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X54+2X+2=0, Y ’-X*+1=0, X3-3XY*-Z=0, etc.
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cannot be solved by extracting square roots

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Already difficult problem with one variable !

>
Degree 2 aX? + bX + ¢ ~ sol= %&‘/Z with A = b* — 4ac

Degree 3,4  Formula of same type (~ XVth Cardan, XVIIIth Lagrange)
Degree > 5  For each n > 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots

Reason : the symmetric group S, is not solvable for n > 5
(~ Early XIXth Galois)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Already difficult problem with one variable !

>
Degree 2 aX? + bX + ¢ ~ sol= %&‘/Z with A = b* — 4ac

Degree 3,4  Formula of same type (~ XVth Cardan, XVIIIth Lagrange)

Degree > 5  For each n > 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots
Reason : the symmetric group S, is not solvable for n > 5
(~ Early XIXth Galois)

» Still, every degree n > 1 polynomial equation with coefficients in Q admits
at least one and at most n roots in C hence splits completely over C (~
Late XVIlIth, D'Alembert-Gauss)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Already difficult problem with one variable !

>
Degree 2 aX? + bX + ¢ ~ sol= %&‘/Z with A = b* — 4ac

Degree 3,4  Formula of same type (~ XVth Cardan, XVIIIth Lagrange)

Degree > 5  For each n > 5 there exist degree n polynomial equations that
cannot be solved by extracting square roots
Reason : the symmetric group S, is not solvable for n > 5
(~ Early XIXth Galois)

» Still, every degree n > 1 polynomial equation with coefficients in Q admits
at least one and at most n roots in C hence splits completely over C (~
Late XVIlIth, D'Alembert-Gauss)

» Where do the roots live ?

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Already difficult problem with one variable !

» Still, every degree n > 1 polynomial equation with coefficients in Q admits
at least one and at most n roots in C hence splits completely over C (~
Late XVIlIth, D'Alembert-Gauss)

» Where do the roots live ?

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Already difficult problem with one variable !
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at least one and at most n roots in C hence splits completely over C (~
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For every n > 1 there exists a degree n irreducible polynomial F, with
coefficients in Q (~ Late XIXth, Hilbert).
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at least one and at most n roots in C hence splits completely over C (~
Late XVIlIth, D'Alembert-Gauss)

» Where do the roots live ?

For every n > 1 there exists a degree n irreducible polynomial F, with
coefficients in Q (~ Late XIXth, Hilbert).

In particular, if a € C root of F,, the smallest subfield Q C Q(«) C C
containing both Q and « has dimension dimg(Q(«)) = n.
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Already difficult problem with one variable !

» Still, every degree n > 1 polynomial equation with coefficients in Q admits
at least one and at most n roots in C hence splits completely over C (~
Late XVIlIth, D'Alembert-Gauss)

» Where do the roots live ?
For every n > 1 there exists a degree n irreducible polynomial F, with
coefficients in Q (~ Late XIXth, Hilbert).

In particular, if a € C root of F,, the smallest subfield Q C Q(«) C C
containing both Q and « has dimension dimg(Q(«)) = n.

> Q C Q C C algebraic closure of Q in C viz set of all solutions of all
polynomial equations with coefficients in Q. This is a subfield of C.

> One has Q C C (~ mid XIXth Liouville)

»  Solving one variable polynomial equations with coefficients in Q
— Understanding (finite-dimensional) subfields of Q

Galois Theory
—

Understanding (finite-index) closed subgroups of

Gy = {o:Q>Q field automorphisms s.t.c(x) = x, x € Q}

Def. |"

=" Absolute Galois group of Q ("Graal" of number theory)
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What about polynomial equations with > 2 variables ?
F(X1, X2,...,X,) =0
For R C C subring, set V(F)(R) :={x € R" | F(x) =0}
> V(F)(Q) # 0 (even infinite) (Late XIXth, Hilbert)
> V(F)(Q) ¢ V(F)@) < V(F)(C)
> V(F)(Q) can be empty, finite, infinite :
F V(F)(@Q
Y24+ X2+1 0
Y2 4+ X2 -1 Infinite
4Y3 4+3X3+5 0
Y2 X34 X2-X Finite

Y24 Y —-X34+X Infinite
Y24Y—-X5—-X34+X Finite
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structure of V(F)(Q)?
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What about polynomial equations with > 2 variables ?
F(X1, X, ..., X)) =0
For R C C subring, set V(F)(R) :={x € R" | F(x) =0}
> V(F)(Q) # 0 (even infinite) (Late XIXth, Hilbert)
> V(F)(Q) S V(F)(@) < V(F)(C)
> V(F)(Q) can be empty, finite, infinite :
FV(F)(Q)
Y2+ X241 0
Y2 4+ X2 -1 Infinite
4Y34+3X34+5 0
Y2 X34 X2-X Finite
Y24+Y - X3+ X Infinite
Y2+Y —-X5-X3+X Finite
» V(F)(C) has the structure of an analytic variety of dimension n—1
Is there a connection between the geometry / topology of V(F)(C) and the
structure of V(F)(Q)? Viz Does geometry govern arithmetic ?

