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Abstract. Let Y be an abelian variety over a subfield k ⊂ C that is of finite type over Q. We
prove that if the Mumford-Tate conjecture for Y is true, then also some refined integral and adelic
conjectures due to Serre are true for Y . In particular, if a certain Hodge-maximality condition is
satisfied, we obtain an adelic open image theorem for the Galois representation on the (full) Tate
module of Y . We also obtain an (unconditional) adelic open image theorem for K3 surfaces. These
results are special cases of a more general statement for the image of a natural adelic representation
of the fundamental group of a Shimura variety.
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Introduction

To a Shimura datum (G,X) and a neat compact open subgroup K0 ⊂ G(Af ) one can associate (see
Section 3) a representation

φ : π1(S0)→ K0 ⊂ G(Af ) ,

where S0 ⊂ ShK0(G,X) (over some number field F ) is a geometrically irreducible component of
the Shimura variety ShK0(G,X). This reflects the fact that we have a tower of finite étale covers
ShK(G,X) → ShK0(G,X) indexed by the open subgroups K ⊂ K0. For ` a prime number, let
φ` : π1(S0)→ K0,` be the `-primary component of φ. The main result of this paper is about the image
of φ.

Main Theorem. With notation as above, fix a free Z-module H of finite rank and a closed embedding
i : G ↪→ GL(H ⊗Q), and let G ⊂ GL(H) be the Zariski closure of G in GL(H).

(i) There exists a positive integer N , depending only on G and X, such that
[
G (Z`) : Im(φ`)

]
≤ N

for all `.
(ii) For almost all ` the image of φ` contains the commutator subgroup of G (Z`).
(iii) If (G,X) is maximal (see Def. 2.7), Im(φ) is an open subgroup of G(Af ).

The proof of this result only involves abstract theory of Shimura varieties. It relies on Deligne’s
group-theoretic description of the reciprocity law that gives the Galois action on the set of geometric
connected components of Sh(G,X).

Using that the moduli spaces of abelian varieties and K3 surfaces are (essentially) Shimura vari-
eties, we obtain as consequence of our main theorem that the usual Mumford-Tate conjecture implies
refined integral and adelic forms of it that were conjectured by Serre. To describe these results in more
detail, let Y be either an abelian variety or a K3 surface over a subfield k ⊂ C that is finitely generated
over Q. Write H = H1

(
Y (C),Z

)
in the first case and H = H2

(
Y (C),Z

)
(1) if Y is a K3 surface. Let

GB ⊂ GL(H) be the Mumford-Tate group. We may identify H ⊗ Ẑ with the étale cohomology of Y
with Ẑ-coefficients (H1 or H2(1)); this gives us a Galois representation

ρY : Gal(k̄/k)→ GL(H)
(
Ẑ
)
.
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It is known that, possibly after replacing k with a finite extension, the image of ρY is contained
in GB(Ẑ). From now on, we assume this is the case. If ` is a prime number, let ρY,` : Gal(k̄/k) →
GL(H)

(
Z`
)
be the `-primary component of ρY .

In the case of an abelian variety, our main theorem implies the following.

Theorem A. Let Y be an abelian variety over k for which the Mumford-Tate conjecture is true.
(i) The index

[
GB(Z`) : Im(ρY,`)

]
is bounded when ` varies. Moreover, for almost all ` the image

of ρY,` contains the commutator subgroup of GB(Z`), as well as the integral homotheties Z∗` · id.
(ii) If the Hodge structure H1

(
Y (C),Q

)
is Hodge-maximal (see Def. 2.3), the image of ρY is an

open subgroup of GB(Af ).

By a result of Larsen and Pink (see [14], Thm. 4.3), if the Mumford-Tate conjecture for an abelian
variety is true for one prime number `, it is true for all `. The assumption that the Mumford-Tate
conjecture for Y is true is therefore unambiguous. Let us also note that Hodge-maximality is a necessary
condition for the image of ρY to be open in GB(Af ); see Remark 2.6.

In the case of a K3 surface, the Mumford-Tate conjecture is known (due to Tankeev [29] and,
independently, André [1]), and we prove that the Hodge-maximality assumption is always satisfied. In
this case we obtain the following adelic open image theorem.

Theorem B. If Y is a K3 surface, the image of ρY is an open subgroup of GB(Af ).

To understand how our main theorem leads to Theorems A and B, we have to link the represen-
tation φ to the Galois representation ρY on the cohomology of Y . Taking G to be the Mumford-Tate
group of Y , we obtain a Shimura variety that has an interpretation as a moduli space of abelian va-
rieties or K3 surfaces with additional structures. If y ∈ S0(k) is the point corresponding to Y , we
obtain a homomorphism σy : π1(y) → π1(S0) (with π1(y) ∼= Gal(k̄/k)), and the composition φ ◦ σy is
isomorphic to the Galois representation ρY . Using a classical result of Bogomolov, the assumption that
the Mumford-Tate conjecture for Y is true, for some prime number `, implies that the image of φ` ◦σy
is open in the image of φ`. Points y ∈ S0(k) for which this holds are said to be `-Galois-generic with
respect to φ. For points on a Shimura variety of abelian type, a result of the first author and Kret says
that being `-Galois-generic for some ` implies something that is a priori much stronger, namely that
the image of the adelic representation φ ◦σy is open in the image of φ. (See [6], Thm. A. This result is
a consequence of the open adelic image theorem for abelian schemes proven by the first author in [5].)
Theorem A and Theorem B are obtained by combining this with our main Theorem on the image of φ.

Following the pioneering work of Serre, several authors have investigated the integral and (some
variants of) the adelic forms of the Mumford-Tate conjecture. After we completed a first version of this
paper, it was brought to our attention by Hindry and Ratazzi that they have recently also obtained
Theorem A(i); see Thm. 10.1 in [9]. We refer to Remark 5.4(ii) for a brief overview of how our results
relate to the work of other people.

The first two sections of the paper are of a preliminary nature. We recall some conjectures due
to Serre that refine the Mumford-Tate conjecture. Also we discuss the notion of (Hodge-)maximality,
which is a necessary condition for an adelic open image theorem to hold. Section 3 forms the core of
the paper. We define the representation φ associated with a Shimura variety; further we state and
prove the main results, Theorem 3.6 and its Corollary 3.7 (our main Theorem above), about the image
of φ. In Section 4 we briefly recall various notions of Galois-genericity, and we state the result of
Cadoret-Kret that we need. In Section 5, which is devoted to abelian varieties, we prove Theorem A.
Also we give examples of abelian varieties for which the H1 is not Hodge-maximal. These examples
suggest that Hodge-maximality depends in a rather subtle way on the structure of the Mumford-Tate
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group. Finally, in Section 6 we discuss K3 surfaces. We prove that the H2(1) of a K3 surface is always
Hodge-maximal, and we deduce Theorem B.

Acknowledgement. We thank Akio Tamagawa for his interest and for helpful discussions.

1. An integral variant of the Mumford-Tate conjecture

1.1 Let Y be a smooth proper scheme of finite type over a subfield k of C that is finitely generated
over Q. Fix integers i and n.

Let H = H i
(
Y (C),Z

)
(n)/(torsion), which is a polarizable Hodge structure of weight i− 2n. We

denote by GB ⊂ GL(H) the Mumford-Tate group. By this we mean that the generic fibre GB,Q ⊂
GL(HQ) is the Mumford-Tate group of HQ in the usual sense, and that GB is the Zariski closure
of GB,Q inside GL(H). If the context requires it, we include Y in the notation, writing GB,Y , etc.

For a prime number `, let H` = H i
(
Yk̄,Z`

)
(n)/(torsion), which is a free Z`-module of finite rank

on which we have a continuous Galois representation

ρ` : Gal(k̄/k)→ GL(H`) .

We denote by G` ⊂ GL(H`) the Zariski closure of the image of ρ`. The generic fibre G`,Q`
⊂ GL(H`,Q`

)

is the Zariski closure of the image of the Galois representation on H`,Q`
. We define G0

` ⊂ G` to be the
Zariski closure of the identity component (G`,Q`

)0.
If we replace k by a finitely generated extension, G` may become smaller, but its identity compo-

nent G0
` does not change. By a result of Serre (see [24] or [13], Prop. 6.14), there exists a finite field

extension k ⊂ kconn in C (depending on Y , i and n) such that for every field K that contains kconn

and every prime number `, the generic fibre of G`,YK is connected.
Via the comparison isomorphism H ⊗ Z`

∼−→ H`, we may view GB ⊗ Z` as a subgroup scheme of
GL(H`).

