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Introduction

Efetov (early 80’s): supersymmetric non—linear ¢ model for
disordered systems, connection to RMT established

very broad range of applications

Efetov, Schwiete, Takahashi (2004): new foundation by
superbosonization

Verbaarschot, Zirnbauer (1985): supersymmetric non—linear o
model for two—point function starting from RMT (zero dimensions)

weak disorder, large matrix dimension —  saddle—point
approximation, Goldstone modes, coset manifold

some cases: direct and exact solution possible, finite matrix
dimension, structural information, applications
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Gaussian Unitary Ensemble and

Supersymmetric ltzykson—Zuber Integral
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Generating and Correlation Functions

Gaussian ensemble (6 = 1,2,4) of N x N random matrices H

k—level correlations R,(f)(azl,...,a:k) = — Z,iﬁ)(a:qtj)
Hp:l aJp J=0

generating function obeys the identity

k

Zl(f)(:c’%—J) = /d[H]eXp(—trHQ)H

p=1

det(H — x, — J,)

= /d[g] exp(—stro?)sdet " (0 — 2~ — J)

where o IS a 2k x 2k or 4k x 4k supermatrix

—— drastic reduction of dimensions
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GUE Generator — Eigenvalues and Angles

diagonalization o = v~ tsu with v € U(k/k)
and s = dlag (811, e, SE1,1819, . .. ,?:Skg)

dlo] = Bu(s)dlsdute) . Bun(s) = det

Spl — ZSq?]p,q—1 k

.....

generating function, r =z + J
Z,gz)(r) = /d[s]Bg/k(s) /d,u(u) exp (—str (u™"su +r)?) sdet Vs~

1

= 1+
Bk/k(T)

/d[s]Bk/k(s) exp (—str (s + r)?) sdet s~

everything compact, hyperbolic symmetry not needed

TG (1991)
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Correlation Functions

J, derivatives trivial

Ri(w1,.. s xp) = det [On(xp, 29)],, 0y

.....

well-known kernel is found to be a double integral

+00 +00
ds,1ds , is;o \ "
Cn(zp, z,) = / / pl g2 exp (—(spl +2,)° + (i842 + a:q)2) bl
Spl — 15¢2 Sp1
N-1
= exp (22 — 72) Y ul(p)@n(2g)
n=0

determinant structure is a built—in feature of supersymmetry
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SuSy Harish-Chandra—Itzykson—Zuber Integral

unitary supergroup U(k;/k-)

/dﬂ(u) exp(istru™ sur) = det|exp(ispi7q1)] detlexp(isparys )]

By, /1y (8) By iy (7)

exp(istr sr) + permutations
Bkl/kQ (S)Bkl/k2 (T)

A, (51) A, (i52)
Hp,q (Spl o Z'8612)

;o A (s1) = H(Spl — Sq1)

p<q

with Bkl/k2(8) —

for ki /ky = N/0,0/N resultin ordinary space recovered

TG, J. Math. Phys. 32 (1991) 336
Alfaro, Medina, Urrutia, J. Math. Phys. 36 (1995) 3085, received 28 Nov. 1994, hep-t h/ 9412012

TG, Commun. Math. Phys. 176 (1996) 555, received 22 Nov. 1994
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Radial Laplacian and Separability

supersymmetric Itzykson—Zuber integral is eigenfunction of

Agp(s,r) = —strr® g(s,r),  with (s, 7) = (r, s)

and with radial Laplacian

0 1 0
Ay Z 65 By, 1, (5) + Z [PE Blzl/kg(s)
pl

kl /k Osp1

separability, generalizes ordinary case

fls)  _
ASB/€1/7€2(S) B 22852 f

Bkl/kQ =1 p=1 pt

eigenfunctions of flat Laplacian trivial
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Supersymmetric Harish-Chandra Integral

(beyond the Unitary Case)
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Ordinary Harish—Chandra Integral

G compact semi—simple Lie group, a, b fixed elements in Cartan
subalgebra H, of Lie algebra of G

1, exp (trw(a)b)
Lexp (tr U™ 'aUb) du(U) = \W\ Z L (a) L (b))

I1(a) product of all positive roots of Hy, W Weyl reflection group

everything stays in the space of the Lie group and its algebra !