Conjecture (Mordell, 1922) : Assume n =2 and V(F)(C) has genus > 2. Then
V(F)(Q) is finite.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
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> Algebraic : (ignoring singularities) d := deg(F),
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gx = 5(d—1)(d-2)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
> Genus of a (smooth projective irreducible) curve X := V/(F) :
> Algebraic : (ignoring singularities) d := deg(F),
1
ex = 2(d~1)(d ~2)

F(X,Y)~ F'(X,Y,Z) : degreee d homogeneized polynomial with
normalized integral coefficients, X(Q) ~ V(F")(Z).
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1
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
> Genus of a (smooth projective irreducible) curve X := V/(F) :
> Algebraic : (ignoring singularities) d := deg(F),
1
ex = 2(d~1)(d ~2)
F(X,Y)~ F'(X,Y,Z) : degreee d homogeneized polynomial with
normalized integral coefficients, X(Q) ~ V(F")(Z).
#([-N, NI NZ3) ~ N3, Fh([—N, NN Z3) € [-N9, N9
So, if values equidistributed, number of zeroes ~ N3—9 while d > 3 iff
gx > 2.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

> Genus of a (smooth projective irreducible) curve X := V/(F) :

» Topological : "number of holes in the donut"

{ok ,.\:[b\\ ao (o) 1>

Now d\u\* (0%
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

> Genus of a (smooth projective irreducible) curve X := V/(F) :

> Topological :

gx__ m(X(C)) mP(X(C)™

0 1 0
1 abelian 72
g >2 non-abelian 728
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
> Genus of a (smooth projective irreducible) curve X := V/(F) :

»> Modular :
gx = dim(Jac(X))

Jac(X) : Jacobian (algebraic) abelian variety /Q classifying degree 0 divisor
modulo linear equivalence.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
> Genus of a (smooth projective irreducible) curve X := V/(F) :

»> Modular :
gx = dim(Jac(X))

Jac(X) : Jacobian (algebraic) abelian variety /Q classifying degree 0 divisor
modulo linear equivalence.

If gx > 1, X(Q) # 0 and Py € X(Q), get
X(Q) = Jac(X)(Q), P — [P — P

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2

PgX:O;

> X(Q)=0;
> or X(Q) #0 and X ~ Pé (rational parametrization using Py € X(Q))
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2

> gx = 0:

> X(Q)=0;

> or X(Q) # 0 and X ~ Pé (rational parametrization using Po € X(Q))
» gx = 1:
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2

» gx = 0:

> X(Q)=0;

> or X(Q) #0 and X ~ Pé (rational parametrization using Py € X(Q))
» gx = 1:

> X(Q) = (Z);

> or X(Q) # 0 and, if Pp € X(Q), X-3Jac(X), P [P — Po].
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2

» gx = 0:

> X(Q)=0;

> or X(Q) #0 and X ~ Pé (rational parametrization using Py € X(Q))
» gx = 1:

> X(Q) = (Z);

> or X(Q) # 0 and, if P € X(Q), X-=3Jac(X), P — [P — Po).
Thm. (Mordell, 1922 (- Weil, 1929)) X abelian variety /Q,
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

X = V(F), F X(@Q  ax
Y24 X241 O 0

Y24+ X2—-1 Infinite O

4Y3 +3X3+5 0 1

Y2-X34+X?—-X Finite 1

Y24+Y —-X34+X Infinite 1
Y24+Y-X5—X3+X Finite 2

» gx = 0:

> X(Q)=0;

> or X(Q) #0 and X ~ Pé (rational parametrization using Py € X(Q))
» gx = 1:

> X(Q) = (Z);

> or X(Q) # 0 and, if Pp € X(Q), X-3Jac(X), P [P — Po].

Thm. (Mordell, 1922 (- Weil, 1929)) X abelian variety /Q, then X(Q)
finitely generated abelian group viz

X(Q) = 2> & T(X)
with T(X) finite abelian group.

The Mordell Conjecture - two (plus one) proofs LOllOquium,



gx =1, Addition law
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2% (9,0)
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8x = 1 X(Q) ~Z

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

| 2 gx = 0:

> X(Q) =

> or X(Q) ;é 0 and X ~ IP’I (rational parametrization using Py € X(Q))
> 88X = 1:

> X(@Q)=0;

> or X(Q) # 0 and X(Q) finitely generated abelian group
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

> gX = 0 N

> X(Q) =

> or X(Q) ;é 0 and X ~ IP’I (rational parametrization using Py € X(Q))
» gx = 1:

> X(Q) =

> or X(Q) 75 (0 and X(Q) finitely generated abelian group

Three proofs
> Faltings (1983)

> Vojta (simplified by Bombieri) (1991)

> Lawrence-Venkatesh (2017)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

>gxz0

> X(Q) =
> or X(Q) ;é 0 and X ~ IP’I (rational parametrization using Py € X(Q))

