
Chapter 1
Note on the gonality of abstract modular curves

Anna Cadoret

Abstract Let S be a curve over an algebraically closed field k of characteristic p≥ 0.
To any family of representations ρ = (ρ` : π1(S)→ GLn(F`)) indexed by primes
`� 0 one can associate abstract modular curves Sρ,1(`) and Sρ(`) which, in this
setting, are the modular analogues of the classical modular curves Y1(`) and Y (`).
The main result of this paper is that, under some technical assumptions, the gonality
of Sρ(`) goes to +∞ with `. These technical assumptions are satisfied by F`-linear
representations arising from the action of π1(S) on the étale cohomology groups
with coefficients in F` of the geometric generic fiber of a smooth proper scheme
over S. From this, we deduce a new and purely algebraic proof of the fact that the
gonality of Y1(`), for p 6 |`(`2−1), goes to +∞ with `.

Key words: 2010 MSC Primary: 14H30, 14K99; Secondary: 14K10.

1.1 Introduction

Let k be an algebraically closed field of characteristic p ≥ 0 and S a smooth, sep-
arated and connected curve over k with generic point η . Let π1(S) denote its étale
fundamental group. Fix an integer n ≥ 1. For each prime `� 0, let H` be an F`

vector space of dimension n on which π1(S) acts continuously. We will write ρ for
the family of the resulting F`-linear representations

ρ` : π1(S)→ GL(H`)' GLn(F`).

To such data, one can associate families of abstract modular curves Sρ,1(`)→ S
and Sρ(`)→ S, see Section 1.2, which, in this setting, are the modular analogues
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of the classical modular curves Y1(`)→Y (0) and Y (`)→Y (0) classifying `-torsion
points and full level-` structures of elliptic curves respectively.

The main examples of such representations we have in mind are the F`-linear
representations arising from the action of π1(S) on the étale cohomology groups
with coefficients in F` of the geometric generic fiber of a smooth proper scheme
over S. In particular, this includes those representations arising from the action of
π1(S) on the group of `-torsion points of the geometric generic fiber of an abelian
scheme over S, see Subsection 1.2.3.

The properties satisfied by these representations motivated, in [CT10b], the intro-
duction of technical conditions on ρ , denoted by (A), (WA) and (AWA) for abelian-
ization, weak abelianization and alternating weak abelianization respectively, (I) for
isotriviality, (T) for tame and (U) for unipotent. See Subsection 1.2.2 for a precise
formulation of these conditions.

Let gρ,1(`) and gρ(`) (resp. γρ,1(`) and γρ(`)) denote the genus (resp. the k-
gonality) of the abstract modular curves Sρ,1(`) and Sρ(`) respectively. The main
result of [CT10b] ([CT10b, Thm. 2.1]) asserts that, if conditions (AWA), (I), (U) are
satisfied then

lim
`→+∞

gρ,1(`) = +∞.

An intermediate step in the proof of this result is that, if conditions (WA), (I), (T)
are satisfied then

lim
`→+∞

gρ(`) = +∞.

In this note, we prove that the same holds with gonality replacing genus.

Theorem 1. If conditions (WA), (I), (T) are satisfied then

lim
`→+∞

γρ(`) = +∞.

The proof of Theorem 1 is purely algebraic and based on the equivariant-primiti-
ve decompositions introduced by A. Tamagawa in [T04] to estimate the gonality of
Galois covers. The method, however, fails to prove the following analogue for Sρ,1.

Conjecture 2. Assume that conditions (WA), (T), (U) are satisfied. Then

lim
`→+∞

γρ,1(`) = +∞.

Our method shows Conjecture 2 only when we restrict to n = 2 and primes ` with
p 6 |`(`2−1), or, more generally, for the variant of Sρ,1(`) classifying points v ∈ H`

whose π1(S)-orbit generates a subspace of rank 2, see Proposition 17. This provides
in particular an algebraic proof of the following well-known fact, cf. [A96], [P07].

Corollary 3.
lim

`→+∞

p6|`(`2−1)

γY1(`) = +∞.
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When p = 0, it seems that variants of Theorem 1 can be proved by the techniques
from differential geometry and Cayley-Schreier graph theory generalizing [A96]
and developed in [EHK10].

Apart from their intrinsic geometric interest, statements as Theorem 1 and Con-
jecture 2 also have arithmetic consequences. In characteristic 0, this follows from
the following corollary of [F91].

Corollary 4. [Fr94]) Let k be a finitely generated field of characteristic 0 and let S
be a smooth, proper, geometrically connected curve over k with k-gonality γ . Then,
for any integer 1 ≤ d ≤

[
γ−1

2

]
, the set of all closed points s of S with residue field

k(s) of degree [k(s) : k]≤ d is finite.

