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"Solving" polynomial equations with coefficients in Q

X 5 + 2X + 2 = 0, Y 3 − X 4 + 1 = 0, X 3 − 3XY 2 − Z = 0, etc.
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Already difficult problem with one variable !
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Already difficult problem with one variable !

▶ Degree 2 aX 2 + bX + c ⇝ sol= −b±
√
∆

2a with ∆ = b2 − 4ac

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



Already difficult problem with one variable !
▶

Degree 2 aX 2 + bX + c ⇝ sol= −b±
√
∆

2a with ∆ = b2 − 4ac

Degree 3, 4 Formula of same type (∼ XVth Cardan, XVIIIth Lagrange)
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√
∆

2a with ∆ = b2 − 4ac

Degree 3, 4 Formula of same type (∼ XVth Cardan, XVIIIth Lagrange)

Degree ≥ 5 For each n ≥ 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots
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2a with ∆ = b2 − 4ac

Degree 3, 4 Formula of same type (∼ XVth Cardan, XVIIIth Lagrange)

Degree ≥ 5 For each n ≥ 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots
Reason : the symmetric group Sn is not solvable for n ≥ 5
(∼ Early XIXth Galois)

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



Already difficult problem with one variable !
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Degree 3, 4 Formula of same type (∼ XVth Cardan, XVIIIth Lagrange)

Degree ≥ 5 For each n ≥ 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots
Reason : the symmetric group Sn is not solvable for n ≥ 5
(∼ Early XIXth Galois)

▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits
at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)
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▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits

at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)

▶ Where do the roots live ?
For every n ≥ 1 there exists a degree n irreducible polynomial Fn with
coefficients in Q (∼ Late XIXth, Hilbert).
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Already difficult problem with one variable !
▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits

at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)

▶ Where do the roots live ?
For every n ≥ 1 there exists a degree n irreducible polynomial Fn with
coefficients in Q (∼ Late XIXth, Hilbert).

In particular, if α ∈ C root of Fn, the smallest subfield Q ⊂ Q(α) ⊂ C
containing both Q and α has dimension dimQ(Q(α)) = n.
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▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits

at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)

▶ Where do the roots live ?
For every n ≥ 1 there exists a degree n irreducible polynomial Fn with
coefficients in Q (∼ Late XIXth, Hilbert).

In particular, if α ∈ C root of Fn, the smallest subfield Q ⊂ Q(α) ⊂ C
containing both Q and α has dimension dimQ(Q(α)) = n.

▶ Q ⊂ Q ⊂ C algebraic closure of Q in C viz set of all solutions of all
polynomial equations with coefficients in Q. This is a subfield of C.
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Already difficult problem with one variable !
▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits

at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)

▶ Where do the roots live ?
For every n ≥ 1 there exists a degree n irreducible polynomial Fn with
coefficients in Q (∼ Late XIXth, Hilbert).

In particular, if α ∈ C root of Fn, the smallest subfield Q ⊂ Q(α) ⊂ C
containing both Q and α has dimension dimQ(Q(α)) = n.

▶ Q ⊂ Q ⊂ C algebraic closure of Q in C viz set of all solutions of all
polynomial equations with coefficients in Q. This is a subfield of C.

▶ One has Q ⊊ C (∼ mid XIXth Liouville)
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Already difficult problem with one variable !
▶ Still, every degree n ≥ 1 polynomial equation with coefficients in Q admits

at least one and at most n roots in C hence splits completely over C (∼
Late XVIIIth, D’Alembert-Gauss)

▶ Where do the roots live ?
For every n ≥ 1 there exists a degree n irreducible polynomial Fn with
coefficients in Q (∼ Late XIXth, Hilbert).

In particular, if α ∈ C root of Fn, the smallest subfield Q ⊂ Q(α) ⊂ C
containing both Q and α has dimension dimQ(Q(α)) = n.

▶ Q ⊂ Q ⊂ C algebraic closure of Q in C viz set of all solutions of all
polynomial equations with coefficients in Q. This is a subfield of C.

▶ One has Q ⊊ C (∼ mid XIXth Liouville)

▶ Solving one variable polynomial equations with coefficients in Q
←→ Understanding (finite-dimensional) subfields of Q

Galois Theory←→ Understanding (finite-index) closed subgroups of

GQ := {σ : Q→̃Q field automorphisms s.t.σ(x) = x , x ∈ Q}
Def.
= Absolute Galois group of Q ("Graal" of number theory)
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What about polynomial equations with ≥ 2 variables ?