1.2 Mumford-Tate Conjecture. With notation as above, GB ⊗ Z` = G0
` as subgroup schemes of

GL(H`).

Note that, though we have stated the conjecture using group schemes over Z`, the Mumford-Tate
conjecture in this form is equivalent to the conjecture that GB⊗Q` equals G0

`,Q`
as algebraic subgroups

of GL(H`,Q`
), which is the Mumford-Tate conjecture as it is usually stated. As H` is Hodge-Tate, it

follows from a result of Bogomolov [2] (with some extensions due to Serre; see also [24]) that the image
of ρ` is open in G`(Q`). Hence the Mumford-Tate conjecture is equivalent to the assertion that Im(ρ`)

is an open subgroup of GB(Z`) (assuming k = kconn). Further note that the Mumford-Tate conjecture
depends, a priori, on ` and also on the chosen complex embedding of k.

The following strengthening of the Mumford-Tate conjecture was proposed by Serre; see Conjec-
ture C.3.7 in [23] and cf. [28].

1.3 Integral Mumford-Tate Conjecture (Serre). Retain the notation of 1.1, and assume k =

kconn. Then for all ` the image Im(ρ`) is contained in GB(Z`) as an open subgroup, and the index[
GB(Z`) : Im(ρ`)

]
is bounded when ` varies. Further, for almost all ` the image of ρ` contains the

commutator subgroup of GB(Z`) and all homotheties of the form ci−2n · id, for c ∈ Z∗` .

Compared with the usual Mumford-Tate conjecture, the main point in the above conjecture is
that it should be possible to bound the index of Im(ρ`) in GB(Z`) by a constant independent of `.
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2. Maximality, and an adelic form of the Mumford-Tate conjecture

2.1 Definition. Let M be a connected algebraic group over a field k of characteristic 0. Let k ⊂ F

be a field extension, S an algebraic group over F , and h : S → MF a homomorphism. Then we say
that h is maximal if there is no non-trivial isogeny of connected k-groups M ′ → M such that h lifts
to a homomorphism S →M ′F .

Note that if F is algebraically closed, maximality of h only depends on its M(F )-conjugacy class.

2.2 The following remarks closely follow [34], 0.2. Let M be a connected reductive group over a
subfield k ⊂ C. Let C be a conjugacy class of complex cocharacters µ : Gm,C → MC. Let π1(M)

denote the fundamental group of M as defined by Borovoi in [3]. This is a finitely generated Z-
module with a continuous action of Γ = Gal(k̄/k). If (X∗, R,X∗, R

∨) is the root datum of Mk̄ and
Q(R∨) = 〈R∨〉 ⊂ X∗ is the coroot lattice, π1(M) ∼= X∗/Q(R∨).

The conjugacy class C of complex cocharacters corresponds to an orbit C ⊂ X∗ under the Weyl
group W . As the induced W -action on π1(M) is trivial, any two elements in C have the same image
in π1(M); call it [C ] ∈ π1(M).

If M ′ is a connected reductive k-group and f : M ′ → M is an isogeny, the map induced by f

identifies π1(M ′) with a Z[Γ]-submodule of finite index in π1(M). Conversely, every such submodule
comes from an isogeny of connected k-groups, which is unique up to isomorphism overM . A conjugacy
class C as above lifts to M ′ if and only if [C ] ∈ π1(M ′).

We shall usually be in a situation where the Z[Γ]-submodule spanned by [C ] has finite index
in π1(M). (See below.) In this case, there is a uniquely determined maximal isogeny M ′ → M of
connected k-groups such that the µ ∈ C lift to complex cocharacters of M ′. Further, the cocharacters
µ ∈ C are maximal in the sense of Definition 2.1 if and only if [C ] generates π1(M) as a Z[Γ]-module.

2.3 Definition. Let V be a Q-Hodge structure, given by the homomorphism h : S → GL(V )R. Let
M ⊂ GL(V ) be the Mumford-Tate group. Then V is said to be Hodge-maximal if h : S → MR is
maximal in the sense of Definition 2.1.

Hodge-maximality of V is equivalent to the condition that the associated cocharacter µ : Gm,C →
MC is maximal. This allows us to apply 2.2, taking k = Q and Γ = Gal(Q/Q). If C is the M(C)-
conjugacy class of µ, the assumption that M is the Mumford-Tate group of V implies that the Z[Γ]-
submodule of X∗(M) generated by C has finite index. Hence also the Z[Γ]-submodule of π1(M)

generated by [C ] has finite index. By what was explained in 2.2, V is Hodge-maximal if and only if
Z[Γ] · [C ] = π1(M).

2.4 Retaining the notation and assumptions of 1.1, let Ĥ =
∏
` H`, where the product is taken over

all prime numbers `. We then have a continuous Galois representation

ρ : Gal(k̄/k)→ GL(Ĥ)

whose `-primary component is the representation ρ` defined in 1.1. The comparison isomorphism
between singular and étale cohomology gives an isomorphism Ĥ ∼= H ⊗ Ẑ; via this we may view ρ as
a representation taking values in GL(H)

(
Ẑ
)
.

The following adelic version of the Mumford-Tate conjecture was proposed by Serre; see Conjec-
ture C.3.8 in [23].

2.5 Adelic Mumford-Tate Conjecture (Serre). With notation as in 1.1, suppose that k = kconn

and that the Hodge structure H is Hodge-maximal. Then Im(ρ) is an open subgroup of GB(Af ).
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2.6 Remark. It follows from a result of Wintenberger that the Hodge-maximality of H is essential.
(For simplicity we shall assume here that the ground field k is a number field.) Indeed, suppose there
exists a non-trivial isogeny of Q-groups M ′ → GB with M ′ connected, such that h : S→ GB,R lifts to
a homomorphism S → M ′R. By [33], Théorème 2.1.7, and possibly after replacing the ground field k
with a finite extension, the `-adic representations ρ` lift to Galois representations with values in M ′.
On the other hand, it follows from [18], Proposition 6.4, that the image of M ′(Af ) → GB(Af ) is not
open in GB(Af ); hence Im(ρ) cannot be open in GB(Af ).

2.7 Let (G,X) be a Shimura datum such that G is the generic Mumford-Tate group on X. By
definition, this means that there exist points h ∈ X for which there is no proper subgroup G′ ⊂ G

such that h : S → GR factors through G′R. The locus of points h for which this holds forms a subset
XHgen ⊂ X called the Hodge-generic locus.

Similar to the definition in 2.3, we say that (G,X) is maximal if there is no non-trivial isogeny of
Shimura data f : (G′, X ′)→ (G,X). (Note that G′ is necessarily connected, as it is part of a Shimura
datum.) Clearly, if (G,X) is maximal then all h : S → GR in XHgen are maximal in the sense of
Definition 2.1. Conversely, if some h ∈ XHgen is maximal then (G,X) is maximal. (If we have f
as above, f(X ′) ⊂ X is a union of connected components but need not be the whole X; however,
changing f by an inner automorphism of G we can always ensure that some given h ∈ X lies in f(X ′).)

To each h ∈ X corresponds a complex cocharacter µh of G, and the µh thus obtained all lie in a
single G(C)-conjugacy class C (G,X). It follows from the previous remarks that (G,X) is maximal if
and only if the associated class

[
C (G,X)

]
generates π1(G) as a Z[Γ]-module.

2.8 Remarks. (i) Let f : (G1, X1) → (G2, X2) be a morphism of Shimura data with f : G1 → G2

surjective. If G1 is the generic Mumford-Tate group on X1 then G2 is the generic Mumford-Tate group
on X2. If f : G1 → G2 is an isogeny then also the converse is true.

(ii) If in (i) Ker(f) is semisimple then also maximality is preserved: if (G1, X1) is maximal, so is
(G2, X2). Indeed, in this case π1(G2) is a quotient of π1(G1) in such a way that

[
C (G2, X2)

]
is the

image of
[
C (G1, X1)

]
.