So, for instance, Conjecture 2 for p = 0 combined with [CT10a, Prop. 3.18], to
rule out the k-isotrivial torsion points of Aη , would imply:

For any finitely generated field k of characteristic 0, smooth, separated and ge-
ometrically connected curve S over k, abelian scheme A→ S and integer d ≥ 1
the set of closed points s of S with degree [k(s) : k] ≤ d and such that As carries a
k(s)-rational torsion point of order ` is finite for `� 0.
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1.2 Abstract modular curves

We fix once and for all an algebraically closed field k of characteristic p ≥ 0. By a
curve over k we mean a connected, smooth and separated k-scheme of dimension 1.

1.2.1 Notation

Let S be a curve over k with a geometric generic point η above its generic point
η ∈ S. We will write S ↪→ Scpt for the smooth compactification of S and π1(S) for
its étale fundamental group with base point η . Fix an integer n ≥ 1, and, for each
prime `� 0, let H` be an F`-module of rank n on which π1(S) acts. We will write
ρ for the family of the resulting F`-linear representations

ρ` : π1(S)→ GL(H`)' GLn(F`).
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For every prime `� 0, set G` = im(ρ`) and for any subgroup U ⊂ G`, the ab-
stract modular curve associated to U is the connected étale cover SU → S corre-
sponding to the open subgroup ρ

−1
` (U) ⊂ π1(S). We write gSU and γSU for genus

and gonality of SU respectively.

Remark 5. As we are only interested in the asymptotic behaviour of abstract mod-
ular curves, it is enough to consider only big enough primes `. Furthermore, in
practice, H` will be an étale cohomology group H i(Xη ,F`) for some smooth proper
morphism X → S with connected geometric generic fibre Xη . In particular, the di-
mension of H i(Xη ,F`) may become constant only for `� 0, see Subsection 1.2.2.

In the following, we will consider only specific classes of abstract modular curves
of two kinds. First, for v ∈ H` we denote by Sv → S the abstract modular curve
associated to the stabilizer of G`,v ⊂ G` of v, and let gv and γv denote its genus and
gonality respectively.

Secondly, for a π1(S)-submodule M ⊂ H`, we denote by SM → S the abstract
modular curve associated to Fix(M) := {g ∈ G` | g|M = IdM}, and let gM and γM
denote its genus and gonality respectively. The connected étale cover SM → S is
Galois with Galois group GM = G`/Fix(M), which is the image of the induced
representation ρM : π1(S)→ GL(M).

For v ∈ H` and the π1(S)-submodule M(v) := F`[G` · v]⊂ H` generated by v, the
cover SM(v)→ S is the Galois closure of Sv→ S.

Let F = (F`) denote a sequence of non-empty families of subgroups of G`. We
will say that

Sρ,F (`) :=
⊔

U∈F`

SU → S

is the abstract modular curve associated with F` and define

dρ,F (`) := min{[G` : U ] ; U ∈F`}
gρ,F (`) := min{gSU ; U ∈F`}
γρ,F (`) := min{γSU ; U ∈F`},

which we call the degree, genus and gonality of the abstract modular curve Sρ,F (`).
Following the notation for the usual modular curves, we will write

Sρ,1(`), dρ,1(`), gρ,1(`), γρ,1(`)

when F` is the family of all stabilizers G`,v for 0 6= v ∈ H`, and

Sρ(`), dρ(`), gρ(`), γρ(`)

when F` is the family of all Fix(M), for 0 6= M ⊂ H`. Note that by construction

dρ(`)≥ dρ,1(`), gρ(`)≥ gρ,1(`) and γρ(`)≥ γρ,1(`).
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1.2.2 Conditions (WA), (I), (T)

Given an integer 1≤ m≤ n and a π1(S)-submodule M ⊂Λ mH`, write again

ρM : π1(S)→ GL(M)

for the induced representation. We consider the following technical conditions

(WA) For any open subgroup Π ⊂ π1(S), there exists an integer BΠ ≥ 1 such that,
for every prime `, integer 1≤ m≤ n and Π -submodule M ⊂Λ mH`, one has

ρM(Π) abelian of prime-to-` order⇒ |ρM(Π)| ≤ BΠ .

(WA)’ For any open subgroup Π ⊂ π1(S), there exists an integer BΠ ≥ 1 such
that, for every prime `, integer 1≤m≤ n and Π -submodule M ⊂Λ mH`, one has

ρM(Π) abelian⇒ |ρM(Π)| ≤ BΠ .

