DEGENERATION OF /¢-ADIC LOCAL SYSTEMS ON PRODUCTS OF TWO CURVES

ANNA CADORET

ABSTRACT. Let X be a smooth, geometrically connected variety over a field k of characteristic 0 and let V
be a Q-local system on X. A central problem is to understand the arithmetico-geometric structure of the
degeneration locus Xy of V. To V one can attach a projective system of level varieties

Xy==2>Xvnt1 2> Xvn =2 Xv1 2> Xvo=X

whose transition morphisms are (non-connected) étale covers with the property that for every z € X, V
degenerates at « if and only if x lifts to a projective system of k(zx)-points on X,,. When k is algebraically
closed, X = X; X X3 is the product of two hyperbolic curves and the algebraic monodromy of V is , we show
that for every integers g > 1, v > 1 there exists an integer N = N(g,7v) > 1 such that for n > N every
connected component Xy, ,, of Xy , is either birational to a smooth projective surface of general type and
contains only finitely many closed integral curves with geometric genus < g or dominates a smooth connected
curve of gonality > «. This implies that for every integer g > 0 the degeneration locus Xy C X of V contains
only finitely many transverse curves (that is closed integral curves C' < X dominating both X; and X») with
geometric genus < g. When k is a number field and assuming the Bombieri-Lang conjecture for (product
quotient) surfaces of general type, this also implies (uniform) boundedness results of arithmetic nature - for
instance the following generalization of the ¢-primary part of a question of Mazur for elliptic curves: let C
be a smooth curve over k and A — C an abelian scheme then there exists an integer N = N(A,¢) such that
for every c1,c2 € C(k), Acy ()[N] =~ A, (k)[€V] as 71 (k)-modules implies that A., and A., are k-isogenous.
The proof of our main result, which is inspired from a strategy initiated by A. Tamagawa and the author
when X is a curve, combines three main ingredients: the combinatorial description of the Chern numbers of
product quotient surfaces in terms of ramification data, asymptotic estimates for the reduction modulo-¢" of
homogeneous spaces for ¢-adic Lie groups and, ultimately, a celebrated theorem of Bogolomov (the geometric
Lang conjecture for surfaces of general type with ¢; — ca2 > 0).

2020 Mathematics Subject Classification. Primary: 14E20, 14F20, 14H30; Secondary: 14J29, 14J20, 14K15.

1. INTRODUCTION

Let k be a field of characteristic 0. A variety over k (or a k-variety) is a separated scheme of finite type over
k.

1.1. Let X be a smooth, geometrically connected variety of dimension d over k and let f : ¥ — X be a
smooth proper morphism. An important problem in arithmetic geometry is to describe the locus X of all
x € X where the powers (Y,)", 7 > 1 of the fiber Y, at x carry more algebraic cycles (modulo homological
equivalence) than the powers (Y;))", » > 1 of the fiber Y,, at the generic point  of X. Fix a prime ¢ and
consider the Qg-local system V = @;>0R%* f.Qu(i). For every x € X, fix a geometric point T over x and
an étale path from Z to 77 inducing a canonical isomorphism Vz—=V5 =: V equivariant with respect to the
canonical isomorphism of étale fundamental groups m1(X,Z) =71 (X,7). Let Iy, C GL(V) denote the image
of m1(X,7) acting on V and Iy , C IIy the image of i (z, ) acting on V via m1(x,Z) — m(X,T)>m (X, 7).
Assume k is finitely generated over Q. Then, conjecturally, the degeneration locus Xy of V - that is the
locus of all x € X where Iy, has codimension > 1 in II - coincides with Xy and, if instead of algebraic
cycles one considers motivated cycles in the sense of André [An96| then (unconditionnally) X C Xy .

1.2. This prompts more generally the question of describing the degeneration locus Xy C X of an arbitrary
Q¢-local system V over X. Under mild assumptions on V, one expects that X (k) N Xy is not Zariski-dense in
X. Indeed, every fundamental system® IIy(n), n > 0 of neighbourhoods of 1 in ITy, gives rise to a projective
system of "level varieties" (See Section 2.1.2 for details)

Xy=-=2Xypp1 > Xpn—= =2 Xp1 2> Xypo=X

p the following, given a profinite group I', a fundamental system of neighbourhoods of 1 in I' means a decreasing sequence
of normal open subgroups I' =T'(0) D I'(1) D --- D T'(n) DT'(n+1) D --- such that N,>0I'(n) =1 (or, equivalently, for every
open subgroup U C I there exists n > 0 such that I'(n) C U).
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whose transition morphisms are (non-connected) étale covers of X with the property that for every z € X,
x € Xy if and only if x lifts to a projective system of k(x)-points on X,. In particular, X (k)N Xy is exactly
the image of

1171}1Xy,n(k‘) — X (k).

The rough expectation is that for n > 0, every connected component X{},n of Xy, is either defined? over an
extension ky of k of degree > 2 (in which case Xy, (k) = 0) or is "complicated enough" so that X7, , (k) is
not Zariski-dense in Xy, .

For d = 1, the Mordell conjecture [FW84] gives a sufficient geometric condition for the non-Zariski-density
(viz the finiteness) of X{’,n(k‘) in Xy, ,, namely that X7, has geometric genus > 2. In turn, a sufficient
condition on V so that every connected component of Xy, ,, defined over k has geometric genus > 2 for n > 0
is that V be geometrically Lie-perfect (GLP for short) that is the Lie algebra Lie(Ily,) of the image IIy, of
m1(X%,7) acting on V' is perfect - see*’|CT12b, Thm. 1.1].

For d > 2 the picture is drastically more complicated. A main obstruction is that there is no uncondi-
tional geometric criterion like the Mordell conjecture ensuring the non-Zariski density of k-points on higher
dimensional varieties. Classically, a higher-dimensional conjectural substitute for the Mordell conjecture is
the following. For a geometrically integral variety Y over k define the special locus spy C Y as the Zariski-
closure of the union of the images of all rational maps from a variety birational to a smooth projective variety
of Kodaira dimension < 0 over k to X. Then,

Conjecture 1. (Bombieri-Lang - e.g. [A09, 1.5], [HS00, F.5.2|) Let k be a number field and let Y be a
geometrically integral variety over k, birational to a smooth projective variety of general type over k. Then
spy CY is of codimension > 1 in'Y and (Y \ spy)(k) is finite.

Say that V is geometrically curve-Lie-perfect (GCLP for short) if for every connected smooth curve C
over k and non-constant morphism ¢ : C — X, ¢*V is GLP. Define the notion of being geometrically Lie-
semisimple (GLS for short) and geometrically curve-Lie-semisimple (GCLS for short) similarly, replacing
the condition of being perfect by the condition of being semisimple; of course, GLS (resp. GCLS) implies
GLP (resp. GCLP). Note that as a quotient of a perfect (resp. semisimple) Lie algebra is again perfect
(resp. semisimple) the properties of being GLP, GCLP (resp. GLS, GCLS) are preserved by quotient. Pure
Q¢-local systems - in particular those lying in the Tannakian category generated by the R'f,Qy(5), i € Z>o,
j€Zfor f:Y — X asmooth proper morphism - are GLS [D80, (3.4.12), (3.4.13)]. For examples of GLP
Q¢-local systems which are not GLS in general, see [C21].

Though Conjecture 1 seems currently out of reach even for surfaces, it motivates the following possibly
more tractable geometric conjecture.

Conjecture 2. (|C22, Conj. 16])Assume k = k and V is GCLP. Then every connected component of Xy,
dominates a variety of general type for n > 0.

1.3. To investigate Conjecture 2 as well as the non-Zariski-density of X (k) N Xy, one can freely replace X by
a non-empty open subscheme. In particular, one may assume that X is a (resp. strongly) hyperbolic Artin
neighbourhood i.e. that it decomposes into a sequence

X=X43— Xg-1— - — X1 = Xo = spec(k)

of elementary fibrations X,, — X,,_1 into hyperbolic curves? (resp. with the additionnal property that X,
embeds into a product of hyperbolic curves), n = 1,...,d [SSt16, Cor. 5.9]. Strongly hyperbolic Artin
neighbourhood are anabelian in the sense that they can be reconstructed from their étale homotopy type
[SSt16, Thm. 1.2]. As the projective systems Xy, are also constructed from the representation Vi of 71 (X, 7),
they should be easier to control when X has some strong anabelian features.

In this note we consider the simplest case of 2-dimensional strongly hyperbolic Artin neighbourhoods -
namely the direct product X = X; x X5 of two smooth, geometrically connected hyperbolic curves X1, Xo
over k.

2The field of definition of a connected variety Y over k is the finite field extension K/k corresponding to the image of
71 (Y) — m1(k) by the morphism of profinite groups induced by the structural morphism Y — spec(k).

3Actually, one can show that the minimum of the geometric gonality of the irreducible components of Xy , defined over k
goes to +oo with n which, by the Mordell-Lang conjecture [Fa91], ensures that for every integer § > 1 and n > 0 depending on
0, the set of closed points z € Xy, with degree [k(z) : k] < ¢ is finite; hence, in particular, that the set of closed points = € Xy
with degree [k(z) : k] < § is finite. See [CT13] for details.

