
8 Introduction to: Groups of finite Morley rank
with solvable local subgroups and of odd type

The present paper is the continuation of [DJ07a] concerning groups of finite
Morley rank with solvable local subgroups. Here we concentrate on groups
having involutions in their connected component. It is known from [BBC07]
that a connected group of finite Morley has either trivial or infinite Sylow 2-
subgroups. Hence we will consider groups with infinite Sylow 2-subgroups. We
also recall from [DJ07a] that we study locally◦ solvable◦ groups of finite Morley
rank without any simplicity assumption, but rather generally a mere nonsolv-
ability assumption. The present work corresponds in the finite case to the full
classification of nonsolvable finite groups with involutions and all of whose local
subgroups are solvable [Tho68, Tho70, Tho71, Tho73].

The structure of Sylow 2-subgroups of groups of finite Morley rank is well
determined as a product of two subgroups corresponding naturally to the struc-
ture of Sylow 2-subgroups in algebraic groups over algebraically closed fields of
characteristics 2 and different from 2 respectively. This Sylow theory for the
prime 2 in groups of finite Morley rank leads to three types of groups of finite
Morley rank, those of mixed, even, and odd type respectively. By [DJ08] it is
known that

• A nonsolvable connected locally◦ solvable◦ group of finite Morley rank of
even type is isomorphic to PSL 2(K), with K an algebraically closed field
of characteristic 2.

• There is no nonsolvable connected locally◦ solvable◦ group of finite Morley
rank of mixed type.

Hence the present paper will concern the remaining odd type, that is the case in
which Sylow 2-subgroups are a finite extension of a nontrivial divisible abelian
2-group. We recall in this case that the connected component of a Sylow 2-
subgroup S has the form

S◦ ' Z2∞ × · · · × Z2∞

and the finite number of copies of the Pruefer 2-group involved in the direct
product is called the Pruefer 2-rank of the group. We present here a linear and
simplified version of the corresponding sequence of articles [Jal00, CJ04, BCJ07,
Del07b, Del07a, Del08b] in the case of minimal connected simple groups.

Theorem 8.1 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type. Then G◦ is solvable or G has Pruefer 2-rank 1 or 2.

Theorem 8.2 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type. Assume G◦ nonsolvable and C◦(i) solvable for each involution i in G◦.
Then involutions of G◦ are G◦-conjugate. Furthermore one has the following
dichotomy.
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(1) G ' PSL 2(K) for some algebraically closed field K of characteristic dif-
ferent from 2, or

(2) Centralizers◦ of involutions of G◦ are Borel subgroups of G. In Pruefer
2-rank 1 the Weyl group has order 1 or 2, and in Pruefer 2-rank 2 it has
order 3.

9 Meloddy

We consider now, until the end of the present paper, locally◦ solvable◦ groups
of finite Morley rank of odd type. In this first subsection we prepare general
results which will be used in the proof of the main theorems below.

9.1 Structure of Sylow 2-subgroups

The main result of the present section is a structure theorem for Sylow 2-
subgroups, which does not require much local analysis, in connected locally◦

solvable◦ groups of finite Morley rank.

Theorem 9.1 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type. Then a Sylow 2-subgroup S has one of the following forms:

(1) S◦ ' Z2∞ and S = S◦ o 〈w〉 for some involution w of order 2 which
inverts S◦. In this case wS◦ = wS◦ .

(2) S◦ ' Z2∞ and S = S◦ · 〈w〉 for some element w of order 4 which inverts
S◦. In this case wS◦ = wS◦ .

(3) S is connected.

In particular, if the Pruefer 2-rank in Theorem 9.1 is not 1 (which in the
algebraic case implies that G is solvable), then S is connected.

Our proof of Theorem 9.1 depends on the following results.

Lemma 9.2 Let G be a connected group of finite Morley rank of odd type. Then
G has connected Sylow 2-subgroups if and only if G/Z(G) has connected Sylow
2-subgroups.

Proof. We let the notation “ ” denote the quotients by Z(G).
Assume G has connected Sylow 2-subgroups. As Sylow 2-subgroups of G

are the images of Sylow 2-subgroups of G, G obviously has connected Sylow
2-subgroups.

Now assume that G has connected Sylow 2-subgroups. Fix some Sylow 2-
subgroup S of G, and take some element x in S. As SZ(G)/Z(G) is a Sylow
2-subgroup of G, it is connected and SZ(G)/Z(G) = S◦Z(G)/Z(G). So there
are y in S◦ and z in Z(G) such that x = yz. Now x ∈ CS(S◦) and by Fact
7.28 the latter subgroup is S◦. Hence S = S◦, and G has connected Sylow
2-subgroups. �
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Fact 9.3 [BC07] Let G be a connected group of finite Morley rank of odd type
and α a 2-element of G. Then α belongs to a 2-torus of G, and in particular
to C◦(α) and to every maximal 2-torus of C◦(α). In particular C◦(α) has the
same Pruefer 2-rank as G.

Fact 9.4 Let α be an involutive automorphism of some 2-torus τ . If α has
finitely many fixed points in τ , then α inverts τ .

Fact 9.5 Let G be a group of finite Morley rank. Assume there is a finite sub-
group K ≤ G normalizing some definable subgroup H ≤ G. Then K normalizes
some Sylow 2-subgroup of H.

Proposition 9.6 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type and of Pruefer 2-rank ≥ 2. Then Sylow 2-subgroups of G are
connected.

Proof. We proceed by induction on the rank of G. Assume toward a contra-
diction G is a minimal couterexample, i.e. a connected locally◦ solvable◦ group
of odd type of Pruefer 2-rank ≥ 2 and with a non-connected Sylow 2-subgroup
S, and of minimal rank with this property.

Fact 2.23 implies that G is not solvable, and as G is locally◦ solvable◦ Z(G)
must be finite. Now G/Z(G), a connected locally◦ solvable◦ group, has the same
Pruefer 2-rank as G. By Lemma 9.2, G/Z(G) does not have connected Sylow
2-subgroups. By Fact 3.13, G/Z(G) is centerless. So replacing G by G/Z(G)
we may assume G centerless.

Let α be an element in S \S◦ of minimal order with respect to this property.
By minimality α2 ∈ S◦. As G is centerless, C◦(α) < G. But by Fact 9.3 C◦(α)
has the same Pruefer 2-rank as G. It is a locally◦ solvable◦ group, so induction
applies and C◦(α) has connected Sylow 2-subgroups.

Let σ = C◦S◦(α), a possibly trivial 2-torus.
First suppose σ 6= 1. (Check more general arguments in Weyl groups for

the following paragraph). Then σ ≤ C◦(α), but Fact 9.3 says α ∈ C◦(α), so
σ · 〈α〉 ≤ C◦(α). As the latter group has connected Sylow 2-subgroups, this
implies that there is some 2-torus of G containing σ · 〈α〉, and in particular
α ∈ C◦(σ). As G is a locally◦ solvable◦ group C◦(σ) is solvable, and by Fact
2.23 C◦(σ) has connected Sylow 2-subgroups. Now S◦ · 〈α〉 ≤ C◦(σ) which has
connected Sylow 2-subgroups, and this forces α ∈ S◦, a contradiction.

So σ = 1. As α2 ∈ S◦, Fact 9.4 implies that α inverts S◦.
Now let V = 〈I(S◦)〉. As α inverts S◦, it centralizes V . So V normalizes

C◦(α), and by Fact 9.5 V normalizes some Sylow 2-subgroup, say T , of C◦(α).
As C◦(α) has connected Sylow 2-subgroups, T is a 2-torus, and Fact 9.3 implies
α ∈ T .

Let k ∈ V #. As G is centerless, C◦(k) < G. But Fact 9.3 says that C◦(k)
has the same Pruefer 2-rank as G. As it is a connected locally◦ solvable◦ group,
the induction hypothesis applies, and C◦(k) has connected Sylow 2-subgroups.

Let τ = C◦T (k).

126



First suppose τ 6= 1. By Fact 9.3, τ · 〈k〉 ≤ C◦(k). As the latter has
connected Sylow 2-subgroups, there is some 2-torus of G containing τ · 〈k〉, and
in particular k ∈ C◦(τ). Now as G is locally◦ solvable◦, C◦(τ) is solvable,
and Fact 2.23 implies that it has connected Sylow 2-subgroups. (more general
argument again?). Hence T · 〈k〉 ≤ C◦(τ) forces k ∈ T . So α ∈ T ≤ C◦(k), but
also S◦ ≤ C◦(k). Hence S◦ · 〈α〉 ≤ C◦(k) and as C◦(k) has connected Sylow
2-subgroups, this proves α ∈ S◦, a contradiction.

Hence τ = 1, and Fact 9.4 implies that k inverts T . As this is true for any
involution k in V , the Pruefer 2-rank is at most 1, a final contradiction. �

Proof of Theorem 9.1. It suffices to apply Propositions 7.27 and 9.6. �

We now provide additional information to Theorem 9.1 in cases (1), (2), and
(2)− (3) respectively.

We first look at the case in which the Sylow 2-subgroup is like that of PSL 2

in characteristic different from 2.

Lemma 9.7 Assume the hypotheses and conclusion (1) of Theorem 9.1 holds,
i.e. w has order 2, and let i be the unique involution of S◦. Then i and w are
conjugate, and i inverts any 2-torus it normalizes without being inside.

Proof. Clearly S = S◦ o 〈w〉, the action of w being by inversion.
By connectedness of G and toricity, Fact 9.3, w is in a 2-torus, and by

conjugacy of Sylow 2-subgroups, w and i are conjugate.
By the structure of Sylow 2-subgroups, and as 2-tori of G cannot contain

two distinct involutions, w inverts any 2-torus it contains without being inside.
�

Secondly, we look at the case in which the Sylow 2-subgroup is like that of
SL 2 in characteristic different from 2.

Lemma 9.8 Assume the hypotheses and conclusion (2) of Theorem 9.1 holds,
i.e. w of order 4, and let i = w2 be the unique involution of S◦. Then C◦(i) is
nonsolvable, S ≤ C◦(i), and in C◦(i)/〈i〉 the image of S is a Sylow 2-subgroup
isomorphic to that of PSL 2 in characteristic different from 2.

Proof. Clearly i is the unique involution of S◦, as we assume w of order 4.
Clearly also, [w, i] = 1.

The involution i normalizes C◦(w), and a maximal 2-torus T of C◦(w) by
Fact 9.5. T is nontrivial by Fact 9.3. Under our current assumptions, Sylow
2-subgroups of G have a unique involution. Hence i ∈ T . In particular, by Fact
9.3 again, w ∈ T ≤ C◦(i), and it follows that S ≤ C◦(i).

If C◦(i) is solvable, then it has connected Sylow 2-subgroups of Prüfer 2-rank
1, a contradiction. Thus C◦(i) is not solvable.

It is now clear that in C◦(i)/〈i〉 the image of S is isomorphic to a Sylow
2-subgroup of PSL 2 in characteristic different from 2, i.e. Z2∞ o 〈w〉 where w
is an involution inverting the connected component. �
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Finally, we consider the cases excluded by case (1) in Theorem 9.1.

Lemma 9.9 Let G be a connected locally◦ solvable◦ group of finite Morley rank
of odd type in which the Sylow 2-subgroup is not isomorphic to that of PSL 2 in
characteristic different from 2. Then any involution normalizing some decent
torus must centralize it.

Proof. Let T be the decent torus normalized by the involution w in question.
We may assume T nontrivial. Let T̃ be a maximal definable decent torus con-
taining T . Using the conjugacy of maximal decent tori [Che05], we see that
C◦(T̃ ) contains a maximal 2-torus of G, say S◦ ≤ C◦(T̃ ) ≤ C◦(Q). As w
normalizes C◦(Q), Fact 9.5 says that we can assume S◦ is w-invariant. Now
Theorem 9.1 implies that I(S) ⊂ S◦, hence w ∈ S◦ ≤ C◦(Q). �

More questions on Prüfer 2-rank 1:
Assume S not connected. We may assume that G is minimal with the prop-

erty of being definable connected and containing S. Notice thatG is nonsolvable,
as otherwise S is a Sylow 2-subgroup of a connected solvable group and is then
connected by Fact 2.23

We know by the general theory of semisimple torsion in connected locally◦

solvable◦ groups that S◦ has a largest exceptional subgroup X, which is finite.
As S◦ ' Z2∞ , all proper subgroups of S◦ are finite, and totally ordered by
inclusion. It is thus clear that X is uniquely determined. It is cyclic, of order
2n for some n.

Remains to be determined:
- What is the value of n.
- Connect with the value of the order of w.

Question 9.10 w of order 4. In the above situation, what is the largest n such
that S◦ has a exceptional subgroup of order 2n? We know n ≥ 1; Can we have
n > 1? In other words, is C◦(w) solvable?

Question 9.11 w of order 2. Again, what is the order of the largest exceptional
subgroup of S◦? (the question in the preceding case reduces to this question in
this case indeed).

9.2 Isolated involutions

Fact 9.12 [BN94, Lemma 10.22] Let G be a group of finite Morley rank, S
a Sylow 2-subgroup of G, and T the maximal 2-torus of S. If A,B ⊆ S◦ are
G-conjugate, then they are N(T )-conjugate.

Theorem 9.13 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type. If G contains an isolated involution k such that C◦(k) is
solvable, then all involutions of G are isolated.
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Proof. The conclusion follows from Theorem 9.1 if the Pruefer 2-rank is 1, as in
the three corresponding cases all involutions are conjugate. So we may assume
with Theorem 9.1 that the Sylow 2-subgroup is connected. Fix S = S◦ such a
Sylow 2-subgroup of G. Let k be an involution of S such that kG ∩ S = {k}.
By Fact 2.13 there is a Carter subgroup Q of G containing S◦.

As kG ∩ S◦ = {k}, N(Q) ≤ N(S◦) ≤ C(k). By Fact 7.33 C(k) = C◦(k),
and thus N(Q) ≤ C◦(k). Now as C◦(k) is assumed to be solvable, the selfnor-
malization of Carter subgroups in connected solvable groups implies N(Q) =
NC◦(k)(Q) = Q. Hence Q is self-normalizing in G.

We now suppose j = ig for some involution i and j in S and some element
g in G, and prove i = j. This will prove isolation. By Fact 9.12 one can assume
g ∈ N(S◦). By local◦ solvability◦ of G, N◦(S◦) is solvable and by conjugacy
its Carter subgroups are N◦(S◦)-conjugate. Now as Q is a Carter subgroup of
N◦(S◦) a Frattini argument implies

N(S◦) = N◦(S◦) ·NN(S◦)(Q) = N◦(S◦)

as Q is self-normalizing. Hence g ∈ N◦(S◦) and the latter subgroup is C◦(S◦)
by rigidity of decent tori. Hence j = i as desired. �

We mention the following corollary which is not directly crucial in the rest
of our argument in Pruefer 2-rank 2 (see 14.6 below), but which has been very
important for preliminary versions of the argument in such Prufer 2-rank.

Corollary 9.14 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type and Pruefer 2-rank 2, in which involutions are not exceptional.
Then G has either one or three conjugacy classes of involutions.

Proof. By Theorem 9.1 the Sylow 2-subgroup of G is connnected, the direct
product of two copies of Z2∞ . As partitions of {1, 2, 3} with two elements all
contain a singleton, our claim follows from Theorem 9.13. �

9.3 Standard Borel subgroups

We say that a Borel subgroup B of a locally◦ solvable◦ group G of finite Morley
rank of odd type is standard if it contains C◦(i) for a 2-toral involution i of G
(which is then necessarily not exceptional).

Lemma 9.15 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type. Assume C◦(i) ≤ B for a non-exceptional 2-toral involution i and some
standard Borel subgroup B, and let r = dq(B) for some characteristic q. Then
dq(C◦(i)) ≤ r.

Proof. As C◦(i) ≤ B, dq(C◦(i)) ≤ dq(B) = r. �

Most of the time it is more convenient to work with standard Borel subgroups
of maximal unipotence degree, and for that purpose we fix some notations as
follows.
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Notation 9.16 Let G be a group of finite Morley rank, and i be some involution
such that C◦(i) is solvable. Set

Bi = {Borel subgroups of G containing C◦(i)} ,
Q̃i = {unipotence parameters q̃ such that there is some B ∈ Bi

with q̃ maximal parameter for B} .

Let q̃i be maximal in Q̃i and Bi ∈ Bi have maximal unipotence parameter q̃i.

We remark that, given i, q̃i and Bi are not necessarily unique.
The following lemma can be proved more generally (for instance with some

A instead of ZFBi). It is used in the good box, in the very begining, to replace
any B by Bi.

Lemma 9.17 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, and i a 2-toral involution of G with C◦(i) solvable and q̃i 6= (∞, 0). If
Uq̃i

(Z(F ◦(Bi))) ≤ C◦(i), then Bi is the unique Borel subgroup of G containing
C◦(i).

Proof. AssumeB is a Borel subgroup containing C◦(i). Then Uq̃i
(Z(F ◦(Bi))) ≤

C◦(i) ≤ B, and Uq̃i
(Z(F ◦(Bi))) ≤ Uq̃i

(B). Now the maximality of q̃i implies
that q̃i is a maximal parameter for B, and it follows from Lemma 3.10 that
Uq̃i(B) is a Sylow q̃i-subgroup of G. Now Corollary 4.3 implies Bi = B. �

In our analysis we will often have to consider the action of involutions on
certain Borel subgroups. The above parameters are important in understand-
ing such actions, as they provide a certain unipotence control in presence of
involutions. We will investigate this very carefully in the next section. For the
moment we just consider elementary versions of this, which will suffice in Sec-
tion 9.6 (and we will use only the third point). More precisely we merely start
by looking at the control of unipotence imposed by the presence of 2-toral in-
volutions when toral involutions are conjugate in the ambient group, or merely
when they all have the same unipotence parameter.

Remark: the following was in the preliminary analysis in Pruefer rank one
(!!) and under the assumption C◦(i) < B (any B, not necessarily a heavy Bi).

Lemma 9.18 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, i a 2-toral involution of G, and B ≥ C◦(i) a standard Borel subgroup of
G, such that dq(B) = r for some characteristic q. Assume involutions of G◦ are
G-conjugate, or merely that they all have the same maximal unipotence degree.
Then

(1) Any involution j conjugate to i inverts any definable connected solvable
subgroup H of G it normalizes and such that d∞(H) > r.

(2) Let j and k be two commuting involutions of G◦, which normalize a de-
finable connected solvable subgroup H of G. Then d∞(H) ≤ r.
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(3) Let j and k be two commuting involutions of G◦, which normalize a de-
finable connected solvable subgroup H of G. Then dq(H) ≤ r.

Proof.
(1). By assumption d∞(H) > r, hence r < ∞ and q = ∞. Let p̃ =

(∞, d∞(H)).
We claim that Up̃(H) has no involutions. As H is solvable, the latter sub-

group is included in F ◦(H) by maximality of p̃ and Fact 2.15 (notice that
d∞(H) > r ≥ 0 by assumption, and hence d∞(H) ≥ 1), and is in particular
nilpotent. If it contains an involution, then it would contain an nontrivial cen-
tral 2-torus. Then a toral involution would centralize Up̃(H). As this should
be a G-conjugate of i by assumption, we would get dq(C(i)) ≥ d∞(H) > r, a
contradiction to Lemma 9.15.

Fact 2.9 implies then that C◦Up̃(H)(j) is a p̃-group. Again Lemma 9.15 to-
gether with our conjugacy assumption shows that it must be trivial, and hence
j inverts Up̃(H) by Fact 7.17 (or another one).

(2). The conclusion in obvious if r = ∞, so we may assume r < ∞ and
q = ∞.

In the Viergrupp 〈j, k〉 the involution jk is G-conjugate to i by assumption.
If d∞(H) > r, then by (1) each of these three involutions invert U(∞,d∞(H))(H).
Hence the latter group is an elementary abelian 2-group. As it is connected and
G is of odd type, it must be trivial, and hence d∞(H) = −1. But by assumption
d∞(H) > r ≥ 0.

(3). If q̃ = (∞, r), then one can apply (2). If q̃ = (p,∞) with p prime,
dp(H) = −1 or ∞, which is ≤ ∞ in any case. �

In Section 12.2 we will continue a much finer investigation on unipotence
control in standard Borel subgroups via involutions.

