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Abstract

The goal of the present work is to describe the integral cohomology ring of Eilenberg-MacLane
spaces K (m, n) localized at a prime p by means of an explicit small DGA model.

Introduction

Our starting point is volume 7 of H. Cartan’s seminare notes [[]. The general framework contained there
already allows to compute the Pontryagin ring H, (K (Z/p*,n), Z). On the other hand, using the descrip-
tion of H*(K(Z/p*,n),F,) in terms of stable cohomological operations P. May[5] computed the corre-
sponding Bockstein spectral sequence, obtaining in particular the additive structure of H* (K (Z/p*, n), Zy))-

Despite the lack of novelty in the following, there are at least two reasons to write an old fash-
ioned text about such classical subject. First is related to the fact that an explicit expression for the ring
H*(K(m,n),Z) is still unavailable in the literature. Second concerns the question of functoriality of a de-
scription. Namely, according to [4] there is no simple and functorial in 7 expression for H, (K (m,n),Z)
even for free abelian 7. This is why we prefer to give an answer by means of a small DGAU.

The main statements require notation developed through the exposition. As an illustration we sketch
the main result in the following form:

Theorem. Let p > 2 be a prime and V is a free abelian group. Then there is a natural quasi-isomorphism

¢+ Cling(K(V,m), Zy,)) = S*(V¥[=n]) @ QW (VY))
of the singular cochain complex of K (V',n) with the tensor product of symmetric super-algebra with trivial differ-
ential and the DeRham algebra over a super-affine space W (V") with differential p - d pe pham. i-€-:

Z/p®S*(VV[-n]) @ W(VY) >~ H*(K(V,n),F,)

Here W (V') functorially depends on V¥ = Homy(V,Z). In fact K is a cocomutative Hopf~CDGA with the
tensor product differential, the map ¢ preserves a natural comultiplication and multiplication up to homotopy.

The detailed form of the theorem and related statements can be found at the page @

The main idea is the following. The Eilenberg-MacLane space forms an infinite loop space and its
delooping is determined uniquely up to homotopy equivalence. Using the iterated geometric bar con-
struction as a delooping machine one can realize EM-space K (7, n) as a strictly abelian monoid with
CW-structure. The corresponding chain complex CEW (K (m,n)) is a CDGA equal to the iterated bar

construction Bar(m(Z[w]) applied to the group algebra of 7. Using Cartan’s notion of the multiplica-
tive construction one can construct, after fixing a cyclic decomposition of w, a smaller CDGA model

for WW(ZW) ® Z, as a tensor product of elementary algebras. This allows, though non functori-
aly in m from the very begining, to describe the Pontryagin ring H,(K(m,n),Z, ). Then we study a
comultiplicative structure of elementary algebras and check its compatibility with comultiplication on

Bar" (Z[n]) ® Z,,) to describe the cohomology ring H*(K (m,n), Z,)). It turns out that this construction
is functorial if 7 is free abelian and p > 2. In this case the cohomology ring of K(Z,n) is closely related
to the cohomology of affine de Rham complex over integers.
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In the following we accept the following notation. BSS stands for the Bockstein spectral sequence,
LSSS for the Leray-Serre spectral sequence of a fibration.

Letter p denotes a prime number, while ¢ = p* for some k. Our base ring k is fixed and is equal
to Z,). All DG-algebras are connected, i.e. concentrated in non-negative degrees and the degree-zero
component is equal to k, this provides an augmentation with the kernel denoted by the bar symbol.

The shift of a graded module A, is defined by (A[n]),, = A,,, ., i.e., a negative n corresponds to a shift
to the right.

We use the symbol X for the usual tensor product and X, for a twisted tensor product of DG-modules
i.e. a perturbation of the tensor product differential. The details should be clear from the context.

Bar construction

Reminder 1 (the normalized bar construction reminder). For a CDGA A with an augmentatione : A —
k ~ A/A the normalized bar construction B := Bar(A) is defined to be the tensor algebra T'(A[—1]) with
the differential

dBar[alv Aoy --e s an] = [al 19,03, ..., an] +..x [a17a27 ceey Q1 a’n]

where [a,, ay, ... ,a,] == @; ® - ® a,, € A®". Recall that |a| = |a| 4 1.

r'n
There is an associative comultiplication A : B — BXB and an associative commutative multiplication
p: BX B — B where A is given by the usual diagonal map:

Alaq,...,a,] = 1R aq,...,a,] + ay Rag, ... ,a,] + ... + [aq,...,a,| K1

and y by the shuffle-product:

:u([ala'--7a’n]?[an+1"“7an+m]> = Z i[aa(l)a'"?ao(vwrm)]
oeSh(n,m)

In the last formula the summation goes over all (n, m)-shuffles with the standard sign convention;
recall that |a| = |a| + 1. L
Consider the tensor product A K, Bar(A) of algebras with the differential d, defined by:

dT(a IZ’T [al’ o an]) =da IZ’T [ah Tt a’n} ta- aq IZ’T [a27 Tt a’n,} + <_1)a1 &7— dBar

i.e. d_isa twisted tensor product differential with the twist given by the second term. Then AX._ Bar(A)
is acyclic with a contracting homotopy s given by:

S((l X, [al’ e an]) = :I:(l - e(a’)) X, [a7 ay - an] (1)

,i.e. s is a homotopy between the identity and the natural augmentationon AKX, B.
There is a natural DGA map A K, Bar(A) — Bar(A) given by reduction modulo A.

O (see [LL,[3])

The simplicial origin of the bar construction manifests itself in the following:

Reminder 2 (geometric bar construction). Let X be a commutative topological monoid which acts on a
space A on the right and on B on the left.

There is a simplicial topological space Bar(A, X, B) : A°? — Top. Its value Bar(A, X, B)[n] on n-
simplex [0, ...,n] € AP is equal to A x X™ x B. The face and degeneracy maps d;, s, are given by

ir9j
di(ax [z, ...,x,] Xb) =ax [x,...,2; - Ty q,...,T,] X b, i#0,n—1
do(a X [Tq,...,2,] X b) =a -z X [2g,...,x,] Xb
dy, 1(ax[xg,..,x,] Xb) =a X [x),..,@y 1] X T, b
sila X [xq,...,z,) xb) =ax[..,z;_q,1,2;,..] XD, leX



The corresponding geometric realization |Bar(A, X, B)| is equal to |_| A" x Ax X™ X B/ ~:= |_| |A™| x

Ax X" x B/(s;|A™ x Bar(A, X, B)[n—1] ~ |A™|x s;(Bar(A, X B)[n 1]), d;|A"| x Bar(A, X, B)[n+1]
|A"| x d;(Bar(A, X, B)[n + 1])) . Identifying |A™| with a space of conflguratlons of n points in the unit
interval I = [0,1] we can view d;|A"| — |A"*!] as doubling of j-th point and s;|A"| — |Delta™'| as
forgetting i-th point. Then a point in |A"™| x Bar(A, X, B)[n] identifies with a tuple consisting of an A-
value at 0, a configuration of n ordered points in [0, 1] with values in X, and a B-value at 1. Then the
face map d; corresponds to a merger of i- and (i 4+ 1)-th point in the tuple. Our equivalence relation
identifies a merger of i- and (i + 1)-th point in the tuple with the multiplication of adjacent values (in-
cluding the action on A and B). As a set |Bar(A, X, B)| is a disjoint union of tuples as above where all
points in the interval are distinct. If A, B, X are CW-complexes this provides a natural CW-structure on
|Bar(A, X, B)|.
One can verify the following:

