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CHAPTER 1

HERMITIAN VECTOR BUNDLES ON ARITHMETIC
CURVES

§1.1
DEFINITIONS; GENERAL CONSTRUCTIONS

A. Definition and comments

Let K be a number field, ok be its ring of integers, S = Specog. Let Z be the set of
embeddings of K in C; such an embedding o is said to be real if o(K) < R, and complex
otherwise.

DEFINITION 1.1.1. A Hermitian vector bundle E = (E, h) on Specox is the data of a
projective o g -module of finite type E together with a family (hy)gex, where foranyo € Z,
hg is an Hermitian form on the complex vector spaces c*E = E ®; C. We assume the
family (hy) to be invariant under complex conjugation.

Forany o € X and any v € 0™ E, we also write | vl = / hs (v, ).
The rank rank E of E is defined to be the rank of the (locally free) og-module E; it is
also equal to the common dimension of the complex vector spaces o *E.

Remark 1.1.2. Let E = (E, h) be a Hermitian vector bundle over S. Let us detail the
condition that the family (/) is invariant under complex conjugation.

1) Let o € T and let G be the conjugate embedding, defined by a — o (a). Recall
that for e € E and a € ok, one has ae® 1 = e® 0(a) in ¢*E. In particular, the map
1 0*E — 0" E given by v ® z — v ®Zz is an anti-linear isomorphism of complex vector
spaces. The condition of invariance under complex conjugation means that for any
ogeX any vy, v, € 0¥E,

hs(v1,v2) = hg(v1, v2).

The invariance by complex conjugation is also equivalent to the fact that v ® 1|, =
|lv® 1|7 for any v € E. One implication is obvious. The other follows from the fact that
an Hermitian scalar product is characterized by its associated norm.

If o is a real embedding, ¢ = o and the condition implies that i, comes from an
euclidean scalar product on the real vector subspace E ®, R of 6*C.
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2) Let (vy,...,vy,) be a basis of the K-vector space E ® K. For any o € X, the family
(v;®1)is a basis of 0*E. Let A, be the matrix of /i, in this basis; in other words, A, =
(hs(v;®1,v;®1)). Since h, is Hermitian, one has Ag = A_g

The condition of invariance under complex conjugation is equivalent to the addi-
tional equalities Az = A, for o € X.

3) The complex space E¢c = E ®zR is naturally isomorphic to @ s> 0*E, complex
conjugation acting by exchanging ¢*E and ¢"E, for o € Z. (See Lemma below,
applied to the field extension Q < K.) Let us still write & for the Hermitian scalar prod-
uct on Ec given by h, on 0*E and such that 0*E and 7*E are orthogonal if o # 7. The
condition of invariance under complex conjugation means that h(v,w) = h(v, w) for
any two vectors v, w € Eg.

Let us moreover observe that Eg = E ®zR is the real part of E¢c = E®zC, i.e., the set
of vectors v such that 7 = v. Consequently, h restricts to an Euclidean scalar product
on Eg. Conversely, an Euclidean scalar product on Eg extends uniquely to a Hermitian
scalar product on E¢ which is invariant by complex conjugation.

Let E = (E, h) and F = (F, h) be Hermitian vector bundles over S. We define a mor-
phism of Hermitian vector bundles to be a morphism ¢: E — F between the underly-
ing o x-modules such that |¢(e)|, < llell, for any o € = and any e € o*E. This defines
a category Vect(S) of Hermitian vector bundles over S; in that category, a morphism ¢
is an isomorphism if it is bijective and respects the Hermitian forms.

The ring ok is a Dedekind ring: it is Noetherian, and its local rings are discrete valua-
tion rings. The analogy between number fields and function fields suggests to consider
the scheme S = Specok as an affine smooth curve. The motto of Arakelov geometry is
that these objects are the analogues of vector bundles on the (putative) projective curve
which would compactify S.

The analogue of a coherent sheafis the notion of a Hermitian coherent sheaf, defined
as a pair (E, h), where E is a ox-module of finite type and £ is a family of Hermitian
forms on the finite dimensional vector spaces 0™ E, for o € Z, invariant under complex
conjugation.

B. Constructions of Hermitian vector bundles from linear algebra

In order to develop this analogy, we first observe that some natural constructions
carry over to this setting.

B.1. Submodule, quotients. — Let E = (E, h) be a Hermitian vector bundle (coherent
sheaf) over S.

Let F be a submodule of E and let G = E/F.

For any o € Z, the exact sequence 0 — F — E — G — 0 induces an exact sequence of
complex vector spaces

0—-0"F—-0*E—-0"G—0.
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We endow 0 *F and ¢*G with their natural Hermitian forms deduced from h,: that
on o*F is actually the restriction of h,, while that on 0*G is deduced from the restric-
tion of A, to the orthogonal complement of o* F and the identification of this comple-
ment to o*G.

From the point of view of hermitian norms, rather than forms, observe that the her-
mitian norm ||, on o*F is deduced from the norm |||, by restriction, while the
hermitian norm on ¢*G is the quotient norm: for any vector v € o*G, |Vl is the
least norm of a vector e € 0* E mapping to v.

We write F = (F, hp) and G = (G, hg) for the so-defined Hermitian vector bundle (co-
herent sheaf) on S. (If no confusion can arise, we shall allow ourselves to omit the
indexes F and G in hr and hg.) We say that F is a Hermitian submodule of E and G is a
quotient of E. If, moreover, G is torsion free, then G is a Hermitian vector bundle on S;
in that case, we say that F is a Hermitian subbundle of E.

B.2. Direct sum. — Let E; = (E1, hy) and E, = (E», hy) be hermitian vector bundles
(coherent sheaf) over S. The module E = E; ® E, then gives rise to a hermitian vec-
tor bundle (coherent sheaf) (E, h) by letting h, to be the orthogonal direct sum of the
forms h; ; and hy 4; in other words, for any o € Z, one has

!/ !/ !/ / / * !/ *
ho (1 ® vz, V) @ V) = hi o (U1, V) + ho (U2, v5), V1,V €07 E), Uz, V€0 Eo.

We write E = E; 3 E,, or even E = E; & E, if no confusion can arise. One has rank(E) =
rank(E;) + rank(E,).

The hermitian vector bundles (coherent sheaves) E; and E, can both be seen, either
as submodules, or as quotients, of their orthogonal direct sum.

B.3. Tensor products. — Let E; = (Ej, hp) and E, = (Es, hy) be hermitian vector bundles
(coherent sheaf) over S. The module E = E; ®,, E, then gives rise to a hermitian vector
bundle (coherent sheaf) (E, h) by letting, for any o € X, h to be the natural hermitian
form on the tensor product 0*E = 0*E; ® 0" E.

One writes E = E; ® Ey; its rank is given by rank(E) = rank(E;) rank(E>).

More generally, all classical tensor constructions in linear algebra can be extended
in a natural way to the Hermitian framework, but some conventions have to be chosen.
We just quote the case of symmetric and alternate products.

Let E = (E, h) be a hermitian vector bundle (coherent sheaf) on S. Let p be a non-
negative integer. The symmetric and alternate products, Sym? E and Alt” E, are de-
fined by a universal property: they are the target of a p-linear morphism from E? such
that, for any og-module F, Hom(Sym? E, F) and Hom(Alt” E, F) are respectively the
sets of symmetric and alternate p-linear morphisms from E” to F. The p-linear maps
EP — SymP E and EP — Alt” E give rise to canonical morphisms E®” — Sym” E and
E®P — Alt” E. These morphisms are surjective.

The Hermitian norms on ¢*(Sym? E) = SymP (0 *E) and ¢ * (Alt” E) = AltP (¢ * E) are
defined as in the appendix. This defines canonical Hermitian vector bundles (coherent
sheaves) Sym” E and Alt? E.
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If E is a Hermitian vector bundle of rank N, one also writes det(E) for Al¢™ E.[7]

B.4. Homomorphisms. — Let E; = (Ey, hy) and E, = (E», hy) be hermitian vector bun-
dles (coherent sheaf) over S. The module E = Hom(E;, E») of og-linear homomor-
phisms from E; to E, then gives rise to a hermitian vector bundle (coherent sheaf)
(E, h) by letting, for any o € Z, h; to be the natural Hermitian form on the tensor prod-
uct 0* E = Homg (0 * E;,0* E;). One has rank(E) = rank(E;) rank(E,).

In particular, for any hermitian vector bundle (coherent sheaf) E = (E, h) over S, the
module EV = Hom,, (E,0k) is endowed with a natural structure of hermitian vector

bundle E'. One has rank(E ') = rank(E).

C. Canonical isometries

The classical isomorphism

k . .
Alt*(E® F) = @DAIt' (E) ® Al (F)
i=0
gives rise to an isomorphism of hermitian vector bundles

koo _
At (B F) =~ PAIt (B) @ Alt~ (F).
i=0

When E and F are hermitian vector bundles, one has a canonical isometry
det(E @ F) = det(E) ® det(F).

More generally, let E, F,G be hermitian vector bundles, related by an exact sequence
0 — F — E — G — 0. We assume that for any embedding o € X, the hermitian norms
on F and G are the induced and quotient norms respectively. Then, there is a canon-
ical isomorphism of ox-modules det(E) = det(F) ® det(G) and it induces an isometry
of det(E) with det(F) ® det(G).

Let E; = (E1, hy) and E, = (E,, hy) be hermitian vector bundles (coherent sheaf)
over S. Assume that Ej is locally free. Observe that the natural isomorphism of og-
modules:

EI/ ® Ey — Hom(E;, E»)
is an isometry.

§1.2
ARITHMETIC DEGREE

A. The Arakelov Picard group

Equivalence classes of hermitian line bundles on S form a set Pic(S). The tensor
product induces a group law on this set, the inverse is induced by the dual.

(I Definir le determinant dans le cas cohérent? Ou carrément le déterminant d'un complexe?
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PROPOSITION 1.2.1. There is an exact sequence of Abelian groups:
>\ Foo —~ .
1 — pg — o — (R*) ™ — Pic(S) — Pic(S) — 0.

Proof. — The injection ug — o} is the obvious one.

The map logy associates to any element a € 0}, the family (log|o(a)|)ges. It is a mor-
phism of Abelian groups.

The kernel of logs contains the roots of unity of K. Let us show the opposite inclu-
sion. An element a € ker(logy) is in particular an algebraic integer a € ox be such that
lo(a)l = 1 for any o € Z. By the finiteness lemma below, ker(logy) is finite. Its
elements are torsion, so are roots of unity.

The map (R¥)Feo — 151\0(5) associates to a family (u,) the hermitian line bundle Lw) =
(L, h) on S defined as follows: L is the trivial line bundle ox on S, and it is endowed
with the hermitian metric (h,) characterized by hs(1) = exp(—uy). (In other words,
hs(a® z) = exp(—ug) lo(a)llzl.) If (us) is Feo-invariant, that is, if uz = u, forany o € %,
then so is (hy). The so-defined map is obviously a morphism of Abelian groups.

Let u = (u,) belong to its kernel. In other words, there is an isomorphism L(0) = L().
Such an isomorphism is induced by an automorphism ¢ of ox such that |o(e(x))| =
exp(—uy)|o(x)| for any x € L. There exists a € o such that £(x) = ax for any x € L,
hence |o(a)| = exp(—u,) for any o € Z, whence u = —logs(a). The kernel of the mor-
phism u — L(u) is therefore contained in the image of logy and the same computation
establishes the opposite inclusion.

Finally, the morphism Pic(S) — Pic(S) simply forgets the hermitian metrics. It is sur-
jective because any line bundle can be endowed with an hermitian metric. Its kernel
consists of hermitian line bundles whose underlying line bundle is the trivial line bun-
dle. Any such line bundle is of the form L(u) for some u € (R¥)~, O

LEMMA 1.2.2 (Finiteness lemma). Let d be a positive integer and B be a positive real
number. The set of algebraic integers of degree < d and all of whose complex conjugates
have absolute value < B is finite.

Proof. — If a is an algebraic integer of degree d, let P, be its minimal polynomial;
it is a polynomial with rational coefficients. Since we are in characteristic zero, a is
separable and P, = (X — a1)...(X — aq), where a,,...,a,; are the complex conjugates
of a. Since a is an algebraic integer, the coefficients of P, are algebraic integers; con-
sequently, they are rational integers. Moreover, the coefficient of X* in P, is bounded
by ( d‘_l k)Bk. This shows that the polynomial P, belongs to a finite list of polynomials
in Z[ X], independent of a. As a consequence, the set of such a is finite. O

B. An arithmetic Chow group

By definition, the group Z!(S) of (Weil) divisors on S is the free Abelian group gen-
erated by the set of integral codimension 1 subschemes of S. Such subschemes are
in bijection with maximal ideals of og, the ideal p corresponding to the subscheme
[p] := Spec(ok/p).
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For any maximal ideal p, the order function ord,: K* — Z is the unique group ho-
momorphism such that
ordy (a) = length(ok p/(a))
for any non-zero a € ok, where length(:) is the length of module. In fact, ox being a
Dedekind ring, ord, is a valuation on K.
For any non-zero a € K = «(S), we now define its divisor div(a) by the formula

div(a) = )_ordy(a)[p].
p

It is indeed an element of Z!(S) and the induced map div: K* — Z!(S) is a group ho-
momorphism. We set Rat!(S) = div(K*) and CH!(S) = Z(S)/Rat!(S).

By definition, the group Z1(S) of arithmetic divisors on S is the direct sum 7Z1(S) ®
(RE)F~_ If a e K*, we define

div(a) = (div(a), (~1oglo(@))gex) € Z'(S).

The map div is a morphism of Abelian groups from K* to Z!(S); let Rat' (S) be its image;
the quotient group CH!(S) = Z!(S)/Rat!(S) is called the first arithmetic Chow group
of S.

The degree map cTe\g: CH!(S) — R is defined as follows. First, for (D, g) € Z'(S), one
sets

deg(D,g)= Y  nplogcard(ox/p)+ Y. go.
peSpmi(ok) geXx
Let us prove that for any a € K*, cTe\g(div(a)) = 0. It suffices to treat the case of non-zero
elements in og. For such an element a, one has
(Tc:g(aﬁl(a)) = Zordp(a) logcard(ox/p) — Z loglo(a)l.
p o€X

Moreover,
ordy (a)logcard(ok/p) =length(ok p/(a))logcard(ox/p) =logcard(ok p/(a)).
Since the ox-module o0k /(a) has finite support, one has an isomorphism
ox/(a) = @ o/ (@),

from which we deduce that

Z ordy(a)logcard(ok/p) =logcard(ox/(a)) =logN((a))
p

is the logarithm of the norm of the ideal (a).

Let us then observe that og/(a) is the cokernel of the “multiplication-by-a” map
in og, which is a free Z-module of finite rank. By the theory of elementary divisors,
one has card(ox/(a)) = |det(u4)) |- Moreover, when tensoring with C, one has 0x ®7C =
Poex C, and the map p, is identified with the linear map given by the multiplication
by o(a) on the factor indexed by o. Consequently, det(i,) = [15ex 0(a). These equali-
ties imply that cTe\g(cTi\v(a)) =0, as was to be shown.

It follows that cTe\g induces a map from CH'(S) to R.
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Example 1.2.3. If K = Q, then (TEZ(; is an isomorphism.

C. Arithmetic Chern class

Let L = (L, h) be an hermitian line bundle on S. For any maximal ideal p, Ly=L®ok,
is a free og p-module of rank 1. This allows to define ord, (¢), if ¢ is a non-zero element
in L® K: it is the unique element of Z equal to ordy(a), for any basis € of L, and any
a € K* such that ¢ = ae. The divisor div(¢) of a non-zero ¢ € L® K is then defined as
the element 2p ordy (£) of Z1(S). We moreover set div(¢) = (div(¢), (- logllllls)ges)-

The image of div(¢) in CH'(S) does not depend on the choice of ¢; we denote it by
¢1(L) and call it the first arithmetic Chern class of L. It only depends on the isometry
class of L.

PROPOSITION 1.2.4. The map €, : Pic(S) — CH(S) is an isomorphism of groups.

Proof. — Let L and M be hermitian line bundles on S, let ¢ and m be non-zero ele-
ments in L® K and M ® K. We observe that Ji\v([ ®m) = cTi\V([) + cTi\v(m) ; this implies
that ¢; is a morphlsm of Abelian groups.

Let L € Plc(S) be such that & (L) = 0. Let ¢ be any nonzero element in L ® K; by
assumption, d1v(€) € Rat! (S), so that there exists a € K* such that dlv(é) dlv(a), re-
placing ¢ by a “1¢, we may assume that dlv(é) = 0. As a consequence, div(¢) = 0: the
element ¢ has neither zeroes, nor poles, so is a basis of L, hence induces an isomor-
phism ¢: og = L. Moreover, ||¢], =1 for any o € %, so that ¢ is an isometry from the
trivial hermitian line bundle to L. This shows that ¢ is injective.

Let us now establish its surjectivity. Let (D, g) be any element in Z! (S); let L = 0s(D)
be the fractional ideal consisting (besides 0) of elements a € K* such thatdiv(a)+D >0
is a divisor with nonnegative coefficients. The injection L c K extends to a canonical
isomorphism L® K = K; let £ be the element of L ® K which maps to 1. Since ok is a
Dedekind ring, D is a Cartier divisor and one has div(¢) = D. For any o € Z, there is
a unique hermitian metric i, on L ®, C such that ||¢|, = exp(— gs). Since g belongs
to (R%)F=, the family h = (hg) is invariant under F,, and L = (L, h) is a hermitian line
bundle on S. Moreover, div(¢) = (D, g), hence the desired surjectivity. O

We shall also denote by deg(L) the arithmetic degree of ¢ (L).
LEMMA 1.2.5. Forany nonzero ¢ € L, theog-module L/ o/ is finite and
(Te;g(z) =logcard(L/og¥) - Z logll4lls -

ogex
Proof. — By definition of the maps ¢; and (Tag,
deg(L) = deg(div(®)) = }_length(Ly/0x »¢)logcard(ox/p) — Y _logllZll, .
p o

It thus remains to show that the first part of this sum is equal to logcard(L/ok¥¢). Since
L/ok? has finite support, one has

Liogl =@ Lylok,p?
p
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hence

logcard(L/ox¢) =) logcard(Ly/ok,p¢) =Y _length(L,/ ok p¢)logcard(ok/p).
p p

The proposition is proved. O

Example 1.2.6. The arithmetic degree of the hermitian line bundle ok is zero. Let
be an ideal in 0k, and let us view is a Hermitian line bundle by restriction. One has
deg(l) = —logN().

D. Degree of hermitian vector bundles

Let E = (E, h) be an hermitian coherent sheaf on S. Let Ty < E be the torsion sub-
group of E; the quotient E/ T is locally free, hence is a vector bundle on S. Moreover,
the projection E — E/Tg induces an isomorphism of o * E with 0 * (E/ Tg), for any o € X.
We endow E/ T with hermitian forms via these isomorphisms and let E/Tg be the cor-
responding hermitian vector bundle on S.

DEFINITION 1.2.7. We define the arithmetic degree of E by the formula:
deg(E) = deg(det(E/ T)) + logcard(T).

PROPOSITION 1.2.8. Let0 — F - E 2 G — 0 be an exact sequence of hermitian coherent
sheaves on S. Then, _ _ _
deg(E) = deg(F) + deg(G).

Proof. — Let Tg, Tr, T be the torsion subgroups of E, F, G. We first prove a series of
particular cases.

(D). Assume that E, F and G are torsion. Then (Te\g(f) =logcard(E), etc., and the result
follows from the multiplicativity of cardinalities in exact sequences.

(I). Assume E, F and G are locally free. Then, the proposition follows from the ex-
istence of an isometry det(E) = det(F) ® det(G), and the behaviour of deg for a tensor
product.

(I1). Assume that E is locally free and G is a torsion module. Then, E and F have the
same rank, say n, and the og-module E/F is a finite Abelian group. Let (ey,...,e,;) bea
family of linearly independant elements in F; let us pose e=e; A--- A e, viewed as an
element of det(F) c det(E). One has

deg(F) = logcard(det(F)/eox) - _logllell,
g

and
deg(E) = logcard(det(E)/eox) - Y_logllelly .
g

Consequently,

deg(E) = deg(F) +logcard(det(E)/ det(F)).
It thus remains to show that det(E)/ det(F) is an Abelian group of cardinality card(G).
It suffices to prove that for any maximal ideal p, the localizations (det(E)/ det(F)), and
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Gy have the same cardinality. This follows in turn from the theorem on elementary
divisors in the discrete valuation ring ok .

_ (IV). Assume that G is a torsion module. From the exact sequence 0 — FITg —
E/Tg — T/ p(Tg) — 0 and case (III) above, we obtain

deg(E) = deg(E/ Tg) + logcard(Tx)
= deg(F/ Tr) + logcard(Tg/ p(TE)) + logcard(Tg)

card(T¢) card(Tg)
card(Tr) card p(Tg) "

Using the exact sequence 0 — Tr — Tr — p(Tg) — 0 and applying Case (I), we see that

= cTe\g(l_:) +log

deg(E) = deg(F) + logcard(Tg).

(V). Assume that G is locally free. Then, Tr = Tr and we have an exact sequence,
0—FITg—EITg—G—0,
so that
deg(E) = deg(E/ T) +logcard(Tx) = deg(G)+deg(F/ Tr)+logcard(Ty) = deg(G)+deg(F).

The second equality follows from Case (II), the other two from the definition of the
arithmetic degree.

We now prove the general case. Let E' = p~!(T;), and let us endow it with the in-
duced metric. One has p(Tg) < Tg, hence Tg < E'; moreover, Tg N F = Tg. By case (IV)
above, the exact sequence 0 — F — E’ — T — 0 implies that

c@(@) = (Te\g(l_?) +logcard(Tg).

Observe that E/E' is torsion free and that F < E’. Quotienting by E’, we thus obtain
an isomorphism

E/E'=GITg
of Hermitian vector bundles over S. Consequently,
deg(E/E) = deg(G/ Tg) = deg(G) — logcard(T¢).
Moreover, Case (V) implies that
deg(E) = deg(E") + deg(E/E"),
so that
deg(E) = deg(F) + logcard(Tg) + deg(G) — logcard(Tg) = deg(F) + deg(G).
This concludes the proof. O

PROPOSITION 1.2.9. LetE and F be Hermitian vector bundles over S. One has (TE%(E ®
F) = rank(F) deg(E) + rank(E) deg(F).
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Proof. — This follows from the existence of an isometry
det(E ® ﬁ) ~ (Te\g(E)®rank(1?) ® (Te\g(ﬁ) & rank(E) .
O

Example 1.2.10. Assume K = Q. Let E = (E,h) be an hermitian vector bundle
over SpecZ. Let (ey,...,en) be a basis of E — it exists since any finitely generated
projective Z-module is free. Then, e = e; A --- A ey is a basis of Alt" (E). It follows that

— 1
deg(E) = logcard(Alt" (E)/Ze) —log|lell = —log | e]l = —Elogdet(h(ei,ej)).

Conversely, let (f1,..., fn) be an orthonormal basis of Eg. It induces an isomorphism
Er — RY by which E is identified with a lattice in RN. We write covol(Egr/E) for the
volume of a fundamental domain of this lattice, for the Euclidean Lebesgue measure
on Ep, i.e, the Haar measure normalized so that the unit cube ) [0, 1] f; has volume 1.

For any i, write e; = 3 a;;fj. One has h(e;,ej) = }.x a;xa;jr, hence det(h(e;, e;)) =
det("AA) = det(A)?, where A = (a;;). This implies that deg(E) = —logcovol(Eg/E).

§1L3
THE RELATIVE RIEMANN-ROCH THEOREM

A. Direct and inverse images for Hermitian vector bundles

Let K < K’ be an inclusion of number fields, let S = Specog, S’ = Specog andn: §' —
S be the morphism induced by the inclusion ox < ogs. It is finite, locally free of de-
gree [K': K].

Let us attach to 7 natural maps

7w Vect(S') — Vect(S), n*: Vect(S) — Vect(S).
We shall also define the norm Ng/,5(L) of a hermitian line bundle L over S'.

A.1. Inverse images of hermitian vector bundles. — We begin with 7*. Let E = (E, h) be
an hermitian vector bundle (coherent sheaf) on S; let N = rank(E). Then E' = 7*E =
E®,, 0k is a vector bundle (coherent sheaf) on S’ of rank rank(E). The restriction to K
of any embedding 0’: K’ — Cis an embedding o of K into Cand (0')*E' = E'®,,, ,/C is
canonically isomorphic to Ex,, »C. We use this isomorphism to define a hermitian &,
form on (¢')*E’. Then, the pair (E’, h') is a hermitian vector bundle (coherent sheaf)
onS'.

PROPOSITION 1.3.1. The construction n* commutes with the constructions of direct
sums, tensor products, symmetric and alternate products on Vect(S) and Vect(S)).

For any hermitian vector bundle on S, one has rankn*E = rankE and (Te\gﬂ*E =
[K'K]degE.
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Proof. — Let us write d = [K’ : K]. It suffices to prove that degn*L = d degL for any
hermitian coherent sheaf of rank one L on S. Let T be the torsion subgroup of L. Since
ok islocally free over og, 7* T = T® o0k is the torsion subgroup of L&og and (L/ T)®o
identifies with #*L/m* T.

Let ¢ be any nonzero element of L. By definition

deg(L) = logcard(T) +logcard(L/ (T +o0x£)) — ¥ logll€ll,.

geX

Since the support supp(7T) of T is finite, there is on open neighborhood U of supp(T)
in S such that 7 is free of rank d over U. This implies that as an ox-module, 7* T = T4,
In particular, logcard(z* T) = logcard(T%) = dlogcard(T). Similarly,

logcard(m*L/n* T + oy ¢) =logcardn™ (L/ T + 0g¥) = dlogcard(L/ T + ok ¥¢).

Finally, any embedding o of K into C is the restriction to o of exactly d embeddings
of K’ into C. By the definition of /’, this implies that

Y logh,(¢®1)= ) dloghg(0).

o'ex’ g€eX
This gives the desired formula. O
A.2. Direct images of hermitian vector bundles. — Let now E=(F , h) be an hermitian

vector bundle (coherent sheaf) on S’. We define a hermitian vector bundle (coherent
sheaf) (E, h) on S as follows. First of all, the module E = 7, E' is defined to be E’, viewed
as an og-module. It is of finite type since o is itself of finite type over o. If E is locally
free of rank N, then E is locally free of rank d V.

LEMMA 1.3.1. Leto € Z be an embedding of K into C. As an algebra over ok, the tensor
product A = og ®,, 5 C is isomorphic to the algebra [1,, C, where the product ranges
over all embeddings o' € ' which extend o, the factor indexed by o' being viewed as
an oy -algebra viao'.

Proof. — It suffices to prove the analogous assertion where ox and og are replaced
by K and K’ respectively. Let a € K’ be a primitive element and P € K[X] be its minimal
polynomial. Then, K’ = K[a] = K[X]/(P) and K’ ® s C = C[X]/(P?), where P? is the
polynomial in C[X] obtained by applying o to the coefficients of P. If P? = [[(X — a;),
then ay,..., a; are the images of a by the embeddings of K’ into C which extend o. In
other words, K’ ®k,,; C = @, C, where on the factor indexed by ¢’, C is viewed as a

K’-algebra via o’ O
Let 0 € X be an embedding of K into C. Then, o* 7, E’ is naturally isomorphic to the
direct sum
@ ( (7,) g
o'lo
Indeed,

0" E = E ®4,0 C=E ®,,, (0 ®4,0 C)
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and the isomorphism of Lemma|1.3.1|/induces the stated decomposition. For e = (e] ) €
o*n.E', we then define

lel2 = L)ool = Y dorio || |-
o'lo

A.3. The norm of on Hermitian line bundle. — Let L = (L, h) be an hermitian line bun-
dle over §'. We want to define the norm of L as an hermitian line bundle Ng,g(L) over S,
whose underlying line bundle is indeed the norm N/, g(L) of the line bundle L.

Let us recall the definition of this line bundle on S. Let (U;) be an open cover of S
such that Liz-1, is trivial for each i; such an open cover exists, since 7 is finite.
For each i, let us choose a section ¢; € T'(n"!(U;), L) which generates L everywhere
on n-1(U;). Then, the family (fij) where, for each pair (i, ), U;; = U;nU; and
fij€ NG Wi, ﬁ;,) is the unique invertible function on 7! (U;j) such that¢; = f; ¢,
is a 1-cocycle which represents the line bundle L.

By definition, the line bundle Ng/,5(L) is represented by the cocycle (Ng,s(f;;)) on S,
relative to the open cover (U;). It admits a canonical trivialization over U;, whose gen-
erator is denoted N(g;). Over U; nUj, one has N(g;) = N(f;;)N(¢;), whence the nota-
tion.

More generally, any section s € L possesses a norm N(s) € Ng;5(L), defined in such a
way that if s = fe; over 771 (U;), then N(s) = N(f)N(e;) over Uj;.

Let us now endow N(L) with an hermitian metric. Let o € . Then, o*N(L) is the
norm of the line bundle L ®,, ; C from 0%, ®,,,c C = K' ®k ; C to 0g ®,; C = C, viewed
as a K-algebra via 0. As we have seen, the C-algebra og’ ®,,,, C is isomorphic to the
product [],, C, where ¢’ ranges over all complex embeddings of K’ which extend o.
This furnishes a canonical isomorphism

o"N(L) = @ (" *L)
o'lo

and allows to define a canonical hermitian metric on o*N(L) so that the previous iso-
morphism is an isometry.
We have not yet explained the direct image at the level of CH! (S) but let us note the
formula
m.C1(L) =1 (Ngys(L)

which extends the classical formula 7, c; (L) = ¢;(Ng;5(L)).