9.4 Bounding the Pruefer 2-rank

Let p̃∞ = max{p̃i, i ∈ S◦}.

Lemma 9.19 (Four-strongly embedded is strongly embedded) Assume
the Prüfer rank is at least 2 and let V0 be a Viergruppe. Assume there is some
Borel subgroup B0 such that B0 ≥ C◦(i) for all i ∈ V #

0 . Then N(B0) is strongly
embedded.

Proof. It is obvious that B0 is the only V0-invariant Borel subgroup (use bi-
generation). Now let k ∈ I(N(B0) ∩N(B0)g) ⊆ I(B0) ∩ I(Bg

0 ) (this is because
Sylow subgroups are connected) and let us prove g ∈ N(B0).

There is a B0-conjugate (say V1 = V b
0 ) of V0 inside C◦(k), hence B0 = Bb

0

is the only Borel subgroup containing C◦(k). As the same argument applies in
Bg

0 , we get g ∈ N(B0). �
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Lemma 9.20 (This requires nothing) Assume there is no strongly embed-
ded group, and fix i ∈ I(G) with maximal p̃i (that is, p̃i = p̃∞). Then

• there is a wise subgroup Yi for Bi, and

• any involution in C◦(i) \ {i} inverts Yi.

Proof. If Up̃i
(Z(F ◦(Bi))) ≤ Z(Bi), then Up̃i

(Z(F ◦(Bi))) ≤ C◦(j) for any j ∈
S◦ ; in particular by maximality of p̃i, Bi is the only Borel subgroup containing
C◦(j), which proves that Bi is strongly embedded.

Hence Up̃i(Z(F ◦(Bi))) 6≤ Z(Bi), and Lemma 2.18 yields Yi.
Now let j ∈ C◦(i) \ {i}. We claim that j inverts Yi. Let X = C◦Yi

(j). If
X 6= 1, then by homogeneity of Yi we have that X is a non-trivial p̃i-subgroup
of C◦(j). In particular p̃j � p̃i, and maximality of the latter forces equality to
hold. So X ≤ F ◦(Bj). But also by Lemma 7.24 and properties of Yi, we have
X/Bi ; hence Up̃j

(Z(F ◦(Bj))) ≤ N◦(X) ≤ Bi. Marseilles Lemma together with
p̃j = p̃i now implies Bi = Bj ; as the same holds for ij we derive Bi = Bj = Bij ,
which must be strongly embedded. �

Proposition 9.21 (Bounding Pruefer rank without pain) Assume there
is no strongly embedded group. Then the Pruefer 2-rank is at most 2.

Proof. Assume there is no strongly embedded group, and fix i ∈ I(G) with
maximal p̃i (that is, p̃i = p̃∞). Take Yi as in Lemma 9.20.

Now assume the Pruefer 2-rank is at least 3, and take a Viergruppe V in
C◦(i) that does not contain i. By Lemma 9.20, all involutions in V have to
invert Yi, which is a contradiction. �

9.5 A ladder principle

We present here a ladder principle for Borel subgroups, which could have been
proved just after Theorem 9.1. Notice that in PSL 2(K), withK an algebraically
closed field of characteristic different from 2, an involution w normalizes the
maximal torus T but normalizes none of the two Borel subgroups containing T .
Hence the second case of the following proposition does not hold in the PSL 2

case.

Proposition 9.22 Let G be a connected locally◦ solvable◦ group of finite Mor-
ley rank of odd type, K an elementary abelian 2-subgroup of G in which all
involutions are not exceptional. Then one of the following two cases occur:

• The Sylow 2-subgroup of G is as in PSL 2 in characteristic different from
2, or

• Any definable connected solvable K-invariant subgroup of G is contained
in a K-invariant Borel subgroup.

132



Proof. Assume the second statement does not hold. Then there is some de-
finable connected solvable K-invariant subgroup of G, say H, such that no
K-invariant Borel subgroup contains H. Take H maximal with respect to
this property. Obviously H is maximal among definable connected solvable
K-invariant subgroups of G.

Assume also now toward a contradiction the Sylow 2-subgroup of G does
not have the PSL 2 type. In particular by Theorem 9.1 K is in the connected
component of a Sylow 2-subgroup, i.e. inside a 2-torus.

If k ∈ K# and C◦(k) = 1, then G is inverted by k and abelian by [CJ04,
Fact 2.25], a contradiction to our first assumption. Hence C◦(k) 6= 1, and as
the latter is K-invariant this shows that H 6= 1.

Now we claim that H is abelian. Assume the contrary. Then H ′ is infinite.
Now N◦(H ′) is a definable connected solvable K-invariant subgroup of G. As H
is maximal, we have N◦(H ′) = H. Let B0 be any Borel subgroup containing H,
and p̃0 a maximal unipotence parameter admitted by B0. We have p̃0 6= (∞, 0),
as otherwise B0 is abelian by Lemma 2.11, and then H = B0 is a K-invariant
Borel subgroup, which is a contradiction to our assumption. Hence p̃0 is a
non-trivial unipotence parameter. Now Up̃0(Z(F ◦(B0))) ≤ N◦(H ′) = H by
Fact 2.22, and as Up̃0(Z(F ◦(B0))) is nontrivial by Facts 2.15, 2.3 and 2.5 (b),
its normalizer◦ is exactly B0 by local◦ solvability◦ of G. By Corollary 4.3 B0

is the unique Borel subgroup of maximal parameter p̃0 containing H. This
implies that N(H) ≤ N(B0). Hence B0 is K-invariant, a contradiction to our
assumption. So H is abelian.

We will prove that H contains a maximal 2-torus of G. For that purpose let
Tk = C◦H(k) for each involution k in K.

Assume on the one hand Tk 6= 1 for some k. As Tk is a non-trivial definable
connected K-invariant subgroup of H, the maximality of the latter implies H =
N◦(Tk). Now N◦

C◦(k)(Tk) ≤ C◦H(k) = Tk, and Tk is a Carter subgroup of C◦(k).
As the latter is solvable (by non-exceptionality of k!), Tk contains some Sylow
2-subgroup of C◦(k), that is a maximal 2-torus of G, say S◦. Hence C◦H(k) 6= 1
implies S◦ ≤ H.

Assume on the other hand that Tk = 1 for every involution k in K. This
implies that K = 〈k〉, and k inverts H. In particular, every subgroup of H is K-
invariant. For each g ∈ G let Hg = (H ∩Hg)◦, a K-invariant group. Whenever
Hg 6= 1, maximality of H implies H = N◦(Hg) = Hg. Hence conjugates of H
either are equal or have finite intersection. IfH contains a nontrivial p-unipotent
subgroup Hp, then the latter is contained in a unique Borel subgroup B of G
by Corollary 4.4, and as it is normalized by k the Borel subgroup B, which
necessarily contains H, must be normalized by k also, a contradiction to our
assumption. Hence H contains no nontrivial definable connected subgroups of
bounded exponent, and it must be divisible by Fact 2.5 (2). Now our preceding
conclusion concerning intersections of H with its proper conjugates implies that
H must be generous in G (separate lemma for this point?). Hence H is a
generous Carter subgroup of G, and by Fact 2.21 the unique generous Carter
subgroup of G up to conjugacy. Now Fact 3.34 implies that H contains a
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maximal 2-torus of G.
Let S◦ denote the maximal 2-torus of G contained in H. As H is abelian,

S◦ is characteristic in H. In particular K ≤ N(H) ≤ N(S◦). Now let S be
a Sylow 2-subgroup of G containing S◦ ·K. As the Sylow 2-subgroup of G is
not as in PSL 2 in characteristic different from 2, Theorem 9.1 implies that all
involutions of S lie in its connected component, whence K ≤ S◦ ≤ H, and any
Borel subgroup containing H is actually K-invariant. This final contradiction
completes our proof. �

Question 9.23 Assume nothing on K. Is the same still true ? What are the
hypothesis on non-exceptional elements ?

Question 9.24 Can one prove Proposition ”Lada” (see Lemma 12.9) without
using Proposition 9.22 (Ladder) ? (I hope not). (Perhaps we need to extend to
the case where K is gnerated by involutions).

9.6 Nonstandard involutions

We call an involution nonstandard if it normalizes a standard Borel subgroup
without being inside.

Theorem 9.25 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, i an involution of G◦ such that C◦(i) ≤ B for some Borel subgroup B, and
such that N(B)\B contains a nonstandard involution w in G◦. Then B = C◦(i)
is abelian and inverted by w.

We adopt now all the assumptions and notations of Theorem 9.25. We
suppose thus the existence of an involution w ∈ I(G◦)∩ (N(B)\B). By toricity
w is 2-toral, and w ∈ NG◦(B) \B. Hence, as everything takes place in G◦, we
may assume G connected. By assumption, i ∈ S◦ ≤ C◦(i) ≤ B for some Sylow
2-subgroup S of G. As w normalizes B, we may assume after conjugacy that
w normalizes S◦. As S◦ is a Sylow 2-subgroup of B and w /∈ B, the Sylow
2-subgroup of G is in particular not connected. In particular, B < G and G is
nonsolvable. In particular also, and as Sylow 2-subgroups contain a Viergrupp,
one is necessarily in case (1) of Theorem 9.1, and Lemma 9.7 with the action of
w on S◦ applies. We summarize all this as follows.

Lemma 9.26 We may assume G connected and nonsolvable. Furthermore S '
Z2∞ o 〈w〉 for some involution w conjugate to i and which inverts S◦, and all
involutions are G-conjugate.

Lemma 9.27 If B is abelian, then B = C◦(i) and w inverts B.

Proof. We are assuming B abelian. Then C◦(i) ≤ B ≤ C◦(i), and B = C◦(i).
To show that w inverts B, it suffices by Fact 7.16 to show that X := C◦B(w)

is trivial. Suppose toward a contradiction X 6= 1. By local◦ solvability◦ of
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G, N◦(X) is solvable. As C◦(w) is conjugate to C◦(i), it is abelian. Hence
B, C◦(w) ≤ N◦(X). As B and C◦(w) are Borel subgroup of G, one gets
B = C◦(w), a contradiction as S◦ ≤ B and w inverts S◦. �

To prove Theorem 9.25 it suffices thus to show that B is abelian, and thus
we assume now toward a contradiction

(∗) B is nonabelian

In particular B is not a good torus, and thus it admits by Lemma 2.11 (2) a
unipotence parameter q̃ = (q, r) such that

q̃ 6= (∞, 0),

and which may be assumed to be maximal for B.
Fix Bw a conjugate of B containing C◦(w): it exists as it suffices to take a

conjugate of B by an element of G conjugating i to w. Notice that

Bw 6= B,

as otherwise w ∈ C◦(w) ≤ Bw = B.
Notice that by conjugacy of involutions Lemma 9.18 (3) applies in our case

to 〈i, w〉.

Lemma 9.28 There is no definable connected solvable 〈i, w〉-subgroup contain-
ing both Uq̃(Z(F ◦(B))) and Uq̃(Z(F ◦(Bw))).

Proof. Assume Y contradicts our claim. Then by Lemma 9.18 (3) q̃ is a unipo-
tence parameter maximal in its characteristic for Y . In particular Uq̃(Y ) is
nilpotent. Now by Corollary 4.3, Uq̃(B) is the unique Borel subgroup of G
containing Uq̃(Z(F ◦(B))), and Uq̃(Bw) is the unique Borel subgroup of G con-
taining Uq̃(Z(F ◦(Bw))). Then one gets B = Bw, and w ∈ C◦(w) ≤ Bw = B, a
contradiction. �

Notation 9.29 Let H = (B ∩Bw)◦. Then C◦(i, w) ≤ H.

Lemma 9.30 H 6= 1.

Proof. If H = 1, then C◦B(w) ≤ (B ∩ Bw)◦ = H = 1 and w inverts C◦(i) = B
by Fact 7.16, a contradiction to our assumption (∗) that B is nonabelian. Thus
H 6= 1. �

Lemma 9.31 F ◦(B) has no involutions.
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Proof. Otherwise S◦ ≤ F ◦(B) as the Prufer rank is 1, and S◦ ≤ Z(B) by
rigidity of decent tori. As Bw is a conjugate of B, its Sylow 2-subgroup is also
central. Call it S◦w. We have w ∈ S◦w ≤ Z(Bw).

By local◦ solvability◦ of G, C◦(H) is solvable, and in particular has con-
nected Sylow 2-subgroups. But S◦, S◦w ≤ C◦(H), thus S◦ o 〈w〉 is in C◦(H),
and as the latter has abelian Sylow 2-subgroups and w inverts S◦ this is a
contradiction. �

Lemma 9.32 C◦F◦(B)(w) is nontrivial.

Proof. Otherwise w inverts F ◦(B) by Fact 7.16. As w inverts S◦ which is
2-divisible, F ◦(B) and S◦ commute by Fact 7.21. Then the connected group
F ◦(B) · S◦ is nilpotent, and as it is normal in B by Fact 2.22 one gets S◦ ≤
F ◦(B), a contradiction to Lemma 9.31. �

Lemma 9.33 Let X by an 〈i, w〉-invariant definable connected subgroup of B
(resp. Bw), such that dq(X) = r. Then B (resp. Bw) is the unique Borel
subgroup admiting q̃ as maximal in characteristic q and containing X.

Proof. We prove the claim for B, Bw being treated similarly.
One can assume X = Uq̃(X) 6= 1, and in particular that X is a q̃-group.

Let B1 be a Borel subgroup containing X and such that dq(B1) = r. As r ≥ 1,
Uq̃(B1) is nilpotent by Fact 2.15. As X ≤ Uq̃(B1), Uq̃(Z(F ◦(B1))) ≤ C◦(X).
The latter group is 〈i, w〉-invariant by assumption. By conjugacy of involutions,
Lemma 9.18 (3) applies and it follows that dq(C◦(X)) ≤ r. Now Corollary 4.3
gives the desired conclusion. �

Corollary 9.34 The involution w inverts Uq̃(B).

Proof. Uq̃(B) ≤ F ◦(B). As F ◦(B) has no involutions, Uq̃(B) has no involutions
as well. In particular X := C◦Uq̃(B)(w) is a q̃-group by Fact 2.9.

If w does not invert Uq̃(B), then X is nontrivial by Fact 7.17. By construc-
tion X ≤ B ∩ Bw, and X is 〈i, w〉-invariant. Now Lemma 9.33 applied with X
in B and in Bw gives B = Bw, a contradiction as Bw 6= B. �

Corollary 9.35 Uq̃(B) is abelian, inverted by w and iw and centralized by i.

Proof. Corollary 9.34 for w also holds for iw. Hence w and iw invert Uq̃(B),
which must then be abelian, and the involution i = (iw)w centralizes Uq̃(B).
�
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Corollary 9.36 B is the unique Borel subgroup of unipotence degree r maxi-
mal in characteristic q and containing C◦(i). In particular the configuration is
symmetric in the following sense: i ∈ N(Bw) \Bw, i and iw invert Uq̃(Bw),
which is centralized by w.

Proof. By Corollary 4.3, B is the unique Borel subgroup containing Uq̃(B)
and admitting q̃ as maximal unipotence parameter in its characteristic. But by
Corollary 9.35, Uq̃(B) ≤ C◦(i). This proves the first claim.

In particular Bw is the unique conjugate of B containing C◦(w). As i nor-
malizes C◦(w), it normalizes Bw also, and this is also true for iw. If i ∈ Bw,
then i is Bw-conjugate to w by the fact that the Prüfer 2-rank is one. Then
C◦(i) ≤ Bw, which gives B = Bw by uniqueness, a contradiction as Bw 6= B.
Hence i ∈ N(Bw) \Bw. Corollary 9.35 applied to the action of 〈i, iw〉 on Bw

gives then the result. �

Remark 9.37 H is w-invariant; by symmetry it is also i-invariant. Further-
more H 6= 1 as noticed already.

Lemma 9.38 H has no involutions, is abelian and centralized by w.

Proof. We first prove that H has no involutions. Otherwise H contains a
nontrivial 2-torus T by Fact 2.23, which may be assumed to be w-invariant by
Fact 7.22. The group T o 〈w〉 is then a 2-subgroup of Bw. As the Prüfer 2-rank
is one, one gets w ∈ T ≤ B, a contradiction.

We prove now that H is abelian. Otherwise H ′ 6= 1. Let K = C◦(H ′).
As H ′ is a definable connected subgroup, K is solvable by local◦ solvability◦

of G, and 〈i, w〉-invariant. By conjugacy of involutions, Lemma 9.18 (3) gives
dq(K) ≤ r. On the other hand K contains Uq̃(Z(F ◦(B))) = Uq̃(B) as well as
Uq̃(Bw), a contradiction to Lemma 9.28.

It remains to show that w centralizes H. Otherwise H−w is a connected
nontrivial abelian subgroup of H by Fact 7.17. By local◦ solvability◦ of G,
K = C◦(H−w) is solvable. On the one hand, the involution w inverts Uq̃(B),
which is normalized by H−w , so by Fact 7.21 Uq̃(B) ≤ K. On the other hand w
centralizes Uq̃(Bw), which is normalized by H−w , so by Fact 7.21 Uq̃(Bw) ≤ K,
a contradiction to Lemma 9.28. �

Lemma 9.39 C◦B(H) = H.

Proof. As H is abelian, H ≤ C◦B(H), and we prove the reverse inclusion. Let
Y = C◦F◦(Bw)(i) ≤ H. Then Y 6= 1 by Lemma 9.32 and the symmetry of the
configuration described in Corollary 9.36. Furthermore i and w normalize Y .
Hence the group K = C◦(Y ), which is solvable by local◦ solvability◦ of G, is
〈i, w〉-invariant. By conjugacy of involutions and Lemma 9.18 (3), dq(K) ≤ r.

Uq̃(Bw) is abelian, hence central in F ◦(Bw) by Fact 2.5, and in particular in
K. Hence dq(K) = r, and Uq̃(Bw) is normal in K by Fact 2.15 and Corollary
4.3. Hence K ≤ N◦(Uq̃(Bw)) = Bw.
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Finally, C◦B(H) ≤ C◦B(Y ) = (B ∩K)◦ ≤ (B ∩Bw)◦ = H, as desired. �

Notation 9.40 Let N = N◦
B(H).

Lemma 9.41 N has no involutions.

Proof. Otherwise it contains a nontrivial 2-torus T , which may be assumed
to be w-invariant by Fact 7.22. In particular, w inverts T by the structure
of Sylow 2-subgroups. As w centralizes H, Fact 7.21 implies that [H,T ] = 1.
Hence T ≤ C◦B(H) = H, a contradiction to Lemma 9.38. �

Lemma 9.42 N = H.

Proof. By Fact 7.17,
N = CN (w) ·N−w ,

the multiplication map being one-to-one and each factor being of Morley degree
one. In particular CN (w) = C◦N (w) ≤ H.

By Fact 7.17 also, N−w is a 2-divisible set, normalizing H. In particular, for
each ` ∈ N−w , the definable hull H(`) of ` is also 2-divisible, and still inverted
by w. By Fact 7.21, and as w centralizes H, [H,H(`)] = 1, and this is true for
any ` ∈ N−w . Hence N−w ≤ C(H).

Hence N ≤ C(H), and N ≤ C◦B(H) = H by Lemma 9.39. �

Proof of Theorem 9.25. By Lemma 9.42, H is a Carter subgroup of the
connected solvable group B. Hence H contains, as B, a nontrivial 2-torus, a
contradiction to Lemma 9.38.

To summarize, our assumption (∗) that B is nonabelian was contradictory.
Hence B is abelian, and Lemma 9.27 ends the proof of Theorem 9.25. �

A corollary of Theorem 9.25 is the nonexistence of nonstandard involutions
when a standard Borel subgroup contains properly the centralizer◦ of one of its
involutions.

Corollary 9.43 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type and i a 2-toral involution of G such that C◦(i) < B for some Borel subgroup
B of G. Then I(G◦) ∩N(B) ⊆ B.

Proof. If I(G◦) ∩ N(B) contains an involution not in B, then C◦(i) = B by
Theorem 9.25, a contradiction to our assumption C◦(i) < B. �

Hence, if there is a nonstandard involution in G◦, the associated standard
Borel subgroup B must satisfy C◦(i) = B. We are now going to delineate a
little bit more this case in Section 15.3
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9.7 Strongly real elements: outsiders

This section can be either at the end of the background section, or at the begining
of the algebraic box ; I prefer in the generalities, since it is really the core tool
of all this work. Besisdes, it is worth having them in mind already in the BCJ
Case I, even though T[w]’s are finite in this case.

