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In this note, we prove an adelic open image theorem for abelian schemes and, more

generally, families of 1-motives. This result, which can be interpreted as an adelic spe-

cialization theorem, shows for instance the abundancy of Galois-generic closed points

on most connected Shimura varieties.

1 Introduction

Let k be a field of characteristic 0. Let X be a smooth, separated, and geometrically con-

nected scheme over k with generic point η and set of closed points |X|. Write X̄ := X ×k k̄.

Given x∈ X, write k(x) for the residue field of X at x. Fix an algebraically closed field

Ω containing all the residue fields k(x), x∈ X and let η̄ : spec(Ω)→ X denote the corre-

sponding geometric point. As X is geometrically connected, the sequence of profinite

groups

(∗) 1→ π1(X̄; η̄)→ π1(X; η̄)
π→ π1(spec(k); η̄)→ 1

induced by functoriality of étale fundamental group from the sequence of morphisms

X̄→ X→ spec(k) is short exact. Furthermore, every x∈ X, viewed as a morphism
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2 A. Cadoret

spec(k(x))→ X, induces a commutative diagram of profinite groups

(∗∗) π1(X; η̄)
π

�� π1(spec(k); η̄)

π1(spec(k(x)); η̄) .

σ x

��

σx

��������������

When x∈ |X|, σx and σ x are injective. When x= η, ση is surjective (recall that X is normal).

In the following, we will omit fiber functors in our notation for étale fundamental

groups unless it helps understand the situation (see Section 1.2.1). Also, we will identify

π1(spec(k)) with the absolute Galois group of k and simply denote it by Γk.

1.1 Specializing Galois extensions

Given a surjective morphism ρ : π1(X) � Γ of profinite groups, write Γx := Im(ρ ◦ σx) and

define

Xgen := {x∈ |X| |Γx is open in Γ }, Xex := |X| \ Xgen,

which we will call the (closed) generic locus and the (closed) exceptional locus,

respectively.

Understanding the specialization of ρ : π1(X) � Γ amounts to describing Xgen.

A lemma of Serre [32, Section 10.6] asserts that, if Γ contains an open subgroup which is

a finite product of �-adic Lie groups, then the set Xex ∩ X(k) is thin in X(k). In particular,

when k is Hilbertian (for instance finitely generated), this ensures that Xgen is non-empty

(and even that there exists an integer d≥ 1 such that the set of all x∈ Xgen with [k(x) : k]=
d is infinite). Serre’s lemma is the classical tool to transfer properties of �-adic Galois

representations from number fields to fields finitely generated over Q or conversely (see

for instance [33, §1]).

Recently, Serre’s lemma was strengthened by Tamagawa and the author as fol-

lows [7, Theorem 1.1]. Assume that k is finitely generated over Q, that every open

subgroup of Γ̄ := ρ(π1(X̄)) has finite abelianization, and that X is a curve. Then for

every integer d≥ 1 the set of all x∈ Xex with [k(x) : k]≤d is finite. [7, Theorem 1.1]

applies in particular to the �-adic representations ρ : π1(X)→GL(H∗(Yη̄, Q�)) attached

to a smooth proper morphism Y→ X [6, §5.1] and gives information about the variation

of arithmetico-geometrical invariants in the fibers of Y→ X (uniform boundedness of

the �-primary torsion when Y→ X is an abelian scheme [7, Corollary 4.3], degeneration

of the motivated motivic Galois group and jumping of the Néron–Severi rank [4] etc.).
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An Open Adelic Image Theorem for Abelian Schemes 3

However, the above results are both �-adic in nature and fail to ensure that Xgen

is non-empty for more general profinite groups Γ , in particular adelic groups.

This is the problem we discuss in this paper in the particular case of adelic

representations arising from the Tate module of an abelian scheme (and, more generally,

a 1-motive).

1.2 Main results

1.2.1 Notation

For x∈ X, let k(x̄) denote the algebraic closure of k(x) in Ω and consider the correspond-

ing geometric point x̄ : spec(k(x̄))→ X over x∈ X. Let Fx̄ denote the fibre functor which

sends an étale cover X′ → X to the finite set X′x̄(k(x̄)).

Let A→ X be an abelian scheme. Set g := dim(Aη). For every integer n≥ 1, the

kernel A[n]→ X of the multiplication-by-n morphism [n] : A→ A is an étale cover. Write

Hn,x̄ := Fx̄(A[n])(� (Z/n)2g).

The inclusion k(x̄) ↪→Ω defines an étale path αx : Fη̄→̃Fx̄ hence an isomorphism

αx(A[n]) : Hn,η̄→̃Hn,x̄,

which is compatible with the induced isomorphism of étale fundamental groups

αx ◦ − ◦ α−1
x : π1(X; η̄)→̃π1(X; x̄).

Modulo these isomorphisms, the ’usual’ Galois representation

π1(spec(k(x)); x̄)→ π1(X; x̄)→GL(Hn,x̄)

identifies with the representation

π1(spec(k(x)); η̄)
σx→ π1(X; η̄)→GL(Hn,η̄).

So, in the following, we will identify π1(X; η̄) and π1(X; x̄), π1(spec(k(x)); η̄) and

π1(spec(k(x)); x̄), Hn,η̄ and Hn,x̄ and simply denote them by π1(X), Γk(x), Hn, respectively.

To sum it up, one attaches to A→ X a projective system of continuous linear

representations

ρn : π1(X)→GL(Hn)
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4 A. Cadoret

with the property that for every point x∈ X the “local” representation

ρn,x := ρn ◦ σx : Γk(x)→GL(Hn)

identifies with the “usual” Galois representation of ρn,x : Γk(x)→GL(Ax[n]).

Given a prime �, write H�∞ := lim←− H�n(� (Z�)
2g) and

ρ�∞ : π1(X)→GL(H�∞), ρx,�∞ := ρ�∞ ◦ σx : Γk(x)→GL(H�∞)

for the corresponding �-adic representations.

We will use the following notation:

G� := im(ρ�)⊂GL(H�); G�∞ := im(ρ�∞)⊂GL(H�∞)

Ḡ� := ρ�(π1(X̄)) � G�; Ḡ�∞ := ρ�∞(π1(X̄)) � G�∞

Gx,� := im(ρx,�)⊂G�; Gx,�∞ := im(ρx,�∞)⊂G�∞ .

Note that G�∞ , Ḡ�∞ and Gx,�∞ , being closed subgroups of GL(H�∞), are �-adic Lie groups.

Set V�∞ := H�∞ ⊗Z�
Q� and let G�∞ , Ḡ�∞ , Gx,�∞ denote the Zariski closure in GLV�∞ of

G�∞ , Ḡ�∞ , Gx,�∞ respectively.

Due to the Hodge–Tate property [2], G�∞ and Gx,�∞ are open in G�∞(Q�) and

Gx,�∞(Q�), respectively, and as Ḡ�∞ is semi-simple (see the beginning of Section 2.3), Ḡ�∞

is open in Ḡ�∞(Q�).

We will also consider the associated adelic (or product) representations

ρ = (∏
�

ρ�∞
)

: π1(X)→
∏

�

GL(H�∞), ρx=
(∏

�

ρx,�∞
)

: Γk(x)→
∏

�

GL(H�∞)

and their images

G := im(ρ), Ḡ := ρ(π1(X̄)), Gx := im(ρx).

1.3 Statements

Let Xgen and Xex denote the closed generic locus and closed exceptional locus attached

to the adelic representation ρ : π1(X) � G (see Section 1.1).
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An Open Adelic Image Theorem for Abelian Schemes 5

For every prime �, let Xgen
�∞ ⊂ X denote the set of all x∈ |X| such that the following

three equivalent conditions hold:

(i) Gx,�∞ is open in G�∞;
(ii) dim(Gx,�∞)= dim(G�∞);
(iii) dim(Gx,�∞)= dim(G�∞),

where dimension is in the sense of �-adic Lie groups in (ii) and algebraic groups over Q�

in (iii). Also, write Xex
�∞ := |X| \ Xgen

�∞

From now on, assume that k is a number field.

The following, observed by Hui [17], is a consequence of the Tate conjectures for

abelian varieties [15] and the Borel-de Siebenthal Theorem.

Lemma 1.1. The set Xex
�∞ is independent of � (that is for every x∈ |X|, Gx,�∞ is open in

G�∞ for one prime � if and only if Gx,�∞ is open in G�∞ for every prime �). �

Thus, in the following, we will write Xgen
− := Xgen

�∞ , Xex
− := Xex

�∞ . Note that, by

definition, Xgen ⊂ Xgen
− . Hence the best adelic sharpening of Lemma 1.1 one can expect is

Theorem 1.2. Xgen = Xgen
− (that is for every x∈ |X|, Gx,�∞ is open in G�∞ for one prime �

if and only if Gx is open in G). �

Combined with the adelic unipotent part of the Mumford–Tate conjecture for

1-motives [21], Theorem 1.2 extends to 1-motives (see Theorem 3.2).