B. An arithmetic Grothendieck-Riemann-Roch theorem

THEOREM 1.3.1. Let E be a hermitian vector bundle over S'. Then, there is a canonical
isomorphism of hermitian line bundles over S:

detn,E = Ng,s(detE) ® detr, (0gr, 1)2"KE,

Proof. — Let us fix n elements of E, say ey,...,e,, which are linearly independent
over K, as well as d elements of ok, say ay,...,ag, which are linearly independant
over K.
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Let E' be the submodule of E generated by the e;, and let E” be the submodule of . E
generated by the aje;. Then, ¢, (detE) is represented by the arithmetic cycle

divie; A= Aey) = Zlengthp,(E/E') p1- > %logdet(hgl(ei,ej)) o]
pl

g'ex’
on S, while ¢ (Ng,s(det E)) is represented by the arithmetic cycle
n*éi\v(el A Ney) :(Ti\VN(el A Aey)

=)

p

2 length,, (E/EN[x (") : K(p)]) [p]
p'lp

1
-> (Z dg//oilogdet(hg/(ei,ej))) (o]
o'lo

o€EX

on S. Let us observe that for each maximal ideal p of ok, one has

Zlengthp, (E/E")logcard(x(p")) = ) _logcard ((E/E') ®,, 0k,) =logcard ((E/E") ®, 0k p) -
p'lp p'lp

Consequently, the coefficient of [p] in 7, div(ei A---Aey) is equal tologcard((E/E"),)/logcardk (p).
On the other hand, the family (a;e;) is a K-basis of 7. E, so that ¢ (detn. E) is repre-
sented by the arithmetic cycle

_ 1
div(aiey A---Nagey) = Zlengthp((E/E”) ®0ok,p)[pl—)_ > logdet (hg(ajej, arem)) gk
p o (j,m)

on S. Let A < ogs be the sub-og-module generated by ay,...,a4. One has E" c E' ¢ E
and E” =2l® E' ~ A". Consequently,

length((E/E") ® 0k p) = length((E/E") ® 0k ) +length((og'/A) ® E' ® 0 )
=length((E/E") ® 0k,p) + nlength((ox/ A) ® 0k p).

Finally, a; A --- A ag is a nonzero section of m.0g. For o € X and a, b € ok, the scalar
product of a and b as elements of 7, 0g is equal to

Y (a,byy =) o' (@a'(b).

o'lo d'lo
Consequently, the norm of a; A--- A ag in 0™ detm, 0k is given by
lay A+ A agl’ = det(<ai,aj>a),-']- = det(z U’(ai)a’(aj)) =|Dg(ay, ..., aq)l?,
0"|0' ij

where Dy (ay,...,a,) = det (U,(ai))i,a"
represented by the arithmetic divisor

div(a; A---Aag) = Y length(og:/ A)plp] = Y log|Dy(ay, ..., ag) o).
p o

Finally, the Hermitian line bundle det(r.0g) is
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These relations imply that
div((/\ are)) - N(/\ ;) — rank(E)div(/\ a;)

1
=Y |nlog|Dg(a,...,az)| + > Y logdet (hy(ei,e))); ;
o

J
o'lo

- %logdet(hg(aiej,akem)) (i.)) [o].
(j,m)
In particular, the finite components of this arithmetic divisor are zero. Let us show that
the same holds for its archimedean components.
Actually, the matrix with ((Z, j), (k, m)) coefficient

he(aiej, aren) = Y o'(a))o'(ap){ej, emds
a'lo

is equal to the following product of matrices

([77(an] e id) ([(e irem)sBo ] (i ) (lo" @], ®id).

(m,0")

Its determinant thus equals

- n
det(hqy(aie;j, axem)) i,j) = det((r’(ai))i,Tf) [T det(<ej, em)o) det((@' (ar)o k)"
(j,m) d'lo
=|Dg(ay,...,aq)”" [ det((ej, em) o)
o'lo
and

div((/\ aiej)) = N(/\ e;) + rank(E)div(/\ a;).
Consequently, the rational morphism from det (7, E) to N(det E) ®det(r, 0 k)" which
sends /\(a;e;) to N(Aej) ® (A a;)®" induces an isometry of Hermitian line bundles. [

C. Relative duality

The Grothendieck-Riemann-Roch theorem describes the difference between the
operations of norms and of direct-images of hermitian vector bundles. The duality
theorem analogously measures the lack of commutativity of the two operations taking
a dual and direct-image.

The dualizing module is furnished by the inverse of the different. Let us recall its def-
inition. The trace trg//x: K’ — K is a K-linear map and the bilinear map K’ x K’ — K
given by (a, b) — trg:x (ab) is a perfect pairing, since the extension K — K’ is separa-
ble. The codifferent @I‘(,l/  is defined as the setof all a € K "such that trg/, g (aog) < ok.
It is a fractional ideal of K’ containing ok.

In other words, let us identify the K’-vector space Homg (K’, K) with K’ by the map
u — a,, where a, is the unique element of K’ such that tr(a,b) = u(b) for all b € K'.
Under this identification, the trace form maps to 1 and the submodule Hom,, (07, 0k)

maps to D}, ...
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For any ¢’ € ¥, there is a canonical isomorphism (¢”) *@I}}/ = (0")*K’ = C by which
we endow @;{/1/ K with the structure of a Hermitian line bundle over S’. This endows
Hom,, (0, 0x) with a structure of Hermitian vector bundle over S’ such that ||tr],» =1
forany o’ € ¥’

For any Hermitian vector bundle Fon S, letus pose

= _ -1 * o y—1
TE=9 g @0 F=D g @
viewed as an Hermitian vector bundle over S'.

THEOREM 1.3.2. Let E and F be Hermitian vector bundles over S' and S respectively.
There is a canonical isomorphism of Abelian groups

HomaK (H*E) ﬁ) =TT HOmoK, (E, ﬂ'ﬁ)
and this isomorphism induces an isometry of Hermitian vector bundles over S.

Proof. — Let us first define this homomorphism on the generic fibre: since @I},l/ Kk ®
K’ = K', we need to define an isomorphism Dk of K-vector spaces

Homg' (Ex', Fx ® K') = Homg (Eg, Fx).

We define Dk as the morphism given by composition with the morphism idg, ® trg/,x

from Fx ® K’ to Fx. Its surjectivity follows from the fact that idg, ®trgs, g is sur-

jective. Both sides having the same dimension as K-vector spaces, namely [K’ :

Kldimgs (Eg) dimg (Fx) = dimg (Eg) dimg (Fx), we see that Dk is an isomorphism.
Let us now show that Dg induces, by restriction, an isomorphism

Hom, , (E, D¢, ® 1* F) = Homy, (1.E, F).

Since E, resp. F, is a direct factor of a free og--module, resp. of a free ox-module, it
suffices to treat the case where E = 0gr and F = og. Then, the left hand side is CDI}}/ K
and the right hand side is ok, the map Dy identifies with the “morphism” @I_(}/ =
Hom(og, 0x) such that Dg(b) = (a— tr(ab)). By definition of @I_(}/K, this is indeed an
isomorphism.

It now remains to prove that D induces an isometry. Let us fix o € Z. Then,

o* Homg (Exs, Fx ® K') = @ Homc ((0")*E,0* F),
d'lo
where ¢’ ranges over all embeddings of K’ into C which extend ¢, while
o*Homg (Eg’, Fx) = Homg (@D (0')*E,0* F) = @ Homc (') *E, 0" F).
olo olo

These are orthogonal direct sums of Hermitian complex vector spaces. Under these

identifications, the isomorphism D identifies with the identity morphism. This shows
that Dg is an isometry. O

To be really useful, the Grothendieck-Riemann-Roch theorem has to be comple-
mented by the computation of the second term, namely det(m.0g).
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PROPOSITION 1.3.3. Let0g/,x < ok be the discriminantal ideal end let us consider it as
an Hermitian line bundle. Then, there is a canonical isomorphism

det (. 0x)®* = 0g i

of Hermitian line bundles.

Proof. — Letus consider the og-bilinear map on ok’ given by the trace map. It induces
a linear map

7: det(m,0x) ®det(m,0x) — 0k, (a1 A---Aag,by A---Nbg) — det(tr(a; bj)).

Its image is, by definition, the discriminant ideal dg,s. (Indeed, this ideal is gener-
ated by determinants of the form det (tr(wiw j)); the assertion follows at once if one
can choose (w;) to be a basis of 0g’ over ok; a localization argument then implies the
general case.) We now need to compare the hermitian metrics on both sides.

Let 0 € £. The isomorphism 0*7,0x = @y ,(0')* 0k shows that the hermitian
form on o*m.o0x is given by (a,b), = quama’ (b). Moreover, the trace form
o*tr: o*m.ogp — 0*og identifies with the map (z,/) — Y z,7. Then, o*1 is identified
with the map

(z1 A ANzg)® (W A A wg) — det (Z Zi o wj,U/) =det [Ziygl) det[wj,g/) .
O—/

so that 0*7 is an isometry. O
COROLLARY 1.3.4. One has cTe\g(n*oK/) = —%logN(OKr/K).

Proof. — Indeed, the arithmetic degree of the ideal 0/, g in 0g is equal to —logN @k, x)-
O

COROLLARY 1.3.5. For any Hermitian vector bundle E on S', one has

S | _
degn.E =degE — > rank(E)logN k).

S1.4
GLOBAL SECTIONS, AND GEOMETRY OF NUMBERS

A. An arithmetic Riemann inequality

Let K be a number field, let o be its ring of integers, let Z be the set of embeddings
of K into C. Let us also write S = Specok.

Let E = (E, h) be an hermitian vector bundle over S. Under the function field/number
field analogy, global sections of E are elements of E satisfying |lell; < 1forall o € Z. Let
us denote this set by H(E) and h°(E) = logcard H(E).
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The results below are then analogues of the following theorems for algebraic curves:
let X be a projective geometrically integral smooth curve over a field k, let D be a divi-
sor on X, let g be the genus of X; then:

a) ifdegD <0, then h°(D) =0;

b) ifdegD =0and D # 0, then h°(D) = 0.

c) if degD > g — 1, then h°(D) # 0; more precisely, h°(D) > deg(D) +1 - g.
LEMMA 1.4.1. Let E be a non-trivial Hermitian line bundle over S such that (Té\gf <0.
Then h°(E) = 0.

Proof. — Let us assume that h°(E) # 0 and let ¢ be any non-zero element in HO(E).
Then, by definition of the arithmetic degree,

deg(E) = logcard(E/og ) — Y logliflg,

(4>

hence (Te\g(f) > 0, all terms of the sum being nonnegative.

Since deg(E) < 0 by hypothesis, we deduce that deg(E) = 0 and that all terms of this
sum vanish. In other words, E = 0x¢ and | 4|, = 1 for any o € Z. This means precisely
that the morphism ox — E given by a— a/ is an isometry. Consequently, E is the trivial
hermitian line bundle, contradiction. O

For any integer n, let us 8, be the volume of the unit ball in R”. Let us pose
1
x(n,K)= EnlogIDKI + nrilog2 —rylog B, — ro2logBay.

By Lemma Bn=n""2IT(1+ n/2), so that

T(1+n/2)1/nT(1 +2n)2r2/n
gdo-2n :

1
x(n,K) = Enlog |Dx|

PROP/O\SIEION 1 .4.2._Letf be an H_ermitian vector bundle over S.A_ _
IfdegE > y(rank E, K), then h°(E) > 0. More precisely, h°(E) > deg E — y(rank E, K).

Proof. — Let Z; c X be the set of real embeddings of K, and X, < Z be one half of
the complex embeddings, chosen in such a way that £ = 2, uZ, U ¥,. Let us pose
r1 = card(Z;) and r, = card(Z,); they satisfy r; + 2r, = d, where d = [K : Q]. Let us pose
Er = E ®zR; this is a real vector space of dimension nd, with n = rank E.

The map a — (0(a))gex,us, induces an isomorphism ox ®zR = R x C"2. Conse-
quently, the morphism of real vector spaces

EezR= P opEe P o"E
o€, o€eXy

is an isomorphism where, for o € X1, o is the map K — R deduced from o.

Let |||l and ||-|l, be the norms on Eg defined by

1/2

2 2
les)l =maxlleslly, — lea)lz={ D llesly; +2 ) lleslly
geX; €y
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Let u be the the Euclidean Lebesgue measure on Eg corresponding to the norm |-[,.
The Euclidean lattice (E, ||-||,) is equal to 7. E. Its covolume is therefore equal to

S | —
—logu(ER/E) =degn.E =degE — Erank(E) log|Dgl,

wher Dy is the absolute discriminant of K.

The Euclidean norm ||-||» defined on Eg induces the Euclidean norm on each factor
O'EE ,for o € X, and twice the hermitian norm on the factors ¢ * E, for o € X,. Moreover,
the unit ball B of Eg for the norm ||-|| is the product of the Euclidean unit balls of these
factors. Since ry factors have dimension 7, and the r» other have dimension 27, the
Euclidean volume of B is given by

pB) = [] Bn [1 22" B2n =B} 222 B2,

o€, ()

By Minkowski's theorem (Theorem [A.3.1|below), card(E N B) > 1 if u(Er/E)/pu(B) <
2-"d In other words, h°(E) > 0 if

—_— 1

deg(E) > EnlogIDKl + nrilog2—rylogfB, —r2logBo, = y(n, K).
More generally, Minkowski’s Theorem implies that card(E N B) > 2"4 1 (Er/E)/ u(B), so
that h°(E) > y(rankE, K). ]

COROLLARY 1.4.3. Let (E;) be a family of Hermitian vector bundles over S such that
deg(E )/ rank(E;)logrank(E;) converges to +oo. Then h°(E;) > 0 for i large enough.

Proof. — It suffices to show that for i > 0, deg(E) > X(rankE,K), so that E- satisfies
the assumption of Proposition|[I.4.2] It suffices to prove this under one of the assump-
tions (1) rank(E;) is bounded, or (2) rank(E ) — oo. This is clear in case (1) for the
hypothesis of the corollary implies that deg(E ) — +oo.

Let us thus assume that rank(E;) — oco. The Stirling formula

T(1+x) ~x"2e*V2n
implies
1
—logI'(1+x) =logx—1+o0(1),
X

hence y(n, K) satisfies the following asyrnptotic expansion when n — oo:

x(n,K) = nd logIDKIU[K Ql +10g N - E_ (log(n/Z) -1)+ E (logn 1)

1
=nd (logn+0()),

the field K (hence its degree d) being fixed. Consequently, d/e\g(E) > y(rank(E;), K) for
i large enough; this proves the Corollary. O

COROLLARY 1.4.4. Let(D, g) be an arithmetic divisor on S such that(Tc:g(D, g) > x(1,K).
There exists a € K* such thatdiv(a) + (D, g) > 0.
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Proof. — We just need to apply Prop. to the hermitian line bundle &'(D, g) con-
sisting of elements a € K* such that div(a) + D > 0, endowed with the hermitian norm
such that —logl1ll; = g¢- O

B. An approximate Riemann-Roch equality

If X is an algebraic curve (smooth, proper, geometrically connected) over a field k
and D is a divisor on X, the Riemann-Roch equality takes the form hY(D) - h'(D) =
deg(D)+1-g, where g is the genus of X. Moreover, the duality theorem implies h! (D) =
h%(x — D), where « is a “canonical divisor”. This implies inequalities of the form h%(D) >
deg(D) + 1 — g, as well as an equality h°(D) = deg(D) + 1 — g is deg(D) > deg(x).

With our definition of A° for arithmetic divisors over S, the spectrum of the ring of
integeres of a number field K, there are no such equalities. Indeed, the covolume of a
lattice by itself says nothing about the number of lattice points of norm < 1, beyond
Minkowski’s theorem. Note however that |GILLET & SOULE| (1991) establishes the fol-
lowing inequality which can be seen as an approximate analogue of the Riemann-Roch
formula.

THEOREM 1.4.5. LetE be an Hermitian vector bundle over S and letE = D¢ ®F . One
has

_ . | —
h(E) - h°(E) - deg(E) — Erank(E) log|Dkl| < ¢(ry, 12, 1),
where c(r1, 2, n) is a constant depending only on ry, r, and n rank E.

Proof. — Asin the proof of Prop. we view E as alattice in the real vector space ER,
endowed with the norm max(|-|l;). The volume of the unit ball B has been computed
in the proof of that proposition and equals f}} 22" B2, where f,, is the volume of an
n-dimensional euclidean unit ball, r; and r, are the number of real and complex places
of K, and n = rank E. Consequently, h°(E) = logcard(E N B).

On the other hand, let be the Hermitian vector bundle E' = Hom(E, ’DI}}Q). (...)

OJ
LEMMA 1.4.6. Foranyinterval I inR, card(INZ) < max(Z,%meas(I)).

Proof. — LetI =[a,b];then INZ = {[al,..., b]}. We can only increase INZ by shifting I
to the right and replacing a by [a], so that card(INnZ) = 1+ [b—a] = 1+ |meas(/)]. When
meas(l) > 2, we can write

3
card(InZ) <1+meas(]) < Emeas(l).
When meas(/) < 2, [meas(])] < 1 so that card(I nZ) < 2. This proves the lemma. O

PROPOSITION 1.4.7. Let V be a normed vector space of finite dimension n, let B be its
unit ball and let A be a latticein V.
If BN A generates A, then card(Bn A)vol(B*)vol(V/A) < 6".
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Proof. — Let us prove the lemma by induction on 7. It holds for n = 0.
When n =1, B = [-b, b] for some positive real number b. In that case, B* = [—%, %],
so thatvol(B*) = 2/b. Then

2
card(BNZ)vol(B*) < max(2,3b)5 =max(4,6/b) <6.

Let us assume that the result holds in dimension n —1 Let v be a nonzero primitive
elementin BNV, let V; = V/Rv and let p: V — Vj be the natural projection; let A =
p(A) and B; = p(B). The compact set B is the unit ball for the norm on V; quotient of
the normon V.

Since p(BN A) € BN Ay, one has

cardBNA)< Y. card(p '(x)n(BNA)).

xXeB1NAy

For an x € V3, let us write C, = p~!(x) N B, since B is symmetric, one has Cy = —C_,.
Moreover, C, + C_, p‘l(O) N2B. Let s: V; — V be a section of the projection p such
that s(A;) € A. For any x € Vj, the map ¢,: t— s(x) + tv is an affine bijection from R
to p_l (x) which sends Z onto p_1 (x) N A. By Lemma

cardBNnA) < Y. card(p;' (CHnZD) < Y max(z,gvolup;l(cx))).

xeB1NA; xeB1NA;

According to Corollary[A.3.12} vol(C,) < vol(p~'(0) N B) = 2/ || v|l. Therefore,
card(BNA) < Z max(2,3/ ||v]) < card(B; n Aj) max(2,3/ || v]).

xXeB1NAy

The lattice A; is generated by B; n A;; applying the induction hypothesis, we thus
have

card(B; N Ay) vol(By) vol(V1/A;) < 6" L,

Let ¢ be the linear map on V that sends a linear form ¢ to ¢(v). For any ¢ € R, one has
B*ne 1 (t)=-B*ne () and B*ne 1 (1)+B*ng 1 (-1) c 2(B*n¢~1(0)). Moreover,
B*n¢~'(0) = B} By Corollary[A.3.12] we have

vol(B*) =< vol(B;) vol(BNRv) = 2||v| vol(B)).
Finally,

card(BN A)vol(B*)vol(V/A) < 2|v|lmax(2,3/ || le)vol(Bf) card(B; nAj)vol(V/A)
I(V/IA
< max(d v, 6)6" 2D
VOl(Vl/Al)
<6"
since || v| < 1. O

COROLLARY 1.4.8. LetV be a normed vector space of finite dimension n, let B be its unit
ball and let A be a latticein V. Then,

card(BNA) vol(V/A)
~ card(B*nA*) vol(B)

—-n

—n,—ni2 @2
<67 "nTMEps.
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Proof. — Let us write W = V*. Let W, be the subspace of W generated by B* n A*,
let By = B* n Wy be the unit ball of W for the norm given by restriction and let Aj =
Won A*. By construction, A is a lattice in Wy which is spanned by Bj n Aj; moreover,
By n Ay = B* n A. Consequently,

card(B* n A*)vol(Bo) vol(Wp/Aj) < 64mMo),

where By is the unit ball of (Wy)* = V/ WOL for the quotient norm.

Let B° be the open unit ball in V; for any x € B°n A and any y € B* n A*, the integer
(x,y) belongs to (—1, 1); consequently, it vanishes. This implies that B°n A is contained
in the orthogonal Woi to Wp in V. It follows from Theorem that for any positive
real number ¢,

. vol(BN W) —¢
card(Bn A) > card(B° n A) > card((B° n WyH) n A) > 2~ dim(Ws) 0

vol(W;H /Wit nA)
Since dim(WOL) = dim(W) — dim (W), it follows that
L
card(B N A) > edim(Wo)—dim(W) vol(B N Wy") |
vol(W-/ Wyt n A)

From these inequalities, we deduce that

card(Bn A)vol(V/A) S 6_dimWV01(B N WOL)Vol(BO) vol(Wo/Ag)vol(V/A)
card(B* N A*)vol(B) ~ vol(B) vol(Wg-/ W3- N A)

By Corollary[A.3.12]to the Brunn-Minkowski inequality,
vol(B) < vol(B n W;")vol(By).
Moreover, A has a basis containing a basis of AN W, so that
vol(V/A) = vol(W;-/ W n A)vol(V /W) p(A)) = vol(W;-/ W3- N A);
by duality,
vol(Wo/Ag) = vol(VIWZ) / p(A) 7,
so that
vol(V/A)vol(Wy/Ay) = vol(Wg-/ W3- n A).

This establishes the lower bound of the corollary.
Exchanging the roles of V and V*, we have

cardB0AIVOIV/A) _ _ gimy) VOL(V/A) vOL(V*/A")
card(B* n A) vol(B) = vol(B) vol(B*) )
Moreover, vol(V/A)vol(V*/A*) =1, and

vol(B) vol(B*) > B2 n~ "2

(Bambah's theorem). This implies the required upper bound. O
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C. The Riemann-Roch equality via theta-functions

In this Section, we present an alternative definition of h°, independently due
to|ROESSLER| (1993) and VAN DER GEER & SCHOOF| (2000); this definition allows for an
exact Riemann-Roch equality. We shall also see, following J.-B. Bost, how this method
allows for a straightforward proof of a version of Minkowski’s theorem, with a slightly
better constant!

DEFINITION 1.4.9. Let L be a lattice in an Euclidean vector space V. One defines h° (L) =
log (ZUeLexp(—n [ vllz)). If E is an Hermitian vector bundle over S, one lets h°(E) =
h° (n.E), wherem: S — SpecZ is the canonical morphism.

PROPOSITION 1.4.10. For any Hermitian vector bundle over S, one has
g — a — — 1 —
W E) - @ ©E' ) =deg(E) - > rank(E) log| Dc|.

Proof. — The function v — exp(—7 ||v||?) on a real Euclidean vector space V is equal
to its own Fourier transform. Consequently, the Poisson summation formula for a lat-
tice L of V gives

Y exp(-mlvl?) = Y exp(-mllvl?),

— vol(V/L) .

where L* is the dual lattice of L. We thus have:_ RO(L) — hO(L*) = — logvol(V/L).
Let us apply this to the Euclidean lattice 7. E. The duality theorem shows that

. E) = 7. (Hom(E, D) = 1.(D5 ® E ).

Moreover,
—logcovol(m,E) = cTe\gn*E = @E— %rankflongKl .
Consequently,
h°(E) - sz(QI}l ®E')= aé?gf— %rankflongKl,
as was to be shown. O

Since h° is nonnegative, we deduce the following analogue of Riemann’s inequality:

COROLLARY 1.4.11. For any hermitian vector bundle E over S, one has
iy = —— 1 —
h°(E) > degE - 5 rank Elog| D]

Remark 1.4.12. (GROENEWEGEN| (2001) proves that if 0 — F— E—» G — 0 is an exact
sequence of Hermitian vector bundles, then h°(E) < h°(F) + h°(G), with equality if and

only if this exact sequence is split, namely F is isomorphic to the orthogonal direct sum
_ 1

FeoG.

In the rest of this Seciion, whosE results were explained to me by J.-B. Bost, we relate
the two invariants h°(E) and h°(E). The following Corollary is the announced slight
strengthening of Minkowski’s theorem.
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PROPOSITION 1.4.13. For any hermitian vector bundle E on S, one has

2+ [K:Q] rankE 1

2+ [K:Q] rank E
- Elogn.

|
2 o8 27

S | _
Ko (E) > degE — zrankElongKl -

In order to establish Proposition|1.4.13} we first observe the obvious inequality

K (E) =logcard{ve E; |vl, <1Vo € X} > logcard{v € E; Z I v||(2, <1t = K. B),
o

where 7: S — SpecZ is the canonical morphism. We have rankn, E = [K : Q] rank E and
degn.E = degE — 1 rank Elog| Dx| by Corollary For the rest of the proof, we may
thus assume that F = Q and S = SpecZ.

For any A € R, let &'(A) be the Hermitian vector bundle over S associated to the arith-
metic divisor (0, A). In other words, &'(1) = Z with the norm given by || 1|| = exp(—1). We
also write E(1) = E® O'(A).

LEMMA 1.4.14. a) h°(E(A)) is an increasing function of A, and h°(E(A)) — ArankE is a
decreasing function of A.
b) The following inequality holds:

rank £

_ 2
> Y exp(-mllv[).

VEE

Y vli*exp(-m lvl?) <

VEE

Proof. — a) Viewed as an element of E(1), the squared norm of a vector v € E is equal
to e~2M | v|2. Consequently, increasing A makes the norms decrease, and Kh°(E(M)) in-
creases. The other assertion follows from the equalities

He\g(E()L)) = c/le\g(f) + Arank E
and
RO(E(N)) — ArankE = h°(E()) — deg E(A) + degE = degE+ h°(E " (-A))
and the first assertion in a)
b) Let f be the real function given by
f) =R EW) = Y exp(-me 2 v]?).
velE
It is continuously differentiable and
fl)=e 22y 2| v?| exp(-me ?* v]?).
veE
By @), 0 < f'(1) < rankE for any real number A. Taking A = 0 implies the desired in-
equality. ]

Proof of Prop. — Let A be a real number. By the Lemma, b), one has

2 lvll® 2 kE 2
2, expCrlvl?) < ) g exptallvl®) < ——=3 ) exp(=z vl

veE veE veEE
lvl>et

ran
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Consequently,

rank E U
Z exp(—ﬂ||v||2)>(1— 2/l)exp(ho(E()L))).
veE 2me
lvli<e?

If, moreover, 2me?* > rank E , we get

h°(E(A)) =logcard{v € E; ||v]| < M}

>log| Y. exp(-mlvl?

veE

lvl<et
rankE) ., —
>[1- +h°(E).
( 2me?? ) =
Replacing E by E(—A) and applying Corollary|1.4.11}, we finally obtain the inequality
— rankE\ ., — rank E - ——
h(E >(1— )+h°E—7L >1—-———— ArankE +degE,
(E) 2me?r (BA) 2 e?? &

which holds for any real number A > %log(rankf/ 2m). The optimal value for A is given

by €} = (2 + rank E) /27 and the Corollary follows by a straightforward computation.
0

Remark 1.4.15. In order to compare this proposition to Minkowski’s theorem, let us
pose n = rank E and assume, for simplicity that F = Q and S = SpecZ. When n — oo,
the asymptotic expansion of the right hand side writes

h°(E) — degE > —5nlogn+Zlog2mn+0().
On the other hand, Minkowski’s theorem, in the form of Prop. together with Stir-
ling’s formula logI'(1 + n/2) ~ 5 log %, implies that
- — 1 1
h°(E) - degE > —znlogn + > log(%) n+O(logn).
Since e < 4, the theta-functions approach gives a slightly better result than the original

Minkowski theorem. Recall however that the theta-functions approach is specific to
Euclidean norms, in the contrary to Minkowski theory.

D. Applications to algebraic number theory

As advocated by SzP1RO|(1985), the results of the previous Section allow to give trans-
parent proofs of some important and basic results in Algebraic number theory.
The first one claims that there is no non trivial unramified extension of Q.

THEOREM 1.4.16 (Minkowski). Let K be a non trivial extension of Q; then, its discrimi-
nant satisfies | Dk | > 1.
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Proof. — Let E be a Hermitian line bundle over S such that degE = y(1,K). By

Prop. hO(E) > 0; consequently, Lemmaimplies that y(1,K) > 0. Since 1 =2
and B, = &, we obtain the inequality

1
ElogIDKI —rplogm > 0.

In particular, | Dg| > 72”2, This is certainly sufficient to prove that K is ramified if r» > 0,
but does not allow to conclude in the case K is totally real.

To prove that |Dg| > 1 in the remaining case, it suffices to be able to produce some
non-trivial Hermitian line bundle such that cTe\gE =x(1,K). Since r, =0 and K # Q, we
have r; > 1. We begin with any Hermitian line bundle E such that degE = y(1,K). If
E were trivial, we can rescale the metrics of E at two different archimedean places in
an uncountable number of ways, while there are only countably many units. Con-
sequently, one of these rescaling will be a non-trivial hermitian line bundle, as de-
sired. O

Remark 1.4.17. The obtained inequality is definitely not the best one available. Tech-
niques of geometry of numbers lead to consider more general convex domains than
ellipsoids and give the lower bound

1 )
— log|Dy| > 21
2q 08Pkl = 5

Analytic number theory allows for even better bounds.

1 1
og(m/4) + glogddd! 21— %log(4/n) Z1- 510g(4/n).

If X is an algebraic curve over a finite field, the group Pic?(X) of isomorphism classes
of divisors of degree 0 is a finite group. In the case of number fields, we show below that
the analogous group CH'(S)? of isomorphism classes of hermitian line bundles on $
whose arithmetic degree is zero is a compact Abelian group.

We define a topology on CH'(S) to be the quotient topology of the topology of uni-
form convergence of the coefficients on the group Z!(S) of arithmetic divisors. As a
topological group, 21(8) is the direct sum of the discrete group 7Z1(S) and of the real
vector space (R*)f~. The quotient group CH!(S) = Z!(S)/Rat'(S) then possesses the
quotient topology. The groups Z'(S)o and CH!(S), consisting of arithmetic divisors
(resp. of classes of arithmetic divisors) of degree 0 are then endowed with the induced
topologies.

THEOREM 1.4.18. The subgroup Rat!(S) is a discrete subgroup of Z1(S)y. The quotient
group CHY(S) is compact.

Proof. — a) We have already proved that Rat!(S) is contained in Z! (S),. Let us establish
its discreteness.

Let t be any positive real number. By definition, the set Q of arithmetic divisors of the
form (0, g), with |g, | < ¢ for any o € X is an open neighborhood of 0 in Z!(S). Let a € K*
such that div(a) € Q. One has div(a) = (0, —logs(a)), hence ac o and e™! < |o(a)| < €’
forany o € X. In particular, a € ok and |0 (a)| < e’ for any o € X. By the finiteness lemma
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(Lemma, the set of such a is finite. Consequently, QN Rat!(S) is finite, hence the
discreteness of Rat' (S) in Z1(S).

b) The quotient group CH! (S), is Hausdorff. To prove its compactness, we need to
show that there exists a compact subset Q in 7! (S)o which meets every class of arith-
metic divisors of degree 0.

