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Abstract

We study the dimensional Brunn–Minkowski inequality for even log-concave probability measures

µ on Rn via an analytic approach based on diffusion operators and gradient estimates. Our main result

asserts that for every pair of symmetric convex sets K,L in Rn and every λ ∈ (0, 1),

µ(λK + (1− λ)L)cn > λµ(K)cn + (1− λ)µ(L)cn ,

where cn > c/n3 lnn for some absolute constant c > 0. A key ingredient in our proof is the bound∫
Rn
|∇ψ| dµ 6 Cn

that we establish for isotropic log-concave probability measures µ on Rn with density e−ψ, which is

optimal in terms of the dimension. This estimate yields structural information on the size of sub-level

sets of the gradient of ψ and puts forth a geometric obstruction to further improvements of the Brunn–

Minkowski exponent. We also present applications of this estimate to the weighted perimeter of level

sets, projections, moment and surface area measures of isotropic log-concave functions, highlighting the

central role of the gradient of the logarithmic potential in high-dimensional convexity.

1 Introduction

The classical Brunn–Minkowski inequality asserts that for every pair of compact sets K,L in Rn and every

λ ∈ (0, 1), we have

(1.1) voln(λK + (1− λ)L)
1
n > λvoln(K)

1
n + (1− λ)voln(L)

1
n ,

where voln denotes the n-dimensional Lebesgue measure. A central problem in modern convex geometry is

to understand to what extent this dimensional concavity property extends beyond Lebesgue measure.

A natural framework for such extensions is provided by log-concave measures on Rn. Recall that a Borel

measure µ with density f = e−ψ is log-concave if ψ is convex. This class includes, on the one hand, uniform

measures on convex bodies and, on the other hand, Gaussian-type distributions, and plays a fundamental role

in convex geometry, analysis, and probability. The dimensional Brunn–Minkowski conjecture asks whether

the concavity in (1.1) persists for all log-concave measures under symmetry assumptions. More precisely, if

µ is an even log-concave measure on Rn, does one have

(1.2) µ(λK + (1− λ)L)
1
n > λµ(K)

1
n + (1− λ)µ(L)

1
n

for every pair of symmetric convex sets K,L in Rn and every λ ∈ (0, 1)?
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The conjecture was first formulated by Gardner and Zvavitch [26] in the Gaussian setting, where it

was later confirmed by Eskenazis and Moschidis [22]. The general formulation mentioned here is due to

Colesanti, Livshyts and Marsiglietti [18]. Further important progress was obtained by Cordero-Erausquin

and Rotem [21], who verified (1.2) for all rotationally invariant log-concave measures. It is also known that

the conjecture follows from the logarithmic Brunn–Minkowski conjecture of Böröczky, Lutwak, Yang and

Zhang [10] in every fixed dimension (see [40]), and is therefore valid in dimension n = 2. More recently, a

series of works [1, 19, 41] have also investigated functional forms of the conjecture.

In Section 3 we revisit an analytic approach of Kolesnikov and Livshyts [34], itself building on earlier

ideas of Kolesnikov and E. Milman [35, 36], which has been the primary method towards refined Brunn–

Minkowski-type inequalities for measures under central symmetry assumptions. This method reduces (1.2)

to coercivity estimates for the diffusion operator

Lu = ∆u− 〈∇u,∇ψ〉

associated with µ. The key point is that Brunn–Minkowski inequalities can be derived from their infinites-

imal versions corresponding to perturbations of convex sets which are expressed via support functions and

linearization along Minkowski combinations. This leads to differential inequalities involving curvature and

weighted boundary integrals, which are ultimately controlled by spectral Γ2-type quantities of the form∫
K

(
‖∇2u‖2 + 〈∇2ψ∇u,∇u〉

)
dµ

for solutions of appropriately chosen second-order elliptic equations.

Using this framework, Livshyts [38] proved a version of (1.2) for all even log-concave measures, with

exponent cn = n−4−on(1). Our first main result improves this bound.

Theorem 1.1. Let µ be an even log-concave probability measure on Rn. Then, for every pair of symmetric

convex sets K,L in Rn and every λ ∈ (0, 1),

(1.3) µ(λK + (1− λ)L)cn > λµ(K)cn + (1− λ)µ(L)cn ,

where

(1.4) cn >
c

n3 lnn
.

Our approach is based on a refined analysis of the mechanism underlying the Kolesnikov–Livshyts

method. A central role is played by the control of the gradient of the potential ψ. More precisely, one

seeks large subsets on which |∇ψ| is bounded, since such bounds translate into coercivity estimates for the

operator L, as was already observed in [38]. This leads naturally to the study of the quantity

(1.5)

∫
Rn
|∇ψ(x)| dµ(x),

for isotropic log-concave probability measures, which is interpreted as the functional perimeter of the log-

concave function e−ψ (see [17, 20, 46, 47]). At the same time, we revisit the argument of Livshyts, identify

some subtle issues, and provide the necessary corrections. This yields a complete and self-contained proof

of Theorem 1.1, together with an improved exponent.
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The quantity (1.5) admits a natural geometric interpretation via the co-area formula. Writing

Rt(µ) = {x ∈ Rn : f(x) > e−tf(0)}

and assuming that f is essentially continuous (see Section 2.2 below) and satisfies f(0) = ‖f‖∞, one has∫
Rn
|∇ψ| dµ =

∫ ∞
0

µ+(∂Rt(µ)) dt,

where µ+(∂E) is the µ-perimeter of a Borel set E ⊆ Rn, which relates analytic information to the geometry

of super-level sets. Standard properties of isotropic log-concave measures imply that the sets Rt(µ) are

convex and capture most of the mass for t > cn. In Section 4.1 we provide an argument, based on these

ideas, that yields an upper bound for (1.5) of order n7/4 (and n3/2 in the even case).

Our second main result establishes an upper bound of optimal order for this quantity.

Theorem 1.2. Let µ be an isotropic log-concave probability measure on Rn with density f = e−ψ. Then,∫
Rn
|∇ψ(x)| dµ(x) 6 Cn,

where C > 0 is an absolute constant.

The proof follows a functional and variational approach. The key idea is to study infinitesimal pertur-

bations of f via the Asplund product and dilation, and to identify the first variation both at the pointwise

level and after integration. This leads to inequalities connecting
∫
|∇ψ| dµ with entropy-type expressions

involving f . Combining these estimates with isotropic normalization and convexity arguments yields the

desired linear bound for (1.5).

We also show that this estimate is sharp.

Theorem 1.3. For every isotropic log-concave probability measure µ on Rn with essentially continuous

density f = e−ψ, ∫
Rn
|∇ψ(x)| dµ(x) > c1

√
n,

and there exist choices of such even µ for which∫
Rn
|∇ψ(x)| dµ(x) > c2n,

where c1, c2 > 0 are absolute constants.

Thus, the linear growth in Theorem 1.2 is best possible in general, while we show that smaller behavior

may occur under additional symmetry (e.g., in the radial case, see Proposition 4.8).

As a consequence, we obtain large subsets on which the gradient is uniformly bounded.

Proposition 1.4. Let µ be an isotropic log-concave probability measure on Rn. Then there exists a Borel

set A in Rn with µ(A) > c > 0 such that

|∇ψ(x)| 6 Cn for all x ∈ A,

where c, C > 0 are absolute constants.
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A crucial difficulty, which is pertinent to Theorem 1.1, is that such sets need not be convex, which

prevents a direct application of the analytic machinery underlying the Brunn–Minkowski approach of [38].

This reveals a fundamental obstruction: further progress on the dimensional Brunn–Minkowski conjecture

requires the construction of large symmetric convex subsets on which |∇ψ| is well controlled.

Our final contribution consists of a series of applications and reformulations of Theorem 1.2, highlighting

its geometric and functional consequences. A unifying principle is that the quantity
∫
|∇ψ| dµ governs a

range of geometric features associated with log-concave functions.

In §5.1, Theorem 1.2 is interpreted in the framework of moment measures. While it is known that the

moment measure µf of a log-concave function f with finite positive integral has finite first moment under

mild assumptions, a fact that plays a central role in the characterization of moment measures established by

Cordero-Erausquin and Klartag [20], our estimate yields the sharp quantitative bound∫
Rn
|y| dµf (y) 6 Cn,

for isotropic log-concave functions f .

In §5.2, the estimate of Theorem 1.2 is applied to the study of the pair of surface area measures (µf , νf )

associated to a log-concave function, in the sense of functional convexity (see [46, 47]). Here µf coincides

with the moment measure if f is essentially continuous, while νf captures boundary contributions through

the Gauss map of the support of f and appears naturally in first variation formulas of Minkowski type.

Building on our previous estimates, we prove the following general theorem.

Theorem 1.5. Let µf and νf be the surface area measures of an isotropic log-concave function f on Rn.

Then, ∫
Rn
|y| dµf (y) + νf (Sn−1) 6 Cn

for some absolute constant C > 0.

Theorem 1.5 contains and complements the bound for the moment measure µf , providing uniform control

on both components of the functional surface area. This shows that, in the isotropic setting, the total mass of

these measures is again of order n, reinforcing the idea that Theorem 1.2 captures a fundamental dimensional

constraint in the functional extension of classical convex geometric notions.

In §5.3, Theorem 1.2 is translated into information about the geometry of super-level sets of the density.

Using the co-area type identity that connects
∫
|∇ψ| dµ with the average perimeter of the level sets, our

estimate yields a sharp linear bound on µ+(∂Rs(µ)). This improves previously known bounds from [12] and

demonstrates that the boundary measure of all super-level sets grows at most linearly with the dimension.

Finally, in §5.4, the focus shifts to projections of log-concave functions. For an isotropic log-concave den-

sity f on Rn, we consider its projections onto hyperplanes and prove that the average L1-norm of these projec-

tions is of order
√
n, which is optimal with respect to the dimension. This result can be viewed as a functional

counterpart of classical estimates for volumes of projections of convex bodies, and is obtained by combining

our gradient bounds with Cauchy’s surface area formula and a geometric interpretation of level sets.

Taken together, these results show that the gradient of the logarithmic potential is a central analytic

object governing diverse aspects of high-dimensional convexity.

The paper is organized as follows. In Section 2 we collect background material on convex bodies and

isotropic log-concave measures. In Section 3 we develop the analytic approach to the dimensional Brunn–

Minkowski problem and prove Theorem 1.1. In Section 4 we establish the gradient estimates of Theorems 1.2

and 1.3. Finally, in Section 5 we present applications and further geometric consequences of our main bounds.
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2 Background information and auxiliary results

We work in Rn, equipped with the standard inner product 〈·, ·〉. The associated Euclidean norm is denoted

by | · |, the Euclidean unit ball by Bn2 , and the Euclidean unit sphere by Sn−1. Lebesgue measure in Rn

is denoted by voln, and we write ωn = voln(Bn2 ) for the volume of the Euclidean unit ball. We denote by

σ the rotationally invariant probability measure on Sn−1. The Grassmann manifold Gn,k of k-dimensional

subspaces of Rn is equipped with the Haar probability measure νn,k.

