(-INDEPENDENCE OF TANNAKA GROUPS OF PERVERSE SHEAVES ON ABELIAN
VARIETIES

ANNA CADORET

ABSTRACT. Let k be a finite field of characteristic p > 0 and X an abelian variety over k. To every f-adic
perverse sheaf P on X, one can attach a Tannaka group G(P), which is an algebraic group over Q,. If P,
£ # pis a compatible family of semisimple perverse sheaves on X, we prove that the neutral component G(P;)°
and the group of connected components mo(G(P;)) of G(P;) are independent of . Our arguments combine
an explicit description of the group of connected components of G(P), the companions correspondence for
perverse sheaves, and a reconstruction theorem of Kazhdan-Larsen-Varshavsky or connected reductive groups.
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1. INTRODUCTION

Let k be a finite field of characteristic p. Let X be a normal variety (viz a separated scheme of finite type) over
k. For a prime £ # p, let D2(X,Q,) denote the triangulated category of complexes of étale Q,-sheaves with
bounded constructible cohomology, and Loc (X, Q) € D%(X,Qy) the full subcategory of Q,-local systems on
X. To every K € Db%(X,Qy) and closed point = € |X| with residue degree d, := [k(z) : k], one attaches its
local L-function at x
La(K,T) = [ [det(1 — %, |H'(K)a) ™ € (14 QT
1E€EL
By construction and Cebotarev, the resulting map
Lo(=T): DAX, Q) = [] A+ QTN £ (La(K,T))aerx|

z€|X|
factors;through an injective map Lo(—,T) : K(X@g) = [Lex (1 + Q[[T]])*, where [~] : D%(X,Q,) —
K(X,Qy) denotes the Grothendieck ring of D2(X,Q,) [Lau87, Thm. (1.1.2)].

For K1, K2 € D%(X,Qy), say that K1 and Ky are compatible - notation: Ky ~ Ka, if the following equivalent
conditions hold.

(i) Le(K1,T) = Leo(Ko,T);
(i) [K1] = [K2] in K(X,Qp).
By the trace formula, the Euler-Poincaré characteristic
X(=) i DYUX, Q) = Z, K= x(K) = (~1)'dimg (HL(X;, P))
1EZ
factors through x(—) : K(X, Q) — Z. Hence, K1 ~ Ko implies x(K1) = x(K2).

More generally, let A be a set of pairs o = ({4, L) consisting of a prime ¢, # p and a field isomorphism
o+ Qp,SC. For every o, € A, Ko € DE(X,@KQ) and Kg € DZ(X,@%), say that K, and Kz are
A-compatible or A-companions - notation: Ko ~4 KCg (see [Fu00, §1.2]), if

taLe(Ka,T) = t3Le(Kg,T).

1.1. Q-local systems and pure motives. Fix a prime ¢ # p. One expects that, up to twist, every
semisimple object in Loc(X,Q,) be motivic that is, roughly, be cut out by an algebraic cycle on a Q-local
system of the form Rf,Q, for f : Y — X a smooth projective morphism. A formal statement reflecting
this expectation is provided by the companions conjecture [D80, Conj. 1.2.10]. For a Q-local system
F over X, write Q € Qr C Q, for the field subextension generated over Q by the coefficients of the
Xz(F,T) = Lo (F,T)" 1, = € |X].

1



2 ANNA CADORET

Conjecture 1. Let X be a connected normal variety over k. Let o € A and F, a simple @ga—local system
on X with finite determinant. Then,

[Purity| Fo is pure of weight 0: for every isomorphism v : Q, =>C, z € |X| and root a of xz(Fa,T),
|| = 1;

[Finiteness| The field Qr, is a number field.

ompanlons or every € €re exrtsis a (automatically stmpie ana unique Q -tocat SYstem O~ on
C ions| F BeAth st tomatically simple and unique) Qg -local system Fo...g

X such that Fo ~a Fousp-

Remark 2. The [Companions| part of Conjecture 1 automatically extends to arbitrary Q,_-local system F,
on X. Namely, for every § € A there exists a unique semisimple @gﬁ—local system F,..3 on X such that
Fao ~a Fawsp- The unicity of F,..3 follows from Cebotarev. For the existence, consider the semisimplification
F2¥ of Fy in the category of @ga—local systems on X and decompose it as

= oS

7a7
with S; o a simple @ga—local system with finite determinant on X and a;, € @ga. Then, writing a; g :=
Lglba(am) € Qg,, i =1,...,r, the semisimple Q,-local system
. (ai,aw )
fawﬁ = @::1 z,aWBﬁ .

is a A-companion of F,.

Another expected consequence of the formalism of motives is the following (weakening of) [Ch04, Conj. 1.1,
which can be regarded as an upgraded Tannakian version of the [Companions| part in Conjecture 1. For a
connected normal variety X over k and a Q,-local system F on X write

G(F) c GLy,
for the Zariski-closure of the image of 71 (X, Z) acting on Vr := Fjz.

Conjecture 3. Fiz an embedding ¢ : @<—> C. Let X be a connected normal variety over k. Let a € A
and Fo a semisimple objects in Loc(X,Qy,_ ). Then, there exists a reductive group G over Q together with a
faithfull finite-dimensional Q-representation G C GLy such that for every € A,

(G(Faep)  GLvz,_,)®g, ,,C= (G CGLy)®g, C.

When X is a curve, Conjecture 1 was proved by L. Lafforgue [L02|, as a consequence of the Langlands
correspondence and, somewhat, the motive corresponding to F,, appears in the moduli stack of Shtukas. For
X a smooth variety of higher-dimension, Conjecture 1 was proved by Deligne [Del2| and Drinfeld [Dr12], by
geometric methods reducing to the case of curves; in particular, they do not provide any construction of the
expected motive corresponding to Fy.