Let g, > 0 be integers such that 29 — 2+ r > 0. An hyperbolic curve of type (g,7) over S is a S-scheme C' — S such that
there exists a smooth proper curve CT — S of genus g and a closed subscheme D — CT with D — CT — S finite étale of
degree r and C' = C*\ D.
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1.4. Assume k = k and X = X; x; X» with X; a smooth, connected curve over k of genus g;, i = 1,2.
Let V be a (G)LP Qg-local system on X. From now on we omit base points from the notation as well
as the subscripts (—)y. Set V := Vy. The projections pr; : X — X;, i = 1,2 induce an isomorphism
m1(X)Sm(X1) x m(X3). Write Iy := p(m1(X1) x 1),II5 := p(1 x m(X2)) C II and let G; C G denote the
Zariski-closure of II; in GL(V), i = 1,2. Let p: II; x IIs — II and p; : 11} x Iy — II;, i = 1,2 denote the
canonical projections; for a closed subgroup H C II, write H:= p Y (H) C II; x II3 and for a closed subgroup
H C 11 x Iy write H; := p;(H) C II;, i = 1,2. One says that H C II is transverse if both H, C T, and
ﬁg C Il5 are open subgroups.

For an open subgroup U C II, let Xy — X denote the connected étale cover corresponding to the inverse
image of U in m1(X). Similarly, for ¢ = 1,2 and U; C II; an open subgroup, let X;y, — X; denote the
connected étale cover corresponding to the inverse image of U; in 71(X;). Fix a fundamental system II(n),
n > 0 of open neighbourhoods of 1 in II. Every closed subgroup H C II of codimension > 1 gives rise to a
projective system of connected étale covers

Xy == Xgnm+1) = Xunw) — - = Xgna) = Xane) = X.
We can now state our main result, which answers (and refines) Conjecture 2 - see Subsection 2.1.2.

Theorem 3. Let V be a (G)LP Qq-local system on X. Then one has the following dichotomy
(1) H C 11 is not transverse that is, for one of i = 1,2, H; C II; is a closed subgroup of codimension > 1.
Then the projective system Xy fits into a projective commutative diagram

T XHH(n+1) - XHH(n) — - —X

| l |

——=Bigny1 ——=Bign—— " — X,

with B g — X; a connected étale cover with gonality (hence, a fortiori, geometric genus) going to +o0o
with n;

(2) H C 1II is transverse and Xpri(y) is birational to a smooth projective surface of general type and, for
every integer g > 0, contains only finitely many closed integral curves with geometric genus < g forn > 0.

1.5. We refer to Section 2 for a sample of (unconditional) geometric applications and, assuming Conjecture

1 for (product-quotient surfaces), arithmetic applications of Theorem 3. Let us just illustrate these by

considering a concrete example. For a closed integral subvariety Z < X, write II; := ﬁVl z Uz =1y,

and Gz,Gz C GLy for their Zariski-closure. Say that Z < X is V-weakly special (resp. V-special) if Z

is maximal among closed integral subvarieties with connected geometric (resp. arithmetic) monodromy éoz

(resp. G%); in particular, every closed point is weakly special and, special implies weakly special. Let k

be a number field. Fix an integer d > 1, for ¢ = 1,2, let f; : A; — X; be an abelian scheme of relative

dimension d and let f := fi1 X fo : A1 X Ay — X1 X X35 = X denote the resulting product abelian scheme. Set

V= R'f.Q; = R' f1.Q; ® R?f1,Qy. Say that a closed integral curve Z <+ X is transverse if the resulting

morphisms Z <— X ki X;,1=1,2 are dominant. Then the following holds.

(1) (Corollary 5) There are only finitely many transverse V-weakly special curves Z — X with bounded
geometric genus; furthermore for a given integer g > 0, there exists an integer B > 1 such that for every
transverse non V-weakly special curve Z < X, [[1: TIz] < B.

(2) (Corollary 6) Assume Conjecture 1 holds for (product-quotient) surfaces of general type over k, then
Xy (k) is not Zariski-dense in X and there exists an integer B > 1 such that for every z € X (k)\ XyNX (k),
[T : IL,] < B;

(3) (Corollary 8) Assume Conjecture 1 holds for (product-quotient) surfaces of general type over k, then
there exists an integer N = N (A1, A, ) > 0 such that for every (z1,x2) € X (k) the following properties
are equivalent:

i) Al’zl@) [(N] ~ Ag ., (K)[¢N] as 71 (k)-modules;

(

(i)  Ayz (K)[0"] ~ As 4, (K)[€"] as 71 (k)-modules for some n > N;
(i k k)[("] as 71 (k)-modules for every n > N
(

~— —

A17I1 (k)[gn] = AQ,IQ(
A1z, and Ag ., are k-isogenous.
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For instance, when f1 : A1 — X7 = fo : Ay — Xy is "the" universal elliptic scheme f : £ — Y (1), the trans-
verse V-weakly special curves Z < Y (1) x Y (1) are exactly the images C(N) of the Hecke correspondances
Yo(N) — Y (1) x Y(1) so that (1) recovers the classical fact (which can of course be deduced directly from
the explicit Hodge-theoretic description of C'(N)) that the geometric genus of C'(IN) goes to +0o with N.
Also, as there are only finitely many V-special points of bounded degree on Y (1), (2) amounts to saying that
UnC(N)(k) is not Zariski-dense in Y (1) x Y (1), which is still an open question (See e.g. [U04, Sec. 4.1]).
(3) follows from (2) and is the ¢-primary part of a - still widely open - question of Mazur [M78, p. 133|. For
some closely related explicit results using the specific feature of the moduli of elliptic curves see [KS98|.

1.6. Organization of the paper and brief sketch of the strategy for Theorem 3. We begin by giving
some applications of Theorem 3 in Section 2. The geometric applications (Subsection 2.1.2) are unconditional
but the arithmetic applications (Subsection 2.2) require the assumption that Conjecture 1 holds for surfaces
of general type over k. The remaining part of the paper is devoted to the proof of Theorem 3. In Section 3,
we give the general architecture of the proof and reduces it to a core geometric statement - Theorem 13 - for
certain projective systems Y =--- = Y11 = Y, — - = Y1 — Yy = X of product-quotient surfaces. In a
preliminary step (Subsection 3.2.1), we reduce to the case where Lie(II) has abelian radical, which ensures
that V is not only GLP but GCLP (Corollary 10). The GCLP assumption is used here through Fact 12. The
proof of Theorem 13 in turn is carried out in two steps. For Theorem 13, one easily reduces to the case where
V is GCLS. The first step (Section 4) consists in checking that the Chern classes of our product-quotient
surfaces satisfy some numerical relations ensuring that they are of general type and, by a celebrated theorem
of Bogomolov, that their set of closed integral curves of geometric genus < g are bounded provided n > 0
(depending on g). This step uses heavily the specific geometric features of product-quotient surfaces and
technical results about reduction modulo-£" of homogeneous spaces for f-adic Lie groups as developped in
[CT12b|, [CT13] (Fact 20). The GCLS assumption is used there to perform a technical reduction (Lemma
15) ensuring one can apply Fact 20. The second step (Section 5) consists in showing that the boundedness
of the set of closed integral curves of geometric genus < ¢ implies its finiteness provided n > 0 (depending
on g). Ultimately (See proof of Corollary 23) this uses again the GCLS assumption.

The study of the degeneration locus of a GLP Q-local system is the étale counterpart of the study of
the Hodge locus of a polarizable Z-variation of Hodge structures, which, in the recent years, has drawn lots
of attention with spectacular results based on tame geometry and the use of complex analytic period maps
(See |K122| for a survey). One important feature of the proof of Theorem 3 is that it is purely algebraic and
works under a very mild assumption - namely that V be GLS; in particular it does not require V to satisfy
any of the additional properties of Qg-local systems arising from geometry (such as purity, rationality or,
given an embedding k — C, that V admit a singular incarnation underlying a Z-VHS on the analytification
X of X¢).

Acknowledgements: The author was partially supported by the I.U.F. and the ANR grant ANR-15-CE40-
0002-01. She is grateful to Akio Tamagawa for enlightening discussions, in particular around Lemma 10,
which enabled her to extend her results from GCLS to GLP local systems. This article, initiated in Paris,
while going under several "CoViD" lockdowns, was finalized during visits to the Simons Foundation NY and
to RIMS. She thanks heartily both institutes for wonderful research conditions.

2. APPLICATIONS

2.1. Geometric Applications.

2.1.1. For a profinite group II, let ®(II) C II denote its Frattini subgroup (that is the intersection of all the
maximal open subgroups of II).

Let II be a compact ¢-adic Lie group and let II(n), n > 0 be a fundamental system of neighbourhoods of 1
in IT. For every n > 1, let H,,(II) denote the (finite) set of open subgroups U C II such that ®(II(n—1)) C U
but II(n — 1) ¢ U and let Ho(II) := {II}. Then ([CT12b, Lem. 3.3, (Proof of Cor. 3.6)],

(1) Hp(II) is finite, n > 0.

(2) The maps Hyp41(I1) = Hy,(II), U — UP(II(n—1)) (with the convention that ®(II(—1)) = II) endow
the H,,(IT), n > 0 with a canonical structure of projective system (1 (IT) i Hpn(I1))n>0.

(3) For every H := (H[n])n>0 € 1i71£n Hn, (1D),

Hloo] := liyrln Hn] = Np>oH|[n| C 11
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is a closed subgroup of codimension > 1 in II and H[n| = H[oco|II(n), n > 0.
(4) For every closed subgroup H C IT such that II(n—1) ¢ H there exists U € H,,(II) such that H C U.

2.1.2. We retain the notation and assumption of Subsection 1.4. From 2.1.1 (1),

is a (non-connected) étale cover of X and, by functoriality of étale fundamental group, the maps H,+1(II) —
Hp(II), n > 0 of (2.1.1.2) endow the X,,, n > 0 with a structure of projective system

= X2 X2 X2 X1 =2 X

whose transition morphisms are étale covers.