(I) For any open subgroup Π ⊂ π1(S) the F`-submodule HΠ
` of fixed vectors

under Π is trivial for `� 0.
(T) For any P ∈ Scpt r S there exists an open subgroup TP of the inertia group

IP ⊂ π1(S) at P such that ρ`(TP) is tame for `� 0.

In [CT10b], we introduce an additional condition (U), which asserts that for any
P ∈ Scpt r S there exists an open subgroup UP of the inertia group IP ⊂ π1(S) at P
such that ρ`(UP) is unipotent for `� 0. Condition (U) is stronger than condition
(T), but we will not use it in the following.

See [CT10b, §2.3] for more details, in particular for the following lemma.

Lemma 6. ([CT10b, Lem. 2.2, 2.3 and 2.4])

(1) Assume that condition (T) is satisfied. Set K :=
⋂

` ker(ρ`). Then π1(S)/K is
topologically finitely generated.

(2) Conditions (I) and (T) imply lim
`→+∞

dρ,1(`) = +∞.

(3) Conditions (I), (T) and (WA) imply condition (WA)’.

Assume that conditions (I), (T) and (WA) are satisfied. Since dρ(`) ≥ dρ,1(`), it
follows from Lemma 6 parts (2) and (3) that for `� 0 and any π1(S)-submodule
0 6= M ⊂ H` the group GM cannot be abelian.

Corollary 7. Assume that conditions (I), (T) and (WA) hold. Then, for any integer
B≥ 1, for every π1(S)-submodule 0 6= M ⊂H` and for every abelian subgroup A of
GM one has [GM : A]≥ B for `� 0.

Proof. Otherwise, there exists an integer B≥ 1 and an infinite set of primes S such
that, for every ` ∈S , there exists a π1(S)-submodule 0 6= M` ⊂ H` and an abelian
subgroup A` of GM`

with [GM`
: A`] ≤ B. But, since it follows from Lemma 6 (1)

that π1(S) acts through a topologically finitely generated quotient, there are only
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finitely many isomorphism classes of connected étale covers of S corresponding to
the ρ

−1
M`

(A`) ⊂ π1(S) for ` ∈ S . Hence at least one of them, say S′ → S, appears
infinitely many times. Up to base-changing by S′→ S, we may assume that GM`

is
abelian for infinitely many ` ∈S , which contradicts Lemma 6 (2) and (3). ut

1.2.3 Etale cohomology

Let X → S be a smooth, proper morphism with geometrically connected fibers. For
every integer i ≥ 0 the F`-rank ni,` of H i

` := Hi(Xη ,F`) is finite and independent of
` for `� 0. Indeed, when p = 0, this follows from the comparison isomorphism
between Betti and étale cohomology with finite coefficients and the fact that Betti
cohomology with coefficient in Z is finitely generated. More generally, when p≥ 0,
this follows from the fact that `-adic cohomology with coefficients in Z` is torsion
free for `� 0 [G83] and that the Q`-rank of `-adic cohomology with coefficients in
Q` is independent of `. So, we will simply write ni instead of ni,` for `� 0.

For each i≥ 1 and `� 0, the action of π1(S) on H i
` gives rise to a family ρ i = (ρ i

`)
of ni-dimensional F`-linear representations

ρ
i
` : π1(S)→ GL(H i

`)' GLni(F`).

It follows from [CT10b, Thm. 2.4] that the families ρ i for i ≥ 1 satisfy conditions
(T) and (WA). As for condition (I), if Xη is projective over k(η) then, for i = 1 it
can be ensured by the condition:

Pic0
Xη /k(η) contains no non-trivial k-isotrivial abelian subvarieties.

1.3 Technical preliminaries

The proof of Theorem 1 is based on a combination of Lemma 6 with the use of E-P
decomposition and group-theoretic ingredients. We gather the results we will need
in Subsections 1.3.1, 1.3.2 and 1.3.3 respectively.

1.3.1 E-P decompositions

Consider a diagram of proper curves over k

Y
f //

π

��

B

Y ′,

(1.1)
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where f : Y → B is a non-constant morphism of proper curves over k and π : Y →Y ′

is a G-cover with group G (that is G acts faithfully on Y and π :Y→Y ′ is the quotient
morphism Y →Y/G). We will say that a pair of maps (π, f ) as in (1.1) is equivariant
if for any σ ∈G there exists σB ∈Autk(B) such that f ◦σ = σB ◦ f and that (π, f ) as
in (1.1) is primitive if it does not have any equivariant nontrivial subdiagram that is,
more precisely, if for any commutative diagram (1.2) of morphisms of proper curves
over k

Y

π

��

f

''
f ′

// B′
f ′′

// B

Y ′

(1.2)

with f ′ and f ′′ of degree ≥ 2, the pair (π, f ′) is not equivariant.
We will resort to the following corollary of the Castelnuovo-Severi inequality.