(iii) Given a Shimura datum (G,X), it follows from the remarks in 2.2 that, up to isomorphism,
there exists a unique isogeny of Shimura data f : (G̃, X̃)→ (G,X) such that (G̃, X̃) is maximal. By (i),
G is the generic Mumford-Tate group on X if and only if G̃ is the generic Mumford-Tate group on X̃.

3. Adelic representations associated with Shimura varieties

3.1 Let (G,X) be a Shimura datum. Throughout we assume that G is the generic Mumford-Tate
group on X. (See 2.7.) In this case, conditions (2.1.1.1–5) of [8] are satisfied and Z(Q) is discrete
in Z(Af ). (Cf. [8], 2.1.11; for details see also [31], Lemma 5.13.)

If K ⊂ G(Af ) is a compact open subgroup, we have ShK(G,X)
(
C
)

= G(Q)\X ×G(Af )/K. For
h ∈ X and γK ∈ G(Af )/K, let [h, γK] denote the corresponding C-valued point of ShK(G,X).

Let K0 ⊂ G(Af ) be a neat compact open subgroup. If K ⊂ K0 is an open subgroup, the induced
morphism on Shimura varieties ShK,K0 : ShK(G,X) → ShK0(G,X) is finite étale. If, moreover, K is
normal in K0, this morphism is Galois with group K0/K.

Choose a point h0 ∈ X. Let S0,C be the irreducible component of ShK0(G,X)C that contains the
point [h0, eK0]. Let F be the field of definition of this component, which is a finite extension of the
reflex field E(G,X). To simplify notation, we write ShK for ShK(G,X)F . By construction, we have a
geometrically irreducible component S0 ⊂ ShK0 .
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For K an open normal subgroup of K0, let SK ⊂ ShK be the inverse image of S0 ⊂ ShK0 under
the transition morphism ShK,K0 . Then SK → S0 is étale Galois with group K0/K.

Let s̄K = [h0, eK] ∈ SK(C). The system of points s̄ = (s̄K) thus obtained is compatible in the
sense that ShK2,K1(s̄K2) = s̄K1 for K2 ⊂ K1 ⊂ K0. We abbreviate s̄K0 to s̄0. With this choice of
base points, SK → S0 corresponds to a homomorphism φK : π1(S0, s̄0)→ K0/K. If K2 ⊂ K1 are open
normal subgroups of K0, the homomorphism φK1 equals the composition of φK2 : π1(S0, s̄0)→ K0/K2

and the canonical map K0/K2 → K0/K1. We may therefore pass to the limit; as the intersection of
all open normal subgroups K ⊂ K0 is trivial, this gives a continuous homomorphism

(3.1.1) φs̄ : π1(S0, s̄0)→ K0 .

3.2 Remarks. (i) The homomorphism φ is functorial in the following sense. Let f : (G,X) →
(G′, X ′) be a morphism of Shimura data. On reflex fields we have E(G′, X ′) ⊂ E = E(G,X). LetK0 ⊂
G(Af ) and K ′0 ⊂ G′(Af ) be neat compact open subgroups with f(K0) ⊂ K ′0. Choose h0 ∈ X and let
h′0 = f(h0) ∈ X ′. As in 3.1, this gives rise to geometrically irreducible components S0 ⊂ ShK0(G,X)F
and S′0 ⊂ ShK′0(G′, X ′)F ′ , and it is easy to see that EF ′ ⊂ F . Further, h0 and h′0 give rise to compatible
systems of base points s̄ = (s̄K) and s̄′ = (s̄′K′). The morphism Sh(f) : ShK0(G,X)→ ShK′0(G′, X ′)E
restricts to a morphism S0 → S′0,F over F with s̄0 7→ s̄′0. We then have a commutative diagram

π1(S0, s̄0) π1(S′0,F , s̄
′
0) ⊂ π1(S′0, s̄

′
0)

K0 K ′0

φs̄

Sh(f)∗

f

φ′
s̄′

(ii) The homomorphism φ is essentially independent of the choice of h0 ∈ X and the resulting
system of base points s̄. If we choose another point h′0 ∈ X that lies in the same connected component
as h0, this gives rise to a different collection of base points s̄′. There is a canonically determined
conjugacy class of isomorphisms α : π1(S0, s̄0)

∼−→ π1(S0, s̄
′
0). For α in this class, the homomorphisms

φs̄ and φs̄′ ◦ α differ by an inner automorphism of K0.
If h′0 lies in a different connected component of X, there exists an inner automorphism α = Inn(g)

of (G,X) such that α(h0) and h′0 lie in the same component of X. By functoriality together with the
previous case, it follows that the associated representations φs̄ and φs̄′ are conjugate when we restrict
to suitable subgroups of finite index in the respective π1’s.

In view of the above remarks, we shall from now on omit the base point s̄0 from the notation,
unless it plays a role in the discussion.

3.3 Our main goal in this section is to describe the image of the representation φ = φs̄ defined in 3.1.
In order to do this, we need to recall some definitions and results from the theory of Shimura varieties.
For proofs of the stated results we refer to [8], Section 2. Throughout, (G,X) is a Shimura datum as
in 3.1. Let G(R)+ ⊂ G(R) be the subgroup of elements that are mapped into the identity component
Gad(R)+ ⊂ Gad(R) (for the Euclidean topology) under the adjoint map.

Let γ : G̃→ Gder denote the simply connected cover of the derived group of G. Then G(Q)γG̃(A)

is a closed normal subgroup of G(A), and we define π(G) = G(A)/G(Q)γG̃(A). Next define π̄0π(G) =

π0π(G)/π0G(R)+, where π0 means the group of connected components. This π̄0π(G) is an abelian
profinite group.
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Define G(Q)+ = G(Q) ∩ G(R)+, and let G(Q)−+ denote its closure inside G(Af ). The natural
homomorphism G(Af ) → π̄0π(G) induces an isomorphism G(Af )/G(Q)−+

∼−→ π̄0π(G). If there is no
risk of confusion we identify the two groups.

The group G(Af ) acts on the Shimura variety Sh(G,X) from the right. This action makes the set
π0

(
Sh(G,X)C

)
a torsor under π̄0π(G).

3.4 Let E = E(G,X) be the reflex field and Eab its maximal abelian extension. As π0

(
Sh(G,X)C

)
is a torsor under π̄0π(G), which is abelian, the action of Gal(E/E) on π0

(
Sh(G,X)C

)
gives rise to a

well-determined homomorphism

(3.4.1) rec : Gal(Eab/E)→ π̄0π(G) ∼= G(Af )/G(Q)−+ ,

called the reciprocity homomorphism.
Let q : G(Af )→ π̄0π(G) be the canonical map. ForK ⊂ G(Af ) a compact open subgroup, we have

an induced action of π̄0π(G) on the set of irreducible components of ShK(G,X)C. All these components
have the same stabilizer in π̄0π(G), namely q(K). Let recK : Gal(Eab/E)→ π̄0π(G)/q(K) denote the
reciprocity map modulo q(K).

3.5 Proposition. Retain the notation and assumptions of 3.1. Then the image of the homomorphism
φ : π1(S0)→ K0 is the subgroup q−1

(
Im(rec)

)
∩K0 of K0.

Proof. Since F is defined to be the field of definition of the irreducible component S0,C ⊂ ShK0(G,X)C,
we have

Gal(Eab/F ) = rec−1
(
q(K0)

)
as subgroups of Gal(Eab/E). For K a normal open subgroup of K0, the set of geometric irreducible
components of SK is a torsor under q(K0)/q(K) ⊂ π̄0π(G)/q(K), and the irreducible components
of SK (over F ) correspond to the orbits under the action of Gal(Eab/F ) via recK . Hence the image of
φK : π1(S0)→ K0/K is the inverse image under q : K0/K → q(K0)/q(K) of recK

(
Gal(Eab/F )

)
. The

latter group is the image of
(
Im(rec)∩ q(K0)

)
in q(K0)/q(K), and so we find that Im(φK) is the image

of q−1
(
Im(rec)

)
∩K0 in K0/K. The proposition follows by passing to the limit.