Harish—Chandra (1957)
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Supersymmetric Harish—Chandra Integral

supersymmetric ltzykson—Zuber integral: case of U(k;/k»)
— most interesting remaining case is UOSp(k;/2k»)

conjecture: Serganova (1992) and Zirnbauer (1996)
proof: TG, Kohler (2002)

Laplacian A 4 over Lie superalgebra uosp(k;/2ks)
construct radial part A, over Cartan subalgebra
identify Harish—Chandra integrals as eigenfunctions of A,

A, Is separable! —— solution of eigenequation trivial

proof also includes Lie groups in ordinary space
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Crossover Transitions and
Dyson’s Brownian Motion In Superspace
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Crossover Transitions

random matrix H drawn from GOE, GUE, GSE

(random) matrix H© with arbitrary P (H©)

Interpolating ensemble with « “strength of chaos”

H(o) = HY 4+ aH

correlations on local scale of mean level spacing D depend on
& =x,/D and  A=a/D

fictitious time ¢t = o?/2 and locally 7 =1¢/D?* = \?/2

Brownian motion transports initial ) into chaos, 7 — oo

Dyson, French, Pandey, Mehta, ...
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Dyson’s Brownian Motion in Superspace

generator for k—level correlations of initial condition
ZIgO)(S) = /P(O)(H(O)) sdet ' (1 ® HO _ s 1) d[H )]

generator for crossover correlations, r =z + J

diffusion A Zy(r,t) = %Zk(r, t)

convolution  Zy(r,t) = / Ci(s, 7, 6) Z” (8) By (s)d[s]

1
kernel [p(s,rt) = /eXp (—;str (utsu — 7“)2> dpn(u)

where u € U(k/k) or u € UOSp(2k/2k)

diagonalizes hierarchic equations of French et al. (1988)

TG (1996) Paris, April 2012



Special Case: GUE plus External Field

for PO ~§ — HO=diag(E",...,EY) fixed
transition to GUE, H(t) = HY + +/2tH, find immediately

Ri(xy1,...,z,) = det [Cy(xp, x4)]

p,g=1,....k
+00 +00 5 . 5
On (2, 24) = / / dspldsq? . (Sp1 + 2p) n (isg2 + 24)
T2t Sp1 — zsq2 2t 2t

ﬂ i8q2 — Er,gO)

n=1 Sp1 —

cf. Brézin, Hikami (1996)

average over H® destroys determinant structure
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General Case on Local Scale

local scale, unfolding ¢ =x/D, j=J/D, T =t/D?
and p=¢+4+j5=r/D, s =s/D

zk(p, T) = ]\}1_1;1”100 Z(r,t) and z,io)(s’) = lim Z,io)(s)

N—o0

generator for local crossover correlations obeys same equations:

diffusion Azk(p, 7)) = %Zk(ﬂ, T)

convolution  z,(p,7) = / Ci(s', p, 7))z (") By (s')d[s']

diffusion process to chaos is scale invariant !

TG (1996)
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Some Applications
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Symmetry Breaking

Hy 0
0 H,

ensemble H(a) = [ ] +aH , allfrom GUE’s

w=2E& —&

- A=a/D=0,0.3,0.9, 00
Yo(w,\)

Xo(w,\) =1—Yo(w, \)

statistical enhancement

TG, Weidenmuller (90’s)
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Chaotic Billiard with Random Scatterers

unitary, L scatterers, strength «, generator of k-level correlations

sdet “(1 + ao)

sdet Vo

Z(x+J) = /exp (—stro® +stro(z + J)) d|o]

R(7)
R (r)

R,(1)
Ra(r)

GUE statistics for all A in bulk, transition to Poisson for tail states

TG, Stéckmann (2004)

Paris, April 2012



Chiral Random Matrix Theory
and Yet Another Group Integral
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Chiral Random Matrix Theory

Dirac operator has chiral symmetry, in chiral basis it is

) = [ (z‘l;)C)T Zlgcl — [ M(;T ‘g/] , W random matrix

compare chRMT with lattice gauge calculations

0.3

ot I _q 1 hard edge

02t ﬂ: 17 ﬁ:ﬁ :]. ‘ ﬂ:{'ﬁr._ .

st NG gl i m microscopic limit (zoom)
ittt AR

Rt Arnith i chiral condensate

spectral density

Verbaarschot (1993)
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General Case with Temperatures and Masses

random complex N x N matrix W, chiral condensate X

Ny
0 W +T .
.'.
exp (—NStrt WWT) ][Ilcjlet<[M/JrJrTJr 0 ]+sz>
temperatures T' = diag (11, ...,7Ty) and quark masses

my¢, f=1,..., Ny with Ny number of flavors
various correlation functions for comparison with lattice gauge
sacling property: replace X with

