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Abstract

We study the dimensional Brunn—Minkowski inequality for even log-concave probability measures
1 on R™ via an analytic approach based on diffusion operators and gradient estimates. Our main result
asserts that for every pair of symmetric convex sets K, L in R" and every A € (0, 1),

UK + (1= ND)™ > Aa(K)™ + (1= Nu(L)°*,

where ¢, > c/n3 Inn for some absolute constant ¢ > 0. A key ingredient in our proof is the bound
/ V| du < Cn

that we establish for isotropic log-concave probability measures p on R™ with density e~%, which is
optimal in terms of the dimension. This estimate yields structural information on the size of sub-level
sets of the gradient of 1 and puts forth a geometric obstruction to further improvements of the Brunn—
Minkowski exponent. We also present applications of this estimate to the weighted perimeter of level
sets, projections, moment and surface area measures of isotropic log-concave functions, highlighting the
central role of the gradient of the logarithmic potential in high-dimensional convexity.

1 Introduction

The classical Brunn—Minkowski inequality asserts that for every pair of compact sets K, L in R™ and every
A€ (0,1), we have

(1.1) vol, (AK + (1 — A)L)* > Avol, (K)* + (1 — A)vol, (L),

where vol,, denotes the n-dimensional Lebesgue measure. A central problem in modern convex geometry is
to understand to what extent this dimensional concavity property extends beyond Lebesgue measure.

A natural framework for such extensions is provided by log-concave measures on R™. Recall that a Borel
measure ; with density f = e~ is log-concave if ¢ is convex. This class includes, on the one hand, uniform
measures on convex bodies and, on the other hand, Gaussian-type distributions, and plays a fundamental role
in convex geometry, analysis, and probability. The dimensional Brunn—Minkowski conjecture asks whether
the concavity in (1.1) persists for all log-concave measures under symmetry assumptions. More precisely, if
1 is an even log-concave measure on R™, does one have

(1.2) POK + (1= N)L)* > Ap(K)* + (1= \p(L)*

for every pair of symmetric convex sets K, L in R™ and every A € (0,1)?



The conjecture was first formulated by Gardner and Zvavitch [26] in the Gaussian setting, where it
was later confirmed by Eskenazis and Moschidis [22]. The general formulation mentioned here is due to
Colesanti, Livshyts and Marsiglietti [18]. Further important progress was obtained by Cordero-Erausquin
and Rotem [21], who verified (1.2) for all rotationally invariant log-concave measures. It is also known that
the conjecture follows from the logarithmic Brunn—Minkowski conjecture of Boroczky, Lutwak, Yang and
Zhang [10] in every fixed dimension (see [40]), and is therefore valid in dimension n = 2. More recently, a
series of works [1, 19, 41] have also investigated functional forms of the conjecture.

In Section 3 we revisit an analytic approach of Kolesnikov and Livshyts [34], itself building on earlier
ideas of Kolesnikov and E. Milman [35, 36], which has been the primary method towards refined Brunn—
Minkowski-type inequalities for measures under central symmetry assumptions. This method reduces (1.2)
to coercivity estimates for the diffusion operator

Lu = Au — (Vu, Vi)

associated with u. The key point is that Brunn—Minkowski inequalities can be derived from their infinites-
imal versions corresponding to perturbations of convex sets which are expressed via support functions and
linearization along Minkowski combinations. This leads to differential inequalities involving curvature and
weighted boundary integrals, which are ultimately controlled by spectral I's-type quantities of the form

/ (IV?ul® 4+ (V?¢ Vu, Vu)) dp
K

for solutions of appropriately chosen second-order elliptic equations.
Using this framework, Livshyts [38] proved a version of (1.2) for all even log-concave measures, with

—4—o0,(1) .

exponent ¢, =n Our first main result improves this bound.

Theorem 1.1. Let u be an even log-concave probability measure on R™. Then, for every pair of symmetric
convex sets K, L in R™ and every X € (0,1),

(1.3) BOK + (1= \D) > Aa(K)™ + (1= (L),
where
c
. n =~
(1.4) ¢ n3lnn

Our approach is based on a refined analysis of the mechanism underlying the Kolesnikov—Livshyts
method. A central role is played by the control of the gradient of the potential 1. More precisely, one
seeks large subsets on which |V#| is bounded, since such bounds translate into coercivity estimates for the
operator L, as was already observed in [38]. This leads naturally to the study of the quantity

(1.5 vl dute)

for isotropic log-concave probability measures, which is interpreted as the functional perimeter of the log-
concave function e=¥ (see [17, 20, 46, 47]). At the same time, we revisit the argument of Livshyts, identify
some subtle issues, and provide the necessary corrections. This yields a complete and self-contained proof
of Theorem 1.1, together with an improved exponent.



The quantity (1.5) admits a natural geometric interpretation via the co-area formula. Writing

Ry(p) ={z €R": f(z) > e " f(0)}

and assuming that f is essentially continuous (see Section 2.2 below) and satisfies f(0) = || f||oo, one has

/ V4| dp = / T OR () dt,
R™ 0

where 7 (OE) is the u-perimeter of a Borel set E C R™, which relates analytic information to the geometry
of super-level sets. Standard properties of isotropic log-concave measures imply that the sets R;(u) are
convex and capture most of the mass for ¢ > ¢n. In Section 4.1 we provide an argument, based on these
ideas, that yields an upper bound for (1.5) of order n”/ (and n3/2 in the even case).

Our second main result establishes an upper bound of optimal order for this quantity.

Theorem 1.2. Let pu be an isotropic log-concave probability measure on R™ with density f = e~%. Then,

| 1vuta)lduta) < ca
R’VL
where C' > 0 is an absolute constant.

The proof follows a functional and variational approach. The key idea is to study infinitesimal pertur-
bations of f via the Asplund product and dilation, and to identify the first variation both at the pointwise
level and after integration. This leads to inequalities connecting [ |V|dp with entropy-type expressions
involving f. Combining these estimates with isotropic normalization and convexity arguments yields the
desired linear bound for (1.5).

We also show that this estimate is sharp.

Theorem 1.3. For every isotropic log-concave probability measure p on R™ with essentially continuous
density f =e Y,

[ Vi@l duta) > ervin,

and there exist choices of such even u for which

/ V()] du(z) > can,
RTL

where c1,co > 0 are absolute constants.

Thus, the linear growth in Theorem 1.2 is best possible in general, while we show that smaller behavior
may occur under additional symmetry (e.g., in the radial case, see Proposition 4.8).

As a consequence, we obtain large subsets on which the gradient is uniformly bounded.

Proposition 1.4. Let u be an isotropic log-concave probability measure on R™. Then there exists a Borel
set A in R™ with u(A) = ¢ > 0 such that

V()| < Cn for all x € A,

where ¢,C' > 0 are absolute constants.



A crucial difficulty, which is pertinent to Theorem 1.1, is that such sets need not be convex, which
prevents a direct application of the analytic machinery underlying the Brunn—Minkowski approach of [38].
This reveals a fundamental obstruction: further progress on the dimensional Brunn—Minkowski conjecture
requires the construction of large symmetric conver subsets on which |V is well controlled.

Our final contribution consists of a series of applications and reformulations of Theorem 1.2, highlighting
its geometric and functional consequences. A unifying principle is that the quantity [|Vi|du governs a
range of geometric features associated with log-concave functions.

In §5.1, Theorem 1.2 is interpreted in the framework of moment measures. While it is known that the
moment measure [ of a log-concave function f with finite positive integral has finite first moment under
mild assumptions, a fact that plays a central role in the characterization of moment measures established by
Cordero-Erausquin and Klartag [20], our estimate yields the sharp quantitative bound

/, lyldps(y) < Cn,

for isotropic log-concave functions f.

In §5.2, the estimate of Theorem 1.2 is applied to the study of the pair of surface area measures (uy,vy)
associated to a log-concave function, in the sense of functional convexity (see [46, 47]). Here uy coincides
with the moment measure if f is essentially continuous, while v¢ captures boundary contributions through
the Gauss map of the support of f and appears naturally in first variation formulas of Minkowski type.
Building on our previous estimates, we prove the following general theorem.

Theorem 1.5. Let uy and vy be the surface area measures of an isotropic log-concave function f on R™.
Then,

[ oldy@) + vy(s") < Cn
for some absolute constant C' > 0.

Theorem 1.5 contains and complements the bound for the moment measure (5, providing uniform control
on both components of the functional surface area. This shows that, in the isotropic setting, the total mass of
these measures is again of order n, reinforcing the idea that Theorem 1.2 captures a fundamental dimensional
constraint in the functional extension of classical convex geometric notions.

In §5.3, Theorem 1.2 is translated into information about the geometry of super-level sets of the density.
Using the co-area type identity that connects [|Vi|du with the average perimeter of the level sets, our
estimate yields a sharp linear bound on p(0R4(u)). This improves previously known bounds from [12] and
demonstrates that the boundary measure of all super-level sets grows at most linearly with the dimension.

Finally, in §5.4, the focus shifts to projections of log-concave functions. For an isotropic log-concave den-
sity f on R™, we consider its projections onto hyperplanes and prove that the average L!-norm of these projec-
tions is of order /n, which is optimal with respect to the dimension. This result can be viewed as a functional
counterpart of classical estimates for volumes of projections of convex bodies, and is obtained by combining
our gradient bounds with Cauchy’s surface area formula and a geometric interpretation of level sets.