1.4 Extensions of Theorem 1.2

1.4.1 To the adelic representation ρ : π1(X)→∏
� GL(H∗(Yη̄, Q�)) attached to a smooth

proper morphism Y→ X

There are currently two heuristic obstructions to the extension of Theorem 1.2 to this

general “motivic” setting, both related to the use of the Tate conjectures for abelian

varieties. The first obstruction comes from the fact that, in general, the �-independency

of Xex
�∞ is not known though it is predicted by the motivated (�-adic) Tate conjectures

which describe Xex
�∞ as the degeneration locus of the motivated motivic Galois group [4].

Formally, one could overcome this obstruction by setting Xex
− :=∪�Xex

�∞ (though, with this

definition, Xgen
− might be empty). Then, our proof roughly decomposes into three steps.

Fix x∈ Xgen
− .
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6 A. Cadoret

(1) Reduction of Theorem 1.2 to an �-adic statement: up to replacing X with a

connected étale cover one may assume that G =∏� G�∞ , Ḡ =∏� Ḡ�∞ and Gx=∏
� Gx,�∞ . In particular, Gx,�∞ =G�∞ for �� 0 if and only if Gx⊂G is open.

(2) Reduction of the �-adic statement Gx,�∞ =G�∞ for �� 0 to a modulo-� state-

ment: The restriction of the reduction-modulo-� map Ḡ�∞ → Ḡ� is a Frattini

cover. In particular, if Ḡ�∞ ∩ Gx,�∞ ⊂G�∞ maps surjectively onto Ḡ� for �� 0

then Gx,�∞ =G�∞ for �� 0. The fact that Ḡ�∞ ∩ Gx,�∞ ⊂G�∞ maps surjectively

onto Ḡ� for �� 0 is deduced from the following.

(3) Modulo-� statement: One has Gx,� =G� for �� 0.

While the proofs in (1) and (2) work in the general motivic setting, the proof of the

modulo-� statement Gx,� =G�, �� 0 relies heavily on the variants modulo � for �� 0 of

the Tate conjectures for abelian varieties. But it is not clear that such modulo-� variants

for �� 0 can be expected in the general motivic setting (for instance whether they can

be deduced from the �-adic Tate conjectures).

Let us also mention the group-theoretical result of [22] for arbitrary compati-

ble systems of rational �-adic representations ρ�∞ : G→GLr(Q�) of an F -group G. Let G�∞

denote the image of ρ�∞ and G�∞ its Zariski closure in GLr,Q�
. The main result [22, Theorem

2.6] states that there exists a subset L of primes of Dirichlet density 1 such that G�∞

is unramified and that Gsc
�∞ := (psc)−1 pad(G�∞)⊂ Gsc

�∞(Q�) is hyperspecial for � ∈ L, where

pad : G�∞ → Gad
�∞ denotes the quotient of G�∞ by its radical and psc : Gsc

�∞ → Gad
�∞ the simply-

connected cover of Gad
�∞ . This result relies on delicate group-theoretical arguments (in

particular a refined analysis of Frobenius tori, the Bruhat–Tits theory and the classifi-

cation of finite simple groups) and is quite general. However, to replace L by the set of all

primes �� 0, one roughly has to prove that the modulo-� images are “as big as possible”

for �� 0. In the special case of so-called type A motivic representations of the abso-

lute Galois group of a number field investigated in [18–20], this can be done using the

special features of semi-simple groups of type A (in particular, the fact that any proper

subgroup has strictly smaller semi-simple rank) and an additional algebraico-geometric

input (the tame inertia conjecture of Serre, proved by Caruso). Combining these results,

those of [5] and the techniques of this paper, one can prove the analogue of Theorem 1.2

for the adelic representations ρ : π1(X)→∏
� GL(H∗(Yη̄, Q�)) attached to a smooth proper

morphism Y→ X under the assumption that G�∞ is reductive for every prime � and that

there exists one prime � such that all the simple factors of G�∞,Q̄�
are of type An for

n= 6 or ≥ 9. (Alternatively, one may consider the π1(X)-semisimplifications.) Here is a

sketch of the argument. Fix x∈ |X| such that Gx,�∞ is open in G�∞ for some prime �. One
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An Open Adelic Image Theorem for Abelian Schemes 7

may assume that Gx,�∞ , G�∞ , Ḡ�∞ are connected (Theorem 2.1(3)). As ρ is motivic, it is

enough to show that Gx,�∞ =G�∞ for �� 0 (Theorem 2.1(1)) and one may assume that Ḡ�∞

is generated by its �-Sylow for �� 0 (Theorem 2.1(2)). As ρ is motivic and Ḡ�∞ (which is

independent of � by comparison between Betti and �-adic cohomology - see the begin-

ning of Section 2.3) has only simple factors of type A, Gx,�∞ is open in G�∞ (equivalently

Gx,�∞ = G�∞ ) for every prime � [5, Theorem 1.2(1)]. As, by assumption, Gx,�∞ is reductive for

every � and has only absolutely simple factors of type An for n= 6 or n≥ 9 for one prime

�, it follows from [20, Theorem 1] that Gsc
�∞(= Gsc

�∞,x) is unramified and that Gsc
x,�∞ ⊂ Gsc

�∞(Q�)

is hyperspecial for �� 0. But as Gsc
x,�∞ ⊂Gsc

�∞ ⊂ Gsc
�∞(Q�) and Gsc

�∞ is compact, this forces

Gsc
x,�∞ =Gsc

�∞ for �� 0. This in turn implies that G+x,�∞ =G+�∞ for �� 0, where, given an

�-adic Lie group Γ , we let Γ + ⊂ Γ denote the subgroup generated by the �-Sylow.

But then G+x,�∞ ⊃ Ḡ+�∞ = Ḡ�∞ , which is enough to conclude (see the discussion after

Theorem 2.1).

1.4.2 To finitely generated fields of characteristic 0

The statements of Theorems 1.2 and 3.2 extend by specialization from number fields

to finitely generated fields of characteristic 0. Here is a sketch of the argument for

Theorem 1.2. Assume that k is a finitely generated field of characteristic 0 and let x∈ |X|
such that Gx,�∞ is open in G�∞ for some prime �. Without loss of generality, we may

assume that x∈ X(k). Fix a model

(1) A �� X �� S

x

��
of (2) A �� X �� spec(k),

x

��

that is S is a smooth, separated, geometrically connected scheme over a number field k#

and with generic point ζ : spec(k)→ S, X → S is a smooth, separated morphism with geo-

metrically connected fibers, A→X is an abelian scheme, x : S→X is a section of X → S

and the pull-back of (1) by ζ : spec(k)→ S is (2). One has the following commutative

diagram of étale fundamental groups

π1(S)
x

�� π1(X ) �� ∏
� GL(H�∞))

Γk

ζ

��
��

σx

�� π1(X)

��
��

ρ

������������
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8 A. Cadoret

with Γk � π1(S), π1(X) � π1(X ) surjective (this uses the normality of S and X ). In

particular, the image of π1(S)→ π1(X )→∏
� GL(H�∞) is Gx and the image of π1(X )→∏

� GL(H�∞) is G. Fix s ∈ |S| such that the image of Γk#(s)
s→ π1(S)

x→ π1(X )→GL(H�∞) is

open in the image of π1(S)
x→ π1(X )→GL(H�∞) hence in the image of π1(X )→GL(H�∞).

(Such an s always exists, say, by [32, §10.6]. See Section 1.1.) By Theorem 1.2 applied to

A→X , one gets that the image of Γk#(s)
s→ π1(S)

x→ π1(X )→∏
� GL(H�∞) (hence the image

- which is Gx - of π1(S)
x→ π1(X )→∏

� GL(H�∞)) is open in the image - which is G - of

π1(X )→∏
� GL(H�∞).

1.4.3 To finitely generated field of positive characteristic p> 0

It is plausible that Theorem 1.2 extends to positive characteristic p> 0. The proof in (1)

works as it is for p> 0, the proof in (3) should be carefully adjusted and might work as

well. But the proof in (2) uses that Ḡ�∞ with its tautological representation is defined over

Q, independent of � and carries a discrete finitely generated integral structure (coming

from the comparison between Betti and �-adic cohomology). The existence of this inte-

gral structure is not known in positive characteristic.

1.5 Further comments, application

1.5.1 Arithmetico-geometric properties of the exceptional locus

From the equality Xex= Xex
− = Xex

�∞ and what was recalled in Section 1.1, for every number

field K containing k the set Xex ∩ X(K) is thin in X(K) and for every integer d≥ 1 and

curve C ↪→ X, the set of all x∈ Xex ∩ C with [k(x) : k]≤d is finite. The latter property may

suggest that Xex is of bounded height but this is false as already shown by the example

of the universal elliptic scheme over the modular curve Y(n) (n≥ 3), where Xex coincides

with the C.M. locus.

1.5.2 Connexion with the Mumford–Tate conjecture

1. Xex contains the set of all x∈ |X| where the Mumford–Tate group degenerates

and, from the Mumford–Tate conjecture, it should coincide with it. In par-

ticular, one may expect that Xex is “maigre” that is contained in a countable

union of proper closed subschemes [12, 7.5; 1, Theorem 5.2, 1), 2)]; see also [24,

Section 6]). (More precisely, the Mumford-Tate group MAx of Ax coincides with

the motivated motivic Galois group G(Ax̄) of Ax̄ (defined for a large enough

’auxilliary category’) [1, Section 6.3] and the latter coincides with G(Aη̄) if
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An Open Adelic Image Theorem for Abelian Schemes 9

and only G(Ax̄)(Q�) contains an open subgroup of Ḡ�∞ [1, Theorem 5.2, 1),

2); 4, Theorem 5.1]. The key ingredient in André’s argument is the fixed part

theorem of Deligne.)