Throughout the paper, the symbols C, c, c′, c1, c2, . . . denote absolute positive constants whose values may

change from line to line. Whenever we write a ≈ b, we mean that there exist absolute constants c1, c2 > 0

such that c1a 6 b 6 c2a.

§2.1. Convex bodies. A convex body in Rn is a compact convex set K with nonempty interior. It is

called symmetric if K = −K, and centered if its barycenter bar(K) = 1
voln(K)

∫
K
x dx is at the origin. For

every convex body K in Rn we denote by K the homothetic copy of K scaled to have unit volume, namely

K := voln(K)−1/nK.

Let K be a convex body in Rn with 0 ∈ int(K). The radial function of K is defined by %K(x) = max{t >
0 : tx ∈ K} for all nonzero x, and the support function of K is given by hK(x) = max{〈x, y〉 : y ∈ K} for all

x ∈ Rn. The Minkowski functional of K is defined by ‖x‖K = inf{t > 0 : x ∈ tK} for all x ∈ Rn. If K is

symmetric then ‖ · ‖K is a norm on Rn.

The polar body K◦ of a convex body K in Rn with 0 ∈ int(K) is the convex body

K◦ :=
{
y ∈ Rn : 〈x, y〉 6 1 for all x ∈ K

}
.

The surface area S(K) of K is defined by

S(K) := Hn−1(∂K),

where Hn−1 denotes the (n − 1)-dimensional Hausdorff measure on the boundary ∂K of K. A well-known

geometric inequality states that if 0 ∈ int(K) then

(2.1) S(K) 6
nvoln(K)

r(K)
,

where r(K) is the inradius of K with respect to the origin, that is, the largest r > 0 such that rBn2 ⊆ K.

For completeness, we sketch a proof. Setting r = r(K), we write

S(K) = lim inf
ε→0

voln(K + εBn2 )− voln(K)

ε
6 lim inf

ε→0

voln(K + (ε/r)K)− voln(K)

ε

= lim
ε→0

(1 + ε/r)n − 1

ε
voln(K) =

nvoln(K)

r
.

A convex body K in Rn is called isotropic if it has volume 1, is centered, and its covariance matrix is a

multiple of the identity. Equivalently, there exists a constant LK > 0, called the isotropic constant of K,

such that

‖〈·, ξ〉‖2L2(K) :=

∫
K

〈x, ξ〉2dx = L2
K for all ξ ∈ Sn−1.

We shall use a number of geometric properties of isotropic convex bodies. For instance, it is known that

LK > LBn2 > c for an absolute constant c > 0. A proof of this assertion may be found e.g. in [13, Chapter 3].
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Bourgain’s slicing problem [11] asks whether there exists an absolute constant C > 0 such that

(2.2) Ln := max{LK : K is an isotropic convex body in Rn} 6 C.

An affirmative solution was recently obtained by Klartag and Lehec [33], following an important contribution

by Guan [30] (see also [8] for an alternative proof). Consequently, LK ≈ 1, uniformly in n, for every isotropic

convex body K in Rn. For further background, we refer to the survey [29].

§2.2. Log-concave functions. A function f : Rn → [0,∞) is called log-concave if its supportKf = {f > 0}
is a convex set in Rn and the restriction of ln f to it is concave. We denote by LCn the class of all upper

semi-continuous log-concave functions. Note that the class of convex bodies in Rn embeds naturally into

LCn using the map K 7→ 1K .

A log-concave function f ∈ LCn is essentially continuous if the set of its discontinuity points has zero

measure for the (n − 1)-dimensional Hausdorff measure. This is equivalent to the assumption that f ∈
W 1,1(Rn) (see [46, Remark 3.3]). For every f ∈ LCn with 0 <

∫
f <∞ we have

(2.3)

∫ ∞
0

Hn−1(∂{x : f(x) > t}) dt =

∫
Rn
|∇f(x)| dx+

∫
∂Kf

f(x) dHn−1(x)

(see [46, Theorem 3.2]). In particular, f is essentially continuous if and only if we have the co-area formula

(2.4)

∫
Rn
|∇f(x)| dx =

∫ ∞
0

Hn−1(∂{x : f(x) > t}) dt.

We emphasize that [46, Theorem 3.2] in fact contains a misprint, as the term Hn−1(∂{x : f(x) > t}) in the

co-area formula is replaced by Hn−1({x : f(x) = t}). We confirmed with the author of [46] that this was

due to an erroneous reproduction of a formula from [23, Section 5.5]. It does not affect any further results

from that paper and shall be used in this form in the sequel.

Let f = e−ψ ∈ LCn. The Legendre transform of ψ is

Lψ(x) = sup
y∈Rn
{〈x, y〉 − ψ(y)}.

It is always a convex, lower semi-continuous function, and satisfies the involution property L(Lψ) = ψ if ψ

is lower semi-continuous, convex and proper (meaning that dom(ψ) := {x ∈ Rn : ψ(x) <∞} 6= ∅).

Given two log-concave functions f = e−ψ and g = e−ϕ in LCn, we define the sup-convolution or Asplund

product of f and g by

(f ? g)(x) = sup
y∈Rn

f(y) g(x− y) = exp
(
− (ψ�ϕ)(x)

)
,

where the inf-convolution of two convex functions ψ and ϕ is

(ψ�ϕ)(x) = inf
y∈Rn

{
ψ(y) + ϕ(x− y)

}
.

For t > 0 and a log-concave function f ∈ LCn, the functional dilation is defined by

(t · f)(x) = f
(
x/t
)t
.

This transformation respects log-concavity and is a natural functional counterpart of geometric dilation.

§2.3. Isotropic log-concave probability measures. We say that a Borel probability measure µ on
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Rn is log-concave if µ(H) < 1 for every hyperplane H in Rn (we then say that µ is full-dimensional) and

µ(λA + (1 − λ)B) > µ(A)λµ(B)1−λ for any pair of compact sets A,B in Rn and any λ ∈ (0, 1). Borell [9]

has proved that, under these assumptions, µ has a log-concave density f . The Brunn-Minkowski inequality

implies that if K is a convex body in Rn then the indicator function 1K of K is the density of a log-concave

measure, the Lebesgue measure on K.

For any convex body K in Rn, consider the µ-perimeter of K defined by

µ+(∂K) = lim inf
ε→0+

µ(K + εBn2 )− µ(K)

ε
.

If µ admits a density f with respect to Lebesgue measure, then

µ+(∂K) =

∫
∂K

f(x) dHn−1(x).

Let f : Rn → [0,∞) be a log-concave function with finite, positive integral. Its barycenter is defined by

bar(f) =

∫
Rn x f(x) dx∫
Rn f(x) dx

.

We say that f is centered if bar(f) = 0. We shall use the following result of Fradelizi [25]: if f is a centered

log-concave density on Rn, then

(2.5) ‖f‖∞ 6 enf(0).

The isotropic constant of a log-concave function f with finite positive integral is the affine-invariant quantity

(2.6) Lf :=

(
‖f‖∞∫

Rn f(x) dx

)1/n

det(Cov(f))1/(2n),

where Cov(f) denotes the covariance matrix of f . A log-concave function f is called isotropic if

bar(f) = 0,

∫
Rn
f(x) dx = 1, and Cov(f) = In.

In this case, Lf = ‖f‖1/n∞ . A full-dimensional log-concave probability measure µ on Rn is called isotropic if

its density f is isotropic. Then, we set Lµ := Lf .

Note that a centered convex body K in Rn with voln(K) = 1 is isotropic if and only if the log-concave

function LnK1K/LK is isotropic.

Let µ be a full-dimensional log-concave probability measure on Rn. For any 1 6 k 6 n − 1 and any

k-dimensional subspace F of Rn, the marginal of µ onto F is defined by

πF (µ)(B) := µ(P−1
F (B)),

for every Borel set B ⊆ F . The measure πF (µ) is log-concave and admits a density

(πF f)(x) =

∫
F⊥

f(y + x) dy.

If f is centered (respectively isotropic), then so is πF f (see [13, Proposition 5.1.11]). In particular, if µ is
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isotropic and Fξ = {tξ : t ∈ R} for ξ ∈ Sn−1, then the one-dimensional marginal

gξ(t) = (πFξf)(t) =

∫
F⊥ξ

f(y + tξ) dy

is an isotropic log-concave density on R. Consequently, as shown e.g. in [25],

(2.7) ‖gξ‖∞ = Lgξ 6 1.

It is known that every centered log-concave density f admits an isotropic position: there exists T ∈ GLn
such that the push-forward density

fT (x) =
1

|detT |
f(T−1x)

is isotropic (see [13, Section 2.3]). Moreover, fT is also log-concave, and LfT = Lf . It is also known (see [13,

Proposition 2.3.12]) that Lf > c for every isotropic log-concave function f on Rn, where c > 0 is an absolute

constant. On the other hand, Ball [7] proved that for every n,

L̃n := sup
{
Lf : f is a log-concave density on Rn

}
6 C1Ln,

and hence L̃n 6 C2 by the affirmative solution of Bourgain’s slicing problem.

We refer to [5, 6] for asymptotic convex geometry, and to [13] for background on isotropic convex bodies

and log-concave measures.

§2.4. Level sets of the density. Let µ be a centered log-concave probability measure on Rn with density

f = exp(−ψ), where ψ is a convex function. For every t > 0 we consider the convex set

Rt(µ) = {x ∈ Rn : f(x) > e−tf(0)}.

Using the log-concavity of f we easily check that Rt(µ) is convex. Note also that 0 ∈ int(Rt(µ)) for every

t > 0. To show that Rt(µ) is bounded, we recall that since f is log-concave and has finite positive integral

we have that there exist constants A,B > 0 such that

(2.8) f(x) 6 Ae−B|x|

for all x ∈ Rn (see [13, Lemma 2.2.1]). Therefore, if x ∈ Rt(µ) we get that |x| 6 1
B

(
ln(A/f(0))+t

)
. Another

consequence of (2.8) is that f has finite moments of all orders.

If µ has an essentially continuous density f = e−ψ with f(0) = ‖f‖∞, then the co-area formula (2.4)

yields the following useful formula for (1.5) in terms of µ-perimeters of super-level sets, namely∫
Rn
|∇ψ(x)| dµ(x) =

∫ ∞
0

Hn−1(∂{x : f(x) > t}) dt(2.9)

=

∫ ∞
0

e−s‖f‖∞Hn−1(∂{x : f(x) > e−s‖f‖∞}) ds

=

∫ ∞
0

e−s‖f‖∞Hn−1(∂Rs(µ)) ds

=

∫ ∞
0

µ+(∂Rs(µ)) ds,
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where the last equality follows from the continuity of f on Rs(µ) which yields

(2.10) µ+(∂Rs(µ)) =

∫
∂Rs(µ)

f(x) dHn−1(x) = e−s‖f‖∞Hn−1(∂Rs(µ))

for every s > 0.

The next proposition, which is essentially due to Klartag (see [31, Lemma 5.2] and [27] for the precise

form below) shows that the measure of Rt(µ) increases to 1 exponentially fast as t→∞.

Proposition 2.1. For every t > 3n we have that µ(Rt(µ)) > 1− e−t/4.