Taken together, these results show that the gradient of the logarithmic potential is a central analytic
object governing diverse aspects of high-dimensional convexity.

The paper is organized as follows. In Section 2 we collect background material on convex bodies and
isotropic log-concave measures. In Section 3 we develop the analytic approach to the dimensional Brunn—
Minkowski problem and prove Theorem 1.1. In Section 4 we establish the gradient estimates of Theorems 1.2
and 1.3. Finally, in Section 5 we present applications and further geometric consequences of our main bounds.



2 Background information and auxiliary results

We work in R”, equipped with the standard inner product (-,-). The associated Euclidean norm is denoted
by | - |, the Euclidean unit ball by BY, and the Euclidean unit sphere by S"~!. Lebesgue measure in R"
is denoted by vol,, and we write w, = vol,(B%) for the volume of the Euclidean unit ball. We denote by
o the rotationally invariant probability measure on S"~!. The Grassmann manifold G,, ; of k-dimensional
subspaces of R" is equipped with the Haar probability measure v,, j.

Throughout the paper, the symbols C, ¢, ¢, c1, ca, . . . denote absolute positive constants whose values may
change from line to line. Whenever we write a =~ b, we mean that there exist absolute constants c1,co > 0
such that c;a < b < caa.

§2.1. Convex bodies. A convex body in R” is a compact convex set K with nonempty interior. It is
called symmetric if K = —K, and centered if its barycenter bar(K) = #(K) I} ¢ Tdz is at the origin. For

every convex body K in R™ we denote by K the homothetic copy of K scaled to have unit volume, namely
K := vol,(K)"""K.

Let K be a convex body in R™ with 0 € int(K'). The radial function of K is defined by ok (z) = max{t >
0:tx € K} for all nonzero z, and the support function of K is given by hx (z) = max{(z,y) : y € K} for all
x € R™. The Minkowski functional of K is defined by ||z||x = inf{t > 0: z € tK} for all x € R™. If K is
symmetric then || - | x is a norm on R™.

The polar body K° of a convex body K in R™ with 0 € int(K) is the convex body

K°:={yeR": (z,y) <lforallze K}.
The surface area S(K) of K is defined by
S(K) :==H" 1 (0K),

where H"~1 denotes the (n — 1)-dimensional Hausdorff measure on the boundary K of K. A well-known
geometric inequality states that if 0 € int(K) then

(2.1) S(K) < ”V;’(l’;(()K)

where r(K) is the inradius of K with respect to the origin, that is, the largest » > 0 such that rBfy C K.
For completeness, we sketch a proof. Setting r = r(K), we write

vol, (K + eB7%) — vol,(K) vol, (K + (¢/r)K) — vol, (K)

S(K) = liminf < lim inf
e—0 € e—0 e
1 n—-1 1, (K
= lim —( +e/r) vol, (K) = Vo 2) n(K) .
e—0 g r

A convex body K in R" is called isotropic if it has volume 1, is centered, and its covariance matrix is a
multiple of the identity. Equivalently, there exists a constant Ly > 0, called the isotropic constant of K,
such that

1600 = [ (@€%o =Tk forallg e 57,

We shall use a number of geometric properties of isotropic convex bodies. For instance, it is known that
Ly > Lpy > cfor an absolute constant ¢ > 0. A proof of this assertion may be found e.g. in [13, Chapter 3].



Bourgain’s slicing problem [11] asks whether there exists an absolute constant C' > 0 such that
(2.2) L, := max{Lg : K is an isotropic convex body in R"} < C.

An affirmative solution was recently obtained by Klartag and Lehec [33], following an important contribution
by Guan [30] (see also [8] for an alternative proof). Consequently, Lx ~ 1, uniformly in n, for every isotropic
convex body K in R™. For further background, we refer to the survey [29].

§2.2. Log-concave functions. A function f : R™ — [0, 00) is called log-concave if its support Ky = {f > 0}
is a convex set in R™ and the restriction of In f to it is concave. We denote by LC,, the class of all upper
semi-continuous log-concave functions. Note that the class of convex bodies in R™ embeds naturally into
LC,, using the map K — 1k.

A log-concave function f € LC,, is essentially continuous if the set of its discontinuity points has zero
measure for the (n — 1)-dimensional Hausdorff measure. This is equivalent to the assumption that f €
WH1(R™) (see [46, Remark 3.3]). For every f € LC,, with 0 < [ f < co we have

(2.3) /Oanl(a{x;f(x)>t})dt—/n IV f(x)| dx + . (z) dH" Y (z)

(see [46, Theorem 3.2]). In particular, f is essentially continuous if and only if we have the co-area formula

(2.4) /IR IV f(2)| da = /OOO WY (O{x : f(z) > t}) dt.

We emphasize that [46, Theorem 3.2] in fact contains a misprint, as the term H"~*(d{z : f(z) > t}) in the
co-area formula is replaced by H" '({x : f(z) = t}). We confirmed with the author of [46] that this was
due to an erroneous reproduction of a formula from [23, Section 5.5]. It does not affect any further results
from that paper and shall be used in this form in the sequel.

Let f = e ¥ € LC,. The Legendre transform of 1 is

Ly(x) = sup {(z,y) — ¥ (y)}

yER?

It is always a convex, lower semi-continuous function, and satisfies the involution property L£(Lv) = ¢ if ¢
is lower semi-continuous, convex and proper (meaning that dom(¢)) := {& € R™ : ¢(z) < 0o} # ).

Given two log-concave functions f = e™% and g = e~ % in LC,,, we define the sup-convolution or Asplund
product of f and g by

(f*g)(x) = sup f(y)g(x—y) =exp(— (pOp)(z)),

yeRn”

where the inf-convolution of two convex functions ¢ and ¢ is
(WOe)(2) = inf {¢(y) + oz —y)}.
For ¢ > 0 and a log-concave function f € LC,, the functional dilation is defined by
(t- @) = f(a/1)"
This transformation respects log-concavity and is a natural functional counterpart of geometric dilation.

§2.3. Isotropic log-concave probability measures. We say that a Borel probability measure p on



R™ is log-concave if u(H) < 1 for every hyperplane H in R™ (we then say that p is full-dimensional) and
p(AA + (1 = N\)B) = u(A)*u(B)r=> for any pair of compact sets A, B in R” and any A € (0,1). Borell [9]
has proved that, under these assumptions, p has a log-concave density f. The Brunn-Minkowski inequality
implies that if K is a convex body in R™ then the indicator function 1 of K is the density of a log-concave
measure, the Lebesgue measure on K.

For any convex body K in R™, consider the p-perimeter of K defined by

pt(OK) = liminf WK +eBy) = M(K).

e—0t £
If ;1 admits a density f with respect to Lebesgue measure, then
ut(OK) = (x) dH" ().
oK
Let f:R™ — [0,00) be a log-concave function with finite, positive integral. Its barycenter is defined by
_ Jgn @ f () da
Jon f(x)dx

We say that f is centered if bar(f) = 0. We shall use the following result of Fradelizi [25]: if f is a centered
log-concave density on R™, then

bar(f)

(2.5) [flloe < € f(0).

The isotropic constant of a log-concave function f with finite positive integral is the affine-invariant quantity

Al N 1/(en
(2.6) Ly := (W) det(Cov(f)) /( ),

where Cov(f) denotes the covariance matrix of f. A log-concave function f is called isotropic if

bar(f) =0, f(x)dx =1, and Cov(f)=1I,.
Rn

In this case, Ly = ||f ||<1>én A full-dimensional log-concave probability measure p on R™ is called isotropic if
its density f is isotropic. Then, we set L, := L.

Note that a centered convex body K in R™ with vol,, (K) = 1 is isotropic if and only if the log-concave
function L1k, is isotropic.

Let p be a full-dimensional log-concave probability measure on R™. For any 1 < & < n — 1 and any
k-dimensional subspace F' of R™, the marginal of y onto F' is defined by

mr () (B) = u(Pp ' (B)),

for every Borel set B C F'. The measure mp(p) is log-concave and admits a density

(refa) = [ f+a)dy

If f is centered (respectively isotropic), then so is wpf (see [13, Proposition 5.1.11]). In particular, if p is



isotropic and Fe = {t£ : t € R} for £ € S7~1 then the one-dimensional marginal
5ct) = (e O = [ T+ dy
F
é

is an isotropic log-concave density on R. Consequently, as shown e.g. in [25],

(2.7) 9¢lloc = Lg, < 1.

It is known that every centered log-concave density f admits an isotropic position: there exists T € GL,

such that the push-forward density
1

=gz /T

fr(z)

is isotropic (see [13, Section 2.3]). Moreover, fr is also log-concave, and Ly, = Ly. It is also known (see [13,
Proposition 2.3.12]) that Ly > c for every isotropic log-concave function f on R™, where ¢ > 0 is an absolute
constant. On the other hand, Ball [7] proved that for every n,

L, =sup{Ly: fis a log-concave density on R"”} < 1Ly,

and hence L, < Cy by the affirmative solution of Bourgain’s slicing problem.
We refer to [5, 6] for asymptotic convex geometry, and to [13] for background on isotropic convex bodies
and log-concave measures.