3.6 Theorem. With assumptions as in 3.1, the cokernel of the reciprocity map (3.4.1) has finite
exponent, and it is a finite discrete group (i.e., Im(rec) ⊂ π̄0π(G) is an open subgroup) if (G,X) is
maximal.

Before we start discussing the proof, let us give the main corollary of this result.

3.7 Corollary. With assumptions as in 3.1, consider the homomorphism φ : π1(S0) → K0, and for
a prime number `, let φ` : π1(S0)→ K0,` be its `-primary component. Fix a free Z-module H of finite
rank and a closed embedding i : G ↪→ GL(H ⊗ Q), and let G ⊂ GL(H) be the Zariski closure of G in
GL(H).

(i) There exists a positive integer N , depending only on G and X, such that
[
G (Z`) : Im(φ`)

]
≤ N

for all `.
(ii) For almost all ` the image of φ` contains the commutator subgroup of G (Z`).
(iii) If (G,X) is maximal in the sense defined in 2.7, Im(φ) is an open subgroup of G(Af ).

Proof. In view of Proposition 3.5, (iii) of the corollary is immediate from the second assertion in the
theorem. For (ii) we only have to note that Im(φ) contains the commutator subgroup of K0 and that
K0,` = G (Z`) for almost all `.
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It remains to deduce (i) from the theorem. With the notation of 3.4, q−1
(
Im(rec)

)
is a normal

subgroup of G(Af ), with profinite abelian quotient G(Af )/q−1
(
Im(rec)

) ∼= Coker(rec). If m is the
exponent of Coker(rec), it follows that K0,`/Im(φ`) is a compact abelian `-adic analytic group that
is killed by m. Hence it is finite. It follows that Im(φ`) has finite index in G (Z`) for all `, and so it
suffices to prove (i) for all ` sufficiently large.

Choose a multiple M of m such that G is reductive over Z[1/M ] and K0,` = G (Z`) for all ` > M .
Fix an ` > M , and let G0 = G ⊗F` denote the characteristic ` fibre of G . Let G̃0 → G der

0 be the simply
connected cover of the derived subgroup. The image of G̃0(F`) → G der

0 (F`) is the normal subgroup
G0(F`)+ / G0(F`) that is generated by the `-Sylow subgroups.

Still with ` > M , the image of φ` contains the subgroup of G (Z`) generated by the `-Sylow
groups, and hence contains all elements g ∈ G (Z`) whose reduction modulo ` lies in G0(F`)+. It
therefore suffices to bound the m-torsion in G0(F`)/G0(F`)+ by a constant independent of `. As a
first step, let µ be the kernel of G̃0 → G der

0 ; this is a group of multiplicative type whose rank |µ|
only depends on G. (If R is the absolute rank of G, it is known that µ has rank at most 2R.) The
quotient G der

0 (F`)/G0(F`)+ injects into H1(F`, µ), which is a quotient of µ(F`) (cohomology of procyclic
groups). In particular,

[
G der

0 (F`) : G0(F`)+
]
divides |µ|. It therefore suffices to bound the m-torsion in

G0(F`)/G der
0 (F`) by a constant independent of `. Writing G ab

0 = G0/G der
0 , the group G0(F`)/G der

0 (F`)
is a subgroup of G ab

0 (F`). Further, if r is the rank of the torus Gab, the kernel of multiplication
by m on G ab

0 is a finite group scheme of rank rm; hence the m-torsion in G ab
0 (F`) has cardinality at

most rm.

We now turn to the proof of Theorem 3.6. In 3.9 and 3.11 we first prove the result in two special
cases; the general case is then deduced in 3.13. To prove that Coker(rec) has finite exponent (resp., is
finite), we use Deligne’s group-theoretic description of the reciprocity map. (See [8], Théorème 2.6.3.)
If E = E(G,X) is the reflex field, we simply write E∗ for the Q-torus ResE/QGm,E . Class field theory
gives an isomorphism π0π(E∗)

∼−→ Gal(Eab/E), which we normalize as in [8], 0.8.
We start with a general remark that is useful to us.

3.8 Remark. Let f : G1 → G2 be a surjective homomorphism of reductive Q-groups. Factor f as

G1 � G′2
ψ−→ G2 ,

where G′2 = G1/Ker(f)0. We make the simplifying assumption that Ker(ψ) (which is the finite étale
group scheme π0

(
Ker(f)

)
) is commutative, as this is the only case we need.

By [18], Proposition 6.5, G1(A)→ G′2(A) has open image. The commutativity of Ker(ψ) implies
that the image of ψ(A) : G′2(A) → G2(A) is a normal subgroup. Further, if M is the rank of Ker(ψ)

then H1
(
Spec(A)ét,Ker(ψ)

)
, and hence also the cokernel of ψ(A), is killed by M .

3.9 The case of a torus. Suppose G = T is a torus, in which case X = {h} is a singleton. By
definition of the reflex field E, the corresponding cocharacter µ : Gm,C → TC is defined over E; so we
have a homomorphism µ : Gm,E → TE . Restricting scalars to Q and composing with the norm map
then gives a homomorphism of algebraic tori

ν : E∗
Res(µ)−−−−→ ResE/QTE

NormE/Q−−−−−−→ T .

Via the class field isomorphism, the reciprocity map (3.4.1) is the inverse of the composition

π0π(E∗)
π0π(ν)−−−−→ π0π(T )

pr−−→ π̄0π(T ) .

8



We apply what was explained in 2.2, taking M = T . In this case π1(T ) is just the cocharacter
group X∗(T ). With Γ = Gal(Q/Q), the assumption that T is the Mumford-Tate group of h means
that Z[Γ] · µ has finite index in X∗(T ). Further, (T, {h}) is maximal if and only if X∗(T ) is generated
by µ as a Z[Γ]-module.

On the other hand, by definition of the reflex field E, the stabilizer of µ ∈ X∗(T ) in Γ is precisely
the subgroup ΓE = Gal(Q/E) ⊂ Γ. If a ⊂ Z[Γ] is the left ideal generated by the augmentation ideal
of Z[ΓE ], we have X∗(E∗) ∼= Z[Γ]/a as Galois modules, and X∗(ν) : X∗(E

∗)→ X∗(T ) is the map given
by (γ mod a) 7→ γ · µ. From the preceding remarks it therefore follows that ν, as a homomorphism of
algebraic tori, is surjective, and that Ker(ν) is connected if (T, {h}) is Hodge-maximal. The assertion
of 3.6 now follows from Remark 3.8.

3.10 Let f : (G1, X1) → (G2, X2) be a morphism of Shimura data. Let Ei (i = 1, 2) be the reflex
field of (Gi, Xi), and denote by Eab

i its maximal abelian extension. Then E1 is a finite extension of E2

in C and we have a commutative diagram

(3.10.1)

Gal(Eab
1 /E1) π̄0π(G1) ∼= G1(Af )/G1(Q)−+

Gal(Eab
2 /E2) π̄0π(G2) ∼= G2(Af )/G2(Q)−+

rec(G1,X1)

rec(G2,X2)

f̄

in which f̄ denotes the map induced by f . The image of the left vertical map is a subgroup of finite
index in Gal(Eab

2 /E2).

3.11 The case when Gder is simply connected. Next we treat the case when the derived
group Gder is simply connected. Let Gab = G/Gder and let p : G → Gab be the canonical map.
Then hab = p ◦ h is independent of h ∈ X, and (Gab, {hab}) is a Shimura datum. By Remark 2.8(ii),
if (G,X) is maximal, so is (Gab, Xab). We apply 3.10 to the morphism p : (G,X)→ (Gab, {hab}). By
[7], Théorème 2.4, the right vertical map in the diagram is surjective with finite kernel. (Deligne’s
result says that p induces an isomorphism on the groups that we denote by π0π; the groups π̄0π are
quotients of these by finite subgroups.) The theorem for (G,X) therefore follows from the result for
(Gab, Xab), which was proven in 3.9.