Lemma 8. ([T04, Thm. 2.4]). If the pair of maps (π, f ) as in (1.1) is primitive then

deg( f )≥

√
gY +1
gB +1

.

For a pair (π, f ) as in diagram (1.1), among all equivariant decompositions, i.e.,
diagrams as (1.2) with the pair (π, f ′) equivariant, we choose a pair (π, f ′ : Y →C)
with deg( f ′) maximal. This exists as (π, id) is equivariant and deg( f ′) ≤ deg( f )
is bounded. By definition, the action of G on Y induces an action on C, hence we
obtain a homomorphism G→ Autk(C). We set G = G/K where

K := Ker(G→ Autk(C)).

Then diagram (1.1) for (π, f ) can be enriched to a commutative diagram with re-
spect to the maximal equivariant decomposition (π, f ′) as follows

Y
f

((QQQQQQQQQQQQQQQQQ

��

Z //

��

C //

��

B

Y ′ // C′.

(1.3)

The vertical maps Y → Z =Y/K, Z→Y ′ = Z/G and C→C′ =C/G are the quotient
morphisms. By construction, the pair (Z → Y ′,Z → C) is equivariant and the pair
(C→ C′,C→ B) is primitive. We will call such a decomposition an equivariant-
primitive decomposition (E-P decomposition for short).
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1.3.2 Review of the classification of finite subgroups of SL2

We remind that k is a fixed algebraically closed field of characteristic p ≥ 0. Then
we have the following description of finite subgroups of SL2(k).

Theorem 9. ([Su82, Thm. 3.6.17]) A finite subgroup G of SL2(k) is one from the
following list:

(1) a cyclic group,
(2) for some n≥ 2 a group with presentation

〈x,y | xn = y2, y−1xy = x−1〉,

(3) SL2(3), or SL2(5),
(4) the representation group Ŝ4 of the permutation group S4 in which transposi-

tions lift to elements of order 4,
(5) an extension

1→ A→ G→ Q→ 1,

where A is an elementary abelian p-group and Q is a cyclic group of prime-to-p
order,

(6) a dihedral group,
(7) SL2(kr), where kr denotes the subfield of k with pr elements,
(8) 〈SL2(kr),dπ〉, where dπ is the scalar matrix with diagonal entries given by a

π ∈ k such that kr(π) has p2r elements and π2 is a generator of k×r .

Case (6) occurs only when p = 2 and cases (7) and (8) occur only when p > 0.

We will use two easy corollaries of Theorem 9. Namely, observing that when k is
algebraically closed PGL2(k) = PSL2(k), we get the well known corollary:

Corollary 10. A finite subgroup G of PGL2(k) is of the following form:

(1) a cyclic group,
(2) a dihedral group,
(3) A4, S4, A5,
(4) an extension

1→ A→ G→ Q→ 1,

where A is an elementary abelian p-group and Q is a cyclic group of prime-to-p
order,

(5) PSL2(kr),
(6) PGL2(kr).

The last three cases occur only when p > 0.

Also, regarding SL2(F`) as a subgroup of SL2(F`) and ruling out the groups that
cannot lie in SL2(F`), we get:

Corollary 11. Assume that ` ≥ 5. A subgroup of SL2(F`) is isomorphic to one of
the following.
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(1) a cyclic group,
(2) for some n≥ 2 a group with presentation

〈x,y | xn = y2, y−1xy = x−1〉,

(3) SL2(F3), or SL2(F5),
(4) the representation group Ŝ4 of the permutation group S4 in which transposi-

tions lift to elements of order 4,
(5) a semi-direct product F` oC contained in a Borel subgroup with C a cyclic

group of prime-to-` order,
(6) SL2(F`).

1.3.3 A group-theoretic lemma

The following lemma provides a practical condition for a finite group to contain a
large normal abelian subgroup.

Lemma 12. Let G be a finite group and assume that G fits into a short exact se-
quence of finite groups

1→ N→ G→ Q→ 1 (1.4)

with Q abelian and generated by≤ r elements. Then the group G contains a normal
abelian subgroup A with index

[G : A]≤ µ(Z(N))r · |Aut(N)|,

where µ(Z(N)) denotes the least common multiple of the order of the elements in
the center Z(N) of N.