> gx = 1:
> X(Q) =
> or X(Q) 75 (0 and X(Q) finitely generated abelian group

Three proofs

> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

> Vojta (simplified by Bombieri) (1991)

> Lawrence-Venkatesh (2017)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

> gX = 0 N

> X(Q) =

> or X(Q) 75 0 and X ~ Pl (rational parametrization using Py € X(Q))
» gx = 1:

> X(Q) =

> or X(Q) 75 (0 and X(Q) finitely generated abelian group

Three proofs

> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)

> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to

» Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)

> Lawrence-Venkatesh (2017)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
> gX = 0 N
> X(Q) =
> or X(Q) 75 0 and X ~ Pl (rational parametrization using Py € X(Q))
» gx = 1:
> X(Q) =
> or X(Q) 75 (0 and X(Q) finitely generated abelian group

Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to

» Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)

> In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx) (here rx := rjac(x))

> Lawrence-Venkatesh (2017)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.

> gX = 0 N

> X(Q) =

> or X(Q) 75 0 and X ~ Pl (rational parametrization using Py € X(Q))
> gx = 1:

> X(Q) =
> or X(Q) 75 (0 and X(Q) finitely generated abelian group

Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
» Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
> In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx) (here rx := rjac(x))
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m°?(X(C)) is "huge non-abelian")
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Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
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m1°P(X(C)) is "huge")

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

Kodaira dimension —1 < Kx < dim(X)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

Kodaira dimension —1 < Kx < dim(X) General type : Kx = dim(X)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

Kodaira dimension —1 < Kx < dim(X) General type : Kx = dim(X)

If X curve gx= 0 1 2

Kx= -1 0

=V
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

> In general, a variety of general type cannot be embedded into an abelian
variety

>
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

> In general, a variety of general type cannot be embedded into an abelian
variety

> There exists varieties of general type with m;°"(X(C)) =1 ...
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus g > 2. Then X(Q) is finite.
Three proofs
> Faltings (1983)
Prove the Tate conjecture for abelian varieties (an even much deeper
result than the Mordell Conjecture...)
> Vojta (simplified by Bombieri) (1991) Refinement of Vojta's proof lead to
»> Bombieri-Lang Conjecture for subvarieties of general type in abelian
varieties (Faltings, 1991)
» In combination with Uniform Bogomolov Conjecture (Dimitrov - Gao -
Habbeger, Kiihne, 2021) #X(Q) < c(gx, rx)
> Lawrence-Venkatesh (2017)
General approach to prove non-Zariski density of X(Q) when X support a
geometric local system with huge geometric monodromy (morally, when
m1°P(X(C)) is "huge")
Conjecture (Bombieri-Lang, ~ 1970, 80) : Assume X smooth, projective,
irreducible variety of general type over Q. Then X(Q) is not Zariski-dense in X.

Bombieri-Lang Conjecture = #X(Q) < c(gx) (Caporaso-Harris-Mazur, 1997)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)
X(Q) C Jac(X)(Q) C Vi := Jac(X)(Q) ®z R
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

X(Q) C Jac(X)(Q) C Ve := Jac(X)(Q) ®z R + Vi endowed with scalar
product
<—,—> : VRX VR—>R

arising from Neron-Tate height pairing.
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

X(Q) C Jac(X)(Q) C Ve := Jac(X)(Q) ®z R + Vi endowed with scalar
product
<—,—> : VRX VR—>R

arising from Neron-Tate height pairing.

» Vojta's inequality : For every ¢ > 1/,/g there exists a1, a> > 0 such that
for every P1, P> € X(Q),

1P| > a1, [[P2[| > a2||Pr]| = (P1, P2) < c||Py|[[|P2]]
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

X(Q) C Jac(X)(Q) C Ve := Jac(X)(Q) ®z R + Vi endowed with scalar
product
<—,—> : VRX VR—>R

arising from Neron-Tate height pairing.
» Vojta's inequality : For every ¢ > 1/,/g there exists a1, a> > 0 such that
for every P1, P> € X(Q),
1Pull > au,[1Pell > a2l Pal] = Py, Pe) < cll Pl

> Mordell-Weil theorem : Jr := Jac(X)(Q) ®z R finite dimension - rx
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

X(Q) C Jac(X)(Q) C Ve := Jac(X)(Q) ®z R + Vi endowed with scalar
product
<—,—> : VRX VR—>R

arising from Neron-Tate height pairing.