1.2. And beyond...? One may ask to what extent the considerations and results of Subsection 1.1 extend
to arbitrary objects in D%(X,Q,), in particular:

(1) Does the companions correspondence extend to arbitrary K € D%(X,Q,)?
(2) If so, can one formulate upgraded Tannakian variants of the companions correspondence for K €
D%(X, Q) in the spirit of Conjecture 3?

One can answer (1) in a satisfactory way provided one has a good notion of "semisimplification" in DIC’(X , Q).
Let Perv(X,Q,) C DY%X,Q,) denote the full subcategory of perverse sheaves on X and let PH'(—) :
DY%(X,Qy) — Perv(X,Q,) denote the ith perverse cohomology functor, i € Z. For K € D% X,Q,) define the
semisimplification of K in D%(X,Q,) as

K = @ien” H' (K)*[~i],
where, here, (—)* : Perv(X, Q) — Perv(X, Q) denotes the semisimplification functor in Perv(X, Q), and
say that K is semisimple in D%(X, Q,) if K ~ K* in D2(X, Q).
Remark 4.

(1) The definition of K% = @®;cz? H'(K)*[—i] is tautologically compatible with the usual definition of
semisimplification inferv(X ,Qp) and, if X is smooth over k, with the usual definition of semisim-
plification in Loc(X,Q,) (in the sense that, if X is connected, (F*)[d] = (F[d])*, where d := dim(X).
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(2) If K € Db(X,Qy) is t-pure for some field isomorphism ¢ : Qy=C then, by the decomposition theorem
[BBerDG82, Thm. 5.4.5], K*|x, ~ K|x, in D%(Xz, Q).

(3) Warning: Let K1, Ko € D%(X, Q).
- If K1, Ko € Perv(X,Qy), then K1 ~ Ky implies K5 ~ K5 [Lau87, Prop. (1.1.2.1)].

- If K1,K2 € Perv(X,Qy) are both pure of weight w, then K; ~ Ky implies K§¥ ~ K5°. Indeed, then
PHY(K1), PH'(K3) are both pure of weight w1, i € Z hence, with the notation of [Z09, §6], [PH(K1)] =
Pw+ilK1], [PHY(K2)] = pw+i[K2] in the Grothendieck group K (X, Q). But then, by [Z09, Prop. 2.7],
PHY (K1) ~ PH'(K2) and the assertion follows from the case of perverse sheaves.

But, in general, K1 ~ K2 does not imply Kf* ~ K5 in DY%(X,Qy). For instance, if X is smooth over
k, connected of dimension d and S € Loc(X,Qy) is a simple (non-zero) Q,-local system on X, then
S[d] ~ S[d—2], but S[d] % S[d—2] in D%(X,Qy). So, to get the unicity of the companion K,..5 one has
to strengthen the companion relation ~. For o, 8 € A and K, € Db(X, Q). K € Db(X, @gﬂ), say that
Ko and Kg are derived-A-compatible or derived-A-companions - notation: Ko =4 Kg if PH (Ka) ~a
PHY(Kg), i € Z.

From Remark 4 (3) and the classification of simple objects in Perv(X, Q,), one deduces from the [Companions]
part of Conjecture 1 the following perverse version.

Corollary 5. Let X be a variety over k. For every a € A and P, € Perv(X, @ga) there exists a unique
semisimple Po..g € Perv(X, @gﬁ) such that Py ~4 Pag. More generally, for every Ko € DY(X, Qy,) there
exists a unique semisimple Kq..5 € Db(X, @gﬂ) such that Ko =4 Kop.

One immediately deduces from Corollary 5 that

Proof. The unicity follows from Remark 4 (3) and the second part of the assertion immediately follows from
the first part and the definitions. We prove the existence. Without loss of generality, one may assume P,
is a simple object in Perv(X,Qy, ). From [BBerDG82, Thm. 4.3.1 (ii)], P = tsjix(Fald]) for some closed
immersion ¢ : Z < X, open immersion j : U — Z with Zariski-dense image and U smooth over k, irreducible,
of dimension d, and F, a simple object in Loc(U, @ga). From the [Companions| part of Conjecture 1, there
exists a unique simple object F,..z in Loc(U, @gﬁ) such that F, ~a Fuw.p. From the [Purity| part of
Conjecture 1, F, - hence F,..g are both pure so that from [Fu00|, Py = tsji(Fald]) ~a txjis(Fawpld]). So
that one can take:
Posp 1= L*j!*(FaW,B[d])~
O

Remark 6. It follows from the explicit construction (and unicity) of P,..s that for every semisimple P, €
Perv(X, Q. ),

(1) P, is simple in Perv(X,Qy, ) if and only if P,..s is simple in Perv(X, Q, /3) and, more generally, that
LengthPerv(X,@éa ) (Pa) = LengthPerv(X,@B) (Pap)-

(2) supp(Pa) =supp(Pa-.g) etc.

Formulating a consistent answer to (2) seems more delicate as it is unclear how to upgrade Corollary 5
to a statement for which A-independence would make sense. For instance, and contrary to Loc(X,Qy),
Perv(X, Q) does not carry a natural structure of Tannakian category in general. Still, if X is a connected
commutative algebraic group over k, one can attach to objects in Perv(X,Q,) a Tannakian category and ask
for A-independence results in the spirit of Conjecture 3. The main result of this note is the following. Let
X be an abelian variety over k. For P € Perv(X,Q,), let G(P) denote the corresponding Tannaka group
|[FoFrKo25, Chap. 3|; see also Section 2).

Theorem 7. Let o € A and P, a semisimple object in Perv(X, @ga), The group of connected components
m0(G(Pa—p)) and the neutral component G(Pap)® of G(Pawp) are independant of B € A in the sense of
Congecture 3.