3.12 Lemma. Let (G,X) be a Shimura datum as in 3.1. Then there exists a Shimura datum (G̃, X̃)

and a morphism f : (G̃, X̃)→ (G,X) such that
(a) the group G̃ is the generic Mumford-Tate group on X̃;
(b) the homomorphism f : G̃ → G is surjective, and the induced fder : G̃der → Gder is the simply

connected cover of Gder.
Moreover, if (G,X) is maximal, we can choose (G̃, X̃) such that it is maximal, too, and such that the
kernel of f : G̃→ G is connected.

Proof. By [16], Application 3.4, there exists a morphism of Shimura data f1 : (G1, X̃) → (G,X) such
that f1 : G1 → G is surjective, Ker(f1) is a torus, and fder

1 : Gder
1 → Gder is the simply connected cover.

Let G̃ ⊂ G1 be the generic Mumford-Tate group on X̃, and let f : G̃→ G be the restriction of f1 to G̃.
The assumption that G is the generic Mumford-Tate group on X implies that f is surjective, and as
G̃ is normal in G1, this implies that G̃der = Gder

1 . So (G̃, X̃) and f satisfy (a) and (b).
Next assume (G,X) is maximal. We claim that for any f : (G̃, X̃)→ (G,X) such that (a) and (b)

hold, Ker(f) is connected (hence a torus). Indeed, let (G2, X2) be the quotient of (G̃, X̃) by Ker(f)0.
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We then have an induced morphism of Shimura data (G2, X2) → (G,X). The map G2 → G is an
isogeny with kernel the group scheme π0

(
Ker(f)

)
of connected components of Ker(f). By maximality

of (G,X) this implies that π0

(
Ker(f)

)
is trivial, which proves the claim.

The Shimura datum (G̃, X̃) we have obtained need not be maximal. By Remark 2.8(iii), there
exists an isogeny (Ĝ, X̂)→ (G̃, X̃) with (Ĝ, X̂) maximal, and by 2.8(i) Ĝ is the generic Mumford-Tate
group on X̂. As Ĝ→ G̃ is an isogeny and G̃der is simply connected, we have Ĝder ∼−→ G̃der, and as we
have already seen, the maximality of (G,X) implies that the kernel of Ĝ→ G is connected.

3.13 To complete the proof of Theorem 3.6, let (G,X) be the Shimura datum considered in the
assertion, and take f : (G̃, X̃) → (G,X) as in Lemma 3.12. As shown in 3.11, the theorem is true for
(G̃, X̃). In view of diagram (3.10.1), it suffices to show that the induced map G̃(Af ) → G(Af ) has
cokernel of finite exponent, and that the image of this map is open if (G,X) is maximal. This follows
from Remark 3.8.

4. Galois-generic points

4.1 Let S be a geometrically connected scheme of finite type over a field k. Assume given a continuous
representation ψ : π1(S) → G(Af ), where G is an algebraic group over Q. (Throughout, we omit the
choice of a geometric base point of S from the notation.) If ` is a prime number, we denote by
ψ` : π1(S)→ G(Q`) the `-primary component of ψ.

If y is a point of S, we have a homomorphism σy : π1(y)→ π1(S), well-determined up to conjuga-
tion. (Recall that π1(y) is the absolute Galois group of the residue field k(y).)

4.2 Definition. (i) A point y ∈ S is said to be Galois-generic with respect to ψ if the image of ψ ◦σy
is open in the image of ψ.

(ii) A point y ∈ S is said to be `-Galois-generic with respect to ψ if the image of ψ` ◦ σy is open
in the image of ψ`.

If it is clear which ψ we mean, we omit the phrase “with respect to ψ”.
Clearly, if a point y is Galois-generic, it is `-Galois generic for all `. The following theorem by the

first author and Kret (see [6], Theorem A) shows that for the representation associated with a Shimura
variety of abelian type, the converse holds.

4.3 Theorem. Let (G,X) be a Shimura datum of abelian type, K0 ⊂ G(Af ) a neat compact open
subgroup, h0 ∈ X a base point. Let φs̄ : π1(S0)→ K0 be the associated representation, as defined in 3.1.
If a point y ∈ S is `-Galois-generic for some prime number ` then y is Galois-generic.

5. Application to abelian varieties

5.1 For g ≥ 1, equip Z2g with the standard symplectic form, and let GSp2g be the reductive group
over Z of symplectic similitudes of Z2g. Let H±g be the set of homomorphisms h : S → GSp2g,R that
define a Hodge structure of type (−1, 0) + (0,−1) on Z2g for which ±2πi · ψ is a polarization. The
real group GSp2g(R) acts transitively on H±g , and the pair (GSp2g,H

±
g ) is a Shimura datum with reflex

field Q.
Let K(3) ⊂ GSp2g(Ẑ) be the subgroup of elements that reduce to the identity modulo 3. Then

ShK(3)(GSp2g,H
±
g ) is isomorphic (over Q) to the moduli space Ag,3 of g-dimensional principally polar-
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ized abelian varieties with a (Jacobi) level 3 structure. See for instance [7], Section 4. In what follows
we identify the two schemes.

Let (B, λ) be a principally polarized abelian variety of dimension g over a subfield k ⊂ C that
is finitely generated over Q. Assume that all 3-torsion points of B are k-rational. (This implies
that Q(ζ3) ⊂ k.) Choose a similitude i : H1

(
B(C),Z

) ∼−→ Z2g. This gives a Hodge structure on Z2g;
let h0 ∈ H±g be the corresponding point. As in section 3.1, [h0, eK(3)] defines a C-valued point
t̄0 ∈ Ag,3(C). The corresponding level 3 structure on (BC, λ) is defined over k, which means that t̄0
comes from a k-valued point t0 ∈ Ag,3(k) by composing it with the given embedding k ↪→ C.

Let A0 ⊂ Ag,3 ⊗ Q(ζ3) be the irreducible component such that t0 ∈ A0(k). This component is
geometrically irreducible. The construction of 3.1 gives a representation

φt̄ : π1(A0, t̄0)→ K(3) ⊂ GL2g(Ẑ) .

(Here, as in 3.1, t̄ refers to the compatible system of base points (t̄K) obtained from h0.) The point t0
gives rise to a homomorphism σt0 : Gal(k̄/k)→ π1(A0, t̄0) such that the composition with the projection
π1(A0, t̄0) → Gal

(
Q/Q(ζ3)

)
is the natural homomorphism Gal(k̄/k) → Gal

(
Q/Q(ζ3)

)
. Note that σt0

is canonically defined, not only up to conjugation.
On the other hand, if we let H = H1

(
B(C),Z

)
then we may identify the full Tate module

Ĥ = lim←−n B[n]
(
k̄
)
(limit over all positive integers n, partially ordered by divisibility) with H ⊗ Ẑ. Via

the chosen similitude i we obtain an isomorphism Ĥ
∼−→ Ẑ2g. The natural Galois action on Ĥ therefore

gives a representation
ρB : Gal(k̄/k)→ GL2g

(
Ẑ
)
.

The following result is an immediate consequence of the definitions and the modular interpretation
of Sh(GSp2g,H

±
g ). See also [31], Remark 2.8, as well as the next section, where we discuss the analogous

(but slightly more involved) case of K3 surfaces.

5.2 Proposition. The representations φt̄ ◦ σt0 and ρB are the same.

The main result of this section is that the usual form of the Mumford-Tate conjecture implies the
integral and adelic versions of the Mumford-Tate conjecture as formulated in 1.3 and 2.5.

5.3 Theorem. Let B be an abelian variety over a subfield k ⊂ C that is finitely generated over Q.
Assume that for some prime number ` the Mumford-Tate conjecture for B is true. Then the integral
and adelic Mumford-Tate conjectures for B are true as well.

Note that in this case the last part of Conjecture 1.3 says that the image of ρB contains an open
subgroup of Ẑ∗ · id. This is in fact a result proven by Wintenberger [35]. (The result is stated in loc.
cit. only for k a number field; this implies the same result over finitely generated fields, as we can
specialize B to an abelian variety over a number field in such a way that the Mumford-Tate group does
not change.)

Proof. In proving the theorem, we may replace the ground field k with a finite extension and B with
an isogenous abelian variety. Hence we may assume that B admits a principal polarization and that
all 3-torsion points of B are k-rational. This puts us in the situation of 5.1. We retain the notation
and choices introduced there.

