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1 Introduction

In this lecture, we will prove that a Banach space having Rademacher type is
equivalent to a Banach space having Enflo type[IvHV20]. In the following, we
donate ε is uniformly distributed on the discrete cube {−1, 1}n.

Definition 1 (Rademacher type). Let (X, ∥ · ∥) be a Banach space. We say
that X has Rademacher type p ∈ [1, 2] if there exists C ∈ (0,∞) such that for
all n ≥ 1 and x1, . . . , xn ∈ X

E

∥∥∥∥∥∥
n∑

j=1

εjxj

∥∥∥∥∥∥
p

≤ Cp
n∑

j=1

∥xj∥p.

We denote by TR
p (X) the smallest possible constant C in this inequality.

Definition 2 (Enflo type). A Banach space X has Enflo type p if there exists
C ∈ (0,∞) such that for all n ≥ 1 and f : {−1, 1}n → X

E
∥∥∥∥f(ε)− f(−ε)

2

∥∥∥∥p ≤ Cp
n∑

j=1

E∥Djf(ε)∥p,
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and we denote by TE
p (X) the smallest possible constant C in this inequality.

Here we define the discrete partial derivatives on the cube {−1, 1}n as

Djf(ε) :=
f(ε1, . . . , εj , . . . , εn)− f(ε1, . . . ,−εj , . . . , εn)

2
.

Taking f(ε) =
∑n

j=1 εjxj , we see that the defining inequality of Enflo type
reduces to the inequality of Rademacher type. Hence, Enflo type p implies
Rademacher type p with TR

p (X) ≤ TE
p (X). In the end of the lecture, we will

prove the following theorem.

Theorem 3. We have

TR
p (X) ≤ TE

p (X) ≤ π√
2
TR
p (X)

for every p ∈ [1, 2] and Banach space X.

2 History of the Problem

2.1 Pisier’s Inequality

In the following, we donate p ≥ 1, f : {−1, 1}n → X and ε, δ are independent
random vectors that are uniformly distributed on the discrete cube {−1, 1}n.

In order to prove the above theorem, one of the attempt is to research on
following Pisier’s inequality[Pis86].

E ∥f(ε)− Ef(ε)∥p ≤ CpE
n∑

j=1

∥δjDjf(ε)∥p

If we could find a constant C such that the above inequality holds for any n.
Then, if a Banach space is Rademacher type with TR

p (X).

E ∥f(ε)− Ef(ε)∥p ≤ CpE
n∑

j=1

∥δjDjf(ε)∥p ≤ (CTR
p (X))p

n∑
j=1

E∥Djf(ε)∥p.

Therefore, TE
p (X) ≤ CTR

p (X).
However, the above conjecture is not true in general case. By the Theorem

of Pisier and Talagrand, we find that C ∼ log n.

E ∥f(ε)− Ef(ε)∥p ≤ (2e log n)pE
n∑

j=1

∥δjDjf(ε)∥p

2.2 Pisier’s Inequality for Special Banach Space

Another way to solve the problem is to establish Pisier’s inequality not for a
general Banach space but for a special class of Banach spaces. In particular, we
have the following theorem.
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Definition 4 (UMD space). [Esk20] A Banach space (X, ∥·∥X) is called a UMD
space if for every p ∈ (1,∞), there exists a constant βp ∈ (0,∞) such that for
every n ∈ N, every probability space (Ω,F , µ) and every filtration {Fi}ni=0 of
sub-σ-algebras of F , every martingale {Mi : Ω → X}ni=0 adapted to {Fi}ni=0

satisfies

max
δ=(δ1,...,δn)∈{−1,1}n

∥∥∥∥∥
n∑

i=1

δi(Mi −Mi−1)

∥∥∥∥∥
Lp(Ω,µ;X)

≤ βp∥Mn −M0∥Lp(Ω,µ;X).

The least constant βp ∈ (0,∞) is called the UMDp constant of X and is denoted
by βp(X).

Then, we have the following Pisier’s inequality for UMD Banach space[+2002].