F (X1,X2, . . . ,Xn) = 0
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What about polynomial equations with ≥ 2 variables ?
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For R ⊂ C subring, set V (F )(R) := {x ∈ Rn | F (x) = 0}
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What about polynomial equations with ≥ 2 variables ?

F (X1,X2, . . . ,Xn) = 0

For R ⊂ C subring, set V (F )(R) := {x ∈ Rn | F (x) = 0}

▶ V (F )(Q) ̸= ∅ (even infinite) (Late XIXth, Hilbert)
▶ V (F )(Q) ⊊ V (F )(Q) ⊊ V (F )(C)

▶ V (F )(Q) can be empty, finite, infinite :

F V (F )(Q)
Y 2 + X 2 + 1 ∅
Y 2 + X 2 − 1 Infinite

4Y 3 + 3X 3 + 5 ∅
Y 2 − X 3 + X 2 − X Finite
Y 2 + Y − X 3 + X Infinite

Y 2 + Y − X 5 − X 3 + X Finite
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What about polynomial equations with ≥ 2 variables ?

F (X1,X2, . . . ,Xn) = 0

For R ⊂ C subring, set V (F )(R) := {x ∈ Rn | F (x) = 0}

▶ V (F )(Q) ̸= ∅ (even infinite) (Late XIXth, Hilbert)
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Y 2 − X 3 + X 2 − X Finite
Y 2 + Y − X 3 + X Infinite

Y 2 + Y − X 5 − X 3 + X Finite
▶ V (F )(C) has the structure of an analytic variety of dimension n − 1

Is there a connection between the geometry / topology of V (F )(C) and the
structure of V (F )(Q) ?
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What about polynomial equations with ≥ 2 variables ?

F (X1,X2, . . . ,Xn) = 0

For R ⊂ C subring, set V (F )(R) := {x ∈ Rn | F (x) = 0}

▶ V (F )(Q) ̸= ∅ (even infinite) (Late XIXth, Hilbert)
▶ V (F )(Q) ⊊ V (F )(Q) ⊊ V (F )(C)

▶ V (F )(Q) can be empty, finite, infinite :

F V (F )(Q)
Y 2 + X 2 + 1 ∅
Y 2 + X 2 − 1 Infinite

4Y 3 + 3X 3 + 5 ∅
Y 2 − X 3 + X 2 − X Finite
Y 2 + Y − X 3 + X Infinite

Y 2 + Y − X 5 − X 3 + X Finite
▶ V (F )(C) has the structure of an analytic variety of dimension n − 1

Is there a connection between the geometry / topology of V (F )(C) and the
structure of V (F )(Q) ? Viz Does geometry govern arithmetic ?

Conjecture (Mordell, 1922) : Assume n = 2 and V (F )(C) has genus ≥ 2. Then
V (F )(Q) is finite.
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Conjecture (Mordell, 1922) : Assume n = 2 and V (F )(C) has genus ≥ 2. Then
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Algebraic : (ignoring singularities) d := deg(F ),

gX =
1
2
(d − 1)(d − 2)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Algebraic : (ignoring singularities) d := deg(F ),

gX =
1
2
(d − 1)(d − 2)

F (X ,Y )⇝ F h(X ,Y ,Z) : degreee d homogeneized polynomial with
normalized integral coefficients, X (Q) ∼ V (F h)(Z).
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Algebraic : (ignoring singularities) d := deg(F ),

gX =
1
2
(d − 1)(d − 2)

F (X ,Y )⇝ F h(X ,Y ,Z) : degreee d homogeneized polynomial with
normalized integral coefficients, X (Q) ∼ V (F h)(Z).

#([−N,N] ∩ Z3) ∼ N3, F h([−N,N] ∩ Z3) ⋐ [−Nd ,Nd ]
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Algebraic : (ignoring singularities) d := deg(F ),

gX =
1
2
(d − 1)(d − 2)

F (X ,Y )⇝ F h(X ,Y ,Z) : degreee d homogeneized polynomial with
normalized integral coefficients, X (Q) ∼ V (F h)(Z).