82.4. Level sets of the density. Let i be a centered log-concave probability measure on R™ with density
f = exp(—1), where ¢ is a convex function. For every ¢ > 0 we consider the convex set

Ro(p) = {w € R™: f(w) > e~ F(0)}.

Using the log-concavity of f we easily check that R;(u) is convex. Note also that 0 € int(R;(u)) for every
t > 0. To show that R;(u) is bounded, we recall that since f is log-concave and has finite positive integral
we have that there exist constants A, B > 0 such that

(2.8) f(z) < AeBlel

for all z € R™ (see [13, Lemma 2.2.1]). Therefore, if z € R;(p) we get that |z| < & (In(A/f(0))+1t). Another
consequence of (2.8) is that f has finite moments of all orders.

If 1 has an essentially continuous density f = e~% with f(0) = ||f|leo, then the co-area formula (2.4)
yields the following useful formula for (1.5) in terms of u-perimeters of super-level sets, namely

(29) [ el duto) = [0 1) > s
= [l 0 s ) 2 ) s
_ /OOO e[| Il (DR (1)) ds

- /0 U (ORu()) ds,



where the last equality follows from the continuity of f on Rs(u) which yields

(2.10) iHOR (1)) = /8 oy T @) = S OR 1)

for every s > 0.
The next proposition, which is essentially due to Klartag (see [31, Lemma 5.2] and [27] for the precise
form below) shows that the measure of R;(u1) increases to 1 exponentially fast as t — oo.

Proposition 2.1. For every t > 3n we have that pu(Ry(p)) =1 — e /4.

Proof. Consider the convex function ¢ defined by e=#(*) = f(x)/f(0). Note that (0) = 0. Then

/ eW(I)mdu(x) :f(())/ e—so(w)/de:f(o)/ e~ (@) +¢(0)/2 4,

n

n

< f(O)/ e @/ dy = Q"f(O)/ e @ dg = 2m,
For any ¢t > 0 we have R;(u) = {z : ¢(x) < t}. From Markov’s inequality we get

1 - u(Re() = pl{a  p(z) > 1) < /2 / P2y (x) < e V2,

If t > (41n2)n then 2"e~ %2 < e~*/4, and this implies that
w(Re(p)) =1 —e 4 forallt> (4In2)n.
The result follows. O

We shall also use the fact that if p is isotropic and ¢ is large enough then R;(n) contains a constant
multiple of the Euclidean unit ball. The proof of the next lemma is essentially contained in [31, Lemma 5.4].

Lemma 2.2. Let p be an isotropic log-concave probability measure on R™. For any n > 10 and any t > 3n
we have that
Ri(p) 2 3B3.
A proof of Lemma 2.2 in the exact form stated above can be found in [27, Lemma 3.4] and [12, Lemma 3.2].

§2.5. Stability of the Poincaré constant. Let i be a Borel probability measure on R™. Recall that the
Cheeger constant x,, of p is the largest constant ¢ > 0 for which we have

(2.11) iH(OE) > ¢ min{u(E), 1 — p(E)}

for every Borel subset E of R™. The reciprocal Cheeger constant of u is ¥, :=1/x,.
We also say that u satisfies the Poincaré inequality with constant ¢ > 0 if

(2.12) Var, (f) < 0* [ V42 dn

for all smooth functions f on R"™, where Var,(g) = E,(g%) — (E,(g))? is the variance of g with respect to p.
The Poincaré constant ¥, of p is the smallest constant ¥ > 0 for which (2.12) is satisfied.



It is known (see [6, Theorem 2.3.1] that if () is the smallest constant o > 0 with the property that
every integrable, locally Lipschitz function f : R"™ — R satisfies

(213) | 1@ =Eupldne) <a [ V@) duto)

then, v,,/2 < a(p) < 21,. It is also known (see [15]) that

%/ £ (2) = Bu(f)] dps(x) g/

R

|f (@) = myu ()] du(z) < / [f(z) = En(f)] dp(z)

Rn

for all f, where m,(f) is the median of f with respect to u. It follows that if 5(u) is the smallest constant
B > 0 with the property that for every integrable, locally Lipschitz function f: R" — R,

(2.14) / [ (2) = mu(f)l du(z) < 5/ VS (@) dp(z),
n RTL
then, a(p)/2 < B(p) < a(p). Combining the above, we see that

(2.15) /4 < B(p) < 29y

A theorem of Maz’ya [42], [43] and Cheeger [16] shows that the Poincaré constant is bounded by the reciprocal
Cheeger constant: If y is a Borel probability measure with reciprocal Cheeger constant ¢, then its Poincaré
constant 1, satisfies

(2.16) Dy < 29

On the other hand, the assumption that p is log-concave implies a reverse inequality with a constant that
does not depend on the dimension. Buser [14] (see also Ledoux [37]) has shown that if 4 is a log-concave
probability measure on R", then

(2.17) Yu < cVy,

where ¢ > 0 is an absolute constant.
E. Milman [44, Theorem 5.5] has shown that the ratio of the Cheeger constants of two log-concave
probability measures ¢ and v on R™ with densities f and g is controlled by their total variation distance

1
drv(u) =5 [ 1f(@) - g(a)] da.
More precisely, if dry(u,v) =1 — ¢ for some € € (0,1) then
(2.18) X < % max{1,In(1/¢)} x,,

where ¢; > 0 is an absolute constant. An alternative proof of (2.18) is given by Cattiaux and Guillin in [15,
Theorem 9.3.10].

We are interested in the case where v is the restriction g4 of a log-concave probability measure p on a
convex set A C R™ with u(A) > 0. If f is the density of x then the density of the log-concave probability
measure p4 is the function

g(x) = mf(x)h(fr)-



Then, we can easily bound drv (i, pa) as follows:

(/] o [ sioar)

(( ) () + 14} = 3 (1= ) +1 - w(4)

1

dTV(N?ﬂA) = A)f(x)

L A A

Therefore, if we define € € (0,1) by the equation drvy(pa, ) = 1 — ¢, we see that ¢ = p(A). Then, (2.18),
combined with the equivalence of v, and ¥, (up to an absolute constant) for a log-concave probability
measure v, leads to the following fact.

Proposition 2.3. Let p be a log-concave probability measure on R™. For every conver set A C R™ with
u(A) > 0 we have that

(2.19) Dy < @((’Wmax{l,ln (i)} o

where 4 is the restriction of u onto A and C > 0 is an absolute constant.

The Kannan—-Lovasz—Simonovits conjecture asks if there exists an absolute constant C' > 0 such that
¥y, = sup{e, : p is an isotropic log-concave measure on R"} < C.

In view of the discussion above, an equivalent way to formulate the KLS conjecture is to ask that the Poincaré
inequality holds for every isotropic log-concave probability measure p on R™ with a constant that does not
depend on the measure or the dimension n. The best known result on this problem is due to Klartag [32]
and provides an (almost) affirmative answer. For any n > 2 we have that

< CVinn,

where C' > 0 is an absolute constant.
Combining Klartag’s estimate with Proposition 2.3 we immediately obtain the next fact that will be
useful in the proof of the dimensional Brunn—Minkowski inequality.

Proposition 2.4. Let p be an isotropic log-concave probability measure on R™. For every a € (0,1) and
every convex set A CR™ with u(A) > « we have that

Y, < C(a)Vinn,
where 4 is the restriction of p onto A and C(a) > 0 is a constant that depends only on «.

It should be noted that a reverse inequality to (2.19) holds for Borel sets A that have large measure
without further convexity assumptions. It is proved in [15, Proposition 9.2.5] that if p is a log-concave
probability measure such that

| 1@ =Bl duta) <) [ 195 duta) + tose( )

for some 0 < t < 1/2, some constant ¢(¢) > 0, and all Lipschitz functions f, where osc(f) = sup f — inf f

11



denotes the oscillation of f, then

c(t)
Bl < 75

Let A be a Borel set in R™ and let 4 denote the restriction of u onto A as above. Then it is clear that

1@ =Bl dute) < [ 17(0) = Bu(h)lduta) + (1 = nA)) osc( ),

therefore

|f (@) = Eu(f) dp(z) < p(A)B(1a) /Rn VS ()l dpa(z) + (1 — u(A)) osc(f).

R

This implies the following result.

Proposition 2.5. Let p be a log-concave probability measure on R™. For every Borel set A C R™ with

1(A) > 1 we have that
((4)

Bp) < mﬁ(ﬂfl),
and hence
8u(4)
(2'20) "/}u < m ’(/}u,u

where w4 is the restriction of p onto A.

3 The dimensional Brunn—Minkowski inequality

In what follows, p is a probability measure on R™ with an even twice continuously differentiable density
f =exp(—1). We also consider the operator

Lu = Au — (Vu, V)

for twice continuously differentiable u : R® — R. We denote by C? the class of C?-smooth symmetric convex
bodies; these are the convex bodies whose support function is twice continuously differentiable on the unit
sphere. If K is a C?-smooth symmetric convex body in R", we write n, for the normal vector at the point
x € OK. We also denote by Ci the class of convex bodies in C? with positive Gaussian curvature. We say
that a function h : S"~! — R is a function in C3 (S™~!) if it is the support function of a convex body in C%.

Following Livshyts [39], we define the concavity power p(u, K) of a symmetric convex body K € C3 with
respect to p to be the largest p > 0 such that for every symmetric convex body L € C we have

2
% p(AK + (1= A)L)P 0.

A=1

(3.1)

We shall need the following straightforward fact.