» Vojta's inequality : For every ¢ > 1/,/g there exists a1, a> > 0 such that
for every P1, P> € X(Q),

1P| > a1, [[P2[| > a2||Pr]| = (P1, P2) < c||Py|[[|P2]]
> Mordell-Weil theorem : Jr := Jac(X)(Q) ®z R finite dimension - rx
» Northcott's property : For every a > 0,

N(a) := {P € Jac(X)(Q) | ||P|| < a} is finite

The Mordell Conjecture - two (plus one) proofs LOllOquium,
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)
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(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968)
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Shafarevich Conjecture (1963)
(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)
(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,

wp : Yp — X degree d finite cover ramified exactly at P
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,

wp . Yp — X degree d finite cover ramified exactly at P (cheating a bit...)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,

wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,

wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime

X(@) = x5 ™) Y My zs) B 4,215 @ Repg, 21.5(6o)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime
x(@) = x@[s™) Y My@is ) B 4,215 ) D Repo, 2r.5(Go)

> M. (Z[S™]) : set of isomorphism classes of genus y smooth projective
curves over Z[S™'] and (1) : P+ Yp

>
| 2
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime
x(@) = x@[s™) Y My@is ) B 4,215 ) D Repo, 2r.5(Go)

> M. (Z[S™]) : set of isomorphism classes of genus y smooth projective
curves over Z[S™'] and (1) : P+ Yp

> A, (Z[S™']) : set of isomorphism classes of y-dimensional abelian varieties
over Z[S™! and (2) : Y ~ Jac(Y)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime
x(@) = x@[s™) Y My@is ) B 4,215 ) D Repo, 2r.5(Go)

> M. (Z[S™]) : set of isomorphism classes of genus y smooth projective
curves over Z[S™'] and (1) : P+ Yp

> A, (Z[S™']) : set of isomorphism classes of y-dimensional abelian varieties
over Z[S™! and (2) : Y ~ Jac(Y)

> Repg,,2y,5(Go) : set of isomorphism classes of 2y-dimensional continuous
Q¢-representations of Gg unramified outside S and (3) : A — Vi (A)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
wp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to 7 : Y — X x X over Z[S™'] (S : finite set of primes)

~v = (g, d) (genus of Yp), £: prime
x(@) = x@[s™) Y My@is ) B 4,215 ) D Repo, 2r.5(Go)

> M. (Z[S™]) : set of isomorphism classes of genus y smooth projective
curves over Z[S™'] and (1) : P+ Yp

> A, (Z[S™']) : set of isomorphism classes of y-dimensional abelian varieties
over Z[S™! and (2) : Y ~ Jac(Y)

> Repg,,2y,5(Go) : set of isomorphism classes of 2y-dimensional continuous
Q¢-representations of Gg unramified outside S and (3) : A — Vi (A)

AE") = ker([¢] : A@D) — AQ)) = (Z/¢)
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
mp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to m: Y — X x X over Z[S™'] (S : finite set of primes)

v := (g, d) (genus of Yp), £: prime
X(@ = 2@ Y M @257 S A2 Y Repo, 2,.5(Go)

> M, (Z[S7]) : set of isomorphism classes of genus « smooth projective
curves over Z[S™'] and (1) : P+ Yp

> A (Z[S™']) : set of isomorphism classes of y-dimensional abelian varieties
over Z[S™ ! and (2) : Y — Jac(Y)

> Repg,,2v,5(Gg) : set of isomorphism classes of 2--dimensional continuous
Qq-representations of Gg unramified outside S and (3) : A — V,(A)

AlL"] := ker([£"] : A(Q) = A(Q)) ~ (Z/en)h
AT AR, To(A) = lim AR = ZE, Vi(A) = Te(A)@z,Qe ~ QY
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

(*) : Parshin’s trick (1968) : Construct (using theory of Hurwitz moduli spaces)
a morphism 7 : Y — X x X of varieties over Q such that for every P € X,
mp : Yp — X degree d finite cover ramified exactly at P (cheating a bit...).
"Nice" spreading out to m: Y — X x X over Z[S™'] (S : finite set of primes)

v := (g, d) (genus of Yp), £: prime
X(@ = 2@ Y M @257 S A2 Y Repo, 2,.5(Go)

> M, (Z[S7]) : set of isomorphism classes of genus « smooth projective
curves over Z[S™'] and (1) : P+ Yp

> A (Z[S™']) : set of isomorphism classes of y-dimensional abelian varieties
over Z[S™ ! and (2) : Y — Jac(Y)

> Repg,,2v,5(Gg) : set of isomorphism classes of 2--dimensional continuous
Qq-representations of Gg unramified outside S and (3) : A — V,(A)

A["] = ker([€"] : AQ) = A@)) ~ (Z/¢")* ~ Gg
A YA, (A = lim A[L"] ~ 227, Vi(A) = Te(A)@z,Qe ~ Q7 ~ Gy

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

> (2) : Injective. Torelli theorem (early XXth)
>
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

> (2) : Injective. Torelli theorem (early XXth)
» (3) : Decompose as
Ao(2577) 57 A, (205 7]) ©2.Q %57 Repo, 27,5(Go)

A, (Z[S™]) ®2z Q : set of isogeny classes of y-dimensional abelian varieties
over Z[S™1]
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

> (2) : Injective. Torelli theorem (early XXth)
» (3) : Decompose as

Ay (2[s7) 5 A, 2zIs ™) @2 @ %5 Repg, 2.5(Go)

A, (Z[S™]) ®2z Q : set of isogeny classes of y-dimensional abelian varieties
over Z[S™1]