Corollary 4. For every integers g > 1, v > 1 there exists an integer N = N(g,7) > 1 such that for every
n > N every connected component X, of X,, is either birational to a smooth projective surface of general
type and contains only finitely many closed integral curves with geometric genus < g or, for one of i = 1,2,
fits into a commutative square of non-constant morphisms

X, ——X

n

Bin —X;
with B; ,, a smooth connected curve of gonality > .

Proof. (See also [C22, Sec. 4.2|) Let Hp <g(I1) C Hy,(IT) denote the subset of all U € H,,(II) such that X
is not of the type described in Corollary 4. Then the projective system H,,4+1(I1) — H,(II), n > 0 restricts
to a projective system Hpi1,<g~(II) = Hn,<g~(II), n > 0. Assume H, 4~(II) # 0, n > 1. By 2.1.1 (1),
Hn,<g~(II) is finite, n > 0 hence liﬁn%nggﬂ(ﬂ) # 0. Let H := (H[n])p>1 € lim Hn,<g~(I). By 2.1.1 (3),

H[oo] := Np>1H|n] is a closed subgroup of codimension > 1 in IT and H[n] = H[oo|II(n), for n > 0, which
contradicts Theorem 3 for H = H[oo]. O

2.1.3. Recall that a closed integral curve Z — X is said to be transverse if the resulting morphisms 7 <
X % X;, i =1,2 are dominant. If Z < X is transverse then the image II; C II of 7, (Z) — 71 (X) — II
is transverse in the sense of Subsection 1.4. The following can be regarded as a uniform variant of Bertini
theorem.

Corollary 5. With the same notation and assumptions as in Theorem 3, for every integer g > 0 and for
all but finitely many transverse closed integral curves Z — X of geometric genus < g, Ill; C Il is open and
there exists an integer B > 1 such that for all transverse closed integral curves Z — X with geometric genus
< g and I1z C II open, [II : 117] < B.

Proof. Let H(IT) C H,(II) denote the subset of all U € H,(II) such that X is birational to a smooth
projective surface of general type and contains only finitely many closed integral curves with geometric genus
< g; set
Xt= |_| Xy — X
UeH, ()

for the corresponding (non-connected) étale cover. Let S[n] C X denote the union of the images of the finitely
many closed integral curves Z — X, — X with geometric genus < g. By construction S[n + 1] C S[n]
hence, as X is Noetherian, S[cc] := S[No] = S[n], n > Ny for some integer Ny > 1. Let Z — X be a
closed integral transverse curve with geometric genus < ¢g. By 2.1.1 (4), Z ¢ S[oco] implies that 1Tz C II is
open, which already shows the first part of Corollary 5. For the second part, fix an integer v > % and
let Ny = N(g,7v) > 1 be as in Corollary 4; write N := max{Np, N1}. Let Z — X be a closed integral
transverse curve with geometric genus < g and such that Z ¢ S[oo]. Assume Z — X lifts to Xy — X. By
the Brill-Noether inequality, Z has gonality < LQTH’J < 7 hence Z < X necessarily lifts to X, — X. But
this contradicts the assumption that Z ¢ S[oco]. So Z < X does not lift to Xy — X or, equivalently 2.1.1
(4), II(N — 1) C IIz. Hence, in particular, [II : TIz] < [II : TI(V — 1)]. O
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Example. (Geometric torsion conjecture for abelian scheme over X) Let A — X be an abelian scheme.
Then, for every prime ¢ and integer g > 0 there exists an integer B = B(A,/,g) > 1 such that for every
closed integral curve Z < X with geometric genus < g either A x x Z — Z is k-isotrivial or |A[(*>°](Z)| < B.

2.2. (Conjectural) arithmetic implications. We now assume k is a number field. For a GLS Qy-local
system V on X = X; x Xy we let again II, C II C GL(V') denote respectively the image of w1 (x) and m1(X)
acting on Vz=Vy5 =: V. We refer to [C22, Sec. 4.2] for the proof of how Corollary 6 below, which is the
main arithmetic motivation for Theorem 3, follows from Corollary 4.

Corollary 6. Assume Conjecture 1 holds for (product-quotient) surfaces of general type®. Let V be a GLS
Qg-local system on X. Then Xy N X (k) is not Zariski-dense in X and

sup{[IT : IL;] | z € X (k) \ Xy N X (k)} < 4o0.
and to [C22, Sec. 3| for the following applications of Corollary 6.

Corollary 7. Assume Conjecture 1 holds for (product-quotient) surfaces of general type over k. Let f: Y —
X be a smooth projective morphism.

(1) The set of all z € X (k) such that the motivated motivic Galois group of Yz is of codimension > 1 in the
motivated motivic Galois group of Yi is not Zariski-dense in X ;

(2) The set of allz € X (k) such that the (injective) specialization map of Neron-Severi groups spz : N.S(Yy)®
Q — NS(Yz) ® Q is not an isomorphism is not Zariski-dense in X .

(3) There exists an integer n = n(f,€,k) > 0 such that for every x € X (k) with Y, satisfying the Tate
conjecture for divisors |Br(Yg)™ ") [1>°]| < o7

Assume furthermore f:Y — X is an abelian scheme, then

(3) There exists an integer n = n(f, ¢, k) > 0 such that |Y,[(°](k)| < ", x € X (k).

(4) There exists an integer n = n(f, ¢, k) > 0 such that |Y [(>°](k)| < ", x € X (k).

Remark. The proof of Corollary 7 (1), (2) only requires Corollary 6 (1) while the proof of Corollary 7 (3),
(4) requires the full strength of Corollary 6. Again, see [C22, Sec. 3] for details.

The following application, which - modulo Conjecturel - answers positively a higher-dimensional general-
ization of the ¢-primary part of a question of Mazur [M78, p. 133] is specific to the direct product situation
and is not treated in [C22]|. Let V; be a rank-r GLS Qy-local system on X; with torsion-free Z;-model T;,
i =1,2. Consider the GLS Qy-local system V = piV; @& p5Vs on X = X7 x Xo.

Corollary 8. Assume that Conjecture 1 holds for (product-quotient) surfaces of general type over k. Then,
there exists an integer N = N(V, k) > 1 such that for every x = (x1,x2) € X (k) the following properties are
equivalent:

(i) @ (TL/t) = a5(Tz/tN);

(1))  xi(T1/0") ~ x5(T2/0") for somen > N;

(i1i) xi(T1/0") £ x5(T2/0") for everyn > N;

(iv) xiVi >~ z5Vs.

Proof. The implications (iv) = (iii) = (ii) = (i) are trivial. We prove (i) = (ii) that is, equivalently,
iV # aiVo = 2 (Ti/0N) # 23(T2/¢N). Set T; := Tiz,, T := Tt & T» and let II(n) denote the kernel of
the morphism II C GL(T") - GL(T'/¢") induced by reduction modulo-¢". Observe first that for every closed
subgroup H C II reduction modulo-£" induces a structure of projective system on the set Isomg (T} /0", To /™)
of H-equivariants isomorphisms, whence a canonical morphism

lim Isomy (T /0", To /") — Isomp (T, To) — Isomp (Vi, Va)

5The proof of Theorem 3 indeed shows that it is enough to assume Conjecture 1 for product quotient surfaces of general type.
A product quotient surface is a minimal resolution of singularity ¢ : ¥ — Y of a (singular) surface of the form ¥ = (X1 X X3)/Aa,
where X1, Xy are smooth, projective, geometrically connected curves endowed with a faithfull action of a finite group I'" and
I'5As C T’ x T is the graph of an automorphism « : I'5T'. Let g;0 denote the genus of X; 0 := X;/I', ¢ = 1,2. Then the
irregularity of Y is g1,0 + g2,0. As Theorem 3 is very sensitive to base change, we cannot ensure that the product quotient
surfaces 17”*' that appear as smooth compactifications of level varieties in Subsection 3.3.2 have irregularity > 0 (and actually,
the most difficult case is precisely the one where g1,0 + g2,0 = 0). In particular we cannot ensure they fall in the class of surfaces
of general type for which Conjecture 1 is known - namely essentially those which can be embedded into abelian varieties [Fa91].
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As Tsompy (Ty /0™, T /¢") is finite for every n > 0, Isompy(Vy,V2) = 0 implies that there exists an integer
ny > 0 such that Isomy (T1 /0", T5 /") =0, n > ngy.

From Corollary 6, Xy N X (k) is not Zariski-dense in X and there exists an integer N = N(V,k) > 1
such that for every z € X (k) \ Xy, II(N) C II,. In particular, letting II(N) C Uy,...,U, C II denote the
finitely many open subgroups of II containing II(N), for every = = (x1,22) € X(k) \ Xy, I, = U;, for
some i, € {1,...,7}. Let I C {1,...,7} denote the subset of 1 < i < r such that Isomy, (V;,Va) = 0 and
n; := ny, > 0 the corresponding integer. Then

- Either i, ¢ I hence Isomyy, (V1, V2) # () and there is nothing to say;
- or iy € I and Isomyy, (11 /0", T2 /™) =0, n > n,,.