Proof. The short exact sequence (1.4) induces by conjugation representations

φ̃ : G→ Aut(N) and φ : Q→ Out(N)

and induces on the centralizer ZG(N) = ker(φ̃) of N in G the structure of a central
extension

1→ Z(N)→ ZG(N)→ ker(φ)→ 1.

Because the extension is central, taking the commutator of lifts to ZG(N) defines an
alternating bilinear form [ , ] on ker(φ) with values in Z(N). The radical of [ , ]

R = {q ∈ ker(φ) ; [q,q′] = 0 for all q′ ∈ ker(φ)} ⊂ ker(φ),

contains µ(Z(N))ker(φ). We find an extension

1→ Z(N)→ Z(ZG(N))→ R→ 1
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where A = Z(ZG(N)) is the center of ZG(N). Since N is normal in G, the abelian
group A is also normal in G. We can estimate the index [G : A] as

[G : A] =
|G|
|ZG(N)|

· |ZG(N)|
|A|

≤ |Aut(N)| · |ker(φ)|
|R|

≤ |Aut(N)| · |ker(φ)|
|µ(Z(N))ker(φ)|

≤ |Aut(N)| ·µ(Z(N))r

since ker(φ)⊂ Q is also generated by ≤ r elements. ut

1.4 Proof of Theorem 1

Observe first that if S′ → S is any connected finite étale cover then π1(S′M) =
π1(SM)∩π1(S′). In particular, one has

γSM ≤ γS′M
≤ γSM deg(S′M → SM)≤ γSM deg(S′→ S)

and, as a result, lim
`→+∞

γρ|
π1(S′)

(`) = +∞ if and only if lim
`→+∞

γρ(`) = +∞. This allows

to perform arbitrary base changes by connected étale covers. In particular, from
condition (T), one may assume that π1(S) acts through its tame quotient π t

1(S).
For every prime `, consider a π1(S)-submodule 0 6= M` ⊂ H` such that γM`

=
γρ(`). We thus have a diagram of proper curves over k

Scpt
M`

f` //

��

P1
k

Scpt

(1.5)

with deg( f`) = γρ(`). We can consider an E-P decomposition of (1.5)

Scpt
M`

f`

((PPPPPPPPPPPPPPPPP

��

Z`
//

��

C`
//

��

P1
k

Scpt // B`

(1.6)



1 Note on the gonality of abstract modular curves 11

where Scpt
M`
→ Z` = Scpt

M`
/K` and, with GM`

= GM`
/K` faithfully acting on C`, also

C`→ B` = C`/GM`
are the respective quotient maps.

If γρ(`) does not diverge, then there exists an infinite subset S of primes and an
integer γ ≥ 1 such that γρ(`)≤ γ for all ` ∈S . In particular |K`| ≤ γ , hence

|GM`
| ≥

dρ(`)
|K`|

≥
dρ(`)

γ
.

So, from Lemma 6 (2) one has lim
`→+∞
`∈S

|GM`
|= +∞.

To get the contradiction, we distinguish between three cases. In the first case we
assume that gC`

≥ 2 for all but finitely many ` ∈S . Since by [St73] the size of the
automorphism group of a genus g ≥ 2 curve over an algebraically closed field of
characteristic p is bounded by Pp(g) for a polynomial Pp(T ) ∈ Z[T ] depending only
on p, we find for ` ∈S that |GM`

| ≤ Pp(gC`
), which forces

lim
`→+∞
`∈S

gC`
= +∞.

But from Lemma 8 applied to the primitive pair (C` → B`,C` → P1
k) in diagram

(1.5), one has

γρ(`) = deg( f`)≥ deg(C`→ P1
k)≥

√
gC`

+1,

which therefore also diverges for ` ∈S contradicting the choice of S .

If we are not in the first case, then gC`
≤ 1 for infinitely many ` ∈ S . In the

second case, we assume that for infinitely many ` ∈S , and in fact by replacing S
by a subset, that for all ` ∈S we have gC`

= 1. Then for ` ∈S , the group GM`
is

an extension
1→ A`→ GM`

→ Q`→ 1

with A` a finite quotient of Ẑ2 and |Q`| ≤ 24. Since π1(S) acts through a topologi-
cally finitely generated quotient by Lemma 6, there are only finitely many isomor-
phism classes of étale covers of S with degree ≤ 24 corresponding to the inverse
image of A` via

π1(S)
ρM`
� GM`

� GM`
.