1. A contraction of I onto its right end point induces a contraction of | Bar(X, X, *)|.

2. There is a fibration sequence X — |Bar(X, X, *)| — |Bar(x, X, *)|, which implies a natural homo-
topy equivalence Q|B(x, X, *)| ~ X

O

Both constructions are compatible by the following:

Proposition 1 (Milgram [2]). Assume that X is a commutative monoid with a compatible CW-structure, i.e.
A = CEW (X)) is an augmented DG-algebra. Then |Bar(x, X, *)| has a natural cell decomposition s.t. there is a
natural CDGA-isomorphism:

CEW(|Bar(x, X, +)|) ~ Bar(CS (X))

compatible with a natural diagonal approximation on |Bar(*, X, )|.
Moreover |Bar(X, X, )| is also has a natural cell decomposition s.t. the induced map
|Bar(X, X, x)| — |Bar(x, X, *)|
is cellular and the induced map of cellular chain complexes is reduction mod A:
AR, Bar(A) — Bar(A)
O

Remark 1. The above statements are easily checked by considering the geometric realization | Bar(*, X, *)|
as the configuration space of X-valued points in the unit interval. The only non-evident part is an ex-
plicit expression for a diagonal approximation of |Bar(x, X, *)|, which directly follows from a diagonal
approximation for simplices A™ — A™ x A", For details see [2].

Corollary 1. Let X and A be as in Proposition@. Then the filtration on the bicomplex A KX, Bar(A) with respect
to the degree filtration on Bar(A) is consistent with the Leray filtration of the corresponding contractible fibration
pt — X.

In particular, the spectral sequence associated to the bicomplex A K, Bar(A) is naturally isomorphic to the
LSSS associated with the path-loop fibration pt — X.

The previous construction can be iterated, in turn clarifying an algebraic origin of EM-spaces

Theorem 1 (Eilenberg-MacLane [§]). Let 7 be an abelian group. Then there is a natural, up to homotopy,
quasi-isomorphism
Bar'" (Z[]) — C2"(K (m,m)
compatible with the comultiplication and multiplication of both sides. In particular, there is a natural isomor-
phism of Hopf~-CDGA:
H*(K(m,n),Z) ~ H*(Bar " Z[r), 7)

O
For the sake of completness let us mention the following



Theorem 2 (Milgram([3])). Let S> (Y, pt) be the infinite symmetric power of a based space (Y, pt). For a con-
nected space X there is a natural isomorphism of monoids

S(X A S') = |Bar(x, S™ (X, pt), )|

Proof. One can identify a point in S*° (XX ) with a configuration of ¥ X-valued pointson S* = [0,1]/0 ~ 1
s.t. values at the ends of I are 1 € ¥X. This is a homeomorphism compatible with multiplication. =~ O

Corollary 2 (Dold-Thom([[])). There is a natural homotopy equivalence
S*®M(m,n) ~ K(m,n)
where M, n) is a Moore space, i.e. H,(M(x,n)) = w[—n].

Corollary 3. For a strictly abelian monoid X there is a natural homomorphism inducing a weak homotopy equiv-
alence: N
[[E @, (X),n) =X

Proof. The map is provided by a natural homorphism S*° (v, M (m,,n)) — X. (see [9] on Dold-Thom
theorem for details) O

Cartan’s construction

To work with small models for delooping recall Cartan’s notion of construction.

Definition 1. ([[l, exposé 4]) Let A be a commutative DG-algebra. Cartan’s multiplicative construction
is a triple (A, AX, B, B), where B is a CDGA, A X, B has the usual algebra structure with a twisted
differenatial, i.e., it is a DG-module over A and the reduction A X B/(AX, B) — B is an isomorphism
of DG-algebras. We require that A X, B be acyclic.

The normalized bar construction is the universal Cartan’s construction in the following sense:

Proposition 2. ([[]) For a multiplicative construction (A, AKX, B, B) there is a natural DGA-quasi-isomorphism
g: AR, B — AKX, Bar(A) over As.t. g mod A induces a quasi-isomorphism g : B — Bar(A).

Proof. (see Cartan[[l], exposé 4 Théorém 5)

The module A X, B is naturally bigraded. We will construct g by induction on the second degree
corresponding to B. Let g: AR, B> A — A C AKX, Bar(A) be equal to the identity.

Assume that g has being defined on a submodule M_,, := AX_ B_,,. From the fact that the total
differential d,, restricted onto 1 X, Bar(A) equal to +dp,, and is an inclusion, remembering that A X,
Bar(A) is acyclic via the contraction s (equation E]) we need to have g(b) = s(g(db)) to ensure that g(db) =
dg(b). Thus, to perform an inductive step, we put g(b) := s(g(db)) for b € B,, and extend g on M_,, as a
map of modules over A. -

Because the constructed g is the identity on A and both A X, B and A K, Bar(A) are acyclic we
deduce, using a spectral sequences argument, that g : B — Bar(A) is a quasi-isomorphism. Thus we
get A-modules morphism g : A X, B —+ A K, Bar(A). One can verify, using induction, that in fact
9g(1X,a-1X,.b) = g(1 K, ab). Hence g actually is a DGA-morphism. O

Proposition 3. Let G,G’ : AX, B — A’ K, Bar(A’) be maps of a multiplicative constructions s.t. images of
1K, Barein 1 X Bar(A’).

Assume that G|, — G’| 4 = [d, h] are homotopic via h : A — A’[—1], then there is an extension h of h s.t.
G — G = [dg, D)

Proof. Similarly to the previous proposition we will define an extension of h by induction on the degree
corresponding to B. Let h=honA X, 1. Assume that h has being defined on a submodule M_, =
AR, B_, st [h,d] = G — G’ on M_,. Take b € B with |[b] = n. The expression h(db) — s(dh(db)) is
closed in A’ X, Bar(A’), hence it is exact and we may define h(b) using equation:

dh(b) = h(db) — s(dh(db))



To extend & on M_,, we put:
h(a®, b) == h(a) B, G(b) + G'(a) &, h(b)
One can check that [, dgl =G—G". O

In light of the above, in order to understand the chain algebras of EM-spaces, it is sufficient to start
with the group ring of an abelian group viewed as C, (K (m,0)), then iteratively choose a Cartan’s con-
struction of previous algebra that would be a small as possible, and proceed. It turns out that DG-algebras
that will appear in this way are limited to the following.

Elementary algebras

Letg=p*orq=0k=—c0.
Definition 2 (elementary algebras).
e Exterior algebra [v] := E(v) on an odd variable v
¢ Divided powers algebra [x] := D(x) on an even variable x

* DG algebra [z,v, 4], := D, (v,v, ;) equal to D(z) ® E(v,_;) as an algebra with differential dz =
ql/$,1

e DG algebra [y, xufl}q =B, (1, r, 1) equal to Ep)® D(a:,kl) with differential dy = ¢ -z,
Remark 2. Square brackets corresponds to the divided powers structure.

Remark 3 (notation). All algebras as above allows divided powers, i.e. for any € A and a natural n
element 2™ is divisible by n! in A. Denote by [N] a maximal p* dividing NV.

One subscript under a variable, e.g. z,;, means that z,, = #

Z5. Two subscripts under a variable, e.g.
p*!]

