
.

It is clear that the function g ∈ G 7→ 〈πν(g)1G/P ,ξ〉
(1+L(g))d

is stable on G relative to Γ.

�

The notion of stability introduced above enables us to discretize inequalities given by
integrals on the ambient group to sums on discrete subgroups. More precisely we have
the following proposition.

Proposition 3.2. Let f be a positive L-radial function satisfying 〈f,Ξ〉L2(G) < ∞ and

assume that f is stable relative to Γ. Assume also that ξ is a positive vector in L1
+(G/P ).

There exists a constant C > 0 such that∑
γ

f(γ)〈πν(γ)1G/P , ξ〉 ≤ C〈f,Ξ〉L2(G)‖ξ‖1.
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Proof. Since g 7→ 〈πν(g)1G/P , ξ〉 is stable by [6, Lemma 3.8], there exists U a neighbour-
hood of the identity e, small enough so that γU ∩ γ′U = ∅ for all γ 6= γ′ ∈ Γ and a
constant C > 0 such that for all γ in Γ and for all x in U we have

〈πν(γ)1G/P , ξ〉 ≤ C〈πν(γx)1G/P , ξ〉 and f(γ) ≤ Cf(γx).

It follows by integration that there exists C > 0 such that

f(γ)〈πν(γ)1G/P , ξ〉 ≤
C2

Vol(U)

∫
U
f(γx)〈πν(γx)1G/P , ξ〉dx,

where dx is the Haar measure. Hence, we have∑
γ∈Γ

f(γ)〈πν(γ)1G/P , ξ〉 ≤
C2

Vol(U)

∑
γ∈Γ

∫
U
f(γx)〈πν(γx)1G/P , ξ〉dx

=
C2

Vol(U)

∑
γ∈Γ

∫
γU
f(g)〈πν(g)1G/P , ξ〉dg

≤ C2

Vol(U)

∫
G
f(g)〈π(g)1G/P , ξ〉dg

≤ C2

Vol(U)
〈f,Ξ〉L2(G)‖ξ‖1,

where the last inequality follows from Proposition 3.1. �

3.2. Inequalities. We start by stating and proving an elementary lemma using Cauchy-
Schwarz inequality.

Lemma 3.2. For all ξ, η ∈ L2(G/P, ν) we have:

|〈πν(g)ξ, η〉| ≤
(
〈πν(g)1G/P , |η|2〉

) 1
2
(
〈πν(g−1)1G/P , |ξ|2〉

) 1
2

.

Proof. Since πν preserves the cone of positive functions, we may assume that ξ and η
are in L2

+(G/P ). Then the Cauchy-Schwarz inequality implies

〈πν(g)ξ, η〉2 =

(∫
G/P

ξ(g−1x)c(g, x)
1
2 η(x)dν(x)

)2

≤
(∫

G/P
ξ(g−1x)2c(g, x)

1
2dν(x)

)(∫
G/P

c(g, x)
1
2 η(x)2dν(x)

)
=
〈
πν(g)ξ2,1G/P

〉 〈
πν(g)1G/P , η

2
〉

=
〈
πν(g−1)1G/P , ξ

2
〉 〈
πν(g)1G/P , η

2
〉
.

�
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4. Proofs

Before proceeding to the proof of Theorem 1.2, let us define for all d > 0 the function
φd as

(9) φd : g ∈ G 7→ Ξ(g)

(1 + L(g))d
∈ R+.

Observe that for all d > 0, the function φd is a bi-K-invariant function and observe that
whenever 2d > dim(a) + 2r, we have

(10) 〈φ2d,Ξ〉L2(G) = Cd < +∞.

Observe also that Lemma 3.1 implies that φd is stable on G relative to any discrete
subgroup Γ of G. This function will play a major role in the proof.

Proof of Item (1) of Theorem 1.2. Pick d > 0 such that 2d > dim(a) + 2r and let f1, f2

be in S2d
L (Γ). For all g ∈ Γ we have

|f1 ∗ f2|(g) =
∣∣∑
γ∈Γ

f1(γ)f2(γ−1g)
∣∣

≤ ‖f1‖S2d
L (Γ)‖f2‖S2d

L (Γ)

∑
γ∈Γ

Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
.

Write now∑
γ∈Γ

Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
=

∑
{
γ|L(γ)≤L(g)

2

}
Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
+

∑
{
γ|L(γ)>

L(g)
2

}
Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
.