2. Theorem 1.2 says nothing about the Mumford–Tate conjecture but if the

Mumford–Tate conjecture holds it (or rather a variant of its proof) implies

that the best possible adelic version of the Mumford–Tate conjecture holds

(see Section 2.5).

3. Actually, underlying Theorem 1.2 is the natural idea that, when working

with families of abelian varieties, one can ‘go around’ (and may be beyond)

the Mumford–Tate conjecture by replacing the (derived subgroup of the)

Mumford–Tate group MAη
of the generic fiber with the connected component

Ḡ◦�∞ of Ḡ�∞ . More precisely, in general Ḡ◦�∞ is strictly smaller than DMAη,Q�
.

But, (i) as DMAη,Q�
, Ḡ◦�∞ is a semi-simple algebraic group defined over Q and

independent of � (see Section 2.3), and (ii) the assumption that x∈ Xgen i.e.

Gx,�∞ ⊂G�∞ is open (equivalently Ḡx,�∞ ⊂ Ḡ�∞(Q�) is open) can be interpreted

as a weak replacement for the MT-conjecture (see Section 2.5) which, often, is

enough for arithmetic applications. The application of Theorem 1.2 we give

below in Section 1.5.3 provides an example of this ‘variational philosophy’.

1.5.3 Application to Shimura varieties

If A→ X is the universal abelian scheme over a connected Shimura variety X of

Hodge type (see [28, Construction 2.9]), Theorem 1.2 shows that Xex contains all the

non-Galois-generic (in the sense of [28, Section 6]) points. This, together with the spar-

sity of Xex (see Comment (1)) produces “lots of” Galois-generic closed points on X and,

if the standard Mumford–Tate conjecture holds, Theorem 1.2 shows that every Hodge-

generic point on X is Galois-generic (hence reduces [28, Conjecture 6.8] to the standard

Mumford–Tate conjecture; see [28, Remark 6.10]). In [28, Theorem 7.6], Pink deduces from

equidistribution results of Clozel et al. [10] that, for the standard Shimura varieties

associated to GSp2g,Q, every infinite subset of the generalized Hecke orbit of a Galois-

generic point is Zariski dense (a special case of [28, Conjecture 1.6], itself implied by

the Zilber-Pink conjecture—see [29, Theorem 3.3]). In this case and for g odd or g= 2, 6,

the existence of “lots of” Galois-generic closed points is ensured by Serre’s adelic open

image theorem for g-dimensional abelian varieties with endomorphism ring Z and g odd

or g= 2, 6 [34, Section 7, Corollary of Theorem 3 and Compl. 8.1]. But for g even, g �= 2, 6,

the existence of closed Galois-generic points (or even of Galois-generic points other than
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10 A. Cadoret

the generic points) on such Shimura varieties does not seem to have been noticed before.

[28, Theorem 7.6] can be generalized to most connected Shimura varieties (see [9]), hence

Theorem 1.2 provides new evidences for [28, Conjecture 1.6].

Theorem 3.2 (the extension of Theorem 1.2 to 1-motives) can be used similarly to

prove the existence of Galois generic points on mixed Shimura varieties.

1.6 Structure of the remaining parts of the paper

Section 2 is devoted to the proof of Theorem 1.2. For clarity, the strategy of the proof is

described in the preliminary Section 2.1, which reviews Steps (1), (2), and (3) mentioned

in Section 1.4.1. Sections 2.2–2.4 carry each of these three steps in details. The final

Section 3 deals with the extension of Theorem 1.2 to 1-motives.

2 Proof of Theorem 1.2

2.1 Strategy of the proof

For a subgroup G ⊂∏� GL(H�∞) and a rational prime λ, let Gλ∞ denote the image of G by

the projection
∏

� GL(H�∞)→GL(Hλ∞) onto the λth factor and let Gλ denote the image of

Gλ∞ by the reduction-modulo-λ morphism GL(Hλ∞)→GL(Hλ).

Our strategy to prove Theorem 1.2 decomposes into three main steps. We review

them together with the main intermediary statements below. The detailed proofs are

postponed to Sections 2.2–2.4.

Throughout this section, fix x∈ Xgen
− that is, assume that Gx,�∞ is open in G�∞ for

one (or, equivalently, for every, see Lemma 1.1) prime �.

Step 1 : From adelic to �-adic. Recall that a closed subgroup Γ ⊂∏� GL(H�∞) is said to

be �-independent if Γ =∏� Γ�∞ . One first proves

Theorem 2.1. There exists an open subgroup G◦ ⊂G such that

(1) G◦ and Ḡ◦ :=G◦ ∩ Ḡ ⊂∏� GL(H�∞) are �-independent;

(2) Ḡ◦,� is generated by its order-� elements and has trivial abelianization for

�� 0;

(3) For every prime �, the Zariski closures of G◦,�∞ and Ḡ◦,�∞ in GLV�∞ are con-

nected;

and there exists an open subgroup Gx,◦ ⊂G◦ ∩ Gx such that (1’) Gx,◦ ⊂
∏

� GL(H�∞) is �-

independent. �
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An Open Adelic Image Theorem for Abelian Schemes 11

Theorem 2.1 reduces the problem to an �-adic situation. Indeed, as G◦, Ḡ◦, and

Gx,◦ are open in G, Ḡ, and Gx respectively, we may assume that G =G◦, Ḡ = Ḡ◦, and Gx=
Gx,◦. Then Theorem 1.2 amounts to showing that Gx,�∞ =G�∞ for �� 0. But as GxḠ ⊂G

is open in G (this follows from the short exact sequence (∗) and the fact that the image

of σ x in diagram (∗∗) is open), the morphism

Gx→G/Ḡ �
∏

�

G�∞/Ḡ�∞

has open image or, equivalently, the morphism Gx,�∞ →G�∞/Ḡ�∞ is surjective for �� 0.

Thus Theorem 1.2 actually amounts to showing that Ḡ�∞ ⊂Gx,�∞ for �� 0. The proof of

these inclusions, in turn, decomposes into two steps.

Step 2 : From �-adic to modulo-�. Recall that a morphism of profinite groups π : G→ H

is called a Frattini cover if it is surjective and if G contains no strict subgroup map-

ping surjectively onto H (or, equivalently, ker(π) is contained in the Frattini subgroup

Φ(G) of G).

Theorem 2.2. The restriction of the reduction-modulo-� morphism

Ḡ�∞ → Ḡ�

is a Frattini cover for �� 0. �

With Theorem 2.2 in hand, it remains to show that the restriction of the

reduction-modulo-� morphism

Ḡx,�∞ :=Gx,�∞ ∩ Ḡ�∞ → Ḡ�

remains surjective. This is deduced (Corollary 2.7) from the following

Step 3 : Modulo-� statement.

Theorem 2.6. One has Gx,� =G� for �� 0.

2.2 Step 1: From adelic to �-adic statement and preliminary reductions

2.2.1 Proof of Theorem 2.1

The assertions (1), (1′) are special cases of [8, Corollary 4.6] (see also [35] for (1′)) and

the assertion (2) is a special case of [8, Corollary 3.3]. The assertions about the Zariski

closure of G◦,�∞ in (3) follow from [33, Theorem p. 15]. The assertion about the Zariski
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12 A. Cadoret

closure of Ḡ◦,�∞ in (3) follows from the comparison between Betti and �-adic cohomology

(see the beginning of Section 2.3 for more details).

To prove Theorem 1.2 one may freely replace X by a connected étale cover so,

from now on, and till the end of Section 2, we assume that the conclusions (1), (1′), (2), (3)

of Theorem 2.1 hold for G, Ḡ, and Gx.

2.2.2 A few more reductions

Up to replacing again X with a connected étale cover, one may also assume that

(4) End(Aη)=End(Aη̄).

The fact that x∈ Xgen
− implies that for every prime � the groups Gx,�∞ and G�∞ have the

same dimension. In particular, (3) for G�∞ forces

(3′) For every prime �, the group Gx,�∞ is connected.

The fact that x∈ Xgen
− also implies that the canonical monomorphism End(Aη̄) ↪→End(Ax̄)

is an isomorphism [4, Par. after Corollary 5.4]. So, the commutative diagram

End(Aη̄) End(Ax̄)

End(Aη)
� � �� End(Ax)

� �

��

shows that (4) forces

(4’) End(Ax̄)=End(Ax)=End(Aη)=End(Aη̄).