T

-1, indicates that |z| = [p — 1|and z,_; ,; = ‘[};1‘]? . Differentiation naturally extends applying the
Leibniz’s rule.

; P ) e — Tlpl-t
For example we can write T = PLpisi, Az, = xpiade, , 4, = Y etc.

Theorem 3 (B-construction, on elementary delooping). Let A be an elementary algebra as above.
Then there is an explicit construction (A, =, B(A)) where B(A) as DGA is a tensor product of elementary
algebras and is given by:

(i) B(E(v)) := D(y,1)
(ii)) B(D(z)) = E(v,1) ® @ D, (2piy10: Vpiyy1) With differential dp:

>0
dpZpigia = =P Vpigy1

(iii) B(Dy(x, py—1)) 3= Eq(Vpi1,Yps1) ® Qg Dp(Zpiai2: Vpiei1), with differential dp:
dpVes1 = 4" Yy
dpZpizia = =P Vpigy1

(iv) B(E (1,2, 1)) == Dy(Y,115Ver1) ® (8% D, (2pigs2, Vpigi1), with differential dg:
1>

dByp,+1 =Vgt1
AdpZpizia = —PVpizi1

Proof



(1) E(’/) ‘XT D(yl/Jrl)
Letd,.y = v, this naturally extends as a derivation on all divided powers and gives an acyclic complex. [
(ii). D(l‘) Dz E(V;c-'rl) ® @% Dp(zpiw-ﬁ—% Vpia:-‘rl)
1>
Let

d.v

Vpizy1 = T

pi
- _ p-1
drzpix+2 = —PVpigi1 T T pim1Vpi-lgy1

We have d2 = 0 and because the reduction mod p of D(x) is a product of algebras of the form Flzyi]/z,:P
it gives an acyclic complex (similarly to the simple part of the Kudo’s transgression theorem), thus it is
automatically acyclic over Z,, O

(iii). We want to construct B(D,(z, i1 )) as a deformation of B(D(x)) ® B(E(p,_4)). Namely, in
D) ® Bljto—s) B D) ® B(vein) ® Q) Dy(piasa Vo)
one can adjust bare differential d,. of the tensor product as below:
dr”pixﬂ =(z— qyu+1)pi

dry/ﬁrl =p
p—1
drzpiac+2 = —PVpigr1 T ((I - qyy-&-l)pi*l) Vpi-ig12
Note that all mentioned algebras allow divided powers and hence all coefficients in formulas above
are in fact integer numbers. It is straightforward to check that the introduced formula obeys d* = 0.
Since our differential is a deformation of the bare differential along ¢, the resulting complex is acyclic.
Let dj be the reduction of the differential d, on B(D,(x, u, ;)). It is evaluated by augmenting =, yu
terms:

v — . _g* .
dBVp".'c+1 - Ip1 q yp,+1,p1

dpYu1 =0
dpZpigis = —PVpigi1 + (_qpiilyu+1,pi’1)pilypi’lx+l
Put (—q)P" "1
Vo1 7= Vpigp1 — : P yZﬂ,p"'*Vp"*Ierl
fori > 0. Direct calculation shows that:
dpVei1 = —qYui1
dpVpizi1 =0
dBZpim+2 = *pv;*i}:l
Thus B(D,(z, p1,_;)) is indeed the tensor product of an elementary algebras as was stated. O

(iv). We specify differential on E, (11, z,,_1) B, D, (Y41, Vpi1) @ % D, (2pig 12, Vpigy1) explicitly:
Al = H— Ve
d.v

Vpizy1 = xplfl,pf’

— p—1
ArZpizio = —PVpig1 + Lpi-1Vpi-1p41



We have d? = 0, hence it is acyclic and its reduction modulo p, x u—1 gives differential d; as needed. [J

[ ]
In addition let us state

Proposition 4. Let m = Z /q be a cyclic group with a chosen generator n and an augmentation defined by k[m] — k
byn — 1.
Put B(k[n]) := D, (4, v, ). Then there is a construction (k[r], *, D (zq,11))

Proof. An acyclic complex k7] X, D, (z4,1,) is given by the standard cyclic group-homology resolution
with d(z,) = Nv; and dv; = 1 — 15, where N = 1 + n + .. + % . Reduction modulo the augmentation
ideal gives D (x4, ). O
Remark 4. The complex D, (x4, ;) appears to be the standard cellular chain complex of the lens space
K(Z/q,1). Then Proposition 1 [E] provides an explicit morphism g : D (xy,v;) — Bar(Kk[x]), which can
be used to compute a diagonal approximation and multiplication maps on C¢W (K (Z/q,1)) rather than
in ad hoc way given in (Steenrod-Epstein[§], on a cyclic group).

Let A be an elementary algebra. Here we define a comultiplication for the B-construction.

Definition 3. The B-construction B(A) introduced in E admits a bialgebra structure given by a comulti-
plication Ap : B(A) — B(A) X B(A) by declaring d.p.-generators to be primitive.

Recall that P, E denotes the usual polynomial and exterior algebras respectively. The end of this
section concerns only the case p = 2. The following is necessary refinement of the B-construction needed
for a description of right coalgebra structure compatible with the diagonal map of the Bar-construction.

Definition 4 (p=2). The B-construction E(A) is equal to B(A) when p > 2 or A is not of the form
Dy(, 1, 1). When A = Dy(z, u, ;) we define B(A) = B(A) ® E(®,,.,) ® P(75_;) with the differ-
ential d3 extended from dp that of B(A) onto the tensor product by

d#ﬁzyi—r dgT =0

where y, € B(A) is the variable from the theorem above.
Proposition 5. The B-construction provides a multiplicative Cartan’s construction (A, *, B(A)).

Proof. We have to check the case A = D,(z, i1, ). Note that a natural inclusion B(A) — B(A)isa quasi-
isomorphism. It is enough to extend the construction A X, B(A) with acyclic differential d to A, B(A)
by:

d‘r(b = (V:H»IM + y2) -7

d. = zp

One can check that the natural quasi-isomorphism g : B(A) — Bar(A) extends by:

9(1) =Tp
9(®) = nlz

Definition 5 (p=2). Assume p = 2. We define a diagonal map A : B(A) — B(A) ® B(A) according to
the following:

(i) If A is not of the form Dy (x, i), then we declare variables y and vyi, 1,7 > 0 to be primitive and
put:
A§22i1+2 = Zgizyo X 1+1X Zoigro T Voi-1,01 X V2171x+17i >0



(ii) If A = Dy(z, p,,_,) we declare variable y, 7 and vy, ,,,¢ # 1,2 to be primitive. Let

Aplopi1 = Vo1 W1+ 1R +y R, — v Ky

Aty = Vory 1+ TR Vg2, + TRV, — Vo KT

ApZgigig = Zoip1 M1+ 1R 291511 + Vois1pyy B Voicag g i F 2
Apzorgig = 202509 W1+ 1R 292, 0 + Vipy K5,
Agd=dR1I+1RD+ v, Ky

where

’ _
V25r+1 =Vort1 — YVgi1 + 29

/ _ / /
ABV2x+1 =1y +5,4 K1

Remark 5. Algebra B(A) contains a polynomial factor, hence it does not allows divided powers, nonethe-
less, since the right hand side of the above expressions contains only odd variables of the new factor, the
homomorphism A extends correctly.