So, by replacing S by the composite of all these étale covers of degree≤ 24, we may
assume that GM`

= A` for all ` ∈S . Now Lemma 12 applied to

1→ K`→ GM`
→ A`→ 1

shows, since |K`| ≤ γ , that GM`
has an abelian subgroup of index bounded above

independently of ` ∈S in contradiction to Corollary 7.
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In the last case we can and do assume that gC`
= 0 for all ` ∈ S . As above,

Corollary 7 shows that the subgroup GM`
⊂Aut(C`)∼= PGL2(k) can be only of type

(4), (5) or (6) as in Corollary 10 for `� 0, and ` ∈S . This occurs only if p > 0.
Without loss of generality, by replacing S by an infinite subset, we may assume
that GM`

is of the same type for all ` ∈S . To rule out these cases, we are going to
use the following theorem.

Theorem 13 ([N87, Thm. C]). For any integer n≥ 1 there exists an integer d(n)≥ 1
such that for any prime `≥ n, integer m≤ n and subgroup G of GLm(F`) the follow-
ing holds. Let G+ denote the (normal) subgroup of G generated by the elements of
order ` in G. Then, there exists an abelian subgroup A⊂G such that AG+ is normal
in G and [G : AG+]≤ d(n).

Assume that GM`
is of type (4) for all ` ∈S , that is of the form

(Z/p)r` o Z/N`

for some integers r`,N` ≥ 1 with p 6 |N`.

Claim 14. There exists an integer r(n)≥ 1 such that r` ≤ r(n) for `� 0 in S .

Proof. Let T` denote the inverse image of (Z/p)r` in GM`
that is T` fits into the short

exact sequence of finite groups

1→ K`→ T`→ (Z/p)r` → 1.

Because |K`| ≤ γ we see that ` does not divide |T`| for `� 0 and, in particular, that
T +
` is trivial. Theorem 13 implies that T` fits into a short exact sequence

1→ A`→ T`→ Q`→ 1

with A` abelian and |Q`| ≤ d(n). In turn, A` fits into the sort exact sequence

1→ K`∩A`→ A`→ (Z/p)s` → 1

with s` ≤ r`. In particular, A` is an abelian subgroup of GL(M`) of prime-to-` order
and of Z-rank≥ s`. This implies s`≤ n since any abelian subgroup A of order prime-
to-` in GLn(F`) is conjugate in GLn(F`) to a diagonal torus. So the claim follows
from r` ≤ s` + logp |Q`| and the bounds for s` and |Q`| ≤ d(n). ut

By claim 14 and Lemma 12, the group GM`
contains a normal abelian subgroup

A` with index bounded by

[GM`
: A`]≤ p · |GLr(n)(Fp)|.

Invoking again that π1(S) acts through a topologically finitely generated quotient,
without loss of generality we may assume that GM`

= A` and then, as above the
contradiction follows from the bound |K`| ≤ γ , Lemma 12 and Corollary 7.
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Assume now that GM`
is of type (5) or (6) for all ` ∈S , that is either PSL2(kr`)

or PGL2(kr`) for some integer r` ≥ 1.
For any non zero vector v ∈ M` the cover SM(v) → S is a quotient of SM`

→ S
hence γSM(v) ≤ γSM`

. So, without loss of generality, we may assume that M` is a
simple π1(S)-module. In particular, there exists a non zero vector v ∈M` such that
M` = M(v) and M+

` := F`[G+
M`

v]⊂M is a simple G+
M`

-submodule.

Claim 15. The group G+
M`

is nontrivial for `� 0 in S .

Proof. Theorem 13 applied to GM`
⊂ GL(M`) shows that one can write GM`

/G+
M`

as an extension
1→ A`G+

M`
/G+

M`
→ GM`

/G+
M`
→ Q`→ 1

with A`G+
M`

/G+
M`

abelian and |Q`| ≤ d(n), because dimF`
(M`) ≤ n. As a result, if

G+
M`

= 1, we get a contradiction to Corollary 7. This proves the claim. ut

Since PSL2(kr`) is simple and the only nontrivial normal subgroups of PGL2(kr`)
are PSL2(kr`) and PGL2(kr`), claim 15 implies that the normal subgroup

G+
M`

:= G+
M`

/G+
M`
∩K`

of GM`
contains PSL2(kr`).

Claim 16. The group Z` := K`∩G+
M`

is a central subgroup of G+
M`

for `� 0 in S .