#([−N,N] ∩ Z3) ∼ N3, F h([−N,N] ∩ Z3) ⋐ [−Nd ,Nd ]

So, if values equidistributed, number of zeroes ∼ N3−d while d ≥ 3 iff
gX ≥ 2...
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Topological : "number of holes in the donut"
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Topological :

gX πtop
1 (X (C)) πtop

1 (X (C))ab

0 1 0
1 abelian Z2

g ≥ 2 non-abelian Z2g
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Modular :

gX = dim(Jac(X ))

Jac(X ) : Jacobian (algebraic) abelian variety /Q classifying degree 0 divisor
modulo linear equivalence.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

▶ Genus of a (smooth projective irreducible) curve X := V (F ) :
▶ Modular :

gX = dim(Jac(X ))

Jac(X ) : Jacobian (algebraic) abelian variety /Q classifying degree 0 divisor
modulo linear equivalence.
If gX ≥ 1, X (Q) ̸= ∅ and P0 ∈ X (Q), get

X (Q) ↪→ Jac(X )(Q), P 7→ [P − P0]
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

X := V (F ), F X (Q) gX
Y 2 + X 2 + 1 ∅ 0
Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1

Y 2 + Y − X 5 − X 3 + X Finite 2
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

X := V (F ), F X (Q) gX
Y 2 + X 2 + 1 ∅ 0
Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1

Y 2 + Y − X 5 − X 3 + X Finite 2

▶ gX = 0 :
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

X := V (F ), F X (Q) gX
Y 2 + X 2 + 1 ∅ 0
Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1

Y 2 + Y − X 5 − X 3 + X Finite 2

▶ gX = 0 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

X := V (F ), F X (Q) gX
Y 2 + X 2 + 1 ∅ 0
Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1

Y 2 + Y − X 5 − X 3 + X Finite 2

▶ gX = 0 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))

▶ gX = 1 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and, if P0 ∈ X (Q), X→̃Jac(X ), P 7→ [P − P0].
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.
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Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1
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▶ gX = 0 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))

▶ gX = 1 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and, if P0 ∈ X (Q), X→̃Jac(X ), P 7→ [P − P0].

Thm. (Mordell, 1922 (- Weil, 1929)) X abelian variety /Q,
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

X := V (F ), F X (Q) gX
Y 2 + X 2 + 1 ∅ 0
Y 2 + X 2 − 1 Infinite 0

4Y 3 + 3X 3 + 5 ∅ 1
Y 2 − X 3 + X 2 − X Finite 1
Y 2 + Y − X 3 + X Infinite 1

Y 2 + Y − X 5 − X 3 + X Finite 2

▶ gX = 0 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))

▶ gX = 1 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and, if P0 ∈ X (Q), X→̃Jac(X ), P 7→ [P − P0].

Thm. (Mordell, 1922 (- Weil, 1929)) X abelian variety /Q, then X (Q)
finitely generated abelian group viz

X (Q) ≃ ZrX ⊕ T (X )

with T (X ) finite abelian group.
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gX = 1, Addition law
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gX = 1, X (Q) ≃ Z/4
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gX = 1, X (Q) ≃ Z
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.
▶ gX = 0 :

▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))

▶ gX = 1 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X (Q) finitely generated abelian group
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.
▶ gX = 0 :

▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X ≃ P1

Q (rational parametrization using P0 ∈ X (Q))

▶ gX = 1 :
▶ X (Q) = ∅ ;
▶ or X (Q) ̸= ∅ and X (Q) finitely generated abelian group

Three proofs
▶ Faltings (1983)

Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

▶ Vojta (simplified by Bombieri) (1991)

Refinement of Vojta’s proof lead to
▶ Bombieri-Lang Conjecture for subvarieties of general type in abelian

varieties (Faltings, 1991)

▶ In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kühne, 2021) #X (Q) ≤ c(gX , rX ) (here rX := rJac(X ))

▶ Lawrence-Venkatesh (2017)

General approach to prove non-Zariski density of X (Q) when X support a
geometric local system with huge geometric monodromy (morally, when
πtop

1 (X (C)) is "huge non-abelian")
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1 (X (C)) is "huge")

Conjecture (Bombieri-Lang, ∼ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X (Q) is not Zariski-dense in X .
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Kodaira dimension −1 ≤ KX ≤ dim(X )
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Three proofs
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Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

▶ Vojta (simplified by Bombieri) (1991) Refinement of Vojta’s proof lead to
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1 (X (C)) is "huge")

Conjecture (Bombieri-Lang, ∼ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X (Q) is not Zariski-dense in X .