The following assertion is crucial for our computation of the cohomology ring of EM-spaces for p = 2:

Proposition 6. The diagonal map A introduced above for any p is coassosiative and commutes with the B-
construction differential d . This naturally defines a bialgebra structure on B.

Proof. A straightforward computation. O

Dual elementary algebras

Definition 6. For an algebra with divided powers A we say that A is d.p.-generated by a subset S C A4,
if A is equal to the minimal subalgebra with divided powers containing S.

Note that all elementary algebras and its duals can be defined without specifying d.p.-generators
variables, but as functors from the category of graded free k-modules to the category of CDGA-algebras
in obvious way.

If V is free k-module and an elementary algebra A = [V, V[1]], or A = [V]] we say that V' corresponds
to A.

Definition 7. In such case we will refer to V and V1] as the d.p.-generators of A.
Let us introduce another three algebras:
Definition 8 (elementary duals).
* (z):= P(x) is the polynomial algebra on x

* (2,Vp41)q = Qy(x,v,,,) isequal to P(z) ® E(v,, ) with the differential determined by dz = qv, ;.
It is the DeRham complex with ¢g-multiply of the exterior derivative.

* (v,m,4), = K,(v,7,,,)isequal to E(v) ® P(z,, ) with differential determined by dv = qx,, ;. It
is the Kozsul complex.

Proposition 7 (p>2). Let V be a free graded k-module. There is a natural isomorphism of Hopf~-CDGA [V]V =~
(VV)yand [V, V[-1]]Y ~ (VY[1],VV), i.e.

E(V)Y ~E(VY)



D(V)" = P(VY)
Dy (V, VI])* =~ K, (VV[1], V")
E,(V, V)" =~ Q,(VI]1],VY)

Proof. The proof follows from the given definitions. Note that under this dualization d.p.-generators of
an elementary algebra are naturally duals to the non-decomposable elements in the dual algebra. O

By the previous results B(A)Y admits an algebra structure. For p > 2 it is naive dual version of the
B-construction:

Proposition 8. p > 2
(i) A=E(v)
B(E(9))" = P(f,41)

(ii) A= D(x)
B(D(x)) = EWy11) ® @ (Vyigi1s Zpigta), With differential d:
>0

AUpig 1 = PZpiaia
(iii)) A= D, (x,p, ,)
B(Dy(, 131))" = W1 Vos1)g ® R (Fpinsrs Zpisa) s With differential d:
dy=—q-Vyiy
AUpigi1 =D Zpigia
(iii)) A=FE,(p,x, )
B(E(1,2,,-1))" = Fya1s Ts1)g ® @) (Upiai1s Zpinya)p with differential d p:

dB§p+1 =K
dpZpiata = ~PVpigi1
Proposition 9. p = 2
(i) A=E(v)
B(E(7))” = P(ij,1)

(i) A=D(x
B(D(x)) = P(W,.1) ® Q P(Vyi,, 1) with graded differential d determined by Leibniz rule and:
>0
dUyipy1 =D 5221‘—1;“_1
(lll) A= Dq(‘r7um71)7q 7& 2
E(Dq(x, to-1))' = 15 Var1)q ® Qg P(Paiyyr), with graded differential d determined by:



~ —_ 9.2
AVgigi1 =2 Vying

and a multiplication determined by:

[ ) x+1] - 21}2x+1 -
(D z+1> = 4D§x+1
T 2z V21:+1] - 2V4z+1

[T
[Tow } = 4V4T+1
[Ty

T(

20+1> ] _4V2m+1

and leaves other quadratic relations to be super-commutative. Here brackets denote a super-commutator.
(iv) A= Eq(,u7 xu—l)
B(Eq(,uv xpfl))v = (D:Jerla ?j;ﬁrl)q ® @i} P<D2’3w+1)/ with diﬁerential d:
1>

dylu,Jﬁl =p
~2
dl/27a:+1 V21 le4+1

Proof. A straightforward computation. In all cases for p = 2 we have U3, ., = Zyi,, this way we
eliminated ? variables. Note that ® is the only variable with divided powers. O

Pontryagin ring of Eilenberg-MacLane spaces

Here we give a non-invariant description of a small-model of cellular chains algebra CSW (K (7, n)) for
T =Z,/q, where g = p¥* for some k or ¢ = 0.
Iteratmg the B-construction we obtain the following;: (B) we obtain:

Theorem 4. Let m = Z/q be a cyclic group with a chosen generator. There is a CDGA quasi-isomorphism

CEW (K (m,n)) ~ Bar " (K[x]) ~ B™(Kx]) ~ K

with a CDGA K equal to:

@) q=0
K := [nn] ® ®[P1nn7ﬁpl77n]p
1>0
where formal symbols Prn,, and BPn,, runs over all Steenrod’s admissible sequences ([8],[5]) with excess
e(I) < n — 1 which are not begins or ends on Bockstein, we put |Pn,,| = n + |I|,|6Pm,| =n+ |I| + 1.

(ii) q is finite

K = [nna ﬁnn]q ® ®[P1nn’/8PI77n}p
150
where I runs over all admissible sequences with excess e(I) < n — 1 which are not ends (on the left) on
Bockstein.

In other words, modulo p d.p.-generators of K naturally correspond to the generators of H* (K (m,n), k/p) in terms
of Steenrod powers.

Proof. (cf. @) Acording to the description of the B-construction E) we already know that B (Kk[]) is a
tensor product of elementary algebras and by (B E]) we have B™ (k[r]) ~ Bar(k[r]) ~ CEW (K (m,n)) ®k.
It remains to explicitly enumerate d.p.-generators (ff). Iterating of B-construction naturally leads to
the notion of Cartan’s admissible words (see [1], exposé 9) on the letters o,,,1,. In our terms, this
letters allows to pass from a d.p.-generator of an elementary algebra A to a d.p.-generator of B(A), using

notation of Proposition (E), as follows:
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OLpi = Vg1, O =Y
YpLpi = Tpin

pLpi = Zpitlgpyo

assuming that in all non-covered cases this operations act by zero. Thus, to pass from a d.p.-generator
of B"~Y(k[r]) to a d.p-generator of B™ (k[r]) on can apply the word o+," or 1,. Proper definition
due to Cartan implies that the d.p.-generators of B (k[]) are in 1-1 correspondence with all Cartan’s
admissible words. On the other hand there is 1-1 correspondence between Cartan’s admissible words
and Steenrod’s admissible sequences. For a combinatorial proof of this fact see ([[l|], exposé 9).

For completness, assuming the description of [',-cohomology of EM-space to be known, let us relate
enumeration of d.p.-generators with the Steenrod powers directly. By Theorem (E]) and Corollary (E]) the
iterated geometric bar construction gives a cellular decomposition of K (,n) and the spectral sequence

EZ? associated to the acyclic bicomplex Bar " (K[x]) &TWW (K[7]) of the corresponding construction
is naturally isomorphic to the LSSS of the corresponding path-loop fibration K (w,n—1) — pt — K(m,n).
According to Proposition 1 (B) this also applies to the iterated B-construction we are working with.