Proof. Consider the convex function ϕ defined by e−ϕ(x) = f(x)/f(0). Note that ϕ(0) = 0. Then∫
Rn
eϕ(x)/2dµ(x) = f(0)

∫
Rn
e−ϕ(x)/2dx = f(0)

∫
Rn
e−(ϕ(x)+ϕ(0))/2dx

6 f(0)

∫
Rn
e−ϕ(x/2)dx = 2nf(0)

∫
Rn
e−ϕ(x)dx = 2n.

For any t > 0 we have Rt(µ) = {x : ϕ(x) 6 t}. From Markov’s inequality we get

1− µ(Rt(µ)) = µ({x : ϕ(x) > t}) 6 e−t/2
∫
Rn
eϕ(x)/2dµ(x) 6 2ne−t/2.

If t > (4 ln 2)n then 2ne−t/2 6 e−t/4, and this implies that

µ(Rt(µ)) > 1− e−t/4, for all t > (4 ln 2)n.

The result follows.

We shall also use the fact that if µ is isotropic and t is large enough then Rt(µ) contains a constant

multiple of the Euclidean unit ball. The proof of the next lemma is essentially contained in [31, Lemma 5.4].

Lemma 2.2. Let µ be an isotropic log-concave probability measure on Rn. For any n > 10 and any t > 3n

we have that

Rt(µ) ⊇ 1
3B

n
2 .

A proof of Lemma 2.2 in the exact form stated above can be found in [27, Lemma 3.4] and [12, Lemma 3.2].

§2.5. Stability of the Poincaré constant. Let µ be a Borel probability measure on Rn. Recall that the

Cheeger constant χµ of µ is the largest constant c > 0 for which we have

(2.11) µ+(∂E) > c min{µ(E), 1− µ(E)}

for every Borel subset E of Rn. The reciprocal Cheeger constant of µ is ψµ := 1/χµ.

We also say that µ satisfies the Poincaré inequality with constant ϑ > 0 if

(2.12) Varµ(f) 6 ϑ2

∫
|∇f |2 dµ,

for all smooth functions f on Rn, where Varµ(g) = Eµ(g2)− (Eµ(g))2 is the variance of g with respect to µ.

The Poincaré constant ϑµ of µ is the smallest constant ϑ > 0 for which (2.12) is satisfied.
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It is known (see [6, Theorem 2.3.1] that if α(µ) is the smallest constant α > 0 with the property that

every integrable, locally Lipschitz function f : Rn → R satisfies

(2.13)

∫
Rn
|f(x)− Eµ(f)| dµ(x) 6 α

∫
Rn
|∇f(x)| dµ(x),

then, ψµ/2 6 α(µ) 6 2ψµ. It is also known (see [15]) that

1

2

∫
Rn
|f(x)− Eµ(f)| dµ(x) 6

∫
Rn
|f(x)−mµ(f)| dµ(x) 6

∫
Rn
|f(x)− Eµ(f)| dµ(x)

for all f , where mµ(f) is the median of f with respect to µ. It follows that if β(µ) is the smallest constant

β > 0 with the property that for every integrable, locally Lipschitz function f : Rn → R,

(2.14)

∫
Rn
|f(x)−mµ(f)| dµ(x) 6 β

∫
Rn
|∇f(x)| dµ(x),

then, α(µ)/2 6 β(µ) 6 α(µ). Combining the above, we see that

(2.15) ψµ/4 6 β(µ) 6 2ψµ.

A theorem of Maz’ya [42], [43] and Cheeger [16] shows that the Poincaré constant is bounded by the reciprocal

Cheeger constant: If µ is a Borel probability measure with reciprocal Cheeger constant ψµ then its Poincaré

constant ϑµ satisfies

(2.16) ϑµ 6 2ψµ.

On the other hand, the assumption that µ is log-concave implies a reverse inequality with a constant that

does not depend on the dimension. Buser [14] (see also Ledoux [37]) has shown that if µ is a log-concave

probability measure on Rn, then

(2.17) ψµ 6 c ϑµ,

where c > 0 is an absolute constant.

E. Milman [44, Theorem 5.5] has shown that the ratio of the Cheeger constants of two log-concave

probability measures µ and ν on Rn with densities f and g is controlled by their total variation distance

dTV(µ, ν) =
1

2

∫
Rn
|f(x)− g(x)| dx.

More precisely, if dTV(µ, ν) = 1− ε for some ε ∈ (0, 1) then

(2.18) χµ 6
c1
ε2

max{1, ln(1/ε)}χν ,

where c1 > 0 is an absolute constant. An alternative proof of (2.18) is given by Cattiaux and Guillin in [15,

Theorem 9.3.10].

We are interested in the case where ν is the restriction µA of a log-concave probability measure µ on a

convex set A ⊆ Rn with µ(A) > 0. If f is the density of µ then the density of the log-concave probability

measure µA is the function

g(x) =
1

µ(A)
f(x)1A(x).
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Then, we can easily bound dTV(µ, µA) as follows:

dTV(µ, µA) =
1

2

(∫
A

∣∣∣∣f(x)− 1

µ(A)
f(x)

∣∣∣∣ dx+

∫
Ac
f(x) dx

)
=

1

2

((
1

µ(A)
− 1

)
µ(A) + µ(Ac)

)
=

1

2
(1− µ(A) + 1− µ(A))

= 1− µ(A) < 1.

Therefore, if we define ε ∈ (0, 1) by the equation dTV(µA, µ) = 1 − ε, we see that ε = µ(A). Then, (2.18),

combined with the equivalence of ψν and ϑν (up to an absolute constant) for a log-concave probability

measure ν, leads to the following fact.

Proposition 2.3. Let µ be a log-concave probability measure on Rn. For every convex set A ⊆ Rn with

µ(A) > 0 we have that

(2.19) ϑµA 6
C(

µ(A)
)2 max

{
1, ln

(
1

µ(A)

)}
ϑµ,

where µA is the restriction of µ onto A and C > 0 is an absolute constant.

The Kannan–Lovász–Simonovits conjecture asks if there exists an absolute constant C > 0 such that

ψn := sup{ψµ : µ is an isotropic log-concave measure on Rn} 6 C.

In view of the discussion above, an equivalent way to formulate the KLS conjecture is to ask that the Poincaré

inequality holds for every isotropic log-concave probability measure µ on Rn with a constant that does not

depend on the measure or the dimension n. The best known result on this problem is due to Klartag [32]

and provides an (almost) affirmative answer. For any n > 2 we have that

ψn 6 C
√

lnn,

where C > 0 is an absolute constant.

Combining Klartag’s estimate with Proposition 2.3 we immediately obtain the next fact that will be

useful in the proof of the dimensional Brunn–Minkowski inequality.

Proposition 2.4. Let µ be an isotropic log-concave probability measure on Rn. For every α ∈ (0, 1) and

every convex set A ⊆ Rn with µ(A) > α we have that

ϑµA 6 C(α)
√

lnn,

where µA is the restriction of µ onto A and C(α) > 0 is a constant that depends only on α.

It should be noted that a reverse inequality to (2.19) holds for Borel sets A that have large measure

without further convexity assumptions. It is proved in [15, Proposition 9.2.5] that if µ is a log-concave

probability measure such that∫
Rn
|f(x)− Eµ(f)| dµ(x) 6 c(t)

∫
Rn
|∇f(x)| dµ(x) + t osc(f)

for some 0 < t < 1/2, some constant c(t) > 0, and all Lipschitz functions f , where osc(f) = sup f − inf f

11



denotes the oscillation of f , then

β(µ) 6
c(t)

1− 2t
.

Let A be a Borel set in Rn and let µA denote the restriction of µ onto A as above. Then it is clear that∫
Rn
|f(x)− Eµ(f)| dµ(x) 6

∫
A

|f(x)− Eµ(f)| dµ(x) + (1− µ(A)) osc(f),

therefore ∫
Rn
|f(x)− Eµ(f)| dµ(x) 6 µ(A)β(µA)

∫
Rn
|∇f(x)| dµA(x) + (1− µ(A)) osc(f).

This implies the following result.

Proposition 2.5. Let µ be a log-concave probability measure on Rn. For every Borel set A ⊆ Rn with

µ(A) > 1
2 we have that

β(µ) 6
µ(A)

2µ(A)− 1
β(µA),

and hence

(2.20) ψµ 6
8µ(A)

2µ(A)− 1
ψµA ,

where µA is the restriction of µ onto A.

3 The dimensional Brunn–Minkowski inequality

In what follows, µ is a probability measure on Rn with an even twice continuously differentiable density

f = exp(−ψ). We also consider the operator

Lu = ∆u− 〈∇u,∇ψ〉

for twice continuously differentiable u : Rn → R. We denote by C2 the class of C2-smooth symmetric convex

bodies; these are the convex bodies whose support function is twice continuously differentiable on the unit

sphere. If K is a C2-smooth symmetric convex body in Rn, we write nx for the normal vector at the point

x ∈ ∂K. We also denote by C2
+ the class of convex bodies in C2 with positive Gaussian curvature. We say

that a function h : Sn−1 → R is a function in C2
+(Sn−1) if it is the support function of a convex body in C2

+.

Following Livshyts [39], we define the concavity power p(µ,K) of a symmetric convex body K ∈ C2
+ with

respect to µ to be the largest p > 0 such that for every symmetric convex body L ∈ C2
+, we have

(3.1)
d2

dλ2

∣∣∣∣∣
λ=1

µ(λK + (1− λ)L)p 6 0.

We shall need the following straightforward fact.

Lemma 3.1. For every log-concave probability measure µ on Rn with an even twice continuously differen-

tiable density, every symmetric convex body K ∈ C2
+ and every invertible linear operator T : Rn → Rn,

p(µ,K) = p(T∗µ, TK),

12



where T∗µ is the push-forward of µ under T given by (T∗µ)(E) = µ(T−1E), where E ⊆ Rn is a Borel set.

Proof. Let p = p(T∗µ, TK) and consider a symmetric convex body L ∈ C2
+. Then,

d2

dλ2

∣∣∣∣∣
λ=1

µ(λK + (1− λ)L)p =
d2

dλ2

∣∣∣∣∣
λ=1

(T∗µ)
(
λTK + (1− λ)TL

)p
6 0

by the definition of p(T∗µ, TK), so p(µ,K) > p(T∗µ, TK). The converse inequality follows similarly.

The local-to-global principle of [34, Lemma 3.1] (see also [35]) implies that for a given µ and p > 0,

(3.2) inf
K∈C2+

p(µ,K) > p

if and only if for every pair of symmetric convex sets K,L in Rn and every λ ∈ [0, 1], we have

(3.3) µ(λK + (1− λ)L)p > λµ(K)p + (1− λ)µ(L)p.

Indeed, the derivation of (3.2) from (3.3) is immediate from the statement of [34, Lemma 3.1]. Conversely,

to show that (3.2) implies (3.3), we apply [34, Lemma 3.1] to the class F of all symmetric C2
+ convex bodies.

