Project 6 - Exam of Metric Embeddings
Student: Sara Asad
Theorem 1 (Assouad’s embedding theorem). For every € € (0,1) and K > 0, there exist N = N(K,e) € N
and D = D(K,¢) € (1,00) such that for every separable metric space (X,d) with doubling constant K, the

metric space (X7 dl_e) admits a biLipschitz embedding into RN with distortion at most D.

In the article by Assaf Naor and Ofer Neiman [2] it is proved that the dimension N of the Euclidean space
into which the metric space (X ,dlfs) embeds depends only on the doubling constant K, and not on the
parameter € € (0,1/2):

Theorem 2. For every K > 0 there exists N = N(K) € N, and for every e € (0,1/2) and K > 0 there exists
D = D(K,¢) € (1,+00) such that for every separable metric space (X, d) with doubling constant K, the metric
space (X,d*=¢) admits a bi-Lipschitz embedding into RN with distortion at most D.

Proof of the Theorem 2

Proof. 1. Setup, assumptions and constants

Considering a separable metric space (X, d) with doubling constant K > 0 and fixing £ € (0,1/2), we define

e [ - 5],

where 6 € (0,1) is fixed and ¢ > 0 is a universal constant, chosen later sufficiently large. With this definition

K :=log K and

N = N(K) is a natural number which does not depend on ¢ € (0,1/2). Finally, we denote with 7 the quantity
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Firstly, we observe that it suffices to demonstrate the case of X finite. Indeed, N does not depend on | X|

and the Euclidean distortion of X is equal to the supremum of the Euclidean distortions of its finite subsets:
cgn (X) =sup{cgn (F) : F C X and |F| < 400} .

The last result is proved following the argument of Lemma 4.9 of [1]. Let D be the supremum of the distortions
of all finite subsets F' C X. For every such finite subset containing a fixed point zy € X, there exists an (A, B)-
Lipschitz embedding gr : F — RY with B/A < D, such that gg(z9) = 0. We then define an application fp
from X to RY by setting fr(z) = gr(z) if = belongs to F, and fr(x) = 0 otherwise.

For each = € X, we then set f(x) = limpy fr(x) , where U is an ultrafilter finer than the filter of inclusion
on the set of all finite subsets of X containing xo. We observe that fr(x) is, for any F, an element of the closed
ball centered at 0 and of radius B d(xg,x); its compactness ensures the existence of f(x). The application f

is then an embedding of X with distortion D.



Without loss of generality, we also assume that diam(X) = 1, since if diam(X) = D, we can rescale the

metric as
d(z,y)
D b

d'(z,y) = for every z,y € X,

obtaining that d’ is still a metric. Moreover, the doubling constant K does not change, since

By(z,r)={ye X :d'(z,y) <r}={y € X :d(x,y) <rD} = By(z,7D).

2. Nets and random radii

For every i € N let {zf{,...,z}, } C X be a %Tﬁ—net of X, that is, for every 2 € X there exists j €

{1,...,n;} such that d(z, ;U;) <ir = . With this construction, the density of the nets increases as i increases.
We then fix a natural index ¢ € N. For every point x; in the net and for every k& € {1,...,N}, let

Rfj € %Tl%f, %TE} be a random variable whose density ®; is defined for every r € R as
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This density ®; is well-defined since it is non-negative and its integral over its support equals 1. Indeed,
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We will also use random variables
{UF(C):ieN, ke{1,...,N}, C C X},

each of which is uniformly distributed on the interval [0, 1]. Thus, for each i € N and k € {1,..., N}, there

are 21X| such random variables, since they are indexed by all subsets C' C X.

We assume that the random variables
{RE ikeN, je{l,....n}} U {UF(C):i,keN, CC X}

are mutually independent and defined on a probability space (€2, P).

3. Construction of random partitions The metric space is partitioned into disjoint clusters using the random

variables previously defined.



We define the random partitions of 72, B(«}, R};)

k mi,. ,w;T
Pri= Py ik,
as
Mg j—1
k i pk i pk i pk
PP ={B(z1,Rj})} U U B(x;‘ﬂRij) \ U B(zy, Ry) | \ {0}.
j=2 1=1
For every element = € X we write P*(z) to denote the set in P¥ to which x belongs. We observe that, since
zt, ..., 2t }is a 277=-net of X and every random variable R¥ belongs to |177=, 177 |, the partitions
1 n; 4 iJ 4 2

Pk are Ti—bounded, meaning that the diameter of P¥(x) is at most 775 for every x € X.