For p > 2, dualizing everything and passing to the reduction modulo p we observe that the differ-
entials in the bicomplex of B-construction are exactly correspond to the Kudo’s transgression patterns.
Namely, note that B (k[x])/p ~ H,(B™(Kk[r]), F,), hence d.p.-generators of B (k[x]) naturally cor-
respond to the non-decomposable elements in H*(B™ (Kk[r]),F,) i.e. its free generators. Then, abusing
notation and denoting the generators of the dual algebra A /p by the same letters (see ﬂ), we can write
transgression patterns in the following manner:

7 i—1
TP = Vpig g = PP e2  P*Prx, Tt =y

i—ly g i—1 i—1
:ET((J?pL )p 1Vpi—1$+1) = Rpitlgyo '= ﬂPpL 'T/QllpiflIJrl = ﬁppl /2 P'T/QTJ?

where T is the transgression map in the spectral sequence associated with the bicomplex B (Kk[x]) K,
B™(K[x]) mod p. We can consider this as a way to pass from generators of A"/p to generators of
B(A)Y /p. In particular, we have established a formal bijection between Steenrod’s admissible sequences
with Cartan’s admissible words. This way we denote by P;7,, a d.p.-generator in B (k[r]) correspond-
ing to the Steenrod admissible sequence I. Notation is justified due to the fact that modulo p element
P, € B™(K[x))/p ~ H,(B™ (K[x]),F,) isdualto P'n, € H*(K(m,n),F,) ~ H*(B"™ (K[x]),F,) viewed
as an application of Steenrod power P’ to the fundametal class n,, € H" (K (m,n),F,).

The case p = 2 is literally the same. Recall that we can write S¢** = P* and S¢***! = BP*. Thus we
have an uniform description for our model in all cases. O

Remark 6. Expressions 3P'n,, correspond to the stable integral operations and exhaust all of them.
By contrast, their “potentials” P'1,, are formal and are not related to some integral operations in any
obvous way. Both results can be verified independently using the Adams spectral sequence to show, that
all positive-degree integral stable operations have a form x — 3’ o Pl ored o 2,2 € H*(X, Z ), where
red is the reduction modulo p, P’ is a stable operation over [, not ending on the Bockstein and ' is a
Bockstein associated with coefficients 0 -+ 72 — Z — F, — 0.

Remark 7. Note that for p = 2 the standard description ([8],[5]) of H*(K (7, n),k/p) does not allows
e(BPT) = n and our does.

The crucial difference here is that in F,-cohomology the dual to 35¢,,Sq;n,, with 1 + 2k = |I| 4+ n or
equivalently e(I) = 2k — |I| = n — 1 is 8S¢**Sq'n,, = (Sq¢'n,,)?, hence it is not a generator.

There is no contradiction here, because modulo 2 cohomology ring is polynomial algebra with no
skew-symmetric parts. For example algebras (1) ® @), (V215115 22i542) and the free polynomial al-
gebra on vy, ,,¢ > 0 are of the same size.

Diagonal map

The following result indentifies, up to homotopy, the formal comultiplication on B(A) (H) with that is

induced from the comultiplication in Bar(A). Recall that B(A) = B(A)if p > 2. For any prime p the
following holds
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Theorem 5 (on comultiplication). Let A be a product of elementary algebras and g : B(A) — Bar(A) is
the natural CDGA-quasi isomorphism (B). Let Ap,, be the comultiplication in Bar(A) and Az : B(A) —

B(A)R B(A) bea comultiplication introduced in E
Then the following square is homotopy-commutative:

By 5 BayxBA)
Ly lgRg
AB(I’I‘ —_— _
Bar(A) —— Bar(A) X Bar(A)

Proof. Let C := Bar(A) R Bar(A). We have two CDGA-maps V', V° : B(4) — C, where V* are two
ways for passing through the diagram. We need to construct connecting homotopy between them.

First we prove that if A is an elementary tensor component of B(A), then the restrictions of V* to A’ —

C are homotopical (lemmalll and proposition[l( below). One can verify that over a tensor component of
the form E(®) ® P(r), by the very definition of comultiplication E, equality V! = V° automatically
holds. Then we show that if V* are products of such restrictions, which are homotopy equivalent on
Each elementary part A’, then they are homotopy equivalent on the whole tensor product B(A) (lemma
). O

Proofs of the following statements are given in Routine section@.

Definition 9 (first order homotopy). Let A be a tensor product of elementary algebras with two CDGA-
maps ¢°, ¢* : A — C. Denote by G(A) the subspace of d.p.-generators, it is a subcomplex in A. We say
that ¢¥, ¢! are first order homotopic if there is they are homotopic in restriction onto G(A).

Lemma 1 (on existence). Let A be an elementary algebra with the natural CDGA-quasi-isomorphism g : B(A) —
Bar(A). Let V! = Ap,, 0 gand V° = g go Ag.
Then V' and V° are first order homotopic on each tensor factor of B(A).

Proposition 10 (on extension of the first order homotopy). Let A be an elementary algebra and C' is some
CDGA allowing divided powers. Let V' : A — C be two CDGA-morphisms which are homotopical in the first

order via h : G(A) — C[1], then there is an extension of h to h : A — C[1] s.t. [d, h] = V! — V.
The following holds for any algebras:

Lemma 2 (on a tensor product homotopy). Let ¢ 4, ¢’y : A — Cand ¢, ¢z — C be two pairs of homotopical
CDGA-maps i.e. ¢4 — ¢’y = [d,hy]and ¢ — ¢’z = [d, hp].

Consider A® B — C, then ¢, @ ¢ and ¢’y ® ¢’ are homotopical by

hagp = A ®@hp+hy®dp

Invariance of B-construction
Now, for p > 2 it is possible to reformulate elementary delooping theorem(a) in a functorial way. Let V'

be a free k-module, x be an even integer and v is odd. Consider an elementary algebra A corresponding
to V. We can define a construction B[A] according to E by:

1. B[(V,)] =] w+1]®®[ izt20 Vpiosilp

2. B[(Vzanfl)q]:[Vsz ] ®[ ix+2) ac+1]

3. B(V,)] = V1]

4. B[(VV’V— ) } [VV+17 ] ®[ i(v—1 +27Vi(u—1)+1}p

The definition of B[A] is deceptively functorial on V: it defines a multiplicative construction (4, A K.
B[A], B[A]) only after picking a basis in the corresponding V. We have to investigate covariance of the
corresponding Cartan’s construction w.r.t basis transformation in V.
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Proposition 11 (p>2). Let V = (e;) and W = (f;) be a pair of free k-modules with a chosen generators.
Let A=[V,,V, 4],and A" = [W,, W,_,], and z is even.
Assume we have a CDGA-morphism f : A — A’ induced by a linear map f : V. — W viewed as a matrix.
There isa CDGA-map F : AR, B[A] — A’ R, B[A’] s.t. F|, = F and its reduction FIP) := Fpu + BlA] —
B[A’] induces CDGA-maps of tensor factors s.t.:

1. Flpl: Vii1> Valg = Wi, W, ], and its restriction is naturally induced by f

2. FPL e Voo, Viiwialy = Wyinsos Wyinia], and its restriction is naturally induced by feh)

here ") denotes a matrix obtained from f by exponentiation all its elements in power p'.
Similarly, if A = [V, V, 1], and A" = [W,, W, 1], and y is odd then the same holds:

Y ty—

1. Flol . [Vy 1 Vy] = [Wy 1 Wy] q and its restriction is naturally induced by f

2. Flrl . Viity—1)12s Vpity—1)1+1lp = [Whiy—1)12> Wi (y—1)+1], and its restriction is naturally induced by

Proof. It is enough to prove the statement in the case V' is one-dimensional and W is two-dimensional.
Indeed, then the result for any W with dimW = n follows from factorization through (n—1)-dimensional
module, for example:

a; 0 0 1

ag 0 0] 1

0 a3 O L ]
0 0 ay

this decomposition respects element-wise exponentiation and we may proceed by induction on n. It
is clear that adding dimension to V' corresponds to introducing new independend variable(s) and all
matrices are obtained by adding new column, thus if it holds for any W and one-dimensional V' the
same tautologically true for all V.