Lemma 3.1. For every log-concave probability measure p on R™ with an even twice continuously differen-
tiable density, every symmetric convex body K € C_Qi_ and every invertible linear operator T : R™ — R™,

p(p, K) = p(Tip, TK),
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where Ty is the push-forward of p under T given by (Tuu)(E) = (T~ E), where E C R™ is a Borel set.

Proof. Let p = p(Twp, TK) and consider a symmetric convex body L € C_%_. Then,

d? d?
— K+(1-MNLP=—-—| (Tu)(A\TK+(1-\NTL)" <
ol BOK (-0 = o (M) (WTK + (1= VL) <0
A=1 A=1
by the definition of p(Tup, TK), so p(u, K) = p(Twp, TK). The converse inequality follows similarly. O

The local-to-global principle of [34, Lemma 3.1] (see also [35]) implies that for a given p and p > 0,

3.2 inf ,K) >
( ) Klgci p(,u ) p

if and only if for every pair of symmetric convex sets K, L in R™ and every A € [0, 1], we have
(3.3) WK + (1= ML) > MK+ (1 - Np(D)P.

Indeed, the derivation of (3.2) from (3.3) is immediate from the statement of [34, Lemma 3.1]. Conversely,
to show that (3.2) implies (3.3), we apply [34, Lemma 3.1] to the class F of all symmetric C% convex bodies.
Note that equation (21) of [34] requires the validity of % p(K )P < 0 for any one-parameter family { K} g <<
of symmetric convex sets that arise from Wulff shape perturbations of K but an inspection of the proof of
this implication reveals that Minkowski convex combinations are sufficient to yield the conclusion (since
the perturbation in the last paragraph of [34, Proof of Lemma 3.1] is chosen to be ¢ = hy — hg). Then,
having proven the Brunn—Minkowski inequality (3.3) for every pair of symmetric convex bodies K, L € Ci,
we extend it to all symmetric convex sets by approximation.

In [35], Kolesnikov and E. Milman developed a powerful method for proving lower bounds for concavity
powers by appropriate uses of curvature and integration by parts along the lines of Hormander’s L, method
(see also [19, Section 2]). Their main result, as expanded in [34, Proof of Lemma 2.3], reads as follows.

Theorem 3.2. Let i be an even measure with a twice continuously differentiable density f = exp(—) and
K be a Cf_ convex body in R™. Suppose that every u € C%(K) with Lu =1 on K satisfies

(3.4) e [ (92l + (P00 V) du = p,
K

n(K)
where ||V2u)| is the Hilbert—Schmidt norm of the Hessian of u. Then, the concavity power of K with respect
to p satisfies p(u, K) = p.

We emphasize that [34, Lemma 2.3] presents a similar characterization for the quantity inf Kec? p(p, K)
via the equivalence of (3.2) and (3.3) as the differential inequality (3.4) is required to hold for every symmetric
convex set K. However, an inspection of the proof readily reveals that the criterion in fact holds for each
individual K as well, thus offering a bound for each concavity power p(u, K). To see this, observe that
one can use [34, Proposition 3.2] to write the condition (3.1) defining the exponent p(u, K) as a weighted
Poincaré-type inequality for functions f defined on the boundary of K. Then, one can use Kolesnikov and
E. Milman’s [35] weighted version of the Reilly formula [34, Proposition 3.4] to rewrite this inequality in
terms of the solution of the equation Lu = 1 with Neumann boundary data f. In the case of Gaussian
measure, this was also explicitly exploited in [39, Proof of Theorem A].

Livshyts [38] obtains the following estimate, which can be combined with Theorem 3.2. The proof below
clarifies a few subtle points of the original argument.
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Theorem 3.3 (Livshyts). Let v be an even log-concave probability measure on R™. Let K be a symmetric
convex set in R™ and let u : K — R be an even function in C?(K). Then, for any symmetric conver set
A C K we have

2
i v > (s J L) |
v(K) Jk “w(K) n+ ﬁwa%AWM? oV, ) dv

Proof. We start with the inequality
(3.5) / 1920 2dy > / 172 2dv.
K A

For every t € R we define v;(z) = u(z) — §|z|*>. Direct computation shows that

(3.6) [V2ul|? = | V20 ||* + 2tAv, + t2n

and

(3.7) (Lu)(x) = (Lvg)(x) + tL(|z|?/2) = (Lvy)(x) 4 tn — t{z, Vi (z)).
Therefore,

(3.8) Av, = (Vip, Voy) + Lu — tn + t{z, V1))

Since u is even, we have that v; is also even. Since A is symmetric, the restriction v4 of v onto A is even. It

follows that [ A %du,q = 0. Using (3.6) and applying the Poincaré inequality to % with respect to v4 and

summing over ¢ = 1,...,n, we get
(3.9) /A 1V2u|2dv > /A (92| V0r[2 + 2t A, + t2n) d.
Substituting (3.8) into (3.9) and completing the square we obtain
(3.10) /A | V2u|?dv > /A (=202, |VY]? 4+ 2t(Lu — tn + t{z, Vi) + t°n) dv

= Qt/ALu dv —t? <n v(A) +/A (02, |V > = 2(z, Vi) du) :
The optimal value of ¢ is

S, Ludv

A T T, (R Vel 20 V) dv

which, combined with (3.5), gives

1 2
(m fA Lu dl/)
+ 5t S (02, VY2 — 2(Vy, 2)) dv

/ 172 2dv >/ 1V2u]2dy > v(A)
K A n

and the theorem follows. O

Remark 3.4. In [38, Proposition 4.2], Livshyts claims a similar bound to Theorem 3.3 with 92 , Teplaced
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by 1912,1( but the proof appears to have a gap. More specifically, rather than starting with inequality (3.5),
Livshyts pursues all the steps until (3.10) on the set K instead of A and then bounds the integral on the
right hand side of (3.10) from below by the corresponding integral on A. This step however appears to be
problematic as the integrand of this expression may not be pointwise nonnegative. Observe also that this
argument, had it been true, would make no use of the convexity of A. We refer to Remark 3.8 for further
implications that such a bound would have.

The next proposition, which originates in [38, Corollary 4.6], shows that for every even isotropic log-
concave probability measure v on R™, n > 10, with density f = exp(—1), we can find a symmetric convex
body A of measure v(A) > ¢, on which |[V¢| < Cn?. We present here a different proof for completeness.

Proposition 3.5. Let v be an even isotropic log-concave probability measure on R™, n > 10, with a C!
density f = exp(—v). There exists a symmetric convex set A C R™ such that v(A) > ¢ and

V()| < ean®
for all x € A, where c1,co > 0 are absolute constants.

Proof. Consider the set A = 21 Rg, (). From Lemma 2.2 we know that Rs,(v) 2 :+BY. It follows that

1
3
1

n
B} C
3n 2~

1, n-1
A+ 377132 = TRgn(V) +

)+~ Ryn(v) = Ron(v).

Now, let x € A. There exists v, € S"~! such that |[V¢(z)| = (Vi)(x),v,). Consider the function g(s) =
¥(x + sv,). This is a convex function with ¢’(0) = (Vi (z),v,) = |[Vi(z)|. Tt follows that

V()| = ¢'(0) < 3n(g (35) — 9(0)) = 3n(¢ (z + 35v.) —¥(x))
<3n(Y (@ + 5-v) + ¥(x) — 24(0)).

Since = € A, we have x,x + 3-v, € R3y,(v), which gives ¢(z) — ¢(0) < 3n and ¥ (z + 35v5) — ¥(0) < 3n. It
follows that
|Vip(z)| = ¢'(0) < 3n (3n + 3n) < 18n°.

Finally, using Proposition 2.1 we see that

v(A) > (” _ 1>n1/(R3n(,u)) > (" _ 1>n (1—e/Y > ¢

n n

where ¢ > 0 is an absolute constant. O

The main result of Livshyts in [38] asserts that every even log-concave probability measure on R™ satisfies
the dimensional Brunn-Minkowski inequality with a constant ¢, > ¢/n*Inn, which is improved in Theo-
rem 1.1. An important new ingredient is provided by the next proposition which combines Proposition 3.5
with Theorem 1.2, our main gradient estimate, which will be discussed in detail in the next section.

Proposition 3.6. Let v be an even isotropic log-concave probability measure on R™, n > 10, with a C!
density f = exp(—1). There exists a symmetric convexr set A C R™ such that v(A) = ¢1 and

/ V() 2du(x) < On?
A

where ¢1,C > 0 are absolute constants.
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Proof. Consider the set A from Proposition 3.5. We know that |V (z)| < con? for all x € A. On the other
hand, Theorem 1.2 establishes the bound

[ vt duto) < can.

where c3 > 0 is an absolute constant. Then,
[ V@l < [ e Vo@)]due) < an [ (90 dat) < Cn’,
Rn

where C' = coc3 > 0 is an absolute constant. O
We are now in position to complete the proof of the main result of this paper.
Proof of Theorem 1.1. Let exp(—1) be the density of u. We fix a Ci smooth symmetric convex body K in

R™ and we shall prove that the concavity power satisfies

c

K)> —/——.
p(/‘L? ) n31nn

We will work with the restriction u|x of u onto K, with density

1
p(K)

Since p|x is centered, there exists an invertible linear map 7' such that the push-forward v = T, (p|k) is
isotropic. Note that v is supported on T K and it is the normalized restriction of Ty on T K. By Lemma 3.1,

]lK(x)e_w(m)

we have
p(p, K) = p(Tept, TK).