Note that equation (21) of [34] requires the validity of d2

ds2µ(Ks)
p 6 0 for any one-parameter family {Ks}|s|<ε

of symmetric convex sets that arise from Wulff shape perturbations of K but an inspection of the proof of

this implication reveals that Minkowski convex combinations are sufficient to yield the conclusion (since

the perturbation in the last paragraph of [34, Proof of Lemma 3.1] is chosen to be ψ = hL − hK). Then,

having proven the Brunn–Minkowski inequality (3.3) for every pair of symmetric convex bodies K,L ∈ C2
+,

we extend it to all symmetric convex sets by approximation.

In [35], Kolesnikov and E. Milman developed a powerful method for proving lower bounds for concavity

powers by appropriate uses of curvature and integration by parts along the lines of Hörmander’s L2 method

(see also [19, Section 2]). Their main result, as expanded in [34, Proof of Lemma 2.3], reads as follows.

Theorem 3.2. Let µ be an even measure with a twice continuously differentiable density f = exp(−ψ) and

K be a C2
+ convex body in Rn. Suppose that every u ∈ C2(K) with Lu = 1 on K satisfies

(3.4)
1

µ(K)

∫
K

(
‖∇2u‖+ 〈∇2ψ∇u,∇u〉

)
dµ > p,

where ‖∇2u‖ is the Hilbert–Schmidt norm of the Hessian of u. Then, the concavity power of K with respect

to µ satisfies p(µ,K) > p.

We emphasize that [34, Lemma 2.3] presents a similar characterization for the quantity infK∈C2+ p(µ,K)

via the equivalence of (3.2) and (3.3) as the differential inequality (3.4) is required to hold for every symmetric

convex set K. However, an inspection of the proof readily reveals that the criterion in fact holds for each

individual K as well, thus offering a bound for each concavity power p(µ,K). To see this, observe that

one can use [34, Proposition 3.2] to write the condition (3.1) defining the exponent p(µ,K) as a weighted

Poincaré-type inequality for functions f defined on the boundary of K. Then, one can use Kolesnikov and

E. Milman’s [35] weighted version of the Reilly formula [34, Proposition 3.4] to rewrite this inequality in

terms of the solution of the equation Lu = 1 with Neumann boundary data f . In the case of Gaussian

measure, this was also explicitly exploited in [39, Proof of Theorem A].

Livshyts [38] obtains the following estimate, which can be combined with Theorem 3.2. The proof below

clarifies a few subtle points of the original argument.
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Theorem 3.3 (Livshyts). Let ν be an even log-concave probability measure on Rn. Let K be a symmetric

convex set in Rn and let u : K → R be an even function in C2(K). Then, for any symmetric convex set

A ⊆ K we have

1

ν(K)

∫
K

‖∇2u‖2dν > ν(A)

ν(K)
·

(
1

ν(A)

∫
A
Ludν

)2

n+ 1
ν(A)

∫
A

(ϑ2
νA |∇ψ|2 − 2〈∇ψ, x〉) dν

.

Proof. We start with the inequality

(3.5)

∫
K

‖∇2u‖2dν >
∫
A

‖∇2u‖2dν.

For every t ∈ R we define vt(x) = u(x)− t
2 |x|

2. Direct computation shows that

(3.6) ‖∇2u‖2 = ‖∇2vt‖2 + 2t∆vt + t2n

and

(3.7) (Lu)(x) = (Lvt)(x) + tL(|x|2/2) = (Lvt)(x) + tn− t〈x,∇ψ(x)〉.

Therefore,

(3.8) ∆vt = 〈∇ψ,∇vt〉+ Lu− tn+ t〈x,∇ψ〉.

Since u is even, we have that vt is also even. Since A is symmetric, the restriction νA of ν onto A is even. It

follows that
∫
A
∂vt
∂xi

dνA = 0. Using (3.6) and applying the Poincaré inequality to ∂vt
∂xi

with respect to νA and

summing over i = 1, . . . , n, we get

(3.9)

∫
A

‖∇2u‖2dν >
∫
A

(
ϑ−2
νA |∇vt|

2 + 2t∆vt + t2n
)
dν.

Substituting (3.8) into (3.9) and completing the square we obtain∫
A

‖∇2u‖2dν >
∫
A

(
− t2ϑ2

νA |∇ψ|
2 + 2t(Lu− tn+ t〈x,∇ψ〉) + t2n

)
dν(3.10)

= 2t

∫
A

Ludν − t2
(
n ν(A) +

∫
A

(
ϑ2
νA |∇ψ|

2 − 2〈x,∇ψ〉
)
dν

)
.

The optimal value of t is

t =

∫
A
Ludν

n ν(A) +
∫
A

(
ϑ2
νA |∇vt|2 − 2〈x,∇ψ〉

)
dν
,

which, combined with (3.5), gives

∫
K

‖∇2u‖2dν >
∫
A

‖∇2u‖2dν > ν(A)

(
1

ν(A)

∫
A
Ludν

)2

n+ 1
ν(A)

∫
A

(ϑ2
νA |∇ψ|2 − 2〈∇ψ, x〉) dν

and the theorem follows.

Remark 3.4. In [38, Proposition 4.2], Livshyts claims a similar bound to Theorem 3.3 with ϑ2
νA replaced
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by ϑ2
νK but the proof appears to have a gap. More specifically, rather than starting with inequality (3.5),

Livshyts pursues all the steps until (3.10) on the set K instead of A and then bounds the integral on the

right hand side of (3.10) from below by the corresponding integral on A. This step however appears to be

problematic as the integrand of this expression may not be pointwise nonnegative. Observe also that this

argument, had it been true, would make no use of the convexity of A. We refer to Remark 3.8 for further

implications that such a bound would have.

The next proposition, which originates in [38, Corollary 4.6], shows that for every even isotropic log-

concave probability measure ν on Rn, n > 10, with density f = exp(−ψ), we can find a symmetric convex

body A of measure ν(A) > c, on which |∇ψ| 6 Cn2. We present here a different proof for completeness.

Proposition 3.5. Let ν be an even isotropic log-concave probability measure on Rn, n > 10, with a C1

density f = exp(−ψ). There exists a symmetric convex set A ⊆ Rn such that ν(A) > c1 and

|∇ψ(x)| 6 c2n2

for all x ∈ A, where c1, c2 > 0 are absolute constants.

Proof. Consider the set A = n−1
n R3n(ν). From Lemma 2.2 we know that R3n(ν) ⊇ 1

3B
n
2 . It follows that

A+
1

3n
Bn2 =

n− 1

n
R3n(ν) +

1

3n
Bn2 ⊆

n− 1

n
R3n(ν) +

1

n
R3n(ν) = R3n(ν).

Now, let x ∈ A. There exists vx ∈ Sn−1 such that |∇ψ(x)| = 〈∇ψ(x), vx〉. Consider the function g(s) =

ψ(x+ svx). This is a convex function with g′(0) = 〈∇ψ(x), vx〉 = |∇ψ(x)|. It follows that

|∇ψ(x)| = g′(0) 6 3n
(
g
(

1
3n

)
− g(0)

)
= 3n

(
ψ
(
x+ 1

3nvx
)
− ψ(x)

)
6 3n

(
ψ
(
x+ 1

3nvx
)

+ ψ(x)− 2ψ(0)
)
.

Since x ∈ A, we have x, x+ 1
3nvx ∈ R3n(ν), which gives ψ(x)−ψ(0) 6 3n and ψ

(
x+ 1

3nvx
)
−ψ(0) 6 3n. It

follows that

|∇ψ(x)| = g′(0) 6 3n (3n+ 3n) 6 18n2.

Finally, using Proposition 2.1 we see that

ν(A) >

(
n− 1

n

)n
ν(R3n(µ)) >

(
n− 1

n

)n (
1− e−3n/4

)
> c

where c > 0 is an absolute constant.

The main result of Livshyts in [38] asserts that every even log-concave probability measure on Rn satisfies

the dimensional Brunn-Minkowski inequality with a constant cn > c/n4 lnn, which is improved in Theo-

rem 1.1. An important new ingredient is provided by the next proposition which combines Proposition 3.5

with Theorem 1.2, our main gradient estimate, which will be discussed in detail in the next section.

Proposition 3.6. Let ν be an even isotropic log-concave probability measure on Rn, n > 10, with a C1

density f = exp(−ψ). There exists a symmetric convex set A ⊆ Rn such that ν(A) > c1 and∫
A

|∇ψ(x)|2dν(x) 6 Cn3

where c1, C > 0 are absolute constants.
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Proof. Consider the set A from Proposition 3.5. We know that |∇ψ(x)| 6 c2n2 for all x ∈ A. On the other

hand, Theorem 1.2 establishes the bound∫
Rn
|∇ψ(x)| dµ(x) 6 c3n,

where c3 > 0 is an absolute constant. Then,∫
A

|∇ψ(x)|2dµ(x) 6
∫
A

c2n
2|∇ψ(x)| dµ(x) 6 c2n

2

∫
Rn
|∇ψ(x)| dµ(x) 6 Cn3,

where C = c2c3 > 0 is an absolute constant.

We are now in position to complete the proof of the main result of this paper.

Proof of Theorem 1.1. Let exp(−ψ) be the density of µ. We fix a C2
+ smooth symmetric convex body K in

Rn and we shall prove that the concavity power satisfies

p(µ,K) >
c

n3 lnn
.

We will work with the restriction µ|K of µ onto K, with density

1

µ(K)
1K(x)e−ψ(x)

Since µ|K is centered, there exists an invertible linear map T such that the push-forward ν = T∗(µ|K) is

isotropic. Note that ν is supported on TK and it is the normalized restriction of T∗µ on TK. By Lemma 3.1,

we have

p(µ,K) = p(T∗µ, TK).

We write exp(−ψ1) for the density of ν and use Proposition 3.5 to choose a symmetric convex set A ⊆ TK

such that ν(A) > c1 and |∇ψ1(x)| 6 c2n2 for all x ∈ A.

Now, consider a C2 solution u of the equation Lu ≡ 1 on TK. Since ν(TK) = 1, Theorem 3.3 gives

1

T∗µ(TK)

∫
TK

‖∇2u‖2 dT∗µ =

∫
TK

‖∇2u‖2dν > ν(A) ·

(
1

ν(A)

∫
A
Ludν

)2

n+ 1
ν(A)

∫
A

(ϑ2
νA |∇ψ1|2 − 2〈∇ψ1, x〉) dν

=
ν(A)2

n ν(A) +
∫
A

(ϑ2
νA |∇ψ1|2 − 2〈∇ψ1, x〉) dν

.

Note that 〈∇ψ1, x〉 > 0 because ψ1 is even and convex. Therefore,

n ν(A) +

∫
A

(
ϑ2
νA |∇ψ1|2 − 2〈∇ψ1, x〉

)
dν 6 n+

∫
A

ϑ2
νA |∇ψ1|2 dν 6 n+ Cϑ2

νAn
3

by Proposition 3.6. Since 〈∇2ψ1∇u,∇u〉 > 0, this implies that∫
TK

(
‖∇2u‖2 + 〈∇2ψ1∇u,∇u〉

)
dν >

∫
TK

∥∥∇2u‖2 dν > c21
n+ Cϑ2

νAn
3
,
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and hence (3.4) gives

p(T∗µ, TK) >
1

C ′ϑ2
νAn

3

for some absolute constant C ′ > 0. Since ν is isotropic and ν(A) > c1, Proposition 2.4 implies that

ϑνA 6 c3
√

lnn, and hence

p(µ,K) = p(T∗µ, TK) >
1

C ′ϑ2
νAn

3
>

c

n3 lnn

for some absolute constant c > 0. The conclusion follows from the equivalence of (3.2) and (3.3).