For next purposes (Section 8), for every y € X we also introduce

J(iy) == {j € {17~-~,ni}:d(y,x§) SQTﬁ}7

and we consider
j(isk,y) :==min{j € J(i,y) : y € Bz}, R)} .

The index j (i, k, y) is guaranteed to exist because {z}, ... 2}, }isa %Ti—net of X, and, since RY,, ..., RF >
%7’1175, every point y is necessarily covered by at least one ball B (:17;, Rfj) Moreover, from Rfj < %71%5 it

follows that necessarily j € J(i,vy).

A point is assigned to the ball with the smallest index j(i, k, y) that contains it, provided it was not already
contained in any ball B(xz{, R%) with | < j(i, k,y). From the definition of P/ (y) it follows that

J(isk,y)—1

Pik(y) = B(xé(i,k,y)vaj(i,k,y)) \ U B(aff,sz) (1)
=1

We note that if there exists z € B(aj, Rjj) N B(a; 1 v, By 5.,))s then

d(l‘fa y) < d(mf, z) +d(z, xé(i,;@7y)) + d(xé‘(i,k,y), Y)
k k
< Ry + 2Rij(i 1)
1
2

i i .
TI-¢ 4 71-¢ S 27-1—5’

IA

which implies that [ € J(i,y). It follows that (1) can be rewritten as

PF(y) = By Rijiikg) \ U B(x}, RY). (2)
1€ (6,y) {1, (i) —1}



4. Definition of the random embedding For every i € N and k € {1,..., N} we define the random mapping

fFiXx >R

fH(x) = UF(PF(2)) - min {Ti, GakT(_l%_l)d(Jc,X \ Pf(x))}

and then the random embedding

F:X —>RY
L (XE ) Yooy ()
F(gj)—( N i )

Every sum converges geometrically since 7 < 1/2 and
0< ff(z) <7

for every i € Nand k € {1,..., N}, leading that F is well-defined.

5. Lipschitz analysis of the local components fF

We fix i € N, k € {1,..., N} and two elements z,y € X such that f¥(z) > fF(y); the opposite case where
fE(x) < fF(y) is analogous.

We consider the first case in which PF(z) # PF(y). This means that y ¢ PF(z) or, equivalently, y €
X \ PF(z). From the definition of fF, it holds that f¥(y) > 0, therefore

< min {Ti, 64/-@7'_1%d(x,X \ Pf(x))}

< min {Ti, 64%377£d(x, y)} .
The second-last inequality follows from the fact that UF(PF(z)) € [0, 1], while the last one follows from

by definition of the distance between a point and a subset.

Consider now the other case in which PF(z) = PF(y) = C. Since fF(z) > fF(y), it cannot happen that
fE(y) = UF(C) 7%, because this would give the contradiction fF(x) < UF(C)7! = fF(y). Therefore one
necessarily has f¥(y) = UF(C)64xT~ 172 'd(y, X \ C). Then

ie

FE@) = fF ) = fF(2) = UF(C) 64T~ d(y, X \ C)
< UMC) 64k T [d(z, X \ C) — d(y, X \ C)].

Using that for every subset A C X the inequality |d(z, A) — d(y, A)| < d(z,y) holds, we obtain

|fE(2) = fFy)| < 64r7™ 75 (2, y).
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Since fF(z), f¥(y) € [0,77], it is also true that
fi@) = ffy) < 7'

Thus, for every z,y € X

|fF (@) = fF(y)| < min {T 64/{T’lifgf’1d(%y)} :

6. Global extension of the Lipschitz bound By the definition of the random embedding F', we have

1/2

A

,,,,,

N [e%s) 2
IF@) - Fw)ls < |+ (Z () ff<y>|> < |, max (
k=1 L=

= _max Z\f’“()

ke{1o N} 4 g

where the last inequality follows from (3).