We write exp(—1,) for the density of v and use Proposition 3.5 to choose a symmetric convex set A C TK
such that v(A) > ¢; and |V (z)] < ean? for all z € A.
Now, consider a C? solution u of the equation Lu =1 on TK. Since v(TK) = 1, Theorem 3.3 gives

2
(ﬁ J4 Ludz/)
n+ ﬁ fA(ﬂ3A|V¢1|2 —2(Vpy,x)) dv
_ v(A)?
T () + [0, V12— 2V, 7)) dv

1 / 2,112 / 2112
_— Veul|* dTp = Vaull?dv > v(A) -
Tiu(TK) Jrk | | TK | | 4)

Note that (Vi)1,x) > 0 because 1 is even and convex. Therefore,
nv(A) —|—/A (02, |V |* — 2(Vpy, ) dv < n+ A03A|Vw1|2 dv < n+CY. n®

by Proposition 3.6. Since (V2 Vu, Vu) > 0, this implies that

2
1

2 2 2 2 2 2d 2 I T,
/TK(HV | + (V2 Vu, Va)) dv /TKHV v > s
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and hence (3.4) gives
1

p(Tip, TK) > 2 B
va

for some absolute constant C’ > 0. Since v is isotropic and v(A) > ¢, Proposition 2.4 implies that

9y, < c3vInn, and hence
1 c

> >
T2, nd T ndlnn

p(p, K) = p(Tops, TK)
for some absolute constant ¢ > 0. The conclusion follows from the equivalence of (3.2) and (3.3). O

The discussion in this section leads to the following reduction of the problem to establish a dimensional
Brunn-Minkowski inequality with exponent c,.

Proposition 3.7. Letn > 10. Suppose that there exists a constant d,, > 0 such that for every even isotropic
log-concave probability measure v on R™ with a C density f = exp(—1)) there exists a symmetric convex set
A CR" such that v(A) > ¢ and

VY ()] < dn

for all x € A, where ¢; > 0 is an absolute constant. Then, for any pair of symmetric conver bodies K and
L in R™ and any X € [0, 1], one has

p(AK + (1= ML) > Aa(K)“ + (1 = A)p(L)*,
where ¢, = ¢o/(ndy, Inn) for an absolute constant cy > 0.

Remark 3.8. We know that the assumption of Proposition 3.7 is satisfied with d,, ~ n?. A natural question
raised by the proof of Theorem 1.1 is whether one can obtain a stronger version of Proposition 3.5.

Note that the proof of Theorem 1.1 uses the convexity of the set A only at the point where it is claimed
that ¥, < C¥,. For this assertion we employ Proposition 2.4, which requires that v4 is a log-concave
probability measure, and this forces us to choose our set A to be convex. On the other hand, we know that

[ IVt dvia) < On,
hence applying Markov’s inequality we see that the set

Ag = {z: [Vi(z)| < 2Cn}
has measure v(A4g) > 3, because

1
v({e: [VO@)] > 200) < g | (Vi) () <

DO =

Unfortunately, Ay need not be convex as can be seen by the example of the function 1 : R? — R with

Pla,y) = Vo F 14V + L

This is clearly an even convex function and

_ & )
Ve(@y) = (m m) '
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Therefore, the set
Ao = {(z,y) e R?: |VY(z,y)| <1} = {(z,y) e R?: [zly| <1}

is evidently non-convex. It is an interesting question whether one can still compare 9, 4, and ¥, in this
context. Having an estimate 9,, < CU, (or some weaker but good enough estimate) would be enough for
a stronger estimate for ¢, in Theorem 1.1.

This discussion also implies that if Theorem 3.3 were true with 9,, replaced by 9,,., as claimed in [38,
Proposition 4.2], without any convexity assumption on A one would be able to apply it with A = Ay and
deduce the dimensional Brunn—Minkowski inequality (1.3) with exponent ¢, > ¢/n” Inn.

We conclude this section with a lower bound for the parameter d,, studied in Proposition 3.7.

Proposition 3.9. There exists an even isotropic log-concave probability measure p with continuous density
f=e"¥ onR” such that for every symmetric convex body B in R™, we have

|||V¢|HLOO(B) Z cn,
where ¢ > 0 is an absolute constant.

Proof. Let vk be an isotropic measure on R™ with density f(x) = e V@) = me*“z“% where K is a
1-symmetric convex body and || - ||k is the norm induced by K. Then, we know that

f(xl, . ,l‘n) = f(é‘ll’a(l), ces ,6‘”580(”))
for all choices of signs ¢; € {—1,1} and all permutations o of {1,...,n}. Since K is 1-symmetric, we easily

check that K = vol, (K)~Y/"K is isotropic. Note that

1 TN
W = | fIIE" = Luy = 1,

which implies that
1

(nl)l/n
It is straightforward to check that R;(vx) = tK for every ¢ > 0. We shall show that

~
~

vol, (K)Y/™ ~

S|

b
VK(tK)

S(K)

(3:.11) nvol, (K)

/ V()] v () =
tK

for every t > 0.
To see this, consider the truncated function f; = f - 1;x = f - 1R, () Which is log-concave and upper
semi-continuous. Therefore, the co-area formula (2.3) yields

(3.12) /OO H L ({z s fu(w) > u}) du = /R IV fi(@)| d + /taK fx) dH" " (2)

0

- /tK Vo) dvi (@) + "1™ F(0)S(K)
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as fliox = e tf(0). On the other hand,
(3.13) /000 H N 0{z: fi(x) > u})du = /000 e FOVH" 1 (0{z: f(z) Lix(z) > e *f(0)})ds
50 [ U (sOK) d 0) [ e Hr oK) d
10) [ et oK) ds+ 10) [ e H 06) ds
t
_ (/ s"-le-Sds+t"-1e—t>f(0)5(K).
0
Combining (3.12) and (3.13), we deduce that

(3.14) [K\Vw<w>|de(x> = f(0)S(K) /0 s e ds.

On the other hand,

e (tK) = 50) |

tK

ezl gy — t"f(O)/

o0
B e~ tvlx dy = ¢ £(0) / e*vol,({y € K : |lyllx < s/t})ds
0

4 f(0) <voln(K) /0 (s/tyme~5ds + vol, () /t h 6Sds) — F(O0)vol,(K) ( /O t sneSdsH"et)
— nvol, (K) £(0) /O "l ds,

where the last equality is because of integration by parts. Formula (3.11) now follows.

Finally, we write
S(K) 1 S(K) N S(K)

n—1

nvol, (K) nvoln(K)% Voln(K)%1 - vol, (K) ™=

and choose K to be a multiple of BY . For this choice, the last quantity is of order n. Thus,

1

vic(tK) /tK V@)l dvic(e) 2 en,

which implies |||V (2)|l[1.(tx) = cn for every t > 0. As for every symmetric convex body B there exists
t > 0 for which tK C B, the conclusion follows. O

This shows that the best one can hope with the ideas that are exploited in the present work is a
dimensional Brunn—Minkowski inequality with exponent ¢, ~ 1/n?Inn. Obtaining an exponent ¢, >
¢/n?Inn would require further ideas.

4 Bounds for the functional perimeter

Let 4 be a log-concave probability measure on R™ with density f = e~%, where ¢ is a convex function. In
this section we prove that if f is also assumed to be isotropic, then we have

(4.1) / V(@) du(r) < Cn
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for an absolute constant C' > 0. Note that in the 1-dimensional case if f is symmetric, we get from
[25](see (2.7)),

/ W (@) dpa(r) = 2 / Y (@)e @ dr = 2670 = 2£(0) < 2
R 0

84.1. A reformulation in terms of the perimeter of super-level sets. Let u be a log-concave
probability measure on R™ with density f = e~¥, where v is a convex function on R”. We assume that f is
a geometric log-concave function, meaning that f(0) = || f||co. Then, (2.3) and (2.9) yield

[ IVe@ldute) < [ el OR) ds = [t @R.(0)ds.

n O 0

We shall also use the fact that, since Rs(u) is a convex body in R™, from (2.1) we have that
- Ly (Rs ()

4.2 W (OR. () = S(Ra(n)) < o)

(4.2) (ORs (1)) = S(Rs(1)) R ()

where r(A) = max{r > 0: rBy C A} is the inradius of a set A containing the origin.
It is proved in [12] that, for every s > 0,

(4.3) ph(Rs(p)) < Cn®/?

where C' > 0 is an absolute constant. Moreover, if we assume that f is even then Rg(u) is symmetric and
we have the upper bound

(4.4) p(Rs(p)) < 2n

for every s > 0. This is a general fact for the p-perimeter of symmetric convex sets, which is also established
in [12]. Combining (2.10) and (4.3) with (4.2) we obtain a first general estimate for the functional perimeter,
which is however far from the optimal bound of Theorem 1.2.

Proposition 4.1. Let u be an isotropic log-concave probability measure on R™ with a geometric log-concave
density f = e~V where 1 is convex. Then,

/ V()| duz) < CnT/*,
Rﬂ,

where C' > 0 is an absolute constant.