The discussion in this section leads to the following reduction of the problem to establish a dimensional

Brunn-Minkowski inequality with exponent cn.

Proposition 3.7. Let n > 10. Suppose that there exists a constant dn > 0 such that for every even isotropic

log-concave probability measure ν on Rn with a C1 density f = exp(−ψ) there exists a symmetric convex set

A ⊆ Rn such that ν(A) > c1 and

|∇ψ(x)| 6 dn

for all x ∈ A, where c1 > 0 is an absolute constant. Then, for any pair of symmetric convex bodies K and

L in Rn and any λ ∈ [0, 1], one has

µ(λK + (1− λ)L)cn > λµ(K)cn + (1− λ)µ(L)cn ,

where cn > c2/(ndn lnn) for an absolute constant c2 > 0.

Remark 3.8. We know that the assumption of Proposition 3.7 is satisfied with dn ≈ n2. A natural question

raised by the proof of Theorem 1.1 is whether one can obtain a stronger version of Proposition 3.5.

Note that the proof of Theorem 1.1 uses the convexity of the set A only at the point where it is claimed

that ϑνA 6 Cϑν . For this assertion we employ Proposition 2.4, which requires that νA is a log-concave

probability measure, and this forces us to choose our set A to be convex. On the other hand, we know that∫
Rn
|∇ψ(x)| dν(x) 6 Cn,

hence applying Markov’s inequality we see that the set

A0 = {x : |∇ψ(x)| 6 2Cn}

has measure ν(A0) > 1
2 , because

ν({x : |∇ψ(x)| > 2Cn}) 6 1

2Cn

∫
Rn
|∇ψ(x)| dν(x) 6

1

2
.

Unfortunately, A0 need not be convex as can be seen by the example of the function ψ : R2 → R with

ψ(x, y) =
√
x2 + 1 +

√
y2 + 1.

This is clearly an even convex function and

∇ψ(x, y) =

(
x√

x2 + 1
,

y√
y2 + 1

)
.
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Therefore, the set

A0 =
{

(x, y) ∈ R2 : |∇ψ(x, y)| 6 1
}

= {(x, y) ∈ R2 : |x||y| 6 1}

is evidently non-convex. It is an interesting question whether one can still compare ϑνA0
and ϑν in this

context. Having an estimate ϑνA0
6 Cϑν (or some weaker but good enough estimate) would be enough for

a stronger estimate for cn in Theorem 1.1.

This discussion also implies that if Theorem 3.3 were true with ϑνA replaced by ϑνK , as claimed in [38,

Proposition 4.2], without any convexity assumption on A one would be able to apply it with A = A0 and

deduce the dimensional Brunn–Minkowski inequality (1.3) with exponent cn > c/n2 lnn.

We conclude this section with a lower bound for the parameter dn studied in Proposition 3.7.

Proposition 3.9. There exists an even isotropic log-concave probability measure µ with continuous density

f = e−ψ on Rn such that for every symmetric convex body B in Rn, we have∥∥|∇ψ|∥∥
L∞(B)

> cn,

where c > 0 is an absolute constant.

Proof. Let νK be an isotropic measure on Rn with density f(x) = e−ψ(x) = 1
n!voln(K)e

−‖x‖K , where K is a

1-symmetric convex body and ‖ · ‖K is the norm induced by K. Then, we know that

f(x1, . . . , xn) = f(ε1xσ(1), . . . , εnxσ(n))

for all choices of signs εi ∈ {−1, 1} and all permutations σ of {1, . . . , n}. Since K is 1-symmetric, we easily

check that K = voln(K)−1/nK is isotropic. Note that

1

(n!voln(K))
1/n

= ‖f‖1/n∞ = LνK ≈ 1,

which implies that

voln(K)1/n ≈ 1

(n!)1/n
≈ 1

n
.

It is straightforward to check that Rt(νK) = tK for every t > 0. We shall show that

(3.11)
1

νK(tK)

∫
tK

|∇ψ(x)| dνK(x) =
S(K)

nvoln(K)

for every t > 0.

To see this, consider the truncated function ft = f · 1tK = f · 1Rt(νK) which is log-concave and upper

semi-continuous. Therefore, the co-area formula (2.3) yields∫ ∞
0

Hn−1(∂{x : ft(x) > u}) du =

∫
Rn
|∇ft(x)| dx+

∫
t∂K

f(x) dHn−1(x)(3.12)

=

∫
tK

|∇ψ(x)| dνK(x) + tn−1e−tf(0)S(K)
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as f |t∂K ≡ e−tf(0). On the other hand,∫ ∞
0

Hn−1(∂{x : ft(x) > u}) du =

∫ ∞
0

e−sf(0)Hn−1(∂{x : f(x) · 1tK(x) > e−sf(0)}) ds(3.13)

= f(0)

∫ t

0

e−sHn−1(s∂K) ds+ f(0)

∫ ∞
t

e−sHn−1(t∂K) ds

=

(∫ t

0

sn−1e−s ds+ tn−1e−t
)
f(0)S(K).

Combining (3.12) and (3.13), we deduce that

(3.14)

∫
tK

|∇ψ(x)| dνK(x) = f(0)S(K)

∫ t

0

sn−1e−s ds.

On the other hand,

νK(tK) = f(0)

∫
tK

e−‖x‖K dx = tnf(0)

∫
K

e−t‖y‖Kdy = tnf(0)

∫ ∞
0

e−svoln({y ∈ K : ‖y‖K 6 s/t}) ds

= tnf(0)

(
voln(K)

∫ t

0

(s/t)ne−sds+ voln(K)

∫ ∞
t

e−sds

)
= f(0)voln(K)

(∫ t

0

sne−sds+ tne−t
)

= nvoln(K)f(0)

∫ t

0

sn−1e−s ds,

where the last equality is because of integration by parts. Formula (3.11) now follows.

Finally, we write
S(K)

nvoln(K)
=

1

nvoln(K)
1
n

S(K)

voln(K)
n−1
n

≈ S(K)

voln(K)
n−1
n

and choose K to be a multiple of Bn∞. For this choice, the last quantity is of order n. Thus,

1

νK(tK)

∫
tK

|∇ψ(x)| dνK(x) > cn,

which implies ‖|∇ψ(x)|‖L∞(tK) > cn for every t > 0. As for every symmetric convex body B there exists

t > 0 for which tK ⊆ B, the conclusion follows.

This shows that the best one can hope with the ideas that are exploited in the present work is a

dimensional Brunn–Minkowski inequality with exponent cn ≈ 1/n2 lnn. Obtaining an exponent cn >>

c/n2 lnn would require further ideas.

4 Bounds for the functional perimeter

Let µ be a log-concave probability measure on Rn with density f = e−ψ, where ψ is a convex function. In

this section we prove that if f is also assumed to be isotropic, then we have

(4.1)

∫
Rn
|∇ψ(x)| dµ(x) 6 Cn
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for an absolute constant C > 0. Note that in the 1-dimensional case if f is symmetric, we get from

[25](see (2.7)), ∫
R
|ψ′(x)| dµ(x) = 2

∫ ∞
0

ψ′(x)e−ψ(x) dx = 2e−ψ(0) = 2f(0) 6 2.

§4.1. A reformulation in terms of the perimeter of super-level sets. Let µ be a log-concave

probability measure on Rn with density f = e−ψ, where ψ is a convex function on Rn. We assume that f is

a geometric log-concave function, meaning that f(0) = ‖f‖∞. Then, (2.3) and (2.9) yield∫
Rn
|∇ψ(x)| dµ(x) 6

∫ ∞
0

e−s‖f‖∞Hn−1(∂Rs(µ)) ds =

∫ ∞
0

µ+(∂Rs(µ)) ds.

We shall also use the fact that, since Rs(µ) is a convex body in Rn, from (2.1) we have that

(4.2) Hn−1(∂Rs(µ)) = S(Rs(µ)) 6
n voln(Rs(µ))

r(Rs(µ))
,

where r(A) = max{r > 0 : rBn2 ⊆ A} is the inradius of a set A containing the origin.

It is proved in [12] that, for every s > 0,

(4.3) µ+(Rs(µ)) 6 Cn3/2

where C > 0 is an absolute constant. Moreover, if we assume that f is even then Rs(µ) is symmetric and

we have the upper bound

(4.4) µ+(Rs(µ)) 6 2n

for every s > 0. This is a general fact for the µ-perimeter of symmetric convex sets, which is also established

in [12]. Combining (2.10) and (4.3) with (4.2) we obtain a first general estimate for the functional perimeter,

which is however far from the optimal bound of Theorem 1.2.

Proposition 4.1. Let µ be an isotropic log-concave probability measure on Rn with a geometric log-concave

density f = e−ψ, where ψ is convex. Then,∫
Rn
|∇ψ(x)| dµ(x) 6 Cn7/4,

where C > 0 is an absolute constant.

Proof. We start from the inequality∫
Rn
|∇ψ(x)| dµ(x) 6

∫ ∞
0

e−s‖f‖∞Hn−1(∂Rs(µ)) ds.

From (2.10) we have

∫ n1/4

0

e−s‖f‖∞Hn−1(∂Rs(µ)) ds =

∫ n1/4

0

µ+(∂Rs(µ)) ds 6 C1n
3/2 · n1/4 = C1n

7/4,

using (4.3).
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Note that for any t > 0, any x ∈ Rt(µ) and any λ ∈ (0, 1),

(4.5) f(λx) > f(x)λf(0)1−λ > e−λtf(0)λf(0)1−λ = e−λtf(0),

where we have used the assumption that f(0) = ‖f‖∞. As a consequence,

(4.6) λRt(µ) ⊆ Rλt(µ), t > 0, λ ∈ (0, 1).

Since r(R3n(µ)) > 1
3 by Lemma 2.2, it follows that if s > n1/4 then r(Rs(µ)) > 1

3n3/4 r(R3n(µ)) > 1
9n3/4 , and

hence (4.2) yields ∫ ∞
n1/4

e−s‖f‖∞Hn−1(∂Rs(µ)) ds 6
∫ ∞
n1/4

e−s‖f‖∞
nvoln(Rs(µ))

r(Rs(µ))
ds

6 C2n
7/4

∫ ∞
n1/4

e−s‖f‖∞voln(Rs(µ)) ds

6 C2n
7/4

∫ ∞
0

e−s‖f‖∞voln(Rs(µ)) du

6 C2n
7/4

∫ ‖f‖∞
0

voln({x : f(x) > t}) dt

= C2n
7/4‖f‖1 = Cn7/4.

The proposition follows.