As a result, with Nog = max{n; | i € I}, for every z € X (k) \ Xy and n > Ny, one has: ziV; % z5Vs =
(T /0) # x5(T2/0"). Next, let Z1, ..., Z, denote the 1-dimensional irreducible components of the Zariski-
closure Zy of Xy(k)in X, Z3™, ..., Z3™ their smooth loci and Zy o := {21, ..., 2} the finitely many k-rational
points which are either a 0-dimensional component of Zy or in one of the Z; \ Z;™, i = 1,...,s. As V is
GLS hence GCLS (See Remark 11 below), W; := V|z, is GLS as well so that by [CT12b, Thm. 1|, Z;w, (k)
is finite and there exists an integer N = N(W;, k) > 1 such that for every = € Z;(k) \ Ziw,, llz,(N) C I,
where IIz, C II is the image of m1(Z;) acting on V and Iz, (N) := IIz, NII(/N). One can thus argue as above
considering the finitely many open subgroups Ilz (N) C Uy, ..., U, C Ilg, to obtain an integer n; > 0 such
that for every @ = (z1,22) € Z;(k) \ Ziw, and n > n;, one has: ziVy % x5Vo = x5 (T1/0") # x5(T2/07).
Hence, setting Ny := max{No,n1,...,ns}, for every x = (z1,22) € X (k) \ (Zyo U Ziw, U---Zsy,) and
n > Ni, one has ziV) # x5Vo = x7(T1/0") # 25(T2/0"). It remains to treat the finitely many k-rational
points in Zy g U Ziw, U --- Zgy, but, for each z € Zy o U Z1w, U -+ Zowy,,

- Either Isomy, (V1, V2) # 0 and there is nothing to say;

- or Isomyy, (V1,V2) # 0 and Isomyy, (T3 /0", 1o /0") = 0, n > n, := niy, .

So, it I C Zy gUZiw, U- - - Zgyy, denotes the subset of z € Zy gUZ1w, U- - - Zgyy, such that Isomyy, (V1, Vo) # 0,
Ny := max{Ny,n,, z € I} has the requested property, namely: for every z = (x1,x2) € X (k) and n > N,
one has iV % x5V = x(T1/0") # x25(T2/0"). O

Example: Let A; — X; be an abelian scheme, i = 1,2. By the Tate conjecture for abelian varieties [FW84],
Corollary 8 applied with V; = Vy(A;7,) and T; = Ty(A;5,) yields the following /-primary generalization of a
question of Mazur for elliptic curves [M78, p. 133|. Assume that Conjecture 1 holds for (product-quotient)
surfaces of general type over k. Then there exists an integer N = n(Aj, A9, ¢, k) > 0 such that for every
z1 € X1(k), 2 € Xo(k), if the m (k)-modules Az, [("], Az,[¢"] are isomorphic then the abelian varieties A,
A, are k-isogenous.

% 3k %

From now on and till the end of the paper, let k be an algebraically closed field of characteristic 0. Before
diving in the proof of Theorem 3, we begin by the following observation. Let g be a Lie algebra with solvable
radical v C g. Recall that g/t is a semisimple Lie algebra and that the short exact sequence of Lie algebras

0—>t—=>g—>g/t—0
splits; choose a Levi complement g D s—g/t. Set
s i=t/[s,t], Pi={rec|[s,r]=0, s€s}

Lemma 9. The following hold.

(1) Assume v is abelian. Then g** = vs and g is perfect if and only if t°* = 0.

(2) Assume there exists commuting Lie subalgebras g1,g92 C g such that g = g1 + g2. Let v; C g; denote the
solvable radical of g; and s; C g; a Levi complement, i = 1,2. Then vt =t +to and, if g is perfect with ¢
abelian, the following hold.

(a) g=019Dg2;

(b) g1,92 are perfect;

(c) Ewery Lie subalgebra gy C g such that the induced morphisms go < g = g1 @ go e gi, t=1,2 are
surjective is perfect.
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Proof. The equality g** = v, in (1) follows from [t,t] = 0 (as v is abelian), [5,5] = 0 (as s is semisimple) and
g =t + 5. For the second assertion in (1), as s is semisimple, the short exact sequences of s-modules

0=t —=-t—1t,—0

and
0ot >r—ot =0

split that is t ~ v/ @ ts ~ t° ®t” as s-modules hence t; C t° and t; — t°. For i = 1,2, as g; C g is an ideal
and v; C g; is characteristic in g;, v; C g is a solvable ideal hence tv; C t. This already shows t] + to C t.
On the other hand, the canonical morphism g;/t1 @ g2/t2 — g/(t1 + t2) is surjective hence, as g1/v1 @ ga/t2
is semisimple, g/(t; + t2) is semisimple as well, which shows v C t; + t2 and proves the first part of (2).
Assume furthermore g is perfect. Write u := t; Nto. Then [u,g;] C [g1,92] = 0, i = 1,2 so that [u,g] =0
hence a fortiori [u,s] = 0. In other words, u C v but, from (1), v* = 0. This already shows t = t; @ ta.
But then, g1 Nge C Z(g) C g1 NgaNt =rt; Nty = 0, which concludes the proof of (2) (a). For the proof
of (2) (b), observe that as v; C t, t; is abelian hence, from (1), g; is perfect if and only if t7' = 0. But
t =t @ty implies ¢° = ¢ @) = ] © 3 and from (1), v* = 0, which implies tj* = 0, ¢ = 1,2 and
proves (2) (b). Let g C go denote the solvable radical of gg and s9 C go a Levi complement. Consider the
canonical projection pr : g — g/t ~ s; @ s2. By assumption the canonical projection s; @ so — s; restricts
to a surjective morphism pr(gg) — s;, ¢ = 1,2 hence, as s1, s2 are semisimple, pr(ty) C §1 N sy = 0 that is
tg C t1 @t = t. In particular, vy is abelian and vy = go Nt so that sp =~ go/to < p1/t1 D pa/t2 = 61 & 9.
This shows tf’ C t]° ® 3 = ' @32 = = 0 hence, by (1), go is perfect. O

Corollary 10. Let V be a Qg-local system on X. Assume that the solvable radical of Lie(Il) is abelian. Then
V is (G)CLP if and only if V is (G)LP.

Proof. The direct implication follows from the Bertini theorem and does not use the assumption that X
is a product of two hyperbolic curves. Conversely, we retain the notation of Subsection 1.4. Let C be a
connected, smooth curve over k and ¢ : C' — X a non-constant morphism. Write Il C II for the image of
m1(C) acting on V via m(C) 2 m1(X). Set p := Lie(Il), p; := Lie(Il;), ¢ = 1,2 and pc := Lie(Il¢). By
assumption p has abelian solvable radical and p1, p2 C p are commuting Lie subalgebras such that p = p; +p2
so that we are in the setting of Lemma 9. Assume the image of ¢ : C — X is non-transverse that is there
exists i = 1,2 - say ¢ = 1 - such that pri o ¢ : C' — X is constant with image x so that ¢ : C — X factors
through a dominant morphism ¢ : C — X, = {1} x X9, which identifies ITI¢ with IIs. Then pc = po and
the assertion follows from Lemma 9 (2) (b). Assume the image of ¢ : C' — X is transverse. Then the induced

morphisms pc — p >~ p1 D pa N pi, i = 1,2 are both surjective and the assertion follows from Lemma 9 (2)
(c). O

Remark 11. For the GLS property, one easily shows that V is (G)CLS if and only if V is (G)LS. Indeed,
the proof is exactly the same as for Corollary 10 observing that, in Lemma 9 (2), if g is furthermore assumed
to be semisimple (equivalently, t = 0) then
-t =1; = to = 0 hence g1, go are both semisimple;
- Every Lie subalgebra gy C g as in Lemma (2) (c) is semismple (as its solvable radical v is contained
int=0).

3. PROOF OF THEOREM 3 - GENERAL STRATEGY

For every variety X over k, Qs-local system V on X and open subgroup U C Iy, write Xy — X for the
connected étale cover corresponding to the inverse image of U in 71 (X).

3.1. Theorem 3 in the non-transverse case easily reduces to the main result of [CT13|. Namely, let X be a
smooth connected curve over k. Let V be a Qp-local system on X. Fix a fundamental system II(n), n > 0
of neighbourhoods of 1 in II := IIy,.

Fact 12. ([CT13, Thm. 3.3|)Assume V is (G)LP. Then, for every closed subgroup H C II of codimension
> 1, the gonality of Xgri(n) goes to +00 with n.

Theorem 3 in the transverse case reduces to the case of a projective system of "product-quotient surfaces",
which is encapsulated in the following statement. Let I" be a positive dimensional compact ¢-adic Lie group
and let I'(n) C T, n > 0 be a fundamental system of neighborhoods of 1 in I". Write (=), : I' = I'), :=T'/T'(n)
for the reduction-modulo-I'(n) morphism, n > 0. For i = 1,2, let X; be a smooth, connected curve over



DEGENERATION OF ¢-ADIC LOCAL SYSTEMS ON PRODUCTS OF TWO CURVES 9

k with smooth compactification X; < X;’ and assume we are given a continuous surjective representation
pi : m1(X;) — T. Let Y;,, — X; denote the étale cover corresponding to p; *(T'(n)) C m1(X;) and Y;,, < }/tLJ;L
its smooth compactification, which is also the normalization of X; *in Y; n— X; = X, *. By construction,
'), acts faithfully on YJr Let A>T, C T';, xI';, denote the dlagonal subgroup and Y+ (YJr X Y W)/ An

the resulting "product-quotient surface", g, : Y,j — Y7 a minimal resolution of singularities.

Theorem 13. Assume Lie(T") is perfect. Then, for every integer g > 0, ﬁj‘ 1s of general type and contains
only finitely many closed integral curves C < Y, with geometric genus < g for n > 0 (depending on g).