Observe that L(γ) ≤ L(g)
2 ⇒ L(γ−1g) ≥ L(g)

2 .
We have for the first term:∑

{
γ|L(γ)≤L(g)

2

}
Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
≤ 22d

(1 + L(g))2d

∑
{
γ|L(γ)≤L(g)

2

}
Ξ(γ)Ξ(γ−1g)

(1 + L(γ))2d

≤ 22d

(1 + L(g))2d

∑
γ∈Γ

Ξ(γ)Ξ(γ−1g)

(1 + L(γ))2d

=
22d

(1 + L(g))2d

∑
γ∈Γ

φ2d(γ)〈πν(γ)1G/P , ξ〉,

with ξ := πν(g)1G/P ∈ L2(G/P, ν).
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We have for the second term:∑
{
γ|L(γ)>

L(g)
2

}
Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
≤ 22d

(1 + L(g))2d

∑
{
γ|L(γ)>

L(g)
2

}
Ξ(γ)Ξ(γ−1g)

(1 + L(γ−1g))2d

≤ 22d

(1 + L(g))2d

∑
γ∈Γ

Ξ(γ)Ξ(γ−1g)

(1 + L(γ−1g))2d

=
22d

(1 + L(g))2d

∑
γ∈Γ

Ξ(gγ−1)Ξ(γ)

(1 + L(γ))2d

=
22d

(1 + L(g))2d

∑
γ∈Γ

φ2d(γ)〈πν(γ)1G/P , η〉

where the first equality comes from the change of variable γ′ = γ−1g and where η :=
πν(g−1)1G/P ∈ L2(G/P, ν).

Since φd is a stable bi-K-invariant function, Proposition 3.2 combined with the fact
‖πν(g)1G/P ‖1 = Ξ(g) = ‖πν(g−1)1G/P ‖1 imply for the first term that there exists C > 0
so that for all g ∈ Γ∑

{
γ|L(γ)≤L(g)

2

}
Ξ(γ)

(1 + L(γ))2d

Ξ(γ−1g)

(1 + L(γ−1g))2d
≤ C 22d

(1 + L(g))2d
CdΞ(g).

A similar inequality holds for the second term. Therefore there exist d,C > 0 such that
for all g ∈ Γ

|f1 ∗ f2|(g) ≤ C × Cd‖f1‖S2d
L (Γ)‖f2‖S2d

L (Γ)

Ξ(g)

(1 + L(g))2d
,

hence

‖f1 ∗ f2‖S2d
L (Γ) ≤ C × Cd‖f1‖S2d

L (Γ)‖f2‖S2d
L (Γ)

and the proof is complete.
�

Proof of Item (2) of Theorem 1.2. It is enough to prove that there exist C, d > 0 so that
for all finitely supported positive functions f on Γ

‖λΓ(f)‖ ≤ C‖f‖SdL(Γ).

By Shalom’s Lemma 2.1 it is sufficient to prove that there exist C, d > 0 so that for all
finitely supported positive functions f on Γ

‖πν(f)‖ ≤ C‖f‖SdL(Γ).

Fix d > 0 such that 2d > dim(a) + 2r and let f be a positive function in S2d
L (Γ). We

have for all positive vectors ξ ∈ L1
+(G/P, ν)∑

γ

f(γ)〈πν(γ)1G/P , ξ〉 ≤ ‖f‖S2d
L (Γ)

∑
γ

Ξ(γ)

(1 + L(γ))2d
〈πν(γ)1G/P , ξ〉.
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Notice also that the change of variable γ′ = γ−1 combined with the symmetry properties
of Ξ and L imply∑

γ

f(γ)〈πν(γ−1)1G/P , ξ〉 ≤ ‖f‖S2d
L (Γ)

∑
γ

Ξ(γ)

(1 + L(γ))2d
〈πν(γ)1G/P , ξ〉.

Therefore Proposition 3.2 implies that there exist d,C > 0 such that for all f ∈ S2d
L (Γ)

and for all positive vectors ξ ∈ L1
+(G/P, ν)

(11)
∑
γ

f(γ)〈πν(γ)1G/P , ξ〉 ≤ C × Cd‖f‖S2d
L (Γ)‖ξ‖1.

We have for all ξ and η in L2(G/P )

|〈πν(f)ξ, η〉| ≤
∑
γ∈Γ

|f(γ)|〈πν(γ)|ξ|, |η|〉

≤
∑
γ∈Γ

|f(γ)|
(
〈πν(γ)1G/P , |η|2〉

) 1
2
(
〈πν(γ−1)1G/P , |ξ|2〉

) 1
2

≤
(∑
γ∈Γ

|f(γ)|〈πν(γ)1G/P , |η|2〉
) 1

2
(∑
γ∈Γ

|f(γ)|〈πν(γ−1)1G/P , |ξ|2〉
) 1

2

,

where the second inequality follows from Lemma 3.2 and the last inequality follows from
Cauchy-Schwarz inequality.
Then Equation (11) implies the existence of C > 0 such that

|〈πν(f)ξ, η〉| ≤ (C‖f‖S2d
L (Γ)Cd‖ξ‖

2
2)

1
2 (C‖f‖S2d

L (Γ)Cd‖η‖
2
2)

1
2

= C × Cd‖f‖S2d
L (Γ)‖ξ‖2‖η‖2.

By the definition of ‖ · ‖op we have found d,C > 0 such that for all finitely supported
functions f on Γ we have

‖πν(f)‖ ≤ C‖f‖SdL(Γ),

and the proof is done.
�
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[27] G. Skandalis, Progrès récents sur la conjecture de Baum-Connes. Contribution de Vincent Lafforgue.

(French) [Recent progress on the Baum-Connes conjecture: the contribution of Vincent Lafforgue]
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