Via the chosen similitude H ∼−→ Z2g we may view the Mumford-Tate group GB of B as an algebraic
subgroup of GSp2g,Q. We take its Zariski closure GB ⊂ GSp2g as integral model. (There is no need
to introduce new notation for this integral form.) With h0 ∈ H±g as in 5.1, let X ⊂ H±g be the
GB(R)-orbit of h0. The pair (GB, X) is a Shimura datum, and by construction we have a morphism
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f : (GB, X)→ (GSp2g,H
±
g ). Let K0 = f−1

(
K(3)

)
, which is a neat compact open subgroup of GB(Af ),

and, with E the reflex field of (GB, X), let Sh(f) : ShK0(GB, X)→ Ag,3⊗E be the morphism induced
by f .

Let s̄0 = [h0, eK0], which is a C-valued point of ShK0(GB, X) whose image under Sh(f) is t̄0. As
in 3.1, let S0,C ⊂ ShK0(GB, X)C be the irreducible component containing s̄0, let F ⊂ C be its field
of definition, and let S0 ⊂ ShK0 be the geometrically irreducible component thus obtained. Possibly
after replacing k with a finite extension, s̄0 comes from a point s0 ∈ S0(k), whose image in Ag,3(k)

is the point t0 that corresponds to (B, λ) equipped with a suitable level 3 structure. This point s0

gives rise to a homomorphism σs0 : Gal(k̄/k) → π1(S0, s̄0). With φs̄ : π1(S0, s̄0) → K0 ⊂ GB(Ẑ)

the homomorphism (3.1.1), it follows from the functoriality explained in Remark 3.2 together with
Proposition 5.2 that φs̄ ◦ σs0 is the Galois representation on the (full) Tate module of B.

Let ` be a prime number and φ` : π1(S0, s̄0) → GB(Z`) the `-primary component of φ. If the
Mumford-Tate conjecture for B is true at `, s0 is `-Galois-generic with respect to the representation φ.
(See the remark after 1.3.) By Theorem 4.3, s0 is then Galois-generic, and in view of the description
of Im(φ) given in Corollary 3.7, this implies that Conjecture 1.3 and, if the Hodge structure H is
maximal, Conjecture 2.5 are true for B.

5.4 Remarks. (i) There are many special classes of abelian varieties for which the Mumford-Tate
conjecture is known. For a sample of what is known, see for instance [17], Section 5, or the more recent
paper [15]. These results build upon earlier work of Larsen, Pink, Ribet, Serre, and Tankeev, among
others. On the other hand, already for abelian varieties of dimension 4 the Mumford-Tate conjecture
remains open.

(ii) As mentioned in the introduction, several authors have investigated the integral and (some
variants of) the adelic forms of the Mumford-Tate conjecture. Their approaches combine and develop
the number-theoretic and group-theoretic techniques introduced by Serre in [22], [25] (see also the
letters to Vigneras [26] and Ribet [24], [27]). More precisely, let A be an abelian variety over a finitely
generated field k ⊂ C, let GB be the (integral) Mumford-Tate group of AC, and for a prime number `,
let G` be the Zariski-closure of the image of the Galois representation ρ` : Gal(k̄/k)→ GL2g

(
T`A) on

the `-adic Tate module of A. Concerning the comparison of Im(ρ`) and G(Z`) the first main result is
the celebrated open image theorem of Serre; see [25], Thm. 3 and its Corollary (p. 35).

Serre also proved an “integral Mumford-Tate result” for the center:

(1) If C is the connected component of the center of G then the index
[
C(Z`) : C(Z`) ∩ Im(ρ`)

]
is

bounded independently of `.

See [25], Thm. 2 on p. 34, and [24], the Theorem on p. 60. The proof uses the Tate conjecture for
abelian varieties, due to Faltings, and Serre’s theory of abelian `-adic representations [22]. An expanded
exposition of Serre’s argument can be found in [9], Section 10.

Refining Serre’s ideas, and using inputs from p-adic Hodge theory, Wintenberger showed:

(2) Let G̃` be the simply connected cover of the derived subgroup of G`. Then for all ` � 0 the
image of ρ` contains the image of G̃`(Z`) in Gder

` (Z`). In particular, the index
[
Gder
` (Z`) :

Gder
` (Z`) ∩ Im(ρ`)

]
is bounded independently of `.

See [35], Thm. 2.
Combining (1) and (2), Hindry and Ratazzi have recently also obtained a proof of the integral

Mumford-Tate conjecture assuming the usual Mumford-Tate conjecture; see [9], Thm. 10.1. (Their
argument in fact shows that (1) and (2) imply that [G`(Z`) : Im(ρ`)] is bounded independently of `.)
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For arbitrary compatible systems of semisimple Galois representations, using group-theoretic ar-
guments, Larsen [12] obtained a result similar to the one of Wintenberger, but only for a set of primes
of density 1. Still in this setting, Larsen and Hui formulated a weak avatar of the adelic form of
the Mumford-Tate conjectures (see [11], Conjecture 1.3) and they proved it for compatible systems
coming from geometry under the assumption that the G` only have simple factors of Lie type A ([11],
Thm. 4.1). Their arguments are mostly group-theoretic.

5.5 Example. As a first application we recover the result given in [28], 11.11. If B is a g-dimensional
abelian variety with g odd (or g = 2, or g = 6) and End(Bk̄) = Z, it is known that the Mumford-Tate
conjecture for B is true and that the Mumford-Tate group is the full GSp2g. (See [17], Theorem 5.14,
for a more general result.) It is easily seen that the Shimura datum (GSp2g,H

±
g ) is maximal; the

conclusion therefore is that in this case the image of the representation ρB is open in GSp2g(Af ).

Next we want to give examples of abelian varieties B over finitely generated subfields of C for
which the Hodge structure H1

(
B(C),Q

)
is not Hodge-maximal. Such examples of course also give us

Shimura data of Hodge type that are not maximal. The first examples we discuss are of CM type;
after that, we discuss an example in which the Mumford-Tate group is the almost direct product of
the homotheties and a semisimple group.

5.6 Example. For our first construction, we start with a totally real field E0 of degree g over Q. Let
σ1, . . . , σg be the complex embeddings of E0. Let k be an imaginary quadratic field. Then E = k ·E0 is
a CM field. Fix an embedding α : k → C, and let τi (i = 1, . . . , g) be the complex embedding of E that
extends σi and such that τi|k = α. Thus, T =

{
τ1, . . . , τg, τ̄1, . . . , τ̄g

}
is the set of complex embeddings

of E.
Consider the CM type Φ on E given by

Φ = {τ1, τ̄2, . . . , τ̄g} .

The pair (E,Φ) gives rise to an isogeny class of g-dimensional complex abelian varieties B, determined
by the rule that H1

(
B(C),Q

) ∼= E as a Q-vector space, with Hodge decomposition of H1

(
B(C),C

) ∼=
⊕τ∈T C(τ) given by the rule that C(τ) is of type (−1, 0) if τ ∈ Φ and of type (0,−1) otherwise. If
g > 1 then Φ is a primitive CM type; in this case B is simple. As any abelian variety of CM type, B
is defined over a number field, and by a result of Pohlmann [19] the Mumford-Tate conjecture is true
for B.

As in Section 3, if F is a number field we simply write F ∗ for the torus ResF/QGm,F . Let
Norm: E∗ → E∗0 be the norm homomorphism, and let U ⊂ E∗ be the subtorus given by U =

Norm−1(Q∗). The cocharacter group X∗(E
∗) is the free Z-module on the set T . The cocharacter

group of U is given by

X∗(U) =

{
g∑
i=1

aiτi +

g∑
i=1

biτ̄i ∈ X∗(E∗)

∣∣∣∣∣ ai + bi is independent of i

}
.