We are mainly interested in the case where µ is even. Then, repeating the proof of Proposition 4.1, this

time splitting the integral at n1/2 instead of n1/4 and using (4.4) instead of (4.3), we immediately get the

following improved estimate.

Proposition 4.2. Let µ be an even isotropic log-concave probability measure on Rn with density f = e−ψ,

where ψ is convex. Then, ∫
Rn
|∇ψ(x)| dµ(x) 6 Cn3/2,

where C > 0 is an absolute constant.

The next proposition shows that the best we can hope in Proposition 4.2 is a bound which is linear in

the dimension, a result already announced in the second part of Theorem 1.3.

Proposition 4.3. There exists an even isotropic log-concave probability measure µ on Rn such that∫
Rn
|∇ψ(x)| dµ(x) > cn,

where c > 0 is an absolute constant.

Proof. Let νK be an isotropic measure on Rn with density f(x) = e−ψ(x) = 1
n!voln(K)e

−‖x‖K , where K is a

1-symmetric convex body and ‖ ·‖K is the norm induced by K. Since K is 1-symmetric, K = voln(K)−1/nK

is isotropic. Recall from the proof of Proposition 3.9 that voln(K)1/n ≈ 1
n and that Rt(νK) = tK for every

t > 0. Applying (3.11) with t→∞, we get∫
Rn
|∇ψ(x)| dνK(x) =

S(K)

nvoln(K)
=

1

nvoln(K)
1
n

S(K)

nvoln(K)
n−1
n

≈ S(K)

voln(K)
n−1
n

.
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It remains to observe that
S(K)

voln(K)
n−1
n

=
S(K)

voln(K)
n−1
n

≈ n

if we choose K so that K = 1
2B

n
∞.

§4.2. Optimal upper bound. Our starting point is the fact (see [4, Equation 4]) that if f is an integrable

log-concave function such that

(4.7) f > α1Bn2

for some α > 0 then

(4.8)

∫
Rn
|∇f(x)| dx 6 n

∫
Rn
f(y) dy +

∫
Rn
f(z) ln

(
f(z)

α‖f‖∞

)
dz.

This follows from [3, Lemma 4.3].

Since we need a variant of this inequality, we present the full details. In what follows, the sum of two

log-concave functions is given by the sup-convolution (or Asplund product)

(f ? g)(x) = sup
y∈Rn

(
f(y)g(x− y)

)
.

The dilation operation is given by (t · f)(x) = f
(
x
t

)t
.

Lemma 4.4. Let f : Rn → [0,∞) be a log-concave function. For any r, a > 0 we have

lim
t→0+

(f ? t · (a1rBn2 ))(z) = f(z)

at every point of continuity z of f , and

lim
t→0+

(f ? t · (a1rBn2 ))(z)− f(z)

t
= r|∇f(z)|+ f(z) ln a

almost everywhere.

Proof. By the definition of the Asplund product we have

lim
t→0

(f ? t · (a1rBn2 ))(z) = lim
t→0

sup
{
f(x) · 1rBn2 (y/t)at : z = x+ y

}
= lim
t→0

sup
{
f(z − rty)at : y ∈ Bn2

}
= f(z)

if we assume that f is continuous at z. For the second assertion of the lemma, we start by writing

lim
t→0+

(f ? t · (a1rBn2 ))(z)− f(z)

t
= lim
t→0+

sup
y∈Bn2

f(z − rty)at − f(z)at + f(z)at − f(z)

t

= lim
t→0+

sup
y∈Bn2

at
f(z − rty)− f(z)

t
+ lim
t→0+

f(z)
at − 1

t
.

As the function ψ = − ln f is convex, it has a first order Taylor expansion around almost every point

z ∈ {f > 0} = {ψ <∞} (and even a second order Taylor expansion, by Alexandrov’s theorem) and thus the
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same holds for f . Moreover, for such points z the gradient ∇f(z) is uniquely defined and we have

f(z + w) = f(z) + 〈∇f(z), w〉+ cz(|w|)

for some function cz : (0,∞)→ R with limt→0+ cz(t)/t = 0. Therefore,

lim
t→0+

sup
y∈Bn2

at
f(z − rty)− f(z)

t
= lim
t→0+

at sup
y∈Bn2

{
−r〈∇f(z), y〉+

cz(rt)

t

}
= lim
t→0+

at
(
r|∇f(z)|+ cz(rt)

t

)
= r|∇f(z)|.

Evidently the same holds for every z ∈ Rn\{f > 0} and thus it holds for almost every z ∈ Rn as the boundary

of {f > 0} always has Lebesgue measure 0. Finally, limt→0+
at−1
t = ln a, and the lemma follows.

The next lemma is a variant of [3, Lemma 4.3]. Similar computations can be found in [17].

Lemma 4.5. Let f = e−ψ : Rn → [0,∞) be an integrable log-concave function. Then,

lim
t→0+

∫
Rn(f ? (t · f))(x) dx−

∫
Rn f(x) dx

t
= n

∫
Rn
f(x) dx+

∫
Rn
f(x) ln f(x) dx.

Proof. First we observe that

(f ? (t · f))(z) = e−(1+t)ψ( z
1+t )

for all z ∈ Rn. To see this, note that if z = x+ y then

ψ(x) + tψ(y/t) = (1 + t)

(
1

1 + t
ψ(x) +

t

1 + t
ψ(y/t)

)
> (1 + t)ψ

(
1

1 + t
x+

t

1 + t

y

t

)
= (1 + t)ψ

(
z

1 + t

)
with equality if x = y/t = z/(1 + t). Now, we can write∫

Rn(f ? (t · f))(x) dx−
∫
Rn f(x) dx

t
=

1

t

(
(1 + t)n

∫
Rn
e−(1+t)ψ(x)dx−

∫
Rn
e−ψ(x)dx

)
=

(1 + t)n − 1

t

∫
Rn
e−(1+t)ψ(x)dx+

∫
Rn
e−ψ(x) e

−tψ(x) − 1

t
dx.

Since limt→0+
1
t ((1 + t)n − 1) = n and limt→0+

e−tψ(x)−1
t = −ψ(x) = ln f(x), applying the monotone conver-

gence theorem we conclude the proof.

We are now in position to prove our main gradient estimate, Theorem 1.2.

Proof of Theorem 1.2. From Lemma 2.2 we know that if n > 10 then

R3n(µ) ⊇ 1
3B

n
2 .

By the definition of R3n(µ) it follows that

(4.9) e−3nf(0)1 1
3B

n
2

(x) 6 f(x), x ∈ Rn.
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and hence (4.7) is satisfied with α = e−3nf(0) but with radius 1
3 instead of 1. Then, Lemma 4.5 shows that

(4.10) lim
t→0+

∫
Rn(f ? (t · f))(x) dx−

∫
Rn f(x) dx

t
= n

∫
Rn
f(x) dx+

∫
Rn
f(x) ln f(x) dx.

On the other hand, Lemma 4.4 shows that

(4.11) lim
t→0+

(f ? t · (e−3nf(0)1 1
3B

n
2

))(z)− f(z)

t
=

1

3
|∇f(z)|+ f(z) ln(e−3nf(0))

almost everywhere. Note that

(f ? t · (a1rBn2 ))(z) = sup
{
f(x) · 1rBn2 (y/t)at : z = x+ y

}
= sup

{
f(z − rty)at : y ∈ Bn2

}
> atf(z)

for every a, r > 0. Therefore,

ht(z) :=
(f ? t · (e−3nf(0)1 1

3B
n
2

))(z)− f(z)

t
> f(z)

(e−3nf(0))t − 1

t

> ln(e−3nf(0)) f(z).

This last function is integrable, and hence applying Fatou’s lemma to the family of nonnegative functions

{ht(z)− ln(e−3nf(0))f(z)}t>0 and combining (4.9)–(4.11) we get

(4.12)
1

3

∫
Rn
|∇f(z)| dz +

∫
Rn
f(z) ln(e−3nf(0)) dz 6 n

∫
Rn
f(x) dx+

∫
Rn
f(x) ln f(x) dx.

Note that
∫
Rn f(z) dz = 1 and ∇f(x) = −f(x)∇ψ(x). Moreover, since f is a centered log-concave function,

from Jensen’s inequality we have

(4.13) ln f(0) = ln f

(∫
Rn
xf(x)dx

)
>
∫
Rn
f(x) ln f(x)dx.

Therefore, (4.12) yields

1

3

∫
Rn
|∇ψ(x)| dµ(x) 6 ln(e3nf(0)−1) + n+

∫
Rn
f(x) ln f(x) dx(4.14)

6 4n− ln f(0) +

∫
Rn
f(x) ln f(x) dx 6 4n.

This completes the proof of the theorem.

Remark 4.6. Theorem 1.2 contains a sharp upper bound for the first moment of ∇ψ with respect to the

isotropic log-concave probability measure µ with density e−ψ. This is the best integrability that one can

hope for in this setting, even in the one-dimensional case. To see this, fix p > 1 and consider the even

log-concave function fp : R→ R given by

fp(x) =
p

2

√
Γ(3/p)

Γ(1/p)
3/2

exp

(
−
(

Γ(3/p)

Γ(1/p)

)p/2
|x|p

)
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which satisfies
∫
R fp(x) dx = 1 =

∫
R x

2fp(x) dx and is thus an isotropic probability density. Moreover,

∫
R
|(− log fp)

′(x)|1+αfp(x) dx =

∫
R

|f ′p(x)|1+α

fp(x)α
dx = p1+α

(
Γ(3/p)

Γ(1/p)

) 1+α
2 Γ

(
(p−1)(1+α)+1

p

)
Γ(1/p)

for every α > 0. Using that Γ(ε) ∼ 1/ε as ε→ 0+, we obtain

∫
R

|f ′p(x)|1+α

fp(x)α
dx ∼ p1+α

(
p/3

p

) 1+α
2 Γ(1 + α)

p
= 3−

1+α
2 Γ(1 + α)pα

which is unbounded as p→∞.

§4.3. Optimal lower bound. The next proposition, already announced in the first part of Theorem 1.3,

shows that the quantity
∫
Rn |∇ψ(x)| dµ(x) is always bounded from below by c

√
n.

Proposition 4.7. Let µ be an isotropic log-concave probability measure on Rn with essentially continuous

density f = e−ψ. Then, ∫
Rn
|∇ψ(x)| dµ(x) > c

√
n,

where c > 0 is an absolute constant.

Proof. Since f is essentially continuous, the co-area formula (2.4) and Fradelizi’s inequality (2.5) give∫
Rn
|∇ψ(x)| dµ(x) =

∫ ‖f‖∞
0

Hn−1(∂{x : f(x) > t}) dt =

∫ enf(0)

0

Hn−1(∂{x : f(x) > t}) dt(4.15)

=

∫ ∞
−n

e−sf(0)Hn−1(∂{x : f(x) > e−sf(0)}) ds = f(0)

∫ ∞
−n

e−sS(∂Rs(µ)) ds.(4.16)

By the isoperimetric inequality,

S(∂Rs(µ)) > nω1/n
n voln(Rs(µ))

n−1
n .