Theorem 7 extends the results of |[FoFrKo25, §8] (when the base is an abelian variety); it is relies on the
combination of the following three ingredients:

- the properties of the companion correspondence for perverse sheaves - Corollary 5 (and its proof);
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- the structure of the Tannaka category of perverse sheaves on abelian varieties (See Section 3);

- Kazhdan-Larsen-Varshavsky’s reconstruction theorem [KLarV14]| for the connected component of a reduc-
tive groups from its semiring of representations.

Acknowledgments: I am indebted to Haohao Liu for many helpful discussions about the Tannaka for-
malism of perverse sheaves on abelian varieties. I also thank Akio Tamagawa for his explanation about the
anabelian geometry of abelian varieties - see Remark 9.

Notation / conventions: Let @ be a field of characteristic 0.

For an algebraic group G over Q write G — G for its abelianization, G4 := ker(G — G*") C G for its
derived subgroup, G — m(G) for its group of connected components, G° := ker(G — m(G)) C G for its
neutral component and Z(G) := Hom(G, G,, o) for its character group; when G is finite, we sometimes write
GV := E(G). We use similar notation for proalgebraic groups.

For a neutral Tannaka category 7 over @, a fiber functor w : 7 — Vectg and a Tannaka subcategory!
T' — T, write G,(T") for the corresponding Tannaka group of 7’ with respect to the induced fiber functor
T — T = Vectg. For an object T € T, write G,(T) C GL(7) for the Tannaka group of T'in T (viz of the
smallest Tannaka subcategory (T') < T containing T').

From now on, let X be an abelian variety over k. Let m : X x X — X denote the product on X.

2. RECOLLECTION ON TANNAKA CATEGORIES OF PERVERSE SHEAVES ON ABELIAN VARIETIES

See [KrW15], [W16], [FoFrKo25, §3| for more details and proofs. Let X be an abelian variety over k. Fix a
prime ¢ # p.

2.1. The categories Pervis, (X, Q) and Pervin:™(Xz, Q). Recall that every P € Perv(Xg, Q) has positive
Euler-Poincaré characteristic x(P) > 0 [DM25, Prop. 3.7| and say that an object P € Perv(X, Q) is negligible
if x(P) = 0. The full subcategory N(X,Q,) C Perv(X, Q) of negligible objects is a Serre subcategory and
its quotient

[_] : Perv(X, Qf) - P(X7 Qf) = PGTV(X, QZ)/N(X’ Q@)

is endowed with a natural structure of Tannakian category with monoidal structure given by
[P1] @ [Pa] = PHO(Rma(Py &" P2))), [P]Y = [Dx(P)], 1= &),

where Dy : D%(X,Q,) — D%X,Q,) denotes Verdier duality and &g := 10+Qy is the trivial skyscraper sheaf
supported on the origin.

Write
(=)~ Perv(X, Q) — N(X,Qp), (=) :Perv(X, Q) — N(X,Qy)
for the right adjoint ("maximal negligible subobject") and left adjoint ("maximal negligible quotient object")
of the inclusion functor
N(X,Qy) = Perv(X,Qy)

respectively. Note that, for every P € Perv(X,Qy), (P-)|x; = (P|x;)- <= Plx, and Plx, - (P7)|x, =
(Plx;)”. We use the internal description of the Tannaka category P(X,Q,). Namely, consider the full
subcategory Pervi,(X,Qy) C Perv(X,Qy), whose objects are those P € Perv(X,Q,) with P = P~ = 0.

Then the functor [~] : Perv(X ,@E) —» P(XL@K) restricts to an equivalence of abelian Q-linear categories
[—] : Perviy (X, Q) < Perv(X, Q) - P(X,Q,) with quasi-inverse

(_)int : P<X7@Z) S> Pervint(X7@Z)
given on objects by

[Pl = (kex(P — P") + P)/P-.

IRecall that a Tannaka subcategory of T is a strictly full abelian subcategory 7’ — T stable by ®, (—)", and such that
every subquotient in 7~ of an object in 7" is again in 7.
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Note that, if P € Perv(X,Qy) is semisimple, then the canonical epimorphism P —» P~ restricts to an iso-
morphism PP~ so that, in that case, [Pl = ker(P — P7) ~ P/P-.

The tensor structure on P(X,Q,) induces a tensor structure on Pervi, (X, Q) via (=) : P(X,Q,) —
Pervi, (X, Qy), and which is explicitly given by

P1® Py = pH(Pl XL Pz)mt

Note that, as Perviy (X, Q) is a neutral Tannaka category on Qy, the full-subcategory Perv® (X, Q) C
Pervi, (X, Q) of semisimple objects is again a Tannaka category?>.

We will also need to introduce a geometric variant of Pervy, (X, @@) The above discussion extends as it
is if one replaces X with Xj except possibly for the assertion that Pervi,(Xz,Q,) admits a fiber functor
but for our purpose, it will be enough to consider the full subcategory Pervfl’t "(X%, Q) < Perv(Xy, Q) of

arithmetic objects viz of those P € Perv(Xj, Q,) which are a direct factor® in Perv(Xy, Q) of an object in

the essential image of the canonical restriction functor —|x, : Perviy (Xp, Q) — Perv(Xj, Q) for some finite
field extension &’'/k. Then Pervia(Xj, Q) is a Tannaka category over Q;, whose objects are semisimple

int

in Perv(Xy,Qy), and the canonical restriction functor —|x, : Perviy, (X, Q) — Perviy™(Xz, Q) is an exact
®-functor.