We observe that for every element z € X

oo
[F(2)]l2 < Z

where the last inequality uses that 7 < 1/2. Therefore,

1F(x) = F()llz < [[F@)]2 + [F@)]2 < 7

0

= 3;—0 it follows that
K

If d(z,y) >

(1+0)(1-2)
K —
1F (@) = F)ll: S ——g— dla,y)"

Now we consider the opposite case when d(z,y) < ™47

T m+1
— 71— d < - r1%
oin T <dmy) s 64/-;7

Then, splitting at m the sum in the previous estimate, we have

| F(x) — F(y)ll2 < dxyz Z ;i
i=1 i=m+1
- Z E—i— Z Tt
i=1 1=m-+1

£ <3 min {7, 61kr (e, )

_1
:E . Let m € N be such that



Recalling that 0 < e,7 < 1/2, the first sum can be estimated as

m me
ie T - — 1 1 __ me
T 1l—e = = S —T 1-—¢
1—77=¢ €
i=1
€
T 1
<
~Y

oo . Fm+l 1—e¢ . ,(14+0)(1—¢) -
Z T = 11—, S g d(z,y) —° < Td(%y) <.

This concludes the proof of the Lipschitz continuity of F' with respect to the metric d'~:

1+6 1 r(1+6)(1—¢)
d(z,y) - +
et ’ EK(1+0)€d(Z‘,y)E b
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d(z,y)" ~° +

d(z,y)'°
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7. Probabilistic groundwork In this section we define the subsets and the events necessary for studying the

lower bound of the random embedding F'. More specifically, they will be useful for using the Lovész Local

Lemma in Section 12.

For each ¢ € N, we denote by §; the quantity

where ¢* is the implied universal constant in the final inequality of (6).

We consider N; a d;-net of X, and define the set
M = {(i,u,v) ENXN; x Nj: 77 < d(u,v) < 37'%}
For every (i,u,v) € M, we take the subsets

TH—I

Gli,u,v):=={ke{l,...,N}: fo(u)_fo(v) > C{l....N}

L(i,u,v) =k € {1,...,N}: > fFu) = ffw)| =27 5 < {1,...,N},
j=1 j=1



and we define the respective events

B, u,v) = {G(z’,u,v)| > JQV} co

T, u,v) = {L(i,u,v)| > ZZ} co.

We observe that for every (i,u,v) € M we have the inclusion T'(i,u,v) C E(i,u,v). Indeed, from (3) it
follows that for all k € {1,...,N}

S - Y )| < Y A< o

j=i+1 j=i+1 j=i+1

Hence, if k € L(i,u,v), then

j=1 j=1 j=1 j=1 j=it1 j=it1
Ti+1

. 3 .
> 92 i+1 Y i+l
= &T 27— 9

which implies that k& € G(i,u,v). Therefore, the condition |L(i,u,v)| > & implies that |G(i,u,v)| > &,

obtaining the desired inclusion.

Finally, we take the graph H = (V| Ef), where
V :={T(i,u,v) : (i,u,v) € M},
and the edges are defined as follows:
{T(i,u,v), T W'V} € By < i=1i and d({u,v},{v,v'}) < 47T,
Moreover, we define the mapping

p: V=N, p(T(i,u,v)) = 1.

8. Dependence of the events on the random variables Fixing (i, u,v) € M, we introduce two subsets of random

variables, denoted by H and ), and show that the intersection of all events T'(i’,u’, v") that are non-adjacent

to T'(i,u,v) in the graph depends only on the variables in H U ..

We consider a subset

QC{{,W,W)YeM:i>i and {T(i,u,v),T(',u',v")} & En}.



Considering the following subset of random variables
He={Rj;:ie{l,...;i—1}, je{l,....,na}, ke {l,... . N}U{UL(C): ¢ €{1,...,i—1}, ke{l,...,N}, CC X}.

If (¢, u/,v") € Q with i’ < 4, then the event T'(¢',u’,v") depends only on the random variables indexed by levels

j <4, and hence only on the variables in H.

We now consider the case i’ = i. If (i,v/,v') € Q and {T(%,u,v),T(i,u',v")} ¢ Eg, then it follows that
d(u',u), d(v',u) > 477=. Since diam(PF(u')) < 77==, for every = € P¥(u') we have

d(z,u) > d(u',u) — d(z,u') > ArTE T = 37’i,
and we obtain the same argument for every = € Pi’“(v’ ). Therefore,
PF@'),PF(v') C X\ B <u727‘ﬁ) .
Hence, definining the subset ) as
V= {RE :je{l,...,n}\JGu), ke{l,...,N}} U {Uf(C) kefl,...,N}, ch\B(u,zTi)},

we have that
Uf(Pf(u’)), Uik(Pik(UI» €.