From the definition of Rs(µ) we also see that, for any t, s > −n and any λ ∈ (0, 1),

(4.17) R(1−λ)t+λs(µ) ⊇ (1− λ)Rt(µ) + λRs(µ),

provided that the sets are non-empty. Combining the above, we get∫
Rn
|∇ψ(x)| dµ(x) > nω1/n

n f(0)

∫ ∞
−n

e−s(g(s))n−1 ds = nω1/n
n enf(0)

∫ ∞
0

e−u(g(u− n))n−1 du,

where g(s) = voln(Rs(µ))
1
n is a concave function on its support by (4.17) and the Brunn-Minkowski inequal-

ity. Now, we use the fact (see [2, Lemma 2.1]) that the function

p 7→
(

1

Γ(p+ 1)

∫ ∞
0

e−u(g(u− n))p du

)1/p
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is decreasing on (−1,∞) to write

∫ ∞
0

e−u(g(u− n))n−1 du >
Γ(n)

Γ(n+ 1)
n−1
n

(∫ ∞
0

e−u(g(u− n))n du

)n−1
n

.

Since
Γ(n)

Γ(n+ 1)
n−1
n

=
(n!)

1
n

n
≈ 1 and nω1/n

n ≈
√
n,

we obtain ∫
Rn
|∇ψ(x)| dµ(x) > c1

√
nenf(0)

(∫ ∞
0

e−u(g(u− n))n ds

)n−1
n

= c1e
√
nf(0)1/n

(∫ ∞
−n

e−sf(0)voln(Rs(µ)) ds

)n−1
n

= c1e
√
nf(0)1/n

(∫ ‖f‖∞
0

voln({x : f(x) > t}) dt

)n−1
n

= c1e
√
nf(0)1/n‖f‖

n−1
n

1 > c1
√
nLµ > c2

√
n

for an absolute constant c2 > 0, where the penultimate inequality uses again (2.5).

Considering the special case where µ has a radial density, we see that there exist isotropic log-concave

probability measures for which we have a O(
√
n) bound.

Proposition 4.8. Let µ be a radial isotropic log-concave probability measure on Rn, where n > 2. Assume

that the density f of µ is of the form f = e−ψ, where ψ(x) = g(|x|) for a continuously differentiable function

g : [0,∞)→ R. Then, ∫
Rn
|∇ψ(x)| dµ(x) 6

√
n+ 1.

Proof. We shall use the following result of Borell (see [13, Theorem 2.2.5]). If G = e−g : [0,∞)→ [0,∞) is

a log-concave function, then the function

Ψg(p) =

∫∞
0
rpe−g(r) dr

Γ(p+ 1)

is log-concave on [0,∞). Note that∫
Rn
|x|qdµ(x) = nωn

∫ ∞
0

rq+n−1e−g(r)dr = nωnΓ(q + n)Ψg(q + n− 1)

for every q > −(n− 1). Since µ is a probability measure we have

nωnΓ(n)Ψg(n− 1) = nωn

∫ ∞
0

rn−1e−g(r)dr = µ(Rn) = 1,

and since µ is isotropic we also have

nωnΓ(n+ 2)Ψg(n+ 1) = nωn

∫ ∞
0

rn+1e−g(r)dr =

∫
Rn
|x|2dµ(x) = n.
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Recall that f = e−ψ with ψ(x) = g(|x|). Therefore, integration by parts shows that

I :=

∫
Rn
|∇ψ(x)| e−ψ(x)dx = nωn

∫ ∞
0

rn−1g′(r)e−g(r)dr

= (n− 1)nωn

∫ ∞
0

rn−2e−g(r)dr

= (n− 1)nωnΓ(n− 1)Ψg(n− 2).

Writing n− 1 = 2
3 (n− 2) + 1

3 (n+ 1) and using the log-concavity of Ψg we get

Ψg(n− 1)3 > Ψg(n− 2)2Ψg(n+ 1)

or equivalently,
1

Γ(n)3
>

I2

(n− 1)2Γ(n− 1)2

n

Γ(n+ 2)
.

It follows that

I2 6

(
(n− 2)!

(n− 1)!

)2
(n+ 1)!

(n− 1)!

(n− 1)2

n
=

1

(n− 1)2
n(n+ 1)

(n− 1)2

n
= n+ 1,

which proves the proposition.

5 Reformulations and geometric applications

In this section we collect a number of reformulations of our main estimate from Theorem 1.2. Some of the

results are direct applications of this estimate, once the relevant language has been established.

§5.1. Moment measure of a log-concave function. Let f = e−ψ : Rn → [0,∞) be a pointwise finite

log-concave function with finite positive integral. We define the moment measure µf of f to be the Borel

measure on Rn which is the push-forward of fdx under ∇ψ. Equivalently,

(5.1)

∫
Rn
g(y) dµf (y) =

∫
Rn
g(∇ψ(x))f(x) dx

for every Borel measurable function g such that g ∈ L1(µf ) or g is non-negative.

The question that was addressed by Cordero-Erausquin and Klartag in [20] is to characterize those mea-

sures ν that are moment measures of log-concave functions f on Rn with finite positive integral. Under the as-

sumption that f is essentially continuous (or, equivalently, that ψ is essentially continuous) they showed that

the moment measure µf of a log-concave function f as above has the following two properties: it is centered

and it is not supported by a hyperplane. In particular, they showed that the first moment of µf is finite:

(5.2)

∫
Rn
|y| dµf (y) =

∫
Rn
|∇ψ(x)| f(x) dx < +∞.

It turns out that these necessary conditions are also sufficient. The main result of [20] shows that there is

a bijection between essentially-continuous, convex functions ψ modulo translations, and finite measures on

Rn that are centered and not supported by a hyperplane.

Theorem 5.1 (Cordero-Erausquin–Klartag). Let ν be a Borel measure on Rn such that
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(i) 0 < ν(Rn) < +∞.

(ii) The measure ν is not supported by a lower-dimensional subspace.

(iii) The barycenter of ν lies at the origin; in particular, ν has finite first moment.

Then, there exists an essentially continuous convex function ψ : Rn → R∪{+∞} such that ν is the moment

measure of the log-concave function f = e−ψ. Moreover, this function ψ is uniquely determined up to

translation.

Assuming that f is an isotropic log-concave function on Rn, Theorem 1.2 immediately implies a quanti-

tative version of (5.2).

Theorem 5.2. Let µf be the moment measure of an isotropic log-concave function f on Rn. Then,∫
Rn
|y| dµf (y) 6 Cn

for some absolute constant C > 0.

§5.2. Surface area measures of a log-concave function. Recall that for every convex body K in Rn

there exists a Borel measure SK on Sn−1, the surface area measure of K, such that

(5.3) lim
t→0+

voln(K + tL)− voln(K)

t
=

∫
Sn−1

hL(ξ) dSK(ξ)

for every convex body L in Rn. Choosing L = Bn2 we see that SK(Sn−1) equals the surface area of K.

A natural question in “functional convexity” is to extend the notion of the surface area measure of a

convex body to the setting of functions in LCn. For any log-concave function f : Rn → R with 0 <
∫
f <∞,

Rotem considered in [46] and [47] two surface area measures of f . Write f = e−ψ, where ψ : Rn → (−∞,∞]

is a convex function. Then, the first surface area measure µf of f is a measure on Rn, defined as the

push-forward

µf = (∇ψ)∗(fdx).

Note that, in the terminology of §5.1, µf is precisely the moment measure of f . The second surface area

measure of f is a measure νf on the sphere Sn−1, defined as the push-forward

νf = (nKf )∗(fdHn−1|∂Kf ),

where Kf = {x : f(x) > 0} is the support of f , and nKf denotes the Gauss map nKf : ∂Kf → Sn−1.

For example, if f(x) = e−|x|
2/2 then µf = e−|x|

2/2dx and νf ≡ 0, because ∂Kf = ∂Rn = ∅. On the

other hand, if f = 1K for some convex body K in Rn then µ1K = voln(K) δ0 and ν1K = SK , the usual

surface area measure. The pair (µf , νf ) is the pair of surface area measures of f .

It is useful to observe that we do not assume any regularity for the definitions of µf and νf . Since

ψ = − ln f is a convex function, it is differentiable almost everywhere with respect to Lebesgue measure on

the set Kf = {x : ψ(x) <∞}. Therefore, the push-forward (∇ψ)∗(fdx) is well-defined. Similarly, since Kf

is a closed convex set, its boundary ∂Kf is a Lipschitz manifold, and hence the Gauss map nKf is defined

Hn−1-almost everywhere and the push-forward is again well-defined.

Motivated by (5.3), for any f, g ∈ LCn one may consider the first variation of the integral of f in the

direction of g, defined by

(5.4) δ(f, g) = lim
t→0+

∫
f ? (t · g)−

∫
f

t
.
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Under some additional regularity assumptions, δ(f, g) was studied by Colesanti and Fragalà in [17]. The

same first variation appears in the work of Cordero-Erausquin and Klartag [20] on moment measures that

we briefly discussed in §5.1, as a step in their proof of the Minkowski-type existence Theorem 5.1. Rotem

dropped the additional hypotheses in [46] and proved that if f = e−ψ, g = e−ϕ ∈ LCn, 0 <
∫
f < ∞ and

νf = 0 then

(5.5) δ(f, g) =

∫
Rn
hgdµf

with no regularity assumptions, where

hg = Lϕ

is the Legendre transform of ϕ, which is the functional analogue of the support function of g. Note that

since f is log-concave and upper semi-continuous, it is only discontinuous at points x ∈ ∂Kf such that

f(x) 6= 0. Therefore the condition νf = 0 is equivalent to the statement that f is essentially continuous. In

his subsequent work [47], Rotem obtained a very general version of (5.5).

Theorem 5.3 (Rotem). Let f, g ∈ LCn such that 0 <
∫
f <∞. Then,

(5.6) δ(f, g) =

∫
Rn
hgdµf +

∫
Sn−1

hKgdνf .

Rotem proved in [47, Proposition 1.6] that νf (Sn−1) < +∞. Assuming that f is an isotropic log-

concave function on Rn, we shall complement the estimate of Theorem 5.2 by providing a similar estimate

for νf (Sn−1). More precisely, we will show that∫
Rn
|y| dµf (y) + νf (Sn−1) ≤ Cn.

This is the content of Theorem 1.5 and is again a consequence of Theorem 1.2.

Proof of Theorem 1.5. Write f = e−ψ for a proper lower semi-continuous convex function ψ : Rn → (−∞,∞].

For λ > 0, let ψλ : Rn → R be the infimum convolution of ψ with the function 1
2λ |x|

2, namely

ψλ(x) = inf
y∈Rn

{
ψ(y) +

1

2λ
|x− y|2

}
.

The function ψλ is also referred to as the Moreau envelope of ψ, see [45, Definition 1.22]. Notice that ψλ is

always finite and ψλ(x) 6 ψ(x) at points x where ψ(x) <∞. Observe further that the function

Θλ(x, y) = ψ(y) +
1

2λ
|x− y|2

is jointly convex in (x, y) and thus ψλ = infy Θλ(·, y) is also convex. Moreover, it is a classical fact (see, e.g.,

[45, Theorem 2.26 (b)]) that ψλ is of class C1 on Rn.