The elements fi = τi − τ̄i (i = 1, . . . , g) together with fg+1 =
∑g

i=1 τ̄i form a basis for X∗(U).
The cocharacter µ : Gm,C → E∗ corresponding to the Hodge structure H1

(
B(C),Q

)
is given by

µ = τ1 + τ̄2 + · · ·+ τ̄g = f1 +fg+1. The Galois conjugates of µ are the elements fi+fg+1 for i = 1, . . . , g

together with their complex conjugates f1 + · · · + f̂i + · · · + fg + fg+1, for i = 1, . . . , g. These are
cocharacters in X∗(U), and for g > 2 they span a submodule of index g− 2 in X∗(U). The conclusion,
therefore, is that U is the Mumford-Tate group of B if g > 2, and that H1

(
B(C),Q

)
is not Hodge-

maximal if g > 3. In this last case, the image of the adelic Galois representation is therefore not open
in the adelic points of the Mumford-Tate group.
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5.7 Example. For our final example, we consider a Shimura datum (G,X) such that
(a) G is an inner form of a split group;
(b) π1(G) is non-cyclic.
Note that (b) holds if Gab has dimension at least 2, or if dim(Gab) = 1 and Gder is not simply-
connected. (In the latter case this follows using [3], Cor. 1.7.) If (a) holds, Gal(Q/Q) acts trivially
on π1(G) (see [3], Lemma 1.8), and by what was explained in 2.2 and 2.7, we conclude that any (G,X)

satisfying (a) and (b) is non-maximal.
To obtain a concrete example, let D be a quaternion algebra over Q that is non-split at infinity,

i.e., D ⊗Q R is Hamilton’s quaternion algebra H. The canonical involution ∗ on D is then a positive
involution. Let n = 2r be an even positive integer with n ≥ 6, and consider a free (left-) D-module V of
rank n equipped with a (−1)-hermitian form Ψ of discriminant 1 and Witt index r. Let G′ = UD(V,Ψ)

be the corresponding unitary group, which we view as an algebraic subgroup of GLQ(V ), and let
G ⊂ GLQ(V ) be the algebraic group generated by G′ together with the homotheties Gm · id. The
group G′ ⊗ R is isomorphic to the identity component of U∗n(H) (which in some literature is denoted
by SO∗(2n)), and there is a unique G(R)-conjugacy class of homomorphisms h : S→ GR that make the
pair (G,X) a Shimura datum of PEL type. (Cf. [8], Section 1.3.) The corresponding Shimura variety
parametrizes polarized abelian varieties of dimension 2n with an action by (an order in) D, which is
of Albert Type III. As G′ is a Q-simple group, G is the generic Mumford-Tate group on X.

Our assumption that Ψ has trivial discriminant implies that the index of G′ is 1Dn; see [30],
Table II, pages 56–57. This means that G′ (and hence also G) is an inner form of the split form, i.e.,
condition (a) is satisfied. On the other hand, dim(Gab) = 1 and Gder is not simply-connected, so also
(b) is satisfied. (In fact, π1(G) ∼= Z × (Z/2Z).) We conclude that (G,X) is not maximal. If B is a
complex abelian variety that corresponds to a Hodge-generic point of the Shimura variety defined by
(G,X), the Hodge structure H1

(
B(C),Q

)
is not Hodge-maximal.

6. Application to K3 surfaces

6.1 Let L be a number field, G a connected reductive group over L, and let M = ResL/QG. Then
MC ∼=

∏
σ∈Σ Gσ, where Σ is the set of complex embeddings of L and Gσ = G ⊗L,σ C. With Γ =

Gal(Q/Q) and ΓL = Gal(Q/L), the fundamental group π1(M) is the Γ-module obtained from the
ΓL-module π1(G) by induction.

Let µ be a complex cocharacter of M . As in 2.2, its conjugacy class C defines an element
[C ] ∈ π1(M). Let W ⊂ π1(M) be the Z[Γ]-submodule generated by [C ].

Suppose there is a unique τ ∈ Σ such that the projection µτ of µ onto the factor Gτ is non-trivial.
View L as a subfield of C via τ ; then µτ is a complex cocharacter of G. Its conjugacy class Cτ defines
an element [Cτ ] in π1(G). Let Wτ ⊂ π1(G) be the Z[ΓL]-submodule that it generates. In this situation
we have W = Z[Γ]⊗Z[ΓL]Wτ as submodule of π1(M) = Z[Γ]⊗Z[ΓL] π1(G). Consequently, µ is maximal
as a cocharacter of M if and only if µτ is maximal as a complex cocharacter of G.

6.2 Proposition. Let V be a polarizable Q-Hodge structure of K3 type, by which we mean that V is
of type (−1, 1) + (0, 0) + (1,−1) with Hodge numbers 1–n–1 for some n. Then V is Hodge-maximal.

Proof. Without loss of generality we may assume that V is simple as a Hodge structure, which in this
case means that there are no non-zero Hodge classes in V . (By definition, Hodge-maximality only
depends on the Mumford-Tate group M and the defining homomorphism h : S → MR; these do not
change if we replace V with V ⊕ Q(0).) Let L = EndQHS(V ) be the endomorphism algebra of V as
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a Q-Hodge structure, and choose a polarization form ψ : V × V → Q. As shown by Zarhin in [36],
Theorem 1.6, L is a field which is either totally real or a CM field.

First suppose L is totally real. By [32], Lemma 3.2, dimL(V ) ≥ 3. By [36], Theorem 2.2.1,
M = ResL/Q SOL(V,Ψ), where Ψ: V ×V → L is the unique symmetric L-bilinear form on V such that
traceL/Q ◦Ψ = ψ. In particular, M is semisimple. Let Σ be the set of complex embeddings of L. Write
G = SOL(V,Ψ) and let µ : Gm,C →MC ∼=

∏
σ∈ΣGσ be the cocharacter that gives the Hodge structure.

There is a unique τ ∈ Σ such that µτ 6= 1, so we are in the situation of 6.1. If dimL(V ) = 2l+ 1 is odd
(resp. dimL(V ) = 2l is even), the root system of GC is of type Bl (resp. Dl). We follow the notation
of [4], Planches II and IV. In the even case the calculation that follows goes through without changes
if l = 2. With respect to the basis ε1, . . . , εl for Rl = X∗(G)⊗R, we have X∗(G) = Zl, and the coroot
lattice Q(R∨) consists of the vectors (m1, . . . ,ml) ∈ Zl for which

∑
mj is even. On the other hand,

the cocharacter µτ corresponds to the vector (1, 0, . . . , 0); its image in π1(G) = X∗(G)/Q(R∨) ∼= Z/2Z
is therefore the non-trivial class. By what was explained in 2.2 this implies the assertion.

Next suppose L is a CM field. Let L0 ⊂ L be the totally real subfield. There is a unique symmetric
hermitian form Ψ: V ×V → L (with respect to complex conjugation on L) such that traceL/Q ◦Ψ = ψ,
and by [36], Theorem 2.3.1, M = ResL0/Q UL(V,Ψ). Write G = UL(V,Ψ), and let Σ be the set
of complex embeddings of L0. As in the totally real case there is a unique τ ∈ Σ such that the
cocharacter µ is non-trivial on the factor Gτ . If n = dimL(V ), we have GC ∼= GLn in such a way that
µτ is conjugate to the cocharacter Gm → GLn given by z 7→ diag(z, 1, . . . , 1). It is straightforward
to check that the corresponding class in π1(GLn) ∼= Z is a generator, and again by 2.2 and 6.1 this
implies the assertion.

6.3 Remark. In the proposition it is essential that we work with a Hodge structure of weight 0.
As is well-known, if Y is a complex K3 surface, the Hodge structure H = H2

prim

(
Y (C),Q

)
is not, in

general, Hodge-maximal; but H(1) = H⊗Q(1) is. For instance, if EndQHS(H) = Q, the Mumford-Tate
group of H is the group GO(H,φ) of orthogonal similitudes, where φ is a polarization form. We have
a non-trivial isogeny CSpin(H,φ)→ GO(H,φ), such that the homomorphism h : S→ GO(H,φ)R that
defines the Hodge structure on H lifts to a homomorphism h̃ : S → CSpin(H,φ)R. Cf. [33], 2.2.3–4.
By contrast, the Mumford-Tate group of H(1) is the special orthogonal group SO(H,φ). We can still
lift to CSpin(H,φ), but the homomorphism CSpin(H,φ)→ SO(H,φ) is not an isogeny.

6.4 As a preparation for the main result of this section, we need to recall some facts about the moduli
of polarized K3 surfaces. We closely follow Rizov [20], [21].