2.2. The arithmetic / geometric decomposition. The exact, fully faithful functor 0, : Perv(0,Qy) ~
Perv(spec(k), Q) — Perv(X, Q) factors through a tensor functor

0. : Perv(0) — Pervi, (X, Q) — Perv(X,Qy)

and induces a canonical commutative diagram of Tannaka categories

Perv*(0, Q) — Perviy, (X, Q)

1

Perv(0, Q) LN Perviy (X, Q)
Let Perv, OO(X Q) C Perv® (X, Q) denote the essential image of 0, : Perv®*(0,Q,) — Perv® (X, Q).

Fix a fiber functor w : Pervin™(Xz, Q) — Vectg, and, for simplicity, write Gu(X), Gu(X) and T, (X) for
the Tannaka groups of Perviy,™ (X, Qp), Pervy, (X, Qy), and Pervs, oo(X, Q) respectively. The sequence of
Tannaka categories
ar,ss (7)|
Perv, (Xk7 QZ) % Pervmt (X Q@) <—)Peert ,00 (X Qf)

mt

then induces a short exact sequence of proreductive groups over Q,
1= Gu(X) = Gu(X) =2 Ty(X) =1

- see e.g. [JKrLeM25, Thm. 4.3]. More generally, for every Tannaka subcategory 7 < Pervi (X, Q,),
define T — Pervi**(X;,Qy) to be the Tannaka subcategory generated by the essential image of 7 —
(Dlx; _ _ _

Pervmt(X Q) =" Perviy:™ (X3, Q) and Too := T NPerviy, 0o(X, Qp); write G (T) := Gu(T) and Ty (T) :=

int

(Too). With these notation, the sequence of Tannaka categories
) q g

)x,

7‘<;7‘<—)760

induces a short exact sequence of proreductive groups over Q,
1= Gu(T) = Gu(T) = Tu(T) = 1

In particular, when 7 = (P) C Perviy (X,Q) for some P € Pervi (X,Q,), one has T = (P|x;) C
Pervin™* (X, Q) and hence, writing G, (P) := G, (T), a short exact sequence of algebraic reductive groups

over Q,
(1) 1 = Gu(P) = Gu(P) = T'y(P) — 1

2The non-obvious fact is that the tensor product of two semisimple objects is again semisimple.
3Actually, such a direct factor automatically descends to a finite subextension k" of k - see [BBerDG82, Prop. 5.3.9 (ii)].
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% 3k %

As we are working with Tannaka categories over the algebraically closed field Q,, the Tannaka groups G, (X),
G, (P) etc. appearing depend one the fiber functor w only up to isomorphism so that, in the following, we will
almost always omit the subscript (—),, from the notation and simply write G(X) := G,(X), G(P) := G, (P)
etc.

3. STRUCTURE OF G(X) AND G(P)

Let P € Pervs, (X, Qy).

3.1. Structure of I'(X) and T(P). The tensor category* Pervi,(0,Q,) = Perv(0,Q,) is equivalent to
the tensor category Loc(0,Q,) of continuous Q,-representations of 71 (0) ~ Z and the full subcategory
Perv®(0,Q,) < Perv(0,Q,) to the full subcategory Loc™(0,Q;) < Loc(0,Q,) of semisimple ones. As
0. : Perv®(0,Q,) — Pervs (X, Q) induces an equivalence of Tannaka categories onto its essential image
Pervmt’OO(X ,Qy), one gets that I'(X) fits into a short exact sequence of proalgebraic groups of multiplicative
type
1 -T(X)° = T(X) = ml(X)) ~m(k) =1

One can ’explicitly’ describe the corresponding quotient T'(X) — T'(P) as follows. Let F € Loc™(0,Qy) be
such that 0,F € (P)go is a tensor generator of (P)go and let ¢ € GL(F;) denote the image of 1 € Z so that
I'(P) identifies with the Zariski closure G(F) C GLg, of ¢* C GL(F5). As F is semisimple in Loc*™(0, Qy),
the GL(Fg)-conjugacy class of ¢ is uniquely determined by the multiset A(F) C @Z of the eigenvalues of ¢
and Z(L(P)) = E(G(F)) identifies with the subgroup (A(F)) C Q, generated by A(F) in Q, . As ['(P) is
of multiplicative type, it is uniquely determined by Z(T'(P)).

3.2. Structure of G(X) and G(P). Let Z(P) C X (k) denote the subset of all z € X(k) such that
or = 2.Qp € (Plx;). As 0y, * 62y = 0pytan, Z(P) C X(k) is a subgroup and one gets a canonical
commutative square of commutative groups

~ (G(P
X (k) (G(X
whose horizontal arrows are isomorphisms [W15, Prop. 3]. As X (l%) is a finitely generated (as G(P) is

algebraic) torsion (as k is finite!) group, it is actually finite; in particular mo(G(P)) — G(P)*. But as, on
the other hand, m(G(P)) is abelian [W15, End of §2|, one eventually gets

mo(G(P))>G(P)™=E(P)".

This also implies that G(P) is semisimple. Indeed, as P € Perv(X,Qy), the finite subgroup Z(P) C X (k)
is the group of k-points of a finite étale over k subgroup Z(P) C X; let Ppy + X = X/Z(P) denote the
corresponding étale isogeny. By Tannaka duality, the exact functor

Ps(py« : (P) = (apsP)

jul

jul

corresponds to

1 —G(P)° = G(pz(py.P) —= Glpz(p).P) —=L(pz(p).P) —>1
| 1
1 G(P) G(P) 1

(Observe that %(@*LO* ~ Lox - Perv(O,@Z) — Perv(XE(P),@g)). Applying the above considerations to
pg(P)*P, one gets G(P)>* = 0.