3.2. Proof of Theorem 3 - preliminary reductions.

3.2.1. Reduction to abelian radical. (See |[CT13, §3.2| for details) Write p := Lie(II) and let v C p denote the
solvable radical of p. One can always find closed normal subgroups R’ C R C II of II corresponding via the
Lie algebra functor to the inclusions of Lie ideals v := [t,t] C v C p; let p : IT — II := II/R’ denote the
canonical projection and for a closed subgroup U C II, write U := p(U) C II. Then one easily checks the
following:

(1) For every closed subgroup H C II of codimension > 1, H C II is again a closed subgroup of codimension
> 1 (see item (3) after Rem. 3.4 in [CT13, §3.2]);

(2) For every closed subgroup H C II of codimension > 1, the inclusion HII(n) C HR'TI(n) = p~}(HII(n)) C
II of open subgroups corresponds to a connected étale cover

Xanm) = Xarmm) = Xgmmy
so that it is enough to prove Theorem 3 for the projective system

— o Xy

= X —- X — X.

Ti(n) HII(n) HII(1)

(3) TI(n), n > 0 is again a fundamental system of neighbourhoods of 1 in II so that, fixing a closed embed-
ding IT — GL,(Zy) of f-adic Lie groups [L88, Prop. 4], it is enough to prove Theorem 3 for the Q-local
system V on X corresponding to the representation 7 (X) — I < GL,(Zy).

So, from now on, assume the solvable radical of Lie(II) is abelian. From Lemma 10, this ensures V is (G)CLP.

3.2.2. Reduction to direct product. From now on, we retain the notation and assumptions of Subsection 1.4.
We identify II; =117 x 1 C II; x ITy and IIo,=1 x Il C II; x IIs. By definition the restriction of the product
map p : Iy x Iy — II, (7, m2) — w17 to II; is injective so that one can also identify IT;=u(11;) C II. With
these conventions, and as p; Np2 = 0 (see (2) (a) of the claim in the proof of Lemma 10), IT; N IIy= ker(p),
2z (2,271) is finite.

To prove Theorem 3 one can choose the fundamental system II(n), n > 0 of open neighbourhoods of 1 in
IT freely. So that, for i = 1,2, we fix a fundamental system II;(n), n > 0 of open neighbourhoods of 1 in II;
and take II(n) = II;(n)Ila(n)(= p(Ili(n) x I2(n))) C II, n > 0 (as II1(n) x IIz(n), n > 0 is a fundamental
system of open neighbourhoods of 1 in IT; x IIs and g : IIy x IIy — II is surjective, II(n), n > 0 is indeed a
fundamental system of open neighbourhoods of 1 in II).

Let H C II be a closed subgroup of codimension > 1. By definition, one has a commutative diagram of
profinite groups

I x Hy <—(H I (n)) x (Holly(n)) <——H(IL; (n) x Hy(n)) = HII(n) TI(n) OTL (n) X Ig(n)

| : o |

I PHTI(n) TI(n) =——=1I(n)

corresponding to a commutative diagram of connected étale covers

X<—X

X

XN ~— X1 (n) X X2,y (n)

|

Xunm) <= Xnm) =—————— Xnum)

LA () % X2, Ty (n) = HH(n
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This shows that Theorem 3 for p : m1(X) — II and H C II follows from Theorem 3 for p; x p2 : m(X) —
IT; x Iy and H C II; x IIy. So, in the following, we will assume p = p; X p2 : m1(X) — II; x I3 and consider
only closed subgroups H C II; x Iy containing the finite abelian antidiagonal subgroup Z := II; N Ils.

3.3. Proof of Theorem 3 assuming Theorem 13.

3.3.1. Non transverse case. Assume that for one of i = 1,2, f[z C II; is a closed subgroup of codimension
> 1. It is enough to show that the gonality of XZ. F,TL(n) is unbounded. But since H; C II; is a closed
subgroup of codimension > 1, and the Q-local system V|x, is GLP (Lemma 10) this follows from Fact 12.

3.3.2. Transverse case. Assume now I:TZ C II; is an open subgroup, i = 1,2. As we are interested only in the
asymptotic behavior of Xpry(,,), without loss of generality one may replace X; with X7 hence assume that

Hi=1I,i=1,2.

By the structure of closed subgroups of II; xIls, there exists closed normal subgroups N; C II;, ¢ = 1,2 and
a profinite group isomorphism ¢ : ITy /N1 =113 /Ny such that H C II; x I, is the inverse image of the graph
Graph(p) C II1 /Ny x I3 /Ny of ¢ via the canonical projection ¢ : IT; x IIs — II; /N7 x IIs/N3. In particular,
Ny x Ny C H. Hence up to replacing p : m1(X) — II; x Iy with gop : m1(X) — I x IIg — II; /Ny x TI3 /Ny
(which corresponds again to a (G)LP Qq-local system on X ), H with q(H) and IT; (n) x Iy(n) with ¢(IL; (n) X
II(n)), one may assume N; = 1, ¢ = 1,2. But then, up to replacing again p = p1 x p2 : m(X) — II; x Il
with p = pp1 X pa : T (X) — IIa x I one may assume II; = [Ty =: T and H:=A>ST CcIxT = II; x I,
is the diagonal subgroup. We may also assume II;(n) = Ia(n) =: I'(n). Let (=), : I — I, :==T'/T'(n)
denote the canonical projection and set Y; n := X 11,(n) := Xirmn) = Xi, i = 1,2. Let X; — Xj, Yin — YZ;
denote the smooth compactification of X;, Y; ,, respectively and let p/, : Yf,rn X Y;"n =Y, = (Ylfn X Y;:n) /A,
denote the quotient of Y1+n X YQ‘fn

Y, = Xﬁ(Hl(n)xHQ(n)) := XA(r(n)xT(n)) identifies with the dense open subset (Y1, x Y2,)/A, — Y\ It

by the action of the diagonal subgroup A,=>I',, C I';, xI';;. By construction

is thus enough to show that if ¢, : }N/n+ — Y, is a minimal resolution of singularities then }N/n+ is of general
type and contains only finitely many irreducible curves with geometric genus < g. But this is precisely the
statement of Theorem 13.

3.4. Proof of Theorem 13 - general strategy. The remaining part of the paper is devoted to the proof
of Theorem 13.

3.4.1. Recall that the surfaces }N/n+ are constructed from a ¢-adic Lie group I" with Lie(I") perfect and continuous
surjective morphisms m(X;) — I', i = 1,2. Recall that for every continuous surjective morphisms (—)” :
I — I, Lie(I") is again perfect.

Lemma 14. Let (—)b :T — I be a continuous surjective morphism. Assume that Theorem 13 holds for the

surfaces }N/n+ constructed from m (X;) - T — I’ i=1,2. Then Theorem 13 for the surfaces }7”+ constructed
from m(X;) » T, i=1,2.

In other words, to prove Theorem 13, one may freely replace I' by a continuous quotient T’ — I'°.

Proof. Set T°(n) :=I'(n)’” C T°, n > 0, which form again a fundamental system of neighbourhoods of 1 in
I”. For i = 1,2, consider the resulting representation pg s (X)) » T — I, As before, let Yzbn — X, denote
the étale cover corresponding to p} ~H(I°(n)) C m(X;) and Ylbn — Yikj;f its smooth compactification, which
is also the normalization of X" in Yan — X; = X;'. By construction, I? := T?/I”(n) acts faithfully on
Y;;:r. Let A’ ~ T? C T? x I denote the diagonal subgroup and Yot = (Ylb;n+ X Y;:{) /A the resulting

product-quotient surface, qﬁb : 1775+ — YTE’JF a minimal resolution of singularities. Write N := ker(I" — I‘b).
Corresponding to the morphism of short exact sequences with exact columns

1—=T(n)NN N N, 1

] —— F]vn) r l:ln 1
.

1 ——=1I"(n) I’ r 1
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one has a commutative diagram

—A
’I’L\ ~
+ + + +
Yl,n X }/2,71 Yn qb Yn
/| )
N xN, Ny X Np/Np~Ny,
\
\ v
TaxTo Yol x VyF Yot Yot
I I \Ab/ qn
IR
\\\
X x X,

(where the right vertical arrow is only a rational map). If the )72’*, n > 0 satisfy the cionclusion of Theorem
13 then so do the Y, n > 0. O

In particular, if R C I' is a closed normal subgroup of II corresponding via the Lie algebra functor to the
inclusion of the solvable radical of Lie(T) in Lie(T'), replacing I' with I' = T := T'/R, one may assume Lie(T")
is semisimple.

Lemma 15. Let I’ be a compact £-adic Lie group such that Lie(T') is semisimple. Then T fits into a short
exact sequence of profinite groups

1—>N—>I‘—>I‘b—>1,

with N finite and I such that for every non-trivial abelian subgroup A C T”, the normalizer Np»(A) C I is
a closed subgroup of codimension > 1.