Moreover, from the previous observations it holds that
J(i,u)NJ@,u") =0 and J(i,u)NJ(i,0") =0,

and so, by their alternative definitions (2), PF(u’), PF(v') depend only on the variables in ). Therefore,
fE@), fF(v") depend only on the variables in )/, which implies that the event 7T'(i,u’,v') depends only on
H UY. We conclude that the intersection

depends only on HU ).

9. Local probability estimates We now estimate the probability of the events A;, which describe how the

random balls intersect a fixed neighborhood of a point u, namely B (u, ().Z—Hfi) We then derive a lower

bound on the probability that this ball is contained in the random partition PF(u).

For every j € {1,...,n;} consider the event A; defined as

Aj = (jﬂl {B(i RSN B (u,MLkT&) - @}) n{B(}, RN B (u,MLkTﬁ) ¢ {0.B (u GZ—ka)}}

=1



The event A; occurs if j is the first index such that the ball B (:z:;, Rfj) has a non-trivial intersection with
B (u MLKTT)
By the definition of the partition P¥, the union of such events corresponds to the event that the ball around

u is not fully contained in P} (u):

U A= {B (u, &Tﬁ) gz Pik(u)}.

JE€EJu
For the aim of this section we define the subset
Ju = {j e{1,...,n;} x; €B (u,Tﬁ?)}

and we observe that, since
k U i - 1 k3 -
ij7 64k ' < 2 ' ’

if a ball B(gc;7 Rfj) intersects B (u, &Tﬁ) , then by the triangle inequality its center x; must lie in B (u, Tﬁ) ,
meaning that any such j € J,,.

Since (X, d) is K-doubling, the ball B (umﬁ) can be covered by at most K3 balls of radius %Tﬁ, and
each of these balls contains at most one point of the %Tﬁ—net {xi,... ,xﬁl} Hence, |J,| < K3.

We must have B (z%, R};) N B (u7 ﬁTi) # () for some j € J,, and therefore, using the independence of

RE,...,RE . one has
= : k T %5
1= ZP B(QU},Rij)ﬂB(u,M—le )75@
J€Ju
A B (JJ%RZ) NnB (u, 61]67—&) = () for every | < j] (7)

j—1

= i k T %E _ ; . - i
We now fix j € J,. Denote by a and b the minimum and maximum distance from the center 96; to points in

the ball B (u, 5777 ):

a:= min d(z%,z) and b:= max d(mé, 2).

) IR
i i
zGB(u,—GZKTl—E) ZEB(%TZNT“&)

By the triangle inequality, the distance between any two points in the ball B (u, ﬁri) is at most twice

its radius. Hence one has




Then

[ ) 0 W) = [y i

max TIZE
16 max a,"i} 16max{a,TliE }
KS _# _1761_5 KS _7724
< "1 K . — K -1-—=¢ < 7 1[( L1—¢ (1 _ K~ 3264K)

‘We observe that

; tomax)a, T
o
P{B(u,ﬁi Tla)mB(a: R’“)ﬂ)} /{ lia}q)i(r)d'rKfil K f _K¥ |,

obtaining that the last estimate can be rewritten as

P [B(a:;,Rg) nB (u, GZHTﬁ) ¢ {(2), ( }

< (1— K—32%x) (]p 15 (u, 61K7115)03(x Rk)yé@} +K41_1> )

We now use (7) and (8), the observation that |J,| < K® and the independence of Rl ..., R to conclude
that

1=P[B (0, =) € Prw)| < 3 Pl4]

<1-K %em <1-K ®=1—¢".