Proof. Because |Z`| ≤ |K`| ≤ γ we see that (i) ` 6 ||Z`| and (ii) ` 6 ||Aut(Z`)| for `� 0
in S . From (i) and Schur-Zassenhauss, for any `-Sylow S` ⊂GM`

, the group Z`S` is
a semidirect product Z` oS` and, from (ii), the semidirect product Z` oS` is actually
a direct product that is S` is contained in the centralizer ZG+

M`

(H`) of H` in G+
M`

. But,

by definition, for `� 0 the group G+
M`

is generated by the `-Sylow subgroups S` of
GM`

hence G+
M`

= ZG+
M`

(Z`). ut

The group Z` acts semisimply on H`, because Z` is commutative and of prime-
to-` order. Since Z` is central in G+

M`
by claim 16, the group G+

M`
preserves the

isotypical decomposition
M⊗F`

F` =
⊕

χ

Eχ

with respect to the characters χ of Z`. The induced projective representations

pχ : G+
M`
→ PGL(Eχ)

factor over G+
M`

. As
⋂

χ ker(pχ) is of order prime-to-`, this shows that the simple

normal subgroup PSL2(kr`) ⊆ G+
M`

embeds into PGLm(F`) for some m ≤ n. By
[LS74, Thm. p. 419], this can occur only for finitely many values of r`, which, in
turn, contradicts the fact that r`→ ∞ for ` ∈S by Lemma 6 (2).

The proof of Theorem 1 is now complete.
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1.5 The case of Sρ,1(`)

Whenever it is defined, we set for i = 1, . . . ,n = dimF`
(H`)

γ
i
ρ,1(`) := min{γv ; 0 6= v ∈ H` and dimF`

(M(v)) = i}.

Note that, when n = i, one has γn
ρ,1(`) = γρ,1(`). Let S denote the set of all primes

` such that H` contains a π1(S)-submodule of F`-rank 2. Assume that S is infinite.
In this section, we prove the following.

Proposition 17. Assume that conditions (WA), (I) and (T) are satisfied. Then:

lim
`→+∞

p6|`(`2−1)

γ
2
ρ,1(`) = +∞.

Proposition 17 will lead to a proof of Corollary 3. The proof of Proposition 17
needs some preparation. We first study the possible structure of the group GM when
dimF`

(M) = 2 and `� 0.

Lemma 18. Assume that conditions (WA), (I) and (T) are satisfied. Then, for `� 0
and any π1(S)-submodule M ⊂ H` of F`-rank 2 one has SL(M)⊂ GM .

Proof. We write GM as an extension

1→ GM ∩SL(M)→ GM
det−→ DM → 1,

where DM = det(GM)⊂ F×` ' Z/(`−1).
Let us show first that |GM ∩ SL(M)| diverges with `→ ∞ in S and M is any

π1(S)-submodule M ⊂H` of F`-rank 2. Otherwise, up to replacing S by an infinite
subset, we may assume that there exists an upper bound

|GM ∩SL(M)| ≤ B

for all possible M. From Lemma 6 (2), one has

lim
`→+∞
`∈S

|GM`
|= +∞,

which forces |DM| to diverge when `→∞ in S . Let o(B) denote the maximal order
of the automorphism group of a group of order≤ B. Then, as DM is cyclic, it follows
from Lemma 12 that GM contains a normal abelian subgroup of index ≤ B · o(B),
which contradicts Corollary 7 for `� 0 in S .

Hence, for `� 0 in S and any π1(S)-submodule M ⊂ H` of F`-rank 2, the only
possibilities with respect to the list of Corollary 11 for GM ∩SL(M) are (1), (2), (5)
or (6). The types (1) and (2) are ruled out by condition (WA)’ and Lemma 6, and
type (6) is exactly what the lemma claims. It remains to rule out type (5).
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If GM ∩SL(M) is of type (5), then it is contained in a Borel and thus fixes a line
F` · v ⊂M for some 0 6= v ∈ H`. The line is uniquely determined since the `-Sylow
of GM ∩SL(M) is nontrivial, and thus F` · v is also invariant under GM . However,
by condition (WA) and Lemma 6 (2), the group GM cannot fix F` · v, which is the
desired contradiction. ut

Lemma 19. Assume that conditions (WA), (I) and (T) are satisfied. Then, there exists
an integer D ≥ 1 such that for `� 0 and any π1(S)-submodule M ⊂ H` one has
|det(GM)| ≤ D.