Recall that a sequence of convex lower semi-continuous functions φn : Rn → (−∞,∞] epi-converges to

φ : Rn → (−∞,∞] if for every x ∈ Rn the following conditions are met:

(i) for every sequence xn → x, we have

lim inf
n→∞

φn(xn) > φ(x)

29



(ii) there exists a sequence xn → x for which

lim sup
n→∞

φn(xn) 6 φ(x).

Given a sequence λn ↘ 0 as n→∞ we will show that the sequence of functions {ψλn}n>1 epi-converges

to ψ. It is well known that ψλn converges pointwise to ψ as n→∞ (see, e.g., [45, Theorem 1.25]) and thus

property (ii) holds trivially for xn = x. To verify property (i), fix some x ∈ Rn and a sequence xn → x. By

the Fenchel–Moreau theorem, since ψ is proper, lower semi-continuous and convex, we have

(5.7) ψ(x) = sup
{
`(x) : ` is an affine function with ` 6 ψ

}
for every x ∈ Rn. Therefore, for such an affine function `(y) = 〈y, a〉+ b, we also have

ψλn(xn) > inf
y∈Rn

{
`(y) +

1

2λn
|xn − y|2

}
= inf
y∈Rn

{
〈y, a〉+ b+

1

2λn
|xn − y|2

}
= 〈xn, a〉+ b− λn

2
|a|2

as the infimum is attained at y = xn − λna. Therefore,

lim inf
n→∞

ψλn(xn) > 〈x, a〉+ b = `(x)

and condition (i) follows from equation (5.7). This establishes that ψλ epi-converges to ψ as λ→ 0+.

Now consider fλ = e−ψλ : Rn → (0,∞) and observe that fλ is a C1 log-concave function. Since f is

integrable, there exist constants c1, c2 > 0 such that

ψ(x) > c1|x| − c1

for every x ∈ Rn. Therefore, we also have

ψλ(x) > inf
y∈Rn

{
c1|y| − c2 +

1

2λ
|x− y|2

}
> inf
y∈Rn

{
c1|y| − c2 +

1

2λ

(
|x|2 − 2|x||y|+ |y|2

)}
= inf
t>0

{ 1

2λ
|x|2 − c2 +

(
c1 −

|x|
λ

)
t+

t2

2λ

}
.

The infimum of the latter expression is attained at t∗ = λc1 − |x|. If t∗ > 0, this gives

ψλ(x) > c1|x| − c2 −
λc21
2

whereas if t∗ < 0 then plugging t = 0 we get

ψλ(x) >
1

2λ
|x|2 − c2 > c1|x| − c2 −

λc21
2
,

since the second inequality holds for every x ∈ Rn. This way we conclude that

fλ(x) 6 exp
(
− c1|x|+ c2 +

λc21
2

)
for every x ∈ Rn. In particular, the integrands of the parameters

Zλ =

∫
Rn
fλ(x) dx, mλ =

∫
Rn
x fλ(x) dx and Σλ =

∫
Rn

(
x−mλ)⊗ (x−mλ) fλ(x) dx
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are all bounded above by uniformly integrable functions when λ ∈ (0, 1). Since fλ converges pointwise to f ,

the dominated convergence theorem yields

Zλ −→
∫
Rn
f(x) dx = 1, mλ −→

∫
Rn
x f(x) dx = bar(f) = 0

and

Σλ −→
∫
Rn
x⊗ x f(x) dx = Cov(f) = In

as λ→ 0+. In other words, the renormalized C1 log-concave functions

Fλ(x) =
|det Σλ|1/2

Zλ
fλ
(
Σ

1/2
λ x+mλ

)
are isotropic and converge to f in the topology of epi-convergence of their convex potentials.

Write Fλ = e−Ψλ for some C1 convex function Ψλ : Rn → R. Invoking a recent result of Falah and Rotem

[24, Theorem 1.9], we deduce that the pair of surface area measures (µFλ , νFλ) of Fλ converges cosmically

to (µf , νf ) as λ→ 0+, that is, for every continuous function ξ : Rn → R for which the limit

ξ(θ) = lim
λ→∞

ξ(λθ)

λ

exists (in the finite sense) uniformly in θ ∈ Sn−1, we have

(5.8)

∫
Rn
ξ(y) dµf (y) +

∫
Sn−1

ξ(θ) dνf (θ) = lim
λ→0+

∫
Rn
ξ(y) dµFλ(y) +

∫
Sn−1

ξ(θ) dνFλ(θ).

However, since Fλ are C1 and positive on Rn, they are in particular essentially continuous. Thus νFλ = 0

and µFλ is the moment measure of Fλ. Plugging ξ(y) = |y| in (5.8), for which ξ(θ) ≡ 1, we finally conclude

that ∫
Rn
|y| dµf (y) + νf (Sn−1) = lim

λ→0+

∫
Rn
|y| dµFλ(y) 6 Cn

by Theorem 5.2 as the functions Fλ are isotropic log-concave.

Combining Theorem 1.5 with the generalized co-area formula (2.3) of [46, Theorem 3.2], we derive the

following general statement about the perimeter of super-level sets of isotropic log-concave functions.

Corollary 5.4. There exists a universal constant C > 0 such that for every isotropic log-concave function

f on Rn,

(5.9)

∫ ∞
0

Hn−1(∂{x : f(x) > t}) dt 6 Cn.

§5.3. Perimeter of the super-level sets. Let µ be an isotropic geometric log-concave measure on Rn.

Recall that µ+(∂Rs(µ)) 6 Cn3/2 for any s > 0, where C > 0 is an absolute constant. Moreover, if we assume

that f is even then the convex bodies Rs(µ) are symmetric, and we have the upper bound µ+(∂Rs(µ)) 6 2n

for every s > 0. These estimates have been obtained in [12].

Corollary 5.4 allows us to improve the general O(n3/2) bound.
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Theorem 5.5. Let µ be an isotropic log-concave probability measure on Rn with density f = e−ψ satisfying

f(0) = ‖f‖∞, where ψ is a convex function on Rn. Then, for any s > 0 we have that

µ+(Rs(f)) 6 Cn

where C > 0 is an absolute constant.

Proof. From Corollary 5.4 and (2.9) we know that∫ ∞
0

µ+(∂Rs(µ)) ds =

∫ ∞
0

Hn−1(∂{x : f(x) > t}) dt 6 C1n

for some absolute constant C1 > 0. From Markov’s inequality, we see that if A = {s > 0 : µ+(∂Rs(µ)) 6
2C1n} then the Lebesgue measure of [0,∞) \ A is at most 1

2 . Therefore, for any s > 0 we may find

t ∈ (s, s+ 1) ∩A, and by the definition of A we have

e−t‖f‖∞S(Rt(µ)) = µ+(∂Rt(µ)) 6 2C1n.

Since Rs(µ) ⊆ Rt(µ) we get

‖f‖∞S(Rs(µ)) 6 ‖f‖∞S(Rt(µ)) 6 2C1ne
t 6 (2eC1)nes.

This shows that

µ+(∂Rs(µ)) = e−s‖f‖∞S(Rs(µ)) 6 (2eC1)n,

and the theorem follows with C = 2eC1.

Remark 5.6. The argument that we used for the proof of Proposition 5.5 shows that for every a > 0 there

exists s ∈ [a, a+ n] such that µ+(Rs(f)) 6 C, where C > 0 is an absolute constant.

§5.4. Projections of a log-concave function. Let f : Rn → [0,∞) be a log-concave function. Given

E ∈ Gn,k, where Gn,k is the Grassmann manifold of k-dimensional subspaces of Rn, the “section” of f with

E is the restriction f
∣∣
E

of f onto E and the “projection” or “shadow” of f onto E is the function

PEf(x) := max{f(x+ y) : y ∈ E⊥}, x ∈ E

where E⊥ is the orthogonal subspace of E. For every log-concave function g and any t > 0 we define

R̃t(g) = {x : g(x) > t}, t > 0. Note that Rs(g) = R̃e−sg(0)(g) for every s > 0. It is not hard to check that

(5.10) R̃t(PEg) = PE(R̃t(g)) and hence Rs(PEg) = PE(Rs(g))

for every t, s > 0. We denote by νn,k the uniform probability measure on Gn,k.

Theorem 5.7. Let µ be an isotropic log-concave probability measure on Rn with density f = e−ψ such that

f(0) = ‖f‖∞. Then, ∫
Gn,n−1

‖PEf‖1dνn,n−1(E) 6 C
√
n,

where C > 0 is an absolute constant.
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Proof. Cauchy’s surface area formula asserts that

(5.11) S(K) =
nωn
ωn−1

∫
Gn,n−1

voln−1(PE(K)) dνn,n−1(E)

for every convex body K in Rn. On the other hand, for any E ∈ Gn,n−1 we have

‖PEf‖1 =

∫ ‖f‖∞
0

voln−1(R̃t(PEf)) dt =

∫ ∞
0

e−s‖f‖∞voln−1(Rs(PEf)) ds

=

∫ ∞
0

e−s‖f‖∞voln−1(PE(Rs(f))) ds,

taking into account (5.10). Combining the above, we write∫
Gn,n−1

‖PEf‖1dνn,n−1(E) =

∫
Gn,n−1

∫ ∞
0

e−s‖f‖∞voln−1(PE(Rs(f))) ds νn,n−1(E)

=

∫ ∞
0

e−s‖f‖∞
∫
Gn,n−1

voln−1(PE(Rs(f))) νn,n−1(E) ds

=
ωn−1

nωn

∫ ∞
0

e−s‖f‖∞S(Rs(f)) ds

=
ωn−1

nωn

∫ ∞
0

µ+(∂Rs(f)) ds

=
ωn−1

nωn

∫ ∞
0

Hn−1({x : f(x) = t}) dt 6 C
√
n,

from Corollary 5.4 and the fact that ωn−1

nωn
≈ 1√

n
.

Note that if K is an isotropic convex body in Rn and f = LnK1K/LK then PEf = LnK1PE(K/LK).

Therefore, ∫
Gn,n−1

‖PEf‖1dνn,n−1(E) = LK

∫
Gn,n−1

voln−1(PE(K)) dνn,n−1(E)

≈
∫
Gn,n−1

voln−1(PE(K)) dνn,n−1(E)

in this case. Consider the example of the cube Qn =
[
− 1

2 ,
1
2

]n
. Then,∫

Gn,n−1

voln−1(PE(Qn)) dνn,n−1(E) =

∫
Sn−1

voln−1(Pξ⊥(Qn)) dσ(ξ)

=
ωn−1

nωn
S(Qn) =

2ωn−1

ωn
≈
√
n.

This shows that the upper bound that we obtained in Theorem 5.7 is optimal with respect to the dimension.

Remark 5.8. The assumption f(0) = ‖f‖∞ can be removed from most applications of (2.9) by straightfor-

ward modifications relying on Fradelizi’s inequality (2.5), similar to the proof of Proposition 4.7. We decided

not to implement this in full generality for brevity of the exposition.
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