4Here7 we regard 0 as the 0-dimensional abelian vareity over k.
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As a result,
G(P)O — G(P)der _ (G(P)der)o — (G(P)O)der-
Passing to the projective limit, one gets, similarly, that G(X) is a prosemisimple group with
m0(G(X))>G (X)X (k)Y =>m (X5, 0).
int

b6z, € X(k) and set (P|x;)° = (P|x;) N Perv), (X3, Q) — (Plx;). From the above discussion, the
commutative square of Tannaka categories

Let Pervy, (X, Qy) = Pervin**(Xp, Q) denote the full Tannaka category generated by the skyscraper sheaves

Perv?nt (Xl_m @K) = Perv;,;” (Xl_c ) @Z)

int

) | G _
(Plxz)° (Plxz)
corresponds to the commutative square of proalgebraic groups

mo(G(X)) =~— G(X)

F
m0(G(P)) =<=— G(P).

3.3. Structure of 7o(G(P)). Let Perv®(0,Qy) < Perv**(0,Q,) denote the full Tannaka subcategory gener-

ated by the torsion characters 71(0) — @, and let Pervi, 00(X, Q) < Perviy (X, Q) denote its essential
image.

Let Xo(k) denote the set of dimension 0 irreducible algebraic cycles on X or, equivalently, the set | X|/71 (k)
of orbits of 71 (k) acting on the set of closed points |X| of X; note that for zg = m(k) -z € Xo(k),
71 (o) ~ mi(z) C mi(k) identifies with the stabilizer of z in m (k). For xp € Xo(k) the Q,-linear abelian
category Perv(zg, Q) is equivalent to Loc(zg,Q,)) and the full subcategory Perv®(zg, Q;) — Perv(zo, Q)
to the full subcategory Loc™(x,Q,) < Loc(zg, Q). Let again Perv®(zg,Q,) C Perv®(zq,Q,) denote the
full abelian subcategory generated by the torsion characters x : m(zg) — @Z . The closed immersion
corresponding to g induces a fully faithful exact Q-linear functor xg. : Perv®(zg, Q) — Perv® (X, Qy).
Let Pervy, (X, Q) < Pervin o(X, Q) — Perv, (X, Q) denote the full Tannaka subcategories generated by
the essential images of

7o+« : Perv®(zo, Qp) — Perv® (X, Qy), zo € Xo(k), and zg. : Perv®(xo, Qp) — Pervi®, (X,Qy), o € Xo(k)

int
respectively.
Lemma 8. The sequence of Tannaka catgeories

—  (lxy

(2) Perv?,, (X, Q) < Pervi,, (X, Q) <——Perviy, oo(X, Q)

corresponds to the canonical split short exact sequence of proalgebraic groups

fp— m(Gl(X)) WO(GIX)) m(Fl(X» 1
1 X(k)Y — X (k)Y xm (k) 1 (k) 1,

where the semidirect product X (k)V x m1(k) is the one given by the natural action of m (k) on X (k)V viz
X (k)Y xm(k)=m(X,0) =71 (X3,0) x m1(0,0).

Proof. As every simple object in Pervy, (X%, Q) is of the form §, for some x € X(k) hence satisfies
H' (X7, 0,) = 0,4 # 0, one can apply the observation of [JKrLeM25, §4.3], namely that the functor

(3) w = H(X}, —) : Pervi, (X, Q) — Vectg,
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is a fiber functor and that it factors through the following commutative diagram of Tannaka categories

Perviont (XE ) @5) Perviont (X7 @Z) <—)Pervfnt,00 (X7 @Z)

i: :

Repg, (X (F)¥) ~—— Repg, (X (k)" x m1(k)) ~<——Repg, (m1(k))

\/

Vect@e .

By Tannaka duality, it is thus enough to prove that the sequence (2) corresponds to the exact sequence

m0(G(X)) = mo(G(X)) = mo(T'(X)) — 1.

As Pervi, (X3, Q) = Pervy, (X,Q,) and Pervy, oo(X, Q) = Pervy, (X, Q)oo, in view of the discussion in
Subsection 2.2 and Subsections 3.1, 3.2, the only thing to check is that, for a simple object S € Pervi, (X, Qy),
S € Pervy (X,Qy) if and only if it generates a submonoid of finite rank in the Grothendieck semiring
KT [Perviy (X, Q)]. But, if S generates a Zso-submonoid of finite rank, by Tannaka duality and the short

exact sequence (1), S|x, € K [m(G(P))] hence is of the form

Slxy = > maly

z€E(S)

for some integers m, > 0, z € Z(S). In particular, the support of S is 0-dimensional hence S = Ozo,x 1= T0xX

for some ¢ € Xo(k) and torsion character x : m1(z9) — Q, . The converse inclusion is clear. O

Remark 9.

(1) Let X3, X5 be two abelian varieties over k. Assume there exists a tensor-equivalence of Tannaka categories
Pervs, (X1,Qy) ~ Pervs,(X2,Q,). Then, by Tannaka duality, G(X1) ~ G(X3) as proalgebraic grousp
and, in particular, m1(X7,0) ~ m(X2,0) as profinite groups. This already implies that X; and Xj
are isogenous. Indeed, as m1(X;;,0) C m1(X;,0) is the maximal normal abelian closed subgroup II C
m1(X;,0) such that m1(X;,0)/II is infinite procyclic, i = 1,2, every isomorphism of profinite groups
o : m(X1,0)>7m(X2,0) induces an isomorphism « : m1(X;z,0)=m (X5, 0), and hence an isomorphism
& : m1(0,0)=71(0,0). Fix a prime £ and let 7, denote the rank of the pro-¢ completions 7 (X;,0)®) and
fix an isomorphism 71 (X;,0)) ~ ZF™ so that the semidirect product structure 1 (X; z,0)®) x 71 (0,0) ~
Zy" x w1 (k) is given by the image My;(p) € GL,,(Z;) of the geometric Frobenius ¢ € 71(0,0) acting
on 71(X;,0)) ~ ZF™ i =1,2. Then a : 71 (X 15,00 x m1(0,0)>m1(Xy5,0)9) x 71(0,0) is given by a
couple (Ny,ug) € GLog(Zg) x Z, such that Nng(cp)Ne_l = My 2(p)". In particular, the characteristic
polynomial of My (), My2(e)* € GL;,(Q,) should coincide. But as those of M ;(p), My 2(p) both
have roots which are |k|-Weil numbers of weight 1, this forces u = +1. From Tate’s theorem [Ta66] X is
thus k-isogenous to Xy (the case uy = —1 corresponds to an isogeny from X to the dual abelian variety
X3 of Xy but Xy and X3 are isogenous anyway).