Proof. Fix a finite dimensional faithful continuous Qg-representation V of I' [L88, Prop. 4] and let G C GL(V)
denote the Zariski-closure of I'. As Lie(I") is semisimple, G is semisimple as well and Lie(I") = Lie(G). It
is enough to show that there is an isogeny G — G with G’ containing no non-trivial abelian subgroup
normalized by the neutral component G*° of G”. Then one can take I'” to be the image of I' — G(Qy) —
G’(Qy). Indeed, let A C G”(Qg) be a non-trivial abelian subgroup with Zariski-closure L € G?. Then
L is again abelian and Np,(A) C Ng»(L). In particular, if Npy(A) € I is open then G C Ng»(L): a
contradiction. To construct the isogeny G — G”, observe first that replacing G by G /Z(G®) one may assume
G° is adjoint. In particular, if L C G is an abelian subgroup normalized by G° then, L N G° = 1. Indeed,
(LN G°)° C G° is then a connected normal solvable subgroup hence contained in the solvable radical of
G°, which is trivial as G° is semisimple so that L N G° C G° is finite, hence central since G° is connected,
hence trivial since G° is adjoint. This shows that L is finite so, as G° is connected, L is contained in the
centralizer Z5(G°) of G° in G. But as G° is normal in G, Z5(G®) is also normal in G and as G° is adjoint,
G° N Zz(G°) = 1. To sum it up, identifying L and Z5(G°) with their image via the canononical projection
G — m(G) = G/G°, one has L C Zg(G°) < mp(G). One can thus argue by induction on |mo(G)|: if
G = G° then the above shows that G contains no non-trivial abelian subgroup. If G contains no non-trivial
abelian subgroup normalized by G°, take G = G°. Otherwise, replace G by Gy = G/Za(G®) so that
|70(G1)| < |m0(G)| and apply the induction hypothesis to G;. O

So, replacing further I' with I' —» .= I'/N, where N C I' is as in Lemma 15, one may assume that
Lie(T") is semisimple and that the normalizer Np(A) C I' of every non-trivial abelian subgroup A C T is a
closed subgroup of codimension > 1.

3.4.2. Our starting point is the following celebrated theorem of Bogomolov. Let Y be a smooth projective
surface over k. For a divisor D on Y, write h%(D) := dim(H°(Y, Ox(D))) for the k-dimension of its global
sections, Py, (D) := h%(mD) for its mth plurigenus, (D) for its Kodaira dimension and ¢;(D), i = 1,2 for its
first and second Chern class. For D = Ky a canonical divisor, we simply write P, := Py, (Ky), k := k(Ky),
¢i=ci(Ky),i=1,2.
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Fact 16. (|[B77], see also [D04, Thm. 10, Thm. 11]|) Assume Y is of general type with ¢ — co > 0. Then
Y contains only finitely many closed integral curves C — Y with geometric genus < 1 and for every integer
g >0, closed integral curves C — Y with geometric genus < g form a bounded familiyf.

Lemma 17. Assume ¢} +co > 24. Then'Y is of general type.

Proof. Since ¢2 4 c3 > 24, the Euler-Poincaré characteristic y = %(C% +co) of Yis > 2hence P, > y—1> 1.
From the Enriques-Kodaira classification this imposes x > 1 since a smooth projective variety with Kodaira
dimension —oco (resp. 0) has geometric genus 0 (resp. < 1). But x = 1 is impossible as well. Indeed, as the
set of all m > 0 such that P,, # 0 is a semigroup, P; > 0 implies P, > 0 for every m > 1 and that there
exists a—,a; > 0 such that a_m” < P, < ayzm®, m > 0 [I81, Thm. 10.2]. By Riemann-Roch and Serre
duality for mKy,

m(mz—l)c% = cm? + O(m).

As a result, k = 1 would force k(—Ky) = 2 that is, —Ky is big. Write —Ky = A + E as the sum of an
ample divisor A and an effective divisor E and choose m > 1 such that mA is very ample. Then, as a high
enough multiple of a very ample divisor is effective, —Nm Ky is both big and effective for N > 0. This in
turn would imply Py, = h%(—(—=NmKy)) = 0 for N > 0: a contradiction. Hence x = 2 as claimed. O

P+ B(—(m —1)Ky) > x +

3.4.3. We now retain the notation of Subsection 3.1. Recall that we may assume (Subsection 3.4.1) that
Lie(T") is semisimple and that the normalizer Np(A) C I' of every non-trivial abelian subgroup A C T" is a

closed subgroup of codimension > 1. Write ¢; , 1= ¢;(Ky+), i = 1,2, n > 0. From Lemma 17, to show that

17”+ satisfies the assumptions of Fact 16 it is enough to prove the following.

Theorem 18. Let e = 1. Then lim c% n T €Cop = +00.
n—-+oo 7’

The proof of Theorem 18 is carried out in Section 4. It uses the fact that the size of the Chern classes of ?,f
can be controlled asymptotically by the representation theoretic data attached to p1 X p2 : 71 (X1) x 11 (X2) —
I'xI'. This, in turn, relies on the specific features of product-quotient surfaces and asymptotic estimates from
[CT12b] about the number of points on the reduction modulo-£" of certain homogeneous spaces for compact
f-adic Lie groups. It is to apply these asymptotic estimates that we need the technical assumption that the
normalizer Np(A) C T of every non-trivial abelian subgroup A C T is a closed subgroup of codimension > 1.

From Fact 16 and Lemma 17, Theorem 18 already implies

Corollary 19. Assume Lie(I") is semisimple. Then, for every integer g > 0 and n > 0 (depending on g),
Y.} is of general type, contains only finitely many closed integral curves C — Y,I with geometric genus < 1,
and closed integral curves C — Y, I with geometric genus < g form a bounded family.

Roughly Corollary 19 ensures the existence of an integral variety H of dimension > 1 over k£ and a
morphism C' — X x H such that C — H is a relative smooth hyperbolic curve with geometric genus
> 2, C — X is dominant and that for every n > 0 there exists h, € H(k) such that Cj, — X lifts
along Y,, — X. But the existence of such a C' — X x H should impose that the diagonal Lie subalgebra
Lie(T')>Lie(A) C Lie(I' x I') = Lie(T") @ Lie(I") is an ideal, which is only possible if Lie(I") is abelian. The
details are carried out in Section 5.

4. PROOF OF THEOREM 18

4.1. Product-quotient surfaces. We briefly recall basics about product-quotient surfaces, following [BCGP12,
§2] and [BP12, §1]. Let T be a finite group and YT a smooth projective curve endowed with a faithful action
of I'; write p; : Yi+ — X;r = Yi+/F i =1,2 and let g; and g; o denote the genus of YZ-+ and X;’ respectively.

6That is for one (equivalently every) projective embedding Y < PY there exists a constant d(g) (depending on the projective
embedding) such that for every closed irreducible curve C' — Y with geometric genus g, deg((’)pkzy(l)b) < d(g).
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Consider the following canonical commutative diagram

}/1-‘1- X Y2+

lp’

Y= (Y x ¥5)/A

7 7"
/ \LPN K

X{x X

P p2

Xy

+
X5,

where T>A C I' x I denotes the diagonal subgroup. Set p = (p1,p2) = p”op’ : Y|" xY;m — X" x X5 . Let ¢:
Y™ — Y denote a minimal resolution of singularities. Eventually, for ¢ = 1,2, let 0X; = {z;1,..., %} C

X;r denote the branch locus of p; : Yi+ — X;r and for z; ; € 0X;, let e;; > 2 denote the corresponding
ramification index. Write X := 0.X; x 0Xs.

4.1.1. Since A acts freely on Y;© x Y, \ p~*(2), the singular locus Y9 of Y+ is contained in p' ~(X)
hence is finite. Furthermore every y = p'(y1,92) € Y7579 is a cyclic quotient singularity of type miy(l, ay),
for some 1 < a, < m, —1 with my, Aay, = 1, where m,, := |Staba(y1,y2)| that is, locally analytically around
y, YT is isomorphic to C?/fi,, , where puy,, acts on C? via py,, x C* — C2, (¢, (21, 22)) — (C21, C“wz). Note
that the type of the singularity is only defined up to the equivalence relation m—(l ay) ~ —(1 ay), where

ay, is the unique integer 1 < aj, < m,, — 1 such that ayay = 1[m,]. The type . (1 ay) encodes the geometry

of the exceptional divisor E, := Ty C Y+ as follows. Consider the Contlnuous fraction

m 1
Yy )
w = by,l - b 1 = [by,l’ .- -aby,ly]’
Yy Y2 T by,
where by ; € Z>2, 1 = 1,...,l,. Then E, decomposes as a connected union E, = Zlgigly Zy.; of smooth

rational curves 7, 1,..., 2y, with Z, ;- Z,; = —by;, Zyi- Zyix1 =1 and Z, ;- Z, ; = 0 for [i — j| > 2.

4.1.2. For every y € Y759 consider the 'correction terms’

. 2+ay+a . .

K = -2 + 4 + 21<Z<l ( 2) , K i= Zyey+,sing /‘iy,

y =1 +l — miy , €= Ey@Y*‘vSi”g ey;
By :=2ey + Ky , B:= ZyEYJﬁSi"Q By.

Note that, by construction, sy, ey, By > 0. These data compute the Chern classes ¢; := cl-(f/Jr), i=1,2 of
y+
=KL, = Bl - Dig 1)
2= Ao~ 12— 1) +e = K2, + B)

hence its Euler-Poincaré characteristic

! —(F ) = (3K2 + B).

X(?-i_) = ho(i;—i_a O§~/+) - hl(?+70f/+) + hQ(?+7O§7+) - 12

24
4.1.3. Given integers g > 0, e1,...,e, > 1, let w(g;eq,...,e,) denote the profinite completion of the group

<617C,17'"76970;27717"'777"[Clvc/l]"'[cgvch]'ﬁ/ =1, 761_1 i=1,. >
For ¢« = 1,2, fixing canonical generators 7{1), . ,vﬁf) of the inertia for m1(X;), the finite cover Y; — X;
corresponds to a continuous epimorphism v; : w(gio0,€i1,...,€ir,) - I'. Write v, ; := @Zh(% )) and I; j :=

(7i,5) C T for the corresponding inertia group. Group- theoretlcally, for z; ; = (v14,72;) € ¥, the fiber
p_l(gm-) is in bijection with I'/I; ; x I'/I5 ; while the fiber p” 1@7;,3') is in bijection with

L \T /L j(=(T/1; x T/ ) /A, Tiigloj — A-((1,9) - (I1; % I )).