2.3 Step 2: From �-adic to modulo-�

From now on, fix an algebraic closure k ↪→ k̄ and a complex embedding k̄ ↪→C. Let (−)an

denote the analytification functor and, for x∈ X(C), let Π̄ denote the image of π
top
1 (Xan

C ; x)

acting on the integral Betti cohomology H :=H1
B(Aan

x , Z). Hence Π̄ ⊂GL(H)�GL2g(Z) is a

finitely generated subgroup. Let Ḡ denote the Zariski closure of Π̄ in GLH . The generic

fiber of Ḡ is a semi-simple algebraic group [11, Corollary 4.2.9] which we may assume to

be connected (after replacing X with a connected étale cover). Hence Ḡ, together with its

tautological representation Ḡ ↪→GLH , restricts to a semi-simple group scheme over Z[ 1
N ]

for some integer N large enough. By comparison between Betti and �-adic cohomology

Ḡ�∞ ↪→GLV�∞ can be identified with ḠQ�
↪→GLH⊗Q�

. This identification will be implicit in
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An Open Adelic Image Theorem for Abelian Schemes 13

the following; for instance, by a slight abuse of notation, we will write Ḡ�∞(F�) instead

of Ḡ(F�).

Let

π� : Ḡ�∞(Z�) � Ḡ�∞(F�)

denote the reduction-modulo-� morphism restricted to Ḡ�∞(Z�). Then

Theorem 2.3 (Tamagawa). The cover

π�|Ḡ�∞ : Ḡ�∞ � Ḡ�

is a Frattini cover (and Ḡ�∞ = π−1
� (Ḡ�)⊂ Ḡ�∞(Z�) for �� 0). �

Before turning to the proof of Theorem 2.3, recall that given a connected semi-

simple algebraic group G over Q one has

Fact 2.4. The reduction-modulo-� morphism π� : G(Z�)→ G(F�) is a Frattini cover for

�� 0. �

Proof. See for instance [22, Proposition 2.6] or [23, Lemma 16.4.5], where it is proved

more precisely that the Frattini subgroup of G(Z�) is the kernel of π� : G(Z�)→ G(F�) for

�� 0. (Note that [23, Lemma 16.4.5] is formulated in the body of a proof where G is

assumed to be simple, connected, and simply connected but the proof of [23, Lemma

16.4.5] works for arbitrary algebraic subgroups G ⊂GLr/Q whose reduction modulo �

(for �� 0) is exponentially generated in the sense of [25]. This is always satisfied by

connected semi-simple algebraic subgroups G ⊂GLr,Q.) �

This applies in particular to Ḡ. To deduce Theorem 2.3 from Fact 2.4, the key

ingredient is the following purely group-theoretical statement.

Lemma 2.5. Consider a commutative diagram of profinite groups with exact rows

1 �� N �� G
α

�� Q �� 1

1 �� N �� α−1(R)

� �

��

��

�

R ��
� �

��

1

Assume furthermore that

1. N is a finitely generated pro-� group;
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14 A. Cadoret

2. Q is finite;

3. � � |[Q : KQ(R)], where KQ(R) :=∩q∈QqRq−1 ⊂ Q is the largest normal subgroup

of Q contained in R.

Then α : G � Q is a Frattini cover if and only if α : α−1(R) � R is a Frattini cover. �

2.3.1 Proof of Lemma 2.5 �⇒ Theorem 2.3

Given a closed subgroup Γ ⊂GL(H�∞), we write Γ (1) � Γ for the kernel of the reduction

modulo � morphism π� : Γ ⊂GL(H�∞) � GL(H�). Consider the diagram

1 �� Ḡ�∞(Z�)(1) �� Ḡ�∞(Z�)
π�

�� Ḡ�∞(F�)
�� 1

1 �� Ḡ�∞(Z�)(1) �� π−1
� (Ḡ�)

� �

��

π�

��

�

Ḡ�
��

� �

��

1

Then, from Fact 2.4, the cover π� : Ḡ�∞(Z�) � Ḡ�∞(F�) is a Frattini cover. Since Π̄ is finitely

generated, one can apply [25, Theorem 5.1] to get

Ḡ�∞(F�)
+ ⊂ (Π̄� =)Ḡ� ⊂ Ḡ�∞(F�)

for �� 0 (here Ḡ�∞(F�)
+ ⊂ Ḡ�∞(F�) denotes the (normal) subgroup of Ḡ�∞(F�) generated

by the order �-elements). As [Ḡ�∞(F�) : Ḡ�∞(F�)
+]≤ 22g−1 [25, Rem. 3.6], the condition

� � |[Ḡ�∞(F�) : KḠ�∞ (F�)
(Ḡ�)] is satisfied as soon as � > 22g−1. Thus one can apply Lemma 2.5

to get that the cover π� : π−1
� (Ḡ�) � Ḡ� is a Frattini cover as well. But as Ḡ�∞ ⊂ π−1

� (Ḡ�)

maps surjectively onto Ḡ�, this implies that Ḡ�∞ = π−1
� (Ḡ�), whence the conclusion.

Remark 2.6 (An abstract variant of Theorem 2.3). The only input which is not purely

group-theoretic in the proof of Theorem 2.3 is the comparison between Betti and �-adic

cohomology, which ensures that Ḡ�∞ together with its tautological representation Ḡ�∞ ↪→
GLV�∞ is defined over Q and is the generic fiber of the Zariski closure of a finitely gener-

ated subgroup Π̄ ⊂GL(H). The proof shows that, more generally, the following holds: Let

N ≥ 1 be an integer and Π ⊂GLr(Z[ 1
N ]) a finitely generated subgroup. Let G ↪→GLr,Z[ 1

N ]

denote the Zariski closure of Π in GLr,Z[ 1
N ] and, for every prime � � |N, let Π�∞ ⊂GLr(Z�)

denote the topological closure of Π in GLr(Z�). For � � |N, let π� : G(Z�)→ G(F�) denote the

restriction of the reduction-modulo-� morphism to G(Z�). Assume that GQ is connected

and semi-simple. Then π�|Π�∞ : Π�∞ � Π� is Frattini and, in particular, G(Z�)(1)⊂Π�∞ for

�� 0. �
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An Open Adelic Image Theorem for Abelian Schemes 15

2.3.2 Proof of Lemma 2.5

For a subgroup S⊂ Q, let (C S) denote the property “α : α−1(S) � S is a Frattini cover.”

Assume that Lemma 2.5 holds if R is normal in Q. Then from the equivalences

(C Q)⇐⇒ (C KQ(R))⇐⇒ (C R)

Lemma 2.5 holds for any subgroup R of Q satisfying � � |[Q : KQ(R)]. So, we may assume

that R is normal in Q.

Let Φ(N)⊂ N denote the Frattini subgroup of N. As N is pro-�, one has Φ(N)=
N�[N, N]. Also, as Φ(N) is characteristic in N and N is normal in G, Φ(N) is also normal

in G and one can consider the push forward short exact sequence

1 �� N ��

��
��

G
α

��

��
��

Q �� 1

1 �� N/Φ(N) �� G/Φ(N) �� Q �� 1

Claim 1. (C Q)⇐⇒ G/Φ(N) � Q is a Frattini cover. �

Proof of Claim 1. The implication �⇒ is straightforward. As for the implication ⇐�,

let S⊂G be a subgroup which maps surjectively onto Q. Then (SΦ(N))/Φ(N) maps also

surjectively onto Q as well hence SΦ(N)=G. But then N = (SΦ(N)) ∩ N = (S ∩ N)Φ(N),

which implies S ∩ N = N ⊂ S.

Applying Claim 1 to both G � Q and α−1(R) � R, one may assume that N is a

finite elementary abelian �-group. Then N is endowed with the structure of F�[Q]-module

and the extension

1→ N→G→ Q→ 1

corresponds to a cohomology class γ Q ∈H2(Q, N). �

Claim 2. (C Q) is equivalent to any of the following two assertions:

(C ′Q) For every simple quotient N � M as F�[Q]-module, γ Q /∈ ker(H2(Q, N)→
H2(Q, M));

(C ′′Q) For every non-zero quotient N � M as F�[Q]-module, γ Q /∈ ker(H2(Q, N)→
H2(Q, M)); �
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16 A. Cadoret

Proof of Claim 2. (C Q) �⇒ (C ′′Q): Assume that there exists a non-zero quotient N � M

such that the push-forward exact sequence splits

1 �� M �� G/ ker(N � M) �� Q ��

s

��

1.

By construction, the inverse image of s(Q) in G maps surjectively onto Q. From (C Q),

this implies that the inverse image of s(Q) in G is the whole G hence that s(Q)=G/ ker

(N � M), which contradicts the fact that M is non-zero.

(C ′Q) �⇒ (C Q): Assume that there exists a strict subgroup S � G which maps

surjectively onto Q. Then S ∩ N � N is a strict F�[Q]-submodule. In particular, N/(S ∩ N)

is non-zero. But S/(S ∩ N) provides a splitting of the push-forward exact sequence

1 �� N/(S ∩ N) �� G/(S ∩ N) �� Q �� 1

hence the image γ
Q
N/(S∩N) of γ Q in H2(Q, N/(S ∩ N)) is zero and so, for every simple quo-

tient, N/(S ∩ N) � M one also has γ
Q
N/(S∩N) = 0.

The proof of (C ′′Q)�⇒ (C ′Q) is trivial. �

We now prove Lemma 2.5 assuming that N is a finite elementary abelian �-group.

Write H := α−1(R).