10. Definition of the success events For every (i,u,v) € M and k € {1

., N} we now define the event
S(i,u,v,k) :={k € L(i,u,v)}.

and consequently

Zy = S(i,u,v, k)N {B (u, 631—,%7-&) - Pik(u)} )

10



We observe that if B (u, ﬁﬂ%s) C PF(u), then fF(u) = UF(PF(u)) - 7°. Indeed, the inclusion implies

that the distance from u to the complement of its cluster satisfies d(u, X \ PF(u)) > ﬁﬂ%s. Recalling the

definition of f¥ given in Section 4, we observe that the second term in the minimum satisfies

64/{7’7%71d(u,X \ Pf(u)) > 64rr T= L. 6%71%5 — s M i
K

Therefore Z; can be rewritten as

) i—1 ) 4
Ze={B (u ™ ) S PE@) f 0S| (£ ) = ) + UF(PFw) 7 = £ )] = 27!

j=1

Dividing the above inequality by the positivity quantity 7¢, we can rewrite the second condition in Z, as

i—1

UF(PFw) +77" | () = ff () = fF ) | | = 27,

j=1

which, denoting
i—1

c=1 | YW — £ )~ ) ]

j=1
is equivalent to
UF(PF(u)) ¢ (c — 27, ¢+ 27).

) 64K
tion, and is therefore independent of the variables in H U ).

From (2), the event B (u L7i> C PF(u) depends only on the random variables determining the parti-

We now claim that UF(PF(u)) is independent of ¢ and of H U Y. Indeed, by the definition of M, d(u,v) >

775, while every PF(u)) has diameter at most 77 Therefore, PE(u) # PF(v). In particular, the random

variables UF(PF(u)) and UF(PF(v)) are distinct, thus UF(PF(u)) is independent of f¥(v) and hence of c.

Moreover, UF(PF(u)) is uniformly distributed on [0, 1]. Since the interval (¢ — 27, ¢+ 27) has length at most
47, we obtain
P (Uf(PZk(u)) ¢ (c—21,c+27)) > 1—47.

Combining these observations, we conclude that

p:=P[Z, |HUY)]
—P [B (u 6;{7&) c Pﬁ(u)} P [UF(PE(u)) ¢ (c—27,c+27) | HU Y]

>e "(1—41)>1-57.

11. Concentration of success events After fixing the random variables of H U ), the events Zi,...,Zy are

independent. Indeed, conditioning on H U Y fixes all the variables on which different Z; may depend jointly,

11



and therefore each Zj, depends only on variables indexed by k. In this section we aim to show that, with high

probability, at least half of the events Zj occur.

Applying a Chernoff bound to the independent Bernoulli variables 1z, , we obtain

al N N
P[;1Zk>2‘7{uy1 :1—1}»[219\292

k=1

=)

N
2

From the inclusion Z; C S(i,u, v, k), it holds that Z,ivzl 1s(iu0k) = Zszl 1z, , and hence

a N a N
P(;ls(i,u,v,k) > 2|HU37) ZP<;12k > 2|HU37>-

Since W depends only on the variables in H U ), we can write

POW N T(i, u,v)) = /W P(T(i,u,v) | H U V) dP.

Moreover, we observe that, by definition,

N
. . N N
Tli,u0) o= { LG w0l 2 5 | = {2 iy > 2} ~
k=1

Using the previous estimate, we obtain

al N al N
; = E ; > — > E > —
IP(W OT(Z,U, U)) / P (kl ]-S(z,u,v,k) Z 5 |H U)7> dP > /W]P (kl 17, > 5 ‘,H U ))> dP

w

> /W (1 - (307)N/2) dP = (1 - (307)N/2) P(W) > (1 - <1ogEK) W) PW].

Therefore, for every (i,u,v) € M and for every @ C M, it holds that

P(W \ T(i, u,v)) = P(W) — P(W N T4, u,v)) < P(W) — (1 _ (10;K>2> P(W) = ( € >2P(W). (9)

Taking @ = ), we have

12



Therefore, from (9),

6N 6N

P(Q\ T(i,u,v)) = P(W \ T(i,u,v)) < <IO§K> 7 p) = (10;[() o

We now estimate the degree d of the graph H associated to the events T'(i,u,v), recalling that two events

T(i,u,v) and T(i,u',v") are adjacent whenever
d(u,u) < 477,
Therefore, we consider (i,u’,v’), (i,u,v) € M such that d(u,u’) < 4777 . From the definition of M, one has
d(u,v), d(u',v") < 3ris,

and so the points v,u’,v’ all belong to the ball B of radius r = 477=¢ centered at u. Hence, both u’ and v’

must belong to BN N;, and so the number of such triples (i,u’,v’) is at most |B N N;|2.