Fix a natural number d. Let (L0, ψ) be the quadratic lattice U⊕3 ⊕ E⊕2
8 (with U the hyperbolic

lattice). With {e1, f1} the standard basis of the first copy of U , let (L2d, ψ2d) be the sublattice
〈e1 + df1〉 ⊕U⊕2 ⊕E⊕2

8 of L0. In what follows we write SO for the Z-group scheme SO(L2d, ψ2d). For
n ≥ 1, let K(n) ⊂ SO(Af ) be the compact open subgroup of elements in SO(Ẑ) that reduce to the
identity modulo n. If K is an open subgroup of K(n) for some n ≥ 3, Rizov defines in [20], Section 6,
a moduli stack F2d,K over Q of K3 surfaces with a primitive polarization of degree 2d and a level K
structure. (In fact, Rizov does this over open parts of Spec(Z), but for our purposes it suffices to work
over Q.) By [21], Cor. 2.4.3, F2d,K is a scheme. If (Y, λ) is a K3 surface over a field k of characteristic 0

equipped with a primitive polarization of degree 2d, a level K(n)-structure on (Y, λ) is an isometry
H2

prim(Yk̄,Z/nZ)
(
1
) ∼−→ L2d/nL2d. (See [20], Example 5.1.3.)

The construction of 3.1 has an analogue in this setting. Let F0,C be an irreducible component
of F2d,K(3) ⊗ C, and let F ⊂ C be its field of definition, so that we have a geometrically irreducible
component F0 ⊂ F2d,K(3)⊗F . ForK ⊂ K(3) we have an étale morphism FK,K(3) : F2d,K → F2d,K(3),
which for K normal in K(3) is Galois with group K(3)/K. Let FK ⊂ F2d,K ⊗F be the inverse image
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of F0. Suppose we are given a compatible collection ȳ = (ȳK) of geometric points of the FK , for K
open and normal in K(3). We write ȳ0 for ȳK(3). We then have and associated homomorphism

(6.4.1) Φȳ : π1(F0, ȳ0)→ K(3) ⊂ SO(Ẑ) .

6.5 With SO as above, let Ω± be the space of homomorphisms h : S → SOR that give L2d ⊗ Q a
Hodge structure of type (−1, 1) + (0, 0) + (1,−1) with Hodge numbers 1–19–1, such that ±ψ2d is a
polarization. The group SO(R) acts transitively on Ω±, and the pair (SOQ,Ω

±) is a Shimura datum
of abelian type with reflex field Q.

On of the main results of [21] (loc. cit., Thm. 3.9.1) is that for an open subgroup K ⊂ K(3) there
is an étale morphism of Q-schemes

(6.5.1) jK : F2d,K → ShK(SOQ,Ω
±)

in such a way that for K2 ⊂ K1 the diagram

(6.5.2)

F2d,K2 ShK2(SOQ,Ω
±)

F2d,K1 ShK1(SOQ,Ω
±)

FK2,K1

jK2

jK1

ShK2,K1

is cartesian. The image of jK is the complement of a divisor (ibid., 3.10(B)).

6.6 Theorem. Let Y be a K3 surface over a subfield k ⊂ C that is finitely generated over Q. Let H =

H2
(
Y (C),Z

)
(1), and let GB ⊂ GL(H) be the Mumford-Tate group. Let ρY : Gal(k̄/k) → GL(H)

(
Ẑ
)

be the Galois representation on Ĥ = H2
(
Yk̄, Ẑ

)
(1), which we identify with H ⊗ Ẑ via the comparison

isomorphism between singular and étale cohomology. Then the image of ρY has a subgroup of finite
index which is an open subgroup of GB(Ẑ).

Proof. The proof is very similar to that of Theorem 5.3. The main difference is that for K3 surfaces
the Mumford-Tate conjecture is known, due to results of Tankeev [29] and André [1], and that by
Proposition 6.2 the Hodge structure on H is always Hodge-maximal.

We retain the notation introduced in 6.4 and 6.5. Choose a primitive polarization λ on Y , say
of degree 2d. Further choose an isometry i : H ∼−→ L2d. These choices give us a compatible system
ȳ = (ȳK) of points ȳK ∈ F2d,K(C), where K runs through the set of open subgroups of K(3). Possibly
after replacing k with a finite extension in C, we may assume that k = kconn and that ȳ0 = ȳK(3) comes
from a k-valued point y0 ∈ F2d,K(3)(k) by composing it with the embedding k ↪→ C. Of course, y0 is
just the moduli point of (Y, λ) equipped with a suitable level 3 structure.

Via the chosen isometry i the Hodge structure on HQ defines a point h0 ∈ Ω±. Let t̄ = (t̄K) be
the system of C-valued points [h0, eK] of ShK(SO,Ω±), and abbreviate t̄K(3) to t̄0. The construction
of the period map (6.5.1) is such that jK(ȳK) = t̄K for all K ⊂ K(3).

Let t0 = jK(3)(y0), which is a k-valued point of ShK(3)(SO,Ω±). Let F0 ⊂ F2d,K(3) ⊗ k and
S0 ⊂ ShK(3)(SO,Ω±) ⊗ k be the irreducible components containing ȳ0 and t̄0, respectively; as they
are smooth over k and have a k-rational point, these components are geometrically irreducible. By
construction, j0 = jK(3) restricts to an étale morphism j0 : F0 → S0 over k.

Consider the homomorphism φt̄ : π1(S0, t̄0) → K(3) as in 3.1. We also have the homomorphism
Φȳ : π1(F0, t̄0)→ K(3) of (6.4.1). (In both cases we have now extended the base field to k.) The fact
that the diagrams (6.5.2) are Cartesian implies that Φȳ = φt̄ ◦ j0,∗.
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Let Hprim ⊂ H be the primitive integral cohomology, and identify the primitive étale cohomology
with Ẑ-coefficients Ĥprim ⊂ Ĥ with Hprim⊗ Ẑ. Via the chosen isometry i, the Galois action on Ĥprim is
a representation ρY,prim : Gal(k̄/k)→ SO(Ẑ). Note that the Galois action ρY on Ĥ leaves Ĥprim stable
and is trivial on the complement; hence the image of ρY is the same as the image of ρY,prim. On the other
hand, the k-rational point y0 gives rise to a section σy0 of the homomorphism π1(F0, ȳ0)→ Gal(k̄/k)

induced by the structural morphism F0 → Spec(k). The composition Φȳ ◦ σy0 : Gal(k̄/k) → K(3) ⊂
SO(Ẑ) is the same as ρY,prim. The composition j0,∗ ◦ σy0 : Gal(k̄/k) → π1(S0, t̄0) is the section σt0
given by the point t0 ∈ S0(k). It follows that φt̄ ◦ σt0 : Gal(k̄/k)→ SO(Ẑ) is the same as ρY,prim.

The rest is the same as in the proof of Theorem 5.3. Let GB ⊂ GSp2g be the Mumford-Tate
group, and let X ⊂ Ω± be the GB(R)-orbit of h0. The pair (GB, X) is a Shimura datum and we
have a morphism f : (GB, X) → (SO,Ω±). Let K0 = f−1

(
K(3)

)
, let E be the reflex field, and let

Sh(f) : ShK0(GB, X) → ShK(3)(SO,Ω±) ⊗ E be the morphism induced by f . We have a compatible
system s̄ of points s̄K = [h0, eK] ∈ ShK(GB, X)

(
C
)
with Sh(f)

(
s̄
)

= t̄. The point s̄0 = s̄K0 comes
from a k-valued point s0, and if S0 ⊂ ShK0(GB, X)k is the irreducible component in which it lies,
s0 gives a section σs0 : Gal(k̄/k) → π1(S0, s̄0). Finally, if φs̄ : π1(S0, s̄0) → K0 ⊂ GB(Ẑ) is the repre-
sentation (3.1.1), it follows from the functoriality explained in Remark 3.2 that φs̄ ◦ σs0 is the same
as ρY,prim.

By the Mumford-Tate conjecture, s0 is `-Galois-generic with respect to φs̄ for every `. By Theo-
rem 4.3 it follows that s0 is Galois-generic, and by Corollary 3.7(iii), the theorem follows.
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