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1 Introduction

In this lecture, we will prove that a Banach space having Rademacher type is
equivalent to a Banach space having Enflo type[IvlIV20]. In the following, we
donate ¢ is uniformly distributed on the discrete cube {—1,1}".

Definition 1 (Rademacher type). Let (X, | - ||) be a Banach space. We say
that X has Rademacher type p € [1,2] if there exists C € (0,00) such that for
alln>1and x1,...,0, € X
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We denote by TIB(X) the smallest possible constant C in this inequality.

Definition 2 (Enflo type). A Banach space X has Enflo type p if there exists
C € (0,00) such that for alln>1 and f:{-1,1}" - X
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and we denote by T];E(X) the smallest possible constant C' in this inequality.
Here we define the discrete partial derivatives on the cube {—1,1}" as
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Taking f(e) = Z?:l €jxj, we see that the defining inequality of Enflo type
reduces to the inequality of Rademacher type. Hence, Enflo type p implies
Rademacher type p with T(X) < T*(X). In the end of the lecture, we will
prove the following theorem.

Theorem 3. We have

TR(X) < TE(X)
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for every p € [1,2] and Banach space X.

2 History of the Problem

2.1 Pisier’s Inequality

In the following, we donate p > 1, f : {—1,1}" — X and ¢, are independent
random vectors that are uniformly distributed on the discrete cube {—1,1}™.

In order to prove the above theorem, one of the attempt is to research on
following Pisier’s inequality[Pis86].
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If we could find a constant C such that the above inequality holds for any n.
Then, if a Banach space is Rademacher type with Tf(X ).
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Therefore, TF(X) < CTF(X).
However, the above conjecture is not true in general case. By the Theorem
of Pisier and Talagrand, we find that C' ~ logn.
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2.2 Pisier’s Inequality for Special Banach Space

Another way to solve the problem is to establish Pisier’s inequality not for a
general Banach space but for a special class of Banach spaces. In particular, we
have the following theorem.



Definition 4 (UMD space). [Esk20] A Banach space (X, |||/ x) is called a UMD
space if for every p € (1,00), there exists a constant 8, € (0,00) such that for
every n € N, every probability space (0, F,p) and every filtration {F;}, of
sub-o-algebras of F, every martingale {M; : Q — X}, adapted to {F;},
satisfies
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The least constant B, € (0,00) is called the UMD, constant of X and is denoted
by Bp(X).

Then, we have the following Pisier’s inequality for UMD Banach space[+2002].
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2.3 A Dimension-Free Pisier Inequality

In order to give a dimension-free Pisier inequality, we could somehow change the
distribution of the right side. For this purpose, we give some notaions. [[vHV20]

Let £ be a random vector that is uniformly distributed on the cube {—1,1}".
Given t > 0, we let £(¢) be a random vector in the cube, independent of €, whose
coordinates &;(t) are independent and identically distributed with
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We also define the standardized vector 6(t) by
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Then, we could prove the following dimension-free Pisier inequality.

(Si (t) :

Theorem 5. For any linear space X, function f : {—1,1}" — X, and convex
function ® : X — R, we have

BB(/(e) - BfE) < [E |2 (3360050 || nla

where p is the probability measure on Ry with density
2 1
T
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For the case ®(x) = ||«||?, the above theorem may be slightly improved.



Theorem 6. Let i be as in above theorem. Then for any Banach space (X, ||-]|),
function f: {-1,1}" = X, and 1 < p < 00, we have
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3 Proof of Dimension-Free Pisier Inequality

Let f: {—1,1}" — X be a function defined on the discrete cube, where X is a
Banach space. For each j € {1,...,n}, recall the discrete partial derivative

flers €5, yen) — flE1, o, —€jy - En)
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The discrete Laplacian of f is then defined by
=2 Dif.
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We denote by P; the standard heat semigroup on the cube, that is,

Dyf(e) =

A
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where A is the discrete Laplacian defined above. Equivalently, P; acts on a
function f: {-1,1}" — X by

Then, we know that A is self-adjoint.