E ∥f(ε)− Ef(ε)∥p ≤ βp
pE

n∑
j=1

∥δjDjf(ε)∥p

2.3 A Dimension-Free Pisier Inequality

In order to give a dimension-free Pisier inequality, we could somehow change the
distribution of the right side. For this purpose, we give some notaions.[IvHV20]

Let ε be a random vector that is uniformly distributed on the cube {−1, 1}n.
Given t > 0, we let ξ(t) be a random vector in the cube, independent of ε, whose
coordinates ξi(t) are independent and identically distributed with

P{ξi(t) = 1} =
1 + e−t

2
, P{ξi(t) = −1} =

1− e−t

2
.

We also define the standardized vector δ(t) by

δi(t) :=
ξi(t)− Eξi(t)√

Var ξi(t)
=

ξi(t)− e−t

√
1− e−2t

.

Then, we could prove the following dimension-free Pisier inequality.

Theorem 5. For any linear space X, function f : {−1, 1}n → X, and convex
function Φ : X → R, we have

E[Φ(f(ε)− Ef(ε))] ≤
∫

E

Φ
π

2

n∑
j=1

δj(t)Djf(ε)

µ(dt)

where µ is the probability measure on R+ with density

µ(dt) :=
2

π

1√
e2t − 1

dt.

For the case Φ(x) = ∥x∥p, the above theorem may be slightly improved.
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Theorem 6. Let µ be as in above theorem. Then for any Banach space (X, ∥·∥),
function f : {−1, 1}n → X, and 1 ≤ p < ∞, we have

(
E∥f(ε)− Ef(ε)∥p

)1/p ≤ π

2

∫ E

∥∥∥∥∥∥
n∑

j=1

δj(t)Djf(ε)

∥∥∥∥∥∥
p1/p

µ(dt). (1.4)

3 Proof of Dimension-Free Pisier Inequality

Let f : {−1, 1}n → X be a function defined on the discrete cube, where X is a
Banach space. For each j ∈ {1, . . . , n}, recall the discrete partial derivative

Djf(ε) :=
f(ε1, . . . , εj , . . . , εn)− f(ε1, . . . ,−εj , . . . , εn)

2
.

The discrete Laplacian of f is then defined by

∆f := −
n∑

j=1

Djf.

We denote by Pt the standard heat semigroup on the cube, that is,

Pt := et∆,

where ∆ is the discrete Laplacian defined above. Equivalently, Pt acts on a
function f : {−1, 1}n → X by

Ptf :=

∞∑
k=0

tk

k!
∆kf.

Then, we know that ∆ is self-adjoint.

−E[f(ε)∆g(ε)] = −
n∑

j=1

E[f(ε)Djg(ε)]

= − 1

2n

n∑
j=1

∑
ε∈{−1,1}n

f(ε)
(g(εj)− g(−εj))

2

= − 1

2n

n∑
j=1

∑
ε∈{−1,1}n

(f(εj)− f(−εj))

2
· (g(εj)− g(−εj))

2

=

n∑
j=1

E[Djf(ε)Djg(ε)].

Now, we begin to prove the Theorem 5 and the Theorem 6. We first prove the
following lemma to characterize the heat operator Pj .
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Lemma 7. We have

Ptf(x) = E[f(x1ξ1(t), . . . , xnξn(t))] for t ≥ 0,

and

DjPtf(x) =
1√

e2t − 1
E[δj(t)f(x1ξ1(t), . . . , xnξn(t))] for t > 0.

Proof. Because
E[f(x1ξ1(t), . . . , xnξn(t))]

=
∑

ξ∈{−1,1}n

[
n∏

i=1

1 + e−tξi
2

]
f(x1ξ1, . . . , xnξn)

So,

E[fxj→−xj
(x1ξ1(t), . . . , xnξn(t))] =

∑
ξ∈{−1,1}n

[
n∏

i=1

1 + e−tξi
2

]
1− e−tξj
1 + e−tξj

f(x1ξ1, . . . , xnξn).

Because

1

2

(
1− 1− e−tξj

1 + e−tξj

)
=

e−tξj
1 + e−tξj

=
e−t

1− e−2t
(ξj − e−t).

Therefore,

DjE[f(x1ξ1(t), . . . , xnξn(t))] =
1√

e2t − 1
E[δj(t)f(x1ξ1(t), . . . , xnξn(t))].

So, we only need to prove the first equation. We need to show E[f(x1ξ1(t), . . . , xnξn(t))]
satisfies the same differential equation and initial condition as Ptf .