Let ¢ be a real number such that ¢ > y(1,K) and let (E, h) be a fixed arithmetic di-
visor of degree t. Let Q); be the set of effective arithmetic divisors of degree ¢; by
Lemma below, it is a compact subset of 7! (S).

Let (D, g) be an element in Z! (S),. Since (@((D, g)+(E, h)) =t > y(1,K), there exists
a € K* such that (Ti\v(a) +(D,g)+ (E,h) >0, by Corollary Consequently, (Ti\v(a) +
(D,g)+(E, h) € Q;and (D, g) is equivalent to an element of the translated set Q;— (E, h),
which is compact. This concludes the proof. O

LEMMA 1.4.19. For any real number t, the set of arithmetic divisors of degree t which
are effective is a compact subset of Z1(S).

Proof. — Let us denote this set by Q,. Let (D, g) € Q;. Writing D =} ny[p], the rela-
tion ae\g(D, g) = X nplogN(p) + ¥, g» and the effectivity of (D, g) imply that 0 < ny <
t/1ogN(p) for any maximal ideal p, and that g, < ¢ for any o € Z. Since ny is an integer,
we see that n, = 0 for all p such that N(p) > e’. It follows that Q; is contained in the
compact subset [Ing)<et [0, 2] x [1510, £] of Z1(S), in which it is obviously closed. O

COROLLARY 1.4.20. The class group of ok is finite.

Proof. — The topological group Z1(S) is discrete, hence so is its quotient CH!(S). The
canonical projection Z!(S)y — Z!(S) is continuous, and so is the surjective morphism
CH!(S)o — CH!(S) deduced from it by quotienting by Rat' (S). Consequently, CH'(S) is
quasi-compact; since it is discrete, it is also finite. O

COROLLARY 1.4.21 (Dirichlet’s unit theorem). The image of oy by the logarithmic
map logs is a lattice in the hyperplane (RZ)OF‘X’ defined by the equation ) x, = 0 in the
real vector space (R*)F~. In particular, the Abelian group 0 is finitely generated, of
rankr; +1ry— 1.

Proof. — To shorten the notation, let A and Ay be the real vector spaces A = (R¥)Feo
and Ay = (R)}>.

The natural injections A — 7! (S) and Ay — 7! (S)o given by g — (0, g) admit contin-
uous retractions, namely the morphisms (D, g) — gand (D,g) — g+ cTe\g(D, 0)h, where
h is any fixed element in A such that (Te\g(O, h) = 1. Consequently, these inclusions are
homeomorphisms onto closed subgroups of Z! (S) and Z' (S),.

One has Rat!(S) N Ay = logs (0}); since Rat!(S) is discrete in Z(S)o, logy (0}) is dis-
crete in Ag and the quotient group Ag/logs (0%) is Hausdorff.

Let Q be a compact subset of Z! (S), which meets every class of arithmetic divisors
of degree 0. Its projection P to Z1(S) is compact and discrete, hence finite. Let us fix,
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for any principal divisor p € P, some element a,, € K* such that div(a,) = p. Let Q' be
the union of the finitely many translates Q + (Ti\v(ap); it is a compact subset in 71 (S)o.

Let g € Ap; by definition of Q, there exists a € K* such that (0, g) - (Ti\v(a) €eQ.Letp=
—dlv(a) by construction, p is a principal divisor in P. Consequently, 0,8 — div(a) +
dlv(ap) belongs to Q'. Since div(a) = div(ap), u=alay € 0 and dlv(u) =logs (u). This
shows that g —logy (1) belongs to the compact subset Q' N AO of Ay. It follows that the
quotient group Ao/ logy (o) is compact.

As a discrete cocompact subgroup of the real vector space Ay, logy (07) is a lattice in
that vector space. In particular, it is a free Abelian group of finite rank dim Ay = r; +
r» — 1. Since the kernel of logs is finite, we conclude that oy is itself a finitely generated
Abelian group of rank r + rp — 1. O

We observe that the exact sequence
0 — Ag/logs (0}) — CH'(S)g — CH!(S) — 0

is an exact sequence of compact Abelian groups.

§1.5
SLOPES, THE STUHLER-GRAYSON FILTRATION

A. Sizes of morphisms; successive minima

A.1. Hermitian theory. — Let ¢: V — W be a morphism of Hermitian vector spaces.
Let us introduce various real numbers attached to ¢. The first one is its operator norm,
defined by

low)|
er\{O} x|

o]l = max o] =
IIXII<1
(the maximum is taken in [0, +ool, so is 0 by convention if V = 0).
There exist orthonormal bases (e,...,e;) of V and (fi,..., fin) of W in which the
matrix of ¢ takes the form

A1 0O o0 ... 0
Mat(¢) = A O
0O ... 0 O 0

where A;,..., A, are real numbers such that A; >--- > A, > 0.
We let M;(p) = A1...4;,if i < r, and M;(p) =0if i > r. In fact, (14,...,1,) have the
following alternative descriptions:
- for any integer i, A; is the ith eigenvalue of the selfadjoint endomorphism

Vo*eofV;
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— for any integer i, M; (¢) = || A ¢||. Moreover, the minimax principle asserts that

Ml((p) - codirrrrlllijrii—l ”‘PlU” - codirrfll[ifrii_l ||I£1|€|a<5(1 ”(p(X) | ;
Xis

— in particular, the operator norm of ¢ is equal to 1, = M; (¢).
Constructions from linear algebra lead to various inequalities, fqr example M, (p ®
v) < M ()M (y). Hadamard inequality implies that M; (¢) = M; (A’ ).

A.2. p-adic theory. — Let K be a field with a non-trivial absolute value defined by a
discrete valuation, let R be its valuation ring. Let us also fix an uniformizing element
of R.

Let E and F be free R-modules of finite rank, let ¢: V — W be a linear map, where
V = Ex and W = Fg. We endow the vector space V with the norm ||-|| defined by the
formula

lvll = inf{|x|*; v e n*E},

and similarly for the vector space W.

According to the structure theorem for modules of finite type over principal ideal
rings, there are bases (ey,...,e,) of E and (fi, ..., fi») of F in which the matrix of ¢ takes
the form

M 0 0 ... 0
Mat(p) = Ao
0 0 0 0

where Ai,..., A, are elements of K |A;] > --- > |A,|. As in the Hermitian case, we let
M; (@) = |A1l...1A;l if i < r, and M;(¢) for i > r; these real numbers M;(¢) have the
alternative descriptions:
— for any integer i, M;(¢) is the operator norm |A’¢g| of the morphism
A Q: AV — A'W, where these spaces are normed as above via the identifi-
cation (A’ E)x = A\! V (similarly for W);
— in particular, |1,| is the operatorn norm of ¢;
— there is a minimax principle:
Ml ((,0) B codirnrlllllrii—l ||(P|U” B codiIrIIll[l]Iii—lnganrz(E ”(p(X) ” )
As in the Hermitian case, constructions from linear algebra lead to various inequal-
ities, for example M, (¢ ® ) < M; ()M, (y), and M; (¢) = M1 (A ).

A.3. Global theory. — We keep the same notation concerning the number field K, X,
S = Specog. Let E and F be Hermitian vector bundles over S. Let ¢: Ex — Fx we a
linear map.
For any integer i and any complex embedding o € Z, we let M; () for the real num-
ber attached as above to the morphism of Hermitian vector spaces 6 *¢: 0*E — 0 *F.
For any maximal ideal p of ok, the p-adic absolute value of K, is normalized so that
lal, = 1/N(p) for any a € p \p2. For any integer i, we then write M, () for the real
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number attached as above to the morphism ¢ and the og ,-modules deduced from E
and F.

For any integer i < rank(¢), there are only finitely many maximal ideals p such that
M; ,(¢) # 1. We thus can define

M; () = Zlogsz(w) + ) logM; . (¢).

oeX

In the particular case where i = 1 and ¢: Ex — Fg is non-zero, we also define the
height of ¢ by the formula h(¢) = logM, (¢), and similarly for hy, (¢) and h, (¢). Observe
finally the inequalities 1 (¢ ® ¢) < h(¢p) + h(y) and M; (@) = h(\ @) < ih(yp).

B. Slopes inequalities
Let E be an Hermitian vector bundle. If E # 0, one defines its slope by
—  deg(E
F) = deglB)
rank(E)

The slope of the null vector bundle is undefined.
Let E and F be two non-zero Hermitian vector bundles on S; one has

QEeP =aE) +aF), @pE)=-apm.
Let 0 — F — E — G — 0 be an exact sequence of non-zero Hermitian vector bundles
on S; one has

~

rank F () + rank G
ankE " ank E
PROPOSITION 1.5.1. Assume that ¢: Ex — F is injective. Then, deg(E) < deg(F) +
M, (), where n = rank(E). In particular,

fi(E) < fi(F) + h(e).

fi(E) = fi(G).

Proof. — Considering the morphism A" ¢: det(Ex) — det(Fx) and using the inequal-
ity h(A" () < nh(p), we may assume that E and F have rank 1. In that case, we will
even see that the equality deg(E) deg(F) + h(¢p) holds.

Let e be any non-zero element of E such that ¢(e) € F. By definition, cTi?z(tp(e)) =
div(e) + (Ti\V((p), where we have set

div() = Y ord, (@) [p] + (—he ().
p

Since (T(%Jﬁi((p)) = —h(¢p), we obtain
deg(F) = deg(div(p(e))) = deg(div(e)) + deg(div(p)) = deg(E) — h(p).
O

COROLLARY 1.5.2. Let E be a non-zero hermitian vector bundle over S.

a) When F runs among the non-zero sub-bundles of E (that is, the non-zero submod-
ules such that E/F is torsion free), (TEZ(;I_’ is bounded from above.

b) When F runs among the non-zero quotients of E, cTe\gf is bounded from below.
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Proof. — a) Observe that a sub-bundle F of E is determined by its span Fx as a K-
vector subspace in Ek, by the formula F = En Fk, the hermitian metrics being the ones
deduced by restriction.

Let (ey,...,e,) be a basis of Ex consisting of elements of E. For any I c {1,...,n}, let
Vi be the K-span of the family (e;);e; and let E; be the hermitian subbundle E N V;.
Any subspace V of Ex has a complement of the form V;, for some subset I c {1,..., n}.
Let F = VN E and let us consider the canonical map ¢: V& V; — Ex. It is bijective
and satisfies d1v((p) > 0, hence h(p) <O0. It follows from Proposmon-that deg(F) +
deg(E 0= deg(E), which gives the asserted upper bound for deg(F)

Assertion b) then follows from a) by duality. O

The basic Proposition allows to define the maximal and minimal slopes of E, as

fmax(E) = sup [(ENV),  [fimin(E)= inf G(E/ENV).
O#VCEK VQEK

These are real numbers such that
fimin (E) < A(E) < fmax(E).

Let moreover F be any Hermitian submodule of E; then, En Fk is a Hermitian sub-
bundle of E containing F, so that

deg(E/F) = deg(E/E N Fx) +logcard((E n Fx)/F) > deg(E/E N Fx).
Since E N Fx and F have the same rank, we see that

fimin(E) = inf_@(E/F).
0#FcE

Moreover, this notation allows for the following Corollary to Proposition
COROLLARY 1.5.3. Let E and F be non-zero hermitian vector bundles over S and let

¢: Ex — Fk be a linear map.
a) If g is injective, then

fimax(E) < fimax(F) + h(@).
b) If ¢ is surjective, then

fimin (B) < fimin (F) + h ().
¢) In any case,

Bimin(E) < fimax(F) + h(@).

Proof. — Assertion a) is proved by applying Proposition to any hermitian sub-

bundle E’ of E; part b) follows by duality. Let F be the Hermitian subsheaf of F given
by F' = ¢(E). By b),

fimin(B) < fimin(F ) + h(¢) < fimax(F ) + h(@),

hence c). O
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The following extension of Proposition to filtered hermitian vector bundles is
very useful in Diophantine approximation. It is usually refered to as the slope inequal-
ity.

Let E be a nonzero hermitian vector bundle over S, let (G,),en be a sequence of
hermitian vector bundles over S. Let V be a K-vector space over K endowed with a
decreasing exhausting filtration (F"V),>¢ such that, for any n € N, the graded piece
grr. Vis equal to Gy, k.

Let ¢: Ex — V be an injective K-linear map. For any n € N, let E¢ = @ LE"V),
let E = E - E,. The morphism ¢ induces an injective K-linear morphism
¢": ERIER*! — G, k. By Proposition[1.5.1} we have

deg(E"/E™*") < rank(E/ ER™) (Bmax (Gn) + hign))

where this inequality has to be interpreted as 0 < 0 is E” = E"*!. Since the filtra-
tion (F"V), is exhausting and Eg is finite dimensional, one has E” = 0 for n large
enough, hence

(1.5.4) deg(®) < ¥ rank(El/E}) (ﬁmax(én) + h((pn)).
n=0

This is Bost’s slope inequality.

C. The Stuhler-Grayson filtration

Let E be a non-zero Hermitian vector bundle on S.

LEMMA 1.5.5 (Finiteness lemma,ll). Forany real number c, there are only finitely many
Hermitian submodules F of E such thatdegF > c.

Proof. — We first reduce to the case where K = Q. Indeed, let 7: S — SpecZ be the
natural morphism. Observe that the functor 7. inducing an injection from the set of
Hermitian submodules of E to those of 7, F. Moreover, the Grothendieck Riemann-
Roch theorem (Theorem [1.3.1) compares the variation of arithmetic degrees. We also
prove the finiteness result under the supplementary assumption that F has given rank,
say r.

Let us now treat the case r = 1. A rank 1 Hermitian subsheaf F of E has a genera-
tor f € E well defined up to sign, and deg(F) = —log| f||. In that case, the finiteness
assertion is equivalent to the obvious fact that there are only finitely elements f € E
such that || f || < e~ (discretenes of E in Eg plus compactness of of the ball).

Let F be a rank r Hermitian submodule of E such that degF c. Let F 1 be the
Hermitian subbundle defined by F; = Fx n E. Both Hermitian sheaves F and F, have
the same rank and satisfy F c F;, hence

deg(F,) = deg(F) +logcard(F, /F).

In particular, cTe\g(l_?l) > c¢. By the theory of Grassmann coordinates, the rank r sub-
space Fg of Ex is determined by the line A\” Fx in A" Eg. By that rank 1 case, it follows
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that F, belongs to a finite set of Hermitian subbundles, and card(F; / F) < exp((Tetg(l_Ul) -
c).

To conclude, it now suffices to observe that for any positive integer r, the set of sub-
modules F of F; such that card(F;/F) < n is finite. By Lagrange’s Theorem, such a
subbmodule contains nF;. Finally, the set of submodules of F; containing nF; is bijec-
tive to the set of subbmodules of F;/nF;, which is finite since this module is finite. O

PROPOSITION 1.5.6. There is a largest Hermitian submodule F of E such that fi(F) =
Umax(E). Moreover, F is a Hermitian subbundle and is stable under any automorphism
of E.

Proof. — The existence of such Hermitian submodules follows readily from the
Lemma and the definition of fiyax(E). Let us prove the existence of a largest submod-
ule. Let F; and F, be Hermitian submodules of E such that ﬁ(l_ﬁ) = ,11(1_72) = ﬁmax(E).
Then, the exact sequence

0—>FNF,—F e&F,—(F+F)—0
implies that
deg(F1 + Fy) = deg(Fy) + deg(F») — deg(Fy N F»)

> (rank(F;) + rank(F;) — rank(F; N F)) ﬁmax(f)

> fimax(E) rank(F + Fy),
so that i(F) + F») = ﬁmax(E). In other words, the set of submodules with maximal slop_e
is stable under sum. Since E is Noetherian, there is a maximal such submodule, say F,
as was to be shown.

To prove that Fisa Hermitian subbundle, we need to prove that F = FxnE. However,
the Hermitian submodule F; given by F; = Fx N E satisfies

_ deg(F1) _ deg(F) +logcard(F;/F) S 2+
rank(F;) rank(F)

1 d(F,/F).
ank(r) 8 cardF/E)
Since F has maximal slope, we obtain F; =F. _ .

Similarly, for any automorphism g of E, fi(g(F)) = [i(F) = [Imax(E). Consequently,
g(F) has maximal slope and so does F + g(F). By maximality, we obtain that g(F) c
F. Applying this inclusion to the automorphism g~! then furnishes the equality F =
g(F). O

DEFINITION 1.5.7. A Hermitian vector bundle E over S is said to be semistable if
Amax(E) = [(E). _ _

The largest subbmodule of E with slope [imax(E) whose existence is asserted by
Prop. is called the destabilizing subbbundle of E and writen E ges.

Remark 1.5.8. Let Ebea Hermitian vector bundle over S and let F be a Hermitian
subbundle of E. From the relations deg(E) = deg(F)+deg(E/F) and rank(E) = rank(F)+
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rank(E/F), we see that the inequalities fi(F) > fi(E) and fi(E/F) < fi(E) are equivalent.
Consequently, E is semistable if and only of finin (E) = f(E).
Moreover, E is semistable if and only if E'’ is semistable.

Let E be a Hermitian vector bundle over S and let Eqe be its destabilizing subbundle.
By definition, fimax(Edes) < fmax(E) = i(Edes), 50 that Eges is semi-stable. In particular,
E = Eqes if and only if E is semi-stable.

Let us pose Ey = 0. By induction, one constructs an increasing filtration (EO,E, oY)
of E by Hermitian subbundles such that E;;/E; = E/E;qes- This filtration must be
finite and exhaustive since the sequence (rank(E;)) is increasing. Let d be the smallest
integer with E; = E. By construction, the Hermitian subquotients E;.;/E; are semi-
stables, their slopes p, ..., g satisfy

fimax(E) = pi1 > p2 > -+ > g = fmin (E).
They are called the successive slopes of E._
The filtration 0 = Eg < E; < --- < E4 = E is called the Harder-Narasimhan filtration
of E. It was introduced by U. STUHLER [STUHLER| (1976) and D. GRAYSON |GRAYSON

(1984), by analogy with the filtration of vector bundles on curves defined by Harder—
Narasimhan.

D. Invariance of the Harder-Narasimhan filtration under extension of scalars

We show that this filtration is invariant under extension of scalars.

PROPOSITION 1.5.9. Let E be a Hermitian vector bundleon S. Let K’ be a finite extension
of K, letS' = o x and let: S' — S be the canonical morphism. Then, E is semi-stable if
and only if t* E is semi-stable.

Proof. — Let us pose d = [K’ : K]. Let us observe that A’ E) = d[i(E); considering
Hermitian subbmodules of n*E of the form n*F, where F is a Hermitian submod-
ule of E, we see that Hmax (™ E>d ,umaX(E) In partlcular if 7*E is semi-stable, then
fimax(m*E) = fi(n* E), which implies fi(E) > fimax(E), so that E is semi-stable too.

To prove the converse assertion, let us assume that E is semi-stable and let us prove
that 7* E is semi-stable too. In view of the first part of the proof, we may replace the
extension K’ by its Galois closure. Let us now write F = (n*E)ges. Let us first show
that the submodule F' is of the form 7*F. For any element 7 € Gal(K'/K), T(F') is a
submodule of 7* E satisfying

AEE) = AF) = fmax (1" B).
By the maximality of (7* E) 4es, We obtain 7(F’) c F'. Since this inclusion holds for any

7 € Gal(K'/K), we obtain that 7(F') = F'. As a consequence, F’' comes from a subbmod-
ule of E, i.e., there exists a submodule F of E such that #*F = F'. Then,

R 1
A = o PP = g

so that i(F) = fimax(E) = i(E) since E is semi-stable.

—— [imax(T*E) = fimax (E),
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Let us now argue by contradiction. If 7*E were not semi-stable, we would have
i(F) > fi(r* E), hence i(F) > i(E), contradiction. O



CHAPTER 2

GEOMETRIC AND ARITHMETIC INTERSECTION
THEORY

§21
CYCLES AND RATIONAL EQUIVALENCE

Our first goal in this Chapter is to provide the intersection theory necessary for our
subsequent treatment of heights in Arakelov geometry. Our basic reference is|FULTON
(1998), supplemented by MATSUMURA| (1980); THORUP| (1990) and Grothendieck’s Elé-
ments de géométrie algébrique.

A. Order functions in one-dimensional rings

Let us recall that the dimension of a ring A is the supremum of the lengths of chains
po € .-+ C p,, of prime ideals in A. The dimension of a Noetherian local ring is finite.

Fields, and more generally, Artinian rings, have dimension 0: this means that prime
ideals are maximal ideals. The rings of integers of a number field has dimension 1:
except for the null ideal, the prime ideals are all maximal.

PROPOSITION 2.1.1. Let A be a Noetherian domain, let K be its field of fractions. Let
us assume that dim(A) = 1. Then, for any a € A\ {0}, the A-module Al(a) has finite
length. Moreover, there exists a unique group morphismord: K* — Z such that ord(a) =
? 4(Al(a)) for any a e A\ {0}.

Proof. — Let a € A\ {0}. By the theory of associated primes applied to the A-module
Al (a), there exists a chain of ideals (a) = Iy c I, c--- < I,, = A, as well as prime ideals
P1,...,Pn in A such that I/ I}, = Alpy for any k € {1,...,n}. Since a € Iy, a € py for
any k; consequently, the chain (0) < pg is a chain of length 1 of prime ideals in A. By
hypothesis, dim(A) = 1; these chains are therefore maximal which implies that py is a
maximal ideal for each k. It follows that A/(a) has finite length, equal to n.

Let a and b be nonzero elements in A. Let us consider the sequence of A-modules:

0— A/(b) 2 Al(ab) — Al(a) — 0,

where the first map associates to an element x (mod b) the element ax (mod ab).
This is an exact sequence: this is obvious in the middle as well as on the right; since A
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is a domain, the first map is injective. By additivity of lengths, one deduces the equality
CA(Al (D)) =€ A(Al(ab))+ € 4(Al(a) =0.

The map ord 4 defined on A\ {0} by a — ¢ 4(A/(a)) is a morphism of semigroups; since
K™ is the group associated to the semigroup A\ {0}, this map ord 4 extends uniquely to
a morphism of groups from K* to Z. O

LEMMA 2.1.2. Let A be a Noetherian domain of dimension 1. For any a € K*, one has

orda(@= )  orda,(Ay/(a)).
peSpm(A)
Proof. — Since both sides of this equality are additivie, it suffices to check it for a €
A\ {0}. Then, let us consider a filtration

@=IChGCly=A

by ideals of A, as in the proof of Prop. Considering localizations at a maximal
ideal p, we get a similar filtration of ideals of Ay; however, the only inclusions I Ap ©
I Ap which remain strict are those for which I/ I;_; ~ A/p. Consequently,

Ca(Al@)=n= ) Y, 1= ) a4/,

eSpm(A) k=1 eSpm(A)
pesp LT~ peSP
as was to be shown. O

PROPOSITION 2.1.3. Let A be a one-dimensional Noetherian domain, let K be its field of
fractions and let B be the integral closure of A in K. Let us assume that B is a A-module
of finite type.

Foranya € K*, one has

orda(@= ). Y. [Blq:Alplordg,(a).

peSpm(A) geSpm(B)
qnA=p

Proof. — By assumption, B is generated as a A-module by finitely many elements
by,...,b,. Each of them belonging to K, there exists an element a € A\ {0} such that
aby € Afor k€ {l1,...,r}; consequently, aB c A. It follows that the A-module B/ A is a
Al(a)-module of finite type; the ring A/(a) being Artinian, B/ A has finite length. Con-
sidering the exact sequence

0— (B/A)qy — (B A) % (B/ A) — (Bl A)/(a),

where (B/A), is the set of elements b € (B/ A) such that ab = 0, and using the additivity
of lengths in exact sequences, we obtain the equality £ 4((B/A)/(a)) = £ s((B/ A)4).
Let us then consider the diagram of exact sequences

O[r]1Alr][d1*Blr1ld]*B/ Alr][d]*00[r] Alr]1B[r1B/A[r]0.
By the snake’s lemma, we obtain an exact sequence

0— (B/A)g— Al(a) — B/(a) — (B/A)/(a) — 0,
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hence the equality
CA(Bl(a)=lA(Al(@)+l4(BI(A+aB)) -l a((B/A)g) =€ a(Al(a)) =orda(a).

Let us now consider a chain of ideals in B, of the form (@) = Iy C I C--- C I, = By,
with successive quotients I/ I}_; isomorphic to B/q. Since B/q is a finite extension of
degree [B/q: A/p] of the field A/p, one has

4Byl (@) = [Blq: Alpl€ 4(Al ().

Finally,
ordy(a) =€ o(B/(a)) = Z [B/q: Alplordg(By/(a)).
qeSpm(B)
OJ

LEMMA 2.1.4.[D] Let A and B be one-dimensional local Noetherian domains such that

A c B; let K c L be the corresponding extension of field of fractions. We assume that

mpNA=myu, my andmp being the maximal ideals of A and B respectively, that B is flat

over A and that the degree of the field extension Alm 4 < B/mg is finite, equal to d.
Then, for any element a € K*, one has ordg(a) = dord,(a).

Proof. — Let a € A\ {0} and let (a) = Iy € ...I, = A be a chain of ideals such that
i/ I}y = Almy for any k€ {1,...,n}; one has n = ¢ ,(A/(a)) = orda(a). Let us consider
the corresponding chain of ideals in B, namely

aBc lyBc---cI,B=A.

Forany ke {l,...,n}, [ B/ I\ B = (I/I}—1) ® 4 B = B/m 4B, since B is flat over A. Con-
sequently,
lp(Bl(a)) =l A(Al(a))lp(B/myB).

B. Definition, basic functoriality

Let X be an excellent Noetherian scheme. We refer to §34 in MATSUMURA) (1980)
or (GROTHENDIECK, 1965, 7.8) the definition. We will use the following properties of X,
namely: X has a finite cover by affine open subsets of the form Spec A, where the ring
A satisfies the following properties:

— Ais Noetherian;

— Ais universally catenary: for any A-algebra of finite type B, and any two prime
ideals p,q € Spec B, such that p < g, dim(B,) — dim(By) = ht(q/p). Geometrically,
dim(By) is the codimension of the closed subset V(q) of Spec B, while ht(q/p) is
the codimension of V(q) in V(p). Therefore, the condition means that for any two
irreducible closed subsets Z and Z' such that Z < Z' in Spec B, all maximal chains
of irreducible closed subsets Z = Zy C --- C Z, = Z' have the same length n =
codim(Z,SpecB) — codim(Z’, Spec B);

@ Incorrect lemma
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- Ais a Nagata — aka japanese — ring: for any prime ideal p in A, for any finite
extension L of the fraction field K of A/p, the integral closure of A/p in L is a finite
(A/p)-module.

Any open subset, any closed subset, any scheme of finite type over an excellent
scheme is excellent; any localization S~ A of an excellent ring A is again an excellent
ring. Fields are excellent rings, as well as rings of integers in number fields and discrete
valuation ring of characteristic zero. Therefore, schemes of finite type over such rings
are excellent; this will be our main, and essentially only, source of example of excellent
schemes; also, the dimension of such schemes is finite.

Let X be an finite dimensional excellent scheme. By definition, the group of cycles
on X, Z(X) is the free abelian group generated by the points of X. A point x € X can
be identified with the irreducible closed subset {x} of which it is the generic point, or
to the integral closed subscheme given by that subset. We shall freely move from one
terminology to another, whenever this appears to be convenient. For any subscheme
Y of X, we may view Z(Y) as a subgroup of Z(X); one has Z(X) = Z(Y)® Z(X \ Y); in
particular, Z(X) = Z(Xteq)-

The group Z(X) can be endowed with various graduations, defined by functions
on X, like the following ones: (y is a point of X, Y is its closure):

— (dimension) y — dim(Y);

— (codimension) y — —codim(Y, X) = —dim 0%, y;

— (modified dimension) assuming that X is an A-scheme of finite type, where A is

a fixed excellent Dedekind (one-dimensional, regular) domain with field of frac-

tions K, define dim4(Y) = dimg (Yx) + 1 if Yx # &, dim4(Y) = dim(Y) otherwise.
These notions are essentially distinct in general. As an example, the reader may con-
sider the case of X = Spec A[T], where A is a discrete valuation ring with maximal
ideal (a), and the prime ideals (0), (T), (aT - 1), (a, T). However, dimension and codi-
mension add to the constant dim(X) when X is equidimensional (this is the definition).
Moreover, the modified dimension coincides with the modified dimension when A is
the ring of integers of a number ﬁeld or if X is proper over A.

Since X is catenary, for any integral subschemes V and W of X such that V.c W,
codim(V, W) = §(W) -6 (V) for any such function 6.

In the sequel, we shall mostly consider the dimension function, but sometimes we
may have to resort to the modified dimension. Consequently, we let Z,,(X) be the sub-
group of Z(X) generated by the point y € X such that dim({y}) = p. One has Z(X) =

D penZp(X).

C. The divisor of a rational function

Let X be a finite dimensional integral excellent scheme and let R(X) be its field of
fractions. For any integral subscheme V of codimension 1 in X, the local ring O,
of X at the generic point v of V is a one-dimensional Noetherian local ring with field
of fractions R(X). We also write O,y for this ring, and let ordy: R(X)* — Z be the
associated order function.

@ Is it enough to assume Jacobson?
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LEMMA 2.1.5. For any a € R(X)*, there are only finitely many integral closed sub-
schemes V of codimension 1 such thatordy (a) # 0.

Proof. — Let U = Spec A be an affine subset of X on which a and a™! exist as regular
functions. In other words, a € A*. Consequently, for any integral subscheme V of codi-
mension 1 such that VN U # &, ordy (a) = 0. Conversely, if the complement CU to U
in X is closed subset that contains only finitely many integral subschemes of codi-
mension 1, since these are among its irreducible components and X is a Noetherian
space. O

This legitimates the following definition:

DEFINITION 2.1.6. Let X be a finite dimensional excellent integral scheme. For any
a€ R(X)*, thedivisor of a is defined as the following cycle

Y. ordy(@[V],
veX
dimOx =1

where we have identified a point v € X and its closure V = {v}.
Ifdim(X) = p, thendiv(a) € Z,,_1 (X).

Let X be an excellent scheme. The subgroup of cycles rationally equivalent to 0 is
defined as the subgroup Rat(X) generated by all div(a), where a € R(V)*, V being an
integral closed subscheme of X. If dim(V) = p + 1, then div(a) € Z,(X); we let Rat, (X)
be the subgroup of Z, (X) generated by these cycles. One has Rat(X) = @ yen Rat, (X).