Proof. Let m denote the F`-rank of M. Then the action of GM on the line Λ mM
factors through a faithfull action of DM := det(GM). So the conclusion follows from
condition (WA)’. ut

Now we can prove Proposition 17. Let S denote the set of all primes ` such that
there exists v ∈ H` with M(v) of F`-rank 2. Assume that S is infinite and for every
` ∈S , choose v` ∈ H` with M` := M(v`) of F`-rank 2 such that γv`

= γ2
ρ,1(`). By

Lemma 18 and for `� 0 in S we write again GM`
as an extension

1→ SL(M`)→ GM`

det−→ D`→ 1,

where D` = det(GM`
)⊂ F×` ' Z/(`−1). From Lemma 19, we have |D`| ≤D. Con-

sider an E-P decomposition

Scpt
M`

f`

((PPPPPPPPPPPPPPPPP

��

Z`
//

��

C`
//

��

P1
k

Scpt // B`

(1.7)

where Scpt
M`
→ Z` = Scpt

M`
/K` and, with GM`

= GM`
/K` faithfully acting on C`, also

C`→ B` = C`/GM`
are the respective quotient maps, and deg( f`) = γM`

. We set DK
`

for the image of K` in D`. Then K` fits into the short exact sequence

1→ K`∩SL(M`)→ K`→ DK
` → 1.

As the only normal subgroups of SL2(F`) are 1, Z/2 and SL2(F`), there are only
two possibilities for K`∩SL(M`), namely

(1) K`∩SL(M`) = SL(M`),
(2) K`∩SL(M`) = 1, Z/2.

In case (1), one has the estimate
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γM`
= deg( f`)≥ deg(Scpt

M`
→ Z`) = |K`|= `(`2−1) · |DK

` |= |GM`
| ·
|DK

` |
|D`|

.

Since SL(M`) acts transitively on M` \ {0}, the stabilizer GM`,v`
of v` under the

action of GM`
, namely the Galois group of SM(v)→ Sv, has index `2−1 and so

γ
2
ρ,1(`) = γv`

≥
γM`

|GM`,v`
|
≥ (`2−1) ·

|DK
` |
|D`|

≥ `2−1
D
→+∞.

In case (2), the stabilizer has size

|GM`,v`
|=
|GM`
|

`2−1
= ` · |D`|,

and thus Lemma 8 applied to the primitive pair (C`→ B`,C`→ P1
k) in diagram (1.7)

yields the estimate

γ
2
ρ,1(`) = γv`

≥
γM`

|GM`,v`
|
≥

deg(Scpt
M`
→ Z`) ·deg(C`→ P1

k)

` · |D`|
≥
|K`| ·

√
gC`

+1
` · |D`|

(1.8)

For `� 0 and in particular ` > p, the group GM`
contains SL(M`) or PSL(M`), and

so it is not a subgroup of the automorphism group of a curve of genus 0 or 1 over an
algebraically closed field of characteristic p ≥ 0. As a result, one may assume that
C` has genus ≥ 2. If p does not divide `(`2− 1) then p does not divide |GL(M`)|
hence, a fortiori, does not divide |GM`

|. Consequently, the cover C` → B` lifts to
characteristic 0 and we have the Hurwitz bound for the automorphism group

`(`2−1)|D`|
|K`|

= |GM`
| ≤ 84(gC`

−1).

In combination with (1.8) this yields

γ
2
ρ,1(`)≥

|K`| ·
√

gC`
+1

` · |D`|
≥ |K`|

` · |D`|

√
`(`2−1)|D`|

84|K`|
+2

Hence

γ
2
ρ,1(`)≥

√
(`2−1)

84 · ` · |D|
→+∞.

This completes the proof of Proposition 17.

Remark 20. When p|`(`2− 1), one can assert only that `(`2− 1) ≤ Pp(gC`
) so the

resulting lower bound for gC`
is too small to conclude. Also, from condition (T), one

could observe that Z`→ Scpt is tame for `� 0 but, if p|`(`2− 1) and Scpt → B` is
wildly ramified, it may happen that C`→ B` is wildly ramified as well hence does
not necessarily lift to characteristic 0.
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Finally, we give a proof of Corollary 3. Let Y (0) and Y1(`) denote the coarse
moduli schemes of the stack E of elliptic curves and of the stack E1(`) of elliptic
curves with a torsion point of order exactly ` as stacks over k. For any nonisotrivial
relative elliptic curve E→ S and 0 6= v ∈ Eη [`], one has the following commutative
diagram

E

��

E

��
E1(`)

55jjjjjjj

��
Y (0) S

boo

Y1(`)

d 55kkkkkk
Svc

oo a

66mmmmmmm

In particular we can estimate the gonality as

γY1(`) ≥
γv

deg(c)
=

γv deg(d)
deg(a)deg(b)

=
γv(`2−1)/2
|G` · v|deg(b)

≥ γv

2deg(b)

with deg(b) independent of v and `. Applying Proposition 17 to the family of rank-2
F`-linear representations

ρ` : π1(S)→ GL(Eη [`])

gives the conclusion of Corollary 3.
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