(C R)�⇒ (C Q): Let N � M be a non-zero quotient as F�[Q]-module. Let γ R ∈
H2(R, N) denote the cohomology class corresponding to the extension

1→ N→ H→ R→ 1.

Then γ R is the image of γ Q via the restriction map res : H2(Q, N)→H2(R, N). From

Claim 2 (C R)�⇒ (C ′′R), γ R /∈ ker(H2(R, N)→H2(R, M)). So, the conclusion follows from

Claim 2 (C ′′Q) �⇒ (C Q) and the commutativity of the following natural diagram:

H2(Q, N) ��

res

��

H2(Q, M)

res

��

H2(R, N) �� H2(R, M).

(C Q)�⇒ (C R): Let N � M be a simple quotient as F�[R]-module. Set K := ker(N � M).

As R is normal in Q, for every q ∈ Q the elementary abelian �-group qK ⊂ N is again
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An Open Adelic Image Theorem for Abelian Schemes 17

an F�[R]-module. Let Mq := N/qK denote the resulting F�[R]-module quotient. One has a

canonical isomorphism of abelian groups

q· : N→̃N

n→ qn

which sends K to qK hence induces an isomorphism of abelian groups

q· : M→̃Mq

nmod K→ (qn) mod qK.

As q· : N→̃N is compatible with the group automorphism

q − q−1 : Q→̃Q

q′ → qq′q−1,

it induces a canonical isomorphism of cohomology groups

q· : H2(Q, N)→̃H2(Q, N)

which, actually, is the identity [31, VII, Section 5, Proposition 3]. Similarly, as the induced

isomorphism q· : M→̃Mq is compatible with the induced group automorphism q − q−1 :

R→̃R (recall that R is normal in Q), it induces a canonical isomorphism of cohomology

groups

q· : H2(R, M)→̃H2(R, Mq).

Restriction and functoriality yield a commutative diagram

H2(Q, N)
q·=Id

��

res

��

H2(Q, N)

res

��

H2(R, N)
q·

��

pM

��

H2(R, N)

pMq

��

H2(R, M)
q·=Id

�� H2(R, Mq),
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18 A. Cadoret

where pM : N � M, pMq : N � Mq denote the projection maps. Let γ R ∈H2(R, N) denote the

cohomology class corresponding to the extension

1→ N→ H→ R→ 1

and let γ R
M and γ R

Mq
denote the image of γ R in H2(R, M) and H2(R, Mq), respectively. As

γ R= res(γ Q), the commutativity of the above diagram (and the fact that the upper hori-

zontal arrow is the identity) shows that qγ R
M = γ R

Mq
. So γ R

M �= 0 if and only if γ R
Mq
�= 0. Now,

consider the F�[Q]-submodule

K̃ :=
⋂
q∈Q

qK ⊂ N

and the resulting short exact sequence of F�[Q]-modules

0→ K̃→ N→ M̃→ 0.

By construction, M̃ is a F�[R]-submodule of ⊕q∈QMq. As every Mq is a simple F�[R]-

module, there exists a subset I ⊂ Q such that M̃�⊕q∈I Mq as an F�[R]-module. From the

following commutative diagram

H2(Q, N) ��

res

��

H2(Q, M̃)

res

��

H2(R, N) �� H2(R, M̃)

⊕q∈I H2(R, Mq)

one sees that γ R
M = 0 if and only if γ R

M̃
= (γ R

Mq
)q∈I = 0, which, in turn, is equivalent to γ

Q
M̃
= 0

because the restriction morphism res : H2(Q, M̃) ↪→H2(R, M̃) is injective (this is where we

use the assumption that � � |[Q : R]). But this contradicts Claim 2 (C ′Q) �⇒ (C Q). Whence

γ R
M �= 0 and the conclusion follows from Claim 2 (C ′′R) �⇒ (C R).

2.4 Step 3: Proof of the modulo-� statement

The aim of this section is to prove the following theorem.

Theorem 2.7. One has Gx,� =G� for �� 0. �
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An Open Adelic Image Theorem for Abelian Schemes 19

Combining Theorem 2.7 and Theorem 2.3, one can then conclude the proof of

Theorem 1.2 observing the following corollary.

Corollary 2.8. The restriction of the reduction-modulo-� morphism

Ḡx,�∞ := Ḡ�∞ ∩ Gx,�∞ → Ḡ�

is surjective for �� 0. �

Proof. Recall that, in the category of profinite groups, the snake lemma holds for a

commutative diagram of profinite groups with exact rows

G ′ ��

α′

��

G ��

α

��

G ′′ ��

α′′

��

1

1 �� H ′ �� H �� H ′′

provided the cokernels of α′ and α exist. More precisely, if im(α′) is normal in H ′ and

im(α) is normal in H , then there exists a morphism of profinite groups δ : ker(α′′)→
coker(α′) such that the following sequence of profinite groups is exact

ker(α′)→ ker(α)→ ker(α′′)
δ→ coker(α′)→ coker(α).

Also, note that if α : G→ H is surjective, then the normality of the image of G ′ in G

automatically implies the normality of im(α′) in H ′ and the snake lemma applies. We

apply these observations twice.

First, consider the commutative diagram of profinite groups with exact rows

Ḡ�∞
��

��

G�∞ ��

��

G�∞/Ḡ�∞
��

��

1

1 �� Ḡ�
�� G�

�� G�/Ḡ�

and where the vertical arrows are induced by reduction modulo-�. The left and middle

vertical arrows are surjective by definition. So, applying the snake lemma, one obtains

that the kernel of G�∞/Ḡ�∞ →G�/Ḡ� is a pro-� group.
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20 A. Cadoret

Next, consider the commutative diagram of profinite groups with exact rows

Ḡx,�∞
��

��

Gx,�∞ ��

��

G�∞/Ḡ�∞
��

��

1

1 �� Ḡ�
�� G�

�� G�/Ḡ�

and where the vertical arrows are induced by reduction modulo-�. For �� 0 the middle

vertical arrow is surjective by Theorem 2.7 and the right arrow in the top horizontal

line is surjective by the preliminary reductions (see the discussion at the end of the

paragraph Step 1 in Section 2.1). So, applying the snake lemma, one obtains that the

kernel of G�∞/Ḡ�∞ →G�/Ḡ�, which is a pro-� group, maps surjectively onto the cokernel

of Ḡx,�∞ → Ḡ�. But as Ḡab
� = 0 (recall condition (2) in Theorem 2.1), Ḡ� has no solvable

quotient, which forces the morphism Ḡx,�∞ → Ḡ� to be surjective. �

Following ideas of Serre [34] and Nori [25], the strategy to prove Theorem 2.7

is to approximate G� and Gx,� by the groups of F�-rational points of certain reductive

subgroups G�,Gx,� ↪→GLH�
and prove that one has Gx,� = G� for �� 0.

2.4.1 The reductive groups G�, Gx,�

To construct G� and Gx,�, we construct separately their (common) connected center

C� ↪→GLH�
and their derived subgroups S�, Sx,� ↪→GLH�

in such a way that C� commutes

with S� and Sx,�. The construction of C� relies on Serre’s theory of abelian �-adic rep-

resentation [30]; the fact that C� commutes with S� and Sx,� is a consequence of the

modulo-� Tate conjecture for endomorphisms of abelian varieties and the fact that S�

and Sx,� are reductive is a consequence of the modulo-� Tate semi-simplicity conjecture.

For the modulo-� Tate conjectures, see for instance [15, IV, Section 4 (Comments after)

(4.3) on p. 148].

2.4.1.1 The tori C�. We first define C�, which will happen to be the (common) connected

center of G� and Gx,�, to be the ‘reduction-modulo-�’ of the connected center C�∞ of G�∞ =
Gx,�∞ . The construction of C�∞ , due to Serre [34, p. 43] and which we recall now, shows

that it is defined over Q hence that its reduction-modulo-� is well-defined for �� 0.

From Condition (4’) in Section 2.2 End(Aη)→̃End(Ax)=: D. Set L := Z(D)⊗Z Q.

As L is a commutative semi-simple Q-algebra, it decomposes as a product of number

fields (∗) L =∏1≤i≤s Li. Set TLi :=ResLi |Q(Gm), which is a [Li : Q]-dimensional torus over
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Q and TL :=∏1≤i≤s TLi , which is a [L : Q]-dimensional torus over Q (such that TL(Q)=
L×). The decomposition (∗) corresponds to the decomposition up to isogeny of Ax into

the product of its isotypical factors Ax∼
∏

1≤i≤s Ax,i. Let dx,i denote the Li ⊗Q Q�-rank

of V�(Ax,i), set GLL :=∏1≤i≤s ResLi |Q(GLdx,i ,Li ) and write detL :=ResL|Q(det) : GLL→ TL for

the determinant morphism. The restriction of detL to TL is the isogeny

δ : TL→ TL

(t1, . . . , ts) �→ (tdx,1

1 , . . . , tdx,s
s ),

For every prime �, consider the abelian �-adic representation

λx,�∞ : Γk(x)

ρx,�∞→ GLL(Q�)
detL (Q�)→ TL(Q�)

The λx,�∞ : Γk(x)→ TL(Q�) (�: prime) form a compatible family of rational semi-simple

abelian �-adic representations; hence, they are induced by some morphism of algebraic

groups (with the notation of [30])

λx : Smx→ TL .