Now, assume V' = (u) and W = (e, f). Lets extends scalars to k|«, §] and consider the universal map
f:A— A’ induced by f: u — ae+ Sf. We have

A= [U, Mufl]q

Al = [67 ue—l]q ® [fa :u’f—l]q

(i) The case A = [V,,,V, 4], and z is even
Then |u| = |e| = |f| = = is even and:

B[A] = Eq(Vqul? yu) ® ® Dp(zpiu+2’ Vpiqul)

and similarly for B[A'].

First, we have to prove the existense of an extension F': AKX, B[A] - A’ K, B[A’]. We will proceed
by induction on the degree corresponding to B[A]. Let F'(v, 1) = av,,; +Bv;.q and F(y,) = ay,. + By;.
Consider i-th tensor component of B[A] equal to D, (2,2, Vi, 1) and assume that I has being defined
below i. Consider an expansion

Fdyiysn) = F((u—qy,)p) = A0 vyieoq + 87 vy 1) + Cylade — aye), B — ayy))
where C;(a(e — qy.), B(f — qyy)) is a cycle divisible by a3, thus we may write d®; = C; for some ®;,
assuming that ®, does not contain a?" or 87" also. It follows that putting

F(Vpiu+1) = o’ Vpiet1 + ﬂpl Vpifs1 + (I)z

gives a well-defined extension. It remains to prove that F'(v,;, ) modulo A’ is equal to o?' Vpier1 T

g’ Vpi 41 Though we do not control @, it is possible to verify the statement using dimension count-
ing. Namely, by the construction an expansion of ®; does not contains v,,i.,; or v, ;,;. Moreover, an
expression for ®; may depend only on the parity of =, not the degree itself.
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Assume there are exists terms in ®; without variables e, 1.y, f, 11_1. Then there is a partition of
|®;] = p'e 4+ 1into [V« x4 1],|2pitx111yx for X = e, f i.e. there are non-negative integers a,, b;, ¢ s.t.

a (P le +2) + b (e + 1) 4+t a (pr +2) + b (pr + 1) +b(z + 1) + ¢ =plz + 1
holds for all z of parity |u|, thus they obey:
(ay +b)p" "+ (@ + b )p+ b +e=p'
2a; +by+...+2a, ; +b, 1 +b,=1
One may check that for p > 2 this pair of equations have no common solution, hence
F(vpiy) = O‘inp'ieH + 7 Vpifr1 mod A

(For p = 2 a solution exists and our proposition is false).
The same argument applies to 2, » and we can continue by induction.
(ii) The case of A = [V,,V, ], and odd y is similar.

Remark 8. One can reduce the case A = [V,] to [V, V, 4], for ¢ = 0.

Remark 9. According to (E) the composition
goF: AR, B[A] - A’ K, Bar(A’)
is unique up to homotopy.

Let us denote by F?! the reduction on B[A] — B[A’] of the map constructed in the previous propo-
sition.

Lemma 3. Let f,f" : A — A’ be a pair of homotopical CDGA-morphisms f ~ f' induced by linear maps
fHLf V=V
Consider an extensions constructed above FPI, F'IPl . B[A] — B[A’] and the functorial extensions F, F’ :
B[A] — B[A'].
Then
Flel ~ p'lel o F ~ F’

Proof. The case A = [V,] reduces to [V,,V, 4],_o, sO we may assume that A = [V,,,V, ;], and A" =
[Vis Vi1, for some z.

Because f, f' : V' — V’ induce homotopical maps their difference f — f’ is divisible by gq. Conversly, if
f—1"isdivisible by g, then, according to the first order homotopy lemma [L] the induced maps f, f : A —
A’ are homotopical. Similarly, map F is the tensor product of natural maps induced on each component
of B[A] with ¢’ = gor ¢’ = p. Then F — F” is divisible by ¢ on component with ¢’ = g and divisible by
p on component with ¢’ = p, thus F' ~ F’. The map FI? is obtained by exponentiation matrix elements
of F' in some power of p for components with ¢’ = ¢ and equal to F' for ¢ = p. Hence, by the same
argument, FIPl ~ F. O

Using the lemma we can safely iterate the construction:

Corollary 4 (p>2). For a free k-module V there is a natural, up to homotopy, quasi-isomorphism

BUKV]) S Bar " V]
which commutes with the diagonal maps of both sides up to homotopy.

By previous we can restate a small CDGA model construction (@) for EM-spaces in the functorial
manner:
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Corollary 5 (p>2). For a free k-module V there is a natural CDGA-quasi-isomorphism of

COW (K(V,n)) ~ Bar " (K[V))

with:

[Vn] ® ®[P1VnaﬂPIVn]p

>0

where I runs over all admissible sequences as in I and PV, (resp. BP;V,,) denotes Z ,,-module naturally isomor-
phic to V' concentrated in degree n + |I| (resp. 1+ n + \I|)

O

Cohomology model of Eilenberg-MacLane spaces

Finally we can state the main result. There is a crucial difference in p > 2 and p = 2 cases, let us treat
them separately.

Theorem 6. Let 7 be a cyclic group with a chosen generator 1. Consider C

ing(K (m,1),Z ) as an associative
DG-algebra. There is a quasi-isomorphism of complexes

¢ szng( (ﬂ-’n)7 Z(p)) — K
such that ¢ preserves the multiplication up to homotopy, where

()p>2andq=0

() ® Q) (P, BPn,),
I>0

(ii) p > 2 and q is finite

K = (nnaﬂnn)q ® ®<P1nn7ﬁpln7l)p

>0

In above cases formal variables Pn,, and 8 Ppn,, modulo p corresponds to generators in the standard descrip-
tion of the I ,cohomology, i.e., I runs over all admissible sequences with excess e(I) < n—1which are not ends
(on the left) on Bockstein (i,ii), not begins on Bockstein (i). We put |Pyn,,| = n+|1|,|8Pm,,| = n+|I1|+1.
Similarly for Sq** = P* in the case p = 2.

In fact the monoidal structure on K (m,n) provides a comultiplication on C%,,, ( ) which is asso-
ciative up to homotopy. The map ¢ also preserves the comultiplication map up to homotopy (ﬁ)

Theorem. There is a quasi-isomorphism of complexes

d) szng( (ﬂ-’ n)? Z(Q)) ; K

such that ¢ preserves the multiplication up to homotopy, where

(i) p=2andqg=0
(K, d) is a DG algebra generated by symbols n,,, Sq"n,,, ® ; ., 7; , of degrees |Sq'n, | = |I|+n,|®;,,| = 2(]J|+
n) + 1, |75, = 2(]J| + n) respectively, allowing divided powers on 7; ,,, modulo quadratic relations R defined
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below. Here I, J run over all non-empty admissible sequences with e(I) < n —l,e(J) <n—2, J,and |J|+n
even, that do not starts (on the right) on the Bockstein. The ideal R is generated by (cf. [L(]):

[Sq7n,., BSq"n,] = 25¢7"BSq n, — @, ,

2 =4(Sq’1"BSq’n,)?