DEFINITION 2.1.7. The Chow group of X is defined as the quotient CH(X) = Z(X)/ Rat(X).
Forany p €N, let CH,(X) = Z,,(X)/ Rat,(X); this gives a graduation on CH(X), namely
CH(X) = @ pen CHp (X).

D. Direct image by a proper morphism

Let f: X — Y be a proper morphism of finite dimensional excellent schemes. By
definition, this means that f is separated, namely the diagonal morphism X — X xy
X is a closed immersion, and that f is universally closed: for any Y-scheme Y’, the
morphism fy/: X xy Y’ — Y’ deduced from f by base change is closed, i.e., the image
of closed subset of X xy Y’ is closed in Y'.

For any closed irreducible subset V in X, its image W = f(V) is therefore irreducible
and closed. There is an induced extension of function fields, R(W) — R(V).

LEMMA 2.1.8. One hasdimV =dim W + tr.degpy, (R(V)). In particular, the extension
R(W) — R(V) is finite if and only if dim(V) = dim(W).

Proof. — CHECK CHECK CHECK This follows from EGA 1V, 5.6.5, at least if dim is re-
placed by the modified dimension. O
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We then define a push forward morphism f. : Z(X) — Z(Y) by setting, for any inte-
gral closed subscheme V c X, with W = f(V),

(VD) = {[R(V) :R(M)[W] if the extension R(W) c R(V) is finite,

otherwise.

By linearity, this defines morphisms of abelian groups f.: Z(X) — Z,(Y), forany p € N.

Let g: Y — Z be a proper morphism of finite dimensional excellent schemes. One
has (go f)« = g« o f«. Indeed, if V is an integral subscheme of X, W = f(V), T = g(W),
one has two extensions R(T) c R(W) c R(V), and these are finite if and only if dim T =
dimW = dimV. If this holds, then, f.([V)] = [R(V) : RIW)][W], g.(IW]) = [R(W) :
R(T)][T], hence, by multiplicativity of degrees in finite extensions,

(go )« (VD) =[R(V): R(DIIT] = [R(V) : RIN][R(W) : RCDIIT] = g« (fu (IV])).
THEOREM 2.1.9. Forany p €N, and any z € Rat,(X), one has f(z) € Rat,(Y).

Consequently, the map f, induces a morphism of Abelian groups, still written f,
from CH,(X) to CH,(Y).

The proof of this theorem depends on two different, more precise, computations
which we present as separate propositions.

PROPOSITION 2.1.10. Let X and Y be integral finite dimensional excellent scheme of the
same dimension, and let f: X — Y be a proper surjective morphism. For any a € R(X)*,
one has f.(div(a)) = div(N(a)), whereN: R(X) — R(Y) is the norm of the finite extension
R(Y) c R(X).

Proof. — Let X' and Y’ be the normaizations of X and Y inside the fields R(X)
and R(Y) of rational functions on X and Y respectively; we obtain a diagram of
schemes, with proper morphisms,

X'rP1d)Y X1di X1r17y.
We will show the three equalities:
a) p«(divy (a)) = divx(a);
b) g.(divy'(N(a))) = divy (N(a));
o) (fN«(divy/(a) = divx(N(a)),
from which the Proposition immediately follows since they imply
feldivx (@) = fi(p«(divx(a) = (f o p)«(divx: (a))
= (go f:(divx (@) = g« (divx'(N(@) = divy (N(a)).

Since R(X) = R(X") and R(Y) = R(Y"), we are reduced to proving the proposition under
one of the two supplementary assumptions:

a) X is the normalization of Y inside R(Y);

b) X and Y are normal.
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Let W be an integral subscheme of codimension 1 in Y, let A be the local ring Oy .
Then, f4: X xy Spec A — Spec A is proper and its fibre at the maximal ideal of A is
a scheme of dimension 0. (If this fiber possessed two integral subschemes V and V'
such that V C V', these would be integral subschemes of X mapping dominantly to W,
hence onto W since f is proper; however, this would imply dim (V) < dim X — 2, while
dim(W) =dim(Y) — 1 = dim(X) — 1, which contradicts the fact that a proper morphism
decreases dimensions.) Consequently, f4 has finite fibres. By Chevalley’s Theorem
((GROTHENDIECK, 1963} 4.4.2)), f4 is a finite morphism, which means there exists an
A-algebra B, finite as an A-module, such that X4 = Spec B. Under both assumptions,
B is the integral closure of A inside the field of fractions of X.

If p is the maximal ideal of A corresponding to W, we have R(W) = A/p. Let V be
any integral closed subscheme of X such that f(V) = W; it corresponds to V a maximal
ideal g € Spm(B) and the function field of R(V) is equal to B/q. For any b € R(X)*, the
multiplicity of V' of X in the cycle div(b) is equal to ordg, (b), which is in turn equal to
¢(B,/ (D)) if b € B. Consequently, to prove the proposition, it suffices to establish that
for any b € B\ {0},

Y [B/q: Alpl€5(By/ (b)) = £ A(AIN(D)).
qeSpm(B)

If X is the normalization of Y inside R(Y), this formula is the content of Proposi-
tion[2.1.3} since R(X) = R(Y) and N(b) = b for any b € R(X).

Let us finally assume that A is integrally closed in R(X). In that case, A is a discrete
valuation ring. The A-module B, being of finite type and torsion-free, is free of finite
rank, say r, and similarly for its submodule bB, for b € B\ {0}. In other words, there
exists bases (ey,...,e;), (f1,..., fr) of Bas an A-module, in which the multiplication by b
map has a diagonal matrix with entries (ay,...,a,) in A. In particular, the A-module
B/(b) is isomorphicto A/(a;)®--- & Al (a,).

We go on by observing that B/q is a A-module of finite length, equal to the de-
gree [B/q: A/p] (see the proof of Prop. . Consequently,

Y [BIq: Alpllg(By/(b) = Y. La(Byl (D))
qeSpm(B) qeSpm(B)

=CABI(b)) = ) L a(Al(ap) = La(Al(ay ... ay)).
k=1

By definition, the norm N(b) is equal to the determinant of the matrix of the mul-
tiplication by b map in the basis (ey, ..., e;), since the family (ey,...,e;) is also a basis
of the field R(X) as a R(Y)-vector space. Consequently, there exists a unit u € A* such
that N(b) = ua, ...a,, hence £ 4(Al(a; ... a,)) = € (Al (N(b))). This concludes the proof
of the Proposition. O

PROPOSITION 2.1.11. Let X and Y be integral finite dimensional excellent schemes
such that dimX > dimY, and let f: X — Y be a proper surjective morphism. Then
f«(div(a)) =0 forany ae€ R(X)*.
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Proof. — If dim(X) > dim(Y) + 1, the assertion is obvious: the integral subschemes V/
appearing in div(a) have dimension dim(X) — 1 > dim(Y), hence f. ([V]) = 0 for any of
them.

From now on, we thus assume that dim(X) = dim(Y) + 1 and begin by treating the
particular case where Y is the spectrum of a field K and X = P}< is the projective line.
We view X as a one-point compactification of the affine line Spec K[T7]; in particular,
R(X) = K(T). By additivity, we may also assume that a € K[T] is an irreducible polyno-
mial.

Closed points of X correspond, either to irreducible monic polynomials P € K[T],
or to the point at infinity. The multiplicity of div(a) at the point corresponding to P
is equal to 0 if a is not associated to P, since a is then a unit in the local ring K[T]p),
and to 1 otherwise, because a generates the maximal ideal (P) of this local ring. The
multiplicity of div(a) at the point at infinity is equal to the degree of a; indeed, the local
ring Oy o is equal to K[1/ Ty and a= ag T +---+ag= 1/T) “(ag+ ag/ T+---+
ay/ T%) is equal to (1/T)~? times a unit in that local ring if d = deg(a) and ay # 0.

The degree of the finite extension K < K[T]/(P) is equal to the degree of the poly-
nomial P; while the residue field at infinity is equal to K. Consequently, div(a) =
[P] —d[oo] and fi (div(a)) = d[Spec K] — d[Spec K] = 0.

We now return to the general case, still assuming that dimX =dimY +1. If Vis an
integral subscheme of codimension 1 in X appearing in div(a), one has f.([V]) =0 un-
less dim f(V) = dim V, which means f(V) = Y. By the same localization argument as
the one used in the proof of Proposition[2.1.10} we may assume that Y is the spectrum
of a field SpecK.

Let X' be the integral closure of X in its field of functions and let p: X' — X be the
canonical map and f’ = f o p. By Prop. we have divy(a) = p.(divyx:(a)). More-
over, since X' is integrally closed, any non-constant rational function in R(X') defines
a finite morphism g: X' — P}. We thus may factor f’ as the composition of the fi-
nite morphism g and the morphism h: P}< — SpecK. By Prop. g« (divy (a)) =
diVP}( (b), where b is the norm of a in the finite extension R(P}<) c R(X"). Finally,

fe(divx (@) = (f)«(divy (@) = h. (divp1 (b)) =0

in view of the particular case of the projective line we had treated first. This concludes
the proof of the proposition. O

E. Flat pull-back of cycles
To be added if needed.
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§2.2
INTERSECTING WITH DIVISORS

The goal of intersection theory is to define the intersection of two integral sub-
schemes of a scheme X, either as a cycle on X, in which case this requires assigning
multiplicities to the components of the scheme-theoretic intersection, or, as a class
modulo rational equivalence. More generally, intersection theory defines a structure
of aring on the group CH(X), even compatible with the graduation by codimension.

Many approaches are possible for smooth schemes of finite type over a field...

The goal of this section is to define the part of this ring structure corresponding to
intersection with Cartier divisors. Recall that a (Weil) divisor on a scheme X is a cycle
all of which components have codimension 1; we let Z' (X) < Z(X) be the subgroup of
the Weil divisors. However, technical reasons force us to consider only Cartier divisors,
that is the divisors which can locally be defined by one regular element. This piece of
intersection theory can be defined in more generality; it is anyway a fundamental step
in the approach of FULTON| (1998).

A. The first Chern class of a line bundle

We first recall some background on line bundles and Cartier divisors.

A.1. Cartier divisors. — Let X be a scheme. The sheaf of regular meromorphic func-
tion .#x on X is the sheaf associated to the presheaf given by U — LU, o),
where . (U) is the set of regular elements in I'(U, O’x), that is the elements of that ring
which are not zero-divisors. By definition, a regular meromorphic function on X is a
global section of the sheaf.#x. The canonical morphism of sheaves 0'x — .#x is injec-
tive. If X is integral, then the sheaf .#x is constant, given by the field R(X) of rational
functions on X.

By definition, a Cartier divisor on a scheme X is a global section of the sheaf .#; / 0.
A Cartier divisor can be thus given on an open cover (U;);¢; by prescribing invertible
meromorphic functions f; € .#x(U;)* such that for any pair (i, j) of elements of I, there
exists g;j € Ox(U;nU;)* such that f; IUmUj: 8ijfi IUmU].. Two Cartier divisors [(U;, fi)]
and [(V}, g)] are equal if and only if, for any pair (i, j), f;/g; is a unit on restriction to
U; nV;. Let Div(X) be the group of Cartier divisors on X. Principal divisors are the
Cartier divisors which belong to the image in Div(X) of the group I'(X,.# ) of regular
meromorphic functions. We write P(X) for the subgroup of principal Cartier divisors;
if f e ['(X,.#), we write div(f) for its associated Cartier divisor.

The support | D] of a Cartier divisor D = [(U;, f;)] is the set of points x € X such that,
forany i with xe U, fi ¢ O . Itis a closed subset of X.

Let V be an integral subscheme of X of codimension 1. Let D = [(U;, f;)] be a Cartier
divisor on X. We define ordy (D) as the order ordy (f;) of f;, for any index i such that
U; meets V. This is well defined since it does not depend on the choice of i; indeed, if
U; and U; are open subsets which meet V, so does their intersection and f;/ f;, being
aunit on U; N U}, is a unit in the local ring O, of X along V.
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If X is Noetherian, there are only finitely many integral subschemes V of codimen-
sion 1 such that ordy (D) # 0. Indeed, if D is represented by [(U;, f;)], where (U;) is
a finite cover, one has ordy (f;) = 0 for all but finitely many integral subschemes V of
codimension 1 which meet U;. We thus can define a map Div(X) — 7 (X) by assign-
ing to any Cartier divisor D = [(Uj, f;)] its associated one-codimensional cycle [D] =
Y yordy(D)[V]. For any regular meromorphic function f on X, the cycle associated to
the principal Cartier divisor div(f) is equal to the cycle div(f) we had previously de-
fined. This map Div(X) — Z!(X) is injective; it is bijective if and only if the local rings
of X are factorial.

A.2. Linebundles. — Let X be a scheme and let L be aline bundle on X. By definition,
there exists an open cover (U;) of X such that the restriction of L to U; admits a non-
vanishing section s;. On U; N Uj, the sections s; and s; are equal up to multiplication
by an invertible function g;; € I'(U; nUj, 0%). The relations s; = g;;s;, si = gixSk and
sj = gjkSk on U; nUj n Uy imply the equality gix = gijgjr in T(U; nUjn Uy, O%). In
other words, the family (g; ;) is a Cech 1-cocycle for the covering (U;). Conversely, any
1-cocycle defines a line bundle which is trivial on the open subsets U;.

Let D = [(U;, f;)] be a Cartier divisor on X. One attaches to D a 0'x-submodule .
of .#x, namely the one which is generated by f; on U;. When D is effective, that is
fi € Ox(U;) for each i, then .#p is an ideal sheaf; in general, .#p is a fractional Ideal. We
write Ox (D) for the inverse fractional Ideal of .#p; in other words, O'x (D) is the locally
free Ox-submodule of .#Zx generated on U; by fl._l. For any two Cartier divisors D
and E on X, one has

Ox(D+E) = Ox(D)Ox(E) = Ox(D) ® Ox(E).

We therefore obtain a morphism of Abelian groups Div(X) — Pic(X), which attaches
to any Cartier divisor D the isomorphism class of the line bundle Ox (D). If D = div(f)
is a principal divisor, then Ox(D) is free, with basis f~!; this morphism passes to the
quotient by P(X) and induces an injection Div(X)/P(X) — Pic(X).

This map is not surjective in general. Indeed, a line bundle L, defined by a 1-cocycle
(8i), belongs to the image of this map if and only if the invertible functions g;; can be
written f;/ fj, for some regular meromorphic functions f; € r'u;, # ;). Although such
functions do not exist in general, they do exist if X is integral. In that case, I'(U, .Z X*) =
R(X)* for any non-empty open subset U of X; in particular, I'(U,.#) contains I'(U n
V,0%) for any open subset V of X. We thus may fix an index i and set f; = 1 and
fi = gij for any j # i. More generally, this map is surjective if the set of associated
points of X (assumed to be Noetherian) is contained in an open affine subset of X, see
(GROTHENDIECK, (1967, §21).

When it is surjective, one deduces a morphism of Abelian groups Pic(X) — Z!(X)
which assigns to the isomorphism class of a line bundle L the cycle class ¢, (L) of any
Cartier divisor D which represents L.

B. Intersecting with first Chern classes

Let X be a finite dimensional excellent scheme.
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Let L be aline bundle on X.

Let V be an integral subscheme of X; let p =dim V. If jy: V — X is the canonical
closed immersion, the line bundle j";L on V is represented by a Cartier divisor Dy,
because V is integral. We thus write c¢1 (L) N [V] for the cycle class of Dy in CHp-1 (V) or
for its image in CH,—; (X). The notation makes sense since the linear equivalence class
of the Cartier divisor, a fortiori its associated cycle class, does only depend on L and V.
By linearity, this defines a morphism of Abelian groups from Z,(X) to CH,_(X), @ —
all)na.

If L and L' are two line bundles on X, onehas c;(L® LY na=ci(L)na+c¢ (L) na.
Moreover, if L is trivial, then ¢; (L) N a = 0; indeed, for any integral subscheme V of X
as above, the line bundle j{'}L is trivial, hence one may take Dy =0.

One can refine this construction under the assumption that L is represented by a
Cartier divisor D = [(U;, f;)] on X.

Let V be an integral subscheme of X such that V ¢ |D|. Let us fixan index i. One may
find a non-zero divisor g € Ox (U;) such that g f; € Ox(U;); then, both g f; and g map to
a non zero element in Oy (U;) under the surjective map 0x — Ovy; their quotient gives
us a well-defined element f; |y€ R(V)*. The family [(U; NV, f; |v)] then furnishes a
well-defined Cartier divisor on |D| NV which we write DN V; we also write D-[V] for its
associated cycle in Z,,_; (|D|n V), as well as for its classes in CH, (|ID|n V), CHp,_1(|D])
or CHp-1(X).

This construction does not work if V' < |D|. However, since V is integral, there
exists a Cartier divisor Dy on V, well-defined up to a principal divisor, such that
Ov(Dy) = j;ﬁX(D). Again, we write D n [V] for the cycle class in CH,_1(|V]),
CHp-1(ID]) or CHp, (X) of the Cartier divisor Dy. In other words, although we can’t
define a Cartier divisor D NV, its linear equivalence class is well-defined.

By linearity again, we obtain a morphism of Abelian groups Z,(X) — CH,_1(|Dl),
a—D-a.

PROPOSITION 2.2.1 (Projection formula). Let f: X — Y be a proper morphism of ex-
cellent schemes of finite dimension. Let L be a line bundle on'Y and a € Z,(X). The
following formula holds in CH,_ (Y):

frla(f"Lna)=c ()N fi(a).

Proof. — We may assume that a = [V], for some integral closed subscheme of di-
mension p of X; let W = f(V), so that f.([V]) = d[W] where d = [R(V) : R(W)] if
dim(V) = dim(W), and d = 0 otherwise. By definition of ¢, (L) n [W] and ¢, (f*L) N [V],
we may assume that V = X and f is surjective.

Let D = [(U;, u;)] be a Cartier divisor on Y such that L = 0y (D) ; we assume that Uj; is
affine for each i. Consequenrly, for any i, there is an element u € I'(U;, Oy) which is not
a zero divisor such that uu; € T'(U;, Oy). Since f is a dominant morphism of integral
schemes, the quotient f*(uu;)/ f*(u) gives a well-defined element in I'(f~'U;, .#)
which we write f*(u;). Let f* D be the Cartier divisor [(f~!(U;), f* (1;))] on X; by con-
struction, one has Ox (f* D) = f*(L). By definition, c; (L) N [X] is the cycle class of f* D,
hence f.(c1(L) N [X]) = f«(Lf * D).
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To compute f.([f*D]), we use the fact that, on each U;, D is the divisor of a
rational function on U;. One has indeed D n U; = divy,(u;) and f*Dn f‘l(Ui) =
div p-1(y,) (f* (u;)); The morphism fy;: f~Y(U;) — U; is proper. By Proposition
one has (fy,).(dive1 gy, (ffu;)) = 0 if dim f~}(U;) > dimU;. On the contrary, if
dim(f~!(U;)) = dim(Uj;), then Prop.[2.1.10|implies that (fy,) . (div(f* u;)) = div(N(u;)) =
ddiv(u;), where d = [R(X) : R(Y)].

If dim(X) > dim(Y), we thus conclude that f. ([f*D]) = 0, while f.([f*D]) = d[D] if
dim(X) = dim(Y). The proof of the Proposition is finished. O

C. Passing to rational equivalence

THEOREM 2.2.2. Let X be an integral excellent scheme of dimension p, let D and D' be
two Cartier divisors on X. One has D-[D'] = D' [D] in CH,_»(|D| N |D’|).

Proof. — 1) Assume that D and D' are effective and do not have any component in com-
mon. In that case, D-[D'] and D'-[D] are defined as cycles supported by | D| N |D' |, and
not only classes of cycles modulo rational equivalence. We shall show that these cycles
are actually equal.

Let W c X be any integral closed subscheme of dimension p — 2. Let A be the local
ring Ox w, let m be its maximal ideal, and let a, a’ be elements of A defining D and D’
in a neighborhood of the generic point of W (such elements exist since D and D' are as-
sumed to be effective). One has dim(A) = 2; except for its maximal ideal m and the zero
ideal, prime ideals of A have height 1 and correspond to integral closed subschemes V'
of dimension p—1 of X containing W. Then, by definition of [D'], the multiplicity of [V']
in [D'] is equal to ¢ A, (Ap/ (a")). Consequently, the multiplicity my of [W]in D-[D'] is
given by

> la, (Ap/(a))ordap(a)= ) la, (Ap/ (@)l arp(Alp + (@)).
ht(p)=1 ht(p)=1

To go on with that computation, we need a further definition. For any A-module M,

let us pose
XM= Y a,(Mp)orday,(a),
ht(p)=1

provided the relevant modules M, have finite length. This expression is additive in
exact sequences and tailored so that my, = y(A/(a)).

We have y(A/m) = 0 for all the localizations (A/m),, are then zero. On the other hand,
if g # (0) is a prime ideal in A, ht(q) =1 and

x(Alq) = Z Cp,(Aplqp)ordajp(a) = ordasq(a) = C(Alq+ (a).
ht(p)=1
Consequently, if M = A/q, we see that y(M) = ¢(M/aM) — ¢(M,), where M, = {m €
M ; am = 0}. The right-hand side of this formula being also additive in exact sequences,
it follows that this equality holds for any A-module M such that M/aM and M, have
finite length (in fact, this holds if and only is a torsion A-module of finite type). Indeed,
by the theory of associated prime ideals, there exists a chain a submodules M = M, c



§ §2.2. INTERSECTING WITH DIVISORS 51

M, c--- < My =0, where, for each k € {1,...,n}, My/M;j_; is isomorphic to A/p;, for
some prime ideal p; of A.

Finally, we have my = € 4(Al(a,a)) — € 4((Al(a')),). However, the assumption that
F and D’ have no common component implies that the multiplication by a is injective
in A/(a'), hence A/(a'),=0and my =€ 4(Al(a,a)).

This formula being symmetric in a and a’, we conclude that the multiplicity of W
in D-[D'] equals that of W in D' [D]. Finally, D-[D'] = D' - [D].

2) Assume that D and D' are effective. The excess of intersection is then defined by

e(D,D)) = m‘flxordV(D) ordy (D)),

where V runs among the integral closed subschemes of dimension p—1 in X. The
proof goes by induction on &(D, D'); the case £(D, D') = 0, meaning that [D] and [D']
have no common component, having being treated by Case 1).

Let 7: Y — X be the blow-up of the ideal sheaf .#p + .#}y in X. The morphism 7 is
proper, surjective and birational. Moreover, the Cartier divisors 7*D and 7*D' on Y
decompose as sums 7*D = E+ C, n* D' = E + C', where E, C, C' are Cartier divisors
such that |E| = 77'(ID|n|D|") and |C|n |C'| = @. We claim that if (D, D') > 0, then
e(C,E)<e(D,D")and e(C,E") <e(D, D).

We postpone the proof of this claim and go on with the proof of Case 2). On Y,
C-[E] = E-[C], C'-[E] = E-[C'] (by induction), while C-[C'] = C'-[C] = 0 since |C| and |C’
are disjoint. Consequently, 7*D-[7*D'] = n*D'-[n* D] in CHp,_»(I7* DN |7T*D/|). Then,
using that D = n.n*D, D' = n,n*D’, and applying the projection formula in the form
established during the proof of Prop. we obtain

D-[D')=m.(m*D-([E]+[C'D) =m.(E+C) - ([E] +[C') = . (E-[El + E-[C'] + C- [E])
=n.(E-[E]+C'-[E]+E-[C]
=D'-[D]

by symmetry.

3) The Cartier divisor D' is effective. Let . = Ox(D) N Ox be the denominator ideal
of D; in other words, .# (U) is the set of a € &'x(U) such that div(a) + D is effective.
Let 7: Y — X be the blow-up of the Ideal sheaf .#. By definition of a blow-up, 7*.% =
Oy (—E), for some effective Cartier divisor E on Y; moreover, the Cartier divisor C =
n*D+ E on Y is effective. Then, Case 2) and the projection formula imply that

D-[D1=n,@x"D-[n*D')=n,(C-E)-[n"D')) =7, (C-[n*D')) -7, (E- [n*D'])

=7(*D"-[C)) =, (n* D" [E]) = 7, (w* D' ([C] - [E])) = w4 (w* D' - [x" D))
=D'-[D].

4) The general case is proved in a similar manner, introducing the denominator ideal
of D' and resorting to Case 3).

It remains to prove the claim above that we had temporarily assumed. Let U =
Spec A be an affine open subset of X on which D and D' are defined by elements a
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and a’ € A. Then Y, = ProjR(I), where I = (a,a’) and R(I) = @52, I1". The morphism
of graded algebras A[T,U] — R(I) such that P — P(a,a’) is surjective and induces a
closed immersion of Y, in the projective line PII4 over Spec A. In fact, this immersion
factors through the closed subscheme V(a'T — aU) of Ph. Let ¢ and u be the images
of T'and U in R(I). By definition of a blow-up, 7* I is the ideal of an effective Cartier
divisor Eon Y.

On the open set D* (T) of Proj R(I) where t # 0, one may write @’ = au/t, hence an
equality of ideals (a,a’) = (1, u/t)(a) showing that E = 7*D on D*(T), while 7*D' =
E +div(u/t) = E+ C'. On the other hand, on the open set D*(U), one finds 7*D' = E
and 7*D = E + C, with C = div(¢/w). This shows that |C| and |C'| are the traces on Y of
the zero and infinity sections of P, hence they are disjoint.

Let W be an integral closed subscheme of codimension 1 in Y, let V = n(W). We
have ordy (D) > ordy (E+C) = ordy (E) + ordy (C), and similarly ordy (D) > ordy (E) +
ordy (C'). Consequently,

ordy (D) ordy (D) > ordy (E)? + ordy (E) ordy (C).

Assume €(E,C) > 0 and let W be the component of |E|n |C| such that €(E,C) =
ordy (E) ordy (C). Necessarily, W is a component of E, and ordy(D)ordy (D) >
1+ ordy (E) ordy (C); therefore, (D, D’) > 1+ ¢€(E, C). If e(E, C) = 0, this inequality also
holds provided (D, D") > 0, which concludes the prof of the asserted Claim. O

This Theorem has a number of important consequences, the first of which being
that intersecting with a divisor passes through rational equivalence.

COROLLARY 2.2.3. Let X be an excellent scheme of finite dimension, let L be a line bun-
dle on X and let a € Raty,(X). Then, c;(L)na =0 in CHp,-1(X).

Proof. — We reduce to proving that c; (L) n [div(x)] = 0 if X is integral and u € R(X)*.
Let D be a Cartier divisor representing L. By the Theorem,
c1 (L) n[div(w)] = D - [div(u)] = div(w) - [D] =0

in CHy-1(X) since the Cartier divisor div(u) is linearly equivalent to zero. O

Let X be an excellent scheme of finite dimension. It follows that one can define, for
any line bundle L on X, morphisms of Abelian groups CH,(X) — CH,-;(X), written
a — c1(L) na. If, moreover L is represented by a Cartier divisor D, one even obtains
morphisms CH, (X) — CHp,-1(| D).

COROLLARY 2.2.4. Let X be an excellent scheme of finite dimension, let L and L' be two
line bundles on X and let « € CHy,(X). Then, one has

al)nag@lH)na=cIHncl)na

in CHp_5(X).

If L and L' are represented by Cartier divisors D and D’, the proof below shows that
this equality even holds on CH,_»(|D|n |D']).
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Proof. — 1t suffices to show the asserted formula when a = [V], for some integral
closed subscheme V of X of dimension p. We may then reduce to the case where
V = X; in particular, L and L' are represented by Cartier divisors D and D' on X.
By definition, c¢1(L) N [X] = [D’], hence ¢;(L) nc1(L") N [X] = D-[D']. By symmetry,
c1(LYney (L) n[X] = D'-[D], hence the desired equality. O

§23
INTERSECTION THEORY (FORMULAIRE)

§24
GREEN CURRENTS ON COMPLEX VARIETIES

Our references for this section are[DE RHAM|(1973), |GRIFFITHS & HARRIS|(1978),|DE-
MAILLY| (1997) and |WELLS/(2008).

A. Differential forms on a complex manifold, currents

Let X be a complex analytic manifold; for simplicity, we assume that all connected
components of X have the same dimension, say n. By definition of a manifold, X can
be covered by open charts (U;, ;) where w;: U; — C" is a biholomorphic morphism
of U; onto an open subset of C". In other words, for any two indices i and j, y; (U;N Uj)
and v ;(U; N Uj) are open subset of C" and v o 1//1._1 defines a biholomorphic isomor-
phism of the former onto the latter.

To properly describe differential forms on X, we need a small digression about C".
Let V be a complex vector space of dimension #; let (zy,..., z,) be a basis of V*. Their
conjugates zi,...,Z, are defined by z;(v) = z;(v) for v € V; these are complex valued
linear forms on the real space Vg associated to V. We can also write z; = x; +iy;,
where xj, yj: V — Rare real linear forms on Vg. We thus observe that (z1, z1,..., z2n, Zn)
and (x1, y1,..., Xn, ¥n) are two bases of the complex vector space Homg(Vg,C). In fact,
(x1,...,Yn) is also a basis of the real vector space V. They are related by

. 1 —
zj=xj+iyj, xj:5(2j+zj)
- . 1 -
zj=xj—1iyj, ij—Zi(Zj—Zj).

For any basis uy, ..., uz, of Vi, and any integer m, the space Homg(\" Vg, C) of com-
plexvalued degree m covectors on Vg admits the family (u; A---Au; )i <..<i,, as abasis.
If we consider the basis (zy,..., 25, 21,...,2,) introduced above, we say that a covector
has bidgree (p, q) if it a linear combination of the covectors (zj, A-+-Azj, AZj, A...Zj,,

for1<ii<---<ip<nand1<j; <-< j; < n. Inother words, Homg(VR,C) = VeV
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and we have decomposed Hom (A" Vg, C) as the direct sum

p q __ p qa __,
@ Hom(A\V,0)eHom(A\V,0)= @ AVeAV .
p+q=m p+tgq=m

We write V(’;) ? for the space of covectors of bidgree (p, q) on V. We thus have V[ , =V,

* T * AP avy
V(Oyl)—VandV(pyq)—/\ VeATV.