> (3-1) : finite-to-one

>
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

> (2) : Injective. Torelli theorem (early XXth)
» (3) : Decompose as

Ay (2[s7) 5 A, 2zIs ™) @2 @ %5 Repg, 2.5(Go)

A, (Z[S™]) ®2z Q : set of isogeny classes of y-dimensional abelian varieties
over Z[S™1]

> (3-1) : finite-to-one

> (3-2) : injective and takes value in subset of semisimple representations
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@sT) P Repy,ars(Go)
—

P - Ye Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

> (2) : Injective. Torelli theorem (early XXth)

» (3) : Decompose as

Ay (2[s7) 5 A, 2zIs ™) @2 @ %5 Repg, 2.5(Go)

A, (Z[S™]) ®2z Q : set of isogeny classes of y-dimensional abelian varieties
over Z[S™1]
> (3-1) : finite-to-one
> (3-2) : injective and takes value in subset of semisimple representations
(Tate Conjecture for abelian varieties!).

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

x@ 9 Mm@s) B oa@s) P Repy,ars(Go)
—

P S oY Y Jac(Y) A V(A

» (1) : Finite-to-one. De Franchis theorem (early XXth) : Y, X smooth
projective curves of genus > 2, only finitely many finite surjective covers
Y =+ X

» (2) : Injective. Torelli theorem (early XXth)

> (3) : Decompose as

A, (2[s7Y) 55 4,215 ) @2 @ 57 Repg, 21.5(Go)

AL (Z[S™1]) ®z Q : set of isogeny classes of y-dimensional abelian varieties
over Z[S™1]
> (3-1) : finite-to-one
»> (3-2) : injective and takes value in subset of semisimple representations
(Tate Conjecture for abelian varieties !). Additionnally, these are pure of
weight 1 with integral characteristic polynomial of Frobenii (Weil
Conjecture for abelian varieties - Weil, 1948).
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

v :=(g,d), £: prime

x@ 9 m@s) B oa@s™) P Repyans(Go)
P > Ye Y — Jac(Y) A Vi(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

s, int,1
Repy, 53's(Go) C Repg, 24,5(Go)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

v :=(g,d), £: prime

x@ 9 m@s) B oa@s™) P Repyans(Go)
P > Ye Y — Jac(Y) A Vi(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

ss, int,1

Repg, 5-'s(Go) C Repg, 24,5(Go)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings’ lemma : Repa”;::é((;@) is finite.
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

v :=(g,d), £: prime

x@ 9 m@s) B oa@s™) P Repyans(Go)
P > Ye Y — Jac(Y) A Vi(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

ss, int,1

Repg, 5-'s(Go) C Repg, 24,5(Go)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings’ lemma : Repa”;::é((;@) is finite.
In particular,
>

>
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

v :=(g,d), £: prime

x@ 9 m@s) B oa@s™) P Repyans(Go)
P > Ye Y — Jac(Y) A Vi(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

ss, int,1

Repg, 5-'s(Go) C Repg, 24,5(Go)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings' lemma : Rep’ 3°1(Gg) is finite.

Q¢,27,5
In particular,
> A, 1(Z[SY]) is finite (Shafarevich Conjecture)
>
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Tate Conjecture (1963) =-  Shafarevich Conjecture (1963)

(:*>) Mordell Conjecture

v :=(g,d), £: prime

x@ 9 m@s) B oa@s™) P Repyans(Go)
P > Ye Y — Jac(Y) A Vi(A)

(1), (3) : Finite-to-one, (2) Injective, image of takes values in subset

ss, int,1

Repg, 5-'s(Go) C Repg, 24,5(Go)

of semisimple representations which are pure of weight 2 with integral
characteristic polynomial of Frobenii

Faltings’ lemma : Repa”;::é((;@) is finite.
In particular,
> A, 1(Z[SY]) is finite (Shafarevich Conjecture)

> X(Q) is finite (Mordell Conjecture)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(1), (3) : Finite-to-one, (2) Injective
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y my@s) B oa@s) Y Renivic
P S Ye Y - Jac(Y) A o Vi(A)

(*) ss, int,
X(@) Repg, 31'5(Ge)

(1), (3) : Finite-to-one, (2) Injective
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Rep, 5y's(Ga)
(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

X@Q - Rep&ifés(GQ)
X — (XvQZ)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Rep, 5y's(Ga)
(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(@Q) — Repy, ;'¢'(Go)
X — H'(Yz, Q)
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Rep, 5y's(Ga)
(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(@Q) — Repy, ;'¢'(Go)
X — H'(Yz, Q)

Ex: f:Y — X family of curves, H*( Yz, Q/) = Vi(Jac(Ys))

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Rep, 5y's(Ga)
(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(@Q) — Repy, ;'¢'(Go)
X — H'(Yz, Q)

Main pb : Control the fibers of (x).

The Mordell Conjecture - two (plus one) proofs LOllOquium,



Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Rep, 5y's(Ga)
(1), (3) : Finite-to-one, (2) Injective

Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(@Q) — Repy, ;'¢'(Go)
X — H'(Yz, Q)

Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?
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Conjecture (Mordell, 1922) : Assume X smooth, projective, irreducible curve
over Q with genus > 2. Then X(Q) is finite.