(770, S4"T " BSq"n,] = 284217 5S¢l 3S g7,
[Ty @0l = 48q* ) gglJlin gS Ty,
[Sq7F " 3Sq7n,, @ ] = —4(Sq/ " 5SqTn,)?

for each I with I,,|I|+n even and e(I) < n— 2 and super-commutativity relations for all other pairs of variables.
The differential d extends by the Leibniz rule according to:

dSq'n, =2-B8Sq'n,
dn, =0
dTI,n = _q)l,n

(i) p = 2, q is finite and q > 2

K is defined as above with I allowing empty sequences, the differential is redefined by dn,, = q - n,,.

(iii) p = 2, q is finite and q = 2

K is defined as above with I and J allowing empty sequences, the differential is redefined by dn,, = q - f1n,,.

Proof. The description of the small chain model in @ provides an explicit correspondence between Car-
tan’s admissible words enumerating . v, z variables in B and Steenrod admissible sequences. Apply-
ing the theorem on comultiplication(f) and then carefully following the dualization procedure of J we
can rewrite all relations of B’(B"!)" in terms of symbols in the statement. O

Corollary 6 (p > 2). Let V be a free Z-module dual to V. There is a natural, up to homotopy, CDGA-quasi-
isomorphism:
>

where |P;| = |I|,|8P;| = |I| + 1 and I runs over all admissible sequences with excess e(I) < n — 1 which are not
begins or ends on Bockstein 3, P;V,, (resp. BP;V,,) denotes Z,,-module naturally isomorphic to V' concentrated
in degree n + |I| (resp. 1 +n + |I]).

In particular, the cohomology of EM-space H*(K(V',n), Z,) are naturally isomorphic to the cohomology of a
super-affine DeRham algebra tensored by the free-commutative algebra (V'):

(V)@ H*(Q (D P'V,.),p - d)
I

Remark 10 (on Bockstein spectral sequence of EM-space). We can interpret the above result in terms of
computation done by P. May ([5]). Recall that the BSS sheet Ej, ., = Hj (E}) is equal to the cohomology
of previous sheet E, with respect to the well-defined higher Bokstein derivative 87 = 0. Here 3, =
and F; is equal to [ ,-cohomology i.e. H*(K(m,n),[F,).

Assume p > 2. It is well-known that H*(K(n, Z),[F,) is the free-commutative algebra isomorphic
to the tensor product of duals of an elementary algebras (B) (P'v,,BP'v,),, (v,) modulo p. In order
to compute the BSS P. May made a simple observation that if 3, is well-defined on an element = €
H*(X,F,) for some X, then 3, (z?) = 2?~' 3, (x). Thus the corresponding BSS-sheets E, and E; of
each elementary part are related by the following pattern

(xaﬁkx) e (xp7 /Bk+1xp = xp_lﬂk+lx)
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hence the BSS of H*(K(n,Z,),Z) is obtained by tensoring BSS of all elementary tensor components
together. One can see that exactly the same pattern appears for the elementary algebras of the form
(a,b),. Using Corollary 1(@) on the LSSS we coclude that our answer is a natural lifting over Z,,, of the
BSS described by May.

The case p = 2 is more delicate. First of all, the above formula for Bockstein does holds only for
By, k # 2. For k = 2wehave B, (2?) = f;2-2+S¢*! 3, 2. This means that there is no CDGA which provides
amodel for the cohomology. One can guess a DGA with the same BSS patterns. This an algebra obtained
by forgetting all ®; ,,7; ,, terms and all corresponding quadratic relations in the description the main
theorem f. Note that this procedure gives a new algebra, not a quotient of the former. This naive answer
is a deformation given by the Weyl algebra, i.e., corresponding to the only relation [S¢’n,,, 3Sq¢'n,] =
28¢/1#"38¢'n,,. In dual terms, we would have a natural morphism g : B(A) — Bar(A) for A = D,(x, )
compatible with a comultiplication constrained to Agry, | = Vo, K1+1Rvy, +yRy, | —v, Ky, It

turns out that there is no such morphism and that is the main reason for introducing the B-construction.

We finish this section with a remark about the cohomology H*([V, V[—1]];) of the de Rham algebra
[V, V[—1]]; for even-graded V. Pick abasis z; € V and dx; € V. Though there is no simple and functorial
description of the cohomology groups (see [#]), it is not difficult to give an answer in terms of x; [[10]. For
simplicity let |x;| = 0.

There is a decomposition of a complex

Z(p)[xl,...7xn,dx1,...,dxn] = @ KS7€dES

Sc{1,..,n}
a tuple e ;>0 for s€S

On each S and tuple (e,) the subcomplex K:¢:<s is defined by:

— €
Ksaeses = @ ]:[xses Esdxs s

e,€{0,1} seS
seS

Letv(e,eg) = ord,(e,) for some n € S be equal to the smallest p-primary part of numbers e, 5. Then
Hd<KS’es&S) ~ (Z/pu(e>)ea(‘§‘:f)
and representatives of the cohomology group can be given by:

o129

w=(-1) pov)

e e,—1
Ty, 4 gxy, ST d,

where g is a differential form on variables x,,s # n € S, which defines an cohomology class of order
v(e)
pre.

Routine

Definition 10 (first order homotopy). Let A be a tensor product of elementary algebras with two CDGA-
maps ¢°, ¢* : A — C. Denote by G(A) the subspace of generators, it is a subcomplex in A. We say that
¢°, ¢! are first order homotopic if there is they are homotopic in restriction to G(A).

Lemma 4 (existence). Let A be an elementary algebra with CDGA-quasi-isomorphism g : B(A) — Bar(A).
Let Vi = Ap,.ogand Vg = g go Ag.
Then V, and Y, are first order homotopic on each factor of B(A). If p = 2, then at (®, 7), factor of B they are
equal.

Proof
It is possible to express g iteratively by g(a) = s(g(da)) (Proposition 1), where d is acyclic differential
of the bar-resolution, but I will need only a few such expressions. Recall that except the special case

A = D,(z,v) we defined B(A) = B(A).

(i) A= E(v). Then B(A) = D(z,,,) and g(z) = v, hence g(z) is already primitive and h = 0. O
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(ii)) A= D(x). Then B(D(z)) = E(,1) ® @ Dy(2pizi2: Vpizy1) and we have(E):

—1
g(Vpia:Jrl) = Tpi g('zpiz+2) = ivzi*l |‘rpi*1

We see that generators v already primitive. If p > 2, then

)
(V1= Vo) (Zpis2) = ﬂng X Tpia

which is obviously a boundary for p > 2, thus h exists. if p = 2, then by the definition of V; we have

(Vl - Vo)(zpiﬁz) =0.
]

(111) A= Dq(xv.ux—l),q 7& 2. Then E(A) = Eq<yac+17yu+1) ® ® Dp(zpim—o—Z? Vp’iaH-l) and:

g(y/,lr‘rl) = Hz—1> g(Verl) =T
are already primitive. It remains to define a first order homotopy on v, 1, 2pi,.9, 7 > 1. However
expressions for g-values are complex. Actually it is possible to construct a homotopy by showing that
(V1 —Vg)zpizo is exact modulo p.
Let us for a moment go back to notations from the proof in (B,(iii)). Then, in fact, we work with

variables v
(_q)<p71>pl*1

;o a— ) p—1 )
Vpig+1 = Vpig41 — #ypiflyplflaw»l
AVyigi1 = (T —qy)

- . — qu)Pt v
dzp’a:+2 = TDPVpigi1 + (37 qy)pifquyp’*laﬂrl

d is the acyclic differential of the E—construction, we have
dBZp’iz+2 = TPVpigi1

where d is reduced d, i.e., the B-construction differential.
Using the definition of comultiplication B it is straightforward to check that modulo p (for all primes):

(vl - VO)Zpiz+2 =—p-u-+ dBaT’IZIBarU

for some u,v € Bar(A) X Bar(A). For instance, if p > 2:

(Vi —Vy)z

pix+

T
g = :cZH X Z,—+ mod p

isaboundary, if p = 2 the right hand side vanishes by definition of V, using introduced comultiplication.