For y € p” _1(%73) corresponding to a class I1 ;gyl; € I1; \I'/I2 j, one can compute the corresponding type
as follows. One has my, = |I1; N gylgdmgy_ll. Hence

< e1,i/my

g = IiN gyl gyt =

< €2,5/my

25 Yy v
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and ay is the unique 1 < ay, < m, — 1 such that

e1,i/my _ ( e2,j/my —1)

1, 9yVa,; 9y

4.2. Group-theoretical preliminaries. For a profinite group I', an open subgroup U C I' and closed
subgroups I,J C T, write K;(U) := ﬂgeUgIg_l C I for the largest subgroup of I normalized by U. Then
J N K(T') is the kernel of the canonical morphism J — Aut(I'/I) induced by left translation; write also
Jr:=J/J N K[ (T') for the image of J — Aut(I'/I).

4.2.1. Assume now I' is a compact ¢-adic Lie group. Let I'(n) C I', n > 0 be a fundamental system of
neighborhoods of 1. Write (—),, : I' - I';, := I'/T'(n) for the reduction-modulo-I'(n) morphism, n > 0. Let
I C T be a closed subgroup. The technical condition

(I,T) K;(U)= K(I') for every open subgroup U C I
is motivated by the following statement.

Fact 20. (|[CT12b, Thm. 2.1, Lemma 2.4|) Let I1,Io C T be closed subgroups. Assume Iy C T is of
codimension > 1 and (I3,T') holds. Then the following holds.

Ly/Ion)"
(1) For every closed subgroup J C I;, lim M

ntoo [T /Ionl
L\ T/ 1
(2) lim B\ o/ Ton] .
notoo I /Iyl |(11)1,

4.2.2. Let I, I3 C T be closed, procyclic subgroups contained in I'. For every g € T',,, write

= 0 unless Jy, = 1:

Ing =TnNglang (= Staby, ,, (912,n))-

Let (T, /1I2,,)" C T/ 12, denote the Iy ,-subset of I'y, /I5,, where I ,, does not act freely and (I3 ,\I'y,/I2r) C
I n \T'y, /12, denote the subset of all I1 g1z, € I1 , \ ' /12 such that |I5,9] > 2 so that (I1n \T'n/I2p) =
I\ (Ty/I2,)". For every integer n > 1 write

1
k(n) := T Z | L.q]-

9€(I1,n\I'n/I2,n)’

Lemma 21. Assume (I2,T') holds. Then liril k(n) =0 unless Iy = Iy =: I is normal in T.
n—-—+0o0

Proof. One has (I;);; = 1 if and only if I; C K,(I')(C I;) so that the following are equivalent

() () =2)n =1
(11) IlCKIQ( )CIQCK[l(F)
(111) I = K[2(F) =1 C K[l (F)
(iv) I =1y =:1Iisnormal in T
As a result, unless Iy = I =: I is normal in I', one has (I1)7, # 1 or (I1)r, # 1.

Assume (I1)r, is both finite and non-trivial. Let n > 0 so that the canonical morphisms (11)7, = (I1,n)15.,
are isomorphisms. Let M((I1)r,) denote the subset of minimal subgroups 1 C J C (I1)r, (equivalently, the
subset of subgroups of (1), of prime order). Then

1 Ln/I2n)’
k(n) < ] Z Z [ gl < Z |(|Fn//;2n)||

" JeM((I)ry) g€T1 n \(Tn/T2,n)” JEM((I1)1,)

and the conclusion follows from Lemma 20 (2).
Assume (I7)y, is infinite. Then the conclusion follows from the rough upper bound

|Il,n \ Fn/IQ,n|
|Fn/I27n|

and from Lemma 20 (1). O

1

/i( ) ’F |’IIn\Fn/IZnHIQn|
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4.3. Proof of Theorem 18. Recall that, by assumption, Lie(T") is semisimple and the normalizer Ny (A) C T
of every non-trivial closed abelian subgroup A C T, is a closed subgroup of codimension > 1. This ensures
that for every non-trivial closed abelian subgroup J C I' and open subgroup U C I', K;(U) = 1 hence, in
particular, that the technical assumption (J,I") always holds.

For i = 1,2, set 0X; := XZ-+ \ Xi ={zi1,..., 2}, fix corresponding generators of inertia v;1,...,%ir
with ;1 -7, = 1. Write again ~; ; := pi(vi;) C I' and I; j := (v;;) C I" for the corresponding inertia
group. We estimate the ¢;, = ci(f/n*), ¢ = 1,2 using the observations of Subsection 4. Let g;, denote the
geometric genus of Yzfn Since Lie(T") is semisimple, it follows from the case H = 1 of (the proof of) [CT12b,
Thm. 3.4| that

m 2=
n—-+o0o ‘Fn|

so that, from the expression for ¢;, given in Subsection 4.1.2, it is enough to show that, setting

1 24ag+a
rij(n) = - > (=2+ T’g + ) (b —2)

" ge(I1in\Tn/I2,5,n)’ 1<i<l,

and

1 1

€ij(n) = T Z (1+15— A )
n ’ | n,g|
9€(I1,i,n\I'n/1I2,5,n)
one has
lim k;:(n)=0 lim e;i(n) =0.
n—-+oo Z’J( ) T nStoo l’]( )

Here we write I, 4 := I, N glg,j,ng_l and ag, a;, by, lg, mg := |Ip 4| are the invariants introduced in

Subsection 4.1.1 and attached to the singular point of Y}, corresponding to g € (11, \ I'n/I2,») while the
notation (I1;, \ I'n/I2jn) is the same as in Subsection 21.
For k; j(n), since

—-2< —2+72+%'+a;7 < -2+ 2+ 2| Ing| = 1 =0
- Ingl  — [ In.g] ’
one has
|(1in \ Pn/125n)'| | 1 1
_9 in |Fn‘ im) | | — Z Z (bg —2) < kjj(n) < T Z Z (bg —2)
" " gE(I1,im\Dn/I2,jn) 1<i<ly " ge(I1,im\Dn/I2,jn) 1<i<ly
hence it is enough to show that
() i ae AT/ Tl _ g
n—-+o0o |Fn|

and
. 1
SO D DD DECE R
ge(Il,i,n\Fn/Igy]"n)’ IS'LSZg
From the claim below, (0 <) Zlgigzg (bg —2) < |I,4|. Hence it is enough to show that

1
lim — > 1,4l =0,

n—4o0o Fn
9€(I1,i,n\I'n/I2,5,n)’

which follows from Lemma 21 since (I3, I") holds for every closed abelian (in particular pro-cyclic) subgroup
I, CT.
For e; j(n), using again the claim below, we have

I T,/ 1
OS 67,](”) < |( 17%”\ n/ 27]7”) | 4 Z |Ing|
) ‘Fn| n )
9€(I1,i,n\I'n/1I2,5,n)’

and the conclusion follows again from (x), ().
Claim. Letn > 2 an integer 1 <a <n —1; write & = [b,...,b]. Thenl <n and

Z(bi—2)<n—a.

1<i<1
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Proof. Write nq := n, no = a. By definition of b1, ..., b;, these are determined inductively by the conditions
n; =binit1 — N2 0 <miypo <njpp — 1
and [ is the smallest integer such that n;11 # 0 so that one has a decreasing sequence

1< <n<---<ny=a<n=n

and [ < n. Adding the relations n; = b;n;+1 — nijy2, ¢ = 1,...,1, one gets
n—a= Y (bi—2nip1+mg >mpa(l+ > (bi—2) =1+ > (b —2),
1<i<l 1<i<l 1<i<l
where the first inequality follows from b; > 2 (indeed, b; is an integer and b; = #jﬂ + Zi—ﬁ > #jﬂ > 1) and
ni+1 > Ny+1, and the second inequality follows from n;1q > 1. O

5. CURVES OF BOUNDED GEOMETRIC GENUS IN PROJECTIVE SYSTEMS

Recall k = k is algebraically closed of characteristic 0.

5.1. A general construction. We consider the following situation.

Let
ey ey, Pl My My ey
O 1 O 1 O O l O 1
Pn+1 Dn Pn—1 1 %0
Y Y, . \ 2 Vi = YT

be a projective system of generically finite morphisms between irreducible, smooth varieties Y, over k with
smooth compactification Y,;F, n > 0. Assume Y contains only finitely many closed integral curves Ct — Y+
with geometric genus < 1 and that for every integer g > 2 and n > 0, the set of closed integral curves
Ct — Y, of geometric genus g form a bounded family. Assume that for some integer g > 2 and every
n >0, Y,© contains infinitely many closed integral curves C* < Y, of geometric genus g and let g > 2 be
the smallest such integer.

Lemma 22. There exists an integral variety H of dimension > 1 over k and a morphism C — 'Y X H such
that
(1) C — H is a smooth hyperbolic curve of geometric genus > g;
(2) For every n > 0 there exists one (actually a Zariski-dense subset of) h € H(k) such that C, — Y
lifts along Y,m xy+ Y = Y;
(3) C =Y is dominant.