1
(3T5,)2% + 2

1
O = Y where 1] = —
’ N

)=

n=1

microscopic k—point correlations same as for T'= 0

TG, Seif, Wettig, Wilke (late 90’s)
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SuSy Berezin—Karpelevich Integral

unitary supergroup, u € U(k;/ky) and v € U(k, /ky)/UrtTr2(1),
diagonal supermatrices s and r

det[J0(8p1Tq1)] det [JO(Sp2Tq2)]
B, /1, (5%) Brey jo (177)

/ dp(u) / dp(v) exp(iRe strusvr) =

o = usv IS polar decomposition of complex square supermaitrix,
further generalization to complex rectangular supermatrices

for k; = 0 or k, = 0 result in ordinary space recovered

SuSy: TG, Wettig, J. Math. Phys. 37 (1996) 6395
ordinary case: Berezin, Karpelevich, Dok. Akad. Nauk SSSR 118 (1958) 9

ordinary case: Jackson, Sener, Verbaarschot, Phys. Lett. B387 (1996) 355
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A Certain Class of
Matrix Bessel Functions
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Matrix Bessel Functions versus HC Integral

N x N matrices, r, k eigenvalues of H, K
oV (z,k) = / du(U) exp(itr HK) = / du(U) exp(itr U~ 'zUk)

eigenfunctions of Laplacian in radial space

x, k In general not in Cartan subalgebra — no separability !

U e O(N) if H, K real symmetric U(N)/O(N) B=1
U e U(N) If H, K Hermitean U(N)/1 B =2
U € USp(2N) if H, K selfdual U(2N)/Sp(2N) p=4

and in these symmetric superspaces
U(k1/ke)/1 and  Gl(ky/2ks)/OSp(k1/2ks) (two forms)

Paris, April 2012



Recursion Formula for Arbitrary 8 > 0

map group integral to recursion integral in the radial coordinates

o0k = [ duta exp< <an Zm> >¢55>1<x,,z>

where k denotes the variables k,, n=1,.... (N —1)
. n=1,...,(N —1) Iintegration variables, =z, <z <z,
(8-2)/2 n_1
AN_l(CC/)
measure du(x') = — | | (z, — 2/ dx!,
p(x') Ajﬁv_l(a}) J;[n( ) H

— Lie groups and more general structures !
observation: finite number of terms for all even 3

TG, Kohler, IMP 43 (2002) 2707, mat h- ph/ 0011007
recent progress: Bergere, Eynard, JPA 42 (2009) 265201, ar Xi v: 0805. 4482 Paris, April 2012



Explicit Example for 3 =4and N =4

use recursion formula to calculate integral over USp(8)

oY (2. k) = / du(U) explitr U~z Uk)
USp(8)

B exp(itr zk) .
= 3 eyt (L0~

Weyl n<m

N | (L. +Z znm>

n. m#n

with composite variable z,,,, = i(x, — xm)(ky — k) /2

TG, Kohler, mat h- ph/ 0011007, JMP 43 (2002) 2707
used in: Brézin, Hikami, mat h- ph/ 0103012, CMP 223 (2001) 363
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SuSy Matrix Bessel Function for UOSp(2/2)

good news: recursion formula can be extended to superspaces

/ dp(u) exp(istru~
UOSp(2/2)

ir1(s11+S21)+i2rasg ((

Lsur) =

c S11 —+ S91 — ’1;282)(7“1 — /I;TQ)

— 2511801 — i8(511 + 521)) (11 — i72)%)

with s = diag (s11, S21,1S2,182) and r = diag (ry,ry, irs, irs)

— everything you need to calculate all level densities

TG, Kohler, mat h- ph/ 0012047, JMP 43 (2002) 2741
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SuSy Matrix Bessel Function for UOSp(4/4)

. 1 1
e UIrT252 Ti1 — QT ( + )
H( 11 .72) [ Ag(ZTQ)A%(ZSQ) Ag(’I,TQ)A%(ZSQ)

@]

v

4 4 4
. . . . o~

(rix —ir12) | [ (sj1 —is12) + > [ [(sj1 — is12) (7“11 +ra1 — 2 — ))
j=1 il

=1 1=1 5#1
2 4 5
(H ri1 —ir22) | | (sj1 —is22) + Z H $j1 — 1522) (7“11 + 721 —r22 — £ ))
=1 j=1 1=1 j#1 Sil
1 4 4
— : : (sj1 —s12)(551 — 1522)
A%(zm)A% (is2) ;JI;IZ