(2) The proof of Lemma 8 extends as it is if k is a field of characteristic 0 provided one replaces X (k)
with X (k)Y - see [W15] so that, again, one recovers m(X,0) as m(X,0)>m(G(X)). If one assumes
k is finitely generated over Q and if X7, Xo are two abelian varieties over k such that there exists a
tensor-equivalence of Tannaka categories Pervs, (X1, Q) =~ Pervs, (X2, Q), the resulting isomorphism
of profinite groups 71 (X1,0) ~ 71 (X2, 0) ensures that there exists a field automorphism o : k=& such that
X1 and X9 := X Xy, k are k-isogenous. Indeed, as 71 (X;z,0) C m1(X;, 0) is the maximal normal closed
subgroup II C 1(X;,0) which is topologically finitely generated [FriJO8, Prop. 16.11.6|, every isomor-
phism of profinite groups « : m(X1,0)>7 (X2, 0) induces an isomorphism « : m1(X;z,0)=m (Xy,0),
and hence an isomorphism @ : m1(0,0)=71(0,0). By the Neukirch-Uchida-Pop theorem [N69]|, [U77],
[P94], [P95] & : 71 (0,0)=m(0,0) arises from a field isomorphism o : k=& such that o(k) = k and hence,
as in Remark 9 (1), the assertion follows from Faltings’ theorem [F83|, [FW92, IV, VIJ.

(3) In view of Remarks 9 (1), (2), and if k is finite (resp. finitely generated over Q), one may ask whether
X (resp. X up to Galois twists) can be reconstructed from the whole G(X) up to k-isomorphism (and
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not only up to k-isogeny) or, in the opposite direction, whether if X; and Xa (resp. X; and X§ for some
field automorphism o : k=k) are k-isogenous then G(X;) ~ G(X32) as proreductive groups over Q.

Write also

(P)? := (P) N Pervi, (X,Q) = (P), (P)Go = (P) N Pervi, oo(X, Q) = (P).
The sequence of Tannaka categories

induces an exact sequence B

m0(G(P)) = m0(G(P)) = mo(I'(P)) — 1
which is not left-exact in general but, by Tannaka duality, the kernel

To(G(P)) := ker(mo(G(P)) — mo(T'(P)))
corresponds to the Tannaka subcategory (P)° — (P|x;)°. Explicitly, let Z(P) C Z(P) denote the subset of
all z € E(P) such that &, is a direct factor of an object in the essential image of (=)|x; : (P)° = (P|x,)-
Then, again, Z(P) C E(P) is a subgroup and the canonical morphism

5. Z(P) > Z(7o(G(P)))

is an isomorphism.

3.3.1. The equivalence w : Perv?, (X, Q) = Repg, (X (k) x m1(k)) provided by the fiber functor (3) can be

described explicitly as follows on simple objects in Perv®, (X, Q). Let 2o € Xo(k) and x : m1(z0) — Q, a
torsion character; fix x € |zg|, giving rise to an identification

m1(k)/m(z)>|zo|, 00— 0.

Note that as =(dz,,,) C X (k) is the subgroup generated by || = m1 (k) - z, the kernel of X (k)Y — Z(0z0,x)
is normalized by 71 (xo) and, as m1(zp) is the stabilizer of z in 7 (k), the resulting semidirect product

X(E‘)v A 7T1(:L‘0) — E((Sxo,x)v X 7T1(170) = E(éwo,x)v X 1 (l’o)
is actually a direct product. Then

(Bann) = HO(XG, D) = Indig 1), i) (@) @ 62)

X (k)Y xmi(zo)
as a X (k)V x xm(k)-representation. Here, we write
X X (k)Y % mi(z0) — mi(zo)  Qp
and N ) 5
6x = X (k)" w1 (o) = E(Gagn)” X 1(20) = E(daon)’ = E(0me)” =5 Qp »
where 0, : 2(0,,)" — Q, is the character induced by duality
E(02y)" X E(00y) = Q;, (a,z) — a(z) =: §,(a)

3.3.2. As P € Pervy,(X,Qy) the subgroup =(P) C X (k) is w1 (k)-invariant hence the kernel of X (k)¥ —»
Z(P)Y is normalized by (k) and the short exact sequence

(4) 1 = 7(G(P)) = mo(G(P)) = mo(I'(P)) — 1
fits into a commutative exact diagram of proalgebraic groups
(5) 1——=E(P)Y ——=E(P)Y xm1(k) m1(k) 1

l: ?L(S_l) i(5—2)

1 ——mo(G(P)) mo(G(P)) mo(l'(P)) —1
In particular, the canonical projection Z(P)Y x 71 (k) — m1(k) induces an isomorphism
K(P) := ker((5-1))= ker((5-2)).