(
∂

∂t
−∆)E[f(x1ξ1(t), . . . , xnξn(t))] = 0

and
E[f(x1ξ1(0), . . . , xnξn(0))] = f

Because

∂

∂t
E[f(x1ξ1(t), . . . , xnξn(t))] = −

n∑
j=1

∑
ξ∈{−1,1}n

[
n∏

i=1

1 + e−tξi
2

]
e−tξj

1 + e−tξj
f(x1ξ1, . . . , xnξn)

= −
n∑

j=1

DjE[f(x1ξ1(t), . . . , xnξn(t))] = ∆E[f(x1ξ1(t), . . . , xnξn(t))].

and

E[f(x1ξ1(0), . . . , xnξn(0))] =
∑

ξ∈{−1,1}n

[
n∏

i=1

1 + e−0ξi
2

]
f(x1ξ1, . . . , xnξn) = f.

The proof is complete.

Now, we will give the proof of Theorem 5.
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3.1 Proof of Theorem 5

Proof. By Theorem 7 we have
P0f = f

lim
t→+∞

Ptf = lim
t→+∞

E[f(x1ξ1(t), . . . , xnξn(t))] = lim
t→+∞

∑
ξ∈{−1,1}n

[
n∏

i=1

1 + e−tξi
2

]
f(x1ξ1, . . . , xnξn) = Ef

Because ∆ is self-adjoint, then for any g : {−1, 1}n → X∗

E[⟨g(ε), f(ε)− Ef(ε)⟩] = −
∫ ∞

0

E
[〈

g(ε),
d

dt
Ptf(ε)

〉]
dt

= −
∫ ∞

0

E[⟨g(ε),∆Ptf(ε)⟩]dt

=

∫ ∞

0

n∑
j=1

E[⟨DjPtg(ε), Djf(ε)⟩]dt,

By Theorem 7

n∑
j=1

E[⟨DjPtg(ε), Djf(ε)⟩] =
1√

e2t − 1
E

〈g(εξ(t)), n∑
j=1

δj(t)Djf(ε)

〉
For the convex function Φ : X → R, define

Φ∗(y) := sup
x∈X

(
⟨y, x⟩ − Φ(x)

)
, y ∈ X∗.

By the duality, we have Φ∗ is convex and

Φ(y) := sup
x∈X

(
⟨y, x⟩ − Φ∗(x)

)
, y ∈ X∗.

So,

E[Φ(f(ε)− Ef(ε))] = sup
g:{−1,1}n→X∗

{E[⟨g(ε), f(ε)− Ef(ε)⟩]− E[Φ∗(g(ε))]}

In order to finish the proof, we only need to show that for any g : {−1, 1}n → X∗.

E[⟨g(ε), f(ε)− Ef(ε)⟩]− E[Φ∗(g(ε))] ≤
∫

E

Φ
π

2

n∑
j=1

δj(t)Djf(ε)

µ(dt)

and by the calculation above

E[⟨g(ε), f(ε)− Ef(ε)⟩]− E[Φ∗(g(ε))]

=

∫ ∞

0

n∑
j=1

E[⟨DjPtg(ε), Djf(ε)⟩]dt− E[Φ∗(g(ε))]
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=

∫ ∞

0

1√
e2t − 1

E

〈g(εξ(t)), n∑
j=1

δj(t)Djf(ε)

〉 dt− E[Φ∗(g(ε))]

=

∫ ∞

0

E

〈g(εξ(t)), n∑
j=1

δj(t)Djf(ε)

〉µ(dt)− E[Φ∗(g(ε))]

Because the random vectors εξ(t) and ε have the same distribution, E[Φ∗(g(ε))] =
E[Φ∗(g(εξ(t)))]. Thus

=

∫
E

〈g(εξ(t)), π
2

n∑
j=1

δj(t)Djf(ε)
〉
− Φ∗(g(εξ(t)))

 µ(dt)

≤
∫

E

Φ
π

2

n∑
j=1

δj(t)Djf(ε)

 µ(dt),

Then, the proof is complete.