We observe that for any A € C and covector F of bidegree (p,q) on V, F(Avy,...,Avg) =
/1’”/1qF(v1,..., vq). Since the maps A — AP for varying p and ¢, are linearly inde-
pendant, this implies that the spaces V(’; ? do not depend on the choice of a basis
of V*.

If we apply these considerations to the tangent bundle of a complex manifold X, we
obtain a decomposition of the bundle of complex valued degree m differential forms
on Xg as a direct sum

m d
Ce AT"Xg=Hom(\TX,0= @ T,,X
p+g=m

where T(’;’ q)X = AP T*X® A\ T*X. In other words, a differential form of bidegree (p, q)

on X can be written an a chart U; as a linear combination
Y, wpdz; A--Adz, AdZj A AdZ,.
[={i1<-<ip}
J={j1<<jq}

We define .7 79 (X) to be the space of ¥"*-differential forms of bidgree (p, g) in X,
and &"(X) = Dprg=m (P.4)(X) the space of degree m differential forms in X. The
support of a form a on X is the smallest closed subset S of X such that a |x\s= 0. We
then let szfc(p D (X) and dIMX) =D p+q=m42fc(p D (X) to be the subspaces consisting of
differential forms with compact support.

These are infinite dimensional complex vector spaces; we define a structure of lo-
cally convex topological vector space on them by considering the family of seminorms

o supsup |op, .
xeK I,]

’

where K is a compact subset of an open set of definition of a chart U;, ||a)U|| -k is the

%" -norm of the ¢"*°-function wy; o wi‘l defined on a the compact set ¥;(K) in C".
The spaces of currents are the topological duals of these spaces. Namely, we define

@41 ZpoX =G X)) DX = (XY = B DpaX)
p+g=m
242)  I(,,X0=@P?X).  Z5X)=@"X)' = @ Z,,X.
p+g=m

Theses are the space of currents of bidimension (p, q), the space of currents of dimen-
sion m, and the analogous spaces of currents with compact support. A current of bidi-
mension (p, q) is also said to have bidegree (n — p, n — q), where n is the complex di-
mension of X (which is assumed to be equidimensional); a current of dimension m is
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also said to have degree n — m. We write 2P9(X), 2™(X) for the spaces of currents
respectively of bidegree (p, q) and of degree m, and similarly for currents with compact
support.

By definition, an element of %, 4)(X) is a linear form T on ;zfc(p 9 (X) such that for
any compact subset K < U; there exists a real number Cx and an integer r such that

T ()| < Ck lallk,r

for any differential form a of bidgree (p, q) with support in K.

The support of a current T is the smallest closed subset S of X such that T'(a) =0
for any form a whose support is disjoint from S. By duality, the obvious injections
JZ{c(p,q) (X) — &/ P9 (X) induce morphisms .@(Cp, ? (X) = Dp,q(X) at the level of cur-
rents. These morphisms are injective too and identify the space of currents with com-
pact supports with the subspaces of currents whose support is compact.

Let us recall that a differential form on X of bidgree (n, n) can be integrated on X, at
least if it has compact support. We deduce from that canonical maps &7 *=P"=9 (X) —

Dp,q)(X), «%(n_p'n_q) X) — @(prq) (X), defined, for a € o7/P9(X), as the linear form

w— f x @A, and similarly for a € ch(p /4) (X). In fact, these maps even extend to the set
of differential forms with locally integrable coefficients, because the relevant integrals
then converge absolutely. These maps are injective: using a partition of unity and local
coordinates, this amounts to the classical fact that if a is any locally integrable function
on C" such that f» @ = 0 for any ¢ € €°(C™), then a =0.

We shall write [a] for the current associated to a form a.

B. Differential calculus

Let X be a complex analytic manifold. Differential forms on X can be differentiated:
there are differential operators d = 4 + @, where 0 : &7 P9 (X) — &/ P*1@(X) and 9 :
o PP (X) — o7 P41 (X) are given in local coordinates by the formulae

dw=Y dz ndz ndZ,
I,] 6Zk
30 =Y U4z, ndzs ndzZ.
1] 9%k
In this formula, w is a differential form of bidegree (p, q) givenlocallyasw =Y w;dz; A
dz; while, for multiindices I = (i} < i» <---<ip) and J = (j; <--- < j4), we have set
dZI = dZi1 JARER /\dZip and dZ] = del AREN /\dzjq.
Since dod = 0, one obtains a complex,
0— 0SS
called the De Rham complex of X, and whose cohomology groups H} (X) are called
the De Rham cohomology groups of X. Explicitly:
ker(d: @™ (X) — /™ (X))

HIL(X) = :
ar(X) im (d: &/ 1(X) — o™ (X))
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Forms a such that da = 0 are called closed; those of the form df are called exact. With
this terminology, Hyp (X) is the vector space of closed m-forms modulo its subspace of
exact forms. For m =0, HgR (X) is the space of locally constant functions; if X is con-
nected and non-empty, one thus has HgR(X) = C. According to the Poincaré lemma,
the remaining spaces are zero if X = C" or, more generally, if X is starshaped with re-
spect to one of its points. As a consequence, the complex of sheaves given on an open
subset U of X by the De Rham complex of U is a resolution of the constant sheaf Cyx.
Since there exists ¢ *°-partitions of unity, these sheaves are fine, from which general
cohomological techniques imply that the De Rham cohomology groups of X coincide
with the cohomology groups H (X, Cx) of the constant sheaf Cx.

Since d? = (0+0)% = 0> + 00 + 00 +52, consideration of degrees imply that 6> = 3 =o.
Consequently, one also obtains, for each integer p, a complex

0—dPOx) L PV,

called the Dolbeault complex of Qf(, and whose cohomology groups Hgol(Qg) are
called the Dolbeault cohomology groups of Q;’(. Explicitly:

_ ker (0: &7 PP (X) — o Pa+D (X))
im (9: &7 (P4 (X) — o PD (X))

According to the complex Poincaré lemma, the spaces Hgol(Qf() are zero for g > 0 if
X = C" or, more generally, if X is starshaped with respect to one of its points. Moreover,
one knows that for a ¥"*°-functions u on an open subset U of C", u is holomorphic
if and only if du = 0. In local coordinates, this implies that Hgol (Q;) coincides with
the space holomorphic differential forms of degree p on X. As a consequence, the
complex of sheaves given on an open subset U of X by the Dolbeault complex of U
is a resolution of the sheaf Q; of holomorphic differential forms of degree p. These
sheaves being fine, one concludes in a similar manner than for De Rham cohomology
that H (Q%) = HI(X,Q%).

There are similar De Rham and Dolbeault complexes with compact support, ob-
tained by replacing the spaces .« (P4 (X) and &7 ™(X) by their subspaces szc(p 4) (X) and
/™ (X). The local formulae for d, 0 and 0 show that one indeed gets complexes whose
cohomology groups are called (surprise!) the De Rham cohomology groups with com-
pact support of X, and the Dolbeault cohomology groups with compact support of Qf(.
Again, these spaces are isomorphic to the cohomology groups with compact support
of the sheaves Cx and Qf( respectively.

Since currents are dual to forms, the operators d, 0 and 0 acts by transposition on the
spaces of currents. However, if v and a are ¢! -differential forms, one of them having
compact support, then d(w A @) = dw A a + (-1)"w A da, where «a is of degree m. By

Stokes’s formula,
f dora= (—l)m“f o Ada;
X X
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in other words,
([dw], @) = (-1)""[w], day,

m + 1 being the degree of da. In view of this formula, we define, for any current T €
Pm(X), the current dT by the formula

dT,ay = ()™ NT,da),

for any a € <7/ (X). We give a similar definition for d and 0, so that the equalityd = d+0
holds for currents.

Currents furnishes new De Rham and Dolbeault complexes whose cohomology, in
fact, coincide with that of the original complexes. This follows from the fact that the
classical and complex Poincaré lemmas still hold at the level of currents so that the De
Rham, resp. the Dolbeault complexes, with currents are also resolutions of the con-
stant sheaf Cy, resp. of the sheaf Q;. (Technically, the inclusion of the sheafified
De Rham complex into the sheafified De Rham complexes with currents is a quasi-
isomorphism.)

C. Hodge Theory

Let X be a compact complex analytic manifold, together with a hermitian metric &

on its cotangent bundle; this endows the spaces T(";) 9 by hermitian metrics, and in

particular the space T(’:l'n)X of volume forms. Let dV be the volume form which is
of norm 1 everywhere; at any point of X, it is given by dV = (i/2)"dz; Adz; A ... if
(dzy,...,dz,) is a unitary basis of T("i'o).

We then can use the volume form dV to define at each point a Hodge operator

*: T(’;' 67)X — T(’;l_ an-p) X, where n = dim X, defined by the formulae

aAxp=ha,pf)dV
for any two covectors @ and S € T, (’;, o X atapoint x. Explicitly,  is antilinear and
*(dzr Adz)) =...dzp Adzp,
where I and I’ are complementary multiindices, as well as J and J'. Indeed,

5],1/5]] = h(dz; A dE], dZ[/ N dE]/)
=dz; A dE] AN dZ]/ AN dE]r
= (-1)P9dz; Adzp Adzy Adzy
=(=D"ep e p
where ¢/ p is the signature of the permutation (I, I').

This allows to define the (so called, formal) adjoint d* to the operator d: &/ (X) —
o/ "1 (X) by the formula

d* = (D)™ % ldx: "X — FHXD.
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Indeed, for @ € &7 (X) and B € /"1 (X), one has
fh(da,ﬁ)dV:fda/\*B
X X
:f dl@nrxp)—(-1)"and*p
X

=)™ hia,x'dx f)dV.

A computation shows that x~'d x = — xd x f = d* 8. The laplacian is the differen-
tial operator of order 2 given by A = dd* + d*d. One checks in local coordinates that it
is an elliptic operator.

Harmonic forms are the differential forms annihilated by A. Moreover, for any a €
/"™ (X), the equation

fh(Aa,a)dV:f h(da,da)dV+f h(d*a,d*a)dV
X X X

implies that a form a is harmonic if and only if da = d*a = 0. The De Rham complex
is elliptic: the associated complex of vector bundles on the cotangent space T* X given
by the principal symbols of the differential operators d: .2/ — &7"*! is exact. (The
fibre a point (x,¢) of T* X of this complex is the complex of cotangent spaces A" Ty X
related by the morphism “taking exterior product with ¢”. For a covector v, the relation
¢Av =0isequivalent to the fact that v can be written ¢ A w. Consequently, this complex
is exact.)

The theory of elliptic differential operators then implies that the space 7" (X) is
finite dimensional, as well as the existence of Green operators G: o/ "™ (X) — o/ "™(X)
commuting with d and d* such that id —AG is a projector onto .77 (X). Consequently,
for any a € /" (X), one can write

a=a+dd*Ga)+d*(dGa),

where 7 a € 7 (X) is harmonic. From this, one deduces that there is an orthogonal
decomposition
1 1
F"M(X)="X) e dd™ N X) @ d* (X)),

Observe moreover that the kernel of d consists of the first two terms, while its image
is the second one. Consequently, the spaces 77" (X) is naturally isomorphic to the De
Rham cohomology group H (X).

Similarly, one defines the (formal) adjoints 0* = — *5:: andd =— 0 todand d
which allow to define laplacians Ay and Az. The 0 and d-complexes are elliptic too,
leading to Green operators Gy, G3, as well as to orthogonal decompositions

@/(p,q) (X) = %(pvq) é—aa%(p—l,q) (X) éa*ﬂ(pﬂ,q) (X)

= AP &5/ PV (X) 85/ PV (X),
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where %(p D and %%(p D are finite dimensional vector spaces, equal respectively to
the kernels of A, and Az acting on &/ (P4 (X). Again, a form belongs to %%(p D (X) ifand
only if it is 0 and d -closed. Consequently, the space %%(p D (X) is in natural bijection

with the Dolbeault cohomology group Hgol(Qf().
Let us define a differential form of bidegree (1,1) on X by the formula

 Sh=ith-T
w Sh 2(h ).

In local coordinates (zy,...,zy), let hjr = h(dz;,dz;); one has
i _
w = —Zhj dej Adzp.
2 ],k ’

One says that X is Kdhler if this differential form is closed. Under this assumption,
there is a fundamental coincidence of all spaces of harmonic forms, due to the equali-
ties
1
Ny =Ag=2A

between the three laplacians, themselves a consequence of the commutation relations
30 =-0 0, 00" =-0%d.
Moreover, the Green operators G, Gy and Gg are also related by the formula G5 = G5 =
2G. The first consequence of these equalities is a decomposition the De Rham coho-
mology groups:
Hip(X0= @D Hpy (@),
p+g=m
We shall also need the following proposition.

PROPOSITION 2.4.3 (30-lemma). Let X bea compact Kéihler complex manifold. Let a €
o/ PD(X) be a differential form of bidegree (p, q) such that da = 0. Then, the following
properties are equivalent:

a) There exists a differential form B such that a = 308 ;

b) a isd-exact;

Cc) «a isd-exact;

d) a isd-exact;

e) a is orthogonal to the space 779 (X) of harmonic forms of bidegree (p, q).
Proof. — We first remark that for a form & of bidegree (p, 9), the equality da = 0 im-
plies that da = da = 0. Indeed, da = 0a + 0a, while da and da do not have the same
bidegrees. B 3 B B B

Assume now that a = 00f. Then a =9(0p) = 0(-0p) =d(0B —0p) is d, 0 and 9-exact.
Moreover, if any of these exactness properties holds, then the Hodge decomposition of

o (P9 (X) for the corresponding laplacian implies that « is orthogonal to the space of
harmonic forms.
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Let us finally assume that a is orthogonal to .77’ (P-4 (X) and let us prove the existence
of a form B such that @ = 308. The decomposition of 7?9 (X) for the d operator
implies that there exist differential forms « and v such that @ = du+9d* v. Since da =0,
one obtains

0=00u+00"v=00"v.
Integrating this relation on X and using the adjointness property, one gets [ h(0* v,0* v)dV =
0 hence 0*v = 0 and @ = du. Decomposing u as a sum h + 0f + 5*}/, with & €
A P~LD(X), Be o7 P~L47D(X) and y € o7 P19 (X)), we finally obtain
a=0u=0h+00f+00 y=00B+00 v,
hence o N .
0=0a=0003+000 y=-00 0y.
This implies that Fl dy =0, and finally & = 34, as we needed to show. O

PROPOSITION 2.4.4 (05—lemma). Let X be a Kdhler compact comp_lex manifold. Let
a € o/ P9 (X) be a differential form of bidegree (p, q). Ifa isd, 0 or 0-exact, then there
exists a formn of bidegree (p — 1, q — 1) such that a = 00n.
Proof. — Following (GRIFFITHS & HARRIS, 1978, p. 115), we shall actually give an ex-
plicit solution 7 for we shall need it for the next proposition. We first observe that for a
form a of bidegree (p, g), being d, 0 or d-closed are equivalent. Indeed, da = 0a +0a is
a sum of forms of distinct bidegrees.

Let a¢ be the harmonic projection of a. The Hodge decomposition for 0 writes

a=ap+00"Ga)+0*(0Ga) = ay+0(0*Ga)
since 0Ga = %GGO = %Gada = 0. Let us observe that the form 0* Ga, of bidegree (p —
1,q9),is 5-closed; indeed,
- - 1 .- 1 -
00"Ga =-0"0Ga =~-0"0G5a = --0"Gz0a =0.
2 2
As any form in the image of 8%, it is also orthogonal to the space of harmonic forms, so
that its Hodge decomposition writes
9*Ga =00 G;0"Ga)+0 (0G50*Ga)
=0(20 0" G2a).

This implies a = ag + 00n, with n = 20 0" G%a.

If a is d-exact, the orthogonal decompositions of .7 (X) induced by the Laplacian A
shows that a is orthogonal to the space of harmonic forms, so that @y = 0. By a similar

argument involving the other two Laplacians, we conclude that ¢ =0 if ¢ is d, d or 0-
exact, which concludes the proof of the Proposition. O

COROLLARY 2.4.5 (65-lemma for currents). Let X be a Kdhler compact complex mani-
fold. Let T be a closed current of bidegree (p,q) on X. If T is d, 0 or 0-exact, then there
exists a current U of bidegree (p —1,q — 1) such that T = 00U.
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Proof. — In fact, the preceding proof holds (almost) verbatim by replacing forms by
currents. One should observe however that for a form a, orthogonality with a harmonic
form » means f x h(a,w)dV = 0. But this is equivalent to the relation ([a], xw) = 0.
Since complex conjugaison and the x-operator preserve harmonic forms, orthogonal-
ity with #P4) is equivalent to vanishing on .77 "~P*~@ which gives an adequate for-
mulation for currents. O

In the sequel, we shall use the operator dd® which is a multiple of 0. Namely, we
define d¢ = (0 — 0)/2in. This is a real differential operator, and

dd° = 140,
T

Note that while we follow the convention of DEMAILLY| (1997), other authors, notably
GILLET & SOULE| (1990) and |GRIFFITHS & HARRIS| (1978), use half of it. Our choice is
motivated by the will to eliminate a factor 2 in the definition of the arithmetic degree,
as well as to be closer to the convention of potential theory.

D. Push-forward and pull-backs of forms and currents

Let f: X — Y be a morphism of complex analytic manifolds; for simplicity we as-
sume that X and Y are everywhere of dimensions d and e respectively. By classical
differential calculus, f induces maps f*: o/ P9 (X) — &/ P9(Y). By duality, one ob-
tains amap f: .@(Cp' 9 X) = ¢ (Y), given by

(p.q)
<f*T,(X> = (T,f*a)
for T € 7¢, ,(X) and a € & P9 (Y). If, moreover, f is proper, then f* maps PP (X)

into ;zfc(p &l (Y). Consequently, the map f, at the level of currents with compact support
extends to a map

f*l -@(p,q) (X) — -@(p,q)(Y)

on currents of bidimension (p, q).

If f is a locally trivial fibration, then one also can integrate differential forms on X
along the fibres of f, at least if these integrals converge, which happens for the differ-
ential forms with compact support. (Locally on X, X =Y x Z, for some complex man-
ifold Z, integrate on Z with respect to the coordinates on Z, making use of theorems
concerning regularity of integrals with parameters.) According to a famous lemma of
Ehresmann, this is in particular the case if f is a proper submersion. In those cases,
one obtains a map

f*: %(qu)(X) q%(p—d+e,q—d+e)(y),

hence, by duality, a morphism
5 Do,y (V) = Diprd—e,qrd—e)(X)

which preserves currents with compact support if f is proper.
If a € o7 @-Pd=9)(Y) is a form and T = [a] is the current on Y associated to @, then
f*T is the current associated to the form f*a. Similarly, if « € &7 P9 (X) and T = [a] is
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the current on X associated to a, then f, T is the form associated to the form f. a given
by integration on the fibres of f.

The maps f, and f* commute with the operators d, d and 4. One has f*(T A a) =
f*TAf*aif T is a current and a a form on Y; one also has a projection formula,
namely f.(TA f*a)=f. T Aaifaisaformon Y and T is a current on X.

E. The current associated to an analytic subvariety

Let X be a complex analytic manifold and let A € X be an analytic subset every-
where of dimension d. Let A be the regular locus in A, that is the set of points of A
possessing a neighborhood Q in X such that AnQ is a submanifold of dimension d
of X. The singular locus Aging = A\ Asing is the complement to the regular locus. By a
fundamental theorem it is an analytic subset of X.

The integration current on A is the current of bidimension (d, d), equivalently of
bidegree (n—d, n — d), defined by the formula

(04, w) = f jaw
Areg

where j4: Areg — X is the canonical immersion and w € %(d'd) (X) is a differential form
of bidegree (d, d) with compact support on X. When Agjng # &, the support of jw is
not necessarily compact, and one first has to prove the convergence of the written inte-
gral. This can be done using the Weierstrass preparation theorem which allows, locally,
to describe A as a finite cover of C4 defined in C%*! = C? x C by a monic polynomial in
the last variable whose coefficients are analytic functions in the first d variables.
Another way of defining 6 4 is to use resolution of singularities. Namely, there exists
a complex analytic manifold Y, a proper birational morphism 7: Y — X which is an
isomorphism outside Asing such that the closure B of I (Areg) in Y is a closed subman-
ifold. Then 6 is well-defined, as a current of bidegree (n—d,n—d)on Y (if jp: B—Y
is the canonical closed immersion, one has d g(w) = f Bl ]’g,w for any w € &7 (d.d)(y)), and

one may set 6 4 = 1.6 5. In other words, forany w € %(d'd) (X,

(0a,w)= fB(jEﬂ*)w.
That both definitions agree follows from the fact that the complement in B to gl (Areg),
being an analytic subset of dimension < d, has measure 0.

THEOREM 2.4.6 (Lelong). For any analytic subset A of X, the current§ 4 is closed: d6 4 =
0.

Proof. — This is easy if one uses the second definition. Indeed, using the above nota-
tion, one has
(dd 4, ) =(ddp, m*w) =—(dp,dn*w) =0

for any differential form w € %(d’d) (X) since jpw is automatically closed, being a form
of bidegree (d, d) on the complex d-dimensional manifold B. O

) Reference
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Let us now assume that X is a smooth complex algebraic variety. By linearity, any
cycle A€ Z,(X) defines a current 6 4 of bidimension (p, p).

PROPOSITION 2.4.7 (Poincaré-Lelong Formula). Let X be a smooth complex algebraic
variety, everywhere of dimension n, and let f a regular meromorphic function on X.
Then, log | f | is locally integrable on X and

dd®log|f| ™" + 8aiv(s) = 0.

Proof. — This formula can be checked locally for the complex topology, around any
point x € X. By the very definition of the currents involved we may also except a set
of measure 0 in |div( 1) | We shall therefore assume, either that x ¢ |diV( f |, or that x is
a smooth point of |diV(f) |

First assume that x does not belong to |div( b |; then f is holomorphic and non zero
around x. Consequently, there exists a neighborhood Q of x in X and a holomorphic
function g on Q such that f = e”8. On Q, the current log | f |_1 is defined by the €

functiin %(g +3). We observe that dg = 0 since g is holomorphic on Q; consequently,

dg = dg = 0 too. Then, the current dd°log | f |_1 is the one associated to the form
dd¢log|f| ™ = ~-68(g +5) = —0(@g) — ~—3(37) = 0.
og|f|” = 5-00(g +3) = 7-0(3g) - 7 -0(0%)

We now assume that x is a smooth point of |div(f)|. This means that x belongs
to exactly one of the components of |diV( f)|, say Z, and is a regular point of Z. In
that case, there exists an open neighborhood Q of x in X, a holomorphic function z;
on Q2 which defines Z N and a non-vanishing holomorphic function z on Q such that
f = uz™. Moreover, up to shrinking 2, one may assume that there exist holomorphic
function zp,...,z, on Q such that (z1,..., z,) is an biholomorphic isomorphism from Q
to an open neighborhood U of the origin in C". We thus may assume that Q is an open
neighborhood of the origin z =0 in C".

One has log|f| =log|ul +1og|z|, hence

ddclog|f| =ddlog|ul + mddlog|z;| = mdd‘log|z|
by the first case we have treated. Moreover, log|z;| = (z1)*log|z|, while 6 ;-0 = (z1)* 99
where log|z| and § are currents of bidegrees respectively (0,0) and (1, 1) in C. Since,

dd‘logl|z;1dd‘(z;) " log|zl,
the Proposition follows from the following equality
dd®adlog|z| = &,
of currents on C, which is proved as a separate Lemma. O

LEMMA 2.4.8. Let a be a €*°-function with compact support on C. One has

f log|z|0da = —ina(0).
C

@ Détailler...
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Proof. — One has (dy, @) = @(0), while
(lagloglzl,m = l(loglzl ,56a>
T T

i _
=—11 00
nfc oglz|00a

i, -
=— lim log|z|d0a.
T e—0" |Z|>E

Since dda = dda + 0°a = dda, one has the following equality of differential forms
onC*:
10g|z|50a =d(logl|z|0a) —dlog|z| A da.
Moreover, choosing a local determination of log z, we see that

1 1 1 d dz
dlog|2] =  dlog|zl* = ~dlogz+ S dlogZ = 2—2 4 2—2

For degree reasons, dz A da = 0; we thus obtain that

- d
log|z|00a = d(logl|z|0a) — 2—f Ao,
Z

Then, Stokes formula implies, for any positive real number ¢, that

_ dz
f loglzldaa:—f log|z|6a+f —f/\aa.
|zI>€ |zl=¢ lzl>¢ 22

Moreover, still on C*, we have

g/\dazg/\da:—d(ag),
V4 Z Z

so that

- = 21 . 2n .
f g Al :f ag :f a(ee?)(-i)do = —if a(ee?)do.
|z|>€ |z|=€ 0

z V4 0

Finally,
2

_ 1 .
f log|z|0da = —f log|z|0a — —if aee?)do.
|z|>€ |z|=€ 2 Jo

When € — 0, the absolute value of the first term of the right hand side is majorized
by a constant time eloge ™!, hence goes to 0. The second term however converges to
—ima(0). This shows that

f log|z|56a = —ina(0),
C

as claimed. O
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F. Green currents

DEFINITION 2.4.9. Let X be a complex analytic manifold everywhere of dimension n
and let Z be a cycle of dimension p on X. Assume that X is Kdhler. A Green current
for Z is a current gz of bidimension (p +1, p + 1) on X such that

i —
=—00gz+6
wz . 8z10z
is (the current associated to) a ¢ *°-differential form of bidegree (p, p) on X.

With the above notation, we remark that §  and w, define the same cohomol-
ogy class in HI()';IP P (x). Conversely, representing the cohomology class of the
current § z by a form paves the way to a proof of the existence of Green currents.

THEOREM 2.4.10. a) Any cycle has a Green current.
b) If g and g' are two Green currents for a cycle Z, then there are currents u €
Dp+1,p+2)(X) and v € Dipi2,p+1)(X), and a form a € o/ "~P~L1=9"D(X) such that

g -g=a+0u+ov.

Proof. — a) The current 6z is closed; since the De Rham cohomology of currents coin-
cides with that of forms, and is represented by harmonic forms, there exists a harmonic
¢ -differential form w such that § 7 — w is an exact current. By the d9-lemma for cur-
rents, there exists a current g such that 5 ; —w = ddg. This implies that —2ing is a Green
current for Z. B

b) Let h = g’ — g. By assumption, 0k is (the current associated to) a ¢ *°-differential
form on X. The assertion thus follows from the following regularity lemma. O

PROPOSITION 2.4.11 (Regularity Lemma). Let X be a complex Kéiihler manifold and let
T be a current of bidegree (p, q) n X.

a) Assume that T is smooth and can be written T = OU+dV for some currents U and V
of bidegrees (p—1,q) and (p, g—1). Then there exists forms u and v such that T = du+0v.

b) If@ET is smooth, then there exist currents U, V of bidegrees (p—1, q) and (p,q—1),
and a form a of bidegree (p, q) such that T = a +0U +oV.

¢) If00T = 0, there one can take a to be harmonic. If moreover T is smooth, then U
and V can be chosen to be smooth.

Proof. — b) The differential form 0(T) of bidegree (p+1, g+1) is d-exact as a current;
since the 0-cohomology of forms and currents coincide, it is d-exact as a form and
there exists a differential form a; € .« P91 (X) such that (0T) = da;. Now, AT + a;
is a A-closed current of bidegree (p, g + 1); by the same cohomological argument, it is
equal to a d-closed differential form up to a d-exact current. This means that there
exists a form B; € &/ P9*D and a current T of bidegree (p — 1, q) such that 0B =0
and 0T +a; = B — 5T1. We have shown the existence of a current T; of bidegree (p +
1,4 —1) and of a differential form uy € o7 P*19 such that T = ug — 0T,. Moreover,
AT = —0uy is smooth. We thus may iterate this argument and construct a sequence
(uy) of differential forms, with uy € o7 PT*+1L.4-k)(X) and (T}) of currents, with T €
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9 P+ka-0 satistying Ty = T and 0Ty = uy — 0Ti4 for k > 0. Considering the degrees
of these currents, we see that T; =0 for k> g.

Let us now show by decreasing induction on k that there exists a form aj €
o/ P+ka=K and currents Uy, Vi such that Ty = aj + 0Uy + 0Vi. This holds obvi-
ously for k > q. Assume it holds for k+ 1. Then, 0Ty = ux —5ak+1 —56Uk+1, SO
that u; — 5ak+1 = 0(Ty — 5Uk+1) is a differential form of bidegree (p + k+1,q9 — k)
which is d-exact as a current. It follows that it is d-exact, hence there exists a
form v € &7 P+*54-8(X) such that up — dags; = 0v. Then, Ty — 0Ups; — v is a 0-
closed current so is equal to a 0-closed form w up to a d-exact current 0Uj. Finally,
Tr=v+w+0U +5Uk+1; it remains to set ay = v+ w and Vj = Uj,;. By induction, the
desired assertion holds for all k, in particular for k = 0. This shows b).

We remark for further use that we have 90T = dda.

a) By hypothesis, 00U = —0T is smooth. Applying assertion b) to U, it follows that
there exist currents g, g», and a form a such that U = a + dg; + 0g». Then,

T=0U+0V =0a+00g, +0V.

Applying also b) to V which satisfies §5V = 0T, we see that there exist currents hy, hy
and a form B such that V = +0h; +0h,. As a consequence,

T =0a+0B+00(g2— hi).
Applying b) to g» — h;, we get a form y such that 00(g, — h1) = 65)/. Finally, the current
T =0d(a+0y)+0p

is of the required form.

c) With the notation of b), one has #da = 0. In view of the decomposition given
by b), it suffices to treat the smooth case. Observe then that da is a 0-exact form of
bidegree (p + 1, g). By the 33-lemma there exists a form u € 7?9~V (X) such that da =
ddu. Similarly, there exist a form v such that da = d0v. Then, a —dv —Adu is both 4- and
5-closed, so is d-closed. It follows that there exists a harmonic form w and a form w
suchthata =w+dw=w+ 0w +dw. O

G. Hermitian line bundles and Green currents for divisors

Green currents for divisors are closely related to hermitian metrics on the associated
line bundle.

Let X be a complex analytic manifold and let L be a line bundle on X. A Hermi-
tian metric on L is the datum, for any section s of L over an open set U of a function
Isll : U— R satisfying the following properties:

— for any open sets V < U and any section s € I'(U, L), [Isll (x) = lIs |yl (x) for any
xeV;

— for any open set U, any section s € I'(U, L) and any holomorphic function f €
LW, ox, | fs]=[fls).