Let ¢ € 71 (k) denote the Frobenius so that ker((5-2)) = (o) for some N > 1. Then ker((5-1)) = {(a, »™))
for some (a unique) a € Z(P)". But the condition that ker((5-1)) be normal in Z(P)Y x 71 (k) imposes that:
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- (0,9)(a, ™) (0,071) = (- a,0N) € {(a, ™)) - viz ¢ - a = a hence a € (Z(P)¥)™H);

a,o™M)(=b,1) = (b+a— b, V) € {(a, ™)) - viz IV - b =b, b € Z(P)" hence " acts trivially on

Let k% /k denote the finite extension defined by (k%) = ker((5-2)). The short exact sequence (4) does not
split in general ; it does split if and only if there exists b € Z(P) such that

Z o'b = a.

0<i<N-1
But in general, H*(Gal(k%|k), Z(P)) # 0 (even though H?(k, Z(P)) = 0). Still, one can compute explicitly
K(P) as follows, which is enough for our purpose. Let 0z;,x;;-- -0z, denote a set of representatives
of the finitely many isomorphism classes of simple objects in (P)°. For each i = 1,...,s, the action of

X (k)Y x 71(k) on w(day,,y;) (see Subsection 3.3.1) factors through X (k)¥ x wi(k) — Z(P) x m1(k); write

K(xo,i, xi) C X (k)Y x mi(k) for the kernel of Z(P)Y x w1 (k) acting on w(dz,.y;). Then
K(P) = Ni<i<sK (20,4, xi) C E(P)Y x w1 (k).
Furthermore, from the above analysis, setting again N := [k% : k], one also has
K(P) = ((a,¢™)) € (E(P))™W x i (k),
with a € (E(P)¥)™*) and N > 1 characterized by the following properties:
(1) a(z:) = xi(e™) 7 i= 1.8
(2) Every (a/, o) € (E(P)V)™*) x m; (k) satisfying (1) is a multiple of (a, ™).

Note that, setting n; := |[im(x;)|, ¢ = i,...,s, Property (1) and the fact that z1,...,z, generates =(P)
impose that the order of a divides gem(ny,...,ns).

4. THE COMPANION CORRESPONDENCE IN TERMS OF SEMIRINGS

4.1. Semirings. Let @ be a field of characteristic 0 and 7 a Tannaka category neutral over Q). Write K [T]
for the semiring of 7 that is the set of isomorphism classes [V] of semisimple objects V' in T endowed with
the laws [V1] + [Va] = [Vi @ V], with neutral element [0], and [V4] - [V2] = [Vi ® V3], with neutral element
[Q]. An element [V] € KT[T] is called simple if the corresponding object V is simple in 7. The Tannaka
dimension dim : [V] — dimg(V') induces a morphism of semirings dim : K [T] — Z>o.

If G is an algebraic group over @, write K [G] for the semiring of the Tannaka category Repg(G) of finite
dimensional @-rational representations of G. Every fiber functor w : 7 — Vectg induces an equivalence of

Tannaka category w : T — RepQ(G(’T, w)) and, correspondingly, a canonical isomorphism of semirings over

ZZO
K*[T] - KT[G(T
k %
ZZO

Remark 10. One can immediately reconstruct the semirings K+[G(T,w)°] — K1[G(T,w)] and KT [G(T,w)*] —
KY|G(T,w)] from dim : KT [T] — Z>¢ as the largest semiring with underlying Z>o-monoid of finite rank
and the semiring generated by dim~*(1) € K*[T] respectively.

w)]

4.2. Output of the companion correspondence. Fix a, 3 € A and a semisimple P, € Perv(X,Q,_). As
X(Pa) = X(PaWB)v one gets

(Pa)- ~ (Pavsp)-
so that (Pa)int ~ (Pa-pg)int, and the companions correspondence induces an isomorphism on the set of
isomorphisms classes of semisimple objects

(—)awp : Ob(Perviy (X, Qy, )/ = S0b(Perviy (X, Qy,))/ ~
Furthermore, from [Fu00] and [Z09, Prop. 2.1|, [BBerDG82, Thm. 5.4.1], for every Py, Qq € Pervis (X, Qy, ),
PHO (P, R Qu) ~a PH(Poess X Quep),
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hence
Po @ Qo ~A Pawp @ Qonngs
and
Py = Dx(Pa) ~4 Dx(Pawp) = Py..s-

For every o € A, fix a fiber functor
wa : Perviy (X, Qg ) — Vectyg,

and for Py € Pervine (X, Qp, ), set G(Pa) := Gu, (Pa) C GL,, (p,). The above discussion implies, in particu-
lar, the following.

Corollary 11. For every a, f € A and semisimple P, € Perv(X, @ga) the companion correspondence induces
an isomorphism of semirings

~

KTG(Pa)] KT[G(Pawsp)]-

¢a-ﬁ
k\ dim

Zzo
5. PROOF OF THEOREM 7

Fix o, 8 € A, and P, € Perv® (X, Q).

5.1. A-independence of I'(P,). By construction of and unicity in the companion correspondence, if 0, F, €
(Pa)oo is a tensor generator of (Pq)oo then 0.F . € (Pa-sg)oo is a tensor generator of (Py..g)o0. But as
Fo ~a Fawp, one has, by definition of the companions correspondence on local systems, to(A(Fy)) =
t3(A(Fap)) hence