Kodaira dimension −1 ≤ KX ≤ dim(X ) General type : KX = dim(X )

If X curve gX = 0 1 ≥ 2
KX = −1 0 1

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)

Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

▶ Vojta (simplified by Bombieri) (1991) Refinement of Vojta’s proof lead to
▶ Bombieri-Lang Conjecture for subvarieties of general type in abelian

varieties (Faltings, 1991)
▶ In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -

Habbeger, Kühne, 2021) #X (Q) ≤ c(gX , rX )

▶ Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X (Q) when X support a
geometric local system with huge geometric monodromy (morally, when
πtop

1 (X (C)) is "huge")

Conjecture (Bombieri-Lang, ∼ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X (Q) is not Zariski-dense in X .

▶ In general, a variety of general type cannot be embedded into an abelian
variety

▶
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Three proofs
▶ Faltings (1983)

Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

▶ Vojta (simplified by Bombieri) (1991) Refinement of Vojta’s proof lead to
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▶ In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -

Habbeger, Kühne, 2021) #X (Q) ≤ c(gX , rX )

▶ Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X (Q) when X support a
geometric local system with huge geometric monodromy (morally, when
πtop

1 (X (C)) is "huge")

Conjecture (Bombieri-Lang, ∼ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X (Q) is not Zariski-dense in X .

▶ In general, a variety of general type cannot be embedded into an abelian
variety

▶ There exists varieties of general type with πtop
1 (X (C)) = 1 ...
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Conjecture (Bombieri-Lang, ∼ 1970, 80) : Assume X smooth, projective,
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Bombieri-Lang Conjecture ⇒ #X (Q) ≤ c(gX ) (Caporaso-Harris-Mazur, 1997)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)

▶ Vojta’s inequality : For every c > 1/
√
g there exists a1, a2 > 0 such that

for every P1,P2 ∈ X (Q),

||P1|| > a1, ||P2|| > a2||P1|| ⇒ ⟨P1,P2⟩ < c||P1||||P2||

▶ Mordell-Weil theorem : JR := Jac(X )(Q)⊗Z R finite dimension - rX
▶ Northcott’s property : For every a > 0,

N(a) := {P ∈ Jac(X )(Q) | ||P|| ≤ a} is finite
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Tate Conjecture (1963) ⇒ Shafarevich Conjecture (1963)
(∗)⇒

Mordell Conjecture
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(*) : Parshin’s trick (1968)
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Tate Conjecture (1963) ⇒ Shafarevich Conjecture (1963)
(∗)⇒ Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism π : Y → X × X of varieties over Q such that for every P ∈ X ,
πP : YP → X degree d finite cover ramified exactly at P
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(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism π : Y → X × X of varieties over Q such that for every P ∈ X ,
πP : YP → X degree d finite cover ramified exactly at P (cheating a bit...)
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Tate Conjecture (1963) ⇒ Shafarevich Conjecture (1963)
(∗)⇒ Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
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πP : YP → X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to π : Y → X ×X over Z[S−1] (S : finite set of primes)

γ := γ(g , d) (genus of YP), ℓ : prime

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



Tate Conjecture (1963) ⇒ Shafarevich Conjecture (1963)
(∗)⇒ Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism π : Y → X × X of varieties over Q such that for every P ∈ X ,
πP : YP → X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to π : Y → X ×X over Z[S−1] (S : finite set of primes)

γ := γ(g , d) (genus of YP), ℓ : prime

X (Q) = X (Z[S−1])
(1)→Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ RepQℓ,2γ,S(GQ)

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



Tate Conjecture (1963) ⇒ Shafarevich Conjecture (1963)
(∗)⇒ Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism π : Y → X × X of varieties over Q such that for every P ∈ X ,
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(1)→Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ RepQℓ,2γ,S(GQ)

▶ Mγ(Z[S−1]) : set of isomorphism classes of genus γ smooth projective
curves over Z[S−1] and (1) : P 7→ YP

▶
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X (Q)
(1)→ Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ RepQℓ,2γ,S(GQ)
P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

▶ (1) : Finite-to-one. De Franchis theorem (early XXth) : Y ,X smooth
projective curves of genus ≥ 2, only finitely many finite surjective covers
Y → X