Let Tmx denote the connected component of Smx and let Cx denote the connected compo-

nent of the fibre product

λx(Tmx)×TL ,δ TL ��

��
�

TL

δ

��
λx(Tmx)

� � �� TL

By construction, Cx is a torus over Q hence reduces modulo � to a torus Cx,� for

�� 0. Also, by construction and the Tate conjecture for endomorphisms of abelian vari-

eties [15], Cx,Q�
= C�∞ is the connected center of Gx,�∞ so, from the equality Gx,�∞ = G�∞ , one

sees that Cx is independent of x. As a result, we will simply write C := Cx and C� := Cx,�.

2.4.1.2 The semi-simple groups S�, Sx,�. Next, we turn to the definition of the derived

subgroups S�, Sx,� of G�, Gx,�.

Given a subgroup S⊂GL(H�), write S[�] for the order-� elements in S and S+ ⊂ S

for the (normal) subgroup generated by S[�] (or equivalently, the subgroup generated by

the �-Sylow subgroups of S as soon as �≥ 2g). Following [25], define S̃ ↪→GLH�
to be the
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22 A. Cadoret

algebraic subgroup generated by the 1-parameter subgroups

eg : A1
F�
→GLH�

t �→ exp(t · log(g))

associated to each g∈ S[�].

The following gathers the main results of [25].

Fact 2.9.

(1) S̃ is connected and generated by its unipotent elements and, if S acts semi-

simply on H�, S̃ is semi-simple;

(2) For �� 0 (depending only on 2g) one has S+ = S̃(F�)
+;

(3) The quotient S̃(F�)/S̃(F�)
+ is abelian of order ≤ 22g−1. �

By the modulo-� semi-simplicity Tate conjecture [15], G� (hence its normal sub-

group Ḡ�) and Gx,� act semi-simply on H� for �� 0 hence the groups

S̄� := ˜̄G�, S� := G̃� and Sx,� := G̃x,�

are connected semi-simple algebraic groups for �� 0. Also, from Theorem 2.1(2), one

has Ḡ� = Ḡ+� = S̄�(F�)
+ for �� 0.

2.4.1.3 The reductive groups G�, Gx,�. From now on and till the end of this section,

assume that � is large enough so that C has good reduction modulo � and that the groups

S̄�, S� and Sx,� are semi-simple.

By construction, the connected semi-simple groups S� and Sx,� commute with C�,

hence it makes sense to define the reductive groups

G� := S�C� and Gx,� := Sx,�C�.

Furthermore, one has the following results, due to Serre (here, we implicitly use the fact

that the k is a number field).

Fact 2.10 ([34, Theorem 1,2; 33, Section 3]).

(1) rank(Gx,�)= rank(Gx,�∞) for �� 0 and, in particular, rank(Gx,�) is independent

of � for �� 0.

(2) There exists an integer (independent of x—though this is not explicitly stated

in [34, Thm. 1], this can be seen from the proof) d(g)≥ 1 and a finite extension
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An Open Adelic Image Theorem for Abelian Schemes 23

kx of k(x) such that one has ρx,�(Γkx)⊂ Gx,�(F�) and [Gx,�(F�) : ρx,�(Γkx)]≤d(g) for

�� 0. �

2.4.2 Approximation

In this section, we compare G� with G�(F�). For our purpose, the following lemma will be

enough (but see Remark 2.13 for a more precise statement).

Lemma 2.11. There exist integers δ′, δ ≥ 1 such that for every prime � one has

[G�(F�) : G� ∩ G�(F�)]≤ δ, [G� : G� ∩ G�(F�)]≤ δ′. �

Proof. It is enough to prove that [G�(F�) : G� ∩ G�(F�)] and [G� : G� ∩ G�(F�)] are

bounded from above independently of � for �� 0 (and then take δ :=max{[G�(F�) : G� ∩
G�(F�)] | �: prime}, δ′ :=max{[G� : G� ∩ G�(F�)] | �: prime}). To do so, we may freely replace

X with a connected étale cover. In particular, we may replace X with Xkx (where kx is

the finite extension of k introduced in Fact 2.10(2)) hence assume that Gx,� ⊂ Gx,�(F�) and

[Gx,�(F�) : Gx,�]≤d(g) for all but finitely many primes �. Set dx := [k(x) : k]. We assume that

� is large enough so that all the reduction carried out up to now hold and, also, that

� > dx, 2g− 1. We proceed into several steps.

(1) Claim 1 : G+� = Ḡ�G
+
x,� (in particular, Ḡ�G

+
x,� is normal in G�).

Proof of Claim 1. Recall that Ḡ+� = Ḡ�. So one always has G+� ⊃ Ḡ�G
+
x,�. For

the converse inclusion, let g∈G�[�] \ Ḡ�[�]. The image ḡ of g in Q� :=G�/Ḡ�

has order �. On the other hand, the image Qx,� of Gx,� in Q� has index ≤dx.

Since the orbits of ḡ acting on Q�/Qx,� have length 1 or �, this forces ḡ∈ Qx,�

(recall that � > dx) that is there exist γ ∈ Ḡ� and gx ∈Gx,� such that g= gxγ . As

ḡ= ḡx is of order �, � divides the order of gx and g�
x ∈ Ḡ�. Write |〈gx〉| = qx� with

� � |qx (recall that the assumption that �≥ 2g implies that GL(H�) contains no

element of order �2). There exists u, v ∈Z such that u�+ vqx= 1 hence

g= (gqx
x )v(g�

x)
uγ

with (gqx
x )v ∈Gx,�[�] and (g�

x)
uγ ∈ Ḡ�. �
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24 A. Cadoret

(2) Claim 2 : Let S, T ↪→GLr,F�
be algebraic subgroups such that S is semi-simple,

S, T commute and the morphism

S× T→ S · T ↪→GLr,F�

is an isogeny. Then

[(ST)(F�) : S(F�)T(F�)]≤ 2r−1.

Proof of Claim 2. Let K ↪→ S× T denote the kernel of S× T→ S · T . From the exact

sequence of flat sheaves

1→ K→ S× T→ S · T→ 1

one obtains an exact sequence

1→ K(F�)→ S(F�)× T(F�)= (S× T)(F�)
(1)→ (ST)(F�)→H1

fl(F�, K).

As K is a finite, commutative group scheme over F�, it has a connected-étale

decomposition

K = K◦ × Ket.

From the exact sequence of flat sheaves

1→ Ket→ S× T/K◦ → S · T→ 1

one obtains an exact sequence

1→ Ket(F�)→ (S× T/K◦)(F�)
(2)→ (ST)(F�)→H1

fl(F�, Ket).

But, as Ket is smooth over F�, one has

H1
fl(F�, Ket)=H1(F�, Ket(F̄�)),

which, by the cohomology of cyclic groups (e.g. [31, Proposition 1 and Remark p. 197]),

has order dividing |Ket(F�)|. But, by definition, K is a subgroup of the center of S, which

is a semi-simple subgroup of GLr/F�
hence |Ket(F�)| ≤ 2r−1 (e.g. [25, p. 270]).

On the other hand, the morphism S× T→ S× T/K◦ is radicial hence induces an

isomorphism onto F�-points. This shows that the morphisms (1) and (2) have the same

image.
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An Open Adelic Image Theorem for Abelian Schemes 25

(3) As S� is a connected semi-simple algebraic group and S̄� ↪→ S� is a normal

semi-simple algebraic subgroup, one has

S� = S̄� · S ′�,

where S ′� ↪→ S� is a normal semi-simple algebraic subgroup commuting with

S̄�. From Claim 1, one has

Ḡ�S ′�(F�)
+ = S̄�(F�)

+S ′�(F�)
+ ⊂ S�(F�)

+ =G+� = Ḡ�G
+
x,� = Ḡ�Sx,�(F�)

+

(4) Consider the following diagram of inclusions:

G� ⊃ Ḡ�Gx,� ⊂ Ḡ�Gx,�(F�)⊃ Ḡ�Sx,�(F�)C�(F�)⊃ Ḡ�Sx,�(F�)
+C�(F�)

⊃ Ḡ�S ′�(F�)
+C�(F�)= S̄�(F�)

+S ′�(F�)
+C�(F�)⊂ S̄�(F�)S ′�(F�)C�(F�)⊂ G�(F�).

and just compute the successive index using Claim 2, [Gx,�(F�) : Gx,�]≤d(g)

(Fact 2.10) and the fact that for a semi-simple subgroup S ↪→GL2gF�
one

always has [S(F�) : S(F�)
+]≤ 22g−1. More precisely, one has

G� Ḡ�Gx,�(F�)
� � �� G�(F�)

Ḡ�Gx,�

� �

d(g)
		������������

dx

��

S̄�(F�)
+S ′�(F�)

+C�(F�)

� �

24(2g−1)



������������	 


��������������

,

where the figures on the arrows denote the maximal possible index. In par-

ticular, one has

[G�(F�) : G� ∩ G�(F�)]≤d(g)24(2g−1), [G� : G� ∩ G�(F�)]≤dx.