Proof. We start from the inequality

/ V()] du(z) < / T e o H @R ()) ds.
R» 0

From (2.10) we have

1/4 1/4

/ || Flloo " (ORs (1)) ds = / ph(ORs (1)) ds < Cin®? - !/t = Cyn™/,
0 0

using (4.3).
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Note that for any ¢t > 0, any « € R;(u) and any A € (0,1),

(4.5) FO@) = f@)* (017 = e F0)MF(0)' ™ = e £(0),
where we have used the assumption that f(0) = || f||cc- As a consequence,

Since r(Rsn (1)) = & by Lemma 2.2, it follows that if s > n'/4 then r(R,(n)) > go5777 (Ran (1)) > 5577, and
hence (4.2) yields

o0

* —s n—1 —s nVOln(RS(/‘J’)) S
[ eIt Ry ds < [ el P g

<Can™t [ e favolu(Ra(10) ds

1/4

< Cyn/4 / |1 fllsevoln (Re(11)) du
0

[l flloo
< an7/4/ vol,({z : f(x) > t})dt
0
= Con™*| f]lx = Cn™/%.
The proposition follows. O

We are mainly interested in the case where y is even. Then, repeating the proof of Proposition 4.1, this
time splitting the integral at n'/? instead of n'/* and using (4.4) instead of (4.3), we immediately get the
following improved estimate.

Proposition 4.2. Let ju be an even isotropic log-concave probability measure on R™ with density f = e~ ¥,
where v is convex. Then,

[ Ive@ldnto) < cn®,
R’V‘L
where C' > 0 is an absolute constant.

The next proposition shows that the best we can hope in Proposition 4.2 is a bound which is linear in
the dimension, a result already announced in the second part of Theorem 1.3.

Proposition 4.3. There exists an even isotropic log-concave probability measure p on R™ such that

| V@l duta) > en
RTL

where ¢ > 0 is an absolute constant.

Proof. Let vg be an isotropic measure on R™ with density f(z) = e ¥(®) = eIzl where K is a

l-symmetric convex body and ||- || ¢ is the norm induced by K. Since K is 1-symmetric, K = vol, (K)~ /" K
is isotropic. Recall from the proof of Proposition 3.9 that vol, (K)'/" ~ L and that R,(vk) = tK for every
t > 0. Applying (3.11) with ¢t — oo, we get

s S
1P (0) = S = e T i) i
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It remains to observe that

if we choose K so that K = $B™. O

§4.2. Optimal upper bound. Our starting point is the fact (see [4, Equation 4]) that if f is an integrable
log-concave function such that

for some « > 0 then

(4.8) [ wi@lar<n [ swan+ [ f<z>1n( /(z) )dz.

all flle

Rn

This follows from [3, Lemma 4.3].
Since we need a variant of this inequality, we present the full details. In what follows, the sum of two
log-concave functions is given by the sup-convolution (or Asplund product)

(f*9)(x) = sup (f()g(z —v)).

The dilation operation is given by (¢ - f)(z) = f (%)t

Lemma 4.4. Let f: R" — [0,00) be a log-concave function. For any r,a > 0 we have

lim (fxt- (al,By))(2) = f(2)

t—0t

at every point of continuity z of f, and

i (ot (alosg)) () = 1)

t—0+ t

almost everywhere.

Proof. By the definition of the Asplund product we have

lim (f x £~ (allp)) (2) = lim sup { £(2) - Lo (y/t)a’ 2 = 2 + 9}

= tljg(l)sup{f(z —rty)a’ 1y € Bg} = f(2)

if we assume that f is continuous at z. For the second assertion of the lemma, we start by writing

o (fxt-(alepy))(2) — fl2) fz—rty)a’ — f(z)a’" + f(z)a’ — f(2)
lim = lim sup
t—0+ t t—=0+ yeBp t
—rty) — t-1
= lim sup atf(z rty) = f(z) + lim f(z)a .
t—0t yeBy t t—0+ t
As the function ¥ = —In f is convex, it has a first order Taylor expansion around almost every point

z€{f >0} ={¢¥ < oo} (and even a second order Taylor expansion, by Alexandrov’s theorem) and thus the
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same holds for f. Moreover, for such points z the gradient V f(z) is uniquely defined and we have

f(z+w) = f(2) +(V[(2), w) + c:(|Jw])
for some function ¢, : (0,00) — R with lim; .o+ ¢,(£)/t = 0. Therefore,

lim sup atf(z —rty) = /() = lim o' sup {7’<Vf(2)»y> + =) }

t—0+t yEBR t t—0t yEBY t

— lim a* (r\Vf(z)| n Cz(trt)) = r|Vf(2)|.

t—0t

Evidently the same holds for every z € R™\{f > 0} and thus it holds for almost every z € R™ as the boundary
of {f > 0} always has Lebesgue measure 0. Finally, lim;_,p+ 2= = Ina, and the lemma follows. O

The next lemma is a variant of [3, Lemma 4.3]. Similar computations can be found in [17].

Lemma 4.5. Let f = e~ ¥ : R" — [0,00) be an integrable log-concave function. Then,

i a2 (D)) do = [y fla)do
t

t—0+

f@)do+ | f(@)n f(z)da
R» R»

Proof. First we observe that

(f % (¢ )(z) = e GH00(sH)

for all z € R™. To see this, note that if z = x + y then
1 1 ty
oo+ 00/ = (140 ( )+ T00) > 000 (e + 1Y)

1+1¢ 141t 1+ttt
z
=(1+¢
o)
with equality if © = y/t = 2/(1 +t). Now, we can write
Jeo(F % ¢ £)) @) e — [y F@)da ( ey [ g [ siou,)
R"n n

t
) _
1“ 1/ e—<1+tw<w>dx+/ o) € t L
Rn n

—tp(z) _q

Since lim;_,q+ %((1 +t)" —1) = n and lim;_,o+ *——— = —¢(x) = In f(x), applying the monotone conver-

gence theorem we conclude the proof. O
We are now in position to prove our main gradient estimate, Theorem 1.2.

Proof of Theorem 1.2. From Lemma 2.2 we know that if n > 10 then
By the definition of Rs,(u) it follows that

(4.9) 6—3"f(0)11%33 (x) < f(x), r € R™.
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and hence (4.7) is satisfied with a = 73" f(0) but with radius 3 instead of 1. Then, Lemma 4.5 shows that

i Jen U (- ) @) do = fo, @) da
t

t—0+

(4.10)

=n f(x)dx + () In f(x) dx.
Rn R™

On the other hand, Lemma 4.4 shows that

(fxt- (e f(O) 11, ))(2) = f(z)
(4.11) lim 3% = 3IVf@I+ £(2) In(e*" £(0))

t—0+ t

almost everywhere. Note that
(f %t (al))(2) = sup { £(2) - Ly (y/0)a’ : 2 =+ y} = sup {f(z — rty)a’ sy € By} > a'f(2)
for every a,r > 0. Therefore,

(f *t- (6’3”f(0)]1%35))(2) —f(2)
t

f(Z) (6_3nf(tO))t -1

> In(e ™" £(0)) f(2).

hi(z) ==

WV

This last function is integrable, and hence applying Fatou’s lemma to the family of nonnegative functions
{hi(2) —In(e=3" £(0)) f(2) }+>0 and combining (4.9)—(4.11) we get

(4.12) %/ IV f(z)|dz+ - f(2)In(e™"f(0))dz < n . f(z)dx + - f(@)In f(z) dx.

Note that [, f(z)dz =1 and V f(x) = — f(x)V¢(x). Moreover, since f is a centered log-concave function,
from Jensen’s inequality we have

(4.13) Inf(0)=Inf (/Rn xf(x)dx) > - f(z)In f(z)dx.
Therefore, (4.12) yields
(4.14) 5 [ IVe@lduto) <@ 10+t [ fe)n fo)do
<4n —1n f(0) + f(z)In f(z) dx < 4n.
R"n,

This completes the proof of the theorem. O

Remark 4.6. Theorem 1.2 contains a sharp upper bound for the first moment of Vi with respect to the
isotropic log-concave probability measure p with density e~%. This is the best integrability that one can
hope for in this setting, even in the one-dimensional case. To see this, fix p > 1 and consider the even
log-concave function f, : R — R given by

_pNIGH) ((TEN
f”(x)_2r(1/p)3/2 p( <F(1/p)) |>
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which satisfies fR fplx)de=1= fR 22 f,(x) dz and is thus an isotropic probability density. Moreover,

@l z)[ dz = p'te (F(B/p)) =T (%)
w o) I (1/p) I(1/p)

for every a > 0. Using that I'(g) ~ 1/e as ¢ — 0T, we obtain

/K_logfp)'(x)\”“fp(x)d =
R

[F@)te <p/3>3 Ml+a) i .
A N A A p o T Ttaop

which is unbounded as p — oo.

84.3. Optimal lower bound. The next proposition, already announced in the first part of Theorem 1.3,
shows that the quantity [,, [Vi(z)|du(z) is always bounded from below by cy/n.

Proposition 4.7. Let p be an isotropic log-concave probability measure on R™ with essentially continuous
density f = e V. Then,

| IVe@)dute) > ey
Rn
where ¢ > 0 is an absolute constant.

Proof. Since f is essentially continuous, the co-area formula (2.4) and Fradelizi’s inequality (2.5) give

1 f1loo e" f(0)
@) [ ve@ldu) = [T w0 @) 2 = [ w0 0l f@) > o) a
(4.16) = [ e 0 f@) Z e O ds = 10) [ e SOR. () ds,

By the isoperimetric inequality,

n—1

S(OR, (1)) = nwl/™vol, (Rs(p)) 7 .