The core of the proofs below relies in the delicate analysis of “outsiders”
strongly real elements relative to standard Borel subgroups ; we refer to [DJ08,
§5] for ‘insiders”. Fix some general notation.

Notation 9.44 Let G be a group of finite Morley rank, B a definable subgroup
of G, i an involution of G. For w ∈ iG \N(B) we let

(1) TB,i[w] = {b ∈ B | bw = b−1}

(2) τB,i[w] = {t2 | t ∈ TB,i[w]}

The subscript ·B,i will be omitted most of the time, unless we really need to
specify the group B and the concugacy class of the involution w.

These sets are a priori our unique candidates for approximating maximal
tori in locally◦ solvable◦ groups of finite Morley rank of odd type. The following
lemma is a very small start in this direction.

Lemma 9.45 The following are equivalent:

(1) T [w] is a group.

(2) T [w] is a definable group.

(3) Elements of T [w] pairwise commute.

Proof. As T [w] is a definable set, it is a definable group whenever it is a group.
In this case it must be abelian, and elements of T [w] pairwise commute. Finally,
if elements of T [w] pairwise commute, they necessarily form a group. �

Concerning τ [w], it is not clear what to think about this definition. It is
purely ad hoc in the concentration argument below, and is really useful only in
the “Pruefer-rank equals 2” case. It conveys no special meaning in the PSL 2

analysis.
When B ≥ C◦(i) is a standard Borel subgroup, one has C◦(i) = C◦B(i) and

Lemma 7.24 provides

rk (B)− rk (C◦(i)) = rk ([F ◦(B)]−i).

Notation 9.46 Let B be a Borel subgroup, C◦(i) ≤ B, and define IB,i = ....
Let I0 = {w ∈ iG \N(B) | rk (T [w]) ≥ rk ([F ◦(B)]−i)}.

Lemma 9.47 I0 is generic in iG.

Proof. Classical. �
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10 James Bound

Throughout this section we examine locally◦ solvable◦ groups of finite Morley
rank of odd type with a strongly embedded subgroup of a certain type. We
obtain the following result by an argument similar to [BCJ07, Case I], though
the order of arguments has to be changed and some details may differ.

Theorem 10.1 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type and with a proper definable strongly embedded subgroup M such
that M◦ is solvable and contains a central involution. Then G has Prüfer 2-rank
1.

10.1 The setup

Notation 10.2 G is a connected locally◦ solvable◦ group of finite Morley rank
of odd type, and:

(1) M is a proper definable strongly embedded subgroup of G.

(2) S is a Sylow 2-subgroup of M and of G.

(3) We let B = M◦.

Lemma 10.3 S◦ ≤ Q ≤ B for some (any) Carter subgroup Q of G containing
S◦, and Q as well as B is generous in G.

Proof. The first inclusion follows from Fact 2.13. Then Q ≤ C◦(S◦) ≤ B by
strong embedding. The generocity property follow from Fact 3.34. �

Notation 10.4

• I = I(G) and I1 = I \ I(M) = I \ I(B).

• σ ∈M \B

Fact 10.5 In a group of finite Morley rank with a definable strongly embed-
ded subgroup M , if a is a nontrivial strongly real element commuting with an
involution in M , then any involution which inverts a lies in M .

We fix all notations and assumptions as in Theorem 10.1. Let B = M◦.
Fix S a Sylow 2-subgroup of M , which is also necessarily a Sylow 2-subgroup

of G.
We assume toward a contradiction

(∗) Prüf 2(S) ≥ 2

Let n denotes this Prüfer 2-rank. By assumption n ≥ 2.

Lemma 10.6
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• B is a Borel subgroup of G and M = N(B).

• M/B has odd order.

• I(M) = I(Z(B)).

Proof. Let B1 ≥ B be a Borel subgroup of G containing B. By bi-generation,
B1 ≤ B, hence we have equality. Now M ≤ N(M◦) = N(B), and N(B) ≤
N(I(Z(B))) ≤M by strong embedding of M .

As B ≤ M < G and B is a Borel subgroup of G, G is nonsolvable. By
Theorem 9.1 and our assumption that the Prüfer 2-rank is at least 2, S = S◦.
It follows that M/B = B ·NM (S◦) by a Frattini Argument, and hence one gets
easily that M/B has odd order.

As involutions of the strongly embedded subgroup M are M -conjugated, our
assumption that at least one involution of M is in the center of B implies that
they are all in the center of B. �

Lemma 10.7 The relation of commutation on the set of involutions is an equiv-
alence relation. Furthermore two involutions are in the same equivalence class
if and only if they are in the same conjugate of S.

Proof. Obvious, by strong embedding. �

Lemma 10.8 For any involution i of G, C(i) is connected.

Proof. Lemma 10.7 and Theorem 7.31. �

Lemma 10.9 M/B acts regularly on I(Z(B)). In particular |M/B| = 2n − 1.

Proof. The action is transitive by assumptions.
Now C(i) = B for any involution i of B. Hence the Weyl group acts freely

on the set of involutions. �

Lemma 10.10 The strongly real elements of B are its involutions.

Proof. By Fact 10.5, if b ∈ B is strongly real and j is an involution inverting
b, then j ∈ B. By our assumption, [j, b] = 1, so b is an involution.

Conversely, any involution in B lies in Z(B) and is the product of two
involutions (by assumption that the Prüfer rank is at least 2). �
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10.2 Distribution of involutions

Let I1 denotes I(G) \ I(B).

Lemma 10.11 The set BI1 is generic in G, and the multiplication map B ×
I1 → G is injective.

Proof. Notice first that I(B) is finite, since M/B operates transitively on this
set. Hence rk (I) = rk (I1).

Let i ∈ I(B). As C◦(i) is solvable by assumption and C◦(i) ≤ B ≤ C◦(i) by
strong embedding and assumption, we have B = C◦(i), and rk (I) = rk (G/C(i))
as all involutions are conjugate by strong embedding. Hence rk (G) = rk (C(i))+
rk (G/C(i)) = rk (B) + rk (I). It suffices therefore to check that the multiplica-
tion map B × I1 → G is injective.

Supposing the contrary, we have a nontrivial intersection bI1 ∩ I1 for some
b ∈ B#. This gives an equation b = jk with j and k ∈ I1. Thus b is a strongly
real element of B. By Lemma 10.10, b in an involution, and j centralizes b,
hence lies in M , a contradiction. �

Notation 10.12 For g ∈ G, let Ig = (BgI) ∩ I1.

Lemma 10.13 For any g in G, BgI is generic in G and Ig are generic in I.

Proof. The set BI is generic in G. Conjugating by g, the set BgI is generic in
G. Translating on the left by g, the set BgI is generic in G.

By connectedness of G, (BgI) ∩ (BI1) is generic in G.
Now BIg = (BgI) ∩ (BI1) is generic in G. Hence rk (G) = rk (BIg) =

rk (B) + rk (Ig) as the multiplication map restricted to B × Ig is injective, by
Lemma 10.11, and thus rk (B) + rk (Ig) = rk (B) + rk (I) and rk (Ig) = rk (I).
�

10.3 Weyl elements

Lemma 10.14 The intersection of two distinct conjugates of B is finite.

Proof. Take a Carter subgroup Q of the infinite intersection. By bi-generation
and as centralizers of involutions are in B and in Bg, N◦(Q), which is solvable
by local◦ solvability◦ of G, is contained in B∩Bg. Hence Q is a Carter subgroup
of B and of Bg as well. In particular it contains a Sylow 2-subgroup of B and
of Bg, a contradiction as M is strongly embedded in G. �

Fix σ an element of M \B

Lemma 10.15 The generic element x of σB is inverted by an involution of
G \M .
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Proof. The set Iσ is generic in G by Lemma 10.13. It is in particular not
empty, and there is an equation xi = j with x ∈ Bσ and i and j ∈ I. Hence x
is strongly real.

If x where inverted by an involution i in B, then modulo B x would be both
centralized and inverted, hence an involution, a contradiction to the fact the
M/B has odd order. �

Lemma 10.16 For x generic in σB, C(x) has no involutions.

Proof. Assume on the contrary that C(x) contains an involution j. Then
x ∈ C(j) = C◦(j) = Bg for some g in G. But strongly real elements of B are
its involutions. As x is strongly real, x would be an involution, contradicting
again the fact that M/B has odd order. �

Lemma 10.17 Let x be generic in σB and let j be an involution of G \ M
inverting x. Then j inverts C◦(x).

Proof. Let Bj = C◦(j) and B̃j = C◦(j, x). Suppose the latter nontrivial.
As B̃j ≤ Bj ∩Bx

j , x ∈ N(Bj). Notice that x is not in Bj , as it is not an
involution and it is inverted by j.

From xj = x−1, we get jxj = x−2, and jx = jx−2 ∈ Bj . As j ∈ Bj , it
follows that x−2 ∈ Bj . But N(Bj)/Bj has odd order, hence x must be in Bj , a
contradiction.

Now j acts on C◦(x) with finite centralizer, hence it inverts it. �

Lemma 10.18 Let x generic in σB. Then CB(x) is finite.

Proof. Assume on the contrary C◦B(x) nontrivial.
C◦(x) is a abelian, as inverted by an involution j.
Hence C◦(x) ≤ N◦(C◦B(x)) ≤ N◦(B) = B, as distinct conjugates of B have

a trivial intersection. Hence C◦(x) ≤ B.
Now C◦(x) is inverted by an involution j in G \M . Again the finiteness

of intersections of distinct conjugates of B implies that j ∈ N(B) = M , a
contradiction. �

Lemma 10.19 Replacing σ by a generic element of σB, we have

• σB generic in Bσ.

• The elements of σB are all strongly real, outside BG, and of order the
order of σ modulo B.

Proof. (1). As CB(σ) is finite, rk (σB) = rk (B) = rk (Bσ).
(2). The two first point have been seen already. The order of σ could not

exceed that of σ modulo B, as strongly real elements of B are its involutions.
�

143



10.4 The second generic set

Lemma 10.20 BC(σ)B and BI1 are disjoint.

Proof. Suppose the contrary. We have then b1cb2 ∈ I1 for some b1, b2 ∈ B and
c ∈ C(σ). Conjugating by b1 gives cb ∈ I1 with b ∈ B. Conjugating by σ gives
cbσ ∈ I1. It follows from the two preceding equalities that b−1bσ = (cb)−1(cbσ)
is inverted by an element j of I1.

If b ∈ C(σ), then cb ∈ C(σ) ∩ I1, a contradiction to Lemma 10.16. So b−1bσ

is nontrivial, and is a strongly real element of B. So j ∈M by Fact 10.5. Hence
j ∈ B, which is a contradiction since j ∈ I1. �

Lemma 10.21 BC(σ)B has rank 2rk (B) + rk (C(σ)).

Proof. Let Cσ be C(σ) \N(B). As CB(σ) is finite by Lemma 10.18, the set Cσ

differs from C(σ) by a finite set. On the other hand, σ has an infinite centralizer
in G. So rk (Cσ) = rk (C(σ)).

It suffices now to check that the multiplication map

µ : B × Cσ ×B −→ G

has finite fibers.
If g = bcb′ with b, b′ ∈ B, c ∈ C(σ), and µ−1(g) is infinite, then the same

applies to c = b−1gb′−1. So we consider µ−1(c) with c ∈ Cσ fixed. That is, we
examine the solutions to the equation

b1c
′b2 = c

with b1, b2 ∈ B and c′ ∈ Cσ. Conjugating by σ yields

b1
σc′b2

σ = c.

Combining the two preceding equations gives

c′ = b′1c
′b′2

with b′1 = b−1
1 bσ1 and b′2 = bσ2 b

−1
2 . So (b′1)

c′ = b′−1
2 ∈ B ∩Bc′ , and as c′ /∈ N(B)

there are only finitely many possibilities for b′1 and b′2. As CB(σ) is finite also,
there are finitely many possibilities for b1 and b2. �

We next show that our assumption that B contains a central involution is
indeed equivalent to the fact that B is nilpotent.

Lemma 10.22 B is nilpotent.

Proof. Replacing σ by an element of prime order p, which is possible by the
preceding analysis, we have an automorphism of prime order p of the Borel
subgroup B which acts with finite centralizer, and this implies that B must be
nilpotent by Jaber-Wagner. �
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Lemma 10.23 rk (G) = 2rk (B) + rk (C(σ)).

Proof. We have rk (G) = rk (B) + rk (I) = rk (B) + rk (Iσ), and we claim
rk (Iσ) = rk (B) + rk (C(σ)).

For any element i ∈ Iσ we have i = yj for some y ∈ Bσ and hence i inverts
some y ∈ Bσ. We claim that this element y is unique: if i inverts y and by
with b ∈ B#, then y−1b−1 = (by)i = biy−1 and thus b−1 = biy

−1
. We have

thus a nontrivial element b of B inverted by an element outside M . Notice
that H(b) contains no involution, by strong embedding of M . Now the Sylow
2-subgroup S of B is central in B by the structure of connected nilpotent groups
of finite Morley rank, and in particular S ≤ C(b). But C±(b), the set of elements
centralizing or inverting b, contains an element of order 2 modulo C(b). This is
a contradiction by conjugacy of Sylow 2-subgroups in C±(b), as S is already a
Sylow 2-subgroup of G. Our uniqueness claim is proved.

So we have a definable function

β : Iσ −→ Bσ

defined by β(i)i = (β(i))−1.
As σB is a single conjugacy class under the action of B by conjugation, the

rank of the fibers β−1(y) is a constant f , and hence rk (Iσ) = rk (Bσ) + f =
rk (B) + rk (β−1(σ)).

It suffices therefore to show that rk (β−1(σ)) = rk (C(σ)). Fix i in β−1(σ).
Then i = σi′ with i′ ∈ I inverting σ.

We claim that
iC◦(σ) ⊆ β−1(σ).

Observe that C(σ) contains no involutions, by Lemma 10.16.
For g ∈ C◦(σ) and j = ig, we have j ∈ I by Lemma 10.17. Furthermore

j = σi′g, and i′g ∈ I by Lemma 10.17. So j ∈ BσI ∩ I. By construction j
inverts σ. It remains to check that j /∈ M . If j ∈ M then j ∈ B, and since
j inverts σ, and σ is of odd order modulo B, this gives a contradiction. So
j ∈ I1 and β(j) = σ. This gives the desired equality above, and in particular
rk (β−1(σ)) ≥ rk (C◦(σ)) = rk (C(σ)).

Conversely, for j ∈ β−1(σ), since j inverts σ we have ij ∈ C(σ), that is
i · β−1(σ) ⊆ C(σ), and thus rk (β−1(σ)) ≤ rk (C(σ)). Our claim follows. �

With the preceding analysis, BC(σ)B and BI1 are two disjoint generic sub-
sets of G by Lemmas 10.23, 10.21, 10.11, and 10.20, which is a contradiction
to the connectedness of G. This contradiction completes the proof of Theorem
10.1.

11 The algebraic case

Theorem 11.1 Let G be a connected nonsolvable locally◦ solvable◦ group of fi-
nite Morley rank of odd type. Let i be an involution of G and assume there is
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a Borel subgroup B of G such that C◦(i) ≤ B and such that, for some charac-
teristic q, q̃ = (q, dq(B)) satisfies Uq̃(Z(F ◦(B))) � C◦(i). Then G ' PSL 2(K)
for some algebraically closed field K of characteristic q.

The rest of this section is devoted to the proof of Theorem 11.1, so we adopt
all the notation and assumption of this theorem until the end of the present
section. Our main assumption is

(I) : Uq̃(Z(F ◦(B))) � C◦(i).

The negation (II) of this assumption will be analyzed later. We remark that
the inclusion C◦(i) < B is necessarily strict under assumption (I).

Lemma 11.2 q̃ 6= (∞, 0).

Proof. Assume q̃ = (∞, 0). Then Uq̃(Z(F ◦(B))) is the maximal decent torus
of F ◦(B) by Fact 2.5 (2), and by rigidity of decent tori, Fact 2.12 (1), it is in
Z(B). As i ∈ C◦(i) ≤ B, this gives Uq̃(Z(F ◦(B))) ≤ C◦(i), a contradiction to
assumption (I). �

11.1 The right unipotent radical

Lemma 11.3 We may, and we will, assume that q̃ is a q̃i and that B is a Bi

as in Notation 9.16.

Proof. Let q̃i and Bi ≥ C◦(i) be a Borel subgroup as in Notation 9.16. It suffices
to show that Uq̃i

(Z(F ◦(Bi))) � C◦(i), so that all our current assumptions are
also met with this Bi. Notice that q̃i 6= (∞, 0) by Lemma 11.2 and the definition
of q̃i. If Uq̃i

(Z(F ◦(Bi))) ≤ C◦(i), then Lemma 9.17 implies that Bi is the unique
Borel subgroup containing C◦(i), and as C◦(i) ≤ B this forces B = Bi. In any
case we may replace B by Bi. �

Hence our assumption (I) becomes

(I)i : Uq̃i
(Z(F ◦(Bi))) � C◦(i).

We will sometimes use the notationBi and q̃i forB and q̃ when we will explicitely
use this maximization of B and q̃, but otherwise we will continue with the
notation B and q̃. We introduce now the good unipotent subgroup needed in
our proof.

Notation 11.4 Let U = [B,Uq̃(Z(F ◦(B)))].

The following lemma can be done with the abstract theory of soapy sub-
groups, but we keep it very conrete in this crucial preliminary step.

Lemma 11.5
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(1) U is a non-trivial q̃-homogeneous subgroup,

(2) U is normal in B, and so is any subgroup of U defined by the action of
involutions of B, i.e. centralizers or sets inverted by involutions of B.

(3) U−i is nontrivial.

Proof. U is q̃-homogeneous by Fact 2.2. It is nontrivial as i acts nontrivially
on Uq̃(Z(F ◦(B))) by assumption (I). The normality of U in B is obvious, and
the normality of subgroups of the form CU (j) of U−j , with j an involution of
B, follows from Lemma 7.24. Finaly one sees easily for the third point that
1 6= [i, Uq̃(Z(F ◦(B)))] ≤ U−i . �

Lemma 11.6 Let w ∈ iG \N(B). Then there is no definable connected solvable
w-invariant subgroup containing U .

Proof. Assume toward a contradiction that H is a definable connected solvable
w-invariant subgroup containing U . A snake argument (??) implies there exists
a Sylow q̃-subgroup Û of H containing U and normalized by an H-conjugate w′

of w. Then w′ ∈ N(B) by Corollary 4.3, and w′ ∈ B by Corollary 9.43.
We claim that U 6≤ C◦(w′). Assume toward a contradiction U ≤ C◦(w′). As

w′ ∈ iG, one has of course q̃w′ = q̃i (taking the same characteristic if it is prime).
Now Corollary 4.3 implies that that B = Bi is the unique Borel subgroup of
maximal parameter q̃ = q̃i containing U , whence not only Bw′ = Bi, but Bi is
the unique Borel subgroup containing C◦(w′) by definition of q̃i. As w and i are
conjugate, there exists g ∈ G such that w′ = ig. Now Bg

i is a Borel subgroup
containing C◦(ig) = C◦(w′), so it has to coincide with Bi, and thus g ∈ N(Bi).
As U is normal in N(B) (and this is why one should not require minimality in
the definition of lumonisity, but rather “inter-definability” in the sense “equality
of normalizers”), g ∈ N(U). Now w′ = ig centralizes U = Ug, so i centralizes
U , a contradiction to Lemma 11.5 (3). Hence U � C◦(w′), as claimed.