. . . 0
(7“%1 + 731 + 711721 — (ir12 + ir22) (P11 4+ T21) + ir12ir00 + Strra )
Si1

@511) (s1,71)

‘M*ﬁ

|| Il
P

Ag’ (’ifrg 232

4 4
: o 0
[ [(six = isi2) [ [ (501 — is22) (8 — — 8—>
I#i 1] sl 98

’L

for all two—level correlations — well, in principle

TG, Kohler, mat h- ph/ 0012047, JMP 43 (2002) 2741

Paris, April 2012



SuSy Gelfand—Tzetlin Coordinates

coset decomposition in ever smaller spheres, ordinary space:
UWN:B) o U = L B)
(N=15) = U(N —2;5)
e SUSy GT pattern

e here: U(ky/k>)

e another coset structure
e representations ?

U(N;ﬁ)ZU ®---®@U(1;8)

e “actions”
e role of Grassmannians

next: Guillemin—Sternberg collective integrability to superspaces

TG (1996) — TG, Kohler (2003)
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“Supersymmetry without Supersymmetry”

Paris, April 2012



Random Matrix Kernels

kernels of Random Matrix correlation functions given by lowest
order averages of ratios of characteristic polynomials

7z, z,) — Z7(0,0)

Lg — Lp

29 () 1) ~ / exp (—gtr H2> (Sjﬁfﬁ :jq))y d[H)

p

~ /exp (—%Stl” 02> sdet 7N (¢ — z7)d[o] with
Y

2x2(6=2),4x4(8=1,4) supermatrix o

K.i(\?)(quxp) ~ Im

Gronqvist, TG, Kohler (2004)

Borodin, Strahov (2006): arbitrary order, factorizing probability
density yields determinants/Pfaffians in terms of Zfﬁ)(a:p, T,)
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Supersymmetry without Mapping onto Superspace

~

N
factorization P(F) = || P(E,), example: Hermitean matrices

n=1

— / I1 ﬁ(E,ﬂb)l‘[Ef"b_rp2 A% (E)d[E]

Vandermonde determinant

Av(E) = ][(B.— E) = det [E7], )y

.....

n,l

Paris, April 2012



Berezinian (Jacobian) in Hermitean Superspace

k eigenvalues s,; In bosonic sector,
m elgenvalues s, In fermionic sector

s = diag (31, 32) = diag (811, ey Skl S125 - - - 5m2)

Berezinian is By, (s), for m > k we find

_ | -
A A,
Biym(s) = H(51) Bm(52) = det L‘pl - Sq2]p—1,...,k,q—1,...,m
Hp,q(spl o Sq2) [Sp_l]
i 92 lg=1,...m,p=1,...m—k |

this iIs a m x m determinant !

Cauchy—Vandermonde identity: Basor, Forrester (1994)
connection to SuSy: Kieburg, TG (2010)
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Integrand Is Ratio of Berezinians

r = dlag (Tll,...,Tk1,T12,---7Tk2)

crucial identity

ﬂ ﬁ En —rp (E) Bi(r)  Brjgan(r, E)
N —
ne1 p—1 En — T'p1 Bk/k(T) Bk/k(T)

makes integral elementary

z0) = | Hlﬁwn)B ’“gﬁj’)m Ax(E)d[E

1 Al n—1
— o) /EP(En)En Byjpyn (1, E)d[E]

Paris, April 2012



Supersymmetry Implies Decomposition Formula

straightforward reordering of determinants gives

Zi(r) = 1 det [Zl(rpl’r(ﬂ)]
Bk/k(r) P'pt = T2 1, 0=1.. .k

.....

e reminiscent of Wick theorem: 1 x k — k x 1

o Zy(rp1,r42) €xplicitly known in terms of P(E,)

e specific form of P(E,) never used
e clear separation of algebraic and analytic features
e applicabllity is very general

Kieburg, TG, JPA 43 (2010) 07520 — Kieburg, TG, JPA 43 (2010) 135204
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Some Matrix Ensembles Yielding Determinants

matrix ensemhble

Hermitian ensemble

probability density P
for the matrices

P (tr H™ m € N)

matrices i the
characteristic
polynomials

H

probahility density

=
)

gl

¥
Plx)dly)

[57, 31, 62,32, 34, 35 H = Ht
circular unitary ensemble Ptr U™ . m c N) [/ and L7 Ple¥id{r—1)
(umtary group) 0 = 1y

[37, 63, 14, 13, 38, 20, 64, 21

Hermitian chiral (complex
Laguerre) ensemble
[65, 66, 67, 7

PI:’.TI,.'L*F'IN.TH € )
A 15 a complex
N x M matnxwith N < M

Gaussian elliptical ensemble

(9. 10, 11, 36}; for v=1

complex Ginibre ensemble

exp iL_ L D o 1 |
(r—1) :
* BXp \‘-—I' 5 Re HHE]

H 15 a complex matnx; v >0

H and H

f b 2 i
exp | —7" (8" @ + 7 cos” )

Gaussian complex chiral

ensemble |12

EXP '_— br AT A — ErHiH:

C =24 +pB
D =AY + uB?