Then, putting h(v,i, ;1) = uand h(z,i,,2) = v we obtain (V; — Vj)2,i,.0 = [d, h](2,i,,2) and
automatically (V| — V), = [d, h](Vpi,:1). This will define a first order homotopy on v 1, 2,42
fori > 1. O
(iv) A= E, (7, 1). Then B(A) = D (Y, 11,V441) ® & D,(2pizi2sVpiys1)- One can apply the same

>0
argument as in (ii). O
(v) A= Dy(x,v),q=2.
Then B(A) = B(A) ® E(®) ® P(r). It is straightforward to see that
g(ya:Jrl) =T
9(Wp 1) =Ty + T — Rz
g(VQi:K+1) = Toi mOd 2 7 > O
9(221‘,1+1) = Toi1 Iin—l 1>0
g(r) =zn
9(®) = plz

Comparing with the definition of comultiplication E gives that V, — Vyiszeroon1,¢,v,, 1,5, and is
exact modulo p for 2y, ». Now one can proceed as in (iii). O
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Proposition 12 (extension of the first order homotopy). Let A be an elementary algebra and C is some CDGA
with divided powers. Let V' : A — C two CDGA-morphisms which are homotopical in first order by h : G(A) —
C|[1], then there is an extension of such homotopy to h : A — C[1] s.t. [d,h] = V! —V°.

proof (see [[L], expose 11, proposition 3) In the following subscripts, as usual, indicate divided power,
while superscript play the role of index. Fix an acyclic resoulution L — C with divided powers (e.g.
L = C K Bar(C)). One can check two simple facts:

e (dv), = dw" for some w* € C. Indeed, pick a lifting © € L, then (d,©), is closed, thus (d;?), =
d; W*, for some w* € L, hence (d-v), = dow” after the reduction L — C.

o v(dv);, — (k+1)wy,, = dt* for some t* € C. Similarly, the expression has a closed lifting and hence
is exactin C.

@) A= E().
nothing to prove O
(i) A = D(x).

We have V!(z) = V°(z) + dv, then
Viay) = VO(wp) + [VO(zp1)dvo + VO(p5)(dv)g + .. + (dv), ]
and by above facts expression in brackets is exact, thus we can find h(z;) s.t. V! — VY = [d, h]. O

(iii) A= D (z,v,_4).
For some u, v we have

Vi(xz) = Vo) + qu + du
Vi) =Vov)+dv

First we reduce to a particular case. Let V' (z) = V%(z) + du, V' (v) = V°(v) and extend it to a CDGA-
map. We have
V' (@) = VO () + [VO(g_1)dv + VO (2p_5) (dv)y + .. + (dv),]

Take v* as above s.t. dv* = (dv),. Let

h(zy,) = VO(z,_ )0t + VO (zp_o)v? + .. + 0k
h(z,_1v) = VO (2 _ov)vt + .. + VO (v)v,_,

It is easy to check that:

V'(xy,) = VO(xy) + dh(zy) + qh(zy_,v)
V(zy_1v) = VO(2y_1v) + dh(z)_1v)

Thus V' = V° + [d, h] and replacing V° with V’ we may assume from now that:

Vi(z) = V() +qu
Vi) =Vov)+dv

Lets put h(z;,) = 0, h(v) = v. Define h(z,_,v) requiring:
Vi(ag) = VO(xy) = hday) = gh(z),_1v)
It is clear that taking
1) = (V4 (o) = Vo(a)
we obtain an integer expression. We want to satisfy:
Vi(x_v) = VO (zp_1v) + dh(z)_qv)
But dh(z),_,v) = 7d[V'(x;) = V°(zy)] = V! (2),_1v) — VO(2;_1v). Thus we geta desired homotopy. [
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(iv) A= Eq(]j, ‘Tyfl)'
We have dv = gz, d(z,v) = q(k + 1)z, Start with:

Vi) =VOv) +qu+du
Vi(z) = V9 (z) + dv

As above, let

V'(v)=VOv) +du
V(@) = V()

Then V' (z,v) = VO(z,v) + d(V°(x},) - u) We can put
h(z,) =0
h(z,v) = VO(z,)u
h(v) =u

to obtain homotopy & : V' ~ V. Now, replacing V' with V° we can assume that:

Vi) =Vov)+qu

Vi(z) = V(z) +dv
Then

Vi(z,) = VO(zy) + VO(2p_1)dv + .. + (dv),,
Let v* be s.t. dv* = (dv), and v! = v. Put h(z;) = V°(z;,_;)v* + .. +v* and h(v) = 0 Then
V(@) = VO(xy) + dh(xy)
We want to satisfy:
Viagy) = VO(zpv) + alk +1) - hlwy) + dhizw)
On the other hand we have:
V@) = VO(2v) + dh(zy) - VO(v) + Vi(zyg) - qu+ dh(zy) - qo
Rewrite remaining parts as:
o dh(zy) - VO(v) = d[h(zy) - VO()] + [V (21 )0t + .. + 0¥V (gz) =
dA, +q-VO(k- 2)v q[VO((k—1) 2,_1)v> + ..+ VO (z) - vF]

dh(zy,) - qu = q[V®(z)_;)vdv + .. + v(dv),)]

Vl(xk) qu=4q- Vl(xk)vl

Then:
Vi(xw) — VO(xv) =
dAL+q{V° (2}, 1) ((k—1)v*+vdv)+VO (z;,_o) ((k—2)v3+v(dv)y)+..+ VO (x1) (v +v(dv),) }qu-VH((k+1)xy,)
After subtracting

q(k+1) - b)) = q(k+ 1)[VO (20" + VO (2 )02 + 07
We are left with:

Vi(zw) —VOzw) —qlk+1) - h(z),,) =
dA, +{VO(z,_ ) (=20 + vdv) + VO (2)_5) (=30 + v(dv)y) + .. + (—(k + 1)o**! + v(dv),)}

There are exists w' s.t. dw® = —iv® + v(dv);_;, we fix them once and for all i.
Then the right hand side is exact, thus we may extend h with V! — V? = [d, h]
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Lemma 5. homotopy on tensor product
Let 4,9y : A— Cand ¢, ¢z — C be two pairs of homotopical CDGA-maps i.e. ¢, — ¢’y = [d, h 4] and

¢B_¢33 = [d, hp].
Consider A® B — C, then ¢ 4 @ ¢ and ¢’y @ ¢’z are homotopical by
hA@B = ¢A®hB+hA®¢/B
Proof. [d, 4 ® hp +hy ® ¢p] = ¢4 @ [d,hp] + [d,ha] ® ¢ = ¢4 ® (b — ) + (pa — ¢)) ® ¢ =
P2 ®bp— ¢, ® Pp
O
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