Now we let X = [U,w′], a nontrivial definable connected group, inverted
by w′ as w′u−1w′u = [u−1w′uw′]−1 for any u in U . By local◦ solvability◦ of
G, N◦(U) = B. As q̃ 6= (∞, 0), Corollary 4.3 implies shows that H admits a
unipotence parameter q̃H strictly more unipotent then q̃. If it is chosen maximal
in H, then Uq̃H

(H)is in F ◦(H) by Fact 2.15 and in particular nilpotent, YH =
[H,Uq̃H

(H)] is q̃H -homogeneous by Fact 2.2, and nontrivial as otherwise YH ≤
C◦(U) ≤ N◦(U) = B = Bi, contradicting the maximality of q̃ = q̃i. As
q̃H 6= (∞, 0), YH is in particular without divisible torsion, and by Fact ??
C◦YH

(w′) is a q̃H -subgroup, hence trivial by conjugacy of w′ to i and maximality
of q̃i. Thus w′ inverts YH by Fact 7.16. Now w′ inverts YH and X, the latter
normalizing the former and being obviously 2-divisible, and thus YH ≤ C◦(X)
by Fact 7.21. As N◦(X) = B by Lemma 11.5 (2) and local◦ solvability◦ of G,
we get YH ≤ B = Bi, a contradiction again to the maximality of q̃ = q̃i. �
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Lemma 11.7 Let w ∈ iG \N(B) and H = B ∩ Bw. Then H ′ is finite, and
H◦ ≤ Z(H).

Proof. Assume H ′ infinite. Then N◦(H ′) is solvable by local◦ solvability◦ of G.
As it is w-invariant and contains U , Lemma 11.6 forces w ∈ B, a contradiction.

Now [H◦,H] is a definable connected subgroup of H ′. So it must be trivial,
and H◦ ≤ Z(H). �

Lemma 11.8 If w ∈ iG \ N(B) centralizes i, then w inverts C◦(i) and the
Sylow 2-subgroup of G is as in PSL 2.

Proof. We first prove that C◦(i) is abelian. Indeed, its derived subgroup, a
definable connected subgroup, is in [B ∩ Bw]′, which is finite by Lemma 11.7,
and thus trivial. Hence C◦(i) is abelian, and in particular the unique Sylow◦

2-subgroup S◦ of C◦(i) is normalized by w. Notice that the structure of the
Sylow 2-subgroup of G follows by Theorem 9.1, as S◦ is a Sylow◦ 2-subgroup of
G and w ∈ N(S) \ S◦.

Let now X = C◦(i, w). If X 6= 1, then N = N◦(X) is solvable by local◦

solvability◦ of G. By conjugacy of i and w, C◦(w) is abelian, as C◦(i). Hence
S◦ ≤ C◦(i) ≤ N and w ∈ C◦(w) ≤ N . Hence S◦ · 〈w〉 is in a Sylow 2-subgroup
of N . As the latter has abelian connected Sylow 2-subgroups of Prüfer 2-rank
one, one gets w ∈ S◦, a contradiction. Hence X = 1 and w acts on C◦(i) with
finite centralizer. Now Fact 7.16 implies that w inverts C◦(i). �

11.2 The B-minimal subgroup

Notation 11.9 Fix A a B-minimal subgroup of U−i . By Lemma 11.5, A is
q̃-homogeneous.

Lemma 11.10 CB(A) / B.

Proof. The normality follows from the fact that A ≤ Z(F ◦(B)) and that
B/F ◦(B) is abelian. As A is inverted by i, CB(A) < B. �

For w ∈ iG \N(B), we let T [w] = TB,i[w] as in Notation 9.44.

Lemma 11.11 Let w ∈ iG \N(B). Then T [w] projects, in the natural projec-
tion from B onto B/CB(A), with finite fibers.

Proof. Assume toward a contradiction there are infinitely many elements of
T [w], all in the same coset of CB(A). As all this elements are also in H :=
B ∩Bw, we have infinitely many elements of H, all in the same coset of CH(A).
As there are only finitely many cosets of H◦ in H, we may assume that these
infinitely many elements are also all in the same coset of H◦. As H◦ ≤ Z(H),
we have thus an element t ∈ T [w] such that tz ∈ T [w] for infinitely many
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z ∈ Z(H) ∩ CH(A). But if t and tz ∈ T [w] for some z ∈ Z(H), then zw =
t−wtwzw = t(tz)w = tz−1t−1 = z−1 as z ∈ Z(H), and thus w inverts an infinite
group in the abelian group Z(H) ∩ CH(A).

Let then T be a definable connected abelian group, included in T [w]∩CB(A).
Let H = C◦(T ), a solvable subgroup by local◦ solvability◦ of G. Let Â be a
Sylow q̃-subgroup ofH containing A. By a snake argument (??), anH-conjugate
w′ of w normalizes Â. By Corollary 4.3, w′ ∈ N(B), and by Corollary 9.43
w′ ∈ B. As w′ is H-conjugate to w, it has the same action on T as w, i.e.
w′ inverts T . Modulo F ◦(B), T is both centralized and inverted by w′; it is
thus an elementary abelian connected 2-group, and as B/F ◦(B) is divisible
abelian one gets T trivial in B modulo F ◦(B). In particular T ≤ F ◦(B), and
U ≤ Z(F ◦(B)) ≤ C◦(T ) = H. As H is w-invariant, Lemma 11.6 gives a
contradiction. �

Corollary 11.12 Let w ∈ iG \ N(B). Then T [w]CB(A)/CB(A) has the same
rank as T [w].

11.3 The field

The groups A and B/CB(A) are abelian and infinite; this is by definition of
A for A, and by this definition also A ≤ Z(F ◦(B)), hence F ◦(B) ≤ C◦(A)
and B/CB(A) is abelian by Fact 2.22, and as A is inverted by i B/CB(A) is
nontrivial and infinite by connectedness. Furthermore A being B-minimal is
also B/CB(A)-minimal, and the action of the latter on the former is faithfull.

By Zilber’s Field Theorem applied in Ao (B/CB(A)), there exists an inter-
pretable algebraically closed field K such that

A ' K+ and B/CB(A) embeds into K×,

where the action corresponds naturally to the field action. If q 6= ∞, then A has
prime exponent q, and clearly K has characteristic q. If q = ∞, then A posses
at least one torsion-free section, and in this case also K has characteristic q.

Let I0 = IB,i as in Notation 9.46. Recall that I0 is generic in iG by Lemma
9.47, and in particular nonempty. Involutions w will now vary in I0. The
following lemma gives a clear picture of the subgroups involved, which look
more and more like those of PSL 2(K).

Lemma 11.13 Let w ∈ I0. Then rk (A) = rk ([F ◦(B)]−i) = rk (T [w]) =
rk (B/CB(A)) = rk (K).

Proof. Lemma 11.11 proves that T [w] maps naturally with finite fibers into
B/CB(A), which embeds into K×, all these maps being definable. As A ⊆
[F ◦(B)]−i and w ∈ I0, one gets

rk (K+) = rk (A) ≤ rk ([F ◦(B)]−i) ≤ rk (T [w]) ≤ rk (B/CB(A)) ≤ rk (K×)

and as rk (K+) = rk (K×) these inequalities become an equality. �

Before continuing in the same vein, we refine further Lemma 11.11.
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Lemma 11.14 Let w ∈ I0. Then T [w] contains a definable connected subgroup
generic in T [w].

Proof. Let T denote the definable closure ˆT [w] of T [w]. As T ≤ B ∩Bw and
[B ∩Bw]◦ ≤ Z(B ∩Bw), T ◦ ≤ Z(T ). As T is partitioned by finitely many left
cosets of T ◦ and T [w] ⊆ T , there exsits a left coset of T ◦ in T containing a
generic subset of T [w]. Now one can argue as in Lemma 11.11. If t and t′ are
two such elements, then t′ = tz for some z in T ◦, and using the fact that z is
central in T one concludes that w inverts z. If t was fixed, we get a subset of
such elements z in T ◦ inverted by w of the same rank as T [w]. As T ◦ is abelian,
one get a definable subgroup of T [w] generic in T [w]. Finally, one can take the
connnected component of this subgroup. �

Lemma 11.15 Let w ∈ I0. Then w inverts a Sylow 2-subgroup of B, and the
Sylow 2-subgroup of G is as in PSL 2.

Proof. Let T be a definable connected subgroup of T [w] generic in T [w] as
provided by Lemma 11.14. As T is abelian, T ∩CB(A) is finite by Lemma 11.11.
Now the equality rk (T [w]) = rk (B/CB(A)) provided by Lemma 11.13 implies
that CB(A) · T is generic in B, and thus equal to B by connectedness of the
latter.

By Lemma 11.13 again, B/CB(A) ' K× and this quotient contains in
particular a torsion subgroup isomorphic to the full torsion subgroup of the
multiplicative group of the field K, which is of characteristic not 2. Now
B/CB(A) = CB(A)T/CB(A) ' T/(T ∩ CB(A)), and by lifting of torsion one
sees that T contains a nontrivial 2-torus. As a nontrivial 2-torus is inverted by
an involution, the only possibility for the structure of the Sylow 2-subgroup is
the one left in case (1) of Theorem 9.1. Hence the Sylow 2-subgroup of G is as
in PSL 2.

As B is a standard Borel subgroup, its Sylow 2-subgroup is a Sylow◦ 2-
subgroup of G. As the Pruefer rank is one, the 2-torus of T used above is
necessarily a Sylow 2-subgroup of B. �

Remark 11.16 At this point the case B strongly embedded in G is excluded,
Think and explain why this has miraculously disappeared.

Up to B-conjugacy, we may assume that the Sylow 2-subgroup of B, which
is also a Sylow 2-subgroup S◦ of G, contains the involution i. As the Pruefer
rank is one, one gets in particular that w centralizes i.

Corollary 11.17 Let w ∈ I0 such that [w, i] = 1. Then C◦(i) ⊆ T [w].

Proof. C◦(i) is inverted by w by Lemma 11.8. �

In particular at this point one gets that CC◦(i)(A) is finite, which was origi-
nally the main assumption of the first prehistorical version of this work in the
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case of minimal connected simple groups [Jal00]! We could now in particular
conclude with the result of this preprint in the locally solvable◦ case, but with
mere local◦ solvability◦ instead of local solvability◦ we have to continue to argue
a little bit more.

Lemma 11.18 B = Ao C◦(i) and A = [F ◦(B)]−i .

Proof. We have A generic in [F ◦(B)]−i by Lemma 11.13. But B = [F ◦(B)]−i ·
C◦(i), with the associated product map being finite-to-one by Lemma 7.24 (or
Lemma 7.26 (2) which applies in the specific conguration now). Hence the group
A · C◦(i) is generic in B, and by connnectedness of the latter it is exactly B.
The product is semidirect, as i inverts A which has no involutions.

We prove now that A = [F ◦(B)]−i . Let f ∈ [F ◦(B)]−i . There exists a
in A and c in C◦(i) such that f = ac. Then f2 = ff−i = (ac)(ac)−i =
(ac)(c−ia−i) = acc−1a = a2 ∈ A. Furthermore F ◦(B) has no involutions, as
the Pruefer rank os one and C◦(i) < B as it was noticed in the begining of
our proof (cf. also Lemma 7.26 (1)). Hence f ∈ A, and one gets the desired
equality. �

Fix w ∈ I0 inverting a Sylow 2-subgroup S◦ of B, which is also a Sylow◦

2-subgroup of G, containing i. In particular w centralizes i

Lemma 11.19 B ∩Bw = C◦(i) (is abelian).

Proof. We know by Corollary 11.17 that C◦(i) ≤ T [w] ⊆ B ∩ Bw. Suppose
C◦(i) < B ∩Bw. Then B ∩ Bw = C◦(i) · Aw, where Aw is the nontrivial
intersection of B ∩ Bw with A (recall that B = A · C◦(i)). We know also
that [B ∩ Bw]◦ is central in B ∩ Bw by Lemma 11.7. This forces in particular
[S◦, Aw] = 1, a contradiction as i inverts A, which has no involutions. �

Corollary 11.20 T [w] = C◦(i).

Proof. C◦(i) ⊆ T [w] ⊆ B ∩Bw = C◦(i). �

Corollary 11.21 Z(B) = CC◦(i)(A) and is finite.

Proof. Lemmas 11.18 and 11.19 give the equality Z(B) = CC◦(i)(A). As
w inverts C◦(i), it in particular inverts Z(B), and normalizes N(Z◦(B)). If
Z◦(B) 6= 1, then N(Z◦(B)) ≤ N(N◦(Z◦(B))) = N(B) by local◦ solvability◦ of
G, a contradiction as w /∈ N(B). Hence Z◦(B) = 1 and Z(B) is finite. �

Notice that Z(B) is inverted by w, and in particular that B < C◦(Z(B))
as otherwise w would normalize C◦(Z(B)) = B. In particular C◦(Z(B)) is
nonsolvable (it looks like the central involution in SL 2, but here the involution
is ”on top” in B, i.e. not in the center).
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At this point one may restrict attention to involutions w outside C◦(Z(B));
but it necessitates to assume G semisimple from the begining, something we
don’t want to so. It is also worth mentioning that at this point centralizers◦ of
elements of A, in characteristic q prime, may be nonsolvable!

We now take again an arbitrary involution w of I0.

Corollary 11.22 Let w in I0. Then T [w] contains a unique maximal 2-torus
of B.

Notation 11.23 For w in I0, we denote by jw the unique involution of T [w],
as provided by Corollary 11.22.

Corollary 11.24 For w in I0, T [w] = C◦(jw) is conjugate to C◦(i).

Fact 11.25 [Poi87, Corollaire 3.3] Let K be a field of finite Morley rank of
characteristic 0. Then the additive group K+ has no nontrivial proper definable
subgroups.

Lemma 11.26 Let g in G \N(B). Then N(B) ∩Ag is finite.

Proof. Recall that A ' K+. We distinguish two cases, depending on whether
the characteristic of K is prime or not.

Suppose first K of characteritic ∞, and g ∈ G \N(B) contradicts our claim.
By Fact 11.25, A has no nontrivial proper definable connected subgroups, and
hence Ag ≤ N(B). Hence Ag ≤ N◦(B) = B. As A is a q̃-group by Notation
11.9, A ≤ Uq̃(B). By Corollary 4.3, B = Bg, a contradiction.

Suppose now K of characteristic q positive, and g ∈ G \N(B) contradicts
our claim. Then Up(B∩Bg) 6= 1 and B = Bg by Corollary 4.4, a contradiction.
�

Notice that with only local◦ solvability◦ instead of local solvability◦ it seems
to be a real possibility at this point that A∩Ag 6= 1 for some g not in N(B) in
positive characteristic!

Lemma 11.27 rk (G) = rk (B) + rk (A)

Proof. Lemma 11.26 gives rk (G) ≥ rk (B) + rk (A), by considering a product
A · Bg for some g ∈ G \ N(B). We prove the reverse inequality. Consider the
definable map which, to w ∈ I0, associates the involution jw as in Notation
11.23. Recall that w centralizes jw. The fiber of jw consists thus of involutions
w1 which belong to C(jw). Hence by Corollary 11.24, the rank of such a fiber
is bounded by rk (C(jw)) = rk (T [w]) = rk (K×) = rk (K+) = rk (A). Now, as
the image set is in I(B) = iB , one has rk (I0) ≤ rk (A) + rk (iB), which gives
rk (G) ≤ rk (A) + rk (B). �
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11.4 The final recognition

With the previous analysis we finish now the proof of Theorem 11.1.
As I0 is nonempty by Lemma 9.47, one can fix w in I0. Up to B-conjugacy,

one can assume that jw = i.

Lemma 11.28 N(B) = B.

Proof. The map µ which associates to elements (a, γ) of A × N(B) the el-
ement awγ is finite-to-one. Indeed, if awγ = a′wγ′ with natural notations,
then (a′−1a)w = γ′γ−1 ∈ Aw ∩ N(B), which by Lemma 11.26 is finite. Hence
the image of µ is generic in G by Lemma 11.27, and N(B) has degree one by
connectedness of G. �

Lemma 11.29 G = B tAwB.

Proof. If g ∈ G \ B, one can build the same map as in Lemma 11.28, with g
instead of w. Again AgB is generic in G. By connectedness it must meet AwB,
and hence g ∈ AwB. �

Lemma 11.30 B ∩Bw = C◦(i) = T [w].

Proof. Seen already, isn’t it? �

Now one can consider the action of G by left multiplication on the left cosets
space G/B.

This action is doubly transitive: there are two kinds of left cosets of B, B
itself on the one hand and those of the form awB for some a in A on the other
hand, by Lemma 11.29. Furthermore it is clear that G(B) acts transitively on
those of the form awB.

We would now like to claim that G is a Zassenhaus group. Let g in G
stabilizing B, wB, and a third element awB with a in A#. Then g ∈ B ∩Bw =
C◦(i) by Lemma 11.30. But also ga ∈ Ba ∩ Bw = B ∩ Bw = [C◦(i)]. By the
structure of B, C◦(i) ∩ [C◦(i)]a = Z(B) as a 6= 1. Hence one gets g ∈ Z(B).
Conversely all these elements meet the requirement. Hence, G is a priori not
a Zassenhaus group, unless we prove Z(B)=1! The following lemmas (which
could have been done before) fixes it.

Lemma 11.31 G = 〈I0〉.

Proof. Notice first that I0 generates each B-conjugates of C◦(i). Clearly, the
set of these B-conjugates generate all of B. Hence B ≤ 〈I0〉.

Now it follows from Lemma 11.29 that I0 distributes over all left cosets of
B in G (except maybe B and wB). Hence G ≤ 〈I0 ·B〉 ≤ 〈I0〉 ≤ G, and we
have equality. (note: this argument could have been done before Lemma 11.29,
using just rank computations and the ”generic” distribution of I0 over B). �
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Corollary 11.32 Z(B) ≤ Z(G).

Proof. We know that each involution of I0 inverts Z(B) (always included in
the corresponding B-conjugate of C◦(i)). In particular Z(B) is normalized by
I0, as well as by 〈I0〉 = G. Now Z(B) is normal in the connected group G, and
finite, hence central. �

Corollary 11.33 Z(B) has order at most 2.

Proof. Z(B) is inverted by each involution of I0, and central in G. It is thus an
elementary abelian 2-group. Now the Prüfer 2-rank is one, and all this happens
in B. So Z(B) consists of at most one involution. �

Corollary 11.34 Z(B) = 1.

Proof. Otherwise Z(B) contains an involution of B. But they all invert A (as i
does and B = AoC◦(i), or using the fact that the Pruefer rank is one), which
has no involutions. �

Notice that we provided some kind of abstract proof of the fact that the center
of SL2 contains no element of order 11, and at most one involution.

Now we can finish our argument in a classical way. The permutation group
G is a split Zassenhaus group: A is a normal complement of T [w] = G(B,wB) in
G(B) = B.

The stabilizer of two points contains an involution: by bouble transitivity it
suffices to check if for B and wB, and we showed that T [w] = G(B,wB), which
contains i.

Then one can apply the

Fact 11.35 Let G be an infinite (Check that this suffices) split Zassenhaus
group of finite Morley rank. If the stabilizer of two distinct points contains
an involution, then G ' PSL 2(L) for some algebraically closed field L of char-
acteristic different from 2.

Hence one can conclude with Fact 11.35 that

G ' PSL 2(L)

for some algebraically closed field L of charateristic different from 2.
Notice then that K and L are necessarily definably isomorphic. In partic-

ular char (L) = char (K) = q. Finally, the characteristic q in provided by the
original hypothesis of Theorem 11.1 could have changed in Lemma 11.3. But a
posteriori, as Borel subgroups of PSL 2 are conjugate, there is only one possible
characteristic q, which is thus also the characteristic provided by the original
hypothesis!

The proof of Theorem 11.1 is complete. �
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11.5 Corollaries

We are now going to derive some corollaries of Theorem 11.1.
We see the following corollary as the main corollary of Theorem 11.1.

Corollary 11.36 (Two B’s or not two B’s) Let G be a connected locally◦

solvable◦ group of finite Morley rank of odd type. Let i be an involution of G
and assume there is a Borel subgroup B of G such that C◦(i) ≤ B. Then either

(1) G is isomorphic to PSL 2, or

(2) B is the unique Borel subgroup of G containing C◦(i).

Proof. We assume G not of type PSL 2, and we want to show that the second
alternative necessarily holds. If G is solvable, then G = B is clearly the unique
Borel subgroup containing C◦(i). We may thus assume G nonsolvable.

We may assume that B is a Bi as in Notation 9.16, and it suffices to show
that Bi is the unique Borel subgroup containing C◦(i). Let q̃i be a unipotence
parameter, as in Notation 9.16, admitted by Bi.