§ §2.4. GREEN CURRENTS ON COMPLEX VARIETIES 67

One says that a hermitian metric is smooth (continuous,...) if for any non-vanishing lo-
cal section s € I'(U, L), the associated function log| s|| is smooth (continuous,...) on U.
We write L = (L, ||-|) to indicate that L is a hermitian bundle, with hermitian metric |- ||.

PROPOSITION 2.4.12. Let X be a complex analytic manifold and L be a hermitian line
bundle on X endowed with a smooth hermitian metric. There exists a the differential
form c1(L) of of bidegree (1,1) on X such that for any open set U c X, any non-vanishing
sectionseT'(U, L),

dd“loglisl™ =1 (@) Iy -

This differential form is called the curvature form of the Hermitian line bundle L. It
is closed and real; its cohomology class in H]ID’;I (X) orin H(ZiR(X) depends only on the
underlying line bundle L, but not on the choice of an hermitian metric. This is the first
Chern class of L.

PROPOSITION 2.4.13. Let w € &/VY(X) be a real closed differential form of bide-
gree (1,1) whose cohomomology class is that of L. Then there exists a Hermitian metric
on L, unique up to multiplication by the exponential of a harmonic function, whose
curvature form equals w.

Proof. — Let us fix an arbitrary hermitian metric on L. Then the cohomology class of
c1(L)—w is zero. Consequently, this differential form is exact and, by the 65-lemma, can
be written dd® h, where h is a ¢**°-function on X. A priori, & is only complex valued, but
since c; (L) and w are real, and dd°® is a real operator, we may replace & by its imaginary
part. Then, multiplying the metric on L by e” gives a new hermitian metric whose
curvature form is ¢; (L) —dd‘ h = w. O

PROPOSITION 2.4.14. Let X be a complex analytic manifold and L be a hermitian line
bundle on X endowed with a smooth hermitian metric.

Let s be a regular meromorphic section of L on X. Then the function log| s~ on
X\ |div(s)| is locally integrable on X and is a Green current for the cycle div(s). More
precisely,

dd®loglsll ™" + ddivs) = c1 (D).

Conversely, for any real Green current g for div(s), there is a unique smooth hermitian

metric on L such that g =log sl

Proof. — We may reason locally and assume that L admits a trivialization €; by as-
sumption, the function # = log lel~! is smooth on X. Moreover, there exists a unique
meromorphic function f on X such that s = fe¢; then div(s) = div(f) and log IslI~t =
—log | f | + h. Since the logarithm of a meromorphic function is locally integrable, this
implies that log|s| is Llloc. By the Poincaré-Lelong formula,

dd®log sl ™! + iy = —dd®log| f| + Bain) +dd h = dd° b,

which proves that log /|| s|| ~1isindeed a Green function for the cycle div(s).
For the converse assertion, let w be the smooth form dd°g + d4iy(s). To prove the
existence of a unique smooth hermitian metric on L satisfying log || st = g, we may
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reason locally and assume, as for the first part, that L admits a trivialization €. Smooth
hermitian metric on L are then in bijection with smooth functions on X, the bijection
associating to a metric ||-|| the function h =log €| 1 Let f be the unique meromorphic
function such that s = fe. We now observe that

ddc(g+10g|f|) = _6div(f) +w+5div(f) =W

is a smooth form on X. By the regularity lemma, g +log | f | is smooth. Consequently,
there exists a smooth hermitian metric |-|| on L such that log lel=t = g+ log| f | For
this metric, one has

logllsl™* =log| fe]| " = ~log| f| +logllel " =g,

as claimed. O

§2.5
ARITHMETIC CHOW GROUPS

A. Definition

Let K be a number field, let og be its ring of integers, let X be the set of embeddings
of K into C.

Let X be a quasi-projective scheme over og, whose generic fiber Xg is smooth and
equidimensional; we will say that X is an arithmetic scheme over og. Such schemes
are excellent and finite dimensional. They also give rise, for any embedding o: K —
C, to a complex analytic manifold o* X(C); moreover, if o is the complex embedding
conjugate to o, the complex conjugation induces an antiholomorphic isomorphism
Fy:0*X(C)— 0" X(C).

For any integer p, F,, acts on the vector space @, <7 ?P) (c* X (C)); we let o7 PP (Xg)
to be the set of families (w,) such that FJ w, = (-1)Pwg for all 0. We define anal-
ogously %, (Xgr). The operator dd®, acting componentwise, maps .o/ (P.P)(Xg) into
o/ PrLP+D (xy and similarly for currents. For w € .o/ (P.P)(XR), we also write [w] for the
element ([w,]) of 2PP) (XR).

Let p be an integer. An arithmetic cycle of dimension p on X is a pair (Z, (g,)) where
Z is a cycle of dimension p on X and where, for any o € Z, g, is a Green current for
the cycle 0* Z on the complex analytic manifold o* X (C). We also impose that for any
embedding o of K into C, one has the relation g5 = F g,. For any arithmetic cycle Z =
(Z,(85)), we write gz, 6z and w7 for the elements (g,), (045+2) and (wy), where w, =
dd® g, + 64+ 2); these are elements of Z(p+1,p+1)(XR), Dip,p)(Xr) and & "~ P"~P) (Xg)
respectively which satisfy dd® gz + § 7z = [wz]. (The integer n is the dimension of the
generic fibre Xk of X.) We also write ((Z) =Z.

We let Z,, (X) be the group of arithmetic cycles of dimension p on X.

For any w € o/ "~P~Ln=P=D(Xg), then a(w) = (0, ) is an arithmetic cycle in Z,(X).
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Let W be a closed integral subscheme of dimension p on X and let f € K(W)* be a
regular rational function on X. Then for any o € Z, the function log | f |;1 on o*W(C),
extended by 0 outside of o* W (C) in o * X (C), is a Green current for the cycle div(f). This
follows from the Poincaré-Lelong formula: if 7: V' — Wk is a resolution of singularities
of Wk i: Wg — Xk the canonical closed immersion and j = i o7 thir composition, then
log|f|;1 = (jg)*log|n*f|_1. The pair div(f) = (div(f), (log|f|;1)) is then an arithmetic
cycle on X.

We define the group ﬁa\tp (X) of arithmetical cycles which are rationally equivalent
to zero to be the subgroup of Zp (X) generated by the arithmetic cycles of the form
(Ti\v( f), as well as the arithmetic cycles of the form (0, (Ou, +5Ua')), where u, and v, are
currents of bidimension (p—-2,p—1) and (p—1,p —2) on o* X(C).

Finally, we define ﬁﬁp(X) = Z,,(X)/ﬁeﬁp(X). This is the arithmetic Chow group of
dimension p of X. Graduating the cycles by codimension insted of dimension gives
rise to analogous groups Z”(X), Rat?(X) and CH”(X) = ZP(X)/RatP(X) of arithmetic
cycles of codimension p on X.

PROPOSITION 2.5.1. The maps a: </ ""P~Lm=P=U(Xg) — Z,(X) and {: Z,(X) — Z(X)
induce an exact sequence

o/ "P=Ln=p=D (X & CH,,(X) 5 CH, (X) — 0.

B. Push forward of arithmetic cycles

Let f: Y — X be a proper morphism of arithmetic varieties over ox such that fx is
smooth.

For any arithmetic cycle Z = (Z, g), let us define f, Z to be the pair (f. Z, f. g); there,
f«Z is a cycle of dimension p on X while f.g = (f.gs), where, for any o, f.gs is a
current of bidimensions (n—p+1,n—p+1) on o* X(C). This pair is an arithmetic cycle
on X becausedd® f.g = f.dd° g = fu (-6 z+wz), fi6 7 =6, 7 and f.wz is smooth, since
f is assumed to be smooth on the generic fibre. Consequently, there is a morphism
fei Zp(V) = Zp(X).

Since direct image of currents commutes with derivation, The direct image of an
arithmetic cycle of the form (0,0u + dv) still is of this form. Let W be a closed integral
subscheme of dimension p in Y and let u be a non zero rational function on W. We
want to show that f, (TR/(u) is zero in ﬁﬁp(X). Let us first assume that dim f(W) <
dim(W). Then, f.div(x) = 0. Moreover, f loglul_1 is zero too. Indeed, for any form
ae PP (X),

(filoglul™', a) :f loglul™ f*a=0
w

since f* a vanishes on the fibers of f: W — f(W) which have positive dimension. Con-
sequently, f. div(u) =0.

Let us now assume that dim f(W) = dimW. In that case, the field extension
R(f(W)) c R(W) has finite degree, say d and f.(W) = d[f(W)]. Then, f.div(u) =
div(N(u)), where N is the norm map from R(W) to R(f(W)). Moreover, there exists a
Zariski open subset W' of W such that f: W/ — f(W’) is a finite étale cover of constant
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degree d. Since the complementary subsets to f(W') in f(W) and to W’ in W are null
sets, we may compute ( f. log| u|~! as follows: for any form a € o PP (X),

(f*loglul_l,oozf loglul_lf*a:f loglul™ f*a
w w!

:ff Y loglu(w) ™ a(z)

W we f-1znw
:f loglN(u)l_1 a
fav’

= (log|IN(w)| ™!, a),

so that f. log|u|™! =log|N(w)| " . ~ ~
These calculations show that the morphism f.: Z,(Y) — Z,(X) passes through ra-
tional equivalence and it induces a morphism f.: Eﬁp(Y) — Eﬁp(X ).

C. The first arithmetic Chern class of a metrized line bundle

Let K be a number field, ox be its ring of integers and X the set of embeddings of K
into C. Let X be an arithmetic scheme over og.

Generalizing the definition already given when X = Spec ok, a Hermitian vector bun-
dle E = (E, h) on X is the data of a vector bundle E on X and, for any 0: K — C,
of a Hermitian metric 4, on the complex vector bundle o*E on o* X(C), compatible
with complex conjugation: for any o € X, any open set U < ¢* X(C), any two sec-
tions vy, v € I'(U,0*E), one has hs(F v, F v2) = hy(v1, v2). We also write ||U||UE,
or simply ||v|l,, for the Hermitian norm +/ hs (v, v) of a local section v. The compati-
bility with complex conjugation can then be shown to be equivalent to the equalities
”F;ol)”E =|vly, forany o € %, any open set U c 0* X(C) and any section v € I'(U,0*E).

Let E = (E, hg) and F = (F, hr) be hermitian vector bundles on X. A morphism from E
to F is a morphism ¢: E — F of the underlying vector bundles which is norm de-
creasing, in the sense that for any o € X, any open set U < ¢* X(C) and any section
vel(U,d*E), [, <Ivl,.

All constructions of Hermitian vector bundles from linear algebra explained in
Chapter[l]apply in that more general setting and we do not repeat them.

A Hermitian vector bundle of rank 1 is called a Hermitian line bundle. The tensor
product of Hermitian line bundles induces a group structure on the set Pic(X) of iso-
morphism classes of Hermitian line bundles on X.

There is an exact sequence of Abelian groups

1 —
T(X,0%) —2= A%(Xg) — Pic(X) — Pic(X) — 0.

THEOREM 2.5.2. Let L be a Hermitian line bundle on X and let s be a regular mero-
morphic section of L. Then, the pair div(s) = (div(s), (log|lsll;1)) is an arithmetic cycle of
codimension 1 on X whose class in CH' (X) only depends on L.

We write ¢ (L) for the class of this cycle; this is the first arithmetic Chern class of L.
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If s and s’ are regular meromorphic sections of Hermitian line bundles L and I,
then s® s is a regular meromorphic section of the Hermitian line bundle LeL onehas
div(s®s’) = div(s) +div(s"). Consequently, the map & : Pic(X) — CH' (X) is a morphism
of Abelian groups; it is injective if X is normal, and an isomorphism if X is locally fac-
torial.

Proof. — The fact that div(s) is an arithmetic cycle of codimension 1 is a restatement
of the fact that div(s) is a codimension 1 cycle on X and thatlog||s|| ;1 is a Green current
on o * X (C) for this cycle. The compatibility with complex conjugation follows from that
of the Hermitian metric of L.

Let s and s’ be two regular meromorphic section of L. Then there exists a regular
meromorphic function f on X such that s’ = fs. Then, &Rz(s' ) = &i\v(s) + &R/( f), which
shows that the classes of Jﬁ/(s’ ) and of Ji\v(s) in CH! (X) are equal. O

D. Intersecting with first arithmetic Chern classes

Let X be an arithmetic variety over og. Let Lbe a Hermitian line bundle on X. The
aim of this section is to let the first arithmetic Chern class ¢; (L) act on the arithmetic
Chow groups, as morphisms of Abelian groups CH, (X) — CH,-1(X), for p > 1 which
are compatible with the morphisms CH, (X) — CH,,-1 (X) defined by intersection the-
ory.

Let (Z, g7) be a arithmetic cycle of dimension p such that Z is integral; let j: Z — X
be the canonical closed immersion. Let s be a regular meromorphic section of j*L =
L|gz.

Let us first assume that Zx is smooth. Then, for any o € %, the function log| s|;*
on ¢* Z(C) is a Green current for the divisor div(s). Consequently, j. logllsll;! is a cur-
rent of bidegree (n — p — 2, n — p — 2) and one has the equality

dd® j.loglisll;" = j. dd“logllsll;" = j. (~Oaio + 10" D)) = =8, aiwes + fec1 )

of currents on J*X_(C). To compensate for the term j.c;(j *I) on the second hand, we
observe that ¢;(j*L) = j*¢1(L) a closed differential form of bidegree (1,1) on o* X(C).
Consequently, the current ¢, (L) A gz on o* X (C) has bidimension (p + 2, p + 2) and sat-
isfies

dd° (cl(I) /\gg) =c(L)Add gz =ci1(L)A (=67 +wz) =—juc1 (L) + (L) Awy.
All in all, these computations show that
jeloglsl™ +ci(D) A gz

is a Green current on o* X (C) for the cycle j. div(s).
Consequently, we define an arithmetic cycle of dimension p—1 on X as

div(s) N (Z, gz) = (div(s), (log Isli;t +c1 (D) A g2)).

It has support in |div(s)| N | Z].
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In the general case, we let 7* Z — Z be a proper birational morphism such that Zx is
smooth and define

div(s) N (Z, g2) = (div(s), (j- log 7" s+ 1 D) A gz)

where j: Z — X is the composition of 7 and the closed immersion of Z into X.

Let s’ be another regular meromorphic section of L on Z and let f be the regular
meromorphic function such that s' = fs. One has div(s') = div(f) + div(s) and

jslog||m*s'| + c1(D) A gz = jilog|f|+ jilog||m*s|| + c1 (D) A g2,
so that
div(s) N (Z, g2) = j. div(f) +div(s) N (Z, §2).
In particular, the class of (Ti\v(s) N (Z, gz) in the arithmetic Chow group Eﬁp_l(X) de-
pends only on L. We shall write ¢ (L) N (Z, g) for this class. Since any line bundle over
an integral scheme possesses a regular meromorphic section, this allows to define, by
linearity, a morphism of Abelian groups Z,,(X) — Eﬁp_l (X), @ — ¢ (L) N a. This mor-
phisms commute with the morphisms (: 2,9 (X) — Zp(X) and Eﬁp(X) — CHp(X), in
the sense that
(@@na) =al)n(@.

PROPOSITION 2.5.3 (Projection formula). Let f: X — Y be a proper morphism of arith-
metic varieties over ok such that fx: Xxg — Yk is smooth. Let L be an Hermitian line
bundleonY and let a € Z,(X). Then, the following formula holds in CHp_(Y):

f@(f* Dna)=a@)n fi(@).

Proof. — Let us assume that «a is an arithmetic cycle (Z, gz), where Z is integral and
let W = f(Z). Let us recall that, according to Prop. ?2, the formula holds at the level of
cycles; basically, it remains to check that the Green currents agree.

Let s be a regular meromorphic section of L on W. Consequently, f*sis aregular
meromorphic section of f*L on Z. Then, f*(I) N a is the class in CHp 1(X) of the
arithmetic cycle

div(f*s) N (Z,g2) = (div(f*s), julog | f*s|| ' + . (F*D) A g2),

where j: Z — X is the composition of a generic resolution of singularities of Z and of
the immersion of Z into X. Then,

Fe(@iV(f*$) N (Z,82) = (fu div(f*s), fujulog f*s| ™" + fuler (FF D) A g2)).

By Prop. 22, f.div(f*s) = div(s) n f.[Z]. Let us pose d = [R(Z) : R(W)] if dim(Z) =
dim(W) and d = 0 otherwise. By definition, f.(Z,g7) = (f«Z, f«g82z) = (dZ, f.g2).
On the other hand, the projection formula for currents implies that

fejslog|f7s| " =dk.oglsI™ and fuler(f* D Ag2) =@ A figz,
hence

feiclog|f7s| ™ + filer(F D) A g2) = dkiloglisl ™t + e1 (D) A figz.
The proposition follows from that. O
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THEOREM 2.5.4. Let L and M be Hermitian line bundles on X. Let (Z,g) be an arith-
metic cycle on X. Let s and t be regular meromorphic sections of L and M on Z. As-
sume that the divisors div(s) and div(t) on Z which have no common component meet-

ing the generic fibre Zx. Then, cTi\V(s) N (cTi\v(t) N, gz)) = (Ti\v(t) N (&i\v(s) N(Z, gz)) in
CH,_2(X).
Proof. — By definition,
div(1) N (Z, 82) = (div(1) n Z, . log £l ™" + ¢ (M) A g2)
and

div(s) n (&i\v(t) Nz, gZ)) = (div(s) A div(t),
kologllsl ™ + c1 (D) A G logll 1™ + ey (M) A g7)
= (div(s) ndivinn Z,

logllsl ™ Saivcinizy + &1 (D) Alogll 178+ e (D) A e (M) A g7).

Similarly,
div(n) n (div(s) N (Z, g2)) = (div() n div($) N Z, log 111 Saivcoriz

+c1(M) A log Isl~16 2+ c1 (M) A ¢ci (L) A gz) .
To prove the Theorem in that case, it thus suffices to prove the equality of currents
log sl ™ Saivinniz + c1 (D) Alogll £l ™' 6 7 =1log Il £l ™" Saiv(syniz) + c1(M) Aloglisll ' 62
modulo 8 and d-exact currents.
Let us observe that for any two ¢ *°-functions u and v,
udd®v—-vdd®u= L (udév - vdau)
T
=1 (6(u5v) +0V AU+ v56u)
b4
_! (a(ugv) +A(v A Ou)) .
T
We may multiply this relation by any current T. If T is @ and d-closed, we obtain
udd® vAT—vdd® unT = = (00udw) A T+3(w A0 A T) = L (0udv A T +3(w A OUAT)).
b8 T
At least at a formal level, the desired equality follows from that by setting u = log|s|| -

v =logll t|~! and T = §,. However, u and v are not > so an additional analytic in-
vestigation is necessary. (...) O

COROLLARY 2.5.5. Let L be an hermitian line bundle on X. Let W be an integral closed
subscheme of dimension p in X, let gw be a Green current for W and let u € R(W)* be
a nonzero rational function. Then, for any regular meromorphic section s of L | which
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meets properly div(u) in the generic fibre, the arithmetic cycle div(s) ndiv(w) n (W, gw)
belongs to Raty,_»(X).

Proof. — By the Theorem, div(s) n div(w) n (W, gw) = div(w) ndiv(s) N (W, gw). How-
ever, for any prime arithmetic cycle (Z, gz) which meets properly div(u) on the generic
fibre, the very definition of the arithmetic cycle div(u) N (Z, gz) implies that it belongs
to ﬁa\t(X ). The corollary follows from that. O

COROLLARY 2.5.6. There exist well-defined morphisms of Abelian groups @p(X) —
Eﬁp_l(X), written a — ¢,(L) N a such that ¢,(L) N [(Z, gz) = cTi\V(S) N (Z,8z) for any
arithmetic cycle (Z, gz) and any regular meromorphic section s of L on Z.

E. Arithmetic intersection theory (formulaire)



CHAPTER 3

HEIGHTS

§3.1
HERMITIAN LINE BUNDLES AND THE HEIGHT MACHINE

A. The height of an algebraic point

Let K be a number field, ok its ring of integers, X the set of embeddings of K into C.
Let X be a proper arithmetic variety over ox and L be an continuous Hermitian line
bundle on X.

The notion of a height function goes back to NORTHCOTT|(1950) and 2. We owe the
introduction of Hermitian line bundles to|/ARAKELOV/| (1974), the paper that really gave
its birth to Arakelov geometry.

We first observe that for any point P € X(K), let K’ be a finite extension of K such that
P belongs to X(K'). Since X is proper over ox and o is a Dedekind ring, there exists
a unique morphism ep: Specog’ — X extending the point P, viewed as a morphism
from Specog to X. We can then consider the Hermitian line bundle e}f over og and
its arithmetic degree (Te\gs}",f. In fact, the quantity [K,I—K] (Te\gs}‘,f does not depend on
the choice of the field extension K’. We write it h7(P).

If f: Y — X is a morphism of proper arithmetic varieties, and P € Y (K), then
h;.z(P) = h(f(P)). Indeed, if K " is a finite extension of K such that P belongs to Y (K)
and ep: Specog’ — Y maps SpecK’ to P, then foep: Specogr — X maps SpecK’ to
the point f(P). Moreover, (f o ep)* L= en(f *1), hence the desired formula.

Example 3.1.1. Assume that X is the projective space P;. Let us define a continuous
Hermitian metric on the line bundle £'(1) by the following formula: for any o € Z,
any j € {0,...,n}, the norm of the global section T; of &'(1) at a point x of X, (C) with

homogeneous coordinates [xg: ... : X,] is given by
_ )]
I Tolly (x) = :
ma-x(lx()l I ERRS) |xl’l|)

With this definition, I claim that for any point P € P” (K), hm(P) is the “Weil height”
of the point P. Let K’ be a finite extension of K, P € P"(K’) be a point of homogeneous
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coordinates [x : ... : x,]. Northcott and Weil’s definition of the height of P is given by

hw(P) =

1
logmax(|xoly,...,1xal,),

[K/ . K] UEIZWK, g v niy
where My is the set of (inequivalent) normalized absolute values of K'. Let us fix m €
{0,...,n} such that x,, # 0. Then, the product formula [], |x,,|, = 1 allows us to rewrite
this equality as

1 maX(I-X:Oly)---)lxnlv) 1 -1

lo + logl| X, (P).
[K': K] ,,e%l(, 8 |Xmly [K': K] (,Zez glfmlo
v non-archimedean

Now, 8}‘,6’ (1) identifies with the sub og’-module (xy, ..., x;;) of 0g, £;X j corresponding
to x;. Consequently,

hw(P) =

epO() grepXm = (X0,..., Xp)/ (Xm)
whose cardinality is equal to

[T (max(xoly,....1%nl,)/ 1Xmly) -
v finite
This shows that )
as claimed.

More generally, we shall prove that for any continuous Hermitian line bundle L on an
arithmetic variety X over ok, the function h7 is a height function for the line bundle Lg
on Xg. The proof uses some properties of the function h; which are of independent
interest.

PROPOSITION 3.1.2. Let s be a global non-zero section of Lx. Then, there exists a real
number ¢ such that h(P) = c for any point P € X(K) such that P ¢ |div(s)|.

Proof. — Let s be a global non-vanishing section of L. Since the field K is a flat og-
module, one has I'(X, L) ®,, K = I'( Xk, Lx). Consequently, there exists a positive inte-
ger N such that Ns belongs to I'(X, L). Moreover, for any o € Z, then | sl is a continu-
ous function on X, (C); since X, (C) is compact, there exists a real number ¢, such that
sl (x) < ¢y for any x € X;(C).
Now, for any point P € X (K"), the definition of h(P) is
1 —
If P ¢ |div(s)|, we may consider the section s; (Ns) of E;L and obtain that

1 _
hp(P) > —— 3 Y loglINsl|;/ (P)>-N- ) c,.
[K": K] oeXol|lo ogex
This concludes the proof of the proposition. O

COROLLARY 3.1.3. LetB(L) be the intersection of the zero-sets in Xk of the global sections
of all positive powers of Lx. Then, h; is bounded from below in X (K) \ B(L).
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COROLLARY 3.1.4. If some positive power of Lk is generated by its global sections, then
ht is bounded from below on X(K).

Proof. — Since Xk is a Noetherian space, there exists an integer n > 1 and a finite
set of sections {sy,..., s;}, of L¥" whose intersection of divisors |div(s;)| is empty. For
any j € {1,...,r}, let ¢; be a real number such that hzn(P) > cjforPe X(K)\ |div(s]-)|.
Setting ¢ = min(c;/n), we obtain h7(P) > c forany P € X (K). O

COROLLARY 3.1.5. If Lk is the trivial line bundle, then h; is a bounded function
on X(K).

Proof. — Indeed, both Lk and its inverse are generated by their global sections. O

THEOREM 3.1.6. Let X be a projective arithmetic variety over o andietf be a continu-
ous Hermitian line bundle on X. The above-defined function hy: X(K) — R is a height
function for the line bundle L on Xk.

Before we prove this theorem, let us first observe that the function hy gives rise to a
pairing
Pic(X) x X(K) =R, (L,P)— hy(P),

which is linear on L and induces a morphism of Abelian groups from Pic(X) to the
space .7 (X(K)) of real-valued functions on X(K). Let .%,(X(K)) be the subspace of
bounded functions. The classical “height machine” in Diophantine geometry defines
amorphism Pic(Xg) — .# (X (K))/.Z (X (K)), where, for any line bundle M € Pic(X), hy,
is a function on X (K), well-defined up to the addition of a bounded function. More-
over, hyy is characterized by its functoriality property hps o f = =g« for any morphism
f:Y — X of proper algebraic varieties, as well as its normalization when X = P" and
M=0(1).

In other words, what the theory of Hermitian line bundles allows to do is to define
specific representatives of the height function h,,, attached to a specific choices of
a Hermitian line bundle M € Pic(X) mapping to M by the canonical map Pic(X) —
Pic(Xx).

Proof. — By the theory of ample line bundles, there exist two very ample line bundles
L, and L, on Xk such that, on Xy, L=1; ® Lgl. Let j; be a closed embedding of Xx
into a projective space P"! such that L; ~ j"&'(1). Let X; be the Zariski closure of j; (Xk)
in Pgl}(, and let us still write j; for the closed embedding of X; into P, Let L; be the
metrized line bundle j; OD)w. Let Xo, jo and L, be defined similarly. Finally, let Y
be the Zariski closure of Xk, diagonally embedded into X x X; x X»; let p, p1, p2 be
the three projections from Y to X, X;, X, respectively and let M = p*z, M, = pf 1,
M 2= p; L2.
By Example one has, for any point P € Y (K) = X(K), the formula

hyr(P) = hw(ji(P),  hyp(P) = hw(j2(P)).
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Since the restrictions to Xk of the line bundles L and M; ® M, I are isomorphic, the
very definition of a height function for the line bundle L implies that the difference
hyz— hyg is a height function for L. Moreover, applying Corollary[3.1.5, we see that

M, ~ g,
hyr = (hyz, = hag,)

is bounded on X (K), and hy; = hy. Finally, h; differs by a bounded function of a height
function for Lk, hence is a height function for L. O

One of the reasons for the usefulness of the concept of height is the following finite-
ness theorem, originally due to NORTHCOTT| (1950).

THEOREM 3.1.7. Assume that Lx is ample. Then, for any real numbers d and B, there
are only finitely many points P € X (K) such that [K(P) : K] < d and hz(P) < B.

Proof. — To be written. O

§3.2
HEIGHTS FOR SUBVARIETIES

A. Degrees of projective varieties

Let K be a field and let X be a proper algebraic variety over K. Let 7: X — SpecK be
the structural morphism. It defines a map n.: CHy(X) — CHy(SpecK). Composed
with the isomorphism deg: CHy(SpecK) — Z, we obtain a map deg: CHy(X) — Z,
called the degree.

DEFINITION 3.2.1. Let L be a line bundle on X and let Y be a closed integral subscheme
of X. The degree of Y with respect to L is defined by

deg; (V) =deg(ci(L)n-+-nci(L)NY).

n'g

dim(Y) factors

We extend deg; by linearity on Z,(X). Observe that deg; defines morphisms of
Abelian groups deg; : CH,(X) — Z, for any nonnegative integer p.

In view of the definition of the intersection c;(L) N Z, when Z is a cycle on X, the
degree of integral subschemes can be defined by the following inductive formula:

deg; (Z2) = deg; (div(s)),

where s is a regular meromorphic section of L on Z. Recast in that context, the projec-
tion formula writes

deg; (f«Z) :degf*L(Z),

where f: Y — X is a morphism of proper algebraic varieties over K, L is a line bundle
on X and Zacyclein Y.
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B. Definition of the height

FALTINGS| (1991) used arithmetic intersection theory to extend the height function,
relative to a Hermitian line bundles, from algebraic points to subvarieties.

If the idea is to replace intersection of ¢; (L) with intersection of ¢} (L), we need to pay
attention to the fact that subvarieties do not define arithmetic cycles in general. Falt-
ings’s definition, restricted to the (special, but essentially universal) case X = P”, used
“Arakelov Chow groups”, the image of a canonical section of the morphism Eﬁp(X ) —
CH, (X) associated to a Kéhler form on X. A more general definition using arithmetic
intersection theory runs as follows. Let Y < X be a closed integral subscheme. Two
possibilities arise:

— If Y is contained in a vertical fibre of X, namely Y c X ® (0x/p), we let

ht(Y) = deg; (Y)logcard(ok/p).
In particular, if Y is a closed point y of Y,
h7(Y) =logcardx(y).

— Otherwise, Y is flat and proper over Specog. Let f: ¥ — Y be a generic resolu-
tion of singularities of Y and f: Y — X be the composition of f with the immer-
sion of Y in X. On the arithmetic variety Y, [Y] = (Y, 0) is a well-defined arithmetic
cycle; if we let p be its dimension, then we define

hi(Y) =degn. @ (f*D)n---na(f DI,

-~

p factors

where 7: ¥ — Specog is the structural morphism.
In the latter case, we still need to prove that the given definition is independent of
the choice of a generic resolution. Anyway, if fi: ¥} — Y and f>: ¥» — Y are two
such resolutions, we may consider the fiber product Y1 xy Yo; it maps birationally to Y
but might be singular again. Let thus consider a generic resolution of its singularities
f Y-V Xy X Y,. For i = 1 or 2, let p; be the natural projection to ¥; and Y»; one has
(pi)«[Y1=1[Y;], hence

Pd«@(F*Dn--na(f*DnlYD=a(fDn--nha(ffD)nY],

so that
f«@D NN (DN = (B @ (D n--ne (S D) N[Ya)),
what had to be proved.