Since (X, d) is K-doubling, the ball B can be covered by at most K1+log2(%) balls of radius 52—1. Each of

these balls contains at most one point of the §;-net A;, hence
IBNN;| < K'toe (3.
We conclude that the maximal degree d of H is at most
IBAN? < K2(1+1og2(§—:)) < K4+21og2(5—:) — JOloglog K+log(1/¢)

where in the last equality we use that 3 ~ 777, and hence log(r/d;) = O(log(1/7)).

12. Application of Lovasz Local Lemma We apply the Lovdsz Local Lemma to the finite family of events

AGuw) = Q\ T(i,u,v), indexed by (i,u,v) € M. We consider the graph G whose vertices are the events
A(i,u,v), and where two vertices are adjacent whenever the corresponding triples are adjacent in the graph H

defined above. In particular, the maximum degree of G is bounded by d.

Lemma 1 (Lovész Local Lemma). Fiz g € (0,1) and d € N. Let Ay, As, ..., A, be measurable sets in some
probability space (Q,P). Let G = (V, Eg) be a graph on the verter set V.= {A1, As, ..., Ay} with mazimal
degree d. Let p: {A1, As, ..., A} = N be a mapping that satisfies

{Ai, Aj} € E¢ = p(Ai) = p(Aj).

Assume that for any i € {1,...,n} and for all Q@ C {j € {1,...,n} : {A;, A;} ¢ Ec V p(A;) > p(A;)} we

have

P[Am ﬂ(Q\Aj)} < q[@m(Q\Aj)]

JEQ Jjeq
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Assume also that

eq(d+1)<1.

Then

ﬂﬁugy&ﬂ>o

i=1
Let @ be a set of indices corresponding to vertices which are not adjacent to A(; ). Then we have

PlAGuny N () OQ\Awww)| =P [@Q\TGuw,o)n () T@ )
(i u' w)EQ (3w’ v')EQ

p[m\m w,0)) N W) = B[W\ T(i,u,v)]

(i

> ] =qP m T(i/’ulvv/) =qP ﬁ (Q \ A(i’,u’,v’)) s

(¥ u' v)eQ (i"u'v")€eQ

IN

where

Thus, all the assumptions of the Lovasz Local Lemma are satisfied. Therefore, provided that

eq(d+1) <1,

we obtain

P ﬂ (Q\ Ajun) | =P f]fﬂ@mw > 0.

(i,u,v)EM (t,u,v)EM
Substituting the previous estimates, the condition becomes

6N

e( € >2 (KO(IoglogK+log(1/€)) i 1) <1,

log K

which is verified for a sufficiently large choice of the constant ¢ in the definition of N = [%1

We now indicate with E the intersection of the events E(i,u,v)

E = ﬂ E(i,u,v) C Q,
(t,u,v)eEM

and from the inclusion T'(i,u,v) C E(i,u,v) we obtain that the event E occurs:

PEI>P| () T(,u,v)|>0.
(t,u,v)eM
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13. Final verification of the lower bound For this final section, we consider two points x,y € X and ¢ € N such

that 77 < d(z,y) < 71=¢. Since N; is a &;-net, there exist u,v € N; such that

max{d(u,x)7d(v,y)} < 6= T;ti < 4e > —< .

Cc*K

Taking k € G(4, u,v), from the Lipschitz estimate of F' (6) one has

max § | fFu) =Y @), D] ) =D W)
j=1 j=1 j=1 j=1

¢ G)He max{d(u,x),d(v,y)}'

K\ 10 4e
* 42
C (*) T
9 (C*H

0 (% i+1

K ; K . T

=4 <7) T2 =4 (7) it = .
€ €

IA

IN

Since k € G(i,u,v), it follows that

oo

HORD SISV ADED SIS ) DEAUED DA R DI HORD DA
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1
7—2+1 7—erl 7,i+1
> -2 =
- 2 8 4

Since the event E occurs, this lower bound holds for at least N/2 values of k € {1,..., N}. Therefore,

. . 26
1P@) = Pl 2 7+ = 7201 2 (£) dla,y .

K

Together with the Lipschitz estimate proved above in Section 6, this shows that F' is a bi-Lipschitz embedding
of (X,d*~¢) into RY:

(%)29 d(z,y) = < |F (@) — F)ll2 < (g)lw P
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