If q̃i = (∞, 0), then Bi is a good torus by Fact 2.11 (2). It is then in particular
abelian, and C◦(i) ≤ Bi ≤ C◦(i), C◦(i) = Bi and any Borel subgroup containing
C◦(i) must be Bi by maximality of Bi.

If q̃i > (∞, 0), then Uq̃i(Bi) is (nontrivial and) in F ◦(Bi) by Fact 2.15. It
follows that Uq̃i(Z(F ◦(Bi))) is nontrivial. Theorem 11.1 and our nonalgebricity
assumption implies that Uq̃i

(Z(F ◦(Bi))) ≤ C◦(i). As q̃i 6= (∞, 0), Lemma 9.17
gives the uniqueness of Bi among Borel subgroups containing C◦(i). �

Adrien’s remark: maybe say more in the second case above, i.e. something
like i does not invert UZFBi, or Yi, and that Bi and C◦(i) have the same unipo-
tence degree. Then the hierarchy of involutions becomes easier to understand.

The dichotomy algebraic/nonalgebraic provided by Corollary 11.36 in pres-
ence of a standard Borel subgroup provides also a clear dichotomy in such
presence when the Sylow 2-subgroup has the PSL 2-type.

Corollary 11.37 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type, and whose Sylow 2-subgroups have the PSL 2 type. Let i be
an involution of G and assume there is a Borel subgroup B of G such that
C◦(i) ≤ B. Then either

(1) C◦(i) < B, in which case G ' PSL 2, or

(2) C◦(i) = B is a generous Borrel (Carter) subgroup, N(B) = B o 〈w〉 for
some involution w which inverts B. See also Theorem 15.7 below.

Proof. The key point here is that the involution w on top will normalize the
standard Borel subgroup by unicity of the latter. Hence it becomes a nonstan-
dard involution, and the main theorem about nonstandard involutions, Theorem
9.25, implies that it will inverts the standard Borel subgroup B. Hence B is a
Carter subgroup.

Prove that the Weyl group has order exactly 2. �
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12 Nonalgebraic spark plug

12.1 Outsiders, again and again

The following lemmas on outsiders will be usefull in nonalgebraic situations.

Lemma 12.1 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type whose Sylow 2-subgroup don’t have the PSL 2-type. Let i be an involution
of G◦ and B a Borel subgroup of G such that TB,i[w] is infinite for some w ∈
iG \N(B). Then

(1) Up(B) = 1 for every prime number p.

(2) Torsion elements in TB,i[w] are involutions. In particular, for any t ∈
τB,i[w], the definable hull H(t) of t is torsion-free.

(3) We assume furthermore with only finitely many involutions. Then τB,i[w]
is generic in TB,i[w].

(4) If k and ` are two involutions of T [w], then torsion elements of the defin-
able hull H(k`) of k` consists of involutions only.

Proof. We let T [w] = TB,i[w] and τ [w] = τB,i[w].
(1). Assume Up(B) 6= 1 but T [w] is infinite for some w ∈ iG \ N(B). Let

H = B ∩ Bw. By Lemma 4.8, H ′ is finite. In particular H is abelian-by-finite.
We denote by π the projection H → H/H ′.

Let Θ[w] = {x ∈ H/H ′ | xw = x−1}. As H/H ′ is abelian and normalized
by w, Θ[w] is a definable abelian subgroup of H/H ′. Now as H ′ is finite,
our hypothesis of nonfiniteness implies that π(T [w]) ⊆ Θ[w] is infinite. Hence
Θ◦[w] := [Θ[w]]◦ is non-trivial. Let K = [π−1(Θ◦[w])]◦ ≤ H◦.

Assume first K contains no nontrivial q-tori for any prime q. Let A be a
K-minimal subgroup of Z(Up(B)). Wagner’s theorem (there is no ugly field in
characteristic p) applied to A oK/CK(A) implies that K centralizes A, hence
A ≤ C◦(K). As the latter is w-invariant we also have Aw ≤ C◦(K). Now let
B0 be some Borel subgroup containing C◦(K). Corollary 4.4 applied first with
A ≤ B implies B0 = B ; then applying it with Aw ≤ Bw we get B0 = Bw. This
is a contradiction.

Assume now K contains a non-trivial q-torus Q, which we may assume to
be maximal. As K is abelian, Q is characteristic in K, and w normalizes Q. By
Lemma 9.9 and our assumption that the Sylow does not have the PSL 2-type,
w centralizes Q. Now as π has finite fibers, 1 6= π(Q) ≤ Θ◦[w], so π(Q) is both
centralized and inverted by w, a contradiction again.

(2). Assume x ∈ T [w] is a nontrivial p-element. As Up(B) = 1 by (1), x
belongs to a p-torus ofB, and by conjugacy of maximal decent tori x centralizes a
maximal 2-torus T ofG. Now w normalizes C◦(x), which contains T . By a snake
argument (see Fact 7.22) we can assume that w normalizes T . As the Sylow
2-subgroup is not of PSL 2(K)-type, Theorem 9.1 implies that w ∈ T ≤ C◦(x).
Hence x is centralized and inverted by w, hence an involution.
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Now let t ∈ τ [w], and say t = s2 for some s ∈ T [w]. As the torsion of
the definable hull H(s) of s is at most one involution (general, or uses cotorix
Theorem 9.1 again?), H(t) is torsion-free. Or As j inverts ŝ and the Sylow
2-subgroup is not as in PSL 2, ŝ can have at most one involution. Hence t̂ is
torsion-free.

(3). According to (2), torsion elements in T [w] are involutions. We assume
there are only finitely many of them, say k1, . . . , kn. Then an element t ∈ T [w]
is not a square if and only if there is some ki ∈ H(t) (and ki is then uniquely
determined as such). Let Xi be the definable set {t ∈ T [w], kit ∈ τ [w]} ; it
turns out that Xi = {t ∈ T [w], ki ∈ H(t)}. It is clear that rk (Xi) = rk (τ [w]),
and that the Xi’s together with τ [w] cover T [w]. This proves that if there are
finitely many involutions in T [w], τ [w] is generic indeed.

(4). Let x in H(k`) have order pn for some prime number p. Point (1)
implies that x belongs to a p-torus P of B. Now w acts on C◦(x) ≥ C◦(P ), and
the latter contains a maximal 2-torus S◦1 which can be assumed w-invariant. By
assumption on the Sylow 2-subgroup, we have w ∈ S◦1 ≤ C◦(x). Hence x is an
involution. �

We rephrase it in the specific case in which B is a standard Borel subgroups
as follows. We warn the benevolent reader that we will eventually assume all
involutions not exceptional. For such a non-exceptional involution i we fix a
Borel subgroup Bi ≥ C◦(i).

Notation 12.2 Let i and j be two involutions with j 6∈ Bi. Set

Ti[j] = {t ∈ Bi | tj = t−1}.

Notation 12.3 Let i and j be two involutions with j 6∈ Bi. Set

τi[j] = {t2 | t ∈ Ti[j]}.

The preceding lemma in this special case takes the following form. [First
remark that the hypothesis on the Sylow 2-subgroup together with Theorem
9.1 forces I(N(Bi)) = I(Bi).

Proposition 12.4 (Torsion control) Assume the Sylow 2-subgroup is not as
in PSL 2. Let i and j be two involutions with j 6∈ Bi. Assume Ti[j] is infinite.
Then

1. Up(Bi) = 1 for every prime number p.

2. Torsion elements in Ti[j] are involutions. In particular, for any t ∈ τi[j],
the definable hull t̂ of t is torsion-free.
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12.2 Involutions and unipotence

Marvellous and luminous subgroups:
- not used in the argument about involutions of N(B).
- In the good box, used ONLY in Lemma 11.6. Check shortcuts with general

forms there.
- The following lemmas are quite general ; actually it seems we just require

i to be non-exceptional (in the weak form, when only considering involutions in
wH).

- Perhaps the PSL 2 analysis and Corollary 9.43 could be rewritten using
them: no: this latter theorem is proved for any B, not the heavy Bi’s, but
luminous groups seem to be useful only for heavy stuffs.

===========================
We start with a trivial remark.

Lemma 12.5 Let G be a group of finite Morley rank, i an involution of G, B
a Borel subgroup admitting a soapy subgroup U normalized by i and such that
d(C◦(i)) < d(U). Then i inverts U .

Proof. By homogeneity of U , C◦U (i) is a q̃-group, where q̃ is the unique unipo-
tence parameter admitted by U , and our assumption implies that C◦U (i) is trivial.
Hence i inverts U by Fact 7.16. �

Next we give a rudimentary sufficient condition for constructing character-
istically soapy subgroups of standard Borel subgroups.

Lemma 12.6 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, i a non-exceptional involution of G◦, and B a standard Borel subgroup of
G containing C◦(i) and admitting q̃ as maximal unipotence parameter. Assume
Uq̃(Z(F ◦(B))) is not centralized by all involutions of a Sylow 2-subgroup of
B. Then B contains a characteristically soapy subgroup U . Furthermore any
involution j of B with d(C◦(j)) < d(B) inverts U .

Proof. The first claim is just a special case of Lemma 2.18. The second is a
special case of Lemma 12.5. �

Next we build in any standard Borel subgroup a subgroup having all property
for being a soapy subgroup, except maybe the homogeneity property. This just
requires properties “inside” the standard Borel subgroup.

Lemma 12.7 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, i a non-exceptional involution of G◦, and B a standard Borel subgroup
of G containing C◦(i). Then there exists a definable subgroup U ≤ B with the
following properties:

(1) U is a nontrivial definable connected of Z(F ◦(B)),
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(2) U is normal in B, and

(3) every involution k in iG ∩B such that C◦(k) � B inverts U .

Proof. Let q̃ be a unipotence parameter of B with maximal unipotence degree.
If B is abelian, then B = C◦(i) and there is no involution k like in the third
condition, so U = B will work. Hence we may assume that q̃ is not (∞, 0).

Assume first Uq̃(Z(F ◦(B))) ≤ Z(B). In particular every involution in B
centralizes Uq̃(Z(F ◦(B))). So if k ∈ iG ∩B, we have Uq̃(Z(F ◦(B))) ≤ C◦(k) =
Bk, a conjugate of B, which has maximal unipotence parameter q̃ also. Then
Corollary 4.3 gives C◦(k) = Bk = B, and hence there is no involution like in
the third condition. Then U = Uq̃(Z(F ◦(B))) meets our requirements.

Assume now Uq̃(Z(F ◦(B))) � Z(B). Let then U be the characteristically
soapy subgroup of B provided by Lemma 2.18. It satisfies properties (1) and (2),
and if k is an involution as in (3), then C◦U (k) is a q̃-subgroup by q̃-homogeneity
of U . It is normal in B by Lemma 7.24. If it is nontrivial, then N◦(C◦U (k)) ≤
B by local◦ solvability◦ of G, and Corollary 4.3 implies that C◦(k) ≤ B, a
contradiction to our assumption. Hence C◦U (k) is finite and k inverts U . �

The next lemma allows one to build heavy characteristically soapy subgroups
when a Weyl elements normalizes a subgroup containing a forbidden subgroup
of a standard Borel subgroup.

Lemma 12.8 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type, i a non-exceptional involution of G◦, and B a standard Borel subgroup of
G containing C◦(i), and q̃ a maximal unipotence parameter for B. Let w ∈ iG \
N(B), X some non-trivial q̃-subgroup with X E B (typically Uq̃(Z(F ◦(B)))),
and suppose that w normalizes some definable solvable subgroup H containing
X, and fix some maximal unipotence parameter q̃H of H. Then q̃H � q̃ and
H contains a characteristicaly soapy subgroup UH such that every involution
s ∈ N(H) with q̃s ≺ q̃H (notice that involutions of wH satisfy this property)
inverts UH .

Proof. Notice first that our assumption rules out the case q̃ = (∞, 0). In this
case B is abelian and as X ≤ B, Bw one easily gets B = Bw, a contradiction.

As X ≤ H, we obviously have q̃H � q̃. Assume equality. Then Corollary 4.3
implies that Uq̃(B) is the unique Sylow q̃-subgroup of G containing Uq̃(H). As
the latter is w-invariant, so is the former. Hence w ∈ N(N◦(Uq̃(B))) = N(B),
a contradiction.

Hence q̃H � q̃. Now X cannot centralize Uq̃H
(Z(F ◦((H))), as otherwise

Uq̃H
(Z(F ◦(H))) ≤ C◦(X) ≤ N◦(X) = B. Then H contains a characteristically

soapy subgroup UH by Lemma 2.18, and if s ∈ I(N(H)) does not invert UH ,
then C◦UH

(s) must be a nontrivial q̃H -subgroup by q̃H -homogeneity of UH , a
contradiction when q̃H � q̃s. �
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The following “Devil’s Ladder” appeared as [Del07b, Lemma 5.4.9] and is
quite powerful for analyzing nonalgebraic configurations. It will be used in
Section 12.3 concerning certain torsion control by induction on the unipotence
degree of centralizers of involutions, and also in Lemma 14.1 below.

Lemma 12.9 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type whose Sylow 2-subgroups don’t have the PSL 2 type, 〈i, k〉 a Viergruppe of
G◦ in which all involutions i, k, and ik are not exceptional, and B a standard
Borel subgroup containing C◦(i). Suppose, for ` = k or ik, that C◦(`) is a Borel
subgroup whenever q̃` > q̃i. If X is some nontrivial definable connected subgroup
of B centralized by i and inverted by k, then C◦(X) ≤ B.

Proof. Our assumption on the Sylow 2-subgroup and Theorem 9.1 implies that
〈i, k〉 ≤ C◦(i) ≤ B.

By local◦ solvability◦ of G, C◦(X) is solvable.
The assumption that k invertsX and the assumption that Sylow 2-subgroups

of the PSL 2-type are excluded implies that X contains no nontrivial 2-tori, and
hence has no involutions. As it is inverted by k, one gets with Lemma 7.24
X ≤ F ◦(B).

As C◦(X) is 〈i, k〉-invariant, Proposition 9.22 implies the existence of an
〈i, k〉-invariant Borel subgroup Bα containing C◦(X). We shall prove Bα = B,
which gives our claim.

Assume toward a contradiction Bα � B, i.e. Bα 6= B. As k inverts X,
B is not abelian and admits a maximal unipotence parameter q̃ different from
(∞, 0).

As Uq̃(Z(F ◦(B))) ≤ C◦(X) ≤ Bα and Bα 6= B, Corollary 4.3 implies that
d(Bα) > d(B). Then as C◦(Uq̃(Z(F ◦(B)))) ≤ B the assumption of Lemma
2.18 is satisfied and it gives a characteristically soapy subgroup Uα of Bα with
d(Uα) = d(Bα). Now d(C◦(i)) ≤ d(B) < d(Bα) and by Lemma 12.5 i inverts
Uα.

In particular one of the two involutions k and ik, call it j, cannot invert Uα.
Now C◦Uα

(j) is nontrivial by Fact 7.16, and we call this latter subgroup Z.
Now C◦(Z) is an 〈i, k〉-invariant solvable subgroup by local◦ solvability◦ of

G, and by Proposition 9.22 it is contained in an 〈i, k〉-invariant Borel subgroup
Bβ . As Uα ≤ C◦(Z) ≤ Bβ , Lemma 4.10 gives some characteristically soapy
subgroup Uβ for Bβ . Now d(Uβ) = d(Bβ) ≥ d(Bα) > d(C◦(i)), and in particular
i inverts Uβ by Fact 7.16. As the subgroup Uα of Bβ normalizes Uβ and both
are inverted by i, Fact 7.21 implies (Uβ is 2-divisible) that [Uα, Uβ ] = 1. Now
Lemma 4.9 (2) implies that Bα = Bβ . In particular C◦(Z) ≤ Bα.

On the other hand Z ≤ C◦(j) ≤ Bj for some Borel subgroup Bj of G as j
is not exceptional by assumption. In particular

d(Bj) ≥ d(Z) = d(Uα) = d(Bα) > d(C◦(i))

and as i ∈ C◦(j) ≤ Bj Lemma 12.6 provides some characteristically soapy sub-
group Uj for Bj which is inverted by i (notice that i cannot centralize UZFBj !).
As Z is in F ◦(Bj), as inverted by i, it follows that Z centralizes Uj . Hence
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Uj ≤ C◦(Z) ≤ Bα. Now Uα is normalized by Uj which is 2-divisible, both are
inverted by i, and Fact 7.21 implies that [Uα, Uj ] = 1. Now Lemma 4.9 (2)
implies that Bα = Bj .

Then j centralizes Bj = Bα ≥ C◦(X) ≥ X, a final contradiction as j inverts
X. �

12.3 Torsion control revisited

Lemma 12.1 consists in the torsion control in presence of “outsiders” strongly
real elements and it requires no inductive assumptions on the unipotence degree
of involutions involved. We provide here another torsion control lemma in the
same vein, which provides with induction hypotheses on involutions the full
conclusions of Lemma 12.1.

Proposition 12.10 (The Yanartaş Lemma) Let G be a locally◦ solvable◦

group of finite Morley rank of odd type whose Sylow 2-subgroups don’t have the
PSL 2 type, and where involutions are not exceptional. Let i be an involution,
B a standard Borel subgroup containing C◦(i), and j an involution with j /∈ B.
Suppose, for involution `, that C◦(`) is a Borel subgroup whenever q̃` > q̃i. If
C◦(i) is a Borel subgroup, or if i and j are conjugate, then τi[j] is generic in
Ti[j].

Proof. If Ti[j] is finite, there is nothing to do. So assume Ti[j] infinite, and
Lemma 12.1 applies. By Lemma 12.1 (3) it suffices to prove that there are only
finitely many involutions in Ti[j].

Assume toward a contradiction there are infinitely many involutions in Ti[j].
As there are but finitely many O(F ◦(B))-conjugacy classes of involutions inside
B, we end up with two involutions k 6= ` ∈ Ti[j] that are O(F ◦(B))-conjugate,
and we shall eventually derive a contradiction from this.

We first claim that the definable hull H(k`) of k` is torsion-free. Let x in k̂`
be some p-element. By Lemma 12.1 (1) and the assumption that Ti[j] is infinite,
there is no p-unipotence in B ; hence x belongs to a p-torus P of B. Now j acts
on C◦(x) ≥ C◦(P ), and the latter contains a maximal 2-torus S◦1 which can be
assumed to be j-invariant. By assumption on the Sylow 2-subgroup, we have
j ∈ S◦1 ≤ C◦(x), and x is an involution. This contradicts the fact that k and `
are O(F ◦(B))-conjugate. Hence H(k`) is torsion-free.

In particular, k` ∈ C◦(k`) which is solvable by local◦ solvability◦ of G. Also
notice that as k and ` are O(F ◦(B))-conjugate, we must have Up̃i

(Z(F ◦(Bi))) ≤
C◦(k`).

We now assume that C◦(i) is a Borel subgroup, that is C◦(i) = B. In
that case k, ` ∈ C◦(i). Let V = 〈i, k〉. Notice that k 6= i, as otherwise j
centralizes i and lands in B. As i centralizes H(k`) and k inverts it, Lemma 12.9
gives C◦(k`) ≤ B. But Uq̃(Z(F ◦(B))) ≤ C◦(k`), and by Corollary 4.3 implies
that B is the unique Borel containing q̃ as maximal unipotence parameter and
containing Uq̃(Z(F ◦(B))). As C◦(k`) is j-invariant, one gets B = Bj , and j ∈ B
by the structure of Sylow 2-subgroups, a contradiction.
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We now assume that i and j are conjugate. Let V = 〈j, k〉. This is Vier-
gruppe as j /∈ B. We let Bj be a standard Borel subgroup containing j conju-
gate to B (this exists as i and j are conjugate!). As j centralizes H(k`) which
is connected, H(k`) ≤ C◦(j) ≤ Bj , and k ∈ C◦(j) ≤ Bj . Now H(k`) is central-
ized by j, inverted by k, and Lemma 12.9 gives C◦(k`) ≤ Bj

1. Now one finds
Uq̃(Z(F ◦(B))) ≤ C◦(k`) ≤ Bj , and as B and Bj are conjugate one finds with
Corollary 4.3 B = Bj . In particular j ∈ C◦(j) ≤ Bj = B, a contradiction. �

Proposition 12.10 will be used both in the concentration argument of Section
13 and in final argument for conjugacy of involutions.