A and B are complex N x M

matrices with N < A

1 and DICT

K M-N - S G &
L.I“_

§ (1 — )
¥exp | ——=—rcosg
P\ s
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Some Matrix Ensembles Yielding Pfaffians

matnx ensemble

probability density F
for the matrices

matrices in the
charactenstic

polynomials

probability
densities g zy, )

and g{2y, za)

probability
density h(z]

real svinmetnc matri- Ptr H™ . m e N) H Piz ) Plza)x Pix)d(y)
ces |31, 24, 18| H=H"=H* 8y )840 (xn — 1)
circular orthogonal Pitr U™ m € M) [7 and U1 P} Ple¥?)x P{e)d(r—1)
ensemble [4 (7 = 1n and O(ry — 1)d{ra — 1) x
uT'=u XB (s — 1)
real symmetric chiral P (tr{ AAT)™ . m c W) AAT Pxq)Plza)x Px)a{y)cl—12
[real Laguerre) Amsareal N x M x{pyre) ¥y
ensemble matrix with ¥ (yy )0 yq)O(xq — 1q)
|21, 32, 33, 34] vr=M-NZ=0
“ - . - I.T | ] :I T T 5] s, .
Gaussian real elliptical | exp [— Tt HT H-! . H H EXp !L—TJ'}-'l b expl—7r )d(y)
= z i={1.2}
e . [T— 1) a GTE BT M
enzemble; for 7= 1 X exp | —-—; tr H xyf erfe(y/ 21 + 7)y;) x
real Ginibre ensemble H = H* * Ay )y )0 13 — o H
(10, 15, 35, 16, 36, 25 =0 F2ud (21 — 2318 )|
[37, 38, 23
exXp i— tr AT A — tr H."rlﬂ] ' H exp | —2n-z;| % " exp |[—2n_1] %

Gaussian real chiral
ensemble (9. 30|

C=A+uB
D= —AT 4 4B
Aand B are
real NV = M matrices

M—-NZ=0

with v

J={1,2]
gl s £ 2z )
* |8y )8 ya)B(za — T4 H
B2 (2 — za 160 )|

X Ky pa(2ner)dy)
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Supersymmetry for

Arbitrary Invariant Probability Densities
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SuSy for Arbitrary Invariant Probability Densities

P(H) arbitrary and invariant — generating function, x =z + J

i det(H — Kp2)
s det(H — kp1)

/d[H]P(H) = /d[p] exp (—istr pr) Q(p)sdet TV p

p= r1>0

= /d[a]@(a)sdet Mo — k)

Q(K):/P(H) exp (—itr KH) d|H] , Q(a):/Q(p) exp (+istrop) d|p]

Qtr K, tr K2, tr K°,...) = Q(str p, str p*, str p°, .. .)

TG (2006) — Littelmann, Sommers, Zirnbauer (2008) — Kieburg, Grongvist, TG (2009) —
Kieburg, Sommers, TG (2009)
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Reduction to Eigenvalue Integrals in Unitary Case

apply SuSy Harish-Chandra—Iltzykson—Zuber integral,
do derivatives with respect to source variables

Rk(ﬂh, e ,Zlﬁk) = /d[?“] Bk(r) exp (—itrg 5137“) Q(T)Sdet +NT

with Berezinian (Jacobian) By (r) = det [

.....

If Q(K) is known, correlations reduced to 2k integrals for arbitrary
invariant P(H ), including those which do not factorize
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Summary and Conclusions

e In certain cases, exact evaluation of SuSy model
e determinant structure built—in property of SuSy
e full control over matrix dimension advantageous

e SuSy Harish-Chandra, SuSy Berezin—Karpelevich:
closed form

e recursion formulae for Matrix Bessel Functions:
some closed form results

e SuSy Dyson’s Brownian Motion: scale invariance

e some applications: crossovers, temperature scaling
e SuSy structures without mapping to superspaces

e SuSy for arbitrary invariant probability densities

Paris, April 2012
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