More generally, let L;,. ..,Zp be Hermitian line bundles on X. For any prime cycle
Y € Z,(X) one defines

(&1@)...& @) 1Y) = degle1 (L) n...c1(Ly) N V) logeard ok /p)
if Y is vertical; otherwise, Y is flat over Specog and one sets

[@@0...a@y 1Y) =degn. (ai(f T n-na(f T)nITl),
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where Y is a generic desingularization of Y, f: ¥ — X is the composition of the res-
olution ¥ — Y and of the closed embedding of Y in X, and n: Y — Specog is the
canonical morphism. The above proof shows that this real number does not depend
on the choice of Y.

When Y is fixed, this expression is multilinear and symmetric in fl,...,fp. Let
f: X' — X be a proper morphism and Y’ be a cycle of dimension p on X’. Moreover,
according to the projection formula,

(@ Ty T 1Y) = (@@ & @y | £.00).

Now, the definition of the arithmetic intersection with a first arithmetic Chern class
as €1 (L) furnishes us an important inductive formula.

PROPOSITION 3.2.2. Let X be an arithmetic variety and let Y be an integral closed sub-
scheme of X of dimension p > 1. Let Ly,...,L, be Hermitian line bundles on X, n a
nonzero integer and s a rational section of L?” onY. Then,

@@y)...aldy)Y)

1 _ _ _ _
= — (@@ e(Lp-1) [ divy () + ) logllsly* " ci (L) A...c1(Lp-1)8y.

oexJXs(C)

Before we embark in proving this proposition, three observations are worth to be
made.

a) The first one is that the cycle divy(s) is not flat over Specog in general: there
might be vertical components, contained in fibres.

b) Observe then that for a vertical cycle Y, the formula of the Proposition has no
integral term, hence coincides with the analogous formula for the degree.

c) Finally, this formula is a generalization of the formula given for the arithmetic
degree of an Hermitian line bundle, as well as the formula for the height of a rational
point. Namely, let P € X(K), let ep: Specox — X be the associated section and Yp be
its image. According to the definition,

hz(Yp) = €1 (epL) N [Specok].
Now, let s be a non-zero section of €, L. By definition,

cTe\g(‘e;Z) =logcard(epL/oks) — Z logllslly .

o€eX

The Proposition now implies that hz(Yp) = h(P).

Proof. — Let Y be a generic resolution of singularities of X. (...) O
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C. Positivity
DEFINITION 3.2.3. Let L be a Hermitian line bundle on X. We say that L is arithmeti-
cally base-point-free if the following properties are satisfied:

— the curvature form cy (L) is a nonnegative differential form of bidegree (1,1);

— there exists an integer n > 1 and a family of sections s € T (X, L") generating L®"
such that |s(x)lls <1 forall x € X,;(C) and allo € X.

PROPOSITION 3.2.4. Let Lq,. ..,Z,, be Hermitian line bundles which are arithmetically
base-point-free. Then, for any integral subscheme Y of dimension p in X,

@@y)...a(Lp)Y) > 0.

Proof. — We prove the result by induction on p, the statement being obvious if p = 0.
Let s be a global section of some power L;";” which does not vanish at the generic point
of Y and such that | s(x) |, < 1 forall x € X, (C) and all ¢ € Z. According to the inductive
formula for heights,

@ (Ly)...aLpIY)

| , B _ _

=—(C1(Ly)...c1(Lp-1)Idiv(s)) + Z log ||S||gl/n c1(Ly)...c1(Lp-1)dy, -
n gEX XU (C)

The first term is nonnegative by induction, while the second one is nonnegative since

the forms c; (L;) are nonnegative and | s|l, < 1 everywhere. O

COROLLARY 3.2.5. Let L be an Hermitian line bundle on X which is arithmetically base-
point-free. Then, for any integral subscheme Y in X, one has hz(Y) > 0.

D. Finiteness
E. Examples

3.2.6. Height of projective spaces. — In this section, we compute the height of P; with

respect to the line bundle m, endowed with the Fubini-Study metric.

We write Pg =ProjZ|[Ty, ..., T,], and we identify the projective coordinates Ty, ..., T,
with the global sections sy, ..., s, of &(1). The space of global sections of &'(d) is iden-
tified with the space of homogeneous polynomials of degree d; recall that the Fubini-
Study norm of the section sp corresponding to a polynomial P at a point of homoge-
neous coordinates [xg: ...: X,] is given by

|P(xg,...,Xn)]

Ispll ([xo:...: xu]) = .
(1x0l2 +--- + |x,[2)

This metric is invariant under the action of the unitary group U(n + 1) acting on P¢ by
homographies.

PROPOSITION 3.2.7. For any integer n,

1 k

n
1
hmP == > —.
om 2 k=1m=1M
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Proof. — Let s, € I'(P}, 0'(1)) be the global section which corresponds to the polyno-
mial T,. Observe that the hyperplane section div(s;) is isomorphic to Pg_l, and that

the restriction of &'(1) on the hyperplane identifies to the corresponding metrized line
bundle on Pg_l. The inductive formula for the height (...) then implies

h(Py) =hP; )+ f logllsyll ™" cr (@)™
P"(C)
It remains to compute the last integral; let us call it I,,.
For d > 0, we write S, for the d-dimensional unit sphere in R*1 5o that
P"(C) = (C"1\ {0})/C* =S2,,11/U

is the quotient of a 2n + 1-dimensional sphere by the action of the unit group U = S,
acting diagonally on C"*! = R>"*2, Let u be the invariant probability measure on Sy, 1;
Since the metric on ¢'(1) is unitarily invariant, the measure ¢;(£'(1))"” on P"(C) is in-
variant under U(n + 1); its total mass is equal to 1. Let us write a point z € Sp,4; as
z=(/1-1z,1%°7,z,), with z € Sy,,_1 and z,, € C, |z, < 1. In these coordinates, the
measure dy(z) takes the following form

du(z) = cdz,dz, (1 - |2,°)" dy' (2),

where du’(Z’) is the invariant measure on S;,,_1 and c is a positive real number. We can
further write z,, = \/7621”9, with r € [0,1] and 8 € R/Z, then

du(z) = c2n(1-r)"drdody’ (z).
Since p(S2n+1) = ' (S2n-1) =1,

1 -1
2nc:(f (l—r)”dr) =n+1
0

and
1 1 1 1
I,= —chf 5(1 —r)"log(r)dr = —E(n +1) | (-nr"log(r)dr.
0 0

Writing r = 1 — t and expanding log(1 — t) in power series, we have

flog(r)(l—r) dr=- flog(l—l‘)t df—Zf —t dr

; k(n+k+ 1)

In view of the identity

1 1 (1 1 )
kin+k+1) n+1\k n+k+1)
telescoping implies

1 1
log(r)(1 - rdr= —— Y -
fo og(r)(1—r)"dr - ; .
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Finally,

and

3.2.8. Hypersurfaces. —

3.2.9. Abelian varieties. —

§3.3
THE ARITHMETIC ANALOGUE OF HILBERT-SAMUELS THEOREM

A. The geometric Hilbert-Samuel’s theorem
B. Hermitian vector bundles defined by global sections

Let K be a number field. Let X be a projective and flat scheme over Specog, let L be
a hermitian line bundle on X.

Set E = HY(X, L); since X is projective, this is a flat ox-module of finite type, so a
projective og-module of finite rank. Let us explain how one can endow it with various
structures of normed vector bundle over Speco.

Let us fix an archimedean place o of K. Any section s € H°(X,;, L) has a sup-norm:

Isllo =" sup [Is(x)l.
x€X,4(C)
Moreover, let y, be a measure on X;(C); then, for any real number p > 1, one can
define the L”-norm of s by the formula

1/p
sl :(f ||s(x)||”) .
Plo X,(©)

When p = 2, this is a hermitian norm. Assuming that the measures (u) are invariant
by complex conjugation, the family of norms (|||, ,,) endows H 0(X, L) with a structure
of hermitian vector bundle over Specog.

Concerning the choice of these measures, there is a natural choice when the curva-
ture forms c¢; (IU) are nonnegative (1, 1)-forms: it consists in taking ps = ¢; (Zg)dim(xa).

Another possible, canonical, choice of hermitian structures consists in defining the
hermitian norm on E; so that its unit ball is the John ellipsoid of the unit ball for the
sup norm: by definition, this ellipsoid is the ellipsoid of maximal volume contained in
the unit ball of E,; for the sup norm. In other words, the norm ||-||; on E is, among all
hermitian norms larger than ||-||,, the one whose unit ball has maximal volume. John’s
theorem then claims that the John ellipsoid is contained in the ball of radius y/dim(E;).
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PROPOSITION 3.3.1. Ler N = dimq H(X,L"). Then, for any s € H*(X,L"),, and any
qzpzl,

15l p, iy < o (X (@Y T PP 511
sl ey < Uslloo

Islloo < Islly < VNIslloo-

Proof. — The first inequality follows from Holder’s inequality:

1-plq
f ||s(x)||”dug(x)<(f dua(x)) (f 1517 dgo (0
Xy (C) Xz (C) X5 (C)
= po (X @) P 5|}, .

pl'q

The second inequality is proved similarly and he third one follows from John’s theorem.
O

For general hermitian line bundles, these inequalities cannot be improved. How-
ever, there are some asymptotic results when L is a large power of a fixed ampleline
bundle which show that, up to an error term, all of these norms are comparable.

PROPOSITION 3.3.2. Let us assume that X (C) is smooth and that u is a Lebesgue mea-
sure. Then, when n — oo, one has the following inequalities for the norms on H°(X,L"):

Isllz < lIslloo < c(n) [I5ll2,

where c(n) can be estimated as follows:

if L has a smooth metric with positive curvature, c(n) = 0(n%'?);
iff has a Lipschitz metric, then c(n) = 0(n%);

if L has a continuous metric, then c(n) = e®™;

if L has a bounded metric, then c(n) = €O,

Proof. — We prove the second and third inequalities here. Let (U;) be a finite open
cover of X;(C) by balls of radius 1 such that the images U’ of the balls of radius 1/2 still
cover X (C). Let U be the closed ball of radius 3/4 in U;. The restriction to U; of the
measure (i, can be written h; dx, where h; is continuous and positive.

For any i, let €; be a trivialisation of L on U;, and let ¢; be the real function given by
leill = e 1.

On Uj, one can write s = fe?", for some holomorphic function f, so that [|s(x) |l =
|f(x)| e i)

Let xo be a point of X;(C) at which [|s(xp)|l is maximal. Then, if xy € Ulf , one has

Xq(C) U;
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Since f is holomorphic, | f |2 is subharmonic. Let ¢; be the infimum of /; on Ulf' . Then,
for any positive real number r such that r <1/6,

Ui
> f |f | hi(x)e™20i dx
B(xg,1)

> | f (o) |? e 2n0it0 f h; () 01 0 =i ()
B(xg,1)
Let € > 0; the functions ¢; being uniformly continuous on U lf’ , there exists a positive
real number r, independent on xj, such that one has |(pl- (x0) — (pi(x)| Lefor|xy—x| <
r. Then,

f | F00)7 By ()29 dix > [[5(xp) 12 €72 f hi(x)dx > [Is(xo)l|? €727
U; B

(x0,7)
This concludes the proof of the third inequality.
As for the second one, ¢; being Lipschitz, there exists a real number ¢ suh that
|(pi(x) - (p,-(xo)| < cllx - xoll for any x, xo € U;'. This implies

f |f(x)|2 hi(x)e” "9 dx > |s(x0) |12 e~ 2nelx=xoll q
Ui B(xo,1)
Now, the change of variables x = xo + u/2nc gives
f e 2nelx=xol gy = (2nc)_2df el dy,
B(xo,1) B(0,2ncr)

so that, when n — oo,
Isllz > n~lis(xo)l = 2% lIslloo.
O
Let Y be a subvariety of X and assume that L is ample. For n large enough, H 0x, L™

surjects onto H°(Y,L™). For any norm on HO(X,L™), this allows to endow H°(Y, L")

with the quotient norm: For s € HO(Y,L™),
slg=inf |z].
te HO(X,L™)
tly=s

PROPOSITION 3.3.3. Assume that the curvature form of L is positive. When n — oo, the
following inequality holds for any s € H°(Y,L™):

Il < Uslloo,g < €7 [1slloo.-
(In fact, one can replace the e°"” by O(1)!)
Proof. — Copy that from BosT|(2004), Appendix. O

(1) Generalize to admit any measure i, provided it has full support in X,;; what about singular vari-
eties?
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C. The arithmetic Hilbert-Samuel’s theorem

THEOREM 3.3.4. Let X be a projective flat scheme over SpecZ. Let L be an hermitian
line bundle on X. We assume that the generic fiber of X is smooth of dimension d and
that the curvature form c; (L) of L at the archimedean place is positive everywhere. Then,
when n — oo,

— — 1 —
deg H*(X,I") ~ =@ @7 1x)n.

Proof. — Let us prove the theorem by induction on d; it is true when Xgq is empty so
so assume the theorem has been established when Xq has dimension < d. The line
bundle L being very ample, one may choose a section s of L such that the generic fiber
of div(s) is smooth. The section s gives rise to a morphism from L™! to O; its image J is
the ideal sheaf of a subscheme of X whose support coincides with |div(s)|. Considering
a primary decomposition of J, there exist ideals I and J of Ox such that / s=1In]J,
where Y = V() is flat and generically smooth over SpecZ and Z = V (J) is vertical.
Since L is ample, the sequence

0— H'X,L"®I) — H(X,L"™) — H°(Y,L™) — 0

is exact, for any large enough integer.

PROPOSITION 3.3.5 (Abbes-Bouche). When n — oo,

deg H°(X, L") — deg H*(Y, L") — deg H'(X, L" ® I aif log sl
dimHO(Xq,Ln)( eg H'( ) —deg H'( )—deg H"( )) o ogllsl

Moreover, there are exact sequences
0—-1J—-I—-1&(0x/])—0, 0—-IJ—-InJ—T-—0,

where the support Z’ of T is contained in Z, and has empty interior in Z. Since L is
ample, these exact sequences induce exact sequences at the level of global sections, for
n large enough:

0—H'X,L"e®1]) > H'X,L"® ) - H(Z,L"® ) — 0)
and
0—H'(X,L"®I])— H*(X,L"®(In])) - H (X,L"® T) — 0.
Let us apply the geometric Hilbert-Samuel formula to L" ® T; we get
card H'(X,L"® T) =O(n? ™).

Since InJ = L7} it follows that

deg(H’(X,L" ® 1)) — deg(H°(X, L") = (™.

Similarly,

deg H'(X,L"® I) = deg H*(X,L" ® I]) + logcard H*(Z,L" ® I).
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The cycle Z decomposes as a sum )_ m; Z;, where Z; is a vertical component of X lying
over an ideal (p;) of SpecZ. Then,

logcard H(Z,L" @ I) = )_m; dimg, H°(Z;, L" ® Dlogp; +0(n?™").
i

Moreover, the geometric Hilbert-Samuel formula, as applied to Z;, claims that
1
d!
Since I is a nonzero subsheaf of Ox, one has ¢~ (I) = 1, hence

dimg, H(Z;,L"® 1) = =€ 7,(D(c()* "1 Z)n? + 0.

deg H'(X,L"® ) = deg H'(X, L") + Y m;(c; (" Zpn + O(n? ™).
i
Finally, according to the geometric Hilbert-Samuel formula for Xgq, one has
1 1 —
dimq H’(Xq, L") = — (a1 (L)dIXq) = —f a (@D
d! d!' Jx©
Altogether, these estimates furnish the following equality, when n — oo:

deg H'(X, L") — deg H*(X, L")

— 1 _ 1 —
=deg(Y,L") + —Z mi(cr(L)¢ llZl-)ndlogpi - —f logllsll ¢ L)% +o(n%.
d'5 d! Jx
Then,
—— 1 —
deg(Y, L") = — (@ @*17)n? +o(n?),
so that
—_— —_— 1 — —
deg H*(X,L™) —deg H* (X, L") = = @ (D)% div(s)) —f loglisll 1 (D)? | n? + o(n?)
. X(C)
| -
=@ @ xX)n? +o(n?).
It follows that
deg H(X, L") = (d+1)!(’c‘1(Z)d“|X)nd+1+o(nd+1).
This concludes the proof. O

THEOREM 3.3.6. Without assuming that X is generically smooth, and replacing the her-
mitian norm by the sup norms.

DEFINITION 3.3.7. Semipositive line bundles:
— restriction to the generic fiber is ample;
— meltric is continuous, curvature current is nonnegative everywhere;
— degree of any vertical curve (subvariety) is nonnegative.
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COROLLARY 3.3.8. Let X be a flat projective scheme over Z of relative dimension d, let L
be a semipositive hermitian line bundle on X.

Then, for any € > 0, there exists an integer n and a nonzero section s € H 0(X, L™ such
that

”Snl/n £— hZ(X)
(d+1)deg; (Xq)
Proof. — (Under the assumption that L is ample with a positive metric.) Let E,, be the

hermitian vector bundle H°(X ,En) whose hermitian metric is multiplied by exp(nc,),
for some real number c, to be chosen shortly. Then,

deg(E,) = deg(H*(X,L") — nc,rank H (X, L")

1 1
———hz(X) - cp— deg; (XQ) | n¥*! +o(n?™h).

(d+1)! d!
Consequently, if ¢, is chosen so that
1 he(X)
Cn = L - 8,

d+1 deg; (Xq)

we obtain that (Te\g(En)/ n*1 has a positive limit when n — oco. Since rank(E,) grows
like n¢, this implies that

deg(E )
lim
n—oo rank(E,)logrank(E,)

= +00.

By Corollary . there exists, for any large enough integer n, anonzero element s € E,,
such that ||s|| < 1. Thatis, s€ H°(X, L") and | s||'/" < exp(—cp).
By Proposition 2?2,

loglisIl" <logllsl*™ +0(1) < —c,, +0(1).

For n large enough, we thus have

h—(X)
logllsl'/" < +2€,
(d +1)deg; (Xq)
and this concludes the proof of the corollary. O

Let X be an integral flat projective scheme over Z of relative dimension d. let L be a
semipositive hermitian line bundle on X. For any integer p such that 0 < p <d, let
hz(Y)
Y (p+1)deg; (Yo'
where Y runs among all flat integral subschemes of relative dimension p in X. Observe

that A4(X) = (d+1)}l<zi+jg(i()(()) and that Ag(X) is the infimum of the heights h;(P), where P

runs among all algebraic points P € X (5).

Ap(X) = 1nf

COROLLARY 3.3.9. One has the inequalities
Ag(X) 2 Ag1(X) =2 -+ 2 Ap(X).
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Proof (Autissier). — Let pe{1,...,d} and let Y be a flat integral subscheme of dimen-
sion p in X. Let € be a positive real number. By the preceding corollary, there exists a
positive integer n and a nonzero section s € I'(Y, L") such that

hz(Y)
(p+1deg; (Yo)

Let us write the divisor of s as ) m; Z; + V, where for each i, Z; is an integral flat sub-
scheme of Y of dimension p — 1, m; is a positive integer, and V is an effective vertical
divisorin Y. Then, we have:

1/
Isllsy" <€—

1
deg, (Yo) = — ) mideg,(Zi,Q)
i
1 1 _
h-(Y) = — h=(Z) +—=h-(V)+ | 1 “Une (myPL

7(Y) an £(Z+ —hp(V) fm ogllsl ™" c1(L)

By definition of A,_; (L),

h7(Z;) > Ap-1(L)pdeg; (Ziq)

for all i. Since L is semipositive and the divisor V is effective and vertical, hz (V) = 0.
Moreover,

f loglsl ™" ee@P = sl [ e @P!
Y(C) Y (C)

=— s deg; (Yq)

h=(Y)
pL+ = —£deg, (Yo).

Z
Consequently,

—n 1
he(Y) > Ap (L);Ap_l (Y))_ m;deg;(Ziq) + ﬁhfm —edeg; (Yo)
i

1
> pAp-1(Y) deg (Yo) + = hy(Y) ~ edeg, (o).

This implies that
ﬁhzm > pAp-1(Y)deg, (Yo) - e deg; (Yo),
so that
GASY) >A, (Y)—¢
(p+Ddeg, (Yo) ~ 7! '
Make ¢ tend to 0; we obtain
GASY) > A, (V)= A, 1 (X)
(p+Ddeg, (Yo) = P71 17 e

Consequently, A, (X) > A,-1(X), hence the corollary. O
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APPENDIX A

APPENDIX

SA.1
NORMED VECTOR SPACES

A. Linear algebra and norms

In this paragraph, we review some constructions of norms on finite dimensional vec-
tor spaces given by linear algebra.

A.l. Linear maps. — Let V and W be complex vector spaces endowed with norms.
Let f: V — W be a linear map. By definition, its norm || || is the supremum of || f (v) |
for all v € V such that ||v| < 1.

More generally, let V,..., V, be complex vector spaces with norms, and let f: V; x
+++x Vi, — W be a multilinear map. Its norm is the supremum of || f(v1, ..., v,)|| over all
families (vq,...,v,), where v; € V; and ||v;|| <1 for each i.

A.2. Subspaces and quotients. — Let V be a complex vector space with a norm. Let W
be a subspace of V. It is naturally endowed with the norm induced by restriction of the
normon V.

As for the quotient space V/W, we endow it with the norm defined as follows: let
p: V — V/W be the natural projection, then, forany ve V,

lp@)llyjw = inf v+ wily = dw, W) = d(©O, v+ W).

In the usual construction of V/W as cosets of W, observe that p(v) actually equals
v+ W, hence ||p(v)|,, is the distance of the origin to p(v).

Let 7: V — V be a projector whose image is W and let 7’ = idy —7 be the projector
onto the kernel W’ of 7, which is a supplementary subspace of W. The projection p
induces an isomorphism f from W’ to V/W. One has | f|| < 1. Observe that ||z| > 1
(unless W = 0) and |7’ < 1 (unless W = V). If equality holds, i.e., if |7’ = 1, then,
then f is an isometry from W', with its induced norm, to V/W, with its quotient norm.
This allows to compute the quotient norm on examples. To that aim, it is useful to
observe that the map f -l. V/W — W' associates to p(v) the element 7' (v), for any
v € V. In particular, |p(v) || VIiw = ||n’(v) ||V




94 APPENDIX A. APPENDIX

A.3. Tensor product. — Let V and W be complex vector spaces endowed with norms.
Let ¢ be the canonical bilinear map V x W — V@ W, given by (v, w) = v ® w.

We define the m-semi-norm || 7|, of a tensor T € V ® W as the infimum of all
Y llvillllw;ll over all finite families ((v;, w;)) such that T =} v; ® w;. In particular, the
bilinear map ¢ has norm < 1 when V' ® W is 7-seminormed.

We also define the e-semi-norm || T|l; on V ® W as the supremum of | b(T)| over all
pairs (f, g) where f € V* and g € W* are linear forms such that || f||, | g|| < 1, where we
have written b for the linear form V ® W — C such that b(v ® w) = f(v)g(w). In other
words, || T||. is the least positive real number such that

b <[l gliTie

for any two linear forms f € V* and ge W*.

Let us compare the € and 7 semi-norms. Let T be any element of V@ W. Let f € V*
and g € W* be linear forms of norm < 1 and let f ® g be the linear form on V ® W such
that (f® g)(v® w) = f(v)g(w). Let us write T =} v; ® w;; then (f® 2)(T) =Y. b(v;, w;),
hence

|(Fo)(D| <Y [fwd]|gwn] <Y lvilllwill.
Taking the supremum over all f, g and the infimum over all decompositions T =) v; ®
w;, we obtain || T'll; < | Tl ;.

This inequality is very important, especially since it implies that the semi-norm ||-||;
is actually a norm. Indeed, it is clear that |||, is a norm: if T is a non-zero tensor,
there exists a linear form ¢ on V ® W such that ¢(T) # 0. We can assume that ¢ is of
the form (v, w) — f(v)g(w), for some linear forms f € V* and g € W*. Then, ||T| >
00|/ [1£] ] >0.

Duality, i.e., the identification of V* ® F* with (V ® F)* identifies the norm € on V* ®
F* with the dual of the norm 7 on V ® F, and the norm 7 on V* ® F* with the dual of
thenormeon V®F.

These constructions can be extended to tensor products of more than two spaces.
However, there are no good compatibility results, e.g., no associativity properties.

B. Hermitian norms and linear algebra

Defined for Hermitian spaces, the previous constructions do not generally lead to
hermitian norms.

B.1. Subspaces and quotients. — The norm induced on a subspace W of a Hermitian
space V is itself a Hermitian norm. The same holds for the quotient. Indeed, the or-
thogonal projector 7 on W has norm 1. This identifies the quotient norm on V/W as
the hermitian space given by the orthogonal supplement to Win V.

B.2. Linear maps. — Let V and W be Hermitian vector spaces. We define a hermitian
scalar product on Hom(V, W) given by (f,g)2 = tr(f* o g) = tr(go f*), for any linear
maps f,g: V— W, f*: W — V being the adjoint of f with respect to the scalar prod-
uctson Vand W.

Let B and C be orthonormal bases of V and W, let B* be the dual basis of B.
Then, the family of rank-one linear maps ¢ ® w, for ¢ € B* and w € C, form a basis
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of Hom(V, W), which is formed of unit vectors, two by two orthogonal. In particular,
the hermitian scalar product that we have defined is indeed positive definite. The
associate norm on Hom(V, W) is denoted ||-||,. For any orthonormal basis (vy,...,v,)
of V, one has

Ifl3 =t n=Y | fw|’.
i=1

It is larger than the endomorphism norm. Let indeed v be a unit vector of V such
that || f(v)|| = || f||; let us complete it into a basis (vy,...,v,) of V with v; = v. By the
previous formula, || f||, > || fF(wD)| = || f]|-

B.3. Tensor products. — Let us assume that V,..., V, are Hermitian vector spaces and
let V be the tensor product V; ® ---® V;,. One defines an hermitian form on V by the
formula .
(V1@ @y Vi @0V, = [ [(vi, V).

i=1
That it is actually positive definite follows from the observation that if By,..., B, are
orthonormal bases of V1,...,V},, then the family of vectors v} ® --- ® v, where v; € V;
for each i, is a basis of V formed of unit vectors which are two-by-two orthogonal. Let
us write ||-]|» for this Hermitian norm.

When n = 2, let us compare this norm with the norms € and 7.

For ve V, we W, one has |[v® wl, = [|[vll|wl|l. Consequently, for any tensor T,
decomposedas T =) ; v; ® w;, one has || Tl < X ; llvill llw;ll. This implies that || T'|l, <
I Tl -

The other inequality || |l < || Tll, follows by duality. Anyway, let f€ V* and ge W*
be linear forms of norm 1. Let (v;) and (w;) be orthonormal bases of V, W, let (vl’.")
and (w]’f) be the dual bases, choseninsuchawaythat vy = fandw; = g. LetT e VoW;
we can write T =3 T; jv; ® w;. We have

1/2
((Fo@) (D] =|Tia| <(LITP) " =1Tl.
Taking the supremum over all couples (f, g) implies that | Tl < | T'll».

B.4. Symmetric products. — Let V be a Hermitian vector space. For any integer p > 0,
we endow the pth symmetric product Sym” V with the quotient norm of the Hermitian
norm on V&P,

Let us observe that the symmetrization projector s in V®? is given by

1

S:—' Z g,

p: 0eG,

where a permutation ¢ acts on V®? by permuting the factors. (In formula, o(v; ®--- ®
Up) = Vg(1) ® -+ ® Ugy(p).) It is obvious that any such permutation acts as an isometry on
the Hermitian space V®P. Consequently, its norm is 1 and the norm of the projector s
is < 1. As we have seen, this implies that the Hermitian space Sym? is isometric to the
subspace of E®? consisting of symmetric tensors. To give a formula, let (vy,..., v,) be
an orthonormal basis of V. Let k;,..., k, be integers such that k; +--- + k, = p and let
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T= v{“ Uk eSymPV. I T = vf’kl ®--® U=k € VP we have || T|, = | s(T)]|. More-
over, the stabilizer G of T in & p identifies of the product of the symmetric groups Sy, x

-+ x G, hence

_ kil... k,!
S(T);#

Y. o(D.

0e&,/G

We observe that when o runs over &,,/G, the vectors o(T) are distinct vectors of an
orthonormal basis of V®?. Consequently,

(P -1/2 B p
”s(I)HZ"(le,,knJ "k Ky

B.5. Alternate products. — Let V be a Hermitian vector space. For any integer p > 0,
we endow the pth alternate product Alt” V with the Hermitian form given by

-1/2

(VLA NUp, Wy A+ Awp) =det (v, wj)).

If (v1,...,vy) is an orthonormal basis of V, then the family of vectors v;; A--- A Vi,
where (iy,..., 1)) ranges over all sequences of integers such that 1 < i; <--- < i, < n,
is an basis of Alt” V formed of unit vectors, two by two orthogonal. In particular, this
Hermitian form is positive definite. We write |||, for the associated Hermitian norm.

It is important to note that this Hermitian norm is not equal to the quotient norm
from V®P, it is actually equal to /p! times the quotient norm.

An other way to understand the positivity of the Hermitian norm constructed
on Alt? V consists in observing that for any vectors vy,...,v, € V, the determinant
(V1 A+ A vp)2 is the Gram determinant of these vectors, i.e., the square of the pth
dimensional volume of the parallelepiped formed on these vectors.

The Hadamard inequality writes

(A.1.1) [via...vp|, <lvil...|vp|-

This implies, and is in fact equivalent to this fact, that the Hermitian norm ||-||, is less
than the quotient norm coming from the norm 7 on V®”. In other words, adding
an index q to indicate quotient norms, we have the following inequalities on norms
on Alt” V:

1
= l-l2 < Ml < el -

Il < I-llaq = —=
\a4

§A2
VOLUME OF EUCLIDEAN BALLS

LEMMA A.2.1. The volume of the unit ball in an Euclidean vector space of dimension n
is given by

Bn=n"2IT(1+n/2).
The surface of the unit sphere is equal to nf,,.