This concludes the proof of Lemma 2.11. �

2.4.3 The equality Gx,� = G�

Lemma 2.12. One has Gx,� = G� for �� 0. �

Proof. If one replaces k by a finite field extension k′ then Gx,�, G� remain unchanged

for �� 0 (more precisely, Gx,�∞ hence C� remains unchanged and G+x,�, G+� hence Sx,�,

S� remain unchanged for � > [k′ : k]) so we may assume that k= k(x)= kx and that Gx,� ⊂
Gx,�(F�) (Fact 2.10(2)).
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26 A. Cadoret

As Gx,� ⊂ G� are connected reductive groups, one can apply the Borel-de

Siebenthal Theorem (� �= 2, 3) [16, 26]. For this, one has to show that

(i) rank(Gx,�)= rank(G�);
(ii) Z(Gx,�)= Z(G�),

where here, given a group G, we let Z(G) denotes its center. Note that, if (i) holds, the

inclusion Gx,� ⊂ G� implies that Z(G�)⊂ Z(Gx,�) (consider a maximal torus of G� contained

in Gx,�). Then (ii) amounts to showing

(ii′) EndGx,�
(H�)⊂EndG�

(H�). �

Proof of (i). As x /∈ Xex one has rank(Gx,�∞)= rank(G�∞)=: ρ. Also, recall that we chose

�� 0 so that rank(Gx,�)= rank(Gx,�∞)= ρ. As a result, it is enough to show that rank(G�)=
ρ for �� 0. As Gx,� ⊂ G�, one already has ρ ≤ rank(G�), so it is enough to prove that

rank(G�) < ρ + 1 for �� 0. But this is, somewhat, the easy inequality of [34, Section 6]

and one can use the same argument. First, the image of Gx,�∞ = G�∞ by the characteristic

polynomial morphism

ch : GLH�∞ →A
2g−1
Q�
×Gm,Q�

is the base-change of a subvariety P defined over Q, with dimension ρ and which is inde-

pendent of �. In particular, P extends to a subvariety over a non-empty open subscheme

of spec(Z) hence has good reduction for �� 0. Write P� for the reduction of P modulo �.

Assume that ρ� = rank(G�)≥ ρ + 1. Let T� ↪→ G� be a maximal torus. Then

|T�(F�)| ≥ (�− 1)ρ ≥ �ρ+1

2ρ+1

[25, Lemma 3.5] and

[T�(F�) : T�(F�) ∩ G�]= [T�(F�) : T�(F�) ∩ (G�(F�) ∩ G�)]≤ [G�(F�) : G� ∩ G�(F�)]≤ δ.

Consequently

|T�(F�) ∩ G�| ≥ �ρ+1

2ρ+1δ
.

And as the characteristic polynomial morphism

chF�
: T�→A

2g−1
F�
×GmF�
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An Open Adelic Image Theorem for Abelian Schemes 27

is finite over its image, of degree at most (2g)! one gets

|chF�
(G�)| ≥ |chF�

(T�(F�) ∩ G�)| ≥ |T�(F�) ∩ G�|
(2g)!

≥ �ρ+1

(2g)!δ2ρ+1
.

But, by definition, chF�
(G�)= ch(G�∞)mod�⊂ P�(F�). Thus |chF�

(G�)| ≤ |P�(F�)| = O(�ρ),

which yields the contradiction. (Note that G�∞ ⊂GL2g(Q�) is compact hence conjugate

in GL2g(Q�) to a subgroup of GL2g(Z�). As the characteristic polynomial morphism is

invariant by conjugacy, this implies ch(G�∞)⊂ P (Z�).) �

Proof of (ii′). By the modulo-� variant of the Tate conjecture for endomorphisms of

abelian varieties [15] (and Condition (4′) in Section 2.2) one has, for �� 0

EndG�
(H�)=End(Aη)⊗Z F� =End(Ax)⊗Z F� =EndGx,�

(H�).

On the other hand, by construction

EndG�
(H�)⊃End(Aη)⊗Z F� =End(Ax)⊗Z F� ⊂EndGx,�

(H�).

But, since Gx,� ⊂ Gx,�(F�), one also has EndGx,�
(H�)⊂EndGx,�

(H�) hence EndGx,�
(H�)=

EndGx,�
(H�) for �� 0. �

2.4.4 End of the proof of Theorem 2.7

From the preliminary reductions (see the discussion at the end of Step 1 in Section 2.1),

G� =Gx,�Ḡ� and Ḡ� = Ḡ+� for �� 0 so it is enough to show that (Ḡ+� =)Ḡ� ⊂Gx,� for �� 0.

But this follows from Fact 2.9(2) and Lemma 2.12 since

G�(F�) = Gx,�(F�)

∪ ∪
G�(F�)

+ = Gx,�(F�)
+

‖ ‖
Ḡ� = Ḡ+� ⊂ G+� = G+x,� ⊂Gx,�.

Remark 2.13 (A corollary of the proof). From Theorem 2.7, up to replacing X with a

connected étale cover, for every closed point x /∈ Xex and for all but finitely many primes

� one has Gx,� =G�. But then, from Fact 2.10 (2) and Lemma 2.12, fixing x /∈ Xex and up to

replacing X with Xkx , one has G� ⊂ G�(F�) and [G�(F�) : G�] bounded from above indepen-

dently of �. In other words, we have improved Lemma 2.11 to get the exact analogue of

Fact 2.10 (2) for finitely generated fields of characteristic 0: Up to replacing X with a con-

nected étale cover, one has G� ⊂ G�(F�) for �� 0 and [G�(F�) : G�] is bounded from above
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independently of �. (To reduce the case of representations of the absolute Galois group

to the case of representations of the étale fundamental group, use that if A is an abelian

variety over the function field k(X) of a smooth, separated and geometrically connected

scheme X over k then it extends to an abelian scheme over a non-empty open subscheme

U ⊂ X and the Galois representation of Γk(X) onto A[�] factors through Γk(X) � π1(U ).) �

2.5 Interlude on Mumford–Tate group versus étale fundamental group

The method used to prove Theorem 1.2 also shows that, provided the Mumford–Tate

conjecture holds, the following refined adelic Mumford–Tate conjecture (Theorem 2.14)

holds as well. Before stating it, let us recall the statement of the Mumford–Tate

conjecture.

Let k be a number field, k ↪→C a complex embedding and A an abelian variety

over k.

Let H :=H1(Aan
C , Z) and V := H ⊗Q denote the integral and rational Betti coho-

mology. Similarly, let H�∞ :=H1(Ak̄, Z�) and V�∞ := H�∞ ⊗Q� denote the integral and ratio-

nal �-adic cohomology.

The Mumford–Tate group MA ↪→GLV of A is the Galois group of the Tannakian

category generated by V in the category of Q-mixed Hodge structures. It is a connected

reductive algebraic group over Q. Let Mad
A denote the adjoint group of MA; it is a con-

nected semi-simple algebraic group over Q. Write again MA ↪→GLH for the Zariski-

closure of MA in GLH . This is a connected reductive group scheme over Z[ 1
N ] (for some

integer N� 0) and, up to increasing N, Mad
A and MA→Mad

A extend to a connected semi-

simple group scheme and a morphism of group schemes over Z[ 1
N ].

The Zariski closure G�∞ ↪→GLV�∞ of the image of the �-adic representation Γk→
GL(V�∞) is the Galois group of the Tannakian category generated by V�∞ in the category

of finite-dimensional continuous Q�-representations of Γk. It is a (not necessarily con-

nected) reductive algebraic group over Q�.

The Mumford–Tate conjecture—a by-product of the Hodge and the Tate

conjectures— predicts that modulo the comparison isomorphism V ⊗Q� � V�∞ between

Betti and �-adic cohomology, one has G◦�∞ =MA,Q�
. The inclusion G◦�∞ ⊂MA,Q�

is known

[3, 14, 27]. Hence, possibly after replacing k with a finite extension, we may and will

assume that G�∞ = G◦�∞ ⊂MA,Q�
for every prime � so that the adelic representation

Γk→
∏

�

GL(H�∞)
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An Open Adelic Image Theorem for Abelian Schemes 29

factors through

Γk→MA(Ẑ)

(
=
∏

�

GL(H�∞) ∩MA(Q�)

)
.

Theorem 2.14. Assume the Mumford–Tate conjecture holds for A. Then the image of the

adelic representation

Γk→MA(Ẑ)→Mad
A (Ẑ)

contains
∏

��0 Mad
A (Z�)

+, where, given a �-adic Lie group M, we write M+ ⊂M for the

(normal open) subgroup generated by the �-Sylow subgroups of M. �

Proof (sketch of). Let G�∞ and G� denote the images of the �-adic and modulo

�-representations Γk→MA(Z�) and Γk→MA(F�), respectively. To prove Theorem 2.14,

one may freely replace k by a finite field extension hence assume that the image G of

the adelic representation Γk→MA(Ẑ) satisfies G =∏� G�∞ . If the Mumford–Tate con-

jecture holds for A, G�∞ coincides with MA,Q�
. Let G� denote the reductive group con-

structed from G� as in Section 2.4.1. Eventually, let DA denote the derived subgroup of

MA. Using that MA is an extension of DA by a torus and that, for �� 0 (so that it makes

sense), the reduction DA,F�
of DA modulo � is exponentially generated, one obtains that

˜MA(F�)=DA,F�
hence G� ⊂MA,F�

. We would like to show that G� =MA,F�
. For this, one can

again apply the Borel-de Siebenthal Theorem as in the proof of Lemma 2.12. Namely, one

has

rank(G�)= rank(G�∞)= rank(MA)= rank(MA,F�
), �� 0

hence Z(MA,F�
)⊂ Z(G�). So it is enough to show that EndG�

(H�)⊂EndMA,F�
(H�). But after

replacing k with a finite extension, G� ⊂ G�(F�) hence

EndG�
(H�)⊂EndG�

(H�)=End(A)⊗ F� =EndMA(H)⊗ F� =EndMA,F�
(H�), �� 0.