▶

▶
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over Z[S−1]
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▶ (1) : Finite-to-one. De Franchis theorem (early XXth) : Y ,X smooth
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▶ (2) : Injective. Torelli theorem (early XXth)
▶ (3) : Decompose as

Aγ(Z[S−1])
(3−1)→ Aγ(Z[S−1])⊗Z Q (3−2)→ RepQℓ,2γ,S(GQ)

Aγ(Z[S−1])⊗Z Q : set of isogeny classes of γ-dimensional abelian varieties
over Z[S−1]
▶ (3-1) : finite-to-one
▶ (3-2) : injective and takes value in subset of semisimple representations

(Tate Conjecture for abelian varieties !).
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Aγ(Z[S−1])
(3−1)→ Aγ(Z[S−1])⊗Z Q (3−2)→ RepQℓ,2γ,S(GQ)

Aγ(Z[S−1])⊗Z Q : set of isogeny classes of γ-dimensional abelian varieties
over Z[S−1]
▶ (3-1) : finite-to-one
▶ (3-2) : injective and takes value in subset of semisimple representations

(Tate Conjecture for abelian varieties !). Additionnally, these are pure of
weight 1 with integral characteristic polynomial of Frobenii (Weil
Conjecture for abelian varieties - Weil, 1948).
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γ := γ(g , d), ℓ : prime

X (Q)
(1)→ Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ RepQℓ,2γ,S(GQ)
P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

Repss, int,1
Qℓ,2γ,S

(GQ) ⊂ RepQℓ,2γ,S(GQ)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii
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of semisimple representations which are pure of weight 2 with integral
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▶

▶
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(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

Repss, int,1
Qℓ,2γ,S

(GQ) ⊂ RepQℓ,2γ,S(GQ)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings’ lemma : Repss, int,1
Qℓ,2γ,S

(GQ) is finite.

In particular,
▶ Aγ,1(Z[S−1]) is finite (Shafarevich Conjecture)
▶
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γ := γ(g , d), ℓ : prime
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(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

Repss, int,1
Qℓ,2γ,S

(GQ) ⊂ RepQℓ,2γ,S(GQ)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings’ lemma : Repss, int,1
Qℓ,2γ,S

(GQ) is finite.

In particular,
▶ Aγ,1(Z[S−1]) is finite (Shafarevich Conjecture)
▶ X (Q) is finite (Mordell Conjecture)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)
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Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)

X (Q)
(1)→ Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ Repss, int,1
Qℓ,2γ,S

(GQ

P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

X (Q)
(∗) // Repss, int,1

Qℓ,2γ,S
(GQ)

(1), (3) : Finite-to-one, (2) Injective
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over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)
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X (Q)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)

X (Q)
(1)→ Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ Repss, int,1
Qℓ,2γ,S

(GQ

P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

X (Q)
(∗) // Repss, int,1

Qℓ,2γ,S
(GQ)

(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q) → Repint,i
Qℓ,d,S

(GQ)

x 7→ H i (Yx̄ ,Qℓ)
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P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

X (Q)
(∗) // Repss, int,1

Qℓ,2γ,S
(GQ)

(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)
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(2)
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Qℓ,2γ,S

(GQ

P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

X (Q)
(∗) // Repss, int,1

Qℓ,2γ,S
(GQ)

(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)

Ex : f : Y → X family of curves, H1(Yx̄ ,Qℓ) = Vℓ(Jac(Yx̄))
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x 7→ H i (Yx̄ ,Qℓ)

Main pb : Control the fibers of (∗).
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus ≥ 2. Then X (Q) is finite.

Three proofs
▶ Faltings (1983)
▶ Vojta (simplified by Bombieri) (1991)
▶ Lawrence-Venkatesh (2017)

X (Q)
(1)→ Mγ(Z[S−1])

(2)
↪→ Aγ(Z[S−1])

(3)→ Repss, int,1
Qℓ,2γ,S

(GQ

P 7→ YP Y 7→ Jac(Y ) A 7→ Vℓ(A)

X (Q)
(∗) // Repss, int,1

Qℓ,2γ,S
(GQ)

(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)

Main pb : Control the fibers of (∗). Are they "Small" in some precise sense ?
E.g. finite ? Not Zariski-dense in X ?
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Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)

= Vℓ,x̄ =: Vℓ

Main pb : Control the fibers of (∗). Are they "Small" in some precise sense ?
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Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)= Vℓ,x̄ =: Vℓ

Main pb : Control the fibers of (∗). Are they "Small" in some precise sense ?