Three proofs
> Faltings (1983)
> Vojta (simplified by Bombieri) (1991)
> Lawrence-Venkatesh (2017)

x@ Y amais) 8 oaes) ¥ Res il

Q27,5
P — Yp Y —  Jac(Y) A = V(A

(*) ss, int,
X(Q) Repj; 55(Go)
(1), (3) : Finite-to-one, (2) Injective
Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)
(%) S5, int,i
X(@Q — Repgy, 43 (Go)
X — H'(Yz, Q)

Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?
E.g. finite ? Not Zariski-dense in X 7
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)
(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;, Qz)

Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;, Qz)
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?

Necessary condition :
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;,Qz): V[,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?

Necessary condition :
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)
(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;,Qz): V[,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?

Necessary condition :

V= R£Qp +—

m1(X)

GL(Vs)
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)
(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;,Qz): V[,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?

Necessary condition :

Ve = RQp +— m(x) = Gg

spec(Q) =— X
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

(%) S5, int,i
XQ — ) Rep@bdfs (Go)
X — H'(Y;,Qz): V[,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?

Necessary condition :

Ve = RQp +— m(x) = Gg
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(Q) — ' Rep@bdfS (Go)
X — H'(Y;,Qz): V[,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?
Necessary condition :

Vo = Rf.Qp +— mi(x) = Gy
1 —— 71‘1(X@) 71‘1(X) Go 1
P (X(C))” GL(Ve)

spec(Q) =— X

Xy — X —— spec(Q)
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Any smooth projective f : Y — X gives rise to maps (x) (Deligne, 1974)

() ss, int,i
X(Q) — ' Rep@bdfS (Go)
X — H'(Y;,Qz): Vz,; =V
Main pb : Control the fibers of (x). Are they "Small" in some precise sense ?
Necessary condition :

Vi = R'LQq +— m(x) = Gg

1 —— 71‘1(X@) 71‘1(X) Go 1

NT (i

TEP(X(C))Y s > GL(Vy)

spec(Q) =—— X Requires the image of 7;°"(X(C))" to be

Xp — X —— spec(Q) "huge non abelian"
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(%) ss, int,2f

f : Y — X smooth, projective, X(Q) — Repy) 4'¢ (Go)
X — Hi(YiaQP)
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f: Y — X smooth, projective, X(Q) RN Repa;;,;’z"(GQ)

X — Hl( Y>_<7 QP)
Fix a prime p such that f : Y — X has a nice (smooth, projective etc.) model
f:Y — X over Zp.

X(Q)=X(Z)CX(Zp)= ] As Dai={xeX(Z)|x=alpl}
ac X (Fp)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



f: Y — X smooth, projective, X(Q) RN Repa;;,;’z"(GQ)

X — Hl( Y>_<7 QP)
Fix a prime p such that f : Y — X has a nice (smooth, projective etc.) model
f:Y — X over Zp.

X(Q)=X(Z)CX(Zp)= ] As Dai={xeX(Z)|x=alpl}
ac X (Fp)

For each a, has to show : A, N X(Q) not Zariski dense in X (finite)
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f: Y — X smooth, projective, X(Q) RN Repa;;,;’z"(GQ)

X — Hl( Y>_<7 QP)
Fix a prime p such that f : Y — X has a nice (smooth, projective etc.) model
f:Y — X over Zp.

X(Q)=X(Z)CX(Zp)= ] As Dai={xeX(Z)|x=alpl}
ac X (Fp)

For each a, has to show : A, N X(Q) not Zariski dense in X (finite)

() ss, int,2i
A.NX(@) Reps, 557/(Ga)
J/lch
Ye cris cris
Dy —— Repy™ (Gg,) Repg,a(Ga,)
lwdR 1) iDcris/dR AN J/Dcris/dR
\

BA(Qp) ———> EM?(M) — > FM?(M)
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() ss, int,2i
A, N X(Q) Repg, 4 (Ga)

llch

cris

RePQ,,,d(G@p)

lwdR 1) iDcris/dR AN J/Dcris/dR

bL(Qp) —a>mw(/\/7) /—;> FMw(M)

Yet, cris
Ay ——— Repr,d(GQP)
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(*) ss, int,2i
A, N X(Q) Rep, i's* (Go)

llch

cris

RePQ,,,d(G@p)

lwdR 1) iDcris/dR AN J/Dcris/dR

bL(Qp) —a>mw(/\/7) /—;> FMw(M)

Yet, cris
A, "% Rep (Gg,)

et 1 Ba D x = H(Yz, Qp) : cristalline representation of Gg,(C Gg)
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(%) ss, int,2i
AL AX(Q) Repi 24%(Go)

llch

Yet, cris cris
ANy ——— @prd(c‘@p) Rep@pyd(G@p)
lwdR 1) iDcris/dR AN J/Dcris/dR
v /~ \
Dr(Qp) ——— FM?(M) ———— FM?*(M)
et 1 Ba D x = H(Yz, Qp) : cristalline representation of Gg,(C Gg)
Yar 1 Da D x — Hig(Yx/Qp) : filtered Qp-vector space (M,, F*) with

fixed numerical data r
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ss, int,27