—E[f(e)Ag(e)] = = Y _E[f(e)D;g(e)]
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= E[D;f(e)Djg(e)].
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Now, we begin to prove the Theorem [f] and the Theorem [6] We first prove the
following lemma to characterize the heat operator P;.



Lemma 7. We have

Pif(z) = E[f(1&1(2), ..., xnén(t))] fort >0,
and
1
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Proof. Because
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So, we only need to prove the first equation. We need to show E[f (21£1(2), . .., n&n(t))]
satisfies the same differential equation and initial condition as P; f.

(3 — MR 16(0), . 2a&a(0)] = 0
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and
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The proof is complete. U

Now, we will give the proof of Theorem
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3.1 Proof of Theorem [l

Proof. By Theorem [7] we have
Rf=7f

lim Pf= lim E[f(21&(t),....2n&n()] =  lim >

t——+o0 t——+o0
ge{-11}n

Because A is self-adjoint, then for any ¢ : {—1,1}" — X*

1+ eit&
I ] o
El{g(), () — Ef(e))] = — / B [<g<€>, iPtf<€>>] dt
_ / T Ellg(e), APS(e)dt
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By Theorem [7]

n

ZEKDthg(EL Djf(e)] = \/621—_111‘3 {<g(€§(t)), > 5j(t)Djf(€)>]
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For the convex function ® : X — R, define

*(y) := :g@(((y,@ -®(z)), yeX

By the duality, we have ®* is convex and

D(y) := sg@(((%@ - ®*(z)), yeX"
So,

E[@(f(e) —Ef(e)l =  sup  {E[(g(e), f(e) —Ef(e))] - E[®*(9(e))]}

g {—-1,1}"—=X*

In order to finish the proof, we only need to show that for any g : {—1,1}" — X*.

Ellg(e), /(5) ~ B (o)) ~ El@*(9(e))] < [ E [@ (gzéj<t>Djf<a>)] ()

and by the calculation above

E[(9(e), f(e) —Ef(e)] — E[®*(9(c))]

~ [ SCEUD Pgte). D seNar B (6(2)
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- [TE [< Za >] p(d) — E[2* ()]

Because the random vectors €£(t) and € have the same distribution, E[®*(g(¢))] =

E[®*(g(e£(£)))]. Thus

- [E {( ) I 8,00, - <I>*(g(6€(t)))] p(de)
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Then, the proof is complete. O
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3.2 Proof of Theorem

Proof. For any f:{—1,1}" — X, then ||f(¢) — Ef(¢)| for all ¢ € {-1,1}" is
a vector in L,({—1,1}",R). Here, we use the uniform distribution measure on
{=1,1}".
1/
(Ellf () =Ef()P) " = [If(e) —Ef ()]

=f(e) —Ef(e)ll oy = sup  E[(g(e), f(e) —Ef(e))]

Ellg(e)lle<1

where % + % = 1. Using the result in Theorem |§|, then for any El|jg(e)||? < 1

Ellg(e), £(2) ~ B (o)) = [ B [<g<ss<t>>, 5.0 (t)Djf(6)>] plat)
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Here we use Holder’s inequality and E|g(e£(2))||? = E|lg(¢)||? as the random
vectors €£(t) and & have the same distribution. O



4 Proof of Theorem [3

Proof. We only need to show T)"(X) < }Tf( ). Because € and —e have the

same distribution and = — ||z||” is convex.
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By Theorem [f| with ®(z) = |||
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Let £'(t) be an independent copy of £(¢) and ¢’ be an independent copy of e.
Then, we have

n

> 5;(0)D;f(e)
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p(dt).
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By Jensen’s inequality

<ER |3 Sl ﬂw
§j %ﬂff D;f(e)

Because £(t) — £'(t) has the same distribution as £'(£(t) — £'(t))

&0 &)
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By Rademacher type condition,
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As p < 2 and by Cauchy’s inequality,
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which implies T (X)) < =1,
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