§ SA.3. GEOMETRY OF NUMBERS 97

Proof. — This is classical. One has
n o0
(f exp(—uz)du) :f exp(— ||x||2)dx:V01n_1(Sn)f exp(—rz)r”_ldr
R R" 0
o0 dr 1 n
= —0t"? — = —B,T(n/2)=B,I(1+—).
n,Bn](; exp(—1) ” 2n,3n (n/2) = B,I( +3)
For n = 2, one has f; = 7 and I'(2) = 1, hence [zexp(-u®)du = /7, hence §, =
2|71+ n/2). O
Remark A.2.2. Stirling’s formula
T(1+x) ~x"2e ™ V2n
implies that
1
logT'(1+ x) = xlogx—x+ Elog(Zﬂ) +o(1).

Consequently, when n — oo,

1 1
logf, = —Enlogn + Elog(en)n+ o(n).

SA3
GEOMETRY OF NUMBERS

A. Minkowski First Theorem

THEOREM A.3.1 (Minkowski). Let L be a lattice in a finite dimensional real vector
spaceV, letn=dimV. Let ||-|| be a norm on 'V, let B be its unit ball; let also i be a Haar
measureon V. Then,

card(BmL)>1+{ H(B) J> H(B)

2"u(V/L) 2nu(V/IL)
In particular, if u(B) > 2" u(V/ L), then B contains a non-zero point in L.

It is worth observing that the middle term is equal to the smallest integer which is
strictly greater than 2" u(B)/u(V/L).

Proof. — Let N = 1+ |u(B)/2"u(V/L)] be the least integer which is strictly greater
than p(B)/2" u(V/L). We first note that it suffices to prove the weaker inequality:

card(BNL) > u(B)/2"u(V/L).

For t > 1, let us indeed consider the norm ||-|[; on V given by |v|l; = t|lv] ; its unit
ball B; is equal to tB. Consequently, card(B; N L) > t"u(B)/2"u(V /L) which gives at
least N distinct points (vy1,..., Vs,n) in B;N L for any ¢ > 1. Since B, is compact, we
may assume that for each u, v;; has a limit v; when ¢ — 1; one has | v;|| < 1. Since L is
a discrete subgroup of V, for each i, the points v; ; coincide with v;, for ¢ close enough
to 1. Therefore, the vectors (vq,..., vy) are all distinct.
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We are now reduced to proving the inequality card(B n L) > u(B)/2"u(V/L), which
is the very heart of this Theorem. Due to its importance, we even give four short proofs
of it.

First proof (Minkowski). For any subset A c V, let 14 be its characteristic function.
Let f the the L-periodic function on V defined by f(x) = ) ,¢; 1p/2(x — v). The sum
is locally finite because B/2 is compact and L is discrete. In particular, f is locally
integrable. Let us integrate f on a fundamental domain P for L. We obtain

f =1 X 1gpx-v)dux) =) 1p/2(x) du(x) :f 1p/2(x) dp(x) = u(B/2).
P PyelL veLYP+v 14

Consequently, there is at least one point x € P such that f(x) > u(B/2)/u(P) =
w(B)/2"u(V/L). Let N be the least integer greater or equal than p(B)/2"u(V/L). Since
f takes it values in Z, it follows that f(x) > N; in other words, there are distinct lattice
vectors vy,..., vy such that ||x — v;| < % The vectors w; = v; — vy, for 1 <i < N are
then lattice vectors such that | w;| < 1.

Second proof (Mordell). When ¢ — oo, one has card(B; N L) = u(By)/u(V/L) =
t"w(B)/u(V/L). (Let P be a fundamental parallepiped for L. When v € B; n L, the do-
mains P + v are disjoint, up to measure 0 and contained in B, where r =sup .p Il x|l
Consequently, card(B; N L)u(P) < u(Bt+r). On the other hand, for any vector x € V
such that || x|| < t - r, there exists y € P and v € Lsuch that x= v+ y, and ||y|| < t. This
shows that card(B; n L)u(P) > u(B;-r). These two inequalities imply the result.)

If u(B)/uw(VIL) > N2", we see that card(B; N L) > N(2t)" when ¢ is large enough.
However, we have (2¢)" = card(L/2tL) for any positive integer ¢. By Dirichlet’s box
principle, we can find N distinct vectors vy, ..., vy € B;n L which have the same image
in L/2tL. The vectors w; = (v; — vN)/2t, for 1 < i < N, are distinct, belong to L and
satisfy |w; | < 1.

Third proof (Siegel). Let f be the function introduced in Minkowski’s proof. We
expand it as a Fourier series. Let L* be the dual lattice, consisting of linear forms ¢ € V*
such that (¢, v) € Z for any v € L. (If V is identified to R" by a basis of L, so that L =Z",
then V* is identified to R"” and L* = Z".) The Fourier expansion of f is given by

f)~ ) c@expin(,x)),

Cel*

where the Fourier coefficients of f are defined, for ¢ € L*, by the formula
1
c(§) = —f (x) exp(=2im(¢, x)) du(x).
S 0P) Pf p ¢, x))du

We observe that c(0) = u(B)/2" u(P). Parseval equality holds and states that
— (x)|" dp(x) = lc()]°.
w(P) fp |f | K Eé* d

If Bn L= {0}, we see as above that 0 < f(x) < 1 everywhere. Consequently,
Y le@PF <.

éel*



§ SA.3. GEOMETRY OF NUMBERS 99

In particular, ¢(0) < 1. More generally, if k is any integer such that u(B) > k2" u(P), we
see that there must exist x € P with | f(x) |2 > |c(0)|?, hence f(x) > k and we conclude
as above that card(B n L) contains at least k distinct points.

Fourth proof (a variant). One has card(BN L) =} ,¢; 15(v). To estimate card(Bn L),
we thus want to apply the Poisson summation formula to the characteristic function
of B. However, 15 is not continuous. Since we only need a lower bound, we may re-
place 1 by any continuous integrable function ¢ such that 15 > ¢ and whose Fourier
transform is integrable. The Poisson formula states that

Y o) = Y P©).

1
vel p(VIL) g7

One has ¢(0) = [, ¢(x) du(x) and the idea is to choose ¢ of positive type, i.e., such that
¢ and ¢ are nonnegative so that we would obtain

1
card(BNL) > (v) > —f (x)dp(x).
U;qu LD Jy P
Since (B/2) — (B/2) € B and (B/2) = —(B/2), the the convolution product p of 15,2 with
itself

p(x) = fv 1/2(Y)1p/2(x—y)du(y) < p(B/2)

and p(x) = 0 if x ¢ B. Moreover, by the formula for the Fourier transform of a con-

volution product, p = 1g21p = |1/£|2. We observe that p is nonnegative and that
p(0) = u(B/2)?. We thus take ¢ = p/u(B/2). Now, the Poisson formula applies to ¢ and
gives the inequality

Y o > HD

1
> = — NI TN
card(BNL) > E @(v) (ViDL - 2"u(V/L)

veL

This concludes the proof. O

B. Successive minima

Let L be a lattice in a finite dimensional real vector space V, let n = dim V; let us fix
a Haar measure on L. Let ||-|| be anorm on V and let B be its unit ball.

For any integer m € {1,...,n}, let A, be the least real number such that 1,,BnL
contains m vectors which are linearly independent. One has

0<A <A <. <Ay
These are called the successive minima of the lattice L (with respect to the norm ||-||).

LEMMA A.3.2. There exist vectors vy,..., v, € L, linearly independent, such that for
anyme{l,...,n}, vyl = Ap.

Proof. — Forany A > A, the set ABN L is finite (since B is bounded and L discrete) and
generates a subspace of dimension > m. Consequently, there exists € > 0 and a finite
set F c Lsuchthat ABNL = Fforany A € (A,;, A, +¢€). Necessarily, [[v]| < A, forany v e
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F, so that F is contained in 1,,B and generates a sub-vector space of V of dimension
at least m. This implies that A,, B N L contains at least m linearly independent vectors.

Let us prove by induction on m € {1,..., n} that one can find linearly independent
vectors v1,..., Uy in L such that || vj|| = Ajforall j e {l,...,m}. The case m = n is the
statement to be proved. As we have seen, 1; BN L is nonzero, so that one can find a
nonzero vector vy € L such that ||v; ] < 1.

Let us now assume that the result holds for m and let us prove it for m + 1; let
(v1,..., ) be given by the induction hypothesis. Since A,,.;B N L generates a sub-
space of dimension > m + 1, there exists a vector v;,+1 € A,,+1B N L which does not
belong to the space spanned by vy, ..., v;;. One has [[vy+1ll < Apms1 and (vy,..., Vmt1)
is linearly independent. Set A = ||v,,+1 |l and let us show that A = A,,,1;. Assume other-
wise and let k be the smallest integer in {1,...,m + 1} such that A < A;. Then, ABNL
contains k linearly independent vectors vy, ..., Vx_1, Um+1, SO that A > A, contradic-
tion. This concludes the proof, by induction on m. O

Remarks A.3.3. Let (vy,...,v,) be such a family of minimal vectors.
1) For any m € {0,...,n}, the intersection L N vect(vy,..., V) is contained in

vect(vy, ..., Um—-1). Indeed, we may assume that 7 is minimal. The family (v, vy,..., v;-1)
consists of m vectors in L with norms < A,,. By definition of A,,, it cannot be free.
Since (vy,..., V;-1) are linearly independent, it follows that v € vect(vy,..., Vpm-1).

2) By induction on m, one can construct a basis (ey,...,e,) of L such that, for each
integer me {1,...,n},
vect(vy,..., Uy) =vect(ey, ..., en).

LEMMA A.3.4 (Mahler). There is a basis (vy,...,v,) of V consisting of vectors in L such
that foranyme{l,...,n},

lopll <AL+ + Ay < mAy,.

Proof. — Let (vy,..., v,) be a family given by LemmalA.3.2]and let (ey, ..., e,) be a basis
of L such that for any integer m € {1,..., n}, vect(vy, ..., vy) = vect(ey, ..., en).

For each m, let us write e;; = Z;.": 1 Xm,jVj, for some rational numbers x, ;. with-
out restriction, we may assume that |xm, j| <1lforl<j<m-1. (Otherwise, we can
replace e, by e;;, — Z;ﬁ:—ll lxm,jlv;j.) Let us then prove that |xmm| < 1 for each inte-
ger m € {1,...,n}. Fix such an integer m; since (ey,...,e,) is a basis of L, there exists
(¥1,...,¥n) € Z" such that v,, = Z}Ll yjej. Since vect(ey,..., ep) = vect(vy,..., Vp), one

has y; = 0 for j > m; moreover, y;; = 1/ X, m. Therefore xm,m| < 1, as claimed.

Finally, one has

m
lemll <D |xm,j||vi]| < A1+ +Am) < mAp,.
j=1

Minkowski’s (First) Theorem, Theorem[A.3.1implies that
M <2 (pviny/iu®)'".
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The following Theorem is a strong and important generalization of this inequality.

THEOREM A.3.5 (Minkowski). With the previous notation, one has

1
—'Z”u(V/L) <A1 Apu(B) <2"u(VIL).
n!

Proof. — Letv,..., v, be nvectors in L, linearly independent, such that || vj || < Aj for
all j.
Let (w;,...,w;,) be a basis of L*. Their determinant D = det({v;,) w;) is a nonzero

integer; therefore |D| > 1. Moreover, if S the simplex with vertices v;, then u(S) =
IDIu(V/L)/n!. The vectors £v;/A; belong to B; by convexity, B contains 2" disjoint
open simplices with vertices (0,e,v1/A4,...,€4V,/Ay), Whose volumes are equal to
|D|vol(V/L)/n!A;...1,. Consequently,

W(B) = 2" u(VIL) I niAy ... Ay

Let (ey,...,e,;) be a basis of L such that for all m, vect(ey,...,e;;) = vect(vy,..., Uy)
and 1,,B°n L c vect(ey,...,eyu—1). Forany m €{0,...,n}, let L,, = Zey +--- + Ze,, and
let p,,: V — V/L,, the natural projection. We still write u for the natural measure
on V/L,, deduced from u. By construction of the basis (ey,..., e,), the quotient map
V/Ly,—1 — VL, is injective on (1,,/2) B°. Therefore,

U(Pm((Am!/2)B®)) = u(pm-1((An/2) B%)).
By LemmalA.3.6|below applied to C = (4,,/2)B° and t = A,/ A1,
L(Pm-1(Am!2)B%) = Am! Am)" "™ w(pm-1((Am-1/2)B°)).
Consequently,
p(V/L) = u(pn((A,/2)B®))

28 e
> R — ((1/2)B")
An—l An—Z Al /10 K

> A1... An2 " u(B).
This concludes the proof of Minkowski’s second theorem. O

LEMMA A.3.6. Let C be a convex subset of V. Let L be a lattice in a subvec-
tor space W of V. Let p: V. — VIL be the natural projection. For any t > 1,
p(p(rC)) = timW=dmWy(p(C)).

Proof. — Letq: V—V/Wandr: V/L— V/W be the natural projections. Then,
w(p(tC) :f u(p(tC)n r_l(x))dx:f u(t(p©)nr-tx/n)) dx.
VIW VIW

Let x € V/W and let ¢ be a point in p(C) N r~Y(x/t). Since this set is convex and £ > 1,
we see that
tipCO)nr i/ D)o p@nr tx/n+(-1ec.
In particular,
pe(pC)nr=(x/1) = upC) nr(x/1).
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If p(C) nr~1(x/1) is empty, this inequality still holds, so that

u(p(tC)) 2[ p(p(C)nrt(x/n)dx
VIiw

_ tdim(V)—dim(W)f pp@©nriydy
VIW

C. The Brunn-Minkowski inequality
LEMMA A.3.7. Let A, B, C be nonempty open subsets of R such that A+ B < C. Then,
meas(A) + meas(B) < meas(C).

Proof. — The inequality to be proved is invariant under translations of A or B; one
thus may assume that sup(A) = inf(B) = 0. Then, A c C. Indeed, let a € A, since A is
open and inf(B) = 0, there exists b € B such that a—b € A. Then, a=(a—b)+ b e C.
Similarly, B < C. Moreover, A and B are disjoint. Consequently, meas(A) + meas(B) <
meas(C). O

PROPOSITION A.3.8 (Prékopa-Leindler inequality). Let f, g, h: R" — [0,00) be nonneg-
ative lower semi-continuous function with compact support on R". Let 0 € (0,1) be a
real number such that

(A.3.9) h(1-60)x+6y) > f(x)' P g()°

forallx,y e R". Then,
1-90 0
Jor= U] U]
R" R R"

Proof. — The proof proceeds by induction on the dimension. The required inequal-
ity holds by hypothesis when n = 0. Let us prove it for n = 1. For any positive real
number «, one can write

f h :f meas({z € R; h(z) > a})da,

R 0

and similarly for f and g. Moreover, for any a > 0, Equation implies that
1-0){x€eR; f(x)>a}+0{yeR; g(y)>alc{zeR; h(z) > a}.

Since f, g and h are lower semi-continuous and compactly supported, all three sets
are bounded open subsets of R. By LemmalA.3.7]

(1-0)meas({x € R; f(x) > a}) + Omeas({y € R; g(y) > a}) <meas({z € R; h(z) > a}).

Therefore,

fh} (1—9)[ meas({x € R; f(x) >a})da+6[ meas({y €R; g(y) > a})da
R 0 0

>a-0)[ 140 ¢
R R
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By convexity of the exponential function,
a "+’ <(1-0)a+0b

for all positive real numbers a and b. Therefore,

fo=(r-o(fe]

which concludes the proof of the one-dimensional case.
Let us assume, by induction, that the result is proved in lower dimensions. Let xj,
and y, € R; let us define F,G, H: R""! — R by the formulae

Fx)=f(xxn), G =8gW;yn), H(2) =h(z;(1-0)x,+0y,).
By assumption, for any x, y € R”‘l, one has
H((1-0)x+0y) = h(1-0)x+0y; (1-0)x,+0y,) > f(x; %) P g(y; y)? = F' 0 G(y)°.

The induction hypothesis therefore implies

= () (]

For any ¢ € R, let us pose f,,(¢) = [gn1 f(x;t)dx and let us define g, and k), similarly.
With this notation, the preceding inequality can be rewritten as

ha(1=0)x, +0yn) > frn(xn) P gnyn)?.

These functions are obviously nonnegative and compactly supported; they are also
lower semi-continuous. By the one-dimensional case, we thus have

[ (] ([ e
b= (L) e

COROLLARY A.3.10. Let A, B, C be nonempty bounded open subsets of R". Let0 € (0,1)
suchthatC>(1-0)A+0B. Then,

that is,

O

meas(C) > meas(A)l_H meas(B)g.

Proof. — Let f, g, h be the the characteristic functions of A, B and C. Since A, B and C
are open and bounded, these functions are lower semi-continuous and have compact
support. By definition, [z, f = meas(A), [z» & = meas(B) and [g. h = meas(C). More-
over, forany x€ Aand any y € B,one has (1-0)x+60y e C,hence h(1-0)x+0y)=1=
F0) g9 since f(x) = g(y) = 1; conversely, if x ¢ A or y ¢ B, then f(x)' g (y)? =
0 < h((1-0)x+860y). Consequently, Proposition ?? applies and gives the desired re-
sult. O
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COROLLARY A.3.11 (Brunn-Minkowski). Let A and B be non-empty bounded open sub-
sets of R". Then,
meas(A)Y" + meas(B)"" < meas(A+ B)"'".

Proof. — Let A’ = meas(A)""/"A and B’ = meas(B)"""B, so that meas(A’) =
meas(B’) = 1. Then set
meas(B)'/"

- meas(A)!/" + meas(B)!/"’

Ifxe A'and y € B/, then
(1-0)x+0y e (meas(A)""" + meas(B)'") "} (A+ B).
By the preceding corollary, one obtains
(meas(A)Y" + meas(B)"™) " meas(A + B) > meas(A)' P meas(B)? =1,
which proves the claim. O

COROLLARY A.3.12. Let V be a real vector space, let W be a subspace of V; let p: V —
VIW be the natural projection. Let us endow the spacesV, W and V| W with compatible
Haar measures. Then, for any symmetric convex open subset B of V,

vol(B) < vol(Bn W)vol(p(B)).

Proof. — By the compatibility of the chosen Haar measures,
vol(B) = f vol(p~1(x) N B)dx.
viw

For x ¢ p(B), p_l(x) N B is empty. Fix a point y € p_l(x) and set A = p_l(x) NB-y.
This is a convex open subset of W; since B is convex symmetric, one has A- Ac B +
B =2B. Moreover, A— Ac W. Let n = dim(W); by the Brunn-Minkowski inequality

(Corollary[A.3.11),

vol(A)Y" +vol(- A" < vol@2Bn W)™,
that is, vol(A) < vol(B n W). Therefore,
vol(B) < f Vol(p_l(x) NB)dx < f vol(Bn W)dx < vol(Bn W)vol(p(B)).
p(B) p(B)
This concludes the proof. O



BIBLIOGRAPHY

S. Ju. ARAKELOV (1974), “Intersection theory of divisors on an arithmetic surface”. Izv.
Akad. Nauk SSSR Ser. Mat., 38 (6), p. 1167-1180.

J.-B. BOST (2004), “Germs of analytic varieties in algebraic varieties: canonical metrics
and arithmetic algebraization theorems”. In “Geometric aspects of Dwork theory”,
volume I, p. 371-418, Walter de Gruyter GmbH & Co. KG, Berlin.

J.-P. DEMAILLY (1997), “Complex analytic and differential geometry”. Available at the
author’s website.

G. FALTINGS (1991), “Diophantine approximation on abelian varieties”. Ann. of Math.,
133, p. 549-576.

W. FULTON (1998), Intersection theory. Springer-Verlag, Berlin, second édition.

G. VAN DER GEER & R. SCHOOF (2000), “Effectivity of Arakelov divisors and the Theta
divisor of a number field”. Selecta Math. (N.S.), 6 (4), p. 377-398.

H. GILLET & C. SOULE (1990), “Arithmetic intersection theory”. Publ. Math. Inst.
Hautes Etudes Sci., 72, p. 94-174.

H. GILLET & C. SOULE (1991), “On the number of lattice points in convex symmetric
bodies and their duals”. Israel J. Math., 74 (2-3), p. 347-357.

D. R. GRAYSON (1984), “Reduction theory using semistability”. Comment. Math. Helv.,
59, p. 600-634.

P. GRIFFITHS & J. HARRIS (1978), Principles of algebraic geometry. Wiley Interscience.

R. P. GROENEWEGEN (2001), “An arithmetic analogue of Clifford’s theorem”. J. Théor.
Nombres Bordeaux, 13 (1), p. 143-156. 21st Journées Arithmétiques (Rome, 2001).

A. GROTHENDIECK (1963), “Eléments de géométrie algébrique. III. Etude coho-
mologique des faisceaux cohérents. II”. Publ. Math. Inst. Hautes Etudes Sci., 17,
p-91.

A. GROTHENDIECK (1965), “Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas. I1”. Publ. Math. Inst. Hautes Etudes Sci.,
24, p. 5-231.

A. GROTHENDIECK (1967), “Eléments de géométrie algébrique. IV. Etude locale des
schémas et des morphismes de schémas IV”. Publ. Math. Inst. Hautes Etudes Sci.,
32, p. 5-361.



106 BIBLIOGRAPHY

M. HINDRY & J. H. SILVERMAN (2000), Diophantine geometry, volume 201 de Graduate
Texts in Mathematics. Springer-Verlag, New York. An introduction.

H. MATSUMURA (1980), Commutative algebra, volume 56 de Mathematics Lecture
Note Series. Benjamin/Cummings Publishing Co., Inc., Reading, Mass., second
édition.

D. G. NORTHCOTT (1950), “Periodic points on an algebraic variety”. Ann. of Math., 51,
p. 167-177.

G. DE RHAM (1973), Variétés différentiables. Formes, courants, formes harmoniques.
Hermann, Paris. Troisieme édition revue et augmentée, Publications de I'Institut
de Mathématique de I'Université de Nancago, III, Actualités Scientifiques et In-
dustrielles, No. 1222b.

D. ROESSLER (1993), The Riemann—Roch theorem for arithmetic curves. Mémoire de
DEA, ETH, Ziirich. Diplomarbeit.

J.-P. SERRE (1997), Lectures on the Mordell-Weil theorem. Aspects of Mathematics,
Friedr. Vieweg & Sohn, Braunschweig, third édition. Translated from the French
and edited by Martin Brown from notes by Michel Waldschmidt, With a foreword
by Brown and Serre.

U. STUHLER (1976), “Eine Bemerkung zur Reduktionstheorie quadratischer Formen”.
Arch. Math., 27, p. 604-610.

L. SzpirO (1985), “Degrés, intersections, hauteurs”. In “Séminaire sur les pinceaux
arithmétiques : la conjecture de Mordell”, édité by L. SzZPIRO, numéro 127 in
Astérisque, p. 11-28, Soc. Math. France.

A. THORUP (1990), “Rational equivalence theory on arbitrary Noetherian schemes”.
In “Enumerative geometry (Sitges, 1987)”, volume 1436 de Lecture Notes in Math.,
p. 256-297, Springer, Berlin.

J. WELLS, Raymond O. (2008), Differential Analysis on Complex Manifolds, volume 65
de Graduate Texts in Math. Springer-Verlag, 3 édition. With an appendix by Oscar
Garcia-Prada.



CONTENTS

[L._Hermitian vector bundles on arithmeticcurvesl. ............................ 5
[S1.1. Definitions; general constructions|. . ..................... ... 5
[A._Definition and COMMENTS|. . . . .. ..o vveeteieie e eiieieanns, 5
IB. Constructions of Hermitian vector bundles from linear algebral........... 6
[B.1. Submodule, QUOTIENTS|. . ... ... ottt 6
B.2. Directsuml. .. ...cnn e 7

[B.3. Tensor Products|. . ... ...uuue ettt ittt e e 7

[B.4. Homomorphisms|......... ... i i e 8
nonicalisometries|. . . ... e 8

[S1.2. Arithmetic degreef. ......... ..ot 8
|§ Tbe Arakelov Picard group|................... o 8

B. An arithmetic Chow group|. . ......... ...t 9
C. ArithmeticChernclassl.............o i e 11
[D. Degree of hermitian vectorbundles|................ ... ... . ..., 12
[§1.3. The relative Riemann—-Roch theorem)|................ ... ... ... .. ... 14
IA. Direct and inverse images for Hermitian vector bundles|................. 14
|A.1. Inverse images of hermitian vector bundles|......................... 14

[A.2. Direct images of hermitian vector bundles|.......................... 15

: he norm of on Hermitian linebundlel. .............. ... ... ... ... 16
IB._An arithmetic Grothendieck-Riemann-Roch theoreml.................... 16
[C. Relativeduality]. ... 18
[S1.4. Global sections, and geometry of numbers|............................. 20
IA. An arithmetic Riemann inequality|........................ oo, 20
[B. An approximate Riemann-Roch equality|................ ... ... ... ... 23
|C. The Riemann-Roch equality via theta-functions|. ....................... 26
ID. Applications to algebraic number theory|................ ... ... 0L 28
§1.5. Slopes, the Stuhler-Grayson filtration|. . . ........ ... .. 31
[A. Sizes of morphisms; successive minimal. . ..............c.ouiurenrenan... 31
A.1. Hermitian theory|. ...........co i e 31

IA2. p-adictheory|........... ... i 32

[A3. Globaltheory|........ ...t e 32




108 CONTENTS

[B. Slopesinequalities|.......... ... ... i e 33
|§ The Stuhler—Grayson ﬁltratlonl ......................................... 35
[2. Geometric and arithmetic intersection theory|.............................. 39
[§2.1. Cycles and rational equivalence]............. ... ... ... ... 39
IA. Order functions in one-dimensional rings|. . ............................ 39
[B. Definition, basic functoriality|........... ... ..o 41
The divisor of a rational function|. . ... 42

ID. Direct image by a proper morphism|. ................... ... 43
[E. Flat pull-back of cycles|. ... 46
§2.2. Intersecting With diviSOTIS|. . . ..ot e ittt i i i et et et 46
[A_The first Chern class of alinebundlel. . . . ........oooveiiiniiin ., 47
A, Cartier diVISOIS|. . ... v v v ettt ettt e 47
A2, Linebundles| ....... ... i 47

[B. Intersecting with first Chern classes|................. ... .. ... ... 48
|C. Passing to rational equivalence]. . ............... .. ... .ol 49
[§2.3. Intersection theory (formulaire)]. ...t 52
[§2.4. Green currents on complex varieties]. . . .. .....oueiniiieiii ... 52
IA. Differential forms on a complex manifold, currents|...................... 53
B. Differential calculus]. . . ... 55
IC. HodgeTheory|......... ... 57
[D. Push-forward and pull-backs of forms and currents|. . . .................. 61
[E. The current associated to an analytic subvariety|......................... 61

E Green Currents|. . ...t i i 64
Hermitian lin ndles and Green currents for divisorsl. . . ............... 66

[§2.5. Arithmetic Chow groups|. .. ... i 68
A DEMNITON + - -+ e vvve ettt e et e e et 68
B. Push forward of arithmeticcycles|........... ... . . 69
C._The first arithmetic Chern class of a metrized [inebundlel. . .............. 70
[D. Intersecting with first arithmetic Chern classes|.......................... 71
[E. Arithmetic intersection theory (formulaire)|............................. 74
................................................................... 75
[§3.1. Hermitian line bundles and the height machine|....................... .. 75
[A. The height of an algebraic poind..........................oool 75
§3.2. Heights for subvarieties|. . ......... ... i i i i i 78
......................................... 78
IB. DERNTAON OF tRE MEIBRT. - -+ e« e e e e e e e 79
............................................................. 81
D FINITEMESS. -« - e vveet ettt ettt 81
E. Examples|. ... ... 81
[$3.3. The arithmetic analogue of Hilbert-Samuels theorem|................... 83

[A. The geometric Hilbert-Samuel’s theorem|. .. ........................o.... 83




CONTENTS 109

B. Hermitian vector bundles defined by global sections|..................... 83
§3.4. The generic equidistribution theorem|.......................... ... ... 90
[§3.5. The arithmetic analogue of Nakai-Moishezon’s theorem|................. 90
[§3.6. Adelic metricsonlinebundles|. ...............ccooiiiii ... 90

[4. Bogomolov’sconjecture|. .................... . i 91
f 0] 01 010 L S PP 93
[SA.1. Normed VECIOT SPACES|. . . .ot vvvee ettt ettt ieee e iiiee e iiianeeas 93
IA. Linear algebraandnorms|.......... ... .. i 93
AL, LINear Maps|. . ..o oot e e e 93

IA.2. Subspaces and qUOLIENTS|. . . ... ...ttt 93

[A.3. Tensor Product]. . .........uuuuiet ittt et iiiaeeaans 94

(B. Hermitian norms and linear algebral................ ... ... ... ... ... 94
[B.1. Subspacesand quotients|................oiiiiiiiiiiiiiiia 94

[B.2. LINCar Maps| . .o ittt ittt it it it et ettt e e 94

[B.3. Tensor products|. . . ......ooiiiinii i ettt et 95

[B.4. Symmetric products|. ............ ... i 95

[B.5. Alternate products]. . ...........oiriinii i 96

[SA.2. Volume of euclideanballs|............. ... . i i 96
[SA.3. Geometry of numbers|......... .. ... 97

A, Minkowski First TREOIemL. . . . ..o vvv vttt eee e 97

[B. SUCCESSIVE ININIMIAL « « + o v e eee et et et e e e e e e e e et iae e eiae e 99

[C. The Brunn-Minkowski inequality]............... ... .. ... o it 102

................................................................ 105



	Chapter 1. Hermitian vector bundles on arithmetic curves
	§1.1. Definitions; general constructions
	§1.2. Arithmetic degree
	§1.3. The relative Riemann–Roch theorem
	§1.4. Global sections, and geometry of numbers
	§1.5. Slopes, the Stuhler-Grayson filtration

	Chapter 2. Geometric and arithmetic intersection theory
	§2.1. Cycles and rational equivalence
	§2.2. Intersecting with divisors
	§2.3. Intersection theory (formulaire)
	§2.4. Green currents on complex varieties
	§2.5. Arithmetic Chow groups

	Chapter 3. Heights
	§3.1. Hermitian line bundles and the height machine
	§3.2. Heights for subvarieties
	§3.3. The arithmetic analogue of Hilbert–Samuel's theorem
	§3.4. The generic equidistribution theorem
	§3.5. The arithmetic analogue of Nakai–Moishezon's theorem
	§3.6. Adelic metrics on line bundles

	Chapter 4. Bogomolov's conjecture
	Appendix A. Appendix
	§A.1. Normed vector spaces
	§A.2. Volume of euclidean balls
	§A.3. Geometry of numbers

	Bibliography