From the definition of R4(u) we also see that, for any ¢,s > —n and any A € (0, 1),

(4.17) Ra - nieras(p) 2 (1= A Re(p) + ARs (1),

provided that the sets are non-empty. Combining the above, we get

o0

T T /no.)l/"
| vl dute) > nalf0) [

—n

(gl ds = mat/ e 1) [ e gt - )",

where g(s) = vol,(Rs(1))* is a concave function on its support by (4.17) and the Brunn-Minkowski inequal-
ity. Now, we use the fact (see [2, Lemma 2.1]) that the function

pos (F(plﬂ) I e“(g(u—n))pdu)

1/p
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is decreasing on (—1,00) to write

n—1

| ety mrﬁi ([ etatumyan)”

Since )
r =
(n) _ (n ) ~ 1 and nw,}/n ~ \/ﬁ7
I'(n+1)

n

n—1
n

we obtain

/n V()| dp(z) = ci1v/ne” f(0) </OOO o (g —m))" d5> not

n

— creV/f(0)Vn ( |

—n

e f(0)vol, (Rs(p)) ds>

n—1
n

17 lloo
= crey/nf(0)Y/™ (/O vol,, ({z : f(z) > t})dt)

n—1
= crev/nf ()" fli™ = eiv/nLy, > exv/n
for an absolute constant co > 0, where the penultimate inequality uses again (2.5). O

Considering the special case where p has a radial density, we see that there exist isotropic log-concave
probability measures for which we have a O(y/n) bound.

Proposition 4.8. Let p be a radial isotropic log-concave probability measure on R™, where n > 2. Assume

that the density f of u is of the form f = e~ , where ¥ (z) = g(|z|) for a continuously differentiable function
g:10,00) = R. Then,

/Rn IV(x)|dp(z) < vVn+ 1.

Proof. We shall use the following result of Borell (see [13, Theorem 2.2.5]). If G = e79 : [0,00) — [0,00) is
a log-concave function, then the function

IS rPe=9™ ar

is log-concave on [0, 00). Note that

/R |z|9dp(z) = nwy, /OO rat=Le=9) g = nw, T(q +n)Wy(q +n — 1)
n 0
for every ¢ > —(n — 1). Since p is a probability measure we have
nw,I'(n)¥,(n — 1) = nwy, /OO e I dr = p(R™) =1,
0
and since p is isotropic we also have

n

nw,I'(n+2)T,(n+1) = nwn/ e 9 dr = / |z ?dp(x) = n.
0
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Recall that f = e~% with ¥(x) = g(|z|). Therefore, integration by parts shows that

I ::/]R V()| e Y@ dz = nw, /000 g (r)e 9 dr
=(n—1)nw, /OOO 269 gy
= (n—1)nw,I'(n —1)¥,y(n — 2).
Writing n — 1= Z(n—2) + (n + 1) and using the log-concavity of ¥y we get
Wy(n— 1)° > Uy(n — 2)2‘1’9(71 +1)
or equivalently,

1 < I? n
'n)3~ (n—12I'n—-12T(n+2)

It follows that

DN\ (n+1)! (n—1)2 1 (n—1)2
((n 1)!) m-1! n oty nd
which proves the proposition. O

5 Reformulations and geometric applications

In this section we collect a number of reformulations of our main estimate from Theorem 1.2. Some of the
results are direct applications of this estimate, once the relevant language has been established.

§5.1. Moment measure of a log-concave function. Let f = e=% : R® — [0,00) be a pointwise finite
log-concave function with finite positive integral. We define the moment measure py of f to be the Borel
measure on R™ which is the push-forward of fdzr under V. Equivalently,

(51) | swdustn) = | a(Vu)sa)ds

for every Borel measurable function g such that g € L'(us) or g is non-negative.

The question that was addressed by Cordero-Erausquin and Klartag in [20] is to characterize those mea-
sures v that are moment measures of log-concave functions f on R™ with finite positive integral. Under the as-
sumption that f is essentially continuous (or, equivalently, that 1 is essentially continuous) they showed that
the moment measure uy of a log-concave function f as above has the following two properties: it is centered
and it is not supported by a hyperplane. In particular, they showed that the first moment of u¢ is finite:

(5.2) | wldust) = [ (90| fa) do < 4.

It turns out that these necessary conditions are also sufficient. The main result of [20] shows that there is
a bijection between essentially-continuous, convex functions 1 modulo translations, and finite measures on
R™ that are centered and not supported by a hyperplane.

Theorem 5.1 (Cordero-Erausquin-Klartag). Let v be a Borel measure on R™ such that
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(i) 0 <v(R™) < 4c0.
(ii) The measure v is not supported by a lower-dimensional subspace.
(iii) The barycenter of v lies at the origin; in particular, v has finite first moment.

Then, there exists an essentially continuous convex function ¢ : R™ — RU {400} such that v is the moment
measure of the log-concave function f = e~ ¥. Moreover, this function v is uniquely determined up to
translation.

Assuming that f is an isotropic log-concave function on R™, Theorem 1.2 immediately implies a quanti-
tative version of (5.2).

Theorem 5.2. Let iy be the moment measure of an isotropic log-concave function f on R™. Then,

[ 1vldugtw) < cn

RTL

for some absolute constant C' > 0.

85.2. Surface area measures of a log-concave function. Recall that for every convex body K in R"

there exists a Borel measure Sx on S”~!, the surface area measure of K, such that

(5.3) lim vol, (K + tL) — vol, (K) _ /Snil hi(€) dSic (€)

t—0+ t

for every convex body L in R”. Choosing L = BY we see that Sk (5" !) equals the surface area of K.

A natural question in “functional convexity” is to extend the notion of the surface area measure of a
convex body to the setting of functions in LC,,. For any log-concave function f : R” — R with 0 < f f < oo,
Rotem considered in [46] and [47] two surface area measures of f. Write f = =%, where ¢ : R" — (—00, o0
is a convex function. Then, the first surface area measure py of f is a measure on R", defined as the
push-forward

g = (Vi) (fdz).

Note that, in the terminology of §5.1, uf is precisely the moment measure of f. The second surface area
measure of f is a measure vy on the sphere S"~!, defined as the push-forward

v = (an)*(fd%n_l |8Kf)a

where Ky = {x: f(x) > 0} is the support of f, and ng, denotes the Gauss map ng, : 0Ky — snt

For example, if f(z) = e~1e1/2 then = e=1e1/2d and vy = 0, because 0Ky = OR" = &. On the
other hand, if f = 1k for some convex body K in R™ then uq, = vol,(K)dy and vy, = Sk, the usual
surface area measure. The pair (uf,vy) is the pair of surface area measures of f.

It is useful to observe that we do not assume any regularity for the definitions of s and vy. Since
1 = —1In f is a convex function, it is differentiable almost everywhere with respect to Lebesgue measure on
the set Ky = {x: 9(z) < co}. Therefore, the push-forward (V). (fdx) is well-defined. Similarly, since K
is a closed convex set, its boundary 0K is a Lipschitz manifold, and hence the Gauss map ng, is defined
H"~L-almost everywhere and the push-forward is again well-defined.

Motivated by (5.3), for any f,g € LC,, one may consider the first variation of the integral of f in the
direction of g, defined by

(5.4) o(f,9) = lim

t—0+

JIxt-9)-[f
t
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Under some additional regularity assumptions, §(f,g) was studied by Colesanti and Fragala in [17]. The
same first variation appears in the work of Cordero-Erausquin and Klartag [20] on moment measures that
we briefly discussed in §5.1, as a step in their proof of the Minkowski-type existence Theorem 5.1. Rotem
dropped the additional hypotheses in [46] and proved that if f = e %, g =e"% € LC,, 0 < [ f < oo and
vy = 0 then

(5.5) 6(f,9) = /R hgdpy
with no regularity assumptions, where
hg =Ly

is the Legendre transform of ¢, which is the functional analogue of the support function of g. Note that
since f is log-concave and upper semi-continuous, it is only discontinuous at points z € 0K such that
f(z) # 0. Therefore the condition vy = 0 is equivalent to the statement that f is essentially continuous. In
his subsequent work [47], Rotem obtained a very general version of (5.5).

Theorem 5.3 (Rotem). Let f,g € LC,, such that 0 < [ f < co. Then,

(5.6) 50,9 = [ by + [ oy,
R Sn—l

Rotem proved in [47, Proposition 1.6] that v;(S"™!) < +oco. Assuming that f is an isotropic log-
concave function on R", we shall complement the estimate of Theorem 5.2 by providing a similar estimate
for v¢(S™~1). More precisely, we will show that

/, lyl dug(y) +vp(S"71) < Cn.

This is the content of Theorem 1.5 and is again a consequence of Theorem 1.2.

Proof of Theorem 1.5. Write f = e~ for a proper lower semi-continuous convex function v : R" — (—o0, 0ol
For A > 0, let ¥ : R™ — R be the infimum convolution of % with the function %|ac|27 namely

¥a(@) = inf {zb(y) + %\x - yl2}~

The function 1) is also referred to as the Moreau envelope of 1, see [45, Definition 1.22]. Notice that ¢y is
always finite and ¥ (x) < 1(z) at points x where ¥ (x) < co. Observe further that the function

1
Ox(z,y) = ¥(y) + 5|$ —y|?

is jointly convex in (z,y) and thus ¢ = inf, ©,(-,y) is also convex. Moreover, it is a classical fact (see, e.g.,
[45, Theorem 2.26 (b)]) that ¢y is of class C! on R™.