3.2 Proof of Theorem 6

Proof. For any f : {−1, 1}n → X, then ∥f(ε) − Ef(ε)∥ for all ε ∈ {−1, 1}n is
a vector in Lp({−1, 1}n,R). Here, we use the uniform distribution measure on
{−1, 1}n. (

E∥f(ε)− Ef(ε)∥p
)1/p

= ∥f(ε)− Ef(ε)∥Lp

= ∥f(ε)− Ef(ε)∥(Lq)∗ = sup
E∥g(ε)∥q≤1

E[⟨g(ε), f(ε)− Ef(ε)⟩]

where 1
p + 1

q = 1. Using the result in Theorem 6, then for any E∥g(ε)∥q ≤ 1

E[⟨g(ε), f(ε)− Ef(ε)⟩] =
∫

E

〈g(εξ(t)), π
2

n∑
j=1

δj(t)Djf(ε)

〉µ(dt)

≤
∫ (

E∥g(εξ(t))∥q
)1/qE

∥∥∥∥∥∥π2
n∑

j=1

δj(t)Djf(ε)

∥∥∥∥∥∥
p1/p

µ(dt)

≤
∫ E

∥∥∥∥∥∥π2
n∑

j=1

δj(t)Djf(ε)

∥∥∥∥∥∥
p1/p

µ(dt)

Here we use Hölder’s inequality and E∥g(εξ(t))∥q = E∥g(ε)∥q as the random
vectors εξ(t) and ε have the same distribution.
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4 Proof of Theorem 3

Proof. We only need to show TE
p (X) ≤ π√

2
TR
p (X). Because ε and −ε have the

same distribution and x 7→ ∥x∥p is convex.

E
∥∥∥∥f(ε)− f(−ε)

2

∥∥∥∥p = E
∥∥∥∥f(ε)− Ef(ε)− f(−ε) + Ef(−ε)

2

∥∥∥∥p ≤ E∥f(ε)−Ef(ε)∥p

By Theorem 5 with Φ(x) = ∥x∥p

E
∥∥∥∥f(ε)− f(−ε)

2

∥∥∥∥p ≤
∫

E

∥∥∥∥∥∥π2
n∑

j=1

δj(t)Djf(ε)

∥∥∥∥∥∥
p

µ(dt).

Let ξ′(t) be an independent copy of ξ(t) and ε′ be an independent copy of ε.
Then, we have

E

∥∥∥∥∥∥
n∑

j=1

δj(t)Djf(ε)

∥∥∥∥∥∥
p

= Eξ

∥∥∥∥∥∥
n∑

j=1

ξj(t)− Eξ′ξ
′
j(t)√

Var ξj(t)
Djf(ε)

∥∥∥∥∥∥
p

By Jensen’s inequality

≤ EξEξ′

∥∥∥∥∥∥
n∑

j=1

ξj(t)− ξ′j(t)√
Var ξj(t)

Djf(ε)

∥∥∥∥∥∥
p

= E

∥∥∥∥∥∥
n∑

j=1

ξj(t)− ξ′j(t)√
Var ξj(t)

Djf(ε)

∥∥∥∥∥∥
p

Because ξ(t)− ξ′(t) has the same distribution as ε′(ξ(t)− ξ′(t))

= E

∥∥∥∥∥∥
n∑

j=1

ε′j
ξj(t)− ξ′j(t)√

Var ξi(t)
Djf(ε)

∥∥∥∥∥∥
p

By Rademacher type condition,

≤ TR
p (X)p

n∑
j=1

E

∥∥∥∥∥ξj(t)− ξ′j(t)√
Var ξi(t)

Djf(ε)

∥∥∥∥∥
p

,

≤ TR
p (X)p

n∑
j=1

E

∥∥∥∥∥ξj(t)− ξ′j(t)√
Var ξi(t)

∥∥∥∥∥
p

E∥Djf(ε)∥p,

As p ≤ 2 and by Cauchy’s inequality,

E

∣∣∣∣∣ξj(t)− ξ′j(t)√
Var ξi(t)

∣∣∣∣∣
p

≤

(
E[(ξj(t)− ξ′j(t))

2]

Var ξi(t)

)p/2

= 2p/2
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So

E
∥∥∥∥f(ε)− f(−ε)

2

∥∥∥∥p ≤
(

π√
2
TR
p (X)

)p n∑
j=1

E∥Djf(ε)∥p,

which implies TE
p (X) ≤ π√

2
TR
p (X).
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