13 Concentration argument

We shall prove the following theorem in the present section.

Theorem 13.1 Let G be a connected nonsolvable locally◦ solvable◦ group of
finite Morley rank of odd type in which no involution is exceptional, not iso-
morphic to PSL 2(K) for some algebraically closed field K. Suppose C◦(j) is a
Borel subgroup whenever q̃j > q̃i. Then C◦(i) is a Borel subgroup of G.

13.1 Axiomatic argument

Version axiomatique, donc.
Puis:

Corollary 13.2 There is no abelian subgroup of B i-invariant containing both
(axiomatic K) and Θ[w] and Fratinizable in a w-invariant group.

13.2 Preliminary analysis

We now pass to the proof of Theorem 13.1, and hence we adopt all the notation
and assumptions of that theorem.

As G does not have the PSL 2 type, by Corollary 11.36, one has uniqueness
of Borel subgroups over centralizers◦ of involutions. If the Sylow 2-subgroup has
the PSL 2 type, then one gets our second alternative with Corollary 11.37, and
thus we may assume that Sylow 2-subgroups of G don’t have the PSL 2-type.

Assume toward a contradiction there exists an involution i of G◦ such that
C◦(i) < B for a Borel subgroup B, with maximal unipotence degree with this
property. We will eventually reach a contradiction.

We apply Proposition 12.10. It gives, for j conjugate to i but not in Bi, that

τi[j] is generic in Ti[j]

and this holds for generic j in iG by Lemma 9.47. Hence it suffices to prove the
following theorem.

1Diabolique, non ?

162



Theorem 13.3 Let G be a connected nonsolvable locally◦ solvable◦ group of
finite Morley of odd type, with an involution i such that C◦(i) < B for some
Borel subgroup, and B is the unique Borel subgroup containing C◦(i). Then the
set of involutions w ∈ IB,i such that τB,i[w] is not generic in TB,i[w] is generic
in IB,i.

Remark 13.4 If N(B) is strongly embedded, then the typical sets TB,i[w],
which are contained in B ∩ Bw which has no involutions, contain no involu-
tions. In particular they are 2-divisible, and

τB,i[w] = TB,i[w]

so that Theorem 13.3 below implies that C◦(i) = B. Try to explain entirely
a baby version of this under conjugacy of involutions, instead of presence of
strongly embedded as above.

The rest of this section is devoted to the proof of Theorem 13.3, so we adopt
all the notation and hypothesis of that theorem.

Hypothesis 13.5 B is the unique Borel subgroup of G containing C◦(i), and
is in particular a Bi as in Notation 9.16.

Fix also a maximal parameter q̃i as in Notation 9.16. As for B instead of
Bi, we will must of the time merely write q̃ instead of q̃i, unless we want to
emphasize the maximality.

Lemma 13.6 q̃ 6= (∞, 0).

Proof. Assume the contrary. Then B is abelian by Fact 2.11 (2). Hence one
gets C◦(i) < B ≤ C◦(i), a contradiction. �

We also fix a Sylow 2-subgroup S of G such that i ∈ S◦, so that the standard
Borel subgroup B satisfies i ∈ S◦ ≤ C◦(i) ≤ B.

Lemma 13.7 S is connected.

Proof. Assume the contrary. Then by Theorem 9.1 G has Pruefer rank one and
i is the unique involution of S◦, and in particular S ≤ C(i). By uniqueness of
B over C◦(i) one gets C(i) ≤ N(B). Hence S ≤ N(B), and by Corollary 9.43
all involutions of S belong to B. By Lemma 9.8 and solvability of C◦(i), S does
not have the SL 2 type, and thus it has the PSL 2 type. Now the involutions of
S \ S◦ must belong to B, hence to S◦ by connectedess of Sylow 2-subgroups of
B, a contradiction. �

For the proof hereafter we need to define the set of involutions who think
they are i (none of us, i).

Notation 13.8 Let ι = {j ∈ iG ∩B | C◦(j) ≤ B}.
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Lemma 13.9 ι = iN(B).

Proof. Let j ∈ ι, i.e. j = ig for some g ∈ G and C◦(j) ≤ B. By uniqueness
of the Borel subgroup B over C◦(i), there is a unique Borel subgroup of G
containing C◦(j), which is Bg, and this is automatically B also as C◦(j) ≤ B.
Hence Bg = B, and g ∈ N(B) necessarily.

Conversely, it is clear that iN(B) ⊆ ι. �

For the reminder of our proof we assume C◦(i) < B and we adopt all nota-
tions from §9.7 relatively to B and i, that is TB,i[w], τB,i[w], and IB,i. As all
set of this form will always be considered realtively to B and i, we will most of
the time omit the subscript ·B,i. To prove our theorem we assume now toward
a contradiction that

(∗) τ [w] is generic in T [w] for w generic in IB,i

We will eventually contradict the nonsolvability of G. Until this final contra-
diction, w below will always denote an involution of IB,i as in assumption (∗).

13.3 Study of τ [w]

Lemma 13.10 For any t in τ [w], the definable hull t̂ of t is torsion free.

Proof. S is connected by Lemma 13.7, and in particular does not have the
PSL 2 type. By our current assumptions, namely C◦(i) < B ≤ N(B) < G,
TB,i[w] is infinite. Hence Lemma 12.1 (2) applies, and gives exactly our claim.
�

Lemma 13.11 If τ [w] is contained in an abelian subgroup of G, then τ [w] =
〈τ [w]〉 is a definable abelian torsion-free subgroup of G.

Proof. Taking a definable hull if necessary, we may assume the abelian subgroup
A of G containing τ [w] is definable. By Zilber’s Generation Lemma and Lemma
13.10, 〈τ [w]〉 is a the product of finitely many subgroups contained in τ [w],
all torsion-free. Hence 〈τ [w]〉 is a torsion-free abelian subgroup of A. It is in
particular 2-divisible, and as it is also inverted by w one gets 〈τ [w]〉 ⊆ τ [w]. As
the reverse inclusion is obvious, everything is shown. �

Lemma 13.12 (Inverse Hostility) Involutions in iG∩B cannot invert τ [w].

Proof. Assume toward a contradiction there exists j ∈ iG ∩ B inverting τ [w].
Let t ∈ τ [w]. As its definable hull t̂ is torsion-free by Lemma 13.10 and j ∈ B,
one finds [t̂]◦ = t̂ ≤ F ◦(B). Now one gets t̂ ≤ F ◦(B) ∩ F ◦(B)w, and [t̂]◦ =
t̂ ≤ [F ◦(B)∩F ◦(B)w]◦. The latter is a connected nilpotent subgroup contained
in two distinct Borel subgroups, hence abelian by Proposition 4.98 (2). Hence
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Lemma 13.11 applies, and gives that τ [w] is a torsion-free definable abelian
subgroup. As it is inverted by j, τ [w] ⊆ [F ◦(B)]−j .

Assume first C◦(j) ≤ B. As j ∈ iG, C◦(j) is a G-conjugate of C◦(i).
Then Lemma 7.24 implies that rk [F ◦(B)]−j = rk (B) − rk (C◦(j)) = rk (B) −
rk (C◦(i)) = rk [(F ◦(B)]−i , and the latter is at most rk (T [w]) as w is suffi-
ciently generic over B. Now by assumption rk (τ [w]) = rk (T [w]), and hence
we get rk [F ◦(B)]−i ≤ rk (T [w]) = rk (τ [w]) ≤ rk [F ◦(B)]−j = rk [F ◦(B)]−i ,
i.e. equality. Thus τ [w] is generic in [F ◦(B)]−j . By Fact 2.31, the definable
torsion-free subgroup τ [w] of F ◦(B) is contained in O(F ◦(B)), and thus indeed
in [O(F ◦(B))]−j . It is of course still generic. Now by Fact 7.17 implies that
[O(F ◦(B))]−j has Morley degree one. In particular this definable set, though
not necessarily a group, contains at most one definable generic (sub)group,
as any two such (sub)groups should meet in a generic subset by considering
the Morley degree. Furthermore C◦(j) normalizes [O(F ◦(B))]−j . Hence C◦(j)
normalizes τ [w]. As these subgroups are disjoint, one has a semidirect prod-
uct τ [w] o C◦(j), and now the previous rank computations imply that this is
generic in B, hence equal to B by connectedness. In particular τ [w] is normal
in B, and w ∈ N(τ [w]) ≤ N(N◦(τ [w])) = N(B) by local◦ solvability◦ of G, a
contradiction to the definition of w.

Assume now C◦(j) 6≤ B. The subgroup Y provided by Lemma 12.7, as
q̃ 6= (∞, 0), is inverted by j. Let H = C◦(τ [w]), and take a maximal parameter
q̃H admitted by H. Notice that q̃H 6= (∞, 0), as otherwise H is abelian, which
eventually allows one to show B = Bw using Corollary 4.3. As τ [w] ≤ F ◦(B) ≤
C◦(Y ), we have Y ≤ H. Now as q̃ 6= (∞, 0) Lemma 12.8 applies and gives some
q̃H -subgroup YH E H inverted by j and more unipotent than q̃. So Fact 7.21
forces [Y, YH ] = 1 as Y is obviously 2-divisible, and thus YH ≤ N◦(Y ) = B by
local◦ solvability◦ of G. This is a contradiction to the maximality of q̃ among
unipotence parameter occuring in B, i.e. the fact that B = Bi provided by the
uniqueness of B over C◦(i). �

Corollary 13.13 (Action) τ [w] does not commute with Uq̃(Z(F ◦(B))).

Proof. Assume the contrary. Let H = C◦(τ [w]), a solvable group by local◦

solvability◦ of G and containing Uq̃(Z(F ◦(B))) by assumption. Let q̃H be some
unipotence parameter maximal for H.

Let Û be a Sylow q̃-subgroup of H containing Uq̃(Z(F ◦(B))). A snake
argument (do it and quote it!) implies that there exists an involution w′ H-
conjugate to w and which normalizes Û . By Corollary 4.3 applied twice, w′ ∈
N(B) and the connectedness of S forces w′ ∈ B. Now w′ ∈ iG ∩B inverts τ [w],
a contradiction to Lemma 13.12. �

Corollary 13.14 (Ts) There exist an integer s > 0 and a definable connected
abelian indecomposable (∞, s)-group Ts with the following properties:

(1) Ts ⊆ τ [w], and
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(2) [Ts, Uq̃(Z(F ◦(B)))] 6= 1.

Proof. We consider projection modulo CB(Uq̃(Z(F ◦(B)))), which we denote by
H. By Corollary 13.13, there exists an element t in τ [w] such that the definable
hull t̂ of t has a nontrivial image in B. The image of t̂ is an abelian torsion-
free subgroup of B, using the fact that t̂ is torsion-free by Lemma 13.10 and
lifting of torsion. So this image admits a unipotence parameter of the form
(∞, s) for some integer s > 0. We can with Fact 2.4 (2) pull-back a definable
(∞, s)-subgroup of the image of t̂ in t̂, and we are done. �

Remark 13.15 (∞, s) 6= q̃.

Proof. This is because Uq̃(B) ≤ F ◦(B) and Ts � F ◦(B). �

Lemma 13.16 (Positive Hostility of Ts) Let j ∈ ι. Then j does not cen-
tralize Ts.

Proof. Assume j in ι and in C(Ts). As the latter is w-invariant, a snake ar-
gument, together with the connectedness of Sylow 2-subgroups, gives a C(Ts)-
conjugate w′ of w which commutes with j. In particular one finds by connect-
edness of Sylow 2-subgroups again w′ ∈ C◦(j) ≤ B. Now w′ ∈ B inverts Ts.
As it also centralizes Ts modulo F ◦(B) and the subgroup Ts, included in the
set τ [w], is torsion-free by Lemma 13.10, we get Ts ≤ F ◦(B), a contradiction to
the fact that Ts does not centralize Uq̃(Z(F ◦(B))). �

Lemma 13.17 (Commutativity) B ∩Bw is abelian-by finite.

Proof. It suffices to prove that [B ∩ Bw]◦ has a trivial derived subgroup. As-
suming toward a contradiction the contrary, then X = [F ◦(B) ∩ F ◦(Bw)] is
nontrivial. As X is connected, N = N◦(X) is solvable by local◦ solvability◦ of
G. Choose some maximal unipotence parameter q̃N for N .

Obviously Uq̃(Z(F ◦(B))) ≤ N and N is w-invariant, hence Lemma 12.8
gives a q̃N -subgroup YN normal in N , with q̃N � q̃.

Also a snake argument gives an N -conjugate w′ of w normalizing a Sylow
q̃-subgroup of N containing Uq̃(Z(F ◦(B))), and Corollary 4.3 applied twice
implies w′ ∈ N(B), and finally w′ ∈ B by connectedness of Sylow 2-subgroups
or Corollary 9.43.

We claim that w′ centralizes Z(F ◦(B)). Otherwise, L = [Z(F ◦(B))]−w′ is
nontrivial by Fact 7.16, and clearly 2-divisible. By Lemma 7.24, L / B. Now L
normalizes YN and both groups are inverted by w′, so Fact 7.17 yields [L, YN ] =
1, whence YN ≤ N◦(L) = B by local◦ solvability◦ of G, a contradiction. So
L = 1, and w′ centralizes Z(F ◦(B)).

As a first consequence, we get that Uq̃(Z(F ◦(B))) ≤ C◦(w′). As B is the
unique Borel subgroup containing C◦(i), q̃ = q̃i and one gets easily with Corol-
lary 4.3 and using w′ ∈ iG that Bw′ = B, that is C◦(w′) ≤ B. Hence w′ ∈ ι.
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On the other hand, we deduce that w′ does not centralize F ◦(B). Otherwise,
Lemma 7.24 would imply B ≤ C◦(w′) ≤ B, and C◦(w′) would be a Borel
subgroup of G, contradicting that fact that C◦(i) < B!

In particular it follows that F ◦(B) is not abelian. Now Lemma 4.106 implies
that X is homogeneous.

Let K = (N ∩ B)◦. As q̃N � q̃, K is contained in two distinct Borel
subgroups, and it follows from Proposition 4.98 (2) that the definable connected
nilpotent subgroup K ′ is homogeneous.

Now Ts ≤ K and Uq̃(Z(F ◦(B))) ≤ K, so 1 6= [Ts, Uq̃(Z(F ◦(B)))] ≤ K.
As [Ts, Uq̃(Z(F ◦(B)))] is q̃-homogeneous by Fact 2.2, one finds that K ′ is q̃-
homogeneous. But also [(B ∩ Bw)◦]′ ≤ K ′, so [(B ∩ Bw)◦]′ is q̃-homogeneous.
As [(B ∩Bw)◦]′ ≤ X, X is q̃-homogeneous.

In particular U(∞,s)(F ◦(B)) ≤ C◦(X) ≤ N , so U(∞,s)(F ◦(B)) is contained in
two distinct Borel subgroups. This implies that U(∞,s)(F ◦(B)) is abelian using
Proposition 4.98 (2), whence U(∞,s)(F ◦(B)) ≤ Z(F ◦(B)) ≤ C◦(w′). Structure
of Sylow (∞, s)-subgroups, Fact 2.30, now says that there is some Sylow (∞, s)-
subgroup of B commuting with the involution w′ of ι and by conjugacy, every
Sylow (∞, s)-subgroup of B commutes with some involution in ι. As Ts belong
to such a subgroup, this violates Lemma 13.16. This is a final contradiction
which ends our proof. �

Corollary 13.18 τ [w] is a definable abelian torsion-free subgroup.

Proof. By Lemma 13.10 τ [w] ⊆ [B ∩Bw]◦, and the latter group is abelian by
Lemma 13.17. Hence Lemma 13.11 can be applied. �

13.4 The maximal pair

By local◦ solvability◦ of G, C◦(τ [w]) is contained in a Borel subgroup of G.
If C◦(τ [w]) � B, then this Borel subgroup is obviously distinct from B and
contains C◦B(τ [w]), and otherwise C◦(τ [w]) which is w-invariant is contained
in B ∩Bw and Bw is a Borel subgroup of G distinct from B and contain-
ing C◦B(τ [w]) also. In any case these exists a Borel subgroup distinct from B
and containing C◦B(τ [w]), and one can choose one maximazing its intersection◦

among such choices.

Notation 13.19 (Artillery!) Let BM be a Borel subgroup of G, admitting ˜qM
as maximal unipotence parameter, satisfying the following requirements:

(1) BM 6= B,

(2) BM ≥ C◦B(τ [w]),

(3) H = (B ∩ BM )◦ is maximal for inclusion among Borel subgroups BM

satisfying the two preceding requirements.

167



Proposition 13.20 (Everything about H) (B,BM ) is a maximal pair and
H is nonabelian. Furthermore q̃ � ˜qM and H ′ is (∞, s)-homogeneous.

Proof. We first show that H is nonabelian, so assume toward a contradiction H
is abelian. Then H ≤ C◦B(τ [w]) ≤ H by Notation 13.19 (2), and H = C◦B(τ [w]).
But by Lemma 13.16 H, which contains τ [w], cannot be a Carter subgroup of
B, which contains a Sylow 2-subgroup of B. Hence H < N◦

B(H). As N◦(H) is
solvable by local◦ solvability◦ of G, it is contained in a Borel subgroup B0 of G.
Then C◦B(τ [w]) = H ≤ B0 and B0 meets the requirement of Notation 13.19 (2),
but also H < N◦

B(H) ≤ (B ∩ B0)◦, a contradiction to the maximality required
in Notation 13.19 (3) if B0 6= B. This proves that necessarily B0 = B, and thus
B is the unique Borel subgroup of G containing N◦(H). Now N◦

C◦(τ [w])(H) ≤
C◦B(τ [w]) = H, which means that H is a Carter subgroup of C◦(τ [w]). As
the latter is w-invariant, a snake argument (quote!) implies that there is some
involution w′ C◦(τ [w])-conjugate to w and normalizing H. Then w′ normalizes
the unique Borel subgroup containing N◦(H), namely B, and with Lemma 13.7
or Corollary 9.43 we find w′ ∈ B. But w′ inverts τ [w], and this contradiction
to Lemma 13.12 ends our proof that H is nonabelian.

Now, by clause (3) of Notation 13.19, clause (3) of Theorem 4.102 is satisfied,
and by nonabelianity of H Theorem 4.102 says that this is equivalent to clause
(1), or also (2), of Theorem 4.102. Hence (B,BM ) is a maximal pair, and
as its intersection◦ is nonabelian all conclusions of Theorem 4.103 apply. In
particular by Theorem 4.103 (3) H ′ ≤ [F (B)∩F (BM )]◦ is (∞, r)-homogeneous
for some integer r > 0. Theorem 4.104 (1) also tells us that the configuration
is asymmetric, in the sense that ˜qM 6= q̃.

We prove now that r = s. Assume toward a contradiction r 6= s. Then Ts

is contained in a Carter subgroup Q of H by Fact 2.30. Lemma 13.16 implies
that Q cannot be a Carter subgroup of B, as the latter always contains a Sylow
2-subgroup of B. Hence Q < N◦

B(Q) ≤ N◦
B(U(∞,r)(Q)), the latter subgroup

being solvable by local◦ solvability◦ of G and Theorem 4.103 (4). As the three
cases (4a) − (4c) in Theorem 4.103 show that H ≤ N◦

B(U(∞,r)(Q)), one gets
necesarily H < N◦

B(U(∞,r)(Q)) as otherwise N◦
B(Q) ≤ N◦

B(U(∞,r)(Q)) = H
and N◦

B(Q) = N◦
H(Q) = Q, and B is the unique Borel subgroup contain-

ing N◦(U(∞,r)(Q)). Hence N◦
C◦(τ [w])(Q) ≤ C◦B(τ [w]) ≤ H, and this implies

N◦
C◦(τ [w])(Q) ≤ N◦

H(Q) = Q, i.e. Q is a Carter subgroup of C◦(τ [w]). As the lat-
ter is w-invariant, one more snake argument gives some involution w′ C◦(τ [w])-
conjugate to w and normalizing Q. In particular w′ normalizes N◦(U(∞,r)(Q)),
and has to normalize the unique Borel subgroup containing the latter, i.e. B.
By Lemma 13.7 or Corollary 9.43, w′ ∈ B and thus one just found an involution
w′ in iG ∩ B inverting τ [w], a contradiction to Lemma 13.12. Hence r = s, as
claimed.