Repr,d,S (GQ)

J/lch

R eP@rpifd (Gg,)

iDcris/dR N \L Deris/dR

A, N X(Q)

Yet, cris
A, "% Rep (Gg,)

lwdR (1)

Di(Qp) —— FM*(M) —>/; FM? (M)
Yot 1 Da D X > Hi(Y;,Qp) : cristalline representation of Gg,(C Gg)
Yar 1 Da D x — Hig(Yx/Qp) : filtered Qp-vector space (M,, F*) with

fixed numerical data r

a:D,(Qy) 3 F* — (M, ., F*)  : filtered p-modules (M, o, F*)
with fixed ¢-module (M., ¢,)

The Mordell Conjecture - two (plus one) proofs LOllOquium,



(%) ss, int,2i
AL AX(Q) Repi 24%(Go)

J/lch
Yet, cris cris
ANy ——— @prd(c‘@p) Rep@pyd(G@p)
lwdR 1) iDcris/dR AN J/Dcris/dR
v /~ \
Dr(Qp) ——— FM?(M) ———— FM?*(M)
Yot 1 Da D X > Hi(Y;,Qp) : cristalline representation of Gg,(C Gg)
Yar 1 Da D x — Hig(Yx/Qp) : filtered Qp-vector space (M,, F*) with

fixed numerical data r
a: D(Qp) 3 F®* s (Ma, s, F®)  : filtered -modules (M, ¢, F*)
with fixed ¢-module (M., ¢,)
Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

Hin(Ye/Qp) = Hi.(Va/Qp) =~ Dewie(H' (Y3, Qp))
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A, N X(Q)

A, ——2% Rep

lwdR (1)

Di(Qp) — > EM# (M)

Yoo s Ba 3 x = H(Yz,Qp)
Yar 1 Ay D x = Hig(Yx/Qp)

a: DL(QP) > F. = (Ma7§037 F.)

os, int,2i
Rep@é7d,ts I(GQ)

J/lch

cris

o (G00) Rep§, 4(Ga,)
iDcris/dR \\\ \L Deris/dR
/=~ N
—B> FM? (M)

: cristalline representation of Gg,(C Gg)
: filtered Qp-vector space (M., F*) with
fixed numerical data r
: filtered p-modules (M, ¢, F*)
with fixed ¢-module (M, p,)

Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

HAR(YX/QP) = Héris(ya/@p) = Dcris(Hi(Y%Qp))

Yx Va

y

| o

A

X < spec(Z,) <—— spec(Fp)
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(%) ss, int,2i
AL AX(Q) Repi 24%(Go)

J/lch
Yet, cris cris
ANy ——— @prd(c‘@p) Rep@pyd(G@p)
lwdR 1) iDcris/dR AN J/Dcris/dR
v /~ \
Dr(Qp) ——— FM?(M) ———— FM?*(M)
Yot 1 Da D X > Hi(Y;,Qp) : cristalline representation of Gg,(C Gg)
Yar 1 Da D x — Hig(Yx/Qp) : filtered Qp-vector space (M,, F*) with

fixed numerical data r
a: D(Qp) 3 F®* s (Ma, s, F®)  : filtered -modules (M, ¢, F*)
with fixed ¢-module (M., ¢,)
Commutativity of (1) : de Rham / cristalline / p-adic étale comparison thm

Hin(Ye/Qp) = Hinio(Va/Qp) ~ Denia(H'(Yz, Qp))
Fiber of Ba above [M,, wa, F*] : Z(pa) - F*
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,
AnX(@Qc | Z(e) - F
1<i<s

Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,
AnX(@Qc | Z(e) - F
1<i<s

Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :

Qp — Q — C
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :

Qp > Q s C
Hin(Y/Qp)  “&F Hig(v/Q) %% Hin(Yx/C)
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :

Qp P Q [ C
Hin(Ye/Q)  “E° Hin(Vi/Q) 2% H;R(WX/C)
ol .

i (D/Qp) Hie(Ya(C), ©)
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :

Qp > Q s C
Hin(Y/Qp)  “&F Hig(v/Q) %% Hin(Yx/C)

| | I
Hi(V2/ Q) His(Y4(C), C)~ (R'£22C),

R'f22C underlies a polarizable Z-VHS R'f2"7)
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A, Vg D.(Q,), x+— F¢ :de Rham filtration on Hiy(Yx/Qp) ~ M,

A,nX@)c | Z(e) F

1<i<s
Fibers of p-adic analytic map ¥ar : A, = D,(Q,)?