The equality G� =MA,F�
ensures that G+� =DA(F�)

+ maps onto Mad
A (F�)

+. So, if Gad
�∞

denotes the image of Γk in Mad
A (Z�), then Gad,+

�∞ maps onto Mad
A (F�)

+ hence, apply-

ing Lemma 2.5 with π� :Mad
A (Z�)→Mad

A (F�) for α : G→ Q and Mad
A (F�)

+ ↪→Mad
A (F�) for

R ↪→ Q, one obtains that

Gad
�∞ ⊃Gad,+

�∞ = π−1
� (Mad

A (F�)
+)=Mad

A (Z�)
+. �

Remark 2.15. Theorem 2.14 is the best general statement one can expect for the (adjoint)

adelic Mumford–Tate conjecture since one can construct examples of an abelian variety

A over a number field k (obtained by specializing universal abelian schemes over ad
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hoc Shimura varieties) such that the image of Γk→Mad
A (Z�) is contained in Mad

A (Z�)
+

and Mad
A (Z�)

+ �Mad
A (Z�) (hence, a fortiori, the image of Γk→Mad

A (Z�) is not equal to

Mad
A (Z�)) for �� 0. �

3 Adelic Open Image Theorem for 1-Motives

In this last section, we extend Theorem 1.2 to the adelic representation attached to a

1-motive. We retain our convention about k and X.

Let M := [Y
u→G] be a (torsion-free) 1-motive over X, that is a complex of group

schemes over X concentrated in degree −1, 0, where G is a semi-abelian group scheme,

extension of an abelian scheme A (which, to simplify, we will assume to be non-zero) by

a torus T and Y is étale locally isormorphic to Z⊕r (see [13, Section 10]). To M is attached

a �-adic Tate module T�(M), which is a �-adic sheaf on X fitting in an exact sequence of

�-adic sheaves

0→ T�(G)→ T�(M)→Y ⊗ Z�→ 0,

where T�(G) := lim←−G[�n]. Write H−�∞ := T�(−)η̄ and V−�∞ := H−�∞ ⊗Q� for −= A, G, T, Y etc.

Applying the fibre functor Fη̄, one obtains an extensions of π1(X)-modules

0→ H G
�∞ → H M

�∞ →Y ⊗ Z�→ 0.

Let

ρM
�∞ : π1(X)→GL(H M

�∞)

denote the corresponding �-adic representation. As in Section 1.2.1, the local

representation

ρM
x,�∞ := ρM

�∞ ◦ σx : Γk(x)→GL(H M
�∞)

identifies with the Galois representation attached to Mx. We use the same notation

as in Section 1.2.1, indicating by a labeling (−)M the 1-motive to which the object

we consider is attached (for instance, we will write GM
�∞ := im(ρM

�∞), ḠM
�∞ := ρM

�∞(π1(Xk̄)),

GM
x,�∞ := im(ρM

x,�∞) etc.). Eventually, write

U M
�∞ := ker(GM

�∞ � G A
�∞), U M

x,�∞ := ker(GM
x,�∞ � G A

x,�∞).

Lemma 3.1. Given a closed point x∈ X the following are equivalent:

(i) GM
x,�∞ is open in GM

�∞ for one prime �;

(ii) GM
x,�∞ is open in GM

�∞ for every prime �. �

 by guest on January 18, 2015
http://im

rn.oxfordjournals.org/
D

ow
nloaded from

 

http://imrn.oxfordjournals.org/


An Open Adelic Image Theorem for Abelian Schemes 31

Proof. By definition GM
x,�∞ is open in GM

�∞ if and only if G A
x,�∞ is open in G A

�∞ and U M
x,�∞ is

open in U M
�∞ . So, let � be a prime such that GM

x,�∞ is open in GM
�∞ . Then, on the one hand,

from Lemma 1.1, G A
x,λ∞ is open in G A

λ∞ for every prime λ. And, on the other hand, from [21,

Theorem 1], the dimensions of U M
�∞ and U M

x,�∞ are independent of �. In particular,

dim(U M
λ∞)= dim(U M

�∞)= dim(U M
x,�∞)= dim(U M

x,λ∞),

which shows that U M
x,λ∞ is open in U M

λ∞ for every prime λ. �

So, define Xgen
M to be the set of all x∈ |X| such that GM

x,�∞ is open in GM
�∞ for one

(or, equivalently, every) prime �. (If G = A is an abelian scheme and Aη contains no non-

trivial k-isotrivial abelian subvariety, one can show that every open subgroup of ḠM
�∞ has

finite abelianization. This ensures, again, that when X is a curve, for every integer d≥ 1,

the set of all x∈ Xex
M such that [k(x) : k]≤d is finite [7, Theorem 1.1].) Set Xex

M := |X| \ Xgen
M

Theorem 3.2 (Adelic open image theorem for 1-motives). For every x∈ Xgen
M the group

GM
x is open in GM. �

Proof. As in the proof of Theorem 1.2, one may freely replace X with a connected étale

cover. By definition Xex
A ⊂ Xex

M . In particular, from Theorem 1.2, up to replacing X with

a connected étale cover, for every x∈ Xgen
M the group G A

x is open in G A. Also, from [8,

Corollary 4.5] and [35, Theorem 1], up to replacing again X with a connected étale cover,

one may assume that

GM =
∏

�

GM
�∞ , GM

x =
∏

�

GM
x,�∞ ,

and

G A=
∏

�

G A
�∞ , G A

x =
∏

�

G A
x,�∞ .

As a result,

ker(GM→G A)=
∏

�

U M
�∞, ker(GM

x →G A
x )=

∏
�

U M
�∞,x

and it is enough to show that for every x∈ Xgen
M one has U M

x,�∞ =U M
�∞ for �� 0. This follows

from [21, Theorem 6.2] after observing that the construction of the semi-abelian scheme

U (M) in [21, Section 3.2] can be carried out in families. More precisely, for every prime �
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let W−1 EndQ�
(V M

�∞) denote the Lie sub-algebra induced by the ascending filtration

WiV
M
�∞ = V M

�∞ , i ≥ 0, W−1V M
�∞ = VG

�∞, W−2V M
�∞ = VT

�∞, WiV
M
�∞ = 0, i ≤−3.

that is,

WiEndQ�
(V M

�∞) := {g∈EndQ�
(V M

�∞) | gWiV
M
�∞ ⊂Wi−1V M

�∞, i = 0, 1, 2}.

Then, one can construct a semi-abelian scheme U (M) over X, a section uM : X→U (M)

and, for every prime �, a canonical isomorphism of π1(X)-modules

αM
� : VU (M)

�∞ →̃W−1EndQ�
(V M

�∞)

with the following property. (For instance, when G = A is an abelian scheme and Y�Z⊕r
X

is constant, U (M)=Hom(Y, A)� A⊕r and uM : X→ A⊕r is the section corresponding to u:

Y→ A∈Hom(Y, A)(X), see [21, §3 and §6] for the general case, which is more technical.)

Set

βM
� : U M

�∞
log
↪→W−1EndQ�

(V M
�∞)

(αM
� )−1

→ VU (M)
�∞ .

For every t∈ X, let P (Mt) denote the connected component of the Zariski closure of ZuM(t)

in U (M)t. Then βM
� (U M

�∞,t) is contained and open in V P (Mt)
�∞ . Furthermore, for �� 0 (depend-

ing on t) one has

βM
� (U M

�∞,t)= H P (Mt)
�∞ .

Thus, for x∈ |X| (and fixing an étale path α : Fη̄→̃Fx̄), one obtains a commutative diagram

H
P (Mη)

�∞
��

��

U M
�∞

�
����������������������

βM
�

�� VU (M)
�∞ HU (M)

�∞
� �

U M
�∞,x

� �

��

�
�� H P (Mx)

�∞ ,

��

��

where the inclusions

H P (Mx)
�∞ ↪→ HU (M)

�∞ (� HU (M)x
�∞ ), H

P (Mη)

�∞ ↪→ HU (M)
�∞ (� H

U (M)η
�∞ )
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are those induced from the inclusions of semi-abelian schemes P (Mx) ↪→U (M)x and

P (Mη) ↪→U (M)η. In particular, the cokernel of H P (Mx)
�∞ ↪→ H

P (Mη)

�∞ is torsion-free. But if

x∈ Xgen
M , H P (Mx)

�∞ is open in H
P (Mη)

�∞ , which forces H P (Mx)
�∞ = H

P (Mη)

�∞ . �
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