Proof. Set ¢pm = o 0¢p_1: Y, = Yt n>m (with the convention that ¢, , = Id). We proceed in
two steps.

Step 1: Up to ignoring finitely many n > 0, we show that there exists an integer ¢*" > g, a sequence H,,
n > 0 of reduced varieties over k and a sequence of divisors C; < Y, x H,,, n > 0 such that the resulting
morphism C;" — H,, is flat, pure of relative dimension 1, with integral fibers of arithmetic genus g% and
that there exists a projective system ¢, : Hpy1(9) — Hnp(g) of infinite subsets H,(g9) C H,(k) with the
following properties:
(1) For every h € Hy(g), C:; h Y, is a closed integral curve with geometric genus g, and for every
h#HeH() Cly # iy = Yal%;
(2) ¢nm( ) C+ m(h)? hEHn( ) n > m;
(3) Hn(g) c H, is Zarlskl dense, n > 0;
(4) ¢no0(Hn(g)) C Ho is Zariski- dense, n > 0;
(5) Ho is integral.
Note that since H,(g) is infinite, H, has dimension > 1. Note also that replacing Ho by a dense open
subscheme Uy C Ho, Hn(g) by Hn(g) N, O(Uo) and H,, by the Zariski-closure of H,(g) N gonO(Uo) C Hnp
does not affect the properties (1) - (5) nor the fact that Hn(g) is infinite.
Fix n > 0. By the theory of Chow and Hilbert moduli schemes, there exists a reduced variety H,, over k
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and a divisor C;7 < Y, x H,, such that the resulting morphism C;" — H,, is flat, pure of relative dimension
1, with (geometrically) reduced fibers and such that every closed irreducible curve C* < Y, of geometric
genus g is of the form C* = C:;h for one (and only one) h € H, (k). Let H,(g9) C Hy(k) denote the - infinite
by assumption - subset of all h € H,,(k) such that C’;; , is an (a geometrically) integral curve with geometric
genus g. Up to replacing H, by the Zariski-closure of H,(g), one may assume that H,(g) is Zariski-dense
in H,. By [EGAIV.3, (9.7.8)], up to replacing H,, by a dense open subscheme U < H,, and H,(g) with
the - still infinite - subset H,(g) N U, one may assume that C;7 — H,, has geometrically integral fibers
(hence, in particular, is separable). Also, since the function H,, — Z>1, h — dimH 1(02 B (’)C+h) is upper

semicontinous, up to replacing further H,, by a dense open subscheme U — H,, and H,(g) with the - still
infinite - subset H,(g) N U, one may assume that the fibers of C;' — H,, have constant arithmetic genus
g%, By minimality of g and since the geometric genus can only decrease under non-constant morphisms of
irreducible curves, the subset HS*(g) C Hy(g) of all h € H,(g) such that ¢, ,(C, ) is a point or an integral
curve with geometric genus < g—1 for some 0 < m < n—1 is finite. Hence replacihg again H,, with the open
subscheme U := H,, \ H5*(g) and H,(g) with the - still infinite - subset H,,(g) NU, one may assume H.*(g)

is empty, n > 0. Then for every n > m > 0 one gets a well-defined set-theoretic map ¢y m : Hn(9) = Hm(g)
such that ¢n7m(0;,h) =Cr , h € Hy(g). Let C’Zh — C’:;h and Cnt,wn,m(h) — C:;’%’m(h) denote the

ma‘Pn,m(h)
normalization of C’TJLr p, and C’:; n) respectively. The universal property of normalization yields a canonical

@n,m(
commutative square of dominant morphisms of projective curves

\L \L(z)n,m
A +
oo () oo ()

By Riemann-Hurwitz, the morphism C: h C;; ) is an isomorphism. Since the normalization mor-

#Pn,m(h

phisms C~':{h — C’;;h, C;rl’%’m(h) — C;;’%’m(h) are birational, the morphism C:;h — C’:%%m(h) is proper
birational. In particular [Stacks, 50.18.4],
. 1 . 1 . 1oy
G = dimH NGy Oy, ) Z 080 = dimH (G, O ) > g = dimHH(C, O )

so that g2 becomes constant for n > 0. Up to ignoring finitely many n, one may assume g¢2" is constant,
n > 0. This, in turn, implies that the morphism C’J n C:L - is an isomorphism, n > m > 0 [Stacks,
50.18.4]. Set Ho,n(9) := No<men Pm0(Hm(g)) C Hoo(g) = Ho(g), n > 0. By construction the sets Hon(g),

n > 0 are infinite and form a decreasing sequence

<+ C Hopny1(9) € Hom(g) C -+ C Hopolg) = Ho(g).

Taking their Zariski-closure in Hg, one gets a decreasing sequence of closed subvarieties

o+ C Hony1(9)**" C Hop(g)**™ C --- C Hop(g)**" = Ho,

each of them having at least one irreducible component of dimension > 1. For each n > 0, let Z, de-
note the set of chains X,, C --- C Xo with X,,, C Ho,(9)**" an irreducible component of dimension > 1,

m = 0,...,n. The sets Z,,, n > 0 are non-empty, finite and endowed with a projective system structure
Tnt1 = Ln, (Xpp1 CXpC---CXg)— (XpC---CXp). Fix X i=---CX,,C X1 C--- C Xp eli;an

Since the dimension of X, stabilizes for n > 0, there exists N > 0 such that X,, = Xy, n > N. For every
n > 0, let H,, C H, denote the Zariski-closure of H,(g) := cp;})(XN(k:)) N Hy,(g) in Hy; by construction
these have the announced properties (1) to (5).

Step 2: For simplicity, write Y+ := Y0+, H :=Hp and CT := C’J . Let n denote the generic point of H. Let
Y < Y be a dense open subscheme and write C' := C* xy+ Y < CT. The normalization v : C;f — Cr

is a smooth projective curve over n and V_l(Cn) — C’n+ is a dense open subscheme which identifies with
the normalization v : 677 — C, of Cp. Then D, := C; \ 6’:7 is a disjoint union of a finite number of

sections 0y, — CF, i =1,...,s. By [EGAIV.3, (8.8.2) (i), (8.10.5) (xiii), (12.2.4)], [EGAIV.2, (6.9.1)],

up to replacing H by a dense open subscheme, one may assume C,J{ — 7 is the generic fiber of a smooth
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projective, geometrically connected morphism C* — H of relative dimension 1. By [EGAIV.3, (8.8.2) (i)],
up to replacing again H by a dense open subscheme, the commutative diagram of n-schemes

VZN

C+ o C—&-g|9 y-i-

S S
Lo )

C, C,——Y,

extends uniquely to a commutative diagram of H-schemes

/’\

- C+;l> Y+ x H

IDIDI
Lo J

C C—=Y xH
with C+ — CT, C — C finite birational morphisms and o; : H — C*, i = 1,...,s disjoint sections such
that C' = C* \ Ui<i<s0i(H). The morphism C' — Y x H has the expected property. O

5.2. End of the proof of Theorem 13. We now return to the setting of Subsection 3.1, of which we retain
the notation and assumptions.

Corollary 23. For every integer g > 0 there exists ng > 0 such that }7,;“ contains only finitely many closed
integral curves C — Y, I with geometric genus < g, n > ny.

Proof. From Corollary 19, up to replacing EN/OJF with }7”+ for some n > 0, one may assume that the projective
system

e Y, v Y= X x X = Xt

satisfies the assumptions of Subsection 5.1 so that there exists an integral scheme H of dimension > 1
and of finite type over k, and a morphism C' — Y x H with properties (1), (2), (3) of Lemma 22. Write
Y, =Y, x Y3,/A,, which is a dense open subscheme of Y= YJr X Y+ /Ay contained in the smooth

locus of Y, so that one can identify Y,, with the dense open 5ubscheme Y Xy Y+ — Y+ of the minimal

resolution of singularities g, : Yn+ — Y, F'. For every n > 0 by (2) in Lemma 22, there exists h, € H(k) such
that Cj, — Y lifts along ¥,, — X := X; x X2. By (1) in Lemma 22 and [SGA1, XIII|, one gets a short
exact sequence of profinite groups

1— Wl(chn) — 7T1(C) — 7'('1(7'[) — 1.

On the other hand, by (3) in Lemma 22, C' — X is dominant hence, since X is normal, the resulting
morphism of profinite groups m1(C) — m1(X) has open image. Let U C II = T' x I" denote the image of
m(C) = m(X) - IT and N C U the image of ker(m (C') — 71 (H)) < m1(C) — U. By construction U C II
is an open subgroup and N C U is a closed normal subgroup which also coincides with the image I1(h,,)
of m(Cy,) — m(C) - U. But as Cp,, — Y lifts along V;, — Y, N = II(h,) C All(n), n > 0. Hence
N C A = Np>o(AII(n)). But as at least one of the two maps Cj, — X 5 X;, i = 1,2 is dominant, at
least one of the resulting morphisms of profinite groups II(h,) < II =T x T’ P I; = T has open image.
This forces N =II(hy,) C A to be open. But this contradicts the fact that N is normal in U since then the
diagonal Lie subalgebra Lie(A)=Lie(I") < Lie(I") @ Lie(I") would be an ideal of Lie(T") @ Lie(T"), which can
happen (if and) only if Lie(I") is abelian (since [(z,0), (y,y)] = ([x,y],0) € Lie(A) if and only if [z,y] = 0,
x,y € Lie(T")). This contradicts the fact that we now assume Lie(T") is semisimple (Subsection 3.4.1). O
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