Missing cohomological character :

Qp > Q s C
Hin(Y/Qp)  “&F Hig(v/Q) %% Hin(Yx/C)

| | I
Hi(V2/ Q) His(Y4(C), C)~ (R'£22C),

R'f22C underlies a polarizable Z-VHS Rif“;‘Z)

X(C) " > D> B3,(C) TP (X(C))
T J/ ~—
A;“C; X(C)
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AnX@cC | Z(es) F

1<i<s

Fibers of p-adic analytic map ¢ar : A, = D,(Q,)?
R'f22Q underlies a polarizable Z-VHS Rifg;‘Z)
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AnX@cC | Z(es) F

1<i<s

Fibers of p-adic analytic map tar : Ay — D,(Qp)?
Rif(;a;‘@ underlies a polarizable Z-VHS Rif“;‘Z)
Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
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R'f22Q underlies a polarizable Z-VHS Rif“;‘Z)

Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
+ C/Qp-switch lemma (Lawrence-Venkatesh) :
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AnX@cC | Z(es) F

1<i<s

Fibers of p-adic analytic map var : As — D,(Q,)?
R'f2*Q underlies a polarizable Z-VHS R'f27)

Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
+ C/Qp-switch lemma (Lawrence-Venkatesh) :

Z C Dy,, dim(Z)+ dim(X) < dim(G) = ¥in(Z) C Xq, not Zariski-dense,
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where G := Zariski-closure of image of 7;°”(X(C)) in GL(V),
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AnX@cC | Z(es) F

1<i<s
Fibers of p-adic analytic map tar : Ay — D,(Qp)?

R'f22Q underlies a polarizable Z-VHS R'fz» )

Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
+ C/Qp-switch lemma (Lawrence-Venkatesh) :

Z C Dy,, dim(Z)+ dim(X) < dim(G) = ¥in(Z) C Xq, not Zariski-dense,

where G := Zariski-closure of image of 7;°”(X(C)) in GL(V),
V= Hi (Y4(C), Q)

In particular :

Va € X(F,), dim(Z(¢a))+dim(X) < dim(G)
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AnX@cC | Z(es) F

1<i<s

Fibers of p-adic analytic map tar : Ay — D,(Qp)?
R'f22Q underlies a polarizable Z-VHS R'fz» )

Ax-Schanuel for polarizable Z-VHS (Bakker-Tsimerman)
+ C/Qp-switch lemma (Lawrence-Venkatesh) :

Z C Dy,, dim(Z)+ dim(X) < dim(G) = ¥in(Z) C Xq, not Zariski-dense,

where G := Zariski-closure of image of 7;°”(X(C)) in GL(V),
V= Hi (Y4(C), Q)

In particular :

Va e X(Fp), dim(Z(pa))+dim(X) < dim(G) = X(Q) C X not Zariski-dense!!
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> Get non-Zariski-density of Z[S~1]-points for moduli of degree-d smooth
hypersurfaces in P” for n > 0, d >, 0 (Lawrence-Venkates, 2017)
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> Get finiteness of Z[S~1]-points for moduli of smooth hypersurfaces (up to
translation) in fixed abelian variety A (of dimension > 4) representing a
given ample NS-class (Lawrence-Sawin, 2020)
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hypersurfaces in P” for n > 0, d >, 0 (Lawrence-Venkates, 2017)

> Get finiteness of Z[S~1]-points for moduli of smooth hypersurfaces (up to
translation) in fixed abelian variety A (of dimension > 4) representing a
given ample NS-class (Lawrence-Sawin, 2020)

» Similar finiteness results for higher-codimensional subvarieties, moduli of
canonically polarized smooth projective varieties with fixed Hilbert
polynomial (Maculan, Krdmer, ...)
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f:Y — X: universal family

> Ex.:

> Get non-Zariski-density of Z[S~1]-points for moduli of degree-d smooth
hypersurfaces in P” for n > 0, d >, 0 (Lawrence-Venkates, 2017)

> Get finiteness of Z[S~1]-points for moduli of smooth hypersurfaces (up to
translation) in fixed abelian variety A (of dimension > 4) representing a
given ample NS-class (Lawrence-Sawin, 2020)

» Similar finiteness results for higher-codimensional subvarieties, moduli of
canonically polarized smooth projective varieties with fixed Hilbert
polynomial (Maculan, Krdmer, ...)

» Does not apply to X = A, (does not reprove Shafarevich conjecture...)
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Typical applications :

X : moduli space parametrizing certain families of smooth projective
varieties
f:Y — X: universal family

> Ex.:

> Get non-Zariski-density of Z[S~1]-points for moduli of degree-d smooth
hypersurfaces in P” for n > 0, d >, 0 (Lawrence-Venkates, 2017)

> Get finiteness of Z[S~1]-points for moduli of smooth hypersurfaces (up to
translation) in fixed abelian variety A (of dimension > 4) representing a
given ample NS-class (Lawrence-Sawin, 2020)

» Similar finiteness results for higher-codimensional subvarieties, moduli of
canonically polarized smooth projective varieties with fixed Hilbert
polynomial (Maculan, Krdmer, ...)

» Does not apply to X = A, (does not reprove Shafarevich conjecture...)

More "conceptual" applications - E.g. section conjecture (Betts-Stix), toric
points of Q¢-local systems on varieties over number fields (Cadoret-Stix)
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