Necessary condition :

Vℓ := R i f∗Qℓ ←→

π1(x) = GQ

1 π1(XQ̄)

π1(X )

��

GQ 1

GL(Vℓ)
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Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)= Vℓ,x̄ =: Vℓ

Main pb : Control the fibers of (∗). Are they "Small" in some precise sense ?

Necessary condition :

Vℓ := R i f∗Qℓ ←→ π1(x) = GQ

x

��

1 π1(XQ̄)

π1(X )

��

GQ 1

GL(Vℓ)

spec(Q)
x // X

Requires the image of πtop
1 (X (C))∨ to be

"huge non abelian"
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1 (X (C))∨ to be

XQ̄
// X // spec(Q)

x
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Any smooth projective f : Y → X gives rise to maps (∗) (Deligne, 1974)

X (Q)
(∗)−→ Repss, int,i

Qℓ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qℓ)= Vℓ,x̄ =: Vℓ
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Vℓ := R i f∗Qℓ ←→ π1(x) = GQ

x

��
1 // π1(XQ̄) // π1(X )

��

// GQ //

≃
ddIIIIIIIIII

1

πtop
1 (X (C))∨

≃

OO

// GL(Vℓ)

spec(Q)
x // X Requires the image of πtop

1 (X (C))∨ to be

XQ̄
// X // spec(Q)

x

zz
"huge non abelian"

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



f : Y → X smooth, projective, X (Q)
(∗)−→ Repss, int,2i

Qp ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qp)
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f : Y → X smooth, projective, X (Q)
(∗)−→ Repss, int,2i

Qp ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qp)
Fix a prime p such that f : Y → X has a nice (smooth, projective etc.) model
f : Y → X over Zp.

X (Q) = X (Z) ⊂ X (Zp) =
⋃

a∈X (Fp)

∆a, ∆a := {x ∈ X (Zp) | x ≡ a [p]}
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f : Y → X over Zp.

X (Q) = X (Z) ⊂ X (Zp) =
⋃

a∈X (Fp)

∆a, ∆a := {x ∈ X (Zp) | x ≡ a [p]}

For each a, has to show : ∆a ∩ X (Q) not Zariski dense in X (finite)
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f : Y → X smooth, projective, X (Q)
(∗)−→ Repss, int,2i

Qp ,d,S
(GQ)

x 7→ H i (Yx̄ ,Qp)
Fix a prime p such that f : Y → X has a nice (smooth, projective etc.) model
f : Y → X over Zp.

X (Q) = X (Z) ⊂ X (Zp) =
⋃

a∈X (Fp)

∆a, ∆a := {x ∈ X (Zp) | x ≡ a [p]}

For each a, has to show : ∆a ∩ X (Q) not Zariski dense in X (finite)

∆a ∩ X (Q)
(∗) //

_�

��

γ

��

Repss, int,2i
Qp ,d,S

(GQ)

|GQp

��
∆a

ψet //

ψdR

��
(1)

Repcris
Qp ,d

(GQp )

Dcris/dR

��

/≃ // Repcris
Qp ,d(GQp )

Dcris/dR

��
Ďr (Qp) α

// FMφ(M)
/≃

β
// FMφ(M)
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∆a ∩ X (Q)
(∗) //

_�
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γ
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Qp ,d,S

(GQ)

|GQp

��
∆a

ψet //

ψdR

��
(1)

Repcris
Qp ,d

(GQp )

Dcris/dR

��

/≃ // Repcris
Qp ,d(GQp )

Dcris/dR

��
Ďr (Qp) α

// FMφ(M)
/≃

β
// FMφ(M)

ψet : ∆a ∋ x 7→ H i (Yx̄ ,Qp) : cristalline representation of GQp (⊂ GQ)

ψdR : ∆a ∋ x 7→ H i
dR(Yx/Qp) : filtered Qp-vector space (Ma,F

•) with
fixed numerical data r

α : Ďr (Qp) ∋ F • 7→ (Ma, φa,F
•) : filtered φ-modules (M, φ,F •)

with fixed φ-module (Ma, φa)
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dR(Yx/Qp) : filtered Qp-vector space (Ma,F
•) with

fixed numerical data r
α : Ďr (Qp) ∋ F • 7→ (Ma, φa,F

•) : filtered φ-modules (M, φ,F •)
with fixed φ-module (Ma, φa)

Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

H i
dR(Yx/Qp) ≃ H i

cris(Ya/Qp) ≃ Dcris(H
i (Yx̄ ,Qp))
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dR(Yx/Qp) : filtered Qp-vector space (Ma,F
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α : Ďr (Qp) ∋ F • 7→ (Ma, φa,F

•) : filtered φ-modules (M, φ,F •)
with fixed φ-module (Ma, φa)

Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

H i
dR(Yx/Qp) ≃ H i
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Y

��
□

Yx

��
□

oo Yaoo

��
X spec(Zp)

xoo spec(Fp)oo

a

uu
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ψdR : ∆a ∋ x 7→ H i

dR(Yx/Qp) : filtered Qp-vector space (Ma,F
•) with

fixed numerical data r
α : Ďr (Qp) ∋ F • 7→ (Ma, φa,F

•) : filtered φ-modules (M, φ,F •)
with fixed φ-module (Ma, φa)

Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

H i
dR(Yx/Qp) ≃ H i

cris(Ya/Qp) ≃ Dcris(H
i (Yx̄ ,Qp))

Fiber of βα above [Ma, φa,F
•] : Z(φa) · F •
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∆a
ψdR→ Ďr (Qp), x 7→ F •

x :de Rham filtration on H i
dR(Yx/Qp) ≃ Ma

∆a ∩ X (Q) ⊂
⋃

1≤i≤s

Z(φa) · F •
i

X̃ (C) �
� ψan //

��

D
� � // Ďr (C) πtop

1 (X (C))
hh

∆an
x
� � //

==

X (C)
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� � // Ďr (C) πtop

1 (X (C))
hh

∆an
x
� � //

==

X (C)

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



∆a
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� � // Ďr (C) πtop

1 (X (C))
hh

∆an
x
� � //

==

X (C)

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



∆a ∩ X (Q) ⊂
⋃

1≤i≤s

Z(φa) · F •
i

Fibers of p-adic analytic map ψdR : ∆a → Ďr (Qp) ?
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Z ⊂ ĎQp , dim(Z) + dim(X ) ≤ dim(G)⇒ ψ−1
dR (Z) ⊂ XQp not Zariski-dense,

The Mordell Conjecture - two (plus one) proofs Colloquium, University of Minnesota November 20th, 2025



∆a ∩ X (Q) ⊂
⋃

1≤i≤s

Z(φa) · F •
i

Fibers of p-adic analytic map ψdR : ∆a → Ďr (Qp) ?
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Z ⊂ ĎQp , dim(Z) + dim(X ) ≤ dim(G)⇒ ψ−1
dR (Z) ⊂ XQp not Zariski-dense,

where G := Zariski-closure of image of πtop
1 (X (C)) in GL(V ),

V := H i
sing(Yx(C),Q)
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dR (Z) ⊂ XQp not Zariski-dense,

where G := Zariski-closure of image of πtop
1 (X (C)) in GL(V ),

V := H i
sing(Yx(C),Q)

In particular :

∀a ∈ X (Fp), dim(Z(φa))+dim(X ) ≤ dim(G)

⇒ X (Q) ⊂ X not Zariski-dense ! !
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R i f an
C∗Q underlies a polarizable Z-VHS R i f an

C∗Z)

Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
+ C/Qp-switch lemma (Lawrence-Venkatesh) :
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Typical applications :

▶ Ex. :

▶ Get non-Zariski-density of Z[S−1]-points for moduli of degree-d smooth
hypersurfaces in Pn for n ≫ 0, d ≫n 0 (Lawrence-Venkates, 2017)

▶ Get finiteness of Z[S−1]-points for moduli of smooth hypersurfaces (up to
translation) in fixed abelian variety A (of dimension ≥ 4) representing a
given ample NS-class (Lawrence-Sawin, 2020)

▶ Similar finiteness results for higher-codimensional subvarieties, moduli of
canonically polarized smooth projective varieties with fixed Hilbert
polynomial (Maculan, Krämer, ...)

▶ Does not apply to X = Aγ (does not reprove Shafarevich conjecture...)

More "conceptual" applications - E.g. section conjecture (Betts-Stix), toric
points of Qℓ-local systems on varieties over number fields (Cadoret-Stix)
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