tal (Pa) =181 (Powsp)-

5.2. A-independence of mo(G(Pa)), m0(G(Ps)). For every simple object Sp 1= 0z v 1 (Pa)o, Savep =

020,xq-g+ 10 particular

[1]|
(11|

(Pa) = E(Pawp); E:=E(Pa) = E(Pa-p);
and hence
70(taG(Pa)) = m0(1G(Pavsp)), T0(taG(Pa)) = To(tsG(Pawsp))-
Also, if 0z 1 105+ -5 0z0.4,xs.a 15 @ et of representatives of the finitely many isomorphism classes of simple
objects in (Pa)° then dug, yiaiss -+ 0z0.xs.ap &€ NON-isomorphic simple objects in (Py..5)° hence, by
symmetry of ~4, is a set of representatives of the finitely many isomorphism classes of simple objects in
(Pawp)® as well. Let N; := |20;| and n; := |im(x;)| so that xia(pYi) = (,, for some primitive n;th
root of unity ¢,, € Q C @&w i =1,...,s. Let n := gem(ny,...,ns) and fix a primitive nth root of
unity ¢, € Q € Qp,. Then LElLa : Qp, Qg maps ¢, to (7 € Q C Qgﬁ for some u € (Z/n)* and
Xia,~8 : T1(x0,) = m1(x;) — Qgﬁ is characterized by x;a,-g(¢") = (4, i =1,...,s. As in Subsection 3.2,
write
K(Pa) = Mi<i<sK (@04, Xia) = ((@a, "))
and
K(Pop) = Mi<i<sK (20,65 Xiaep) = ((@amp, @™oP))
Then the characterization of K(P,), K(Pqy-.g) given in loc. cit shows that N := Ny = Ny, and aq.g = Uaq.
As the order of a divides n and u is prime to n, the multiplication-by-u map on (a) extends to a 7 (k)-
equivariant automorphism U : Z¥5EY as follows. For every prime ¢, let 2V[¢*°] C ¥ denote the g-Sylow
of ZV. Let I(ZY) denote the set of primes dividing |ZV| and I(a) C I(ZV) the subset of those dividing the
order of a. Then

_®qel \/)E [ ]7

and define U : EY3EY to be the multiplication-by-u automorphism on € gel(a) = EV[¢*°] and the identity on

D q21(a) EVY[¢*°]. By construction, one gets the following canonical commutative diagram.
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1 K(Pa) =V x4y (k) —— mo(G(Pa)) —— 1

Ui: st = lz

1 —— K(Pawp) —= ZY x w1 (k) — m(G(Pamep)) — 1
5.3. A-independence of G(P,)°.

5.3.1. Passing to the neutral component. Let P € Perv(X,Q,). Retaining the notation of Subsection 3.1 for
P=(p) X — X/Z(P) and of Subsection 3.2 for k%,

) = G(P)°.

o
kp

Gz, Plix/zmy

5.3.2. A-independence of the neutral component. From Subsection 5.2, one has
= :=E(Pa) = E(Pawp)

and

]’C = ]’Cfpa = k’})awﬁ'
As both a=, : Perv(X,Q,) — Perv(X/E) and (NNixz),. : Perv(X/Z,Q,) — Perv((X/Z)po) preserve
compatibility (and semisimplicity), one has

(IE*PaN(X/E)kO ~A (IE*P&WBM(X/E)W’
Whence, as
G(pzPa)lix/m).) = G(Pa)®s G0z, Pavp)l(x/z)0) = G(Pawp)®,

and from Corollary 11, an isomorphism of semirings

~

KHG(Po)] e K G(Pucs )]
k dim
ZZO

From [KLarV14, Thm. 1.2], ¢q.p : KT[G(Pa)°]>KT[G(Pa-p)°] arises from a unique isomorphism of
algebraic groups

138G (Pansp)’ 1o G(Pa)°.

6. FINAL REMARKS

(1) We already observed that mo(tsG(Pawp))=m0(taG(Pa)). From the fact that G(P)° = G(P)*%", one
immediately gets t3G(Parp)°1aG(Py)° as well.

(2) From Remark 10, the isomorphism of semirings
Pawp t K[G(Pa)] 5K [G(Pavp)]
restricts to an isomorphism of semirings
Pawp : KT [G(Pa)™| 5K [G(Pavp)™],

and hence 1,G(P,)*" is also independent of o € A (as an algebraic group of multiplicative type can be
reconstructed from its semiring of representations).

(3) From Remark 10, the isomorphism of semirings
Pap : KT [G(Pa)| 5K [G(Pavp)]
also restricts to an isomorphism of semirings
bomp : KT[m0(taG(Pa))] S K [10(tG(Pap))]-

Still, in general, for a finite group G, dim : K*[G] — Z>( does not determine the isomorphism class of G
- for instance the diedral group Dg of order 8 and the quaternion group Hg have the same character table
hence a fortiori, the same semiring dim : KT [G] = Z>o. So, we really need to carry out the non-formal
analysis of Subsection 3.3.
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(4) If instead of a single P, € Perv, (X, Qy, ) one considers the whole Tannaka category T, := Pervis (X, Qy, ),

int int

one gets a canonical isomorphisms (of pro-algebraic groups)

1 ——=70(G(Ta)) m0(G(Ta)) m0(G(Ta,00)) —1
1 — X(k)Y — X (k)Y x w1 (k) 71 (k) 1,

as well as isomorphisms
oG (T o) (= 1im 1,G° (Py)) =~ (lim 15G” (Pang) =)e5G°(T ).
taG°(Ta) (= 1lim 1o G°(Po)) =~ (lim tgG°(Panp) =)t3G°(T3).
(5) For every P, € Pervis (X,Qy, ) there exists a finite field extension Qof Q such that Pa..5, 8 € A is

int
Q-compatible (in the sense of [Fu00]). One may then ask whether, up to replacing @ by a finite field
extension, the common Q-form G of the G(Pyp), B € A descends to @ (compare with [Ch04, Thm.
1.4]).

(6) For the Tannaka category of Q-local systems on smooth varieties X, stronger /-independence results hold
- see |[Dr18|. One may ask whether the enhanced reconstruction result a la Kazhan-Larsen-Varshavsky
[Dr12, Thm. 4.3.7] could be adapted to the setting of perverse Q,-sheaves on abelian varieties to show
the A-independence of 1, G(Py).

(7) One may also ask whether similar A-independence results hold for the Tannaka categories of perverse
sheaves on arbitrary commutative algebraic groups X over k.
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