Recall that a sequence of convex lower semi-continuous functions ¢, : R — (—o0, o0] epi-converges to
¢ R™ = (—o00,00] if for every x € R™ the following conditions are met:

(i) for every sequence x,, — x, we have

liminf ¢y, (z,,) > ¢(x)

n— oo
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(ii) there exists a sequence x,, — x for which

lim sup ¢, (z,,) < é(x).

n—roo

Given a sequence A, N\, 0 as n — oo we will show that the sequence of functions {5, }n>1 epi-converges
to 1. It is well known that ¢y, converges pointwise to ¢ as n — oo (see, e.g., [45, Theorem 1.25]) and thus
property (ii) holds trivially for x,, = z. To verify property (i), fix some z € R™ and a sequence z,, — x. By
the Fenchel-Moreau theorem, since v is proper, lower semi-continuous and convex, we have

(5.7) ¢(x) =sup {{(x) : {is an affine function with ¢ <1}

for every x € R™. Therefore, for such an affine function ¢(y) = (y,a) + b, we also have

1 1 A
S i L _ a2l — L _ a2\ _ Any 2
¥a,(@n) > f {ew) + oy lon —ul } ylengn{<y7a>+b+ oo lon =l } = @) +b=Flal

as the infimum is attained at y = z,, — A,a. Therefore,

liminfyy, (z,) = (x,a) + b = £(x)

n—oo

and condition (i) follows from equation (5.7). This establishes that v epi-converges to 1) as A — 0F.
Now consider fy = e™%* : R" — (0,00) and observe that fy is a C'! log-concave function. Since f is
integrable, there exist constants ci1,cy > 0 such that

Y(z) = erlz| —a

for every z € R™. Therefore, we also have

1 1
@) > inf {erlyl e+ g5le— 37} > inf {ealyl - o+ 55 (ol ~ 2lallyl + ) }
. Lo || t
= int {5 lol” —cat (= T )t 4 55}

The infimum of the latter expression is attained at t, = Ac; — |z|. If ¢, > 0, this gives

Ac?
(@) 2 allr] - e = T
whereas if ¢, < 0 then plugging ¢t = 0 we get
1 pYe

Ya(w) > 5\33? —cy = clr| —co— =

since the second inequality holds for every x € R™. This way we conclude that
2
fia(z) < exp ( —cilx|+ e+ %)

for every z € R”. In particular, the integrands of the parameters

Zy\ = fialz) dx, m,\:/nxf,\(x)dx and Z,\:/ (z —my) @ (x —my) fa(z) do

Rn n
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are all bounded above by uniformly integrable functions when A € (0,1). Since f) converges pointwise to f,
the dominated convergence theorem yields

Zy — flx)de =1, my — x f(x)der =bar(f) =0
Rn R'n,

Xy — x®x f(x)de = Cov(f) =1,
Rn

as A — 01, In other words, the renormalized C! log-concave functions

| det 25|12

Fy(z) 7

1/2
f)\ (2/\/ T+ m>\)
are isotropic and converge to f in the topology of epi-convergence of their convex potentials.
Write F = e~ ¥ for some C! convex function ¥y : R” — R. Invoking a recent result of Falah and Rotem
[24, Theorem 1.9], we deduce that the pair of surface area measures (up,,vr,) of Fy converges cosmically
to (ug,vy) as A — 07, that is, for every continuous function £ : R” — R for which the limit

exists (in the finite sense) uniformly in § € S*~!, we have

68 | e+ [ 00 = in [ o+ [ E0dn0),

A—0t Rn Sn—1

However, since Fy are C! and positive on R", they are in particular essentially continuous. Thus vp, = 0
and p, is the moment measure of Fy. Plugging £(y) = |y| in (5.8), for which £(f) = 1, we finally conclude
that

[ toldns) +vs(s7)

by Theorem 5.2 as the functions F are isotropic log-concave. O

Jm - lyldpr, (y) < Cn

Combining Theorem 1.5 with the generalized co-area formula (2.3) of [46, Theorem 3.2], we derive the
following general statement about the perimeter of super-level sets of isotropic log-concave functions.

Corollary 5.4. There exists a universal constant C' > 0 such that for every isotropic log-concave function
f on R",

(5.9) /O S WO f(2) > 1)) dt < On.

85.3. Perimeter of the super-level sets. Let u be an isotropic geometric log-concave measure on R”.
Recall that pF (ORs (1)) < Cn3/? for any s > 0, where C' > 0 is an absolute constant. Moreover, if we assume
that f is even then the convex bodies Rs(u) are symmetric, and we have the upper bound pu+(9Rs(1)) < 2n
for every s > 0. These estimates have been obtained in [12].

Corollary 5.4 allows us to improve the general O(n®/?) bound.
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Theorem 5.5. Let p1 be an isotropic log-concave probability measure on R™ with density f = e~¥ satisfying
£(0) = | fllco, where ¥ is a convex function on R™. Then, for any s > 0 we have that

1F(Rs(f)) < Cn
where C > 0 is an absolute constant.

Proof. From Corollary 5.4 and (2.9) we know that

/OO p(OR, (1)) ds = /oo H O]z flx) >t})dt < COin
0 0

for some absolute constant C; > 0. From Markov’s inequality, we see that if A = {s > 0: p"(ORs(n)) <

2011} then the Lebesgue measure of [0,00) \ A is at most i. Therefore, for any s > 0 we may find

t € (s,s+1)N A, and by the definition of A we have ’
e fllooS(Re(n) = 1 (ORe(1)) < 2C1m.
Since Rs(1) C Re(p) we get
£ lloeS(Rs (1)) < [1FllscS(Re(n)) < 2C1ne’ < (2eC1)ne’.

This shows that
pF(ORs (1) = || fllooS(Rs(1)) < (2¢Ch)n,

and the theorem follows with C' = 2eC. O]

Remark 5.6. The argument that we used for the proof of Proposition 5.5 shows that for every a > 0 there
exists s € [a,a + n| such that p™(Rs(f)) < C, where C > 0 is an absolute constant.

§5.4. Projections of a log-concave function. Let f : R™ — [0,00) be a log-concave function. Given
E € Gy, 1, where G, 1, is the Grassmann manifold of k-dimensional subspaces of R", the “section” of f with
E is the restriction f | p Of f onto E and the “projection” or “shadow” of f onto E' is the function

Pef(z) :=max{f(x+y):y€ Et}, z€cE

where E' is the orthogonal subspace of E. For every log-concave function g and any ¢t > 0 we define
Ri(g) = {x : g(x) > t}, t > 0. Note that R.(g) = Re_sg(o)(g) for every s > 0. It is not hard to check that

(5.10) Ry(Pgg) = Pe(Ri(g)) and hence Ry (Pgg) = Pp(Rs(g))
for every t, s > 0. We denote by v, , the uniform probability measure on G,, .

Theorem 5.7. Let i be an isotropic log-concave probability measure on R™ with density f = e~% such that
f(0) = [[flloc- Then,

[ 1Sl aB) < OV,
Gn,nfl

where C' > 0 is an absolute constant.
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Proof. Cauchy’s surface area formula asserts that

nWp,

(5.11) S(K) = /G vol,_1(Pp(K)) dvy 1 (E)

Wn—1

for every convex body K in R™. On the other hand, for any F € G,, ,—1 we have
1 £lloo ) o
1Pefls = [ volia(BePef))dt = [ e | lvolas (Ra(Peg) ds
0 0

- /Ooo e *||flloovoln—1(Pr(Rs(f))) ds,

taking into account (5.10). Combining the above, we write
L 1peshdnaam = [ [ lvohes (PR s (9
= [ [ ol (PR s (B d
0

n,n—1

Wn—1

_ ne /°°e*8||f||oos<Rs<f>>ds

NnwWnp, 0

Wn—1

_ W1 /Ooo 1 (OR,(f)) ds

nwy,
Wn—1

== /OOO H ' {x: f(z)=t})dt < Cy/n,

nwy,

from Corollary 5.4 and the fact that 2+ ~ . O

Q

Note that if K is an isotropic convex body in R" and f = Lilg/p, then Ppf = Lilp,(k/L)-
Therefore,

/ ||PEfH1an,n71(E) = LK/G V01n71<PE(K)) an,nfl(E)

n,n— n,n—1

~ / volu_1(Pp(K)) dv 1 (E)
Gn n—1
in this case. Consider the example of the cube @, = [f%, %}n Then,

/ Vol 1 (Pu(Qn)) dvmn1( / Vol 1 (Pes (Qu)) do(€)
Gn n—1
_ UnlgQ,) = 2l A v

NWy, Wn

This shows that the upper bound that we obtained in Theorem 5.7 is optimal with respect to the dimension.

Remark 5.8. The assumption f(0) = ||f|lco can be removed from most applications of (2.9) by straightfor-
ward modifications relying on Fradelizi’s inequality (2.5), similar to the proof of Proposition 4.7. We decided
not to implement this in full generality for brevity of the exposition.
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