Now we know that H ′ is (∞, s)-homogeneous. It remains just to prove that
q̃ � ˜qM . If this fails, then ˜qM � q̃ by the asymmetry of the situation. In
that case Theorem 4.104 (7), together with the inequality (∞, s) 6= q̃ provided
by Remark 13.15, gives Uq̃(Z(F ◦(B))) ≤ Z(H) ≤ C◦(Ts), a contradiction to
Corollary 13.14 (2). Hence q̃ � ˜qM , and our proof is complete. �
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Remark 13.21 If the Pruefer rank is ≥ 2, then G has no strongly embedded
subgroup M such that M◦ is solvable. If the Pruefer rank if one, then N(B) is
strongly embedded.

Proof. Assume the Pruefer rank is ≥ 2, andM is a strongly embedded subgroup
such that M◦ is solvable. By connectedness of S we may assume S ≤M◦ up to
conjugacy. Now C◦(i) ≤ M◦ ≤ B0 for a Borel subgroup B0 (indeed one shows
easily with bi-generation that M◦ is a Borel subgroup). The uniqueness of B
over C◦(i) implies then B = B0, i.e. M◦ ≤ B. But now by bi-generation BM

is generated by centralizers◦ of involutions of a Viergrupp, hence contained in
M◦ ≤ B, a contradiction.

Assume now the Puefer rank in 1, and let M = N(B). Assume that M ∩Mg

contains an involution for some g ∈ G. As Sylow 2-subgroups are connected and
the Pruefer rank is 1, one may assume this is i. Then B and Bg both contain
C◦(i), and the uniqueness of B over C◦(i) gives B = Bg, and g ∈ N(B) = M .
�

Perhaps try to prove ι = iB also ? Seems not usefull anyway.

13.5 Consequences in B

At this point all conclusions of Theorems 4.103 and 4.104 apply to the maximal
pair (B,BM ), where q̃ � ˜qM and d(H ′) = s. In particular a Carter subgroup
of H is also a Carter subgroup of B by Theorem 4.104 (2), and it contains in
particular a Sylow 2-subgroup of B, which may be assumed to be S up to B-
conjugacy. Now N◦(Q) ≤ N◦(S) ≤ C◦(i) ≤ B, so Q ≤ N◦(Q) ≤ N◦

B(Q) = Q
and Q is a Carter subgroup of G.

Notation 13.22 Fix a Carter subgroup Q of G such that i ∈ S ≤ Q ≤ H.

Notation 13.23 We let now Σ = U(∞,s)(H).

Remark 13.24 Σ = U(∞,s)(F ◦(H)) according to Proposition 4.98 (3).

Proposition 13.25 (Everything about Σ)

(1) Σ is an abelian Sylow (∞, s)-subgroup of B.

(2) Any Sylow (∞, s)-subgroup of G containing Σ is contained in F ◦(BM )
(and thus is U(∞,s)(F ◦(BM ))).

(3) Σ contains τ [w], which is a homogeneous definable (∞, s)-subgroup.

Proof.
(1). As Σ is a definable connected nilpotent subgroup contained in two

distinct Borel subgroups, it is abelian by Proposition 4.98 (2). Now let L be a
Sylow (∞, s)-subgroup ofB containing Σ. SinceN◦(Σ) ≤ BM by Theorem 4.104
(6), N◦

L(Σ) ≤ (L ∩ BM )◦ ≤ (B ∩ BM )◦ = H. In particular U(∞,s)(N◦
L(Σ)) ≤
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U(∞,s)(H) = Σ and by normalizer condition, Fact 2.7, we get that Σ = L is a
Sylow (∞, s)-subgroup of B. Check whether general form for the preceding two
lines.

(2). By Theorem 4.104 (8) any Sylow (∞, s)-subgroup of G containing Σ in
contained in BM , and as Q is a Carter subgroup of BM , is contained in F ◦(BM )
by Theorem 4.104 (9).

(3). It suffices now to prove that τ [w] is a homogeneous (∞, s)-group. As-
suming the contrary, then by Corollary 13.18 some unipotence parameter (∞, `),
with 0 < ` <∞, occurs in τ [w]. Let T` be a definable indecomposable subgroup
of τ [w]. As H ′ is (∞, s)-homogeneous, Fact 2.30 says that T` is contained in
a Carter subgroup of H, which after H-conjugacy may be assumed to be Q.
Hence T` commutes with S. Now S ≤ C◦(T`) which is w-invariant, so a snake
gives some involution w′ C◦(T`)-conjugate to w and normalizing S, i.e. belong-
ing to S by connectedness of Sylow 2-subgroups. Hence w′ ∈ S centralizes T`,
but as w and w′ are C◦(T`)-conjugate, w′ also inverts T`, a contradiction to
Lemma 13.10. �

Lemma 13.26 (Strong positive hostility) Let j ∈ ι. Then Cτ [w](j) = 1.

Proof. Suppose there is a nontrivial element t in Cτ [w](j). Then j ∈ C(t),
and the latter being w-invariant, there is by a snake a C(t)-conjugate w′ of
w which commutes with j. Connectedness of the Sylow 2-subgroups implies
w′ ∈ C◦(j) ≤ B.

So t ∈ B is inverted by w′ ∈ B, and as the definable hull t̂ of t is torsion-free
by Lemma 13.10, t ∈ F ◦(B). Now Proposition 13.25 says that t̂ is an (∞, s)-
group, so t ∈ t̂ ≤ U(∞,s)(F ◦(B)). By Theorem 4.104 (4) B is the unique Borel
subgroup containing C◦(U(∞,s)(F ◦(B))). But C◦(U(∞,s)(F ◦(B))) ≤ C◦(t) and
as t̂ is torsion-free C◦(t) is solvable by local◦ solvability◦ of G, one gets that B
is the unique Borel subgroup of G containing C◦(t). So w must normalize B, a
contradiction. �

As S ≤ Q ≤ H, S normalizes Σ and the following commutators are sub-
groups of Σ.

Notation 13.27 For j ∈ ι ∩ S, let Kj = [Σ, j].

Proposition 13.28 (Everything about Kj) Let j ∈ ι ∩ S. Then

(1) Kj is an abelian definable connected (∞, s)-homogeneous (2⊥) subgroup of
U(∞,s)(F ◦(B)).

(2) rk (Kj) = rk ([F ◦(B)]−j ) = rk (τ [w]).

(3) B splits as B = Kj o C◦(j).

(4) Kj = [B, j].
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(5) For every nontrivial subgroup X of Kj, B is the unique Borel subgroup of
G containing C◦(X).

Proof.
(1). Fact 1.1 implies that Kj is definable and connected as Σ is. As Σ is

abelian, so is Kj . Also, Kj = [Σ, j] ≤ H ′ which is (∞, s)-homogeneous by
Proposition 13.20. In particular Kj is torsion-free. Now Kj ≤ F ◦(B), and
Kj ≤ U(∞,s)(F ◦(B)).

(2). We now compute the ranks. As Σ is abelian (??), the action of j on
it decomposes as Σ = CΣ(i) + Σ−j by Theorem 7.19, the intersection of both
factors being finite. In particular rk (Σ) = rk (CΣ(j)) + rk (Σ−j ). Furthermore
one can show that Kj ≤ Σ−j , and one can deduce easily that Kj = [Σ−j ]◦. On
the other hand, Lemma 13.26, our assumption that rk (τ [w]) = rk (T [w]), and
the fact that rk ([F ◦(B)]−i) = rk ([F ◦(B)]−j ) as j ∈ ι, successively imply that

rk (Σ) ≥ rk (CΣ(j)) + rk (τ [w])
= rk (CΣ(j)) + rk (T [w])
≥ rk (CΣ(j)) + rk ([F ◦(B)]−j )
≥ rk (CΣ(j)) + rk (Kj)
= rk (CΣ(j)) + rk (Σ−j ) = rk (Σ) .

It follows that all quantites above are actually equal, and this proves that
rk (Kj) = rk ([F ◦(B)]−j ) = rk (τ [w]).

(3). Point (1) and Fact 2.31 imply that Kj ≤ O(F ◦(B))−j , which has
Morley degree one. Point (2) implies that the group Kj is a generic subset of
O(F ◦(B))−j , and must be the unique such. As C◦(j) normalizes O(F ◦(B))−j ,
it normalizes Kj , and one has a semidirect product Kj oC◦(j). It is generic in
B by point (2) and Lemma 7.24. As B is connected one gets B = Kj o C◦(j).

(4). The equality Kj = [B, j] follows then from B = Kj o C◦(j) and
Kj = [Kj , j].

(5). Theorem 4.104 (4) proves that B is the unique Borel subgroup con-
taining U(∞,s)(F ◦(B)), and in particular the unique Borel subgroup containing
C◦(X) for any nontrivial subset X of Kj (notice that X is torsion-free by ho-
mogeneity of Kj , and C◦(X) is solvable by local◦ solvability◦ of G). �

Corollary 13.29 {Kj | j ∈ ι} is finite.

Proof. Kj = [B, j] depends only on the B-conjugacy class of j. �

Notation 13.30

(1) Let K = Ki.

(2) Let K̃ = K \ (
⋃

g∈G\N(K)K
g).

Lemma 13.31
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(1) rk (K̃) = rk (K),

(2) B ≤ N(K) = N(K̃) ≤ N(B), and

(3) Any two distinct conjugates of K̃# have an empty intersection.

Proof.
(1). We claim that there exists only finitely many conjugates of K having

a nontrivial intersection with K. For if it suffices to show that any conjugate
of K having a nontrivial intersection with K is indeed a Kj for some j ∈ ι,
by Corollary 13.29. Let thus g be an element in G such that X := K ∩Kg is
nontrivial, and we want to show Kg = Kj for some j ∈ ι. If we let h = g−1,
then Xh = Kh ∩K ≤ K. By Proposition 13.28 (5) applied with i and K to
X and Xh respectively, B is the unique Borel subgroup containing C◦(X) and
C◦(Xh). As g conjugates Xh to X, it conjugates B to B, and thus g ∈ N(B).
Now it is clear that ig is in ι as i is, and Kg = [B, i]g = [B, ig] = Kig by
Proposition 13.28 (4), as desired. Hence there is, as claimed, only finitely many
conjugates of K having a nontrivial intersection with K.

Finally,
K̃ = K \ (K1 ∪ · · · ∪Kn)

for finitely many proper definable subgroups Ks of K, and as K is connected
one concludes that K1 ∪ · · · ∪Kn is not generic in K, and in particular that K̃
is generic in K.

(2). Clearly K̃ is an N(K)-invariant subset, so N(K) ≤ N(K̃). On the
other hand, the definable hull of K̃ is contained in K̃ and K, and by (1) and
connectedness of K it is necessarily K. As N(K̃) normalizes the definable
hull of K̃, it normalizes K and N(K̃) ≤ N(K). Hence N(K) = N(K̃). As
B = K o C◦(i) by Proposition 13.28 (3), B ≤ N(K). As N(K) ≤ N(N◦(K))
and N◦(K) = B by local◦ solvability◦ of G and the fact that K / B and the
maximality of B, N(K) ≤ N(B).

(3). Assume K̃ ∩ K̃g contains for some element g a nontrivial element x.
Then x is a nontrivial element of K ∩ Kg as well. By definition of K̃, g is in
N(K). As N(K) = N(K̃), g is in N(K̃). The proves that the only element of
K̃ which can be in two distinct conjugates of K̃ is the identity element, and our
claim is proved. �

Corollary 13.32 rk (K̃G) = rk (G)− rk (C◦(i)).

Proof. Using successively Lemma 13.31 (3), Lemma 13.31 (1), Lemma 13.31
(2), and Proposition 13.28 (3) one gets

rk (K̃G) = rk (K̃) + rk (G/N(K̃))
= rk (K) + rk (G)− rk (N(K̃))
= rk (K) + rk (G)− rk (B)
= rk (K) + rk (G)− (rk (C◦(i)) + rk (K))
= rk (G)− rk (C◦(i)).

�
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13.6 Conjugacy and concentration

Notation 13.33 We denote by .̌ the operator U(∞,s)(O(.)) on definable sub-
groups of G.

Remark 13.34 We indeed really want to work with the U(∞,s) radical. Taking
the radical O has merely the effect of killing potential residual involutions in the
groups considered.

Lemma 13.35 The operator .̌ is an increasing operator on definable connected
solvable subgroups, i.e. if L1 ≤ L2 are two definable connected solvable sub-
groups, then Ľ1 ≤ Ľ2.

Proof. O(L1) ≤ O(L2) by Fact 2.31, and thus Ľ1 ≤ Ľ2. �

Lemma 13.36 (Limitating centralizers) C◦
F̌ (BM )

(τ [w]) = Σ̌.

Proof. Recall that Σ ≤ F ◦(BM ) by Proposition 13.25 (2). Then Σ̌ ≤ F̌ (BM ).
As τ [w] and K are (∞, s)-homogeneous of Σ, they are in particular subgroups
of Σ without involutions. By Fact 2.31 they are included in O(Σ), and it follows
that τ [w], K ≤ Σ̌.

The subgroup Σ̌ of the abelian group Σ is abelian. Hence it follows that

Σ̌ ≤ C◦
F̌ (BM )

(τ [w]),

and one has just to show the reverse inclusion.
As i normalizes F̌ (BM ) which has no involutions, Fact 7.17 gives

F̌ (BM ) = CF̌ (BM )(i) · [F̌ (BM )]−i

and both factors in this decomposition have degree 1. Hence CF̌ (BM )(i) is
connected, and in particular contained in B, and indeed in (B ∩ BM )◦ =
H. As CF̌ (BM )(i) is an (∞, s)-group by Fact 2.9, we even have CF̌ (BM )(i) ≤
U(∞,s)(H) = Σ, and as CF̌ (BM )(i) has no involutions we get

CF̌ (BM )(i) ≤ Σ̌.

This proves that we only have to show that [F̌ (BM )]−i ∩ C◦(τ [w]) ⊆ Σ̌.
Let x ∈ [F̌ (BM )]−i ∩ C◦(τ [w]). Then xi = x−1 and [x, t] = 1 for any

t ∈ τ [w]. In particular, x commutes with t and ti, because xi commutes with
t, so x centralizes [t, i]. Now [τ [w], i] is nontrivial by Lemma 13.26, so [τ [w], i]
is a non-trivial subgroup of K. In particular Proposition 13.28 (5) implies that
B is the unique Borel subgroup containing C◦([τ [w], i]). Hence x ∈ N(B).
We claim now that the definable hull x̂ of x is torsion-free. As F ◦(BM ) is
divisible by Theorem 4.103 (1), its torsion is toral, and hence central in BM by
rigidity of decent tori, and in particular centralized by i. But as i inverts x, it
also inverts the definable abelian subgroup x̂, as well as its torsion. Hence the
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torsion subgroup of x̂ is both centralized and inverted by i, and as x ∈ F̌ (BM )
which is without involutions, x̂ is torsion-free, as claimed. In particular x̂ ≤ B,
and as x̂ is inverted by i we also get with Proposition 13.28 (3) that x̂ ≤ K.
Hence x ∈ x̂ ≤ K ≤ Σ̌. �

We are now going to use the crucial rigidity property obtained in Proposition
13.25 (2) in a crucial way.

Proposition 13.37 (Main Rigidity) There exists an (∞, s)-Sylow subgroup
L of C◦(τ [w]) such that Ľ = Σ̌.

Proof. Let L be a Sylow (∞, s)-subgroup of C◦(τ [w]) containing Σ. As Σ ≤ L,
Σ̌ ≤ Ľ by Lemma 13.35. By Proposition 13.25 (2), L ≤ F ◦(BM ), and Ľ ≤
F̌ (BM ). It follows with Lemma 13.36 that

Ľ ≤ C◦
F̌ (BM )

(τ [w]) = Σ̌,

and thus Ľ = Σ̌. �

Corollary 13.38 (Going down) There exists a C◦(τ [w])-conjugate w′ of w
normalizing Σ̌.

Proof. Let L be a Sylow (∞, s)-subgroup of C◦(τ [w]) such that Ľ = Σ̌, as
in Proposition 13.37. A snake argument gives a C◦(τ [w])-conjugate w′ of w
normalizing L, and w′ normalizes Ľ = Σ̌. �

This seems to be the point from which one can pass to the axiomatic concen-
tration.

Lemma 13.39 (Conjugating unipotents to semisimples) K and τ [w] are
conjugate.

Proof. By Corollary 13.38 there is a C◦(τ [w]) conjugate w′ of w normalizing Σ̌.
In particular w′ inverts τ [w]. Lemma 13.12 proves that w′ cannot be in B, and
by connectedness of Sylow 2-subgroups it cannot be in N(B). Hence w′ ∈ IB,i.
Now the rank equality in Proposition 13.28 (2) and the fact that we are dealing
with definable connected groups by Corollary 13.18 proves that τ [w] = τ [w′].
Also as w′ normalizes Σ̌ which is abelian and without involutions one sees that
τ [w′] ≤ Σ̌−w′ , and as Σ̌−w′ is 2-divisible it is contained in τ [w′]. Hence

τ [w] = τ [w′] = Σ̌−w′

and by Lemma 13.9 it suffices to find some j ∈ ι such that Σ̌−w′ is conjugate to
Kj .
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As N(Σ̌) ≥ H ≥ S◦, w′ is N(Σ̌)-conjugate to some involution j in S◦, say
w′ = jg for some g in N(Σ̌). Then

Σ̌−w′ = Σ̌−jg = [Σ̌−j ]g.

The subgroup Σ̌−j will be our candidate for Kj but, although j ∈ iG ∩ B, we
do not know whether j ∈ ι or not, so we need to consider two cases.

Assume first j ∈ ι. Then we have a subgroup Kj . In particular Kj ≥ Σ̌−j ,
but by equality of ranks provided by Proposition 13.28 (2) we must have equality
of these definable connected groups. Hence if j ∈ ι we get τ [w′] = Σ̌−w′ =
[Σ̌−j ]g = Kg

j .
Assume now j 6∈ ι. We will prove in this case that j inverts K. Then, as

K ≤ Σ̌ (quote !) and K is inverted by j, K ≤ Σ̌−j , Kg ≤ [Σ̌−j ]g = τ [w′] and the
equality of ranks provided by Proposition 13.28 (2) proves Kg = τ [w′], as de-
sired. So it remains only to prove that j inverts K, and as j normalizes K it suf-
fices by Fact 7.16, in order to do this, to prove that C◦K(j) = 1. Assume toward a
contradiction X = C◦K(j) nontrivial. We have X ≤ C◦(j) ≤ Bj , but as X is 2⊥

and inverted by i ∈ Bj , we find X ≤ F ◦(Bj). Hence Uq̃j
(Z(F ◦(Bj))) ≤ C◦(X),

but Proposition 13.28 (5) says that the unique Borel subgroup containing the
latter is Bi. In particular, we have Uq̃j (Z(F ◦(Bj))) ≤ Bi, and as q̃i = q̃j , a
Corollary 4.3 applied twice forces Bi = Bj . In particular C◦(j) ≤ B, a contra-
diction to our hypothesis that j /∈ ι. Hence j inverts K as claimed, and this
ends our proof. �

Lemma 13.40 (Generic Concentration) rk (K̃G) = rk (B ∩ K̃G).

Proof. By Corollary 13.32 the first member is equal to rk (G/C◦(i)), and it
suffices to get the same estimate of the second member. As rk (B ∩ K̃G) ≤
rk (K̃G) = rk (G/C◦(i)), we just want to show that rk (B∩K̃G) ≥ rk (G/C◦(i)),
i.e. that rk (B ∩ K̃G) ≥ rk (IB,i).

For w ∈ IB,i, τ [w] = Kg for some element g in G by Lemma 13.39, and as
K̃ is N(K)-invariant τ̃ [w] := K̃g is well defined. Consider the relation � on
IB,i defined by

w1 � w2 if and only if τ̃ [w1] ∩ τ̃ [w2] * {1}.

By Lemma 13.31 (3), τ̃ [w1] ∩ τ̃ [w2] * {1} if and only if τ̃ [w1] = τ̃ [w2], and � is
in particular an equivalence relation. We have thus a disjoint union of the sets
τ̃ [w] indexed by IB,i modulo �. As all conjugates τ̃ [w] of K̃ are contained in
B, we get

(∗)

 ⊔
w∈[IB,i]/�

τ̃ [w]

 ⊆ B ∩ K̃G.

If w1 and w2 are two involutions of IB,i such that w1 � w2, then τ̃ [w1] = τ̃ [w2]
and it follows that τ [w1] = τ [w2] (details ?). By Lemma 13.39, τ [w1] is a
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conjugate K1 of K, and B1 = N◦(K1) is the corresponding conjugate of B.
Now w2 inverts K1, and thus it normalizes B1. By connectedness of Sylow 2-
subgroups, w2 is in B1. Now the splitting B1 = K1 oC◦(w1) shows that w2 can
vary in a set of rank at most rk (K1); besides any involution of w1K1 inverts K1.
All this shows that the rank of the equivalence class of w1 is equal to rk (K) for
any w1 ∈ IB,i. Hence rk (IB,i/ �) = rk (IB,i)− rk (K) = rk (G/C◦(i))− rk (K),
i.e.

(1) rk ([IB,i]/ �) = rk (G)− rk (C◦(i))− rk (K).

For w ∈ IB,i again, rk (τ̃ [w]) = rk (K̃), and thus Lemma 13.31 (1) gives

(2) rk (τ̃ [w]) = rk (K).

Combining equalities (1) and (2) gives

rk

 ⊔
w∈[IB,i]/�

τ̃ [w]

 = rk (G)− rk (C◦(i)).

Now rk (G) − rk (C◦(i)) = rk (IB,i), so (∗) gives rk (IB,i) ≤ rk (B ∩ K̃G) as
desired. �

Proof of Theorem 13.3. K̃G is a definable infinite G-invariant subset of G,
which does not contain 1, and by Lemma 13.40 K̃G ∩ B is generic in K̃G. By
Lemma 3.35 (2), G must then be solvable, a contradiction as we assumed G
nonsolvable from the begining. This ends our proof of Theorem 13.3. �

Theorem 13.1 is now proved. Of course, it has the following corollary.

Corollary 13.41 Let G be a connected nonsolable locally◦ solvable◦ group of
finite Morley rank of odd type, without exceptional involutions. Then either

(1) G ' PSL 2, or

(2) C◦(i) is a Borel subgroup for any involution of G.

Proof. If G is not isomorphic to PSL 2, then on can argue by induction on
the unipotence degrees of involutions, and Theorem 13.1 implies that C◦(i) is a
Borel subgroup for each involution i. By properties of PSL 2, cases (1) and (2)
are mutually exclusive. �

At this point the reader could jump directly to Section 14.2 to see how one
can derive from this the conjugacy of involutions in connected locally◦ solvable◦

groups of finite Morley rank of odd type. But before we mention the case of
strongly embedded subgroups.
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Corollary 13.42 Let G be a locally◦ solvable◦ group of finite Morley rank of
odd type. If G◦ has a definable strongly embedded subgroup of M such that M◦

is solvable, then M◦ is a Borel subgroup, and its involutions are in its center.
In particular, the Prüfer 2-rank is 1 by Theorem 10.1.

Proof. M◦ contrains a 2-toral involution i, and C◦(i) is a Borel subgroup by
Corollary 13.41. But C◦(i) ≤ M◦ by strong embedding and M◦ is solvable,
hence C◦(i) = M◦. �

14 Consequences

14.1 Repartition theorem

Proposition 14.1 (τ-sets are trivial - Antalya) Let G be a locally◦ solvable◦

group of finite Morley rank of odd type in which the Sylow 2-subgroup of G◦ is
not as in PSL 2. Assume that C◦(i) is a Borel subgroup for any involution i in
G◦. If i and j are two involutions of G◦ with j /∈ C◦(i), then τi[j] = 1.

Proof. Assume τi[j] infinite and prepare for a contradiction. Let B = C◦(i).
Fix some Sylow 2-subgroup S0 of C(τi[j]) containing i. As i ∈ C(τi[j]) which

is j-invariant, Lemma 6.22 implies that there is some C(τi[j])-conjugate k of j
which normalizes S0. By assumption on the Sylow 2-subgroup structure, one
must have k ∈ C◦(i). As we deal with a C(τi[j])-conjugate of j, the involution
k ∈ B inverts τi[j] pointwise.

Now Lemma 12.1 (2) implies that elemennts of τi[j] are torsion-free, in par-
ticular without involution, and as they are inverted by k ∈ B one gets that
τi[j] ⊆ F ◦(B).

But as τi[j] is torsion-free, every t in τi[j] actually lies in (F ◦(B)∩F ◦(Bj))◦

which is an abelian group by Lemma 4.99. Now we find that 〈τi[j]〉 is an abelian
definable connected subgroup of (F ◦(B)∩F ◦(Bj))◦, and as it has no involution
it is 2-divisible, inverted by j, and coincides with taui[j].

Now τi[j] ≤ B and is inverted by k ∈ B and centralized by i ∈ B, so
Lemma 12.9 implies that C◦(τi[j]) ≤ B. But Uq̃(Z(F ◦(B))) ≤ C◦(τi[j]) and by
Corollary 4.3 B is the unique Borel subgroup containing Uq̃(Z(F ◦(B))) and ad-
mitting q̃ as maximal unipotence parameter. But Uq̃(Z(F ◦(B)))j is in C◦(τi[j])
also, and we get C◦(τi[j]) ≤ Bj also. Now C◦(τi[j]) ≤ B ∩Bj and we get
B = Bj . Then j normalizes B and by the Sylow 2-subgroup structure j ∈ B, a
contradiction. �

We remark that without assuming the Sylow 2-subgroup not as in PSL 2,
then in general Proposition 14.1 fails. It suffices to take a nonstandard involution
w normalizing B = C◦(i) as in Theorem 15.7; it inverts B which is 2-divisible,
and equal to τB,i[w]. In this configuration however involutions j not in N(B)
inverts only finitely many elements in B, and no involutions, and hence at most
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a 2-divisible finite subgroup, which coincides then with τ . In particular it must
be finite (can one say more there?).

Going back to the case in which the Sylow 2-subgroup is not as in PSL 2, we
derive now from Proposition 14.1 our main result concerning the distribution of
involutions in cosets of standard Borel subgroups.

Corollary 14.2 (Repartition Theorem) Let G be a locally◦ solvable◦ group
of finite Morley rank of odd type in which the Sylow 2-subgroup of G◦ is not
as in PSL 2. Assume that C◦(i) is a Borel subgroup for any involution i in
G◦. If i is an involution of G◦, then involutions of non-trivial cosets of C◦(i)
pairwise commute, and the generic coset of C◦(i) contains a represent of each
G◦-conjugacy class of involutions.

Proof. If j is an involution of G◦ in a nontrivial coset of C◦(i), then τi[j] = 1
by Proposition 14.1.

In particular, if k is an involution in jC◦(i), then jk ∈ Ti[j] whence (jk)2 ∈
τi[j] = 1, [j, k] = 1, and this proves our first claim.

In particular also, Lemma 12.10 shows that Ti[j] is finite.
Let j be an involution (possibly conjugate to i). Consider the function

πij : jG → G/C◦(i)
j1 7→ j1C

◦(i).

The fiber over j1C◦(i) is {j2 ∈ jG, j1j2 ∈ C◦(i)} ⊆ j1Ti[j1]. Hence all fibers
have rank≤ rk (Ti[j1]) = rk (τi[j1]) = 0. Hence πij has finite fibers. In particular

rk (jG) = rk (πij(jG)) ≤ rk (G/C◦(i)) = rk (G)− rk (C◦(i)) = rk (iG).

As the same holds for πji, we deduce that rk (πij(jG)) = rk (G/C◦(i)), which
implies that in the generic coset of C◦(i) there is at least one conjugate of j.

The above argument is true for any of the finitely many classes jG, hence
the generic coset of C◦(i) contains a representant of any class. �

Finally we can combine Corollary 14.2 with the main theorem of the present
section.

Corollary 14.3 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type in which involutions are not exceptional. If i is an involution
of G, then a generic coset of C◦(i) contains a representent of each conjugacy
class of involutions, which pairwise commute.

Proof. In PSL 2(K), with K an algebraically closed field of characteristic dif-
ferent from 2, maximal tori are disjoint or equal, and coincide with centralizers◦

of involutions, which are conjugate. Hence our conclusion holds in these groups.
Therefore by Corollary 13.41 it suffices to consider the case in which centralizers◦

of involutions a Borel subgroups, and then to apply Theorem 15.7 when the Sy-
low 2-subgroup is as in PSL 2 and Corollary 14.2 otherwise. �
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14.2 Conjugacy of involutions

(the Göreme proof)

Theorem 14.4 Let G be a locally◦ solvable◦ group of finite Morley rank of odd
type. Then G has a single conjugacy class of involutions.

If there is a strongly embedded subgroup, we’re done. So assume not.

Lemma 14.5 There are at most two conjugacy classes of involutions.

Proof. Let i ∈ S◦ with p̃i = p̃∞. Assume there are at least three conjugacy
classes. Then in the generic coset of C◦(i), we find according to Corollary 14.2
three distinct involutions j, k, ` that commute pairwise.

Their pairwise products are three distinct involutions of C◦(i) that cannot be
equal to i (because jk = i would imply j ∈ C◦(i) by connectedness of the Sylow
2-subgroup). Hence we have a Viergruppe V in C◦(i) that does not contain i.

Lemma 9.20 implies that every involution in V inverts Yi (see Lemma 9.20),
a contradiction. �

One could prove conjugacy of involutions by first bounding the Pruefer rank,
kill the 3-classes configurations in Pruefer rank 2 and then use the “1 or 3”
argument in Pruefer rank 2.

Nonetheless we include here another more melodious proof, Frères qui trou-
vez beau tout ce qui vient de loin. It is the real “1 or 3” argument.

Lemma 14.6 (No involution class has even trace) There is an odd num-
ber of conjugacy classes of involutions.

Proof. If there is more than one class, the Pruefer rank cannot be 1 ; in par-
ticular the Sylow 2-subgroup is connected. Assume there is an even number of
conjugacy classes, that is I(S) = γ1

∐
. . .

∐
γ2m. As |I(S)| is odd, one of the

traces, say γ2m, has even cardinality.
Now by fusion control, two involutions conjugate in G are conjugate in

N(S◦)2. Hence N(S◦) acts transitively on γ2m. In particular

[N(S◦) : CN(S◦)(γ2m)] = |γ2m|

is even. Lifting an involution of the quotient we find some 2-element in N(S◦)\
CN(S◦)(γ2m), hence an element in S \ S◦, which contradicts the connectedness
of Sylow 2-subgroups. �

The only thing that makes me sad is we need to kill the I/γ ≥ 3 using a
unipotence trick... I am still looking for an analog to the “forbidden triangle in
rank 2” argument (that is, the elementary proof in the PhD).

2NS controls fusion, the police, the press, etc.
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15 Residual configurations

Fix Q a generous Carter subgroup of G containing the connected component of
a Sylow 2-subgroup S of G, i an involution of S◦, and W = N(Q)/Q the Weyl
group of G.

15.1 The three nonalgebraic cases

We summarize our results as follows when involutions are not exceptional.
G is assumed to be connected throughout.

Notation 15.1 S is a fixed Sylow 2-subgroup of G.

Notation 15.2 We fix Q a Carter subgroup of G containing S◦.

Theorem 15.3 Let G be a nonsolvable connected locally◦ solvable◦ group of fi-
nite Morley rank of odd type with no exceptional involutions. Thenthe Prüfer
2-rank is 1 or 2, involutions are conjugate and their centralizers are Borel sub-
groups whenever G is not algebraic. Furthermore, exactly one of the following
four cases can occur.

(1) G ' PSL 2(K)

(2) |W | = 1, Pr2(G) = 1, C(i) is a strongly embedded Borel subgroup of G

(3) |W | = 2, Pr2(G) = 1, C(i) = Qo 〈w〉 and w inverts Q

(4) |W | = 3, Pr2(G) = 2, N(Q) = Q o 〈σ〉 where σ is an element of order 3
permuting the three involutions of S◦.

Proof. The conjugacy of involutions follows from Theorem 14.4. The maximal-
ity of their centralizers is Corollary 13.41.

The bound on the Prüfer 2-rank follows from Proposition 9.21 (or general
Lie rank argument) when there is no strongly embedded subgroup. When there
is one, involutions of its connected component are central (in the connected
component) by Corollary 13.42, and the Pruüfer 2-rank must be 1 (Theorem
10.1).

Then do the Weyl group thing... �

Remark 15.4 Under the assumptions and notation of Theorem 15.3,

(a) conclusion (2) is the only case of a strongly embedded subgroup.

(b) conclusions (1) and (3) are the only cases where the Sylow 2-subgroup has
the PSL 2 type.
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15.2 |W | = 1

Theorem 15.5 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type with a proper definable strongly embedded subgroup M such that
M◦ is solvable. Then

(1) G has Pruefer 2-rank 1.

(2) Furthermore, M = C◦(i) = C(i) for an involution i of G, and M is a
selfnormalizing Borel subgroup of G◦.

To prove Theorem 15.5 it suffices thus to show that under its assumption the
Pruefer 2-rank in 1. For the rest of this section we fix the notation of Theorem
15.5.

Before entering into the core of the proof, we derive easily the second conclu-
sion from the first one. (the following lemma is more general, for any connected
group of Prufer 2-rank one with connected Sylow 2-subgroups).

Lemma 15.6 Assume conclusion (1) of Theorem 15.5 holds. Then conlusion
(2) also holds.

Proof. We fix a Sylow 2-subgroup S of G◦ such that i is the unique involution
of S◦. As C◦(i) ≤M◦ is solvable, one cannot be in case (2) of Theorem 9.1 by
Lemma 9.8.

In case (1) of Theorem 9.1, one has an involution w in S, normalizing M◦ =
C◦(i), a Borel subgroup of G by Corollary ??, and C◦(w) ≤ M◦ by strong
embedding. As w and i are conjugate, their centralizers have the same rank,
and one gets C◦(w) = M◦ = C◦(i). In particular w inverts the subgroup S◦ of
M◦, a contradiction. Hence case (1) of Theorem 9.1 cannot occur.

Now one is necessarily in case (3) of Theorem 9.1, i.e. the Sylow 2-subgroup
is connected. In Pruefer 2-rank one, this implies in particular that commuting is
an equivalence relation on the set of involutions. Now by Theorem 7.31 CG◦(i)
is connected for any involution of G◦. Our conlusion now follows from Corollary
??. �

In this final section we study connected locally◦ solvable groups of finite
Morley rank of odd type in which the Sylow 2-subgroup is isomorphic to one
copy of the Pruefer 2-group Z2∞ .

15.3 |W | = 2

Theorem 15.7 Let G be a connected locally◦ solvable◦ group of finite Morley
rank of odd type, i an involution of G◦ such that C◦(i) ≤ B for some Borel
subgroup. Assume there is a nonstandard involution w normalizing the standard
Borel subgroup B, without being inside. Then:

(1) The Sylow 2-subgroup of G has the PSL 2 type and involutions of G◦ are
G◦-conjugate.
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(2) B = C◦(i) is an abelian generous Carter subgroup of G.

(3) N(B) = B o 〈w〉, the action of w on B being by inversion.

Proof. Let S be a Sylow 2-subgroup of G such that i ∈ S◦. By Theorem 9.25 B
is abelian and inverted by w. In particular C◦(i) ≤ B ≤ C◦(i) and B = C◦(i).
As B is of finite index in its normalizer, it must be a Carter subgroup of G.
Also, the involution inverts S◦ ≤ C◦(i) = B, and clearly w /∈ S◦. By Theorem
9.1, S has the PSL 2 type. In particular it has Pruefer 2-rank 1, involutions
are conjugate in G. If Bg := [B ∩ Bg]◦ is nontrivial for some g ∈ G, then
B, Bg ≤ N◦(Bg) which is solvable by local◦ solvablity◦ of G, and one gets by
maximality of the Borel subgroup B that Bg = B. Hence two conjugates of B
either have a finite intersection of are equal. As B contains S◦, it has unbounded
exponent. Hence one gets that B is generous in G (general lemma for this point
?). This proves points (1) and (2).

(3). As S◦ is characteristic in B, N(B) ≤ N(S◦). Now C(S◦) is connected
by Fact ??, hence C(S◦) = C◦(S◦) ≤ C◦(i) = B ≤ C◦(S◦) ≤ C(S◦), and thus
B = C(S◦). Now N(B)/B embeds into N(S◦)/C(S◦), a cyclic group of order
2 by Fact 7.29 as S◦ has Pruefer 2-rank one. Noew the existence of w says that
this embedding is indeed surjective, and N(B)/B = 〈w〉B/B. As we already
know that w acts on B by inversion, the proof of the third point is complete.
�

To be done:
- Geometry of involutions.
- Rank of G.
- Disjointness of conjugates of B?
- Existence of nongenerous Borel subgroups.
- Say something for the distribution of involutions for Corollary 14.3.

15.4 |W | = 3

Lemma 15.8 I(S) = Ω1(S◦) and I(G) = [Ω1(S◦)]G.

Proof. Let w be an involution of S. Then w normalizes Ω1(S◦), and it must
centralize an involution in Ω1(S◦). By Cotoricity, w ∈ C◦(i) (here we most
probably use local solvability◦ !!!). In particular S◦ · {w} is a Sylow 2-subgroup
of C◦(i), and as the latter is connected and solvable (by local solvability◦ !!),
we have w ∈ S◦. �

Lemma 15.9 Q is abelian.

Proof. Assume Q not abelian. By the Bender method ??, there exists a unique
Borel subgroup B◦ of G containing Q. As Q ≤ C◦(i) for any involution in S◦,
B0 is the unique Borel subgroup containing C◦(i) for any involution i in S◦. In
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particular for any such invoution, C◦(i) ≤ B0. Hence we get H ≤ B◦ ≤ G = H
(the latter equality by assumption), so this yields, G = B0 solvable, and this is
a contradiction to the assumption that G is not solvable. �

Lemma 15.10 (false) If C(i) is connected for some involution i in S◦, then
N(Q) = Q.

Proof. ?? �

The next lemma probably has to be generalized or said more generally with
elements of order 4, in the locally◦ solvable◦ context !!!

Lemma 15.11 If i is any involution in S◦, then any Borel subgroup containing
C◦(i) is nonabelian.

Proof. Assume C◦(i) ≤ Bi for some abelian Borel subgroup Bi of G. As each
involution of ◦ is in Bi, each centralizer◦ of such an involution agrees with Bi,
and we get H = G solvable, a contradiction to the nonsolvability of G. �

Corollary 15.12 For any involution in S◦, if C◦(i) ≤ Bi for some Borel sub-
group Bi of G, then 1 ≤ d(Bi) ≤ ∞.

Proof. Otherwise Bi is abelian by Fact 2.11 (2), a contradiction to Lemma
15.11. �

Lemma 15.13 This should reduce to the C◦(i)’s solvable as in the preceding
lemmas.

Proof. Consider the case of Prufer 2-rank 2. Replacing G by C◦(V )/V as in
the preceding lemma, one gets probably the expected result there, probably by
the same kind of analysis as in Deloro’s Thesis, part II. This gives an element
of order 3 in the Weyl group, and then one in G. One can then show, using
the control of fusion in S◦ by N(S◦), that involution of the 2-torus of G are
permuted transitively, hence provides an elements of order 3 in the Weyl group
permuting transitively involutions of S◦. Now the group considered as order 96,
but cannot have even order. It implies that it has order 3 exactly. �
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15.5 Central extensions

Dichotomy provided by the entensions centrals of algebraic groups.
Case 1: G ∼ PSL 2

Case 2: X cyclic of order 2, C◦(X) ∼ SL 2. Let C be this group.

C = C(X) (Borovik-Cartan).
H := C ∩ Cg. H is without involutions. (only one involution in C).
C is strongly embedded in G. Furthermore by a general fact about strongly

real elements in strongly embedded subgroups one has at most one involution
by coset of C.

H is toric: No p-unipotence (Jaligot’s Lemma). no 0-unipotence. by Poizat
in characteristic 0. Roughly, H◦ ≤ T , a torus of C. We may assume g ∈ C